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CERTAIN SEMINORM AND NORM CONDITIONS
ON MAPS BETWEEN FUNCTION SPACES

Fereshteh Sady!

Department of Pure Mathematics, Tarbiat Modares University

1. INTRODUCTION

For a locally compact Hausdorff space X, let Cp(X) be the Banach space of continuous
complex-valued functions on X vanishing at infinity endowed with the supremum norm
[l - llx. A uniform algebra (function algebra) on X is a closed subalgebra of Cy(X) which
separates strongly the points of X, that is for distinct points z,y € X, there exists f € A
with |f(z)] # |f(y)|- In compact case, C(X) denotes the Banach space of continuous
complex-valued functions on X and all uniform algebras on X are assumed to contain
constants.

Preserving maps (linear or not) between various Banach algebras have been studied
extensively. For algebras of functions, the preserving condition mostly deals with the
norm, spectrum and some parts of the spectrum. In imost cases, under certain natural
conditions, such maps are forced to be linear, multiplicative or weighted composition
operators.

There is a vast literature on describing isometries between spaces of functions as
weighted composition operators. Classical results concerning linear surjective isometries
are Banach-Stone theorem and de Leeuw-Wermer-Rudin theorem, see the books [6, 7] for
more results. Here, we refer to some of these extensions which are closely related to our
results. '

Extensions of Banach-Stone theorem concerning isometries between subspaces of con-
tinuous functions proved in, for instance, |2, 22] A Banach-Stone type theorem for function
A-modules of the form Af proved in [3] shows that for uniform algebras A and B on com-
pact Hausdorff spaces X, Y, respectively and strictly positive functions f; € C(X) and
f2 € C(Y) any surjective linear isometry T : Af, — Bf, can be described as

T(ff)y) = (fop)yhf(y) (fEAyeY)

! This note has been written based on the author’s joint works with R.S. Ghodrat, A. Golbaharan and
A. Jamshidi



where & is an invertible element of B and ¢ isa homeomorphism from Y onto a subset of
the maximal ideal space M(A) of A. Moreover, if A = B, then T is an A-module isometry
if and only if ¢ is the identity map.

Some recent generalizations of Banach-Stone theorem are devoted to the case of not
necessarily linear isometries. Real-linear isometries and multiplicatively norm preserving
maps (as well as multiplicatively range preserving maps) between algebras of continuous
complex-valued functions are examples of such maps. The study of multiplicdtively range
preserving maps between C(X)-spaces was initiated by Molnér in [21] and have been
studied in different settings such as uniform algebras and multiplicative subsets of func-
tions rather than C(X )‘, see [11, 13, 20, 24, 25]. Real-linear isometries between uniform
algebras have been characterized in [19]. In general, such an isometry has a description as
a weighted composition operator on some points and a conjugate weighted composition
operator on the other points of the Choquet boundary. This result has been generalized
in [18] for isometries between certain complex subspaces of Cy(X) and Cy(Y'), where X
and Y are locally compact Hausdorff spaces.

The main subject of this manuscript, is to investigate the extensions of some recent
results concerning preserving maps between upiform algebras to function spaces with
application to function modules of the form A f, where A is a uniform algebra and f is a
strictly positive continuous function. First we state some results on real-linear isometries,
norm-multiplicative and norm-additive in modulus maps between certain subspaces of
continuous functions. The results can be applied for function modules of the form Af,
whenever A is a certain uniform algebra. We also give a description of a (not necessarily
linedr) diameter preserving map between dense subspaces of continuous functions. Finally,
we give a characterization of a bijective Holder seminorm preserving map, not assumed
to be linear, between little Lipschitz functions. .

2. PRELIMINARIES

As we noted before, for a compact Hausdorff space X, C(X) is the Banach algebra
of continuous complex-valued functions on X. Given an arbitrary Banach algebra A, a
function A-module is a closed subépace M of C(X), for some compact Hausdorff space
X, which is closed under the multiplication induced by a unital homomorphism 7 : A —»
C(X),1e. m(a)f e Mforallae Aand f € M.

Typical examples of function modules are subspaces of the form Af where A is a
uniform algebra on a compact Hausdorff spaces X and f € C(X) is strictly positive. More
generally, subspaces of the form Af; + Afy + --- + Af,, where A is a uniform algebra on
X and each f; is a strictly positive continuous function on X, are all function A-modules.




Let X be a locally compact Hausdorff space and A be a subspace of Cy(X). For f € A,
weset M(f) ={x € A:|f(z)|=|fllx} A boundary for A is asubset E C X containing
at least one point of each M(f), f € A. The Choquet boundary of A is defined as the set
of all points z € X such that the evaluation functional d, at z is an extreme point of the
unit ball of A*. Here, A* is the dual space of (A4, | - ||x)-

A strong boundary point of A is a point £ € X such that for each neighborhood U of z
and 0 < € < 1 there exists f € A with f(z) = 1= ||f]lx and |f| < € on X\U. A closed
subset E of X is called a peak set for A if there exists f € A such that f|lp =1 = ||f|lx
and |f| <1 on X\E. For a subspace A of Cy(X), we denote the set of strong boundary
‘points of A by ©(A) and its Choquet boundary by ch(A4). Then ch(A) is a boundary for
A. Tt is well-known that in uniform algebra case, 8(A) = ch(A), however, when A is a
subspace of Co(X) for some locally compact Hausdorff space X, we have ©(A) C ch(A),
- see [4, Theorem 2.2.1] for compact case and [14] for locally compact case.

If A is a uniform algebra on a compact Hausdorff space X, then by [3], for strictly
positive f € C(X), ‘ '

ch(A) € O(Af) C ch(Af).
In particular, in the case that ch(A) = X, we have O(Af) = ch(Af).

3. NORM-MULTIPLICATIVE AND NORM-ADDITIVE IN MODULUS MAPS

In this section, we first recall some of our recently published results on real-linear isome-
tries between certain function spaces. Then we give some results concerning maps whose -
domains are subspaces (rather than uniform algebras) satisfying some norm conditions.

We should note that in the study of nonlinear isometries, the additive version of Bishop’s
lemma has an important role. By this lemma, for each element f in a uniform algebra
A and zy € ch(A) with f(zq) = 0 there exists u € A with u(zy) = 1 = |ju||x and
f+2u(xo) =2 = | f+2ul|x. However, if A is a closed subspace of Cy(X), then the same
result holds for all f € A and points 2o € ©(A), see [14].

Next theorem gives a description of a nonlinear, not necessarily surjective, isometry
between subspaces of continuous functions.

Theorem 3.1. [14] For locally compact Hausdo'rﬁ spaces X andY, a complex subspace A
of Co(X) with ©(A) # 0 and a real-linear isometry T : A — Co(Y) there exists a subset
Yo of Y and continuous functions ® : Yo — O(A), o : Yo — [~1,1] andw : Yo — T,
where ® is surjective, such that

Tf(y) = w(y)- (Re(/(@(1)) + a@)ilm(F(@())) (f € A,y € Vo).
I, furthermore, ©(A) = ch(A) and T(A) is a complez subspace of Co(Y), then a(y) €
{1, -1} and Yy is a boundary for T(A).



An improvement of the above result for the case that 7'(A) satisfies a separation prop-
erty, called T-separating, is given in the next theorem. By a T-separating real subspace
of Co(X) we mean a real subspace B of Cy(Y) such that for distinct points z,z’ € X and
scalars A, )’ € T, there exists a function g € B such that ||g||x = 1, g(z) = ), g(z') = X.
Meanwhile, 7(A) stands for the points z € X such that for each neighborhood U of z
there exists a function f € A with f(z) = 1= f||x and |f| < 1 on X\U.

Theorem 3.2. [14] Let X, Y be locally compact Hausdorff spaces, A be a complez subspace
of Co(X) with 7(A)Nch(A) # 0, B be a T-separating real subspace of Co(Y) and T : A —»
B be a surjective real-linear isometry. Then there exist a subsetY; of 7(B), a clopen subset
K of Y1 and continuous functions ® : Y7 — 7(A) Nch(A) and w : Y; :—> T, where ® is
bijective, such that '

v —wi { F@E) vEE,
(THiy) = (y){m y € Vi\K,

for each f € A andy € 1.

Motivated by the above results, one may ask about the description of some (not nec-
essarily linear) preserving maps on subspaces rather than algebras and, in particular, on
function modules.

In the sequel we investigate some preser\}ing maps on function spaces. We begin with
norm-multiplicative and norm-additive in modulus maps. For subspaces A and B of
Co(X) and Cy(Y), where X and Y are locally compact Hausdorff spaces, we say that
amap T : A — B is norm-multiplicative if || T fTglly = ||fgllx, for all f,g € A, and
norm-additive in modulus if || |[Tf| + |Tg| |y = | |f| + |g| |lx for all f,g € A.

- Norm-multiplicative mappings between uniform algebras, Banach subalgebras of Cp(X)

and, in general, multiplicative subsets of Cy(X) have been investigated, for instance in
[12, 20, 26]. However, the known results in this context cannot be applied for function
modules of the form Af.

We state our results concerning norm-multiplicative and norm-additive in modulus
conditions, for maps between good subspaces defined below, with applications to certain
function modules.

Definition 3.3. Let X be a compact Hausdorff space. We call a subspace A of C(X) a
good subspace if one of the following conditions holds:

(i) A contains constants, or

(i) A is a subalgebra of C(X), or

(i) ch(A) is a closed subset of X .



For simplicity we set & (A, p) = Ay and By (A, i) = |A] + ||, for A\, € C and in the
sequel we assume that either ® ='®, or & = ®,.

Theorem 3.4. [9] Let X, Y belcompact Hausdorff spaces, A, B be good subspaces of C(X)
and C(Y'), not assumed to be closed, with ch(A) = ©(A) and ch(B) = ©(B). Then for
every surjective map T : A — B satisfying the norm condition

12((T 1), Ta))lly = 12(f* 8)x  (f,9 € A)
where, s,t € N, there ezists a homeomorphism ¢ : ch(B) — ch(A) such that |T f(y)| =,
[f(e(yo))| for all f € A and yo € ch(B).

We should note that similar results for locally compact case can be easily deduced from
compact case, when A and B are either subalgebras of Co(X) and Cy(Y) for some locally
compact Hausdorff spaces X and Y or their Choquet boundaries are compact.

Remark. (i) In our results we do not assume that the subspaces A and B are closed
in Cy(X) and Cy(Y"), or complete under some norm.

(ii) The result for the case ® = @, improves [26] (stated for s = ¢ = 1) for subspaces
and without assuming that 7" is R*-homogeneous.

As the next corollary shows, the above results can be applied for certain function
modules of the form Af.

Corollary 3.5. Let A,,..., A, be uniform algebras on a compact Hausdorff space X
with U ch(A;) = X. Let s,t € N, fi,.., f be strictly positive functions in C(X)
and B = Ai1fi + -+ + Anfa- Then for each surjective map T : B — B satisfying
12((Tf), (T9))|x = II®(f*, ¢")||x for all f,g € B, where ® = &, or ®,, there exists a

homeomorphism ¢+ X — X such that [T f(y)| = |f(¢(v))| for all f € B and y € X.

- Now in the next theorem, as in uniform algebra case, we improve the above result under
a certain peripheral range condition. We recall that for a compact Hausdorff space X and
f € C(X), the peripheral range of f is defined as R,(f) = {\ € f(X) : |Al = || fllx}

Theorem 3.6. [9] Under the assumptions of the above theorem, if A is closed and contains
constants, then for any surjective map T : A — B satisfying R.((Tf)*(T'9)!) C R.(f*g"),
f,9 € A, where s,t € N, there exist a homeomorphism ¢ : ch(B) — ch(A) and a
continuous function v : ch(B) — T such that ‘

Tf(y) = 1) f (o)) (f € Ay € ch(B))

where d is the greatest common divisor of s and t. .

Corollary 3.7. Let X be a compact Hausdorff space and A be a closed subspace of C(X)
containing constants with 8(A) = ch(A). Then for any surjective map T on A satisfying



(fg)(X) = (TfTg)(X) forall f,g € A there eist a homeomorphism ¢ : ch(B) — ch(A)
and a continuous function 7y : ch(B)-— T such that

Tf(y) =7 f((y) (f € Ayech(B)).

4. DIAMETER SEMINORM AND HéLDER SEMINORM PRESERVING MAPS

In this section we give a description of (not necessarily linear) diameter seminorm
preserving maps between dense subspaces of continuous functions and Holder seminorm
preserving maps between little Lipschitz algebras.

For a compact Hausdorff spaces X and f € C(X) by diam(f) we mean the diameter of
f(X). Given compact Hausdorff spaces X and Y and subspaces A and B of C(X) and
C(Y), respectively containing constants, let T : A —» B be a surjective (not assumed to
be linear) diameter preserving map in the following sense

diam(T'f — Tg) = diam(f — g) (f,9 € A).

For each f € C(X) let f € C(X x X) be defined by f(z,7) = f(z) - f(¥), 7,y € X.
Then clearly T induces a surjective sup-norm isometry T : A — B between subspaces
A={f:fe A} and B = {g:9€ B} of C(X x X) and C(Y x Y), respectively. Hence
by the Mazur-Ulam theorem T is real-linear.

There are many interesting results concerning linear diameter preserving maps, see
for instance [1, 5, 8, 10, 23]. However, motivated by the Mazur-Ulam theorem, here we
consider nonlinear case. Although such a preserving map induces a real-linear isometries
between subspaces of C(X x X) and C(Y x Y) but, because of some required separating
properties, the previous known results cannot be applied for this case. The following
diameter versions of additive Bishop’s Lemma have impoitant role in our proofs.

For a compact Hausdorff space X and distinct points z,z’ € X, we fix the following
notation

Ve (A) = {u € A:u(z) —u(z') = 1 = diam(u)}.
Similarly, for each ¢ > 0 and distinct points 2,2’ € X, we consider the following subset
of A | |
ma(A) ={u€ A: |u(z) —u(z') — 1| < ¢ |diam(u) — 1| < €}

Clearly, if for distinct points z,z’ € X there exists a function f € Asuch that f(z) =1,

f(@)=0and 0 < f <1, then V, . # 0.

Lemma 4.1. [15] Let X be a compact Hausdorff space and let 1,25 € X be distinct. If
feC(X) such that 0 < f <1 and f(z1) = f(z2), then :
(i) there exists a function g € Vg, 5, (C(X)) such that f + 2g € 2V,, ., (C(X)),



(i) for each € > 0 there exists a function g € V,, ., (C(X)) such that diam(if + 2g) <
2+e. '

Lemma 4.2. [15] Let z1,z5 € X be distinct, and f € A such that ||f|[x = 1 and
f(z1) = f(z2). Then for each 0 < € < 1 there exist four elements fi, ..., fi € A such that

fis oy ifs, 104 € 2(Vy 0, (A) = V5, 2,(A)) and ||f = (fi = fo+ifs —if)llx < e
Next theorem characterizes nonlinear diameter preserving in'aps.

Théorem 4.3. [15] Let X,Y be compact Hausdorff spaces and A, B be complex subspaces .
of C(X) and C(Y'), respectively containing the constants such that A is dense in C(X),

B is pdz’nt separating and the evaluation functionals are linearly independent on B. Let

T : A — B be a surjective, not necessarily linear, diameter-preserving map and Ty =

T —TO0. Then there exist a subset Yy of Y and a continuous bijective map ¥ : Yy — X

such that for any fized point y, € Yy, either

Tf(y) —Thf(n) = B(f(\l'(y)) - f(‘I’(yl))) (f € A,y € Yo\{m}),

or

Tif(y) - Tuf(w) = B(F(¥(W) — f(T(w1)) (f € Ay eYo\{n})
holds for some g € T.

For a compact metric space (X,d) and a € (0,1), let lip*(X) be the space of little
Lipschitz functions of order o on X and for each f € lip*(X), La(f) be its Holder
seminorm defined by Lo(f) := sup,, foﬁ#’;()yu. For compact metric spaces X,Y and
0 < o < 1, we say that an arbitrary map T : lip®(X) — lip*(Y) is Holder seminorm
preserving if Lo(Tf —Tg) = Lo(f — g) for all f, g € lip*(X). _

Linear Holder seminorm preserving maps between little Lipschitz spaces were character-
ized in [17] and it was shown that for compact metric spaces X and Y and a € (0, 1), any
linear bijective Holder seminorm preserving map T : lip*(X) — lip*(Y) is of the form
Tf(y) = (1/k*)fo ¢+ u(f), f € lip*(X), where 7 = €* for some 6 € [0,7), ¢: Y — X
is a bi-Lipschitz map such that @9}(9_)) =kforallz,y € Y, and p is a linear functional
on lip®(X). We consider the arbitrary case that T is not assumed to be complex-linear.
In the lack of linearity assumption, again we need to prove a Holder seminorm version of -
Bishop'’s lemma (Theorem 4.4).

For distinct points z,z’ € X, and distinct points y,7y’ € Y, we set

Voo = {f €t : LP=LE) 1 - 11,

a 9y) —9ly) . _
Wy ={g € lip*(Y) : TE Gy 1= La(9)}-



We should note that the above defined sets are non-empty. For instance, for each 8 € (a, 1)
and distinct points z,2’ € X the function g(z) = fiﬁgfl’zl:?: :,’)I'), z € X, is an element of
Ve (see [17, Page 57]). '

Theorem 4.4. [16] Let z1,75 € X be distinct and f € lip?(X) for some B € (a,1). If
f(z1) = f(x2), then there exists g € Vz, o, such that sf + g € Vaya, for some s > 0.

Theorem 4.5. [16] LetX andY be compact metric spaces, a € (0,1) and T : lip*(X) —
lip*(Y') be a bijective, not assumed to be linear, Hélder seminorm preserving map. Then
there ezist a bijective Lipschitz map ¥ : Y — X, scalars Ko > 0 and 7 € U* and

a function A : lip*(X) — C (which is linear resp. real-linear if T is so) such that

ﬁ\—pﬁ = Ky, for ally,z €Y, and either

Tlf(y) =TKo f(¥(¥) +A(f) (fe€lip*(X),yeY)
or

Tif(y) =TKo f(2(y)) + A(f) (f €lip*(X),y €Y),
where Ty =T — T0.
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