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Using inequality techniques and coincidence degree theory, new results are provided concerning
the existence and uniqueness of periodic solutions for the Duffing type p-Laplacian equation with
multiple constant delays of the form ((pp(x’(t)))' +Cx'(t) + go(t, x (1)) + Xy ge(t, x(t — 7)) = e(t).
Moreover, an example is provided to illustrate the effectiveness of the results in this paper.

1. Introduction

Referring to the work of Esmailzadeh and Nakhaie-Jazar [1], Duffing type equation is the
simplest case of a vibrating system with nonlinear restoring force generator element. This
is equivalent to a mechanical vibrating system with either a hard or soft spring. Thus, this
equation and its modifications have been extensively and intensively studied. In particular,
the existence of periodic solutions for Duffing type equations with and without delays have
been discussed by various researchers (see, e.g., [2-8] and the references given therein).
However, to the best of our knowledge, the existence and uniqueness of periodic solutions
of Duffing type p-Laplacian equation whose delays more than two have not been sufficiently
researched. Motivated by this, we shall consider the Duffing type p-Laplacian equations with
multiple constant delays of the form

(pp (X (1)) + Cx'(#) + go(t, x (1)) + D g (t, x(t - 7)) = e(t), (1.1)

k=1
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where p > 1and ¢, : R — Ris given by ¢,(s) = |s|"%s for s#0 and ¢,(0) = 0, C and 7
are constants, e : R — Rand g, g« : R x R — R are continuous functions, 7, and e are
T-periodic, gy and gx are T-periodic in the first argument, T > 0 and k = 1,2,...,n. The main
purpose of this paper is to establish sufficient conditions for the existence and uniqueness of
T-periodic solutions of (1.1). The results of this paper are new and complement previously

known results. Moreover, we give an example to illustrate the results.

2. Preliminary Results

Throughout this paper, we will denote

C% = {x €CYR): xis T—periodic},

T 1/k
X, = <f0 IX(t)Ikdt> (k>0), x|, = max|x(t)].

te[0,T]
For the periodic boundary value problem
(@ (') = F(ta,x),  x(O)=x(T),  ¥(0)=x(T),

where f € C(R?, R) is T-periodic in the first variable, we have the following lemma.

Lemma 2.1 (see [9]). Let Q be an open bounded set in CL, if the following conditions hold.

(i) Foreach A € (0,1) the problem
(pp(x' (1)) = Af (x,x),  x(0)=x(T),  x'(0) =x'(T),

has no solution on 0.
(ii) The equation

F(a) := %LT f(t,a,0)dt =0

has no solution on 0Q (N R.
(iii) The Brouwer degree of F

deg(F,Q(\R,0) #0.

Then, the periodic boundary value problem (2.2) has at least one T-periodic solution on Q.

We can easily obtain the homotopic equation of (1.1) as follows:

(pp (2 (1)) + ACx'(t) + )L[go(t,x(t)) + zn:gk(t,x(t - Tk))] =le(t), 1€(0,1).

k=1

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Lemma 2.2. Assume that the following conditions are satisfied.
(A1) There exists a constant d > 0 such that

(1) o8kt xk) —e(t) <0for xx>d, teR, k=0,1,2,...,n,
(2) Sro8k(t,xk) —e(t)y>0forxx<-d, teR, k=0,1,2,...,n.

Moveover, fo(t) isa T—periodic solution Of (2.6), then
d \/T ! .7
|x| < + — |x | . ( . )

Proof. Let x(t) be a T-periodic solution of (2.6). Then, integrating (2.6) over [0,T], we have

0

T n
f [go(t,x(t)) + > gt x(t—m)) - e(t)]dt =0. (2.8)
k=1
Using the integral mean-value theorem, it follows that there exists t; € [0, T] such that

go(tl,x(tl)) + Zn:gk(tl,x(tl - Tk)) - e(tl) =0. (29)
k=1

We now prove that there exists a constant ¢, € R such that

|x(t2)| < d. (2.10)
Indeed, suppose otherwise. Then,
|x(f)]>d VteR (2.11)
Let 7p = 0. From (A1), (2.9), and (2.11), we see that there exist 0 < i, j < n such that
x(t; — 1) = (%?gﬁx(tl -T) > Org(isr}qx(tl - 1) = x(t1 — 77), (2.12)
which, together with (2.11), implies

-d>x(ti—-1;) = g&ﬁx(tl -7) or x(t-Tj)= Orglgsr}lx(tl -7) > d. (2.13)

Without loss of generality, we may assume that x(t; — 7j) > d (the situation is analogous for
—d > x(t; — 7;)). Then, we have

x(t—7) > x(h —m) 2x(t—7) >d, k=0,1,2,...,n (2.14)
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According to (2.14) and (A;), we obtain

0> zn:gk(tlfx(tl - 7)) —e(t1), (2.15)
k=0

this contradicts the fact (2.9); thus, (2.10) is true.

Let t, = mT +to where ty € [0, T] and m is an integer. Then, by the same approach used
in the proof of inequality (3.3) of [7], we have

t to
x|, = max |x(f)] < max {d + %< |x'(s)|ds +J‘ |x’(s)|ds>} <d+ %\/ﬂx'b.
T

te[to,to+T] te[to,to+T] to
(2.16)
This completes the proof of Lemma 2.2. O
Lemma 2.3. Let (A1) holds. Assume that the following condition is satisfied.
(A;) There exist nonnegative constants by, by, by, bs, . .., b, such that
bolx1 — x2* < —(go(t, x1) - Qo(t, x2)) (31 — x2),
(2.17)

by > by +by+---+by, |ge(t,x1) — ge(t, x2)| < bilxr — x2,

forallt,x1,x; €R, k=0,1,2,...,n
Then, (1.1) has at most one T-periodic solution.

Proof. Suppose that x;(t) and x,(t) are two T-periodic solutions of (1.1). Set Z(t) = x;(t) —
x3(t). Then, we obtain

(p (x1(1)) = @ (x3(£)))" + C(} (1) = x3(1)) + [go(t, x1(H)) = Qo (t, x2(1))]

(2.18)
+

M=

[k (t, x1(t = k) — gk (t, x2(t — 7%))] = 0.

P
I

1

Multiplying Z(t) and (2.18) and then integrating it from 0 to T, from (A;) and Schwarz
inequality, we get

o . T
bolZ = bo fo \Z ()Pt
T
<- fo (1 (8) — x2(0) [0 1, x1.(8)) — golt, x2(£))] dt
T
=~ || (5 0) - 900 (0 - )

n (T
i kZ:; fo [k (t, x1(t = 7)) — G (b, x2(t — 7)) ] Z ()t
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M=

T
< Sb f e (£ - 7i0) — 2t — ) | Z (1)t
0

=
I

1

A
k=1

IN

0

T 1/2
f o1 (t = 7i) — x2(t - Tk)|2dt> |Zl,

(2.19)

Since by > by + by +--- + b,, we have

Z(H=0 VieR (2.20)

Thus, x1(t) = x,(t) for all t € R. Therefore, (1.1) has at most one T-periodic solution. The
proof of Lemma 2.3 is now complete. O

3. Main Results
Theorem 3.1. Let (A1) and (Ap) hold. Then, (1.1) has a unique T-periodic solution in C%.

Proof. By Lemma 2.3, it is easy to see that (1.1) has at most one T-periodic solution in Cj.
Thus, in order to prove Theorem 3.1, it suffices to show that (1.1) has at least one T-periodic
solution in CJ.. To do this, we are going to apply Lemma 2.1. Firstly, we claim that the set of
all possible T-periodic solutions of (2.6) in C% is bounded.

Let x(t) € C} be a T-periodic solution of (2.6). Multiplying x(t) and (2.6) and then
integrating it from 0 to T, we have

T T n
_ fo pp(x' (1) X' (t)dt + Afo x(t) [go(t,x(t)) + ng(t,x(t - Ty)) — e(t)]dt =0. (3.1)
k=1

Since x(0) = x(T), then there exists ty € [0,T] such that x'(tp) = 0. And since ¢,(0) = 0, we

have
to+T
< AJ
to
where t € [ty, to + T].

In view of (3.1), (Az), and Schwarz inequality, we get

[ xnyas

lpp (X' (1)) | = dt,  (32)

ol x(®) + 3 ge(t,x(t—70)) — e(t)
k=1

T
bolx[2 = bo jo ()Pt

T
<- fo (x(8) — 0) (0(t, x(£)) — go(t, 0))dlt
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1 T n T
1 -[0 wp (X' (1)) x'(t)dt + Z 4[0 [gr(t, x(t = 7)) — gi(t,0)] x(t)dt
k=1
T T
+ >0 g(t,0)x(t)dt - f x(t)e(t)dt
— 0 0
n n T
< f =@t + 3 [ [0, 0 Ol +VTel vl
=1 k=070
n 1/2 n
<>b (I | (t — Tk)|2dt> |xl, + VT |gk(t,0)| |xl, + VTlellxl
k=1 k=0

ZbklxlzﬂfZng(t 0|, x|, + VTlel,|xl,.-
k=1

(3.3)

It follows that

< \/TZZ:() |gk(t/0)|oo + \/T|€|oo _

|x], < — (3.4)
bo - 22:1 b

Again from (A;) and Schwarz inequality, (3.2) and (3.4) yield

[ xnyas

te[ty, to+T) te[to,to+T]

to+T
S 4|’
to

T

:[0

T n T
< f |90t x(1)) —go<t,0>|dt+zj |9k (t, x(t — 7)) - ge(£,0)
0 k=170

}

W = max (lgp(®)]) = max {

ol x(0) + 3 gi(t,x(t — 7)) — e(0)|dt
k=1

go(t, x(t)) + zn:gk(t,x(f - 7)) —e(t)|dt
k=1

n T
+Zf |g(t,0)|dt + Tlel,,
k=070
T
stJ‘ |x(t)|dt+Zf bklx(t—Tk)|dt+ZT|gk(t 0|, +Tlel
0 k=1

<boVTlxl, + > beVTlxly + DTk (t,0)|,, + Tlel,,
k=1 k=0
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<boVTO + D beVTO + D T|gi(t,0)|, + Tlel,,
k=1 k=0

=1,

(3.5)
which, together with (2.7), implies that there exists a positive constant M > 1+ (77)"/#™ such
that, forall t € R,

, 1 ! Lo
||, <M, |x|w§d+§\/ﬂx|2§d+§T|x|w<M. (3.6)
Set
Q:{xec;:mng, x'|ng}, (3.7)

then we know that (2.6) has no T-periodic solution on 0Q2 as A € (0,1) and when x(t) €
0QNR, x(t) = M or x(t) = —M, from (A;), we can see that

1 T n
T L {—go(t,M) - gkt M) + e(t)}dt >0,

k=1

(3.8)
1 T n
T f {—go(t, -M) - > gk(t,~M) +e(t) }dt <0,
0 k=1
so condition (ii) of Lemma 2.1 is also satisfied. Set
1 T n
H(x,p) =px-(1- #)f f [go(t, x) + ng(t, x) — e(t)] dt, (3.9)
0 k=1
and when x € 0Q R, u € [0,1], we have
1 T n
xH (x,p) = ‘ux2 -(1- #)xf f [go(t, x) + ng(t, x) — e(t)] dt > 0. (3.10)
0 k=1
Thus, H(x, u) is a homotopic transformation and
1 T n
deg{F,Q ﬂ R,O} = deg{—f J [go(t,x) + ng(t,x) - e(t)] dt,Qﬂ R,O}
0 k=1 (3.11)

= deg{x,QﬂR,o} 20,

so condition (iii) of Lemma 2.1 is satisfied. In view of the previous Lemma 2.1, (1.1) has at
least one solution with period T. This completes the proof. O
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4. Example and Remark

Example 4.1. Let p = 4, go(t,x) = —10e"x, ¢1(t,x) = -2e**Nginx, and g(t,x) =
—3e¥*<scosx for all t,x € R. Then, the following Liénard type p-Laplacian equation with
two constant delays

(ppx' ()" +55x'(t) + go(t, x(t)) + g1 (t, x(t - 1)) + g (t, x(t - 2)) = cos t 4.1)

has a unique 2sr-periodic solution.

Proof. From (4.1), it is straight forward to check that all the conditions needed in Theorem 3.1
are satisfied. Therefore, (4.1) has at least one 2sr-periodic solution. O

Remark 4.2. Obviously, the results in [2-5] obtained on Duffing type p-Laplacian equation
with single delay and without multiple delays cannot be applicable to (4.1). This implies that
the results of this paper are essentially new.
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