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Abstract

A topological group is called resolvable (w-resolvable) if it can be partitioned
into two (into w) dense subsets and absolutely resolvable (absolutely w-resolvable)
if it can be partitioned into two (into w) subsets dense in every nondiscrete group
topology. These notions have been intensively studied over the past 20 years. In this
dissertation some major results in the field are presented. In particular, it is shown
that (a) every countable nondiscrete topological group containing no open Boolean
subgroup is w-resolvable, and (b) every infinite Abelian group containing no infinite

Boolean subgroup is absolutely w-resolvable.
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Chapter 1

Introduction

Topological groups can be thought of as an abstraction of continuous groups of trans-
formations. A topological group is a set which has two structures; one is a group and
the other a topological space. These structures are linked in such a manner that the
algebraic properties of the group have an effect on the topological properties of the
space, and vice versa. This marriage of the axioms of topological spaces and groups
provides an excellent foundation for an abstract theory and is a powerful concept that
unifies diverse mathematical areas. The study of topological groups is thus ideal for

exploring the interaction between algebraic and topological ideas.

Our main interest in this dissertation is the resolvability of topological groups.
The notion of resolvability was introduced by Edwin Hewitt [17]. He defined a topo-
logical space (X, 7) to be resolvable if there exists a subset D of X for which D as
well as its complement X \ D are dense with respect to 7 in X, that is, if X can
be partitioned into two disjoint dense subsets. Ceder [5] then generalized this notion
to higher cardinals as follows: given a cardinal number s, the topological space X
is said to be k-resolvable if there exists a family of k-many pairwise disjoint dense
subsets of X and given the first infinite ordinal w with cardinality N, the space X is

w-resolvable if it can be partitioned into countably many disjoint dense subsets. The



notion of resolvability has proved itself fertile ground for study on topological groups
as evidenced by the vast literature around the subject. The study of resolvability
in the context of topological groups was initiated by W. W. Comfort and Jan van
Mill [9] wherein it was shown that every nondiscrete irresolvable Abelian topological
group contains an infinite Boolean subgroup. It was later established in [32] and
[44] that every nondiscrete w-irresolvable Abelian topological group contains an open
Boolean subgroup. This result in particular is significant because the investigation
of nondicrete w-irresolvable group topologies on Abelian groups is, in some manner,
reduced to their investigation on a countable Boolean group. Under Martin’s axiom
there are nondicrete irresolvable topological groups [23], however, it is not possible
to show that such groups exist in ZFC, i.e Zermelo-Fraenkel set theory with the ax-
iom of choice which is the standard form of axiomatic set theory. In [31], Protasov
showed that there are models of ZFC for which any nondiscrete topological group is
w-resolvable. The question of characterizing absolutely resolvable groups was raised
in [9] wherein it was also mentioned that the groups Z and Z(p>) for any prime p are
absolutely resolvable. The purpose of this dissertation is to give self contained proofs

of the main results from [43], [46] and [45].

This dissertation is arranged as follows. In Chapter 2 we give an introduction
to the theory of topological groups in which we recall basic notions and results.
We go on to discuss the existence of nondiscrete Hausdorff group topologies. We
also show that all infinite Abelian groups admit a totally bounded group topology
and we characterize when a countably infinite group admits a nondiscrete Hausdorff
group topology. We conclude Chapter 2 with Illanes’ theorem which states that
w-irresolvable topological spaces are finitely irresolvable.

In Chapter 3 we study the Stone-Cech compactification of a discrete space. To
this end, we give basic facts about ultrafilters and show that the Stone-Cech compact-

ification of a discrete space is the set of ultrafilters on that space. We take the point



of that space to be identified with the principal ultrafilters. We give El’kin’s theorem
which states that a space is irresolvable if and only if there exists a converging open
filter on it. Given that D is a discrete space, we show that D is extremally discon-
nected and |SD| = 2%". We then extend the operation of a discrete semigroup to its
Stone-Cech compactification in such a way that 55 becomes a right topological semi-
group. Given a semigroup endowed with a left invariant topology .7, we proceed to
define the ultrafilter semigroup, Ult(.7), to be the set of all ultrafilters on that semi-
group that converge to its identity in .7. We obtain that it is a closed subsemigroup
of 8S. We conclude Chapter 3 with a brief exposition of Martin’s axiom.

In Chapter 4 we consider the resolvability of topological groups. We present two
proofs for the first of our two main theorems, that every countably infinite nondiscrete
topological group containing no open Boolean subgroup is w-resolvable. In Section
4.1 we explore the notions of a local left topological group, a local homomorphism,
and a local automorphism upon which the two proofs of the major theorem of the
chapter are based. In Section 4.2 we present the first of the two proofs. This proof
relies on the structure of a local automorphism of finite order and the fact that the
inversion map is a local automorphism. In Section 4.3 we present the second of the
two proofs. This proof, shorter and more transparent than the first, is based on a
structure theorem for a large family of homeomorphisms of finite order on countably
infinite regular spaces.

In Chapter 5 we consider the absolute resolvability of topological groups. Using
the Finite Sums Theorem, we give a proof showing that every infinite Abelian group
which does not contain an infinite Boolean subgroup is absolutely resolvable. We
consider an Abelian group G and C' = {y € G : 2y # 0} to be infinite. Using the
notation of finite sums with inverses, F'ST, we construct a partition {C, : r < w} of
C' such that whenever (y,)n<, is a one-to-one sequence in C, h € G and r < w, we

have

(h + FSI((%L)TK(U)) NC, # 92,



where

FSI((yn)new) = > _ehyn : E € Py(w) and e € {1,—1} for all n € E}

nekr

and P;(w) is the set consisting of the nonempty finite subsets of w. From this we
deduce the second of our main theorems, that every infinite Abelian group which does
not contain an infinite Boolean subgroup is absolutely w-resolvable, and as a result,
they can be partitioned into infinitely many subsets such that every coset modulo

infinite subgroup meets each subset of the partition.



Chapter 2

Preliminaries

2.1 Basic notions: Definitions and Properties

Definition 2.1.1. A group G endowed with a topology 7 is a topological group if

the multiplication

uw:GxG>(g,h)—»gheG

and the inversion

L:Gog—gted

are continuous mappings, where G x G has the product topology. If a topology makes

a group into a topological group, we call it a group topology.

Topological groups have a topological structure as well as a group structure. The
group structure allows us to perform algebraic operations and the topological struc-
ture allows us to speak of continuous functions. [10] and [6] have a great deal of
information about topological groups.

Below we give a few examples of topological groups.

Example 2.1.2. 1. Any group G can become a topological group if we endow it

with the discrete topology. We call these groups discrete.



2. The real line R as well as the complex plane C under addition are topological

groups when taken with their usual topologies.

3. The topological groups considered in 1. and 2. above are all abelian. For exam-
ples of more interesting non-abelian topological groups we consider the General
Linear group, GL,(R), of non-singular n x n real matrices as well as the Special
Linear group, SL,(R), of n xn real matrices which have determinant 1. We can
view these groups as topological groups with the topology defined by the subspace
topology if we embed them in R™ ™.

Combining the multiplication and inversion in Definition 2.1.1 gives the continuity

of the function

i (g, h) — gh™t
The continuity of i means whenever a,b € G and U is a neighbourhood of ab, there
are neighbourhoods V and W of a and b respectively, such that VIW~=! C U. It
follows that whenever aq,...,a, € G, ky,...,k, € Z and U is a neighbourhood of
alfl ---af» € @, there are neighbourhoods Vi,...,V, of ai,...a,, respectively, such

n

that V... Vk C U

Definition 2.1.3. If Gy and Gy are topological groups and i : G; — Go is a contin-
uous homomorphism, then v is a topological isomorphism if it is simultaneously

an 1somorphism and a homeomorphism.

Next we consider the homogeneity of topological groups. Recall that a topological
space X is homogeneous if and only if, given distinct points x,y € X, there is a
homeomorphism ¢ : X — X for which ¢(z) = y. To begin we note that a topological
group G acts on itself by certain canonical homeomorphisms, for example, the inver-
sion of G and the left or right translation of G by a fixed element. To verify that

these are in fact homeomorphisms, let a € G, then the left translation

M :GDg9g—ageG



and the right translation
pa:GDg—gacd

are clearly continuous mappings, for each a € G, as they are merely restrictions of
the multiplication in Definition 2.1.1. The inversion ¢ is also continuous by defini-
tion. From well-known properties of the group operation, we have that \,, p,, and

¢ are one-to-one and onto in G. As ¢ is continuous in G and ¢!

= 1, we have that
¢ is a homeomorphism. Finally from (\,)™! = A\,-1 and (p,)~' = p,-1, we obtain
that A\, and p, are homeomorphisms. Now let a,b € G, there is a homeomorphism
G > g~ ba"'g € G that maps a to b. Thus we can conclude that the space of any

topological group is homogeneous.

The next topic we consider is that of the separation axioms on topological groups.
The separation axioms all say, in different ways, that elements that can be distin-
guished or separated in some weak sense must also be distinguishable or separated
in some stronger sense. However, to prove the results we wish to prove about the
separation axioms and many others that will follow, we must first introduce a few

more important concepts.

Definition 2.1.4. Consider a topological space X with v € X. Then a neitghbour-
hood of x is a subset U of X for which there exists and open set V' that satisfies
x €V CU. FEquiwalently, we say U is a netghbourhood of x if its interior contains

x.

Definition 2.1.5. A filter on a nonempty set X is a family F of subsets of X such
that:

1. ¢ F and X € 7,

2. ifC,E € F, then CNE € %, and



3. ifCeF andCCECX, then E € %.

The canonical example of a filter, and one we will use frequently, is the set .4, of
all topological neighbourhoods of = € X called the neighbourhood filter for the point
x. The neighbourhood system of X is the system {4} : x € X} of all neighbourhood
filters on X.

If # ={ACX:ECC for some E € &} is a filter, then the family & of subsets
of X is a base for .#. A base for a neighbourhood filter of a point z € X is called a

neighbourhood base at x.

A neighbourhood U of the identity element of a topological group is symmetric
if U = U™'. Now let U be an arbitrary neighbourhood of the identity element
in a topological group G and let V. = U N UL Then plainly V = V!, Vis a
neighbourhood of the identity, and V' C U hence every neighbourhood of the identity

contains a symmetric one.

Theorem 2.1.6 ([47]). Consider the topological space X with the neighbourhood sys-
tem { AN, :x € X}. Then

1. for each x € X and U € N, x € U, and

2. foreachz e X andU € N, {ye X :U € AN, } € M.

Conversely, given a set X and a system {N, : © € X} of filters on X that satisfies 1-
2, there exists a unique topology 7 on X such that { Ny : © € X} is the neighbourhood

system.

Proof. 1t is clear that the neighbourhood system {4, : x € X} of a space X satisfies
1-2. To prove the converse we must first define the operator int on the subsets of X.
For each A C X,

int(C)={reX:Ce M}
The existence of a unique topology .7 on X for which int is the interior operator for

(X, .7), follows from the following conditions that the int operator must satisfy.

8



1. int(X) = X. For each x € X, we have X € A4,, thus = € int(X), and so 1
holds.

2. int(C) C C. If z € int(C), then C € A, and by 1, we have z € C.

3. int(int(C)) = int(C). Let x € int(C), then C € A,. By 2, int(C) € A, which
gives x € int(int(C)). Hence int(C) C int(int(C)), the converse inclusion from

2.

4. int(CNE) = (int(C)) N (int(E)).
Let z € (int(C)) N (int(E)), then z € int(C) and int(E). We then have that
Ce AN and E € A, s0 CNE € A, It follows that x € (int(C)) N (int(E)).
Therefore (int(C)) N (int(E)) C int(C N E).
Conversely, let z € int(C' N E), then C N E € A, which means C' € .4, and
E € 4. It follows that x € (int(C)) N (int(E)). Therefore int(C N E) C
(int(C)) N (int(E)).

We now have that a subset U C X is a neighbourhood of a point x € X if and only
if x is in the interior of U, and so if and only if U € .4,. Therefore {4, : x € X} is
a neighbourhood for (X, .7). O

We are now ready to give a few important separation results.
Lemma 2.1.7. Every Ty topological group is reqular and hence Hausdorff.

Proof. Suppose the topological group G satisfies the Ty separation property. For each
g € G\ {e}, there exists a neighbourhood U of the identity that does not contain
g. As G is homogeneous, it is 77. By the T axiom imposed on G in the beginning,
there is an open set U that contains either of the points e and ¢, but not the other.

Now suppose e € U, then g ¢ U. Otherwise gU ™! is a neighbourhood of e that
does not contain g. Next, we choose a neighbourhood V' of the identity such that

VV~1 C U. Then for each g € G\U, we have gV NU = &. Otherwise ga = b for some



a,b €V, giving g = ba~' € VV~! C U which is a contradiction. Hence cl(V) C U.
Thus for every neighbourhood U of the identity, there is a closed neighbourhood of
the identity contained in U. O]

With significantly more work, we can show that more is true. The following
result is a stronger statement than Lemma 2.1.7 and is considered the best general

separation result.
Theorem 2.1.8. Every Hausdorff topological group G is completely reqular.
Proof. See [ [29], Theorem 10]. O

As with Urysohn’s lemma, the introduction of continuous functions in this con-
text is rather surprising. In fact, separation by a continuous function is an extremely

strong condition to impose on a space.

A topological space X is called zero-dimensional if it has a base of clopen sets,
that is, the sets are both open and closed. It is important to note that if a space is
Ty and zero-dimensional, then it is completely regular. We now give a result that is

an improvement over Theorem 2.1.8 for countable topological groups.
Proposition 2.1.9 ([47]). Every countable reqular space is normal and zero-dimensional.

Proof. Let X be a countable regular space. First we want to show that X is normal
which we will achieve by proving that every pair of disjoint closed subsets of X will
have neighbourhoods that are disjoint. Let C' and E be disjoint closed subsets of X

and enumerate them as follows:
C={a,:n<w}and E = {b, : n < w}.

Using induction, we choose neighbourhoods U,, and V,, of a,, and b, respectively, for

each n < w such that
1. cd(U,)NE =@ and CNecl(V,) =2,

10



2. Un N (Ui, Vi) = @ and (U, Ui) NV, = @, and

3. U, NV, =2a.

We require 1 to satisfy 2 while combining 2 and 3 gives

JuynUwv) =2

<n <n

We can now see that U = |J _, U, and V = | where U and V are disjoint

n<w n<w

neighbourhoods of C' and F, respectively. Thus X is normal.

All that remains is to show that the space X has dimension zero. We suppose
U is an open neighbourhood of z € X. We may assume, without loss of generality
that U is not the whole space. By Urysohn’s lemma, there is a continuous function
¢ X — [0,1] such that ¢(z) = {0} and ¢(X \ U) = {1}. As X is countable, there
exists s € [0,1] \ ¢(X). Thus »1([0,5)) = » ([0, s]) is a clopen neighbourhood of =

contained in U. ]

From Lemma 2.1.7 and Proposition 2.1.9 above, it follows that every countable

Hausdorff topological group is normal and zero-dimensional.

A neighbourhood base at x € X is countable if there exists a sequence of neigh-
bourhoods U, of x such that for every neighbourhood U of x, there exists some m
for which U, C U. If each point in X has a countable neighbourhood base, then X
is said to be first countable.

We now give a topological characterization of when a topological group is metrizable.

Theorem 2.1.10. A Hausdorff topological group G is metrizable if and only if it is

first countable.

Proof. See [ [18], Theorem 8.3]. O

It is a well known fact that every metric space is normal. Combining this fact with
Theorem 2.1.10 immediately gives that every first countable Hausdorff topological

group is also normal.

11



The natural question to ask at this point is; given a topological group G, is it
possible to form new topological groups from G7 The answer to this question is yes
and it prompts us to investigate some methods to achieve this.

Given a topological group G, a subgroup H of G (with the subspace topology) is a
topological group. It is easy to see that the mapping
(g,h) — gh™" of H x H onto H is continuous as it is merely a restriction of the

corresponding mapping of G x G and G.

Before we continue in this direction we must take a small detour to address a
potential concern. Consider a topological group (G,.7) and a subgroup H of G.
One might be tempted to want a stronger topology & on G. For example, one
might define H and each of its left translates to be open with respect to &, that
is, 0 = {gHNU:g € G,U € 7} hoping that (G, ) will be a topological group.
However there is no guarantee that the function

p': (g, h) = gh™

will be continuous with respect to €. It is therefore a good idea to introduce an
axiomatization of the topology of a topological group. The two results that follow will
serve to address this issue by characterizing the neighbourhood filter of the identity

of a topological group.

Theorem 2.1.11 ([37]). Let (G, 7) be a topological group and let A, be the neigh-
bourhood filter of the identity element e. Then

1. U € A, implies the existence of V € N, such that V -V C U;
2. U € N implies U™t € N,;

3. for everyU € N, and g € G, gUg™ ' € N,
Furthermore, for every g € G, the neighbourhood filter A, is given by

Ng=A{Ug:U € N} ={gU : U € A}

12



Proof. Since pu(e,e) = e and p is continuous, there exist, for given U € 4;, neigh-
bourhoods of the identity W and W* such that u(W, W*) C U. Setting V =W NW*
and noting that V'V C WW* = u(W, W*) proves 1. Next, we have ¢(e) = e and ¢ is

~1 is a neighbourhood of

a homeomorphism. Hence, given U € ¢, the set «(U) = U
e. Therefore 2 is proved.

Finally, we let g € G. Then for every U € .4;, we have gUg™" = X\j0 p, ' (U). We
have gUg~" € .4;. This follows from the fact that A, and p,' are homeomorphisms
and that )\gopgl(e) = e. Let V be an arbitrary element of .#, and the set U = g~ 'Vg.
Then U € A, and gUg™' = V. Hence, A, = {gUg™ ' : U € A.}. Since \, and p, are

homeomorphisms that map e onto g, it follows that for every g € G
gN ={gU:Ue N} ={U,: U e N}=Nyg
is a neighbourhood filter of g. m

Theorem 2.1.12 ([37]). Let G be a group and the let A be a filter satisfying 1, 2,
and 3 of Theorem 2.1.11. Then there is a unique topology 7 on G such that A, is
the neighbourhood filter of the identity element e € G. The topology 7 is Hausdorff
if and only if

(A ={e}

Proof. Given the neighbourhood system {g.4" : g € G}, we must show that it satisfies
the conditions of Theorem 2.1.6. If we suppose that ¢ € G and U is a neighbourhood
of the identity, then from 1-2, it follows that there exists a neighbourhood of the
identity V such that VV ! C U. Then ¢gVV ! C gU and 1 is satisfied. To verify 2,
we let ¢ € G and U be a neighbourhood of the identity. Then from 1, it follows that
there exists a neighbourhood of the identity V' such that V'V C U. For each h € gV,
we have hV C gVV C gU, so gV C{he€ G:gU € ht/}. Thus {h € G:gU € hoV}.

Theorem 2.1.6 guarantees the existence of a unique topology .7 on G such that
g/ is the neighbourhood filter of g, for every g € G. This means the neighbourhoods
of g are of the form gU, where U € _4,. All that remains is to show that .7 is a group

13



topology. To do this, let g,h € G and U € A4,. Using 1-2, we choose V € A4, for
which hVV~='h=! C U. Then

gV(RV) ' =gVVRh™ = gh 'RV VIR C gh UL

We have shown that 7 is a group topology. It is thus Hausdorff if and only if it is
Ty, and is Ty if and only if ()42 = {e}. O

Theorem 2.1.11 also showed that the neighbourhood system of a topological group
is completely determined by the neighbourhood filter of the identity.

We can now return to our study of subgroups.

Theorem 2.1.13 ([18]). Let H be a subgroup of a topological group G. Then H is

open if and only if it has a nonempty interior. Every open subgroup H of G is closed.

Proof. Let g be an interior point of H. Then there exists a neighbourhood U of
the identity in G such that gU C H. This means that for each h € H, we have
hU = hg~'gU C hg 'H = H, so H is open. Since H is open, every point of H is, by
definition an interior point. Now suppose that H is an open subgroup of GG, then we
can write the complement, H¢, of H as H® = J{gH : g ¢ H}. We know that each

set gH is open, hence H¢ is open. Consequently, H is closed. O

Next we show that it is possible to generate open and closed subgroups from

neighbourhoods of the identity.

Theorem 2.1.14 ([18]). Let U be any symmetric neighbourhood of the identity in a

topological group G. Then the set K =] _. U™ is an open and closed subgroup of G.

n<w

Proof. Let g € U" and h € U®. Then gh € U™ and g~ € (U™!)" so K is a subgroup
of G. Finally, we have by Theorem 2.1.13, that K is open and closed. O

Theorem 2.1.15 ([18]). Suppose that H is a subgroup of a topological group G. Then

H is discrete if and only if it has an isolated point.

14



Proof. Let g € H and suppose that g is isolated (in the subspace topology). In other
words, there exists a neighbourhood U of the identity in G such that (¢U)NH = {g}.

Then for an arbitrary point h € H, we have
(hU)NH = (hU) N (hg™" H) = hg™'((gU) N H) = {h}.

Thus every point of H is isolated, which confirms that H is discrete. Now if we

assume that H is discrete, all of its points are, by definition isolated. O

Now let H be a normal subgroup of a topological group G and consider the quotient
G/H with the quotient topology .7 (G/H), in particular, the strongest topology on
G /H for which the natural mapping 7 : G — G/H is continuous. Let the open sets
in G/H be of the form {uH : v € U} where U is an open subset of G, thus .7 (G/H)

consists of all sets that have the form {uH : u € U} where U is open.

2.2 Topologizing a Group

It was noted earlier that when considered with the discrete topology, any group can
be trivially made to be a topological group. The question we must now ask ourselves
is, which groups admit a nondiscrete Hausdorff group topology? It was in 1945 that
A. Markov [26] posed his now famous question. He posed it as follows: Does every
infinite group admit a nondiscrete Hausdorft group topology? Of particular interest
to us, for the purpose of this dissertation, are countably infinite groups and infinite

Abelian groups.

In this section we will give a characterization of when a countable group admits
a nondiscrete Hausdorff group topology, we will prove that every countable infinite
Abelian group admits a totally bounded group topology and we will briefly describe

the definitive solution to Markov’s problem.

15



First and foremost we must define exactly what we mean when we say a given

group G is topologizable.

Definition 2.2.1. A group G is topologizable if it admits a nondiscrete Hausdorff

group topology.

Definition 2.2.2. We call a topological group G totally bounded if it is Hausdorff
and for every nonempty open subset U of G there is a finite subset A of G such that
AU =G.

Theorem 2.2.3. A topological group G is totally bounded if and only if it can be
topologically and algebraically embedded into a compact Hausdorff topological group.

Many mathematicians posed variations of Markov’s question. If GG is an infinite
group, is it possible to endow it with a nondiscrete group topology which is metrizable?
What about one which is totally bounded? In 1953 Kertész and Szele [22] showed that
every infinite Abelian group admits a nondiscrete group topology which is metrizable.

We tackle the problem of a totally bounded group topology on infinite Abelian groups.

Theorem 2.2.4 ([19]). Consider an Abelian group G with identity e and the circle
group T = {z € C : |z| = 1}. For every g € G\ {e}, there is a homomorphism
¢ : G — T such that p(g) # 1.

Proof. Suppose that (g) = {g™ : n € Z} is the cyclic group generated by g. Define
 on (g) by stating that ¢(¢") = exp(in) if (g) is infinite. If (g) is of order k, we
define ¢ on (g) by ¢(g") = exp(*2X). It will be shown that ¢ can be extended to G.
Consider the set of all pairs (h, H), where H is a subgroup of G, (¢9) C H, h: H — T

is a homeomorphism, and ¢ C h. This set is ordered by
(hi, Hy) < (hg, Hy) if and only if H; C Hy and hg|y, = hy.

By Zorn’s lemma, we obtain a maximal member (h, H). We claim that H = G.

Suppose for contradiction that there exists some a € G\ H. Let H' = {a"b : n €

16



Z and b € H}. Then H' is a subgroup of G and H C H’'. We show that H can
be extended to a homomorphism h’' : H" — G, which contradicts the maximality of
(h, H). Begin by assuming that there is no n € Z\ {0} such that " € H. Recall that
the members of H' have a unique expression of the form a"b with n € Z and b € H.
So we may define a homomorphism A’ on H' by h'(a"b) = h(b). Otherwise, choose
m to be the first positive integer for which ™ € H and choose # € R such that
exp(if) = h(a™). Notice that for any n € Z, we have o™ € H if and only if n = mp
for some p € Z. To extend h to h', we simply state that h'(a"b) = exp(“2)h(b). O

Theorem 2.2.5 ([47]). Every infinite Abelian group G admits a nondiscrete totally
bounded group topology.

Proof. Suppose that G is an infinite Abelian group. By Theorem 2.2.4, for every
g € G\ {0}, there is a homomorphism ¢, : G — T with ¢,(g) # e. Now let H =
[T,cc\ioy Ty where Ty = T. Let ¢ : G — H be defined by (p(z))y = ¢4(z). We
see that ¢ is an injective homomorphism. From the fact that it is a subgroup of a
compact group, we have that ¢(G) is totally bounded. Hence, the topology on the
infinite Abelian group G' which consists of the subsets ¢! (U), where U runs over

open subsets of p(G), is as desired. O

It can be shown that every infinite Abelian group G admits 92l¢l totally bounded
group topologies. It is also known from a result of Taimanov [36] that all large
subgroups of a permutation group and free topological groups are nontrivially topol-

ogizable. This settles the first task we have set for the section.

We now direct our focus to the problem of characterizing when a countably infinite
group admits a nondiscrete Hausdorff group topology. First recall the notion of a filter
from Definition 2.1.5. Now for every filter .%# on a group G, we denote by 7 (.%), the
largest group topology on G for which the filter .# converges to the identity element.

For every filter .% on a group G, we can also define a filter with a base that consists
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of subsets having the form
U g(FyU Fg_1 U{eh)g™,
geG

where F, € .# for each g € G. We denote this filter by Z .

It would serve us well to take a deeper look at the topology .7 (.#). We do this
with the aid of the following theorem which gives a description of .7 (.%#). Precedently,

let S,, denote the group of all permutations on {1,...,n} for each n € N.

Theorem 2.2.6 ([42]). For every filter % on a group G, the neighbourhood filter of

the identity element in 7 (F) has a base that consists of subsets having the form
U U HKW(i),
n=1nr€eS, i=1

where (K, is a sequence of members of .F.
Proof. See [ [47], Theorem 1.17]. O

In each of the definitions that follow, GG is a countably infinite group which we

enumerate as {g, : n < w} such that there are no repetitions and gy = e.

Definition 2.2.7 ([42]). We define, for each infinite sequence in G, the set U((a,)5 ;)
of G as follows:

U((an)z) = U T B

n=1rmes, =1

where

(0.)
_ +1 +1 —1
K; = U Qj{ea Aiyjr Aigjrts - '}gj .
Jj=0

Definition 2.2.8 ([42]). We define, for each infinite sequence aq,...,a, in G, the
set Ulay,...,a,) of G as follows:

Ular, ... a) = | [T 52,

TESy 1=1
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where

1
U gite, aerj? z+]+17 - '}gj :

From Definition 2.2.8 we can see that the elements of U(ay,...,a,) are all those

having the form
950195, 93, 0ng;t
where j; € {0,...,n — m(i)} and b; € {e,ajEl iyijir -yt for each 1 < i < n and

T € S,. Particularly, we have U(@) = {e} and U(a;) = {e,ai'}.

Definition 2.2.9 ([42]). For every finite sequence ay, . ..,a,—1 in G, let F(ay,...,a,-1,)
be the set of group words ¢(x) in the alphabet G U {x} which has the variable x and

which the words are of the form

P(x) = gjbrg;," -+ 95, bng;.

where j; € {0,...,n — (i)} and b; € {e,a} L apiq,x} for each 1 <i<n and

w(i)+5i0 "

7w € S,. In particular, F(x) consists of two group words x and z .

It is worth noting that when the group G is Abelian, the definitions above look

far less complex.

The following result is of profound significance as it gives us a way to make a

countably infinite group admit a nondiscrete Hausdorff group topology.

Theorem 2.2.10 ([42]). For every infinite sequence in a countable group G, the

following statements hold:

1. U((an)sey) is a neighbourhood of the identity element in T ((a,)22 ),
2. Ul(an)izy) = Uz Ular, - an),

3. Ulay,...,a,) = Ulay,...,an-1) U{P(a,) : ¢(z) € Flay,...,a,,x)} for each
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4. for everyn € N and ¢(x) € F(ay,...,ap-1,2), ¢(e) € U(ay,...,an-1).

As promised earlier we illustrate Theorem 2.2.10 with a special result, called
Markov’s Criterion, but first we have to define the notion of an inequality over a
group.

Definition 2.2.11 ([42]). Let G be a group. An inequality over G is any expression

that has the form o(x) # ¢, where p(x) is a group word in the alphabet G U {x} and
ced.

Theorem 2.2.12 ([42]). (Markov’s Criterion) Let G be a countable group. Then G
s topologizable if and only if every finite system of inequalities over G that has a

solution also has another solution.

Proof. Necessity. Given that .7 is a nondiscrete Hausdorff group topology on G,
consider any finite system of inequalities over G, say p;(z) # ¢;, where i = 1,... n,
which have a solution, say b € G, that is ¢;(b) # ¢; for each ¢ = 1,...,n. Recall that
7 is a Hausdorff group topology. Then there exists a neighbourhood U € .7 of b for
which ¢; ¢ ¢;(U) for each i = 1,...,n. It follows that every element of U is a solution
of the system. Furthermore, since .7 is nondiscrete, U \ {b} # @.

Sufficiency. The proof is based on Theorem 2.2.10. It suffices to construct a
sequence (b,)22, in G \ {e} for which ¢; ¢ U(b;, b;11,...,b,) for each n € N and i =
1,...,n. This implies that g; ¢ U((b,)5> ;) for which each ¢ € N making the topology
T ((b,)22,) nondiscrete and Hausdorff. Begin by picking any b, € G\ {e, gi"*}, then
g1 & U(by) = {e,bi'}. Next, fix n € N and assume that we have chosen the elements
bi,...,b, € Ginsuch away that g; ¢ U(b;, bjs1,...,b,) foreachi =1,... ,n. We need
to find b,11 € G\ {e} such that g; & U(b;, biy1,...,bn,bpy1) foreachi=1,... ,n+1.

Since
U(bl, bi+1, Ce ,bn, bn+1) = U(bl, bi+1, e ,bn) U {(,O(bn+1> : QD(.T) c T(b“ bi+1, RN ,bn,x)},

it follows that g; ¢ U(bi,bit1,-.-,bn,bpy1) for each i = 1,...,n + 1 if and only if

the system of inequalities ¢(z) # ¢; has a solution b,,1, where i = 1,...,n 4+ 1 and
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o(x) € T(b;,bis1,...,by,x). Since p(e) € U(b;,bis1,...,b,) foreachi=1,... n+1
and o(z) € T'(b;,bit1,...,bn, x), we have that e is a solution of this system. Hence

there exists a solution b, # e. O

We conclude this section with a short discussion on the definitive solution to
Markov’s problem which was eventually resolved in the negative after having remained
open for over three decades. The first example of a nontopologizable group was given
by S. Shelah [33]. Shelah’s construction relies on the use of the continuum hypothesis
and is of a group GG having cardinality ¥; such that the only topologies that G' admits
are the two trivial ones, that is, the discrete and indiscrete topologies. This group

satisfies the following conditions:

1. there is some r € N such that A” = G for every A C GG with the cardinalities of
A and G equal;

2. for every subgroup H of G with the cardinality of H being strictly less than
that of GG, there is some n € N and ¢y,...,9, € G such that the intersection
N, g; "Hg; is finite.

In 1 above, r can be chosen to be 10000 and in 2 above, we can take n = 2. G.
Hesse showed, in [16] that we need not assume the continuum hypothesis to construct

such a nontopologizable group.

We now give a brief sketch of a nontopologizable group constructed by Ol'shanskii [28]
that falls within the framework of ZFC.

The reader should note that if every element of a group G except the identity has
infinite order, then G is called a torsion-free group. If every element of G has finite

order then we say G is a torsion-group.

Example 2.2.13. Let r and n be odd integers with v > 2 and n > 665, and let A(r,n)

be the Adian group. This group has the following properties:
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1. A(r,n) is generated by r elements;
2. A(r,n) is torsion-free;

3. the center of A(r,n) is an infinite cyclic group {(c);

+~

the quotient A(r,n)/ (c) is an infinite group and has period n.

The quotient A(r,n)/{c) is, in fact the Burnside group B(r,n) which is the largest
group on r generators that satisfy the identity x™ = e. By 1, the Adian group is
countable. If x € A(r,n) \ (c) then x™ € (c) by virtue of A(r,n)/ {(c) having period n.

We want to show that ™ & (c") so we assume the contrary. Then z™ = (c")* =
()™ for some integer k. If z = xc™*, then 2 ¢ (c) and 2" = 2"c™* = ¢, as (c) is the
center but this contradicts that the Adian group is torsion-free.

Now suppose that G = A(r,n)/ (") and let D = (c) / (¢"). We have that G is an
infinite group, D = {e,dy,...,d,_1} is a proper subset of G and for each x € G\ D,
we have ™ = {dy,...,d,_1}. It follows that for every Ti-topology on G in which the

wdentity element is not an isolated point, the mapping x — x™ is not continuous at e.

Hence the group G does not admit a nondiscrete Hausdorff group topology.

2.3 Resolvability and Irresolvability in Topological
Spaces

Definition 2.3.1. A topological space X is said to be resolvable if it can be par-
titioned into two dense subsets. More generally, given a cardinal k > 2, the space
X is k-resolvable if it can be partitioned into k-many dense subsets. If X is not

resolvable (or k-resolvable) then we say it is irresolvable (or k-irresolvable).

Based on this definition, it is evident that the usage of the term “resolvable”

coincides with “2-resolvable”. This implies that whether or not a space is resolvable,
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it must be 1-resolvable. Also observe that for every cardinal number x > 1, the empty

space @ is k-resolvable.

Example 2.3.2. The set of real numbers is a resolvable topological space. This is

because the sets of rational and irrational numbers are disjoint dense subsets of R.

Definition 2.3.3 ([47]). A topological space X is called hereditarily k-irresolvable
if every nonempty subsets of X is k-irresolvable and open hereditarily r-irresolvable

if every nonempty open subset of X is k-irresolvable.

Here we give a short survey of some of the more general results concerning the
resolvability and irresolvability of topological spaces and groups. It is useful to point
out that every resolvable space X is dense-in-itself, in other words, there does not

exist a point of X that is isolated in X.
Lemma 2.3.4 ([41]). A space with a resolvable subspace is itself resolvable.

Proof. Given that X is a topological space, suppose that Z; is a resolvable subspace
of X and that {Cy, Ey} is a partition of Z, into dense subsets. Let &2 be the family
of all pairs {C, E'} of disjoint subsets of X such that Cy C C, Ey C E, C' C ¢l(F) and
E C cl(C). Because {Cy, Ey} € &2, we have that & is nonempty. Now let the order
on & be defined by

{Cl,El} S {02, Eg} if and only if Cl g 02 and E1 g EQ.

Every chain ({Cj, Ei})ier in & has an upper bound {{J,c; Ci,U,c; Ei}- By Zorn’s
lemma, there exists a maximal element {C, E} € Z2. It remains to show that {C, E'}
is a partition of X into dense subsets. For this, it is suffient to check that CUFE = X.
Obviously, Z = C'U E is closed. Suppose Z # X. Then pick z € X \ Z and z € Z.
Next, suppose that ¢ : X — X is a homeomorphism with ¢(z) = z and choose an
open neighbourhood U of z € Z such that o(U)NZ = &. Put C; = CU (U NC)
and By = EU (U N E). Then (C1,E,) € & and {C,E} < {C, E;} which is a

contradiction. ]
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Lemma 2.3.5 ([7]). Consider a topological space X. If Y is a k-resolvable subspace
of X, then the closure of Y in X, denoted clx(Y), is k-resolvable.

Proof. The relation ”is dense in itself” is transitive. O

If a topological space X is of the form X = (J;,.; X; where {X; : i € I} is a
pairwise disjoint family such that each X; is resolvable, then X is itself resolvable. To
see this, notice that for each ¢ € I there is a subset D; of X; such that D; as well as

its complement X; \ D; are dense in X;. It follows that (J,., D; and X \ {J,.; D; are

icl

both dense in X. Thus X is resolvable. The following theorem generalizes this fact.

Theorem 2.3.6 ([7]). The union of a family of k-resolvable subsets of a space is

k-resolvable.

Proof. Let X be a topological space. Given the maximal family % of pairwise disjoint
r-resolvable subsets of X, let Y = JZ. Now let U := X \ clx(Y) be an open set. If
U is nonempty then there exists some ¢ € I for which U N X; # @.

An open subspace of a k-resolvable space is k-resolvable, hence the family ZU{UN
X;} is pairwise disjoint and has k-resolvable members, contradicting the maximality
of Z. If we choose, for C' € Z, a pairwise disjoint nonempty family {A, : v < k} of
dense subsets of C' and then define P, = | Jc, C for v < s, we have that {P, : v < x}
is a family of k-many pairwise disjoint dense subsets of X. We can conclude that X

i1s k-resolvable. ]

The reader should note that the intersection of a family of k-resolvable spaces may
not be k-resolvable. For instance, the singleton is irresolvable. Theorem 2.3.6 is of
great significance as it arms one with a powerful tool to give very efficient proofs for
numerous other results that would otherwise require indirect and obscure arguments
to prove. We illustrate this fact with the following results whose proofs all follow

from the one above.

Lemma 2.3.7 ([9]). Let G be a topological group and H a subgroup of G.

24



1. If H is a proper dense subgroup of G, then G is resolvable.
2. If H 1s nonclosed, then G is resolvable.

3. If H is closed and nowhere dense with G /H resolvable (in the quotient topology),

then G is resolvable.
Proof. 1. Evidently H and G \ H are dense in G.

2. It follows from part 1 that cl(H) is resolvable. Now by Theorem 2.3.6, G is

resolvable.

3. We first define the natural map ¢ : G — G/H and then let D and (G/H) \ D
be complementary dense subsets of G/H. As ¢ is an open map, ¢~ (D) and
G\ ¢71(D) are dense in G. Thus G is resolvable.

Corollary 2.3.8 ([47]). Let X be a topological space and k > 2. Let
RH(X) = U{Y Y C X, Y is resolvable},
that is, %,.(X) is the union of all k-resolvable subsets of X. Then
1. Z.(X) is the largest k-resolvable subset of X,
2. X(X) is closed,
3. X is k-resolvable if and only if Z.(X) = X, and
4. If X is k-irresolvable, then Z,(X) = X \ Z.(X) is hereditarily r-irresolvable.

It has become conventional to represent a space X as a disjoint union X = ZU .
where Z = %»(X) is closed and resolvable, and % = #(X) = X \ Z is open
hereditarily irresolvable. In this case, X is resolvable if and only if . = &, and
hereditarily irresolvable if and only if Z = @. This convention is attributed to Edwin

Hewitt.
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The following characterization of a homogeneous k-irresolvable space is a conse-

quence of the properties of Z,(X).

Corollary 2.3.9 ([47]). If X is a homogeneous space then it is k-irresolvable if and

only if it is hereditarily k-irresolvable.

Proof. Consider a homogeneous k-resolvable space X and suppose that it is not hered-
itarily s-irresolvable. Then Z,(X) is a proper subset of X. If we choose x € Z,.(X)
and y € X \ Z.(X) and let ¢ : X — X be a homeomorphism with ¢(z) = v,
we obtain that ¢(Z%.(X)) is a subset of X which is s-resolvable and also that
o(Z (X)) \ Z:(X) # @. This is a contradiction so X must be hereditarily r-

irresolvable. [

In what remains of this section, we will explore one of the most fundamental
results of the theory of resolvability (or irresolvability) in topological spaces. This
result, attributed to A. Illanes, says spaces that are w-irresolvable are in fact finitely
irresolvable. Recall that a space is w-resolvable if it can be partitioned into countably
many dense subsets.

The proof of Illanes’ theorem requires the use of two results that we shall present

as lemmas.

Lemma 2.3.10 ([20]). Consider a topological space X and let Q = Q(X) be the
union of every open set in X that contains a hereditarily irresolvable dense subset.

Then

1. Q 1is the largest open set in X that contains an open-hereditarily irresolvable

dense subset, and
2. every dense subset of X \ cl(Q) is resolvable, and thus w-resolvable.

Proof. Let 7 be a maximal family of pairwise disjoint open subsets of X that contain

a hereditarily irresolvable dense subset. Also note that |J% is dense in Q. Now
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for each U € %, let D, be a dense hereditarily irresolvable subset of U and let
Dy =U{D, : U € Z}. We have that Dy is an open-hereditarily dense subset of Q.

We now wish to show that every dense subset of X \ ¢l(Q) is resolvable. To do
this, consider a dense subset A of X \ ¢/(Q). Now suppose, on the contrary, that A is
irresolvable. It follows from Corollary 2.3.8 that there exists a nonempty, hereditarily
irresolvable open subset V' of A. Now let U; C X be open with U; = V N A and
V' C X\cl(Q). Then Uy is dense in V, giving V' € % which contradicts the maximality
of 7. Thus X \ cl(Q) is resolvable.

All that remains is to show that X \ cl(Q) is w-resolvable. Since X \ cl(Q) is
resolvable, there exist disjoint dense subsets A; and B; of X \ ¢l(Q). Repeating this
process we obtain that there exist disjoint dense subsets A; and By of By such that
By = Ay U By. If we proceed in this manner we can construct sequences (A,,),<, and
(B))n<w such that for each n < w, A,4; and B, are disjoint dense subsets of B,

with Bn = An+1 U Bn+1. Then

X\ e(Q) = (A4 U X\ @)\ | J{Ar:n>2) U, U AU

This union is made up of pairwise disjoint dense subsets of X \ ¢/(Q)). Hence X \ ¢l(Q)

is w-resolvable. ]

Lemma 2.3.11 ([20]). Let X be a topological space and let D be an open-hereditarily
irresolvable subset of a space X. If X is (n+ 1)-resolvable for some n then X \ D is

dense in X and n-resolvable.

Proof. Suppose that U is a nonempty open subset of X. We now need to show that
U\ D contains a nonempty n-resolvable set. We may suppose that D NU # @& and
let X = A UAsU...UA,, 1 where each A; is dense for i = {1,...,n+ 1}. Then we

can write D NU as follows:
(ANDNU)U(A,NDNU)U...U(Ap NDAU).

There exists no space that can be partitioned into finitely many nowhere dense sub-

sets, so at least one of these sets, take A, N D N U for example, is not nowhere
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dense in D N U. Then there must exist an open subset Uy of U such that
%) 7é Dn UO g ClDﬁU(An-H NnNDnN U)

Then A,.1 N D NU,is dense in Uy but as D N Uy is irresolvable, we must have that
(D NUp) \ Anq1 is not dense in D N Uy. Thus there exists an open subset U; of Uy
such that @ # DNU; C A,,.1 N DN Uy which means @ # DNU; C A,y N DNU;.
Consequently A; N Uy, ..., A, NU; are pairwise disjoint dense subsets of U; \ D.

O

We now possess all the required tools to prove this fundamental result in the

theory of resolvable topological spaces.

Theorem 2.3.12 ([20]). (Illanes) If a topological space X is n-resolvable for every

n < w, then it is w-resolvable.

Proof. By Corollary 2.3.8, all we need to show is that every open subset X, of X
contains a nonempty w-resolvable subset. For each n, X is n-resolvable as it is an
open subset of X. Let Q(Xj) be a subset of Xj as given in Lemma 2.3.10. If Q(X,)
is not dense, then X \ cl(Q(Xy)) is w-resolvable. Otherwise let D; be a dense open-
hereditarily irresolvable proper subset of Q(Xj) and let X; = Q(X)\ D;. Since Q(X))
is an open subset of X, it is n-resolvable for each n. Then applying Lemma 2.3.11
gives that X is n-resolvable for each n.

Now let Q(X1) be a subset of X as given in Lemma 2.3.10. If Q(X) is not dense,
then X \ cl(Q(X1)) is w-resolvable. Otherwise let Dy be a dense open-hereditarily
irresolvable proper subset of Q(X7) and let Xy = Q(X7)\ Ds. Since Q(X7) is an open
subset of X, it is n-resolvable for each n. Then by Lemma 2.3.11, we have that X,
is n-resolvable for each n.

Proceeding in this way, if at some m, the subset Q(X,,) of X,, is not dense, then
X \ cl(Q(X,,)) a nonempty w-resolvable subset of X, as required. Otherwise let
(D,)°_; be an infinite sequence of pairwise disjoint dense subsets of Xy, then X,

itself is w-resolvable. O
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It is worth noting that while Illanes’ theorem is attributed to Alejandro Illanes,
it is believed to have been proved first by Eric van Douwen but was never published.
[lanes” theorem can naturally be generalized to arbitrary cardinal numbers of count-

able cofinality as was shown by Bhaskara Rao [3].
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Chapter 3

Stone-Cech Compactification

3.1 Ultrafilters

In a nutshell, an ultrafilter is a method of convergence to infinity. The concept of an
ultrafilter was first introduced by Riesz in 1909 but only gained wide use two decades
later after a paper by Ulam. A great deal of information about ultrafilters can be

found in [8]. [19] and [2] are also useful sources in this regard.

Recall the definition of a filter, Definition 2.1.5.

Example 3.1.1. 1. Let % = {X}. Clearly F is a filter, known as the trivial
filter.

2. Givenx € X and F = {F C X : z € F}. We call F a principal filter

generated by the element x € X.

3. Let X be an infinite set and F = {F C X : X \ F is finite}. The filter F is
called the cofinaite filter.

Filters that are not principal filters are called nonprincipal filters.

Definition 3.1.2. An wltrafilter on a nonempty set X is a maximal filter on X,

that is, a filter which is not properly contained in any other filter on X.
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Definition 3.1.3. A family < of subsets of X has the finite intersection property
if for any finite subfamily B of <, (B # 2.

Notice that if .# is a filter, @ ¢ .% and .Z is closed under finite intersections. This
implies that .% is a filter base so any filter .%# has the finite intersection property. If
x € X, we can see that % = {U C X : z € U} is an ultrafilter and since all principal
filters are of this form, any principal filter is an ultrafilter. The ultrafilter % is called
the principal ultrafilter defined by x.

Principal ultrafilters are the only ultrafilters whose members we can define explic-
itly. The natural question to ask is: do nonprincipal ultrafilters exist? The answer
to this question is yes, but not within the framework of Zermelo-Fraenkel set theory.
To show the existence of nonprincipal ultrafilters, we are forced to use the axiom of

choice.

Theorem 3.1.4 ([30]). Every filter on a set X can be extended to an ultrafilter on
X.

Proof. Suppose that % is any filter on a set X and that P is a partially ordered set
of all filters on X that contain .%,. Now let v = {.%#; : i € I} be a chain of all filters in
P. From Definition 2.1.5 we have that | J,.; %; is an upper bound of ~ in P. It follows
from Zorn’s lemma that P has a maximal element, say .%# € P. Then .% is a maximal

filter, consequently, an ultrafilter that contains .%. O

Consider the cofinite filter .# = {F C X : X \ F is finite}. Since .# is a filter,
the above application of Zorn’s lemma gives that .% is contained in an ultrafilter,
say % . For any x € X, % cannot be the principal ultrafilter generated by x as
X \{a} € # C %. It follows that there are indeed nonprincipal ultrafilters on any
infinite set.

We now characterize when a filter on a set is an ultrafilter.

Theorem 3.1.5 ([30]). Let X be set and let .F be a filter on X. Then % is an
ultrafilter if and only if either F € F or X \ F € Z#, for all F C X.
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Proof. Suppose that .Z is a filter and F C X. If there exists A € .% such that
ANF =@ then X\ F e .Z.If ANF # @ for every A € .F then

F'={BCX:ANF C Bforsome A€ .7}

is a filter. We have that F € %', % C %' and as .% is an ultrafilter, % = %'.
Therefore ' € 7.

Conversely, suppose that % is a filter for which either F' € % or X \ F € #
for any subset F' of X. Suppose the filter .% is properly contained in a filter .%#".
If # # %', there is a F € .F for which F' ¢ .%#’. However, FN(X \ F) = @, a
contradiction of the definition of a filter. Thus .% = .%’ and .% is an ultrafilter. [J

Let % be an ultrafilter on a set X. If there exists an element z € (%, then
% C{F C X :x € F}. From the fact that % is a maximal filter, we have % =
{F C X : x € F}, a principal ultrafilter. If F' € . is finite, then there exists some
x € F such that {z} € %. Consequently = {F C X : © € F}. Thus Z is a

nonprincipal ultrafilter if and only if (% = 2.

Definition 3.1.6. A topological space X is called compact if and only if every open

cover contains a finite subcover.

We illustrate the fact that filter convergence is ideal when considering ultrafilters

on compact Hausdorff spaces with the following theorem.

Theorem 3.1.7. 1. A topological space X is Hausdorff if and only if every ultra-

filter F on X converges to at most one point.

2. A topological X is compact if and only if every ultrafilter % on X converges to

at least one point.

Proof. 1. Necessity. Let % be a filter on a Hausdorff space X. Assume, on the
contrary, that .# converges to distinct points a,b € X. Now let U,V € % be

disjoint neighbourhoods of a and b respectively. Then U NV = & since X is

32



Hausdorff, but this contradicts the definition of a filter. So .# must converge

to at most one point.

Sufficiency. Assume for contradiction, that every filter % on X converges to at
most one point but X is not Hausdorff. Then there are distinct points a,b € X
for which any open neighboughood U of a intersects any open neighbourhood V'
of b. The family {U € . :a € U} | J{V € .F : b € V'} has the finite intersection
property. Extend .Z to an ultrafilter containing this family. Then .# converges
to the distinct points a and b, contradicting the hypothesis.

. Necessity. Assume, on the contrary, that the space X is compact but the
ultrafilter %7 on X has no limit points. This means for each = € X, there is
some open neighbourhood U of x for which U ¢ % .So X = J{U ¢ % : x € U},
and since X is compact, X = (J_, U;. However X € %, so there must be some

U; € %, a contradiction.

Sufficiency. Assume that X is not compact. Then there exists an open X =
U;—, U; with no finite subcover. So (;_,(X \ U;) = &, but there are no empty
finite subintersections so {X \ U;}!; has the finite intersection property. This
allows us to pick an ultrafilter % that contains {X \ U;} ;. Now any point
x € X is contained in some U; and since X \ U; € %, we have that U; ¢ % .

Thus z is not a limit point of % .

Theorem 3.1.8. The product of compact topological spaces is compact.

Proof. Suppose that X = [[..; X; and that each X; is compact. We wish to show

that X is compact. To this end, for each iy € I, define the projection m;y : X — X,

of X onto X, to be mo((z;)) = x;9 and suppose that % is an ultrafilter on X. Then
for each i € I, m(%) = {A € X; : m; '(A) € %} is an ultrafilter on X;. It follows

that since X; is compact, m;(%) converges to some point a; € X;. Now suppose that

W = Tl,c; Ui is a canonical open neighbourhood of a and Iy = {i € I : W; # X;}.
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Then % = (;ey, 7 (W;). Consequently, since I is finite and 7; *(W;) € %, we have

that W e % . 0

We conclude this section with another result in the theory of resolvability on
topogical spaces that is considered “fundamental”. El’kin’s criterion of topological
irresolvability, roughly stated says a topological space X = (X, 7) is irresolvable if
and only if the topology 7 contains a base of some ultrafilter on X.

To arrive at El'kin’s criteion, we need to first give a few results.

Proposition 3.1.9 ([11]). If X is a topological space, it is open-hereditarily irresolv-

able if and only if for every (converging) mazimal open filter F on X, |.Z| < n.

Theorem 3.1.10 ([11]). A topological space X is n-irresolvable if and only if there

is a (converging) open filter F on X with || < n.

Proof. To prove necessity, let Z,(X) = X \ Z,(X) be a subspace of X. From
Corollary 2.3.8, we get that .7, (X) is open and hereditarily n-irresolvable. Now choose
a converging maximal open filter % on X for which .#,(X) € .Z. By Proposition 3.1.9,
we have |.Z| < n.

For sufficiency, suppose A; is a partition of X into n dense sets, where ¢ < n.

Then there exists j < n such that |J A; belongs to the filter .#. As % is open

jF#i<n
we have that A; is not dense which contradicts the density of the subsets of X. Thus

X is n-irresolvable. ]

Corollary 3.1.11 ([11]). (Elkin’s Criterion) Let X be a topological space. Then X

is irresolvable if and only if there is a (converging) open ultrafilter on X.

3.2 The Stone-Cech Compactification

The Stone-Cech compactification was obtained independently by M. H. Stone [35] and
E. Cech [4] in 1937. The approach used by M. H. Stone was to treat the relations of

34



topology and algebra through the applications of Boolean rings. On the other hand,
E. Cech demonstrated the existence of the Stone-Cech compactification of a space
and used it to investigate properties of that space by embedding it in a product of
lines. The method we choose to define the Stone-Cech compactification of a discrete
space is close to the one used by H. Wallman [40] and the approach we adopt for

discrete spaces follows the treatment in [14].

When mathematicians speak of a compactification they are referring to the pro-
cess wherein a topological space is made to be a compact space. There are numerous
methods of compactification such as the one-point compactification given by Alexan-
droff [1] which we can illustrate by considering the real line R with its usual topology.
The space R is not compact but it can be made to be compact using the one-point
compactification by adding a point co, which we call the point at infinity, not belong-

ing to R.

The advantage of the one-point compactification is that it is not difficult to de-
scribe, however, it is in some ways inadequate. The space of continuous functions on
the one-point compactification often differs a great deal to the space of bounded con-
tinuous functions on the underlying topological space. Every continuous real function
on the one-point compactification of a topological space X defines a bounded contin-
uous real function on that space but there are some bounded continuous functions on

X that do not extend to a continuous function on the one-point compactification of X.

Completely regular Hausdorff spaces have a compactification that is free of this
imperfection. This special type of compactification, called the Stone-Cech compact-
ification and denoted by (X, first appeared in the literature implicitly in 1930 in
a paper by Tychonoff [38], wherein he classified completely regular spaces as those

spaces that can be embedded into a product of copies of the closed unit interval I.
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Definition 3.2.1. An embedding of a topological space X into a topological space
Y is a function ¢ : X — Y which defines a homeomorphism from X onto ¢(X).

Definition 3.2.2 ([39]). Let .F be a family of functions on a space X. If for every
pair of points x,y € X with x # y, there is a function ¢ € F for which p(z) # v(y),
we say the family % distinguishes points. If for every closed set F' € X and every
point x ¢ F, there is some function ¢ € % for which ¢(x) misses cl(p(F)), then we

say . distinguishes points and closed sets.

Now suppose that .# is a family of mappings for which each ¢ € % maps the
space X to a space Y,,. For each z € X define the evaluation mapping € : X — [V,
by e(z), = ¢(z). Since 7, 0 € = ¢, that is, the composition of ¢ with each projection
is continuous, we have that ¢ is continuous. If the family e distinguishes closed sets,
¢ is an open open mapping onto £(X). To see this, suppose U is an open neighbour-
hood of x € X. Pick a function ¢ € F for which ¢(x) ¢ cl(¢(X \ U)). Then the
set of every y € (X)) for which y,, ¢ cl(p(X \ U)) is a neighbourhood of ¢(z) and is
contained in ¢(U). Thus, ¢(U) is open in £(X). Obviously, if .%# distinguishes points,
¢ is one-to-one. It follows that if .# distinguishes points and also distinguishes points

and closed sets, ¢ is an embedding.

The characterization of the complete regularity given by Tychonoff shows that no
larger class of spaces can be studied by means of embeddings into compact Hausdorff

spaces.

Unlike the one point compactification, the Stone-Cech compactification is difficult
to describe.
Consider a completely regular Hausdorff space X and define the mapping ¢ : X —

C*(X), where C*(X) is the space of real bounded continuous functions on X, by
e(z) = ey,
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which associates to each z, the evaluation functional at z. We endow C*(X') with the

product topology. The mapping ¢ is one-to-one and is an embedding. Thus if we

identify the space X with €(X), we can view it as a topological subspace of C*(X).
For each bounded continuous function 7, we choose a real number M, > 0. This

real number M., must satisfy |y(z)| < M, for each x € X. We can see then that
£(X) € T[I-My M) = @
ol

The set @) is a compact subset of the space of bounded continuous functions by the
Tychonoff Product Theorem. Therefore the closure cl(e(X)) of (X)) is also a compact
subset of C*(X). In other words, cl((X)) is a compactification of X, the Stone-Cech

compactification.

3.3 Stone-Cech Compactification of a Discrete Space

We give a construction of the Stone-Cech compactification of a discrete space. It
is important to note that any discrete topological space D is metrizable using the
discrete metric, and as we know, this means it is Hausdorff and completely regular.
Thus the space D has a Stone-Cech compactification SD.

It turns out that if D is discrete, D can be constructed as the set of all ultrafilters
on D. The topology on #D is called the Stone topology. The first step is to consider
a nonempty set D and define a topology on the set of all ultrafilters on D.

Definition 3.3.1 ([19]). Consider a discrete topological space D. Let 5D denote the
set of all ultrafilters on D. Given A C D, we define A C BD by

A={pepBD:Acypl.

Lower case letters will denote ultrafilters on D, since we will be thinking of ultra-
filters as points in a topological space. Now suppose a € D. Then e(a) = {A C D :

a € A}. Thus for each element a of D, we can think of £(a) as the principal ultrafilter
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corresponding to a.

For every subset A of D and p € 8D, p € A if and only if A € p. Thusp € AN B
if and only if AN B € p and this holds if and only if A € p and B € p which in turn,
hold if and only if p € AN B. Hence AN B = AN B for A, B C D. similarly, it can be
shown that AU B = AU B. Consequently, the family {A: A C D} forms a base for
the topology on D, therefore we should define the topology of 8D as the topology
having these sets as a basis.

The reader should also make note of the following facts: A = @ if and only if
A = @. This is evident from the fact that A € p if and only if A is nonempty,
by definition. So A = @. Using this, we can show that D\ A = @ if and only if
D—\A = @. This holds if and only if 3D \ A = @ which in turn, holds if and only if
BD = A. Thus A = 3D if and only if A = D.

We now give a few important properties of the space 5D.
Theorem 3.3.2 ([19]). Given any set D, D is a compact Hausdorff space.

Proof. Let p and ¢ be distinct elements of 3D. If A € p\ ¢, then D\ A € g so A
and D—\A are disjoint open subsets of 3D with p € A and ¢ € D—\A Hence, the
topological space 8D is Hausdorff.

It remains to show that the space 8D is compact. To do this, let % be an open
cover of the space SD. Recall that each open subset of D is the union of sets of the
form A, then without loss of generality, one may assume that % = {A : A € .F},

where .7 is a family of subsets of D. Now let
F'={D\A:AeF}

and suppose that .’ has the finite intersection property. Then .#’ must be contained
in some ultrafilter p. As % is a cover of SD, there is some A € .# such that p € A.
On the other hand, D\ A € p. Since A € p, it follows that D \ A € p, however this

contradicts the fact that p is a filter. Therefore, we must have that the family .%#’
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does not have the finite intersection property. Now pick subsets Aq, Ay, ..., A, € F
such that

(D\A)N(D\A)N...N(D\ A, =2.
Then A, UA;U...UA, =Dand A{jUA,U...UA, = D. Thus {A}, A,,..., A}

is a finite subcover of % . O

It is useful to point out that for every subset A of D, the set A is open and closed.
To see this, let p € A. Then A € p and, consequently, the set A is a neighbourhood
of each of its points, thus A is open. We claim that D\ A = D—\A This is clear as
pE D—\A if and only if D\ A € p, which holds if and only if A ¢ p, which in turn,
holds if and only if p € D \ A. Thus the set A is closed as the complement of an

open set.

Theorem 3.3.3 ([19]). Given the set D, the sets of the form A are the clopen subsets
of BD.

Proof. As we have mentioned above, each set A is open and closed. Now suppose
that C' is any clopen subset of 3D and & = {A: A C D and A C C}. As C is open,
we have that o/ is an open cover of C' and as C is also closed, we have that it is
compact by Theorem 3.3.2. So if we choose a finite family .% of subsets of D such
that C = J{A: A € .Z}, the C = .7 as sets of the form A are closed under finite

unions. n
Theorem 3.3.4 ([19]). Given a set D,
1. For every subset A of D, A = clgp(e(A)).

2. For any subset A of D and any ultrafilter p € BD, p € clgp(c(A)) if and only if
Aep.

Proof. 1. For each a € A, e(a) € A and therefore clgp(s(A)) C A. Now let p € A,
if B is a neighbourhood of p, then A € p and B € p and so the intersection
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AN B is nonempty. Now pick any a € AN B, since ¢(a) € (A)N B is nonempty
and thus p € clgp(e(A)).

2. By 1 and the definition of A, we have that p € clgp(e(A)) if and only if p € A
which is true if and only if A € p.
[l

We have almost all the pieces in place to show that SD is the Stone-Cech com-

pactification of a discrete space.

Definition 3.3.5. Let D be a discrete space. The Stone-Cech compactification
of D is a compact Hausdorff space Y that contains D as a dense subspace. If K 1is
any compact Hausdorff space, then every mapping ¢ : D — K can be extended to a

continuous mapping ¢ 1 Y — K.

Definition 3.3.6. Consider a filter % on a nonempty set X. If A C X and ANF # &
for any F € F, then F|y = {ANF : F € .Z} is a filter on A and we call it the
trace of F on A. If p: X — C, then o(F) = {@(F): F € Z} is a filter base on C

and we call it the tmage of F with respect to .

We need one more result before we tackle the main problem of the section. The
reader should note that if ¢ is a continuous mapping from a completely regular Haus-
dorff space X into a compact space Y, then p will denote the continuous mapping

from X to Y which extends . Let us consider the follwing general situation.

Let X be a dense subset of a space Y, let K be a Hausdorff space and ¢ : X — K
be a mapping from X into K. For every p € Y, let .%, denote the trace of the
neighbourhood filter of p € Y on X and let lim,_,, p(z), where x € X, be the limit
of the filter base ¢(.%#,) in K, if the limit exists. We see that if ¢ has a continuous
extension p : Y — K, then it is unique as any two extensions agree on a dense

subspace and

@(p) = lim (p(l’), reX

T—p
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for every p € Y.

Lemma 3.3.7 ([19]). Let K be a regular space and suppose that for every p € Y,
there is lim,_,, p(x), x € X. Define @ : Y — K by

B(p) = lim ¢(x), = € X.

T—p

Then P s the continuous extension of .

Proof. We claim that for every subset A of X,

?(cly (A)) C clz(p(A)).

To see this, we use the definition of @. Let ¢ € cly(A) and let W be a neighbourhood
of p(¢q) € K. Since §(q) = lim,_,, ¢(z), there B € .%, such that ¢(B) C W. We have
that the intersection BN A is nonempty and o(BNA) C W. Hence, ¢(q) € clz(¢(A))
as required.

All that remains is to show that P is continuous. To do this, suppose that p € Y
and U is a neighbourhood of $(p) € K. Since K is a regular space, we may assume that
U is closed. We can choose some A € .%, such that ¢(A) C U and put V = cly(A).
Then V is a neighbourhood of p € Y and $(V)) C U. Thus @ is continuous. O

At last we have everything in place to arrive at the main result for this section.

Theorem 3.3.8 ([47]). Given a discrete space D, 3D is the Stone-Cech compactifi-
cation of D.

Proof. We have already shown that the space 8D is a compact Hausdorff space. Now
suppose that ¢ : D — K is any function that maps the discrete space D into K,
where K is any compact Hausdorff space and let p € BD. For every p € 5D, the
trace of the neighbourhood filter of p € 8D on D is the ultrafilter p. The ultrafilter
base ¢(p) € K is convergent because K is compact. This means lim,_,, ¢(z), where

r € D, exists. Hence, by Lemma 3.3.7,
p:BD3>p—limp(zr) e K
T—p
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is the continuous extension of . We can thus conclude that SD is the Stone-Cech

compactification of D. O

The construction we have given of 5D is a special case of a more general construc-
tion. We can describe the Stone-Cech compactification of a general completely regular
Hausdorff space in terms of z-ultrafilters. A z-set is a set of the form {z : p(z) = 0}
where ¢ is a bounded continuous function. In other words, it is the zero set of a
bounded continuous function. Every set in a discrete space is a z-set. We call a
family of z-sets that satisfy the definition of a filter where only z-sets are allowed a
z-filter. A z-ultrafilter is a maximal z-filter. For details about the construction of
the Stone-Cech compactification of a general completely regular Hausdorff space, the
reader is referred to [39].

It is important to note that whenever we deal with 5D, it is customary to identify
the points of D with the principal ultrafilters generated by those points. After we have
identified d € D with e(d) € D, we will assume D C 5D and then D* = gD \ ¢[D]
will become D* = gD \ D.

Over the remainder of this section we will explore a few interesting facts about

the space gD.

Definition 3.3.9. A topological space X is extremally disconnected if the closure

of every open subset is open.
Theorem 3.3.10 ([19]). The space 5D is extremally disconnected.

Proof. Suppose that U is an open subset of SD. Since clgp(A) is an open subset
of 8D, the set clgp(U N D) is an open subset of fD. If © € clgp(U) and V is an
open neighbourhood of x, then the intersection V N U is nonempty, so VU N D is
nonempty, or x € clgp(U N D). Therefore clgp(U) = clgp(U N D), which means that

clgp(U) is open. O
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Extremally disconnected spaces have wonderful properties. For example, any con-
tinuous function that maps a dense subspace of an extremally disconnected space into
a compact space, has a continuous extension to the entire space [14]. We should show
some caution here. We have shown that the space 8D is extremally disconnected,

however, as shown in [14], D* is not extremally disconnected.

An exposition of the space 5D would not be complete if we do not mention its
cardinality. We show here that for any infinite set D, |3D| = 22”1 Given any infinite
set D, denote by U(D), the subset of 5D that consists of uniform ultrafilters.

We define the density of a space X to be the smallest cardinal number of a dense

subset A of X, denoted by d(X).

Theorem 3.3.11 ([12]). Hewitt-Maeczewski-Pondiczery Theorem. If d(X) < m >
Ny for every s € S and |S| < 2™ then d(][[,cq Xs) < m.

Proof. See [12], Theorem 2.3.15

U

Theorem 3.3.12 ([47]). Consider an infinite set D with cardinality . Then
U.(D)| = [BD| = 2*".

Proof. Note that every ultrafilter is a member of Z2(Z(D)). In other words, D C
P(2(D)), and so [U(D)| < |8D] < 2"

Let U = U,(D). To show that |U| > 22", we must construct a mapping of U onto
a set with cardinality 22°. Let I be the product of 2% copies of the discrete space
{0,1}. Then |I| = 2*". By Theorem 3.3.11, I has a dense subset A such that |A| = k.
We define A to be {¢, : @ < k}. Now we consider a partition {C, : a < k} of D
into subsets of cardinality . There exists some p, € U for each a« < k with C,, € p.
There exists a continuous injection ¢ : D — A which we define by ¢(Cy,) = {¢a.}-
Now extend ¢ to @ : D — A. Then B(ps) = ¢o- As U C BD is closed, it follows
that ®(U) is a compact subset of I that contains A and since SD is compact, @ is
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a continuous surjection from compact space to a Hausdorff space. Hence p(U) = I.

Thus |3D] = 22", O

Finally, we establish a characterization of the closed subsets of D by showing a

one-to-one correspondence between the nonempty closed subsets of 5D and the filters

on D.

Definition 3.3.13. Let </ be a family of subsets of D. We define o/ C BD by

Theorem 3.3.14 ([47]). Given a set D,
1. If Z is a filter on D, then F is a closed subset of BD.
2. If @ # F C 8D and .F = (\F, then .F is a filter on D and .F = cl(F).

Proof. 1. Let p € BD\.%. If we choose B € .% \ p, then D \ B is a neighbourhood

of p which misses .Z.

2. 7 is a filter as it is the intersection of a set of filters. Further, for each p € F)

F C p giving that I/ C . and thus by 1, c/(F) C .Z.

To prove the reverse inclusion, we suppose that p € .# and B € p. Next, suppose
BNF = @. Then for each ¢ € F, we have that D\ B € gso D\ B&€ .% Cp

which is a contradiction.

3.4 Extending the Operation to 8S

In this section we extend the operation of the discrete semigroup S to 45, its Stone-

Cech compactification.
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To aid us in this endeavor we introduce the notion of p-limit which first appeared in

W

literature in [13]. We want p —limgep z4 = y to mean z4 is “often” “near” y. As usual
in topology, the notion of nearness to a point y in a topological space is determined
by neighbourhoods of that point and “often” is determined by the members of the

ultrafilter p.

Definition 3.4.1 ([19]). Let D be a discrete space, let p be an ultrafilter in BD, let
(7a) 4ep be an indexved family in a topological space X, and let y be a point in X. Then

p—limgep x4 = y if and only if for each neighbourhood V- of y, {d € D : x4 € V'} € p.

Let us consider the topological spaces X and Y, with a subset A of X and a func-
tion ¢ : A — Y. Also let x be in the closure of A in X and y be a point of the space
Y. We write lim, ,, p(a) = y if and only if, for every neighbourhood V' of y, there
exists a neeighbourhood U of x such that ¢(ANU) C V. Notice that if lim,_,, p(a)

exists, it is unique.

We shall now show that for functions defined on SD, the notion of limit corre-

sponds to the notion of p-limit.

Theorem 3.4.2 ([19]). Let Y be a topological space, let D be a discrete space, let p
be an ultrafilter in BD and let y be a point of the space Y. If A is a member of p and
w: A=Y, then p —limuea ©(a) if and only if lim,, p(a) = y.

Proof. Necessity. Suppose that p — lim,ea ¢(a) = y. Then, if V' is a neighbourhood
of y, (V) € p. Let B = ' (V), then B is a neighbourhood of p by Theorem 3.3.4
and (BN A) = ¢(B) C V. Thus lim,_,, p(a) = y.

Sufficiency. Suppose that lim,_,, ¢(a) = y. Then, if V' is a neighbourhood of y,
there is a neighbourhood U of p in D such that o(UNA) C V. Now UN A € p and
since UNA C ¢~ }(V), then it follows that o= '(V) € p. Thus p—limue p(a) =y. O

Theorem 3.4.3 ([19]). Let D be a discrete space, let p be an ultrafilter in fD, and let
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(%a)4ep be an indeved family in a space X. If X is a compact space, then p—limgep 24

exists and 1s unique.

Proof. Let us assume that p — lim (x4),., does not exist and for each y € X, we
pick an open neighbourhood U, of y such that {d € D : z4 € U,} ¢ p. Then
{U, : y € X} is an open cover of X. Now we choose a finite subset F' of X such
that X = J,cp Uy Then D = {d € D : x4 € Uy} so we choose some y € F for

which {d € D : 4 € U,} € p which is a contradiction. Hence, p — lim (z4) ., exists

whenever X is compact. Furthermore, it is obvious that this p-limit is unique. O]

Theorem 3.4.4 ([19]). Let D be a discrete space, let p be an ultrafilter in fD, let X
and Y be topological spaces, let (xq) ., be an indexed family in X, and let p : X =Y.

If ¢ is continuous and p — limgep x4 exists, then
—1li = —1i .
p = limep(za) = ¢(p — limzq)

Proof. Suppose that U is a neighbourhood of ¢(p — limgep z4) and then choose a
neighbourhood V' of p—limge p 24 such that (V) C U. Nowlet A={d € D :z4€ V}.

Then A is a member of p and
AC{deD:p(xq) € U}.
]

If we view (d),.p as an indexed family in SD, where D is a discrete space, then
we have p — limgepd = d, where p € BD. If we consider this fact along with the
above theorem and let ¢ be a function that maps D into a compact space X, with

©: D — X as the continuous extension of ¢, then it follows that

p(p)=p— }llerg o(d) for all p € BD.
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We can now consider a semigroup S with the discrete topology and extend the
binary operation of this discrete semigroup to its Stone-Cech compactification. We

follow the convention of supposing that S C S.

Theorem 3.4.5 ([19]). Consider the discrete space S and the binary operation, -,
defined on S. There is a unique binary operation x : S x BS — BS for which the

follwing conditions hold:
1. For every s,t € S, sxt=s"1,

2. For each ultrafilter ¢ € S, the mapping p, : BS — BS is continuous, p,(p) =

p*q,

3. For each point s € S, the mapping \s : fS — BS is continuous, where \s(q) =

S * (.

Proof. We will establish the uniqueness and the existence of the binary operation x
simultaneously. The first step is to define x as we are forced to define it, first by
defining it on S x S and then by extending * to the rest of 3.5 x 8S.

To define x on S x S, we consider any s € S and define n, : S — S C S
by 7s(t) = s -t. Then there exists a continuous function A\ : S — BS for which
As|ls = 1. For s € S and g € 5S. we define s % ¢ = As(¢q). From this we have that 3 is
satisfied and so is 1 since A\ extends 7,. We also have that the extension ), is unique
as continuous functions that agree on a dense subspace are equal. So there can be no
other possible definition of * that satisfies 1 and 3.

Now we extend * to the rest of 3S x S. Given an ultrafilter ¢ in 55, we define
& 1S — BS by £,(s) = s*q. Then there is a continuous function p, : S — S such
that p,ls = &, For p € S\ S, we define p x ¢ = p,(p). It should be noted that if
s € BS, then p,(s) = &,(s) = s* g so for every p € S, p,(p) = p * q. Therefore 2
is satisfied. Once more, by the uniqueness of the continuous extensions, there is no

other possible definition that would satisfy all three conditions. m
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We wish to verify the associativity of the extended operation, however, it would
be prudent to better understand the operations. The opeartion on 55 can be charac-
terized in terms of limits. We should keep in mind p, is continuous for every g € 85
and that A, is continuous for every member s of S. Now let - be a binary operation on
a discrete space S and let p,q € BS. Whenever s € S and g € S, s-q = limy_,;5-1

and whenever p,q € 5,

p-q=lim(lims-t), wheret € S.

s—p t—q

Furthermore, if P € p and @) € ¢, then

cq=p—lim(g—lims - t).
p-qg=p qu lim s )

Theorem 3.4.6 ([19]). Suppose that S is a semigroup. Then the extended operation

on (S s associative.

Proof. Let p,q,r € 5S and let z,y,z € S.

(p-q)-r = (ilg}]x cq) T by continuity of p,
= (limlimz-y)-r by continuity of A,
= limlim(z-y)-r by continuity of p,

= limlimlim(z-y)-z by continuity of p,.,
TP Y—>q z—T

= limlimlimz-y- 2
TP Y—q z2—r

and

p-(g-r) = lim(xz-(q-7)) by continuity of p,.,

T—p

= lim(z-limy-r) by continuity of p,

= lim(x-limlimy - z) by continuity of A,
T—p Y—>q z—7

= limlimlimz- (y-2) by continuity of A,
T—=pY—q z2—rT

= limlimlimzx-y- 2
TP Y—q z—T

so(p-q)-r=p-(q-7). O
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As we have verified the associativity of the extended operation, we now know that

BS is a semigroup if S is a semigroup.

A semigroup S endowed with a topology is called a right topological semigroup
if for each a € S, the right translation p, : S 2 * +— xa € S is continuous. The
topological center of a right topological semigroup S, which we denote A(S), consists
of all b € S such that the left translation A\, : S > x + bx € S is continuous. So it
follows from Theorem 3.4.5 and Theorem 3.4.6 that 55 is a compact right topological
semigroup with S C A(BS).

Definition 3.4.7. Consider a semigroup S endowed with a topology and a compact
right topological semigroup T. A semigroup compactification of S is a pair (¢, T),
where ¢ : S — T is a continuous homomorphism such that ¢(S) is dense in T and

¢(S) € A(T).

Theorem 3.4.8 ([19]). Consider the Hausdorff right topological semigroups T and
R. Suppose that S is a dense subsemigroup of T" such that S C A(T) and ¢ : T — R
is a continuous mapping such that ¢(S) C A(R). If ¢|s is a homomorphism, then ¢

18 also a homomorphism.

Proof. Let a,b € S and let ¢ € T. Then

o(aq) = o(limabd) by continuity of A,

b—q
= lim ¢(ab) by continuity of ¢
b—q
= })im o(a)p(b)  since ¢|g is a homomorphism
—q

= ¢(a) })imqﬁ(b) by continuity of A\y(q)
= o(a)o(q).

49



Now let p,q € T. Then

d(pg) = oé(limaq) by continuity of p,
= }lig;bp(aq) by continuity of ¢
= lim é(a)¢(q)
= (lim¢(a))¢(g) by continuity of py()
= 9(p)o(q).

O

Consider a semigroup S endowed with the discrete topology and any homomor-
phism ¢ of S into a compact Hausdorff right topological semigroup 7' such that
#(S) € A(T). If ¢ : BS — T is the continuous extension of ¢, then applying The-
orem 3.4.8 gives that ¢ is a homomorphism. Thus the Stone-Cech compactification
S of a discrete semigroup is the largest semigroup compactification of S. From this
point onwards, whenever we speak of S, we will be referring to the Stone-Cech

compactification of of the discrete semigroup S.

It is possible to describe the operation of 5S in terms of ultrafilters. This means
for ultrafilters p, ¢ € 8S, we can characterize the subsets of S which are members of
the ultrafilters pq.

Note that given a given a semigroup S, B C S and s € .5,
s'B={acS:sacB}=)"B).

The notation s~ B is an alternative notation for A;*(B), and using it does not imply

that s has an inverse in B.

Theorem 3.4.9 ([19]). Consider the semigroup S, B C S, s € S and the ultrafilters
p,q € BS. Then

1. B€ s-qif and only if s~'B € q, and
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2. Bep-qifandonlyif{a € S:a'Beq} €p.

Proof. 1. Necessity. Suppose B € s-¢. Then B is a neighbourhood of s-¢. Since A,
is continuous, there is some @ € ¢ such that s - Q C B. It follows that sQ C B

and so s7!B € q.

Sufficiency. Let s™'B € ¢ and assume on the contrary that B ¢ s-¢. Then
S\ B € s-qso0 by the necessity we have just established, s7*(S'\ B) € ¢. But

this is a contradiction since
(s'B)n (s S\ B)) = @.
2. Necessity. Suppose that B € p - ¢. Since p, is continuous, there is some P € p

such that P-q C B. Then for every z € P, B € z-qand so by 1, 27'B € q.
Hence, {z € S: 27'B € ¢} € p.

Sufficiency. Let {z € S : 27'B € ¢} € p and assume on the contrary, that
B ¢ p-q. Then, S\ B € p-q so, by the necessity we have just established,
{z€8:271(S\ B) € q} € p. However

(z7'B)n (2" (S\B)) =@
for each z € S. It follows that
{zeS:27'Beqgtn{zeS: 27 (S\B) € ¢} = o,

which is a contradiction.

3.5 Ultrafilter Semigroups

Definition 3.5.1. A left topological semigroup is a semigroup S endowed with

a topology 7 such that for every c € S, the left translation
A:SDcr—ceseS

51



is a continuous mapping of the space S to itself. The topology 7 on S is called a left

invariant topology.

Given a semigroup S, a topology 7 on S is left invariant if and only if for all

ceSand U € 7,

U=\ U)={se€S:csecU}e 7.

It is important to note that the left translations in a left topological group are
homeomorphisms. So if S is a group, we can determine a left invariant topology on S
completely by the neighbourhood filter of the identity. We can characterize topologies
having the property that for every ¢ € S, the neighbourhood filter of ¢ is

ceN ={cU:U € N}
on semigroups as follows:

Lemma 3.5.2 ([47]). Given a semigroup S with identity, let 7 be a topology on S
and N, the neighbourhood filter of the identity in 7. Then the follwing statements

are equivalent.
1. For every c € S, ¢/ 1is a neighbourhood base at c,
2. For every c € S, the left translation \. is continuous and open, and
3. For everyce S and U € 7, both ¢ U € F and cU € T .

Proof. (1 = 2). We have to show that . is open and continuous. To show continu-
ity, suppose that ¢ € S and U is a neighbourhood of A.(b) = cb. Now choose a set
V' € A, such that ¢bV C U. Then bV is a neighbouhood of b and A.(bV) = ¢bV C U.
To show that \. is open, suppose that b € S and U is a neighbourhood of b. Now
choose a set V' € A, such that bV C U. Then abV is a neighbourhood of A.(b) and
Ae(U) D A(BV) = ebV.
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(2 = 3). We know that . is continuous, so ¢ 'U = X\;1(U) € . We also know
that A, is open, so cU = \.(U) € 7.

(3 = 1). If U is an open neighbourhood of the identity, then clearly ¢ € cU €
T, so cU is an open neighbourhood of ¢. Conversely, suppose that V' is an open
neighbourhood of ¢ and U = ¢™'V. Then U is an open neighbourhood of the identity
and cU C V. ]

Much like we did with the topological group G, we can also characterize the
neighbourhood filter of the identity of a left topological semigroup. The following

theorem achieves this.

Theorem 3.5.3 ([47]). Suppose that S is a left topological semigroup with identity
and A, is the neighbourhood filter of the identity. Then

1. For every U € N,, e € U, and
2. For everyU € A, {s€ S :s7'U € N} € M.

Conversely, if S is a semigroup with identity and a filter A, on S that satisfies 1-2,
then there exists a left invariant topology on S in which for each ¢ € S, ¢/ is a

neighbourhood base at c.

Proof. Let S be a left topological semigroup with identity and let U € 4. It is
obvious that e € U and if we set V' = int(U), we obtain that V' € .4, and for every
seV,s U € A,. So 1-2 are satisfied.

Conversely, let .4, be a filter on S that satisfies 1-2. For every s € .S, suppose that
N5 is a neighbourhood filter with a base s.4". We now show that whenever s € S and
U € ¥, we have

(i) s € U, and

(i) {t € S:U e N} e .
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We obtain (i) from 1 and the definition of .4;. In order to arrive at (ii), we let
Up=sU, Vo={reS:Uye A}, and V = sVj. Notice that Uy € A4;, so by 2, we
have Vy € A4, and as a result V € 4,. We claim that for every t € V, U € .4;. To
verify this, we write t = sr for some r € V. Then s U = Uy € A, = r.4, and so
U e sr/ = 4. If we apply Theorem 2.1.6, we obtain that there is a topology .7~ on
S such that {45 : s € S} is the neighbourhood system. Lemma 3.5.2 gives that .7 is

left invariant. O
The following simple general fact will be useful down the line.

Lemma 3.5.4 ([47]). Let F be a filter on a semigroup S. If{s € S: s 'F € F} € F

for every F € .Z, then .Z is a closed subsemigroup of f35S.

Proof. As .Z is a closed subset of 35, all we need to do is show that .Z is a subsemi-
group. Suppose that p,q € . and F € .%. We have to show that F' € pq. To do this,
begin by setting B = {s € S: s 'F € .Z}, and for every s € B, let Cy = s7'F. Then
BeZ Cp, CieF Cq,and |J,.55Bs C F. Hence, F € pq. ]

Lemma 3.5.5 ([47]). Consider a left topological semigroup with identity (S,.7) and
let A, be the neighbourhood filter of the identity. Then

1. A, is a closed subsemigroup of 3S,

2. For every open subset U, U - A, C U, and

3. If T s a Ty -topology, then

N\ {e} = {p € S*: p converges toe in T}.

Proof. 1. This is a consequence of Theorem 3.5.3 and Lemma 3.5.4.

2. Suppose that p € U and g € 4. The set U is open, so for every s € U, there is
some V; € A; such that sV, C U. Then (J,,; sVs C U. Since U € p and V € q,
we have that U € pq. Thus pg € U.
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3. Clearly, .4, \ {e} is a closed subset of 3S. Since .7 satisfies the T} separation
axiom, (4. = {e}. Then N, \ {e} C S*, hence

N\ {e} = {p € 5" : p converges to e in T }.

All that remains is to show that .4\ {e} is a subsemigroup. To do this, suppose
that p,q € A4, \ {e}. We have to show that for every U € A;, p,q € U \ {e}.
Obviously, we may assume that U is open. Then U \ {e} is also open, as 7 is
a Ti-topology. Since p € U \ {e}, we obtain by 2 that pg € U\ {e} = U \ {e}.

O

Definition 3.5.6 ([47]). Given a T} left topological semigroup with identity (S, .7 ),
define Ult(T) C S by

Ult(T) ={p € S* : p converges to e in T }.
We call Ult(T) the ultrafilter semigroup of 7.

If we combine Definition 3.5.6 and Lemma 3.5.5, we see that Ult(.7) is a closed
subsemigroup of 45 if it is nonempty. Consequently, a general problem of investiga-
tion arises, that is, the interaction between the properties of the left invariant topology
Z on a group or semigroup and the algebraic structure of the corresponding ultrafil-
ter semigroup Ult(.7"). This has been a particularly fruitful endeavour with numerous
striking results having been obtained in this manner. Notably, that (i) there exists
a maximal regular left topological group within the framework of ZFC, (ii) every
nondiscrete left topological group is w-resolvable, (iii) the existence of a maximal

topological group is impossible to establish in ZFC, etc.

Lemma 3.5.7 ([47]). Let .F be a filter on a semigroup S and let X € .7 . Suppose

that R is a compact Hausdorff right topological semigroup and ¢ : X — R. Assume

1. For every x € X, there is some U, € F such that p(zy) = @(x)p(y) for all
y € U, and
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2. o(X) C A(R).

Then for every p € X and q € .7, we have B(pq) = B(p)@(q), where

% : X — R is the continuous extension of .

Proof. For every z € X, we have

P(rq) = P(limxy), yel,
Yy—q
— 1
lim o(xy)
= limp(r)p(y) by 1
y—q
= ¢(z)limp(y) by 2
Yy—q

= »(2)p(q).

Then

Plpg) = @(}Eig;wq), reX
= limp(zq)
= lim p(2)7(9)
= (lim ¢(2))2(g)

= P(p)olq).

3.6 Martin’s Axiom

In the final section of this chapter, we give an elementary introduction to Martin’s

axiom. We must first recall a few basic notions from set theory.

If P is a nonempty set and the relation < is a partial order, then the pair (P, <)

is a partially ordered set. A nonempty subset G of P is a filter in P if; (i) for every

56



a,b € G, there exists some ¢ € G such that ¢ < a and ¢ < b, and (ii) for every a € G
and b € P, a < b implies b € G.

Let a,b € P. The elements a and b are compatible if and only if there exists some
¢ € P such that ¢ < a and ¢ < b. If there is no such ¢ € P, then a and b are
incompatible. Finally, a subset D of P is called dense if for every a € P there is some
b € D such that b < a.

A subset of pairwise incompatible elements is called an antichain in P and if ev-

ery antichain in P is countable then it is said that P has the countable chain condition.

Martin’s axiom is a statement, introduced by D. A. Martin and R. M. Soloway
in 1970, that is independent of the usual axioms of ZFC. Stated informally, Martin’s

axiom tells us that all cardinals x < ¢ behave more or less like N;.

Definition 3.6.1. Let x be an infinite cardinal. Martin’s Aziom, denoted by M A(k)
1s the assertion that if P is a partial order that satisfies the countable chain condition
and 9 is a family of dense sets in P with |2| < k, then there is a filter G on P such
that GN D # @, for every D € 9.

It is a theorem of ZFC that M A(c) does not hold, where ¢ is the cardinality of

the continuum. Martin’s axiom can thus be restated as follows:
Definition 3.6.2. For every cardinal k, if w < k < ¢, then M A(k) is true.

We will conclude this short exposition of Martin’s axiom by showing that if follows

from the continuum hypothesis.
Theorem 3.6.3. The Continuum Hypothesis implies Martin’s Axiom.

Proof. Suppose the partially ordered set P has the countable chain condition. Now
let 2 = {D,, : n < w} be a family of dense subsets of P. It follows from the continuum
hypothesis that & is countable. Pick (a;) € D;. Now inductively construct a sequence
(@p)n<w in P such that a, € D, and a,,1 < a,. The filter G = {b € P : a, <

b for some n < w} is generated by (ay)n<. as required. O
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Chapter 4

Resolvability of Topological Groups

In this chapter, we relax our assumption that all topological spaces are Hausdorff.

4.1 Local Left Groups and Local Homomorphisms

Given a set X and some subset Y of X x X, a function that maps Y to X is called a
partial multiplication on X. A partial semigroup is a set with a partial multiplication

such that (zy)z = x(yz) whenever z,y,z € X and (zy)z, x(yz) are defined.

Definition 4.1.1 ([47]). Consider a topological space X satisfying the Ty separation
axiom and having a distinguished element e such that X is also a partial semigroup.
The Ti-space X is a local left topological group if there exists some left topological
group G wherein X can be topologically embedded in such a way that the following

conditions hold:

1. e is the identity element of G,

2. the partial multiplication defined on X is the partial operation induced by the
multiplication of G,

3. for every a € X, there exists a neighbourhood U, of the identily e in X such
that aU, C X, and
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4. for every a € X, aX N X is a neighbourhood of a in X.

Concerning local left topological groups, whenever we write a-b it will be assumed
that b € U, and whenever we write a - U, where U is a neighbourhood of the identity,
it will be assumed that U C U,. If the Ti-space X can be embedded in a Hausdorff
zero-dimensional left topological group G such that the above conditions are satisfied,

then we call X a regular local left topological group.

A basic example of a local left topological group is an open neighbourhood of the
identity e of a left topological group satisfying the 77 separation axiom. We can see
this by taking an open subset V' of G such that a € V C X for every a € X and
then take U, = a~'V N X. Furthermore, in any local left topological group, we may

suppose that U, = X.

Let us suppose that Y is a local left topological group and denote by Y, the
partial semigroup Y reendowed with the discrete topology. As we have shown in the
case of 35, we can extend the partial operation of Y, in a natural way, to fY,. This
extension is given by

lim lim yz,
y—p 2—q

where y, z € Y, making fY, a right topological partial semigroup.
The product pq is defined if and only if

{yeY :{z €Y :yzis defined} € ¢} € p.

This can be seen by first supposing that pq is defined. As pq is a filter on Y, we have
Y € pq. The definition of pq gives that Y € pq if and only if {y € Y : y~'Y € ¢} €p
which holds if and only if {y € Y : {z € Y : yz is defined} € ¢} € p. Conversely, we
can suppose {y € Y : {z € Y : yz is defined} € ¢} € p. Define the family

F={ACY {yeY :y'Aecq}ep}

59



Obviously @ € #. The assumption that {y € Y : {z € Y : yz is defined} € ¢} € p,
along with the equality y='Y = {z € Y : yz is defined} implies that ¥ € .#. Now
let A,B€ .Z.Since y '(ANB) =y 'ANy !B for any y € Y, we have AN B € .Z.
Finally, for any a € .% and any subset B of Y with A C B, we see that y 'A C y !B
and as p is a filter, we have that B € .%. Thus the family .# is a filter. Hence, pq is
defined.

Definition 4.1.2 ([47]). Let Y be a local left topological group,
Ult(Y) ={p € Y] : p converges toe inY'}.

In other words, Ult(Y') is the set of all nonprincipal ultrafilters on Y converging to

the identity.

Suppose that p € Y, and ¢ € Ult(Y). For every a € Y, we have U, € ¢ and as
ab is defined for b € U,, we have U, C {b € Y : ab is defined}. Therefore {b € Y :
ab is defined} € ¢. Consequently, {a € Y : {b € Y : ab is defined} € ¢} =Y € p.
Hence pq is defined. We can conclude that Ult(Y") is a closed subsemigroup of Y.

Given a set Y and a nonempty subset Z of Y, consider the bijection
F—IFNZL={FNZ:FecZF}

and

F'—F" ={FCY:ECFforsomeF €%}

where . ranges over filters on Y that contain Z and .#’ ranges over filters on Z.
Notice that ultrafilters and principal ultrafilters are sent to ultrafilters and principal
ultrafilters respectively. Additionally, we let G' be a local left topological group with
topology .7 and suppose that Y is an open neighbourhood of the identity in G. We
also suppose that p € Ult(7), then Y € p. Consequently, for every neighbourhood W
of the identity in G, YNW € p. We see that the set YNW, where W is a neighbourhood
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of the identity in Y. It follows that pNY := {BNY : B € p} € Ult(Y), so we can
identify Ult(Y') with Ult(7).

Definition 4.1.3 ([47]). Consider the local left topological groupsY and Z. A mapping
¢ Y — Z is a topological local homomorphism if p(ey) = ez and for all
y € Y \ {e}, there exists a neighbourhood U of the identity e in'Y such that p(yz) =
o(y)p(z) for every z € U. If ¢ : Y — Z is simultaneously a local homomorphism and

homeomorphism then we call ¢ a local isomorphism.

It is important to note that if ¢ : Y — Z is a local isomorphism, then ¢! : Z — Y

is also a local isomorphism.

Theorem 4.1.4 ([34]). Suppose that Y and Z are local left topological groups and
that ¢ 1Y — Z is a topological local isomorphism. Then, (UIL(Y)) = Ult(Z) and

gp* = ¢|Ult(Y) . Ult(Y) — Ult(Z)
18 a topological isomorphism.

Proof. Suppose p € Ult(Y) and that W is a neighbourhood of ez. The continuity
of ¢ and the fact that p(ey) = ez gives that ¢ (1) is a neighbourhood of ey
and, therefore, p='(W) € p. Hence W € @(p). Then @(p) € Ult(Z) and, therefore,
P(ULt(Y)) C Ult(2).

Conversely, suppose that ¢ € Ult(Z). As p is surjective, ¢ = @(p) for some p € fYj.
Now suppose that V' is a neighbourhood of ey. Since ¢(V) is a neighbourhood of e,
o(V) € q, giving U = o Y¢(V)) € q. Hence p € Ult(Y). Therefore, Ult(Z) C
PUI(Y)). Thus p(UIL(Y)) = Ult(Z).

It remains to show that ¢* is a homeomorphism. Since @ is a bijection, ¢* is also

a bijection. Now suppose that A C Yy and B C 37, are open. Then,
MUY )NA) =pU(Y)NA) =3(UlYY)) Ng(A) =Ult(Z) Np(A)
is an open subset of Ult(Z) and
P (Ul(Z) N B) =5 {(Ult(2)) N@(B) = Ult(Y) N (B)
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is an open subset of Ult(Y'). Therefore, ¢* is a homeomorphism. O

Definition 4.1.5 ([47]). Given a local left topological group Y and a semigroup S, a
mapping ¢ : Y — S is a local homomorphism if for everyy € Y \ {e}, there exists
a neighbourhood U of the identity such that o(yz) = p(y)p(z) for all z € U \ {e}.

Theorem 4.1.6 ([47]). Suppose that ¢ : Y — R is a local homomorphism from a
local left topological group Y into a compact right right topological semigroup R such
that (V) C A(R) and that @ : fYy — R is the continuous extension of p. Now define
@ Ult(Y) = R by ¢* = Pluny). Then ¢* is a continuous homomorphism and if, in
addition, o(U \ {e}) is dense in R for every neighbourhood U of the identity e in 'Y,

then ©* 1s surjective.

Proof. 1t follows from Lemma 3.5.7 that ¢* is a homomorphism. Now suppose for
every neighbourhood U of the identity ein Y, (U \ {e}) is dense in R and let r €
R. Then for each neighbourhood V' of r € R, there exists a € U \ {e} such that
¢(a) € V. This implies that there exists p € Ult(.7) such that $(p) = r. Hence ¢* is

surjective. O

Since a finite discrete semigroup is a compact right topological semigroup which is
equal to its topological center, then ¢* = B|yyy) : Ult(Y') — R is a homomorphism
where Y is a local left topological group, R is a finite discrete semigroup, ¢ : Y — R

is a local homomorphism and  : 5Y; — R is the continuous extension of ¢.

If a homomorphism of an ultrafilter semigroup can be induced by a local ho-
momorphism, then it is called proper. Therefore the induced homomorphisms ¢* :

Ult(Y) = R and ¢* : Ult(Y') — Ult(Z) are proper.

Definition 4.1.7 ([47]). Suppose that B = @ Z, is the countable Boolean group.
Equip B = @, Zy with the topology obtained by taking as a neighbourhood base at
zero the subgroups H, = {y € B : supp(y) N o« = @}, where a < w. Note that for
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any ¢ = (c,) € B, supp(c) = {n < w: a, # 0}. An element ¢ € B is called basic
if supp(c) is a nonempty interval in w. Each nonzero element ¢ € B can be uniquely

represented in the form ¢ = co + ¢1 + -+ - + ¢;, where

1. for every i <, ¢; is basic, and

2. for every i <1 — 1, max supp(c;) + 2 < min supp(ciy1).
This decomposition s called canonical.

We can extend a mapping ¢q from the set of basic elements of B into a semigroup
T to the mapping ¢ : B — T by ¢(c) = ¢(co)e(c1) -+ p(a), where ¢ = ¢y + ¢; +
.-+ + ¢ is the canonical decomposition of ¢. Now suppose that y,z € B such that
max supp(y) + 1 < min supp(z) and that y = yo + y1 + -+ + y; is the canonical
decomposition of y and z = 2y + 21 + - - - + 2,, is the canonical decomposition of z. It
follows that y+2z = yo+y1+---+yi+ 20+ 21+ - -+ 2, is the canonical decomposition
of y + z. Therefore

ely+z) = o+ +-+yutat+at-+ oz
= o)1) - ew)e(z0)p(21) - (2m)
= [e(yo)e(y1) - e(w)]le(z0)e(z1) - - - ©(2m)]

= e)e(z)
Thus ¢ is a local homomorphism.

Definition 4.1.8 ([47]). Consider the set L of all words w on the alphabet Z,,, where
m > 2. Also suppose that L includes the empty word &. Denote by |w| the length of
a word w for each w € L. If all nonzero letters in w form a final subword we say the
nonempty word w € L is basic. Particularly, all nonempty zero words, that is, words
in which every letter is zero, are basic. For each u,w € L for which |u|+2 < |w| and
the first |u|+1 letters are zero, let u+w € L be defined as the resulting of substituting
u for the initial subword having length |u| in w. Each nonempty word w € L can be

uniquely represented as w = wy + wy + - - - + w; where
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1. for every i <[, w; is basic, and
2. for every i < I, w; is nonzero.
This decomposition is called canonical.

We now give a theorem describing the structure of a local homomorphism. In

—~

addition to the main operation —, we will also utilise the partial operation + on L.

Theorem 4.1.9 ([47]). Suppose that Y is a countably infinite reqular local left topo-
logical group and that {U, : y € Y \ {e}} is a family of neighbourhoods of the identity
e in Y. Then there exists a continuous bijection v 1 Y — B with ¢(e) = 0 such that

1. v~Y(H,) C U, whenever maz supp(y(y)) +2 < n, and

2. Y(y=) = ¥ly) + (=) whenever maz supp(t(y)) +2 < min supp(u(2)).

Proof. Suppose that L = L(Zs) is the set of all words on the alphabet Z, including
the empty word @ and since Y is countably infinite, enumerate Y without repetitions
as {e,y1, Yo, - ..}. To each word w in L, we shall assign a point y(w) in Y and a clopen

neighbourhood Y (w) of y(w) such that
(a) y(0") =e, Y(@) =Y, and Y (0") C Uy for all u € L with |u| <n — 2,
(b) Y(w™0)NY(w™1l) =@ and Y(w™0)UY (w"1) =Y (w),

(¢) y(w) = y(wo)y(wy) - --y(wy) and Y (w) = y(wo)y(w:) - - - y(wi1)Y (wy) where w =

wo + wq + - - - + wy; is the canonical decomposition of w, and
(d) yn € {y(u) : v € L and |u| = n}.

We choose Y (0) to be a clopen neighbourhood of the identity e such that y; ¢
Y (0). Next, we put Y(1) = Y \ Y(0), y(0) = e and y(1) = y;. Now fix n > 2 and
assume that Y (w) and y(w) have been constructed for each word w with |w| < n such

that conditions (a) — (d) are satisfied. We point out that the subsets Y (w), where
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|lw| = n — 1, form a partition of Y, so one of these subsets, say Y (v), contains y,,.
Now suppose that v = vy + vy + - - - + vg is the canonical decomposition. Then we can
write Y (v) = y(vo)y(v1) - - - y(ve—1)Y (v) and y,, = y(vo)y(vy) - - - y(vg_1)z, for some
Zn € Y (vg).

In the case that z, = y(vg), we choose Y (0") to be a clopen neighbourhood of
the identity e such that Y (0") C Uy for every word w in L with |w| =n — 1, we
have Y (w) \ y(w)Y (0") # @&. Now for every basic word w with |w| = n — 1, we put
Y(w™1) = Y(w) \ Y(w™0) where y(w™0) = y(w) and Y (w™0) = y(w)Y (0"). We
also choose y(w™1) to be any element of Y (w™1). We also put y(0") = e and in the
case that z, # y(vx), we pick Y (0") in addition so that z, ¢ y(vx)Y (0"), and put
y(vi1) = z,. For every nonbasic nonzero word w with |w| = n, we let Y (w) and y(w)

be defined by condition (¢). Then
y(w) = y(wi)y(wa) - - y(wi) € y(wo)y(wr) - - - y(wi—1)Y (wy) =Y (w)
and if y, ¢ {y(w) : |lw| =n — 1}, we have
yn = y(vo)y(vr) -+ y(vp—1)y(vp 1) = y(v™1) € {y(w) : [w| =n}.

In order to check condition (b), we let |w| = n — 1. In the case that the word w
is basic, we have Y(w™0) = y(w)Y (0") C YV(w) and Y(w™1) = Y(w) \ y(w)Y (0").
Now assume that the word w is nonbasic and let the canonical representation of w
be w = wg+ w1 + - - - +w;. If wy is zero, then w™0 = wg +wy + - - - + w;—1 + 0™ is the
canonical decomposition of w™0. It follows that

Y (w™0) = y(wo)y(wr) - - - y(wi—1) Y (0") = y(wo)y(ws) - - - y(wr—1)Y (w;0).

Otherwise the canonical decomposition is w™0 = wg + wy + -+ -w;_1 + w; + 0", and

then

Y(w™0) = y(wo)y(w:) - - y(wi—1)y(w) Y (0") = y(wo)y(w1) - - - y(wi—1)Y (w;"0).
In any event,

Y (w™0) = y(wo)y(wy) - - - y(wi—1)y(w) Y (0") = y(wo)y(wy) - - - y(wi—1)Y (w;0).
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Now, since w™1 = Wy + wy + --- + w;—1 + w; 1 is the canonical decomposition of

w1, we have

Y(w™1) = y(wo)y(wy) - - y(wim)y(w)Y(0") = y(wo)y(ws) - - - y(wi—1)Y (w;"1).
Consequently,

Y(w™0)UY(w™1) = y(wo)y(ws) - y(wi—1)[Y (w;0) UY (w1)]

(
= y(wo)y(w1) - - y(wi—1)Y (wy)

and clearly Y(w™0)NY(w™1) = @.

Finally, for each y € Y, there exists a word w in L having a nonzero last letter
such that y = y(w),so {u € L : y = y(u)} = {w™0": n < w}. Therefore ¢ : Y — B
can be defined by setting for each w = byb; - - b, € L,

Y(y(w)) =w = (bo, by, ...,0,,0,0,...) (%)

It is obvious that v is a bijection and that 1(0) = e so ¥ is continuous since for
each w = byby---b, € L, Y(w) consists of all elements y € Y such that (y) =
(bos b1 ... b, ...). And as ¥~ (H,) = Y(0™) C Uy for every w € L with |w| < n—2,

and so 1. is satisfied.

All that remains is to check 2. To do this, we suppose max supp(¢(y)) + 2 <

min supp(¢(z)). Now choose the words w, u € L having nonzero last letters such that
y = y(w) and 2 = y(u). ()

Additionally, consider w = wg + wy + --- + w; and v = ug + uy + - -+ + u, to be
the canonical decompositions of w and u rspectively. We have z € Y(0I*1), so the
canonical decomposition of w4 w is w +u = wo + w1 + -+ +w; + ug + U + - - + Uy

and by ()

yz = y(wo)y(wy) - y(w)y(uo)y(ur) - - - y(ur) = y(w + u). (o * %)
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By (%) and (* * %), it follows that

Y(yz) =Yylw+u) =wtu=w+u=¢(yw)) +¢yu) =9y) + (),
so 2. is satisfied. O

Given the countable nondiscrete regular local left topological groups Y and Z,
consider the bijections ¢ : Y — B and £ : Z — B that are guaranteed by Theo-
rem 4.1.9. Then there is a bijection ¢ := ¢ 1 o) : Y — Z such that both ¢ and ¢!

are local homomorphisms.

4.2 Resolving by Local Automorphisms of Finite
Order

Definition 4.2.1. Given a local left topological group Y, a local automorphism of
Y is a local isomorphism of Y onto itself. If a local automorphism is the identity map

of some neighbourhood of the identity, it is called trivial.

Definition 4.2.2. A group G is Boolean if every element of G, other than the
identity, has order 2. A Boolean part of a group G is the subset

B(G)={geG:g*=c¢}.

If a group G is Boolean, then for each a,b € G, we have ab = (ab)™' =b"'a™! = ba
since for each a € G with a # e, we have a® = e if and only if a - @ = e which is true

if and only if @ = a=!. Then every Boolean group G is Abelian.

Consider a topology .7 on a group G such that all shifts are continuous. For
every element h € G, h-conjugation g — h~'gh on G is an example of a topological
automorphism. It is a trivial local automorphism if and only if the centralizer of h is

open. If h™ = e, then h-conjugation is of order < n. Now let G be Abelian and suppose
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that the topology .7 on G is such that all shifts and inversions are continuous. An
inversion on G is a topological automorphism and has order < 2. It is a trivial local
automorphism if and only if there exists an open Boolean subgroup in G.

In the general case, when G is not Abelian, inversion on G is not a local auto-
morphism. Now let h € G. For each h, there exists a neighbourhood of e € G such
that hg = gh for all ¢ € U. Consequently, g7'h™" = h7'h~! and then (hg)™' =
g 'h™! = h7'h~!. Therefore if each conjugation on G is trivial, inversion is a lo-
cal automorphism. An inversion on G is trivial if and only if there exists an open
Boolean subgroup in . This can be seen by picking a neighbourhood U of e such
that U? C B(G). This means for any g,k € U, (gk)> = gkkg = e. Consequently,
gk = kg. Hence, (U) , a subgroup generated by U is contained in B(G).

Definition 4.2.3. Consider a bijection ¢ on a setY. If " = idy andn is the smallest

integer that satisfies this property then we say ¢ has finite order n.

Definition 4.2.4. Let ¢ be a mapping of a setY into itself. A subset Z CY 1is said
to be tnvariant with respect to ¢ if (Z) C Y. A family of of subsets of Y is said to
be invariant if for each Z € o, p(Z) € <. For each y € Y, define the orbit with
respect to ¢ of the element y by O(p,y) = {¢"(y) : n < w}.

Notice that if |O(p,y)| = w, then for any pair of distinct n,m € N such that
n,m < w, ¢"(y) # ¢"(y) and if [O(p, y)| = n, then ¢"(y) = y.

Lemma 4.2.5 ([43]). Given a space Y, suppose that ¢ : Y — Y is a homeomorphism.
Let y € Y with |O(p,y)| = k for some k € N and let U be a neighbourhood of y
for which the family {p?(U) : j < k} is disjoint. If there exists n € N such that
©"|y = idy, then there exists an open neighbourhood W C U of y for which the family
@ (W) : j < k} is invariant. If Y is zero dimensional, then W can be chosen to be

clopen.

Proof. Notice that n = kl for some [ € N. Now pick an open neighbourhood V' of y
for which @/ T*(V) C ¢/ (U) for every j < k and i < [. Particularly, ¢**(V) C U for
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each i < . We can do this because ¢*(y) = y which is true because |O(p,y)| = k.
We can put W = |J,_; ¢"(V). Then W C U is an open neighbourhood of y and
QW) = U, H0F(V). Since oM = 0, it follows that

) = Je*(v) =W

i<l

Consequently, the family {¢/ (W) : j < k} is invariant. O

Given a space Y with a distinguished point e € Y and a homeomorphism ¢ : ¥ —
Y with p(e) = e, it follows from lemma 4.2.5 that one of the following two possibilities
must hold: Either (1) for every neighbourhood U of e € Y and every n € N, there
exists some y € U with |O(p,y)| > n, or (2) there exists an open invariant(with

respect to ¢) neighbourhood U of e € Y for which ¢|y is of finite order, is true.

Definition 4.2.6 ([43]). Suppose that Y is a space with a distinguished point e € Y
and that ¢ 1Y — Y is a homeomorphism of finite order with ¢(e) =e. A spectrum
of ¢ is the set spec(p) = {|O0(e,y)| : y € Y,y # e}, and more generally, for any subset
Z CY, a spectrum of ¢ on Z is the set spec(p, Z) = {|O(p,y)| : y € Z,y # e}. If
for each neighbourhood U of e € Y, spec(p,U) = spec(y), then ¢ is called spectrally
irreducible. Finally, a neighbourhood U of a point y € Y is called spectrally
manimal if for any neighbourhood W C U of y, spec(o, W) = spec(p,U).

Given a space Y with a distinguished point e € Y and a homeomorphism of finite
order ¢ : Y — Y with p(e) = e, it follows from Lemma 4.2.5 that there exists an
open invariant(with repect to ) neighbourhood U of e € Y for which ¢|y is spectrally
irreducible. This means that whenever we study homeomorphisms of finite order in
a neighbourhood of a fixed point, our investigation can be restricted to considering

only the homeomorphisms that are spectrally irreducible.

Lemma 4.2.7 ([43]). Suppose that 'Y is a local left topological group, ¢ is a spectrally
irreducible local automorphism of finite order on'Y, e # yo € Y with |O(p,y)| = t,
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and U 1is a spectrally minimal neighbourhood of yo. Then

spec(p,U) = {lem(k,r) : r € {e} U spec(p)},
where lem(t,r) is the least common multiple of t and r.

Proof. For every y € O(¢p, o), suppose that W, is a neighbourhood of the identity e
for which

(a) ¢(yz) = ¢(y)p(z) for each z € W, and

(b) z+ yz is a homeomorphism, where z € W, and yz € yW,,.

Now pick a neighbourhood W of e for which W C Wy, yoW C U, and the

y€O0(#,90)
family of subsets yW with y € O(p,yo) is disjoint. Suppose that ¢ has order n and
pick a neighbourhood V' of e for which (V) C W for 0 < i < n — 1. This inclusion
holds for ¢ < w. We now show that for all z € V, ¢ (ypz) = ¢'(y0)¢"(2). The case

1 = 0 is trivial. We obtain, inductively, that

©'(h02) = o' (yoz) = el (W) " (2)] = ¢ (Yo)¢' (2).

We now suppose z € V, |O(p, z)| = r, s = lem(t,r) and claim that |O(p, yo2z)| = s.
Indeed,

©*(Yo2) = ©* (1)@ (2) = yoz.
Next, if ¢'(yoz) = yoz for some i, then ©'(yo)p'(z) = yoz. It follows from the fact
that the family yW with y € O(y, yo) is disjoint, that ©'(yo) = yo. It is also true that

©'(2) = z so r|i. Hence sli. O

Given that ¢ is a spectrally irreducible local automorphism of finite order, Lemma 4.2.7
tells us that the spectrum of ¢ is a finite subset of N that contains the least common
multiple of any pair of elements of the spectrum of ¢, that is, closed with respect to
taking the least common multiple. Next, consider any finite subset of N that is closed
under the least common multiple. We now endevour to give a spectrally irreducible

local automorphism of the corresponding spectrum.
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Example 4.2.8. Suppose that o is any finite subset of N closed under the least
common multiple, 0 = {ty,ty,.. . tp}, t1 < to < -+ <ty m =1+ >, t and
@D, Z., is the direct sum of w copies of the group Z,,. Let @ Ly, be endowed with

the topology obtained by taking as a neighbourhood base at zero the subgroups
H,={y¢€ @Zm :y(i) =0 for alli < a},

where o < w. We also let w be the coordinatewise permutation on the local left topo-

logical group €@, Z, induced by the product of disjoint cycles
7TOI(1,...,t1)(t1+1,...,t1+t2>"'<t1+"'+tk,1+1,...,t1—|—"'+tk).

Then m is a homeomorphism with w(0) = 0, spec(m, H,) = o for all a < w, and 7(y+
z) = 7(y)+n(z) whenever max supp(y) < min supp(z). Consequently, w is a spectrally

irreducible local automorphism on € Z, of spectrum o. It is called standard.

We now wish to give a theorem describing the structure of a local automorphism.

However, to prove this theorem, we will require the following result.

Lemma 4.2.9 ([43]). Suppose thatY is a countable nondiscrete reqular space having
a distinguished point e € Y, o : Y — Y is a homeomorphism of finite order with
ple) =e, V CY is clopen invariant, H C'V is finite invariant, and & is a clopen
invariant partition of V' such that for each I € P, spec(p, HNI) = spec(p,I). Then
there exists a clopen invariant partition {V(y) : y € H} of V inscribed into & such
that for each y € H, V(y) is a spectrally minimal neighbourhood of y.

Proof. Let V- ={y, : n < w} with yy € H. For each y € H, we construct an increasing
sequence (V,,(y))n<w of clopen spectrally minimal neighbourhoods of y such that for
every n < w, the family {V,,(y) : y € H} is disjoint, inscribed into & and invariant,
and y, € V, = U,y Va(y). The subsets V(y) = U, ., Va(y), y € H, will then be

as desired. Now we proceed inductively on n. Let z;, for ¢+ < [, represent the orbits

in H and let |O(yp, z;)| = k;. For each i < [, we pick a neighbourhood U; of z; for

71



which ¢? (U;) is a spectrally minimal neighbourhood of ¢7(z;) for every j < k;, and the
family {p?(U;) : i < 1,j < k;} is disjoint and inscribed into &. By Lemma 4.2.5, There
exists a clopen neighbourhood W; C U; of z; for which the family {o?(W;) : j < k;}
is invariant. Put Vo(¢/(z:)) = ¢/ (W;). Now fix n > 0 and we assume that V;,_1(y),
y € H has been constructed as required. Without loss of generality we may assume
that y, ¢ V1. Let |O(p,yn)| = k and let y,, € I, € &. Using lemma 4.2.5 again, we
pick a clopen neighbourhood W, of y,, such that for each j < k, ¢/ (W,,) is a spectrally
minimal neighbourhood of ¢’(y,), and the family

W) 1g <k} u{Via(y) iy € H}

is disjoint, inscribed into & and invariant. Pick ¢, € H N I, with |O(p,¢,)| = k and
for each j < k, we put V,,(¢?(2,,)) = Vo1 (@7 (2,))U? (W,). For each y € H\O(p, x,),

Theorem 4.2.10 ([43]). Given a countable nondiscrete reqular local left topological
group Y, suppose that ¢ : Y — Y is a spectrally irreducible local automorphism of
finite order, o = spec(p), and m = 143, t. Let w be the standard permutation on
the local left topological group @, Zy, of spectrum o. Then there exists a continuous

bijection ¢ : Y — @, Z, with ¢(e) =0 such that

1. p:p~tomo), and

2. ¥(y2) = ¥(y) + () whenever maz supp(p(y)) +2 < min supp((2)).
If Y s first countable, then 1 can be chosen to be a homeomorphism.

Proof. Suppose that L = L(Z,,) is the set of all words on the alphabet Z,, including
the empty word @ and since Y is countably infinite, enumerate Y without repetitions
as {e,y1, Y2, ...}. The permutation 7y on Z,,, which induces the standard permutation
7 on @, Z, also induces the permutation m on L. If w = voy; - - - ¥, then m(w) =

70(70)mo(71) -+ - mo(Vn)- Instead of writing 7y and 7, it is convenient to just write 7.
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To each word w € L, we assign a point y(w) € Y and a clopen spectrally minimal

neighbourhood Y (w) of y(w) such that
(a) y(0") =eand Y (@)=Y,
(b) {Y(w™7) :~v € Z,} is a partition of Y (w),

() y(w) = y(wo)y(wr)---y(wi1)y(w) and Y(w) = y(wo)y(w:)---y(w1)Y (w)

where w = wg 4+ wy + - - - + w; is the canonical decomposition of w,

(d) e(y(w)) = y(r(w)) and o(Y(w)) =Y (r(w)), and
(e) yn € {y(u) : u € L and |u| = n}.

Now let 0 = {t1,t2,...,tx}, t1 < ta < --- < t. We choose, for each i = 1,... k, a
representative \; of the orbit in Z,,\ {0} of lengths ¢;. Now using Lemma 4.2.9, we pick
a clopen invariant neighbourhood V; of e € Y for which y; ¢ Vi and spec(p, Y \ V1) =
spec(p) and put y(0) = e, Y(0) = V. Then pick the points b; € Y\ V1, for 1 <i <k,
with pairwise disjoint orbits of lengths ¢; for which y; € Ule O(¢, b;). Now we put,
for each 1 <i <k and j < t;, y(7/(\;)) = ¢’ (b;).

Next, using Lemma 4.2.9, there exists an invariant partition {Y (y) : v € Z,,\ {0} }
of Y\ V; for which Y () is a clopen spectrally minimal neighbourhood of y(v). Fix
n > 1 and assume that we have constructed Y (w) and y(w) for every w € L with
|lw| < n in such a way that conditions (a)-(e) are satisfied. Notice that the subsets
Y (w) with |w| = n — 1, form a partition of ¥ so one of these subsets, say Y (v),
contains y,. Now let v have the canonical decomposition v = vy + vy + -+ + vg.
Then Y (v) = y(vo)y(v1) - - - y(vg-1)Y (vg) and y, = y(vo)y(v1) - - - y(vg-1)2, for some
2, € Y(v,). Next, we pick a clopen invariant neighbourhood V,, of e € Y such that

for all basic words w with |w| =n — 1,
(i) y(w)Va € Y(w),

(i) ¢(yz) = p(y)p(z) for all z € V,,, and
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(iii) spec(e, Y (w) \ y(w)Va) = spec(Y (w)).

If 2, # y(v,), we choose V,, in addition so that (iv) z, ¢ y(v,)V,. Put y(0") = e and
Y (0") = V,.

Let w € L be an arbitrary nonzero basic word with |w| =n —1 and let O(p, w) =
{w; + j < t}, where wjy; = w(w;) for j < t —1 and 7(wi—1) = wy. Put Z; =
Y (w;) \ y(w;)V,,. Using Lemma 4.2.7, we pick points ¢; € Z, for 1 < i < k, with
pairwise disjoint orbits of lengths lem(t;,t). If v, € O(p, w), we choose ¢; in addition so
that z, € U'_, O(g, ;). Foreach 1 <4 < kand j < t;, we have y(n? (w™ 7)) = ¢ (¢;).

Then by Lemma 4.2.9, we inscribe an invariant partition

{Y(u™7) :ueO(p,w),y € Zn \ {0}}

into the partition {Z; : j < t} such that Y(u"7) is a clopen spectrally minimal
neighbourhood of y(u™7). If w is a nonbasic word in L with |w| = n, we define y(w)
and Y (w) by condition (c).

We now wish to check conditions (b) and (d). To do this, we let |w| =n — 1 and

w have the canonical decomposition w = wy + wy + - - - + w;. Then
Y(w™0) = y(wo)y(wi) - - - y(w) Y (0") = y(wo)y(w1) - - - y(wi—1)y(w) Y (0")

and
Y (w™y) = ylwo)y(ws) - - - y(wi—1)Y (w;),

so (b) is satisfied. Next,

oy(w)) = w(y(wo)y(w:) - y(wi—1)y(w))
= (y(wo))e(y(wi)y(ws) - - - y(wi—1)y(wr))
)

= @(y(wo))p(y(wi))p(y(we)y(ws) - - - y(wi—1)y(wr))
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Proceeding in this manner, we have that

ply(w)) = ey(wo))e(y(wr)) - - o(y(wi-r))p(y(wi))

(wo)

m(wo) )y (m(ws)) - - - y(m(wir))y(w(wr))
(wo)
(w))

so (d) is satisfied.
To check (e), we let y, ¢ {y(w) : |w| =n —1}. Then

y(vo)y(vl) e 'y(Uq—l)Zn
= y(vo)y(v1) - - y(vg-1)y(vy )

= y(v

Yn =

7).

Now, for each y € Y, there exists a word w € L with a nonzero last letter such
that y = y(w), so {u € L : y = (u)} = {w™0" : n < w}. Hence, we can define
VY = @, Ly, by setting for all w = ~yyy1 -y, € L,

w(y(w)) =w= (707717 R 7%170707 . )

Notice that 1 is a bijection, 1(e) = 0 and since for every = = (Vi)icw € D, Zm,
v Hr + Hy) = Y (Y71 -+ Y1), we have that ¢ is continuous. Now let y = y(w).
Then

V(p(y(w))) =

<

y(m(w)))

w)

I
3

w

b(y(w)))-

I
=
—~ — —~

I
3

Therefore part 1 is satisfied.
Next, let y = y(w), w = wg + wy + -+ + w; and n = max supp(Y(y)) + 2. Let
z €y H,), z=y(u) and u = ug +uy + -+ u,. Then
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Y(yz) =

<=

(y(wo)y(w1) - y(wi)y(uo)y(u1) - - - y(uy))

(y(w + u))

Il
<

I

g
+
S|

S

Il
g

= P(y(w)) +¥(y(u))
= Y(y) +¥(2).

Finally, if Y is first countable, {Y'(0") : n < w} can be chosen as a neighbourhood

base at e. In that case 1 is a homeomorphism. O]

Theorem 4.2.11 ([43]). Suppose that Ty is a topology on a countable nondiscrete
reqular local left topological group Y, ¢ is a nontrivial spectrally irreducible local auto-
morphism on (Y, J) of finite order and t is the least number of spec(¢)\{e}. Then we
can can partition Y into countably many subsets which are dense in any nondiscrete

topology 7 on Y such that
1. (Y, 7)) is a local left topological group,
2. ¢ is a homeomorphism on (Y, 7), and

3. For any neighbourhoods U, W of the identities in the topologies 7, Fy respec-
tively, we have t € spec(p, U NW).

Proof. Suppose that ¢ : (Y, %) — €, Z, is a continuous local isomorphism obtained
from Theorem 4.2.10 and that 7T is a t-element orbit with respect to 7 in Z,,. Given
an arbitrary point y € Y, we let ¥(y) be a sequence of coordinates that belong to
T. Next, we let the first element of the sequence be denoted by L(y) and the last
element of the sequence be denoted by R(y). Also suppose that v(y) is the number of
pairs of neighbouring distinct elements in 1(y). Notice that if |O(p, y)| = t, then ¢ (y)
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has coordinates from 7" and v(y) = v(p(y)). If y,2z € Y and max supp((y)) + 2 <
min supp(1(z)), then

vly) +u(z) if R(y) = Ly),

v(y) +v(z)+2 if R(y) # L(2).

Furthermore, if |O(p,y)| = |O(¢, 2)| = t, then there exists some i < ¢ such that

v(yz) =

v(y - ¢'(2)) = v(y) +u(2),v(y - ¢ (2) = vly) +v(2) + 2.

Now enumerate Y,, = {y € Y : min supp(v(y)) = n} for n < w. That the family Y,
for n < w is disjoint, is trivial. It remains to show that Y,, is dense in (Y, .7). To do
this, we let y € Y and U be a neighbourhood of the identity of (Y,.7). We can put

k = 2"*1 and choose elements y1,¥s, . ..,y in U such that
(a) |O(907yj)| = ka

(b) maz supp(¥(y))+2 < min supp((y1)), max supp((y;))+2 < min supp(Y(y+1)),

and

(c) z1--- 2z, € U for any z € O(p,y;).

Consequently, there exists an element of Y, among the elements vy - z1--- 2, € yU

where z; € O(p,y;). O

From Theorem 4.2.11, we see that a countably infinite regular local left topological
group with a nontrivial local automorphism of finite order is w-resolvable. Also, if
we endow a countably infinite group with a regular w-irresolvable group topology
wherein all shifts are continuous, then the centralizer of any element of finite order is

open.

Theorem 4.2.12 ([43]). Suppose that Ty is a nondiscrete reqular topology on a count-
able group G with continuous shifts and inversion and that the Boolean part B(G) is
not a neighbourhood of the identity of (G, 7). Now suppose that B = B(G)\ {e} and
Y is an open symmetric neighbourhood of the identity of (G, Z) that satisfies one of

the following conditions:
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1. YNB =0,
2. e € cl(B) and the centralizer of each element of BNY is open.

Then there is a partial operation + on Y such that for every topology 7 containing
Jo on G with continuous shifts and inversion, (Y, T |y,4+) is a local left topological

group and the inversion on (Y, 7|y, +) is a local automorphism.

Proof. We look at Case 2. We will apply the concepts of “spectrally minimal neigh-
bourhood” and “invariant partition” to the inversion.

Suppose that Y is a semigroup of words on the alphabet Z,. Since Y is countable,
we enumerate it as {y, : n < w} with yp = e and Y (@) =Y.

For each n € N, we define {Y(w) : w € L and |w| = n} to be a clopen partition
of Y, {y(w) € Y(w) : w € L and |w| = n} to be a subset and y(w) + z with w € L,
|lw| =n—1, z € Y(0") to be a partial operation on L such that the following conditions

are satisfied:
(a) {Y(w™7) : vy € Z4} is a partition of Y (w), y(w™0) = y(w), w € L and |w| = n—1,

(b) Y(w) is a spectrally minimal neighbourhood of y(w), for basic words w with
lw| =n, Y(0™) is contained in the centralizer of each element of order 2 from the

set {y(w) : w is basic and |w| =n — 1},
(c) for all basic words with |w|=n, (Y(w))™ =Y (w™!) and (y(w))™! = y(w™!),

(d) for any basic word w with |w| =n—1 and z € Y(0"), we have y(w)+z = z-y(w)
if the last letter from the set {1,3} in the word w is 3, y(w) + z = y(w) - z,

otherwise,
(e) ifw e L7 |’LU| =n- 17 and z € Y(On)a y(U)) +z= y(wl + - +wl—1) + (y(wl) +Z)a
(f) Y(w) = y(wi + -+ +wi1) +Y(w) and y(w) = y(wi + - -+ wi—1) + y(w;) where

w € L and |w| = n,
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(g) yn € {y(w) :w € L and |w| = n.

We choose as Y(0), a clopen symmetric neighbourhood of e such that the set

U =Y \Y(0) contains elements of order 2 and y; ¢ Y (0). Put y(0) = e and pick
the elements y(1),y(2),y(3) in U such that (y(1))~' = y(3), (y(2))" = y(2), and
y1 € {y(v) : v =1,2,3}. Then we choose a clopen invariant parition {Y'(v) : 1,2, 3}
of U such Y(v) is a spectrally minimal neighbourhood of y(~).

Assume that the partition {Y (w) : w € L and |w| = n}, the subset
{y(w) € Y(w) : w € L and |w| = n} and the partial operation y(w) + z, with
w € L, lw| =n and z € Y(0"), have already been defined. One of these partitions,
say Y'(v), contains y,4+1 € Y (v,). Since Y (v) = y(vy + -+ - + v4-1) + Y (v,), we have
Yn+1 = Y(v1+-+04_1)+2n41 for some 2,1 € Y (v,). We choose as Y (0"*1), a clopen
symmetric neighbourhood of e such that after we have defined (d) for the case n+ 1,
Y(w™0) = y(w) + Y(0") C Y(w), o(Y(w) \ Y(w™0)) = o(Y(w)), for basic words
w with |w| = n, Y(0") is contained in the centralizer of each element of order 2 from
the set {y(w) : w is basic and |w| =n and 2,1 ¢ Y (v;0), if, of course, 2,1 # y(v,).
For each basic w with |w| = n, put y(w™0) = y(w).

Let w be a nonzero basic word in L with |w| = n and w™! = w. Pick the elements
y(w™7), where v = 1,2,3 in the set U = Y (w) \ Y (w™0) such that
(y(w™1)™" = y(w™3), (y(w™2))"" = y(w™2) and 21 € {y(w™y) : v € Zy4}, if
w = v,. Then we choose a clopen invariant partition {Y (w™7y) : v = 1,2,3} of the
set U such that Y (w™7) is a spectrally minimal neighbourhood of y(w ™).

Let w be a nonzero basic word in L with |w| = n and w™! # w. Put U; =
Y(w)\Y(w™0), Uy =Y (w™ )\ Y(w'70), U = Uy UU,. Since Y (0"*!) is symmetric,
U~! = U,. Now pick the distinct elements y(w™v) € Uy, y(w"y) € Uy, v =1,2,3
such that (y(w™7))™' = y(w™'77) and 2,11 € {y(w™y),y(w™7) : v € Zys}, if v, €
{w,w™1}. Then we inscribe the clopen invariant partition {Y (uv™7) : u = w,w™!,v =
1,2,3} into the partition {U;,Us} of U such that Y (u"7) is a spectrally minimal

neighbourhood of y(u™7).
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Once we have defined Y (w),

y(w) and y(w) + z fr all basic words w with |w| =

n + 1, we shall define them for nonbasic words w with |w| = n 4+ 1 by conditions

(e) and (f) for the case n + 1. Once this process is complete, we shall obtain the

bijection L' 3 w +— y(w) € Y and the partial operation y(w) + z where w € L'

and z € Y(0“H1). Trivially, the operation y(w) + z, where z € Y (0""*!) maps

homeomorphically the neighbourhood Y (0*I+1) of e onto the neighbourhood Y (w™0)

of y(w). Furthermore, this is valid for any topology 7 2 % with continuous shifts.

To see that y(v + u) = y(v) + y(u), if maz supp(v) + 2 < min supp(u), we use the

induction in the length of the canonical decomposition of u.

We have

y(v+u) =

= yv+u1+u2—|—--

= yw+u +uy+---

= y(v) +y(w).

yU+U1+U2+"'

(
(
= y(v+u +us+ -
(
(

+ u,)

“up—1) + y(up)

+up—2) + (y(up—1) + y(up))

+ Up—2) + Y(Uup—1 + up)

Consequently, the partial operation + is associative. If max supp(v)+2 < min supp(u)

and max supp(u) + 2 < min supp(w), then

(y(v) +y(w) +y(w) =

y(v +u) +y(w)

y(v+u+w)

y(v) +y(u+w)
(

y(v) + (y(u) + y(w)).

Therefore Y4 is a local left topological group. We check that the inversion on Y is

a local automorphism. Let w be a word in a subsemigroup L’ of L and z € Y (0I**1),

80



If w is a nonzero basic word and w = w™! then

(y(w)+y)™" = (y(w)-2)~"
= (z-y(w))™
= (y(w) "2
= (y(w))™ +z7h

If w is a nonzero basic word, w = w™! and the last letter of w from the set {1,3} is,

say 3, then the last letter of w™! from the set {1,3} is 1 and we have

(y(w) +2)7" = (z-y(w)™
= (y(w)™"-2
= y(w™) 27
= yw ) +z"

= () +2"

In the general case, we use the induction in the length of the canonical decomposition

of w:

(y(w) +2)7" = (ylwr + - +wr) + (y(wy)) +2) 7"
= (y(wy+ - +w_1)) "+ (y(wy) +2)7"
= (y(wr+-+w-) "+ ((y(w) "+ 271

= ylwr' + - A w) + (ylw ) + 27
y(

We can consider Case 1 analogously by taking a semigroup L to be a semigroup of

words on the alphabet Zg. O

We now give the main result of this section.
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Theorem 4.2.13 ([43]). Let 7 be a reqular w-resolvable topology on a countable group
G with continuous shifts and inversion. Then a Boolean part is a neighbourhood of

the identity.

Proof. Consider a countable group GG. Endow G with a regular topology with con-
tinuous shifts and inversion. Suppose the Boolean part B(G) is not a neighbour-
hood of the identity. We have to show that G is w-resolvable. To do this, suppose
B = B(G) \ {e}. Since we know that the centralizer of any element of finite order
in a countable group with a regular w-irresolvable topology with continuous shifts is
open, it follows that if there exists some element in B such that the centralizer of this
element is not open in G, then G is w-resolvable. Hence, suppose the centralizer of
each element of B is open in G. If e € cl(B), we put Y = G, otherwise Y becomes
an open symmetric neighbourhood of the identity of G disjoint with B. We obtain
from Theorem 4.2.12, that there exists a partial operation + on Y for which (Y, +)
is a local left topological group and the inversion on (Y, +) is a local automorphism.
Since B(G) is not a neighbourhood of the identity of G, the inversion on Y is not a
trivial local automorphism. It follows from the fact that a countable regular local left
topological group with a nontrivial local automorphism of finite order is w-resolvable,

that Y is w-resolvable. Consequently, G is also w-resolvable. O
To conclude this section we give the following result.

Theorem 4.2.14 ([43]). Suppose that a countably infinite group having a finite
Boolean part that can be embedded into a compact topological group. Then it can
be partitioned into countably many subsets dense in any nondiscrete topology with

continuous shifts and inversion.

Proof. Suppose that G is a countably infinite group with a finite Boolean part that
can be embedded into a compact topological group, %, is a totally bounded group
topology on G, Y is a local left topological group obtained from (G, .%) by removing

elements of order 2, + is a partial operation on Y guaranteed by Theorem 4.2.12, and
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{Y,, : n < w} is a partition of a local left topological group (Y,+) by the inversion
guaranteed by Theorem 4.2.11. We show that every Y,, is dense in many nondiscrete
topology .7 on GG with continuous shifts and inversion. Now suppose that .73 = V.7
is the supremum of % and .7. The topology .71 has as neighbourhoods of the identity,
subsets of the form U N W, where U, W are neighbourhoods of the identity in the
topologies %, and 7. The shifts and inversion in 7] are continuous. Because .7 is
totally bounded, we have that .77 is nondiscrete. It follows 77 D %, Y with the
topology 71|y and operation + is a nondiscrete local left topological group and the
inversion is a nontrivial local automorphism on Y. Therefore, Y,, is dense in .7; and,

consequently, Y, is dense in .7. O

4.3 Resolving by Regular Homeomorphisms of Fi-

nite Order

In this section we assume that all spaces are Hausdorff.

Definition 4.3.1 ([46]). Suppose that Y is a topological space with a distinguished
pointe €Y, ¢ Y =Y is a homeomorphism with p(e) = e. The homeomorphism ¢ is
regular if for every y € Y \ {e}, there exists a homeomorphism v, of a neighbourhood
of the identity e onto a neighbourhood of y such that pUOy|ly = Vyuelu for some
netghbourhood U of e.

Suppose that the topological space Y admits a regular homeomorphism. This
means that for any pair of points y,z € Y, there exists a homeomorphism 9 of a
neighbourhood of y onto a neighbourhood of z with ¥(y) = z. Furthermore, if we
take the space Y to be zero-dimensional and Hausdorff, then we can choose ¥ to be
a homeomorphism of Y onto itself. Therefore, a countably infinite zero-dimensional
space that admits a regular homeomorphism is homogeneous.

Now we claim that a local automorphism is regular. To see this, we suppose that
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Y is a local left topological group and ¢ : ¥ — Y is a local automorphism. For
each y € Y \ {e}, we pick a neighbourhood U, of e for which yz is defined for every
z € Uy, yU, is a neighbourhood of y and A, : y — yz is a homeomorphism where
y € U, and yz € yU,. Now we put J, = \,. We have that ¥,(e) = y. Next, we pick
a neighbourhood W), of e such that W, C U,, o(W,) C Uy and p(yz) = ¢(y)p(2)
for every y € W,,. Then for every z € Wy, ¢U,(2) = o(yz) = ¢(y)¢(2) = Vpu)@(2).
It follows that the concept of a regular homeomorphism is a generalization of the

concept of a local automorphism on a local left topological group.

Lemma 4.3.2 ([46]). Suppose thatY is a Hausdorff space with a distinguished point
ecY, p:Y =Y s a spectrally irreducible reqular homeomorphism of finite order,
e # yo € Y with |O(p,U)| =t and U is a spectrally minimal neighbourhood of .

Then
spec(p,U) = {lem(t,r) : r € {e} U spec(p)}

Proof. For every y € O(p,v0), suppose that 9, is a homeomorphism of a neigh-
bourhood U, of e onto a neighbourhood of y such that ¢v,|w, = V,q)elw, for
some neighbourhood W, C U, of e. Now pick a neighbourhood W of e for which
W C Nyeotome) Wor Pyo(W) € U, and the subsets o, (W), where y € O(y, o), are
pairwise disjoint. Suppose that ¢ has order n and pick a neighbourhood V' of e for
which ¢*(V) C W for 0 < i < n— 1. This inclusion holds for i < w. We now show that
for all z € V, 00y, (2) = Uiy ¢’ (2). The case i = 0 is trivial. We obtain, inductively,
that

Py (2) = 99" 40 (2) = PUi-1(40) 0 (2) = Vi) (2)-
We now suppose z € V, |O(p, z)| = r and s = lem(t, r) and claim that |O(p, ¥y, (2))| =
s. Indeed,
P (U (2)) = Voo ) (9°(2)) = Dy (2)-
Next, if ¢ (0y,(2)) = Oy, (2) for some 4, then Vi) (¢'(2)) = Uy, (2). It follows from the
fact that the subsets ¢, (W) with y € O(y, yo) are pairwise disjoint, that ¢"(yo) = vo,

so tli. It is also true that ¢'(z) = z since 9, is an injection, and so 7|i. Hence s|i. [
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Similar to what we did with local automorphisms, Lemma 4.3.2 shows that the
spectrum of a spectrally irreducible regular homeomorphism of finite order is a finite

subset of N closed with respect to taking the least common multiple.

We now give a theorem describing the structure of a large family of homeomor-
phisms of finite order on countable regular spaces. As an application of this structure
theorem, we will prove that every countable nondiscrete topological group which con-
tains no open Boolean subgroup is w-resolvable. Using this structure theorem, the
desired result will be more apparent than in Section 4.3. In truth we will have proved
a more general theorem.

The following notation regarding the group € Z,, will be useful. For every
y € @, Zp, let p, denote the shift in @ Z,, by y, that is, we define p, : B Z,, —

@w L by ,Uy(z) =y+=z

Theorem 4.3.3 ([46]). Suppose that Y is a countably infinite nondiscrete reqular
space with a distinguished point e € Y, ¢ : Y — Y 1is a spectrally irreducible reqular
homeomorphism of finite order, o = spec(p), and m = 14>, t. Suppose that 7
is the standard permutation on @, Z,, of spectrum o, and for all b € @, Ly, let
D, L — B, Ly be defined by py(y) = b+y. Then there exists a continuous
bijection ¢ : Y — @, Ly, with ¢(e) =0 such that

1. o =97 Im), and
2. for everyy €Y, Ay = " iy is a homeomorphism of Y onto itself.

Moreover, if Y s a local left topological group and o is a local automorphism, then

we can choose Y so that
3. Ay(2) = yz, whenever max supp(Y(y)) + 1 < min supp(y(2)).

Proof. Suppose that L = L(Z,,) is the set of all words on the alphabet Z,, including

the empty word @. The permutation 7, which induces the standard permutation 7
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on @, Z,,, also induces the permutation m; on L. If w = o1 - - - Yy, then m(w) =
70(Y0)mo(71) - - - mo(yn ). Instead of writing 7y and 7, it is convenient to just write 7.
For each y € Y\ {e}, we choose a homeomorphism 9, of a neighbourhood of e onto a
neighbourhood of y with 9, (e) = y such that ¢, = ¥, ¢|v for some neighbourhood
U of e. We also put ¢y = udy. I[f Y is a local left topological group and ¢ is a local
automorphism, we choose ¥, in such a way that 9,(2) = yz and since Y is countably
infinite, we enumerate Y as {y, : n <w} with yo = e.

To each word w € L, we assign a point y(w) € Y and a clopen spectrally minimal

neighbourhood Y (w) of y(w) such that
(a) y(0") =eand Y (@) =Y,
(b) {Y(w™7) :v € Zy,} is a partition of Y (w),

(¢) y(w) = Fy(wo)dy(wn) - - - Iy (wi—1) (y(wr)) and ¥ (w) = Dy (wo)dy (wr) - - - Iy (wi 1) (Y (wr)),

where w has the canonical decomposition w = wg + w1 + - - - + wy,

(d) e(y(w)) = y(r(w)) and o(Y(w)) =Y (w(w)),
(e) yn € {y(u) : u € L and |u| = n}.

Now let o = {t1,ta,...,tx}, t1 < to < -+ < tr. We choose, for each i = 1,... k,
a representative \; of the orbit in Z,, \ {0} of length ;. We pick a clopen invariant
neighbourhood V; of e such that y; ¢ Vi and spec(p,Y \ Vi) = spec(p) and put
y(0) = e and Y (0) = V. Then pick the points b; € Y \ Vq, for 1 < i < k, with
pairwise disjoint orbits of lengths ¢; for which y; € Ule O(¢, b;). Now we put, for
each 1 <i<kandj<t;,y(@(\)) = (b).

Next, using Lemma 4.2.9, there exists an invariant partition {Y(y) : v € Zp, \
{0}} of Y\ V; for which Y () is a clopen spectrally minimal neighbourhood of y(~).
Fix n > 1 and assume that we have constructed Y (w) and y(w) for every w € L
with |w| < n in such a way that conditions (a)-(e) are satisfied. Notice that the

subsets Y (w) with |w|n — 1, form a partition of Y so one of these subsets, say Y (v),
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contains y,. Now let v have the canonical decomposition v = vy +v; + - - - +v,. Then
Yi(w) = dy(vo)dy(v1) - - Iy(vg-1)(Y(vg)) and y = Jy(v0)dy(v1) - - - Iy (vg-1)(2n) for
some z, € Y (v,).

Next, we pick a clopen invariant neighbourhood V,, of e € Y such that for all basic

words w with |w| =n — 1,
(1) Fyw)(Va) CY (w),
(i) ody)lve = Doy #lv,, and
(i) speclie, Y (w) \ Uy (Vi) = spec(Y (w))
If 2, # y(vg), we choose V;, in addition so that (iv) 2z, ¢ Vyw,)(V,). Put y(0) = e and
Y (0") = V.

Let w € L be an arbitrary nonzero basic word with |w| =n —1 and let O(p, w) =
{w; + j < t}, where wjy; = w(w;) for j < t —1 and 7(w,—1) = wy. Put Z; =
Y (w;) \ Dyw,;) (V). Using Lemma 4.3.2, we pick points ¢; € Zp for 1 < i < k, with
pairwise disjoint orbits of lengths lem(t;,t). If v, € O(p, w), we choose ¢; in addition so

that z, € UL, O(p, ;). For each 1 <i < k and j < t;, we put y(7/ (w™y)) = ¢’ (¢;).

Then by Lemma 4.2.9, we inscribe an invariant partition

{Y(u™7) :ueO(p,w),y € Zn \ {0}}

into the partition {Z; : j < t} such that Y(u"7) is a clopen spectrally minimal
neighbourhood of y(u™7). If w is a nonbasic word in L with |w| = n, we define y(w)
and Y (w) by condition (c).

We now wish to check conditions (b) and (d). To do this, we let |w| =n — 1 and

let w =wy+ wy + ---+ w;. Then
Y (w™0) = Dy Py -+ Py (Y (0") = Dywn) D)« Py (V) (Y(0™)))

and

Y(wﬁf}/) = ﬁy(wo)ﬁy(wl) o 19y(wl,1)(Y(wlf\7))a
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so (b) is satisfied. Next,

@(y(w)) - @ﬁy(wo)ﬁy(wﬂ"'ﬁy(wz_ﬂ(y(wl))
= Voly(wo) PUy(wn) Ty(wn) = Fy(uw_y) (Y(wi))
= Do(y(wo)) Yeoy(wr) PVy(wa) Vy(ws) = Dy(ur_y) (Y (wi))

Proceeding in this manner, we obtain

Py(w) = Vo)V - Doty P(y(w))
= Dytwwo)Vy(rw)) ** Vy(ntun 1) (W (T (w2)))
= y(w(wo)m(wy) - - m(wi—y)m(wr))
= y(r(w)),
so (d) is also satisfied.
To check (e), we let y, ¢ {y(w) : |w| =n —1}. Then
Un = Dyeo)Uy(n) + Dy(og1) (%)
= Dy Py(on) Dy (Vg )
= y™).
Now, for every y € Y, there exists a word w € L with a nonzero last letter such that

Y= y(w>> S0
{ueL:y=yu}={w 0":n<w}.

Hence, we can define ¢ : Y — @ Z,, by setting for all w = yyy1--- v, € L,
¢(y<w)) =W = (70771, <o s 07 07 . )

Notice that 1 is a bijection, ¥(e) = 0 and since for every z = (V;)icw € D, Zm,
v Nz + Hy) =Y (Y1 - - V), we have that ¢ is continuous. Now let y = y(w). Then

Ple(y(w) = ¢y(r(w)))

(w)
(w)
(¥ (y(w)))-

Il
)

I
3

I
3



Therefore part 1 is satisfied.

Next, let y = y(w), w = wy + wy + -+ - + w; and n = maz supp(Y(y)) + 1. We

begin by showing that \y|,-1(x

) = Dywo)y(un) - Oylun) g1 (110 Let z € 71 (Hy),

z=1y(u) and u = wug+ uy + - - - + u;. Then

O y(uwo)Dy(ur) = Vyup) (2) =

Oy (wo)Dy(ur) *** Dy(un) Dy (uo) Tyur) * * * Vy(ur_y) (Y ()
Y(y(w +u))

w u

<

+
_|_

gl

It follows from (c) that ¥y we)Pyw,) - - - Vy(w,) homeomorphically maps Y (0"), a neigh-

bourhood of e, onto Y (y™0), a neighbourhood of y, and so does A,. In order to see

that A\, homeomorphically maps a neighbourhood of an arbitrary point z € Y onto a

neighbourhood = = \,(z), it will be sufficient to check that A\, = A,(\.)~*. Indeed,
v =1 () = ¥ (¥(y) +1)(2)) and then

As(A2)7!

Therefore part 2 is satisfied.

= V7 iy (O ) T
= P )+ P (Hee) Y
= 7 () B ¥

= @Z’_lﬂw(y)@b

= A

Y

Finally, let y = y(w) and w = wo+w; +- - -+w;. If | = 0, then \,(2) = ¥,(2) = yz.
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We proceed, by induction on [, to obtain

A(2) = Uywo)Vy(wn) Py (2)
= Vy(wo)Vy(wn) Yy (Y(wr) - 2)
= ylwo +wi+ -+ wi) - (y(w) - 2)
= [y(wo+wi+- +wea) - ylw)] -z
= [Yytwo)Vytwn) Yyt Y (wr))] - 2

= y(w)- 2.
0

Condition 3 in Theorem 4.3.3, where Y is a local left topological group and ¢ is a
local automorphism, is essentially Theorem 4.2.10. If we put ¢ = idy, the first part
of Theorem 4.3.3 tells us that every countable homogeneous regular space admits a
Boolean group operation with continuous translations.

The purpose of Theorem 4.3.3 is to characterize spectrally irreducible regular
homeomorphisms of finite order on countable regular spaces. Recall that to generate
the topology of @ Z,,, we take as a base at zero the subgroups H, = {y € @ Z, :
y(i) = 0 for all i < a} where o < w. Let ¢ : Y — Y be a spectrally irreducible
homeomorphism of finite order. If there exists, for some m, a continuous bijection

VY = @, Zy, with ¥(e) = 0 such that
1. ¢yt is a coordinatewise permutation on @  Z,,, and
2. for every y € Y, 'yt 1 Y — Y is a homeomorphism, then ¢ is regular.

This can be seen as follows. Suppose m = ¥pp~!. Additionally, for every y € Y \ {e},
suppose a(y) = maz supp(i(y)) + 1, U, = 1~ (Haqy)) and 9y = ¢~ f1y)9|v,. Then
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for every z € Uy, p(z) € Uy = Uy, and

ply(2) = TP ¥ (2)
= Y7y P(2)
= (YY) +U(2))
= ¢ (r(@W(y)) +7((2)))
= ¢ (W) + ¥(p(2)))
= U7 (e ¥ (#(2))
= Vo (2).
Definition 4.3.4. Given a topological space Y with a distinguished point ¢ € Y, let

v Y = Y be a homeomorphism with ¢(e) = e. It is said that ¢ is nontrivial if

every neighbourhood of e contains a nonfized point.

Theorem 4.3.5 ([46]). A countably infinite reqular space which admits a nontrivial

reqular homeomorphism of finite order is w-resolvable.

Proof. Suppose that Y is a countable regular space with a distinguished point e € Y
¢ Y — Y is a nontrivial regular homeomorphism of finite order. We know from
Lemma 2.3.4 that a homogeneous space which contains an w-resolvable subspace is
itself also w-resolvable. Therefore, we may assume that ¢ is spectrally irreducible.
Consider a bijection ¢ : Y — @ Z,, guaranteed by Theorem 4.3.3 and let C' denote
an orbit in Z,, (with respect to mp) of the least possible length ¢ > 1. Now let

Z ={y € Y : there exists a coordinate of ¥(y) belonging to C'}.

Notice that every y € Y with |O(p,y)| = t belongs to Y. For every y € Y, consider the
sequence of coordinates of ¢(y) which belong to C and let n(x) be defined to be the
number of pairs of distict neighbouring elements in the sequence. Additionally, if the

sequence is nonempty, denote the first and last elements in the sequence by 5(y) and
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&(y) respectively. Then whenever y, z € Z and mazx supp(¢(y))+1 < min supp(¢(z)),

n(y) +n(z) if {(y) = B(2),

1Ou(:)) = .
n(y) +n(z) +1 otherwise.

Let the partition {Z, : n < w} of Z be defined by
Zy={y € Z :n(y) =2"(mod 2"*")},

that is, Z, consists of all y € Z such that the index of the nonzero digit that is
furthest to the left in the binary expansion of n(y) is n.

We now wish to show that every Z, is dense in Y. To do this, suppose that y € Y
and U is an open neighbourhood of e. We have to show that \,(U)NZ, # @. We put

k = 2"+ and then we choose by induction w1, ..., y; € U such that
(a) [0(e,y)| =t,

(b) max supp(¢(y;)) + 1 < min supp(¢(y;+1)), and if y # 0, then
max supp(Y(y)) + 1 < min supp(¥(y1)),

(€) AuAsy - Az (e) € U whenever z; € O(y, ;).

Without loss of generality, we may assume that {(y;) = 5(y,+1), and that if y € Z,
then £(y) = B(y1). Foe every 1 =0,1,...,k — 1, let ; € U be defined by

2= )‘yl)‘w(yz) T )‘sol(yz+1))‘<pl(yz+z) T )‘wl(yk)(e>
(Particularly, zg = Ay, Ay, - - Ay, (€).) Then
O(Ay(@1)) = (y) + V(1) + T(ye) + - + T (Ysr) T (yiga) + -+ - + 7P (i)

Consequently, n(Ay (o)) = n(y)+n(y1)+- - - +n(yx) and n(A,(zo)) = n(zo)+1. Hence,
for some I, n(\,(z1)) = 2"(mod 2™*1), so A\, (x)) € Z,,. O
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Lemma 4.3.6 ([46]). Suppose that Y is a homogeneous topological space with a dis-
tinguished point e € Y and ¢ : Y — Y is a local homeomorphism of finite order n
with (e) = e. If for every y € Y \ {e} with |O(p,y)| =t < n, there exists a home-
omorphism U, of a neighbourhood U of e onto a neighbourhood of y with 9,(e) =y
such that ©"9,(z) = 9,¢"(2) for all z € U, then ¢ is reqular. Particularly, if for every
y e Y \{e}, |O(p,y)| =n, then ¢ is reqular.

Proof. Consider an arbitrary orbit in Y distinct from {e} and enumerate this orbit
as {y; : i < t}, where y; 11 = @(y;) for i =0,...,t —2 and p(y;—1) = vo. If t = n, we
choose as v, any homeomorphism of a neighbourhood U of e onto a neighbourhood
yo with J,,(e) = yo. If t < n, we choose ¥,, with the additional condition that
Oy, (2) = Dy p'(2) for all z € U. For every i = 1,...,t —1, we put 9,, = ¢"d,,0 .
Then for every 2 =1,...,t —1 and z € U,

—(i+1)

©0y,(2) = "Dy 07" (2) = "0y~ ().

If i <t—1, then ", 0" FVp(2) =9, 0(2), so pdy,(z) = J,,,,¢(2). Hence, all
that remains is to check that ¢, ,(2) =V,,¢(2). If t = n, then
POy, (2) = @y 07 p(2) = idyp(2) = Dyop(2).

If t <n, then

0y, (2) = "Dy " 0(2) = Dy’ " (2) = Vy(2).

]

We now give a proposition which tells us that every nondiscrete topological group
which contains no open Boolean subgroup admits a nontrivial regular homeomorphism

of order 2.

Proposition 4.3.7 ([46]). Given a nondiscrete topological group G which does not
contain an open Boolean subgroup, suppose that for every g € G of order 2, the
conjugation G > h + ghg~' € G is a trivial local automorphism. Then the inversion

G 3> hw— h ' € G is a nontrivial reqular homeomorphism.
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Proof. Denote the inversion by ¢ and let B = B(G). We have that ¢ is a homeomor-
phism of order < 2. We also know that B is the set of fixed points of ¢, in particular,
©(e) = e. Since a group contains an open Boolean subgroup whenever the Boolean
part of that group is a neighbourhood of e, we have that B is not a neighbourhood
of e as G does not contain an open Boolean subgroup. So ¢ is nontrivial.

We now show that ¢ is regular. Let g € G\ {e} and |O(p,g)| < 2, then g € B.
But then there exists a neighbourhood U of e such that ghg~! = h for all h € U, that
is, gh = hg. Now we define J, : U — gU by 0,4(h) = gh. We have that

pUg(h) = (gh) ™! = (hg) ™' = g7 th™! = gh™" = Vp(h).
Hence, by Lemma 4.3.6, ¢ is regular. O]

Finally, by combining Theorem 4.3.6 and Proposition 4.3.7, we arrive at our cov-

eted result.

Theorem 4.3.8 ([46]). Let G be a countable nondiscrete topological group not con-

taining an open Boolean subgroup. Then G is w-resolvable.

It is worth noting to the reader that if we consider G in Theorem 4.3.8 to be
Abelian, we could simplify the proof of Theorem 4.3.8 a great deal. Notice that if a
topological group is Abelian, then the inversion is a local automorphism. This means
we do not need the added heavy machinery of Theorem 4.3.8. It is sufficient to just
use Theorem 4.2.10. The case where G is Abelian also makes it unnecessary to restict
G to being countably infinite.

Finally, if there exists a countably infinite nondiscrete w-irresolvable topological
group then there exists a P-point in w*. This means that it is impossible to establish

the existence of a countably infinite nondiscrete w-irresolvable topological group in

ZFC. For a proof of this see [ [47], Theorem 12.13].
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Chapter 5

Absolute Resolvability

5.1 The Finite Sums Theorem

Definition 5.1.1. Given a setY, Z¢(Y)={E: & # E CY and E is finite}.

Definition 5.1.2 ([19]). 1. Given an infinite sequence (y,,)5°, in a semigroup (S, ),
the set of finite products of the sequence is defined by

FP((ya)izy) = {] [ v : £ € 25(N)}.

nekl

Given a finite sequence (y,)r_, in a semigroup (S,-), the set of finite products

of the sequence is given by

FP((yn)pe1) = {H yn: B € ’-@f<{172737"'7m})}'

nek
2. Given an infinite sequence (y,)>2, in a semigroup (S, +), the set of finite sums

of the sequence is given by

FS((ya)ois) = {D_un: E € Z5(N)}.

nekl

Given a finite sequence (y,), in a semigroup (S,+), the set of finite sums of

the sequence is given by

FS((?J")?Z:l) = {Z Yn - IONS ‘@f({172>37 B 7m})}

nekl
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Theorem 5.1.3. (Finite Sums) Let G be an infinite group and suppose it is parti-
tioned into a finite number of cells. Then there exists a one-to-one sequence (Yn)n<w

in G with F'S((Yn)n<w) contained in one cell.

5.2 Partitions and Sums with inverses in Abelian
groups

Definition 5.2.1. Given a group G, a subset A of G is absolutely dense if it
is dense in every nondiscrete group topology on G. Given a cardinal k > 2, if G
can be partitioned into k-many absolutely dense subsets, we say G is absolutely

k-resolvable.
Recall Theorem 4.2.14 from Section 4.2. From Theorem 4.2.14, we obtain

Corollary 5.2.2 ([43]). Let G be a countably infinite group with finitely many ele-
ments of order 2 that can be embedded in a compact topological group. Then G 1is

absolutely w-resolvable.

Theorem 5.2.3 ([45]). Every infinite Abelian group G which contains no infinite

Boolean subgroup s absolutely resolvable.

Proof. Suppose that {Cy, C1} is an absolutely dense subset of G. Now suppose for
contradiction that G contains an infinite Boolean subgroup B. Put I; = C; N B for
each i < 2. By Theorem 5.1.3, there exists a one-to-one sequence (Y, )n<, in B with
FS((yn)n<w) contained in one cell, suppose Iy. Now let By = F'S((y)1<<w)J{0}. Since
B is Boolean, we have that By is an infnite subgroup, and yo+ By € F'S((yn)n<w) < lo-
Next, suppose that .7 is any nondiscrete group topology on G in which B is open.
Then yo + B is open. Since yo + B C I, we have that (yo + B) N C; = @. Hence, (4

is not dense in .7, contradicting the hypothesis. O
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Definition 5.2.4 ([19]). Consider an additive group G. Given a sequence (Yn)n<y in

G, the set of finite sums with inverses of the sequence is defined by

FSI((Yn)n<w) = {Z ey, B € Pr(w) ande? € {1, -1} for alln € E}.

nek
Consider an Abelian group G. Notice that G can only be absolutely x-resolvable
whenever k < w. We have seen, from Theorem 5.2.3, the answer of the absolute
resolvability question for all Abelian groups and x = 2. The solution for countable
Abelian groups can be found in [44]. The following theorem settles the matter for

all Abelian groups.

Theorem 5.2.5 ([45]). Suppose that G is an Abelian group and C = G \ B(G) is
infinite. Then there exists a disjoint partition {C,. : r < w} of C' such that when

(Yn)n<w 1S a one-to-one sequence in C, h € G and r < w, we have
(h+ FSI((4)aes)) N Cr # .

The proof of Theorem 5.2.5 involves a great deal of work. We will first have to
prove the case where the group G is not necessarily Abelian, but is a direct sum of fi-
nite groups and then extend the proof to the general case. The proof of Theorem 5.2.5

for direct sums of finite groups relies on the following facts:

Lemma 5.2.6 ([45]). Consider an increasing sequence (ap)n<, in N such that ag =1
and a,y1 — a, tends to infinity. Then there exists a mapping v : N — [N|<* having

the following properties:

1.9f b € [an, any1), then v(b) = {bo,b1,...,bu_1}, where by € [a;,a;41) for all
l#n—1 (in particular, if b € [ag, a1), then v(b) = @,) and

2. for every ¢ € N, there exists some a € N such that whenever b,d € N, 0 <

b—d| <c¢,uewv),vev(c) andu,v> a, one has |u —v| > c.
[N]<“ is the set of finite subsets of N.
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Proof. We can assume without loss of generality that a,,; —a, > 5 for n < w. For
each n < w, we choose ¢,, > 2 such that cfl +c,— 1< ay1 —a, and ¢, — oco. We
now wish to define v. To do this, suppose | < w, b > a;41 and choose the largest
integer £ > 0 such that a1 + kcl2 < b. Then choose the largest integer ¢ > 0 such
that a; 11 + k¢ + ic; < b, and then put j = b — a;41 — ki — ic;. By these means we
can represent a in the form b = a;y1 + k¢ + ic; + j, where k is a nonnegative integer
and i,j € {0,1,...,¢ — 1}. Put by = a; + je; + 4. Since b; € [a;,a; + ¢}), the mapping
v as we have defined it satisfies condition 1.

We now check condition 2. Given ¢ € N, choose ng < w such that ¢, > ¢ + 2 for
all n > ng and put a = a,,. Now let b,d e N, 0 < [b —d| < ¢, u € v(b), v € v(d) and

u, v > a. Since
i1 — b= —a—jog—i>c+a—1—jog—i>q,
one may assume that v = b; and v = d; for some [ > nq. Let
b=ay 1+ ke +ic+j, d=ap + ke +i'e+7.
Then b, = jc + i, d; = j'c; +i'. Thus we have that
(a) b—d=[(k—K)e+ (i =)+ (=),
(b) bi—di=(j—j")a+ (i—7).

Notice that |i — | < ¢ and |j — j'| < ¢. It follows from (b) that if [j — j'| > 1,
|bp — d;| > ¢ so we may assume that |7 — 7’| < 1. But then (a) gives that b — d is
different from a multiple of ¢; by 1,—1 or 0. Since [b — d| < ¢ < ¢ — 2, this multiple
of ¢ has to be 0, so (k — k')e; + (i — ') = 0, giving that k = k' and ¢ = ’. Hence,
|7 — 7'l =1, and we obtain that |b; — d;| = ¢. O

Definition 5.2.7 ([45]). Given a sequence (Y )n<w in a group G, the sequence (2, )n<w
in G is a sum subsystem of (y,)n<w if there exists a sequence (Hy)n<w in Ps(w)

for which max H,, < min H, 11 and z, = ZieHn y; for every n < w.
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We can restate the Finite Sums Theorem in terms of the notion of a sum subsystem

[19].

Proposition 5.2.8 ([45]). Consider a sequence (yn)n<w in a group G. Then when G
is partitioned into finitely many cells, there exists a sum subsystem (z,)n<w Of (Yn)n<w

with FS((zn)n<w) contained in one cell.

Proposition 5.2.9 ([45]). Let (Yn)n<w be a sequence in a totally bounded topological
group G. Then for every neighbourhood V of 0 € G,

FS((yn)er) NV #a.

Proof. Suppose the group G has the completion G. Now pick an open neighbourhood
Wy of 0 € G for which Wy NG C V and for every y € G\ Wy, pick an open
neighbourhood W, of y € G for which (W, + W,) N W, = @. The sets W, where
y € (G \ Wy) U {0}, make an open cover of G and because G is compact, there is
a finite subcover {W, : y € E}, where E is a finite subset of (G \ W) U {0}. By
Proposition 5.2.8, there exist y € E and a sum subsystem (2,)n<w Of (Yn)n<w such
that F'S((2zn)n<w) C V. Consequently, 2o, 21,20 + 21 € W, gives that y = 0, and so
20 € WoNG C V. Thus FS(yn)n<w) NV # @. O

Corollary 5.2.10 ([45]). Let (yn)n<w be a sequence in a totally bounded topological
group G. Then when V and V,, y € V, are neighbourhoods of 0 € G, there exists a sum

subsystem (z,)n<w Of (Yn)n<w Such that zog € V' and for everyn < w, z,41 € ﬂign V...

Proof. By Proposition 5.2.9, there exists zg € F'S((yn)n<w) N V. Fix [ < w and take
for granted that we have constructed a sum subsystem (z,),<; such that zy € V and

for every n < I, zp41 € ()<, Vs, Let 2, = ZneHl y, and let n; .y = max H; + 1. By

i<n

Proposition 5.2.9, there exists

2141 S FS((yn)nl+1§n<w) N ﬂ ‘/Zw

i<l

The constructed sequence is as required. O

99



The following is a restatement of Theorem 5.2.5 with G being a direct sum of

finite groups, not necessarily Abelian.

Theorem 5.2.11 ([45]). Given k > w, suppose, for each v < k, that G is a finite

group under addition. Additionally, suppose that G =@, .G, and C = G\ B(G)
is infinite. Then there exists a disjoint partition {C, : r < w} of C such that when

(Yn)n<w 1S a one-to-one sequence in C, h € G and r < w, we have
(h+ FSI((yn)n<w)) NC, # 2.

Proof. Given an infinite cardinal number «, consider the group G' = @ < - For each

v < K, G is a finite group, not necessarily Abelian. For every y € G, put

supp(y) = {7 < k1 y(v) # 0} and suppo(y) = {v < k : y(v) & B(G,)}.

Since B(G) = @.,_,. B(G,), we have that y € C if and only if supp(y) # @. For

Y<K
every v < k, G, \ B(G,) is a disjoint union of subsets with two elements having the
form {z, —z}. Then we set sgn(z) = 1 and sgn(—z) = —1. As a result, every y € C
has a finite sequence sgn(y(7)), where v € suppo(y), assigned to it.

The pivotal idea of the construction can be seen in Lemma 5.2.6.

Now suppose that v : N — [N]<“ is a function assured by Lemma 5.2.6. For
every y € C, let the subset supp,(y) C suppo(y) and the nonnegative integer 7(y)
be defined as follows. Let |supp(y)| = k and let k € [an, any1). Then |supp(y)| =
{v0,71,---,Yk_1} for some v < 11 < -+ < Y1 < k and v(k) = {ko,k1,.. ., kn_1}
for some k; € [an, ai41), | < n— 1. Put supp,(y) = {Vke» Vers- - » Vi, } and let n(y)

be defined as the number of pairs of distinct neighbouring elements in the sequence

Sgn(y(’yko))v Sgn(y(,yk’l))v SRR sgn<y(,ykn—l))'

Notice that if k& € [ag,a1), then v(k) = &, and then supp,(y) = @ and n(y) = 0.
Next, let the partition {C, : r < w} of C' by

C,={yecC:ny) =2"(mod2"™)}.
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Equivalently, C.. is made up of all y € C for which the nonzero digit that is farthest
to the left in the binary expansion of 7(y) has the index r. Now suppose that (y,)n<w
is a one-to-one sequence in C; h € G and r < w. It shall be shown that (h +

FST((Yn)n<w)) N C, # &. Note that if (z,),<, is a sum subsystem of (y,),<., then

FSI((2n)n<w) € FST((yn)n<w)-

By Corollary 5.2.10, we may assume that

supp(h) N supp(y;) = @ and supp(y;) N supp(y;) = @

for all i < j < w. Furthermore, we may assume that (min suppo(yn))n<w 18 an in-

creasing sequence. Let

& = sup{min suppo(y,) : n < w}.

We can write every y € G uniquely in the form y = ¢/ + 3", where v/, vy" € G,

iz

supp(y') = supp(y) N & and supp(y”) = supp(y) \ supp(y’).

Put [ = 2" — 1. We pick a sum subsystem (2, )n<; of (4, )n<o by induction in such a

way that

(a) maz suppo(h') < min suppo(z)) and max suppo(z;) < min suppy(z,,,) for

1<[l—1,and
(b) each of the intervals (|supp(h’)|, |supp(h’ + 2{)|] and
(Isupp(h’ + 20 + 21 + - -+ )|, [supp(h' + 20 + 2 + -+ + 2 + 29) ],
where i < [ — 1, contains some interval [a,, a,1).

Let g=h+2z+ 21+ -+ 21, -1 = ) _,epy Yn and ng = maz H + 1. We claim that
there is z; € F'S((Yn)ng<n<w) such that

(i) maz suppo(g’) < min suppo(2),
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(ii) the interval (|supp(q’)|, |supp(g + 2)|] contains some [a,, a,.1), and

(iil) supp,(g + z1) N suppo(g”) = 2.

We assume the contrary. By Proposition 5.2.8, there exist 0 € suppo(¢”) and a sum
subsystem (2, )n<w Of (Yn)ny<n<w sSuch that maz suppo(g’) < min suppy(x,) and

d € supp,(g+ ) for every z € FS((2p)n<w). Put ¢ = |supp(g+ xo)| and suppose that
a is a constant assured by Lemma 5.2.6. Next, we choose € F'S((yn)1<n<w) such
that max suppo(g' + () < min suppo(x) and |supp(g’ + «')| > a. Now let

b = |suppo(g + xo + x)| and d = |suppo(g + z0)|. Then

0 <b—d=|suppo(xo)| < |suppo(g + z0)| = c.

Let u = |suppo(g + w9 + x) N 0], v = [suppo(g + ) N J|, w = |suppo(g + w0) N J| and
s = |suppo(g) N J|. Then v = v + w — s. It follows that u — v = w — s. This is a
contradiction since u € v(b), v € v(d), u,v > a and w — s < w < ¢. Let us consider
the element hg = h+ 29+ 21 + - - - + z;. By the construction, supp, (ho) N suppo(z;) # &
and for each i <1—1, @ # supp,(ho) Nsuppo(z;) C suppo(z.). Therefore we have that

Bo<n <P <1 <By<yy<fs<- <y < B <,

where v; = min(supp, (ho) N suppo(2;)), fi = max(supp,(ho) N suppo(z;)). Put g9 = 1.
By induction on i = 1,2,...,1, we pick ¢; € {1,—1} so that

5i—lzi—1(6i—1) = EiZi(%')-

One may assume, without loss of generality, that ¢; = 1, so that hg = h + z9 + 21 +

-+ + 2. For each 7 <[, put
hi=h+z0—2z14 -+ (=12 4+ (=121 + -+ (—1)'z.

Then n(h;) = n(hy) + i. Hence, there exists j < [ such that n(h;) = 2" (mod 2"1). Tt
follows that h; € C,. O
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The following proposition is a consequence of Theorem 4.2.10.

Proposition 5.2.12 ([45]). Given a countably infinite Abelian topological group G,
let B(G) be neither open nor discrete. Then there exists a continuous bijection

v: G — @, Zy such that

(a) o(=y) = —p(y) for every y € G,

(b) oy +2) =)+ ¢(2) fory,z € G\ {0} with
maz supp((y)) + 2 < min supp(p(2)).

We now deduce from Proposition 5.2.12; the result we need to extend Theo-

rem 5.2.11 to Theorem 5.2.5.

Theorem 5.2.13 ([45]). Consider an infinite Abelian group G. Endow G with the
largest totally bounded group topology and let |G| = k. Then there ezists a continuous

injection ¢ : G — @, Z4 such that

1. o(=y) = —p(y) for ally € G,

2. o(y+2)=@(y)+¢(z) for all y,z € G with S(¢(y)) N S(p(2)) = @, where for
each b € @, Zy4, S(b) = supp(b) U (supp(b) + 1).

The topology on @, Z, is the one induced by the product topology on [], Z,.
What Theorem 5.2.13 actually does is allow us to identify an arbitrary Abelian group
G of cardinality ~ with a subset of @, Z4 so that

(i) for every y € G, —y € @, Z, is the inverse of y in G,

(ii) for every y,z € G with S(y) N S(2) = &, y+ 2 € @,. Z4 is the sum of y and z
in GG, and

(iii) the largest totally bounded group topology on G is stronger than that induced
from P, Zs.
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Proof. 1t is well known in group theory that every Abelian group can be embedded
into a direct sum of groups isomorphic to Z(p>) or Q. Therefore, without loss of

generality we may assume that

¢=Pa,,

Y<K

where for each v < &,
G| = |B(G,)] = |G, : BG,)| = w.
For each v < k, endow G, with a totally bounded group topology and suppose that
oy Gy — @ 2y

is a continuous bijection guaranteed by Proposition 5.2.12. Now define

go:G—>@ @ ZLy.

Y<K [y, 74w)

‘P:@SOT

Y<K

]

Having proved Theorem 5.2.5 in the general case, we obtain from it, the main

result of this chapter.

Corollary 5.2.14 ([45]). Suppose that G is an infinite Abelian group which contains

no infinite Boolean subgroup, then G is absolutely w-resolvable.

Proof. Consider a partition {C, : 7 < w} of C'= G\ B(G) assured by Theorem 5.2.5
and a nondiscrete group topology 7 on G. We claim that each C. is absolutely
dense in 7. Suppose that h € G and V is an open neighbourhood of 0 € G. By
the assumption, B(G) is finite, so we pick yo € V' \ B(G) with —yy € V. Fix | < w
and assume that we have constructed a one-to-one sequence (y,).<; in V' '\ B(G)

with FST((yn)n<i) € U. Next, let Hy = FSI((yn)n<i) U {0} and pick y 41 € V' \
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(B(G) U{y, : n <1}) such that H; + ey;;; C V for each ¢ € {1, —1}. Consequently,
we get a one-to-one sequence (Y )n<y in V' \ B(G) with FSI((yn)n<w) € V. Since
(h+ FSI((yn)n<w)) N C,. # @&, we have that (h+ V)N C, # & as well. O

We obtain another corollary from Theorem 5.2.5. This result is related to the
Graham-Rothschild Theorem [15] which we can state as follows: If an infinite Abelian
group having finite exponent is partitioned into finitely many subsets, then there exist

arbitrarily large finite cosets contained in one subset of the partition.

Corollary 5.2.15 ([45]). For every infinite Abelian group G which contains no infi-
nite Boolean subgroup, there exists a partition {C, : v < w} of G such that for every

infinite subgroup H of G, h € G and r < w, we have (h+ H) N C, # @.

It is important to mention that the cardinal number w in Theorem 5.2.5, Corol-

lary 5.2.14 and Corollary 5.2.15 is maximally possible.
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Chapter 6

Conclusion

We have given a theorem describing the structure of a local automorphism of finite
order and used it to show that a countably infinite nondiscrete regular local left
topological group Y can be partitioned into countably many dense subsets in any
nondiscrete topology -7 on Y such that (i) (Y,.7) is a local left topological group;
(ii) the nontrivial spectrally irreducible local automorphism of finite order, ¢, on
(Y, %) is a homeomorphism on (Y, .7); and (iii) given that ¢ is the least number of
spec(p) \ {e}, t € spec(p, U N W) for any neighbourhoods U, W of the identity in
the topologies 7, 7. From this, it was obtained that (i) a countable regular local
left topological group having a nontrivial local automorphism of finite order is w-
resolvable, and (ii) given a countable group endowed with a regular w-irresolvable
topology with continuous shifts and inversion, the centralizer of any element of finite
order is open. It was also shown that there is a partial operation + on an open
symmetric neighbourhood, Y, of the identity of a countable group endowed with a
nondiscrete regular topology having continuous shifts and inversion such that (Y, +)
is a local left topological group and inversion on it is a local automorphism. Using all
of this, it was shown that every countably infinite nondiscrete topological group which
contains no open Boolean subgroup is w-resolvable. The same result was then proved

with the aid of a theorem describing the structure of a large family of homeomorphisms
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of finite order on countably infinite regular spaces. Therefore it is true that every
countably infinite nondiscrete w-irresolvable topological group contains a countably
infinite open Boolean subgroup, however, this problem in the case of uncountable
topological groups remains open.

Finally, the problem of absolute resolvability for all Abelian groups was resolved.
It was shown that there is a partititon {C, : r < w} of C' = G \ B(G) where G is an
Abelian group and C'is infinite such that when (y,),<, is one-to-one sequence in C,
h € G and r < w, we have (h + FSI((yn)n<w)) N C, # @. This was shown first by
considering G as a direct sum of finite groups and then extending it to the general
case. We then deduced from this that every infinite Abelian group which contains no

infinite Boolean subgroup is absolutely w-resolvable.
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