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ABSTRACT

Galaxy clusters are the largest virialised and most recently formed cosmic structures. Their

study is therefore a powerful mechanism to probe the large scale properties of the universe. A

full understanding of the non-thermal properties of galaxy clusters has not yet been achieved.

In particular, the origin of radio halos in galaxy clusters is still a topic of debate today.

Several models have been proposed to explain the origin of radio halos but all of these models

present some problems either in reproducing observations or in predicting the values of their

parameters.

Recent observations of radio halos in clusters have shown that in some clusters the mor-

phology of the radio emission appears to be more correlated with the distribution of galaxies

than it is with the thermal gas. It has also been observed that while most clusters exhibit a

correlation between the radio and X-ray luminosities, there are clear exceptions to this rule.

Motivated by these observations, we propose a new theory to explain the origin of radio halos

in clusters: that the radio emission observed in clusters is produced by electrons injected by

different galaxies and diffusing in the intra cluster medium.

In developing our theory, we study the diffusion of relativistic electrons in galaxies by

obtaining a very general solution of the diffusion equation which describes the transport of

cosmic rays. This solution allows us to study the spatial, spectral and temporal properties

of relativistic electrons and their radio emission for a wide range of cosmic objects. We test

this model by applying it to the radio galaxy M51 and reproduce its spatial and spectral

properties. We also study the evolution of M51-like galaxies. The model is then applied to

study radio halos in clusters of galaxies. We investigate how the properties of these radio

halos change when the number and types of sources in a cluster are varied. We compare

the results of this model with the observed radio map and density flux spectrum for several

galaxy clusters, specifically the low-luminosity cluster CL1446+26 and other clusters with a

range of luminosities.

Our model provides a very promising explanation of the properties of radio halos in

galaxies and clusters of galaxies. The observed properties like the morphology of radio maps

in galaxy clusters, the flux spectrum and the correlation between radio and X-ray luminosities,

can be reproduced by our model. This is done by considering the combination and evolution

of galactic sources having radio properties similar to those of M51. Our model is simple and

nevertheless very promising and therefore refining it can lead to a better understanding of

the origin of radio halos.

vii
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Chapter 1

Galaxy Clusters in Modern

Cosmology

“The interval between the decay of the

old and the formation and establishment

of the new constitutes a period of

transition which must always necessarily

be one of uncertainty, confusion, error,

and wild and fierce fanaticism.”
-John C. Calhoun

1.1 Introduction

It is extremely impressive how much we have learned about our universe as a result of the hot

big-bang model. This is especially evident when juxtaposed with the state of our knowledge

just over a century ago when we thought that the universe was only a few million years old

and the Milky Way was its only galaxy. As we now know, the universe is actually some

∼ 13.7 billion years old, and comprises some fascinating structures we could not previously

have imagined, such as galaxies, clusters of galaxies, superclusters, voids and great walls.

Amazingly, these structures can be explained by the standard model of Cosmology: the hot

big-bang (e.g., Kolb and Turner (1990); Peebles (1993)). This theory is based on Einstein’s

theory of General Relativity (e.g., Weinberg (1972)) and supplies us with quantitative tools

for understanding the evolution of the universe. Using the theory we can, with great success,

trace the structure visible in the universe today back to the gas of elementary particles that

existed in the first fraction of a second after the big bang. All of this structure is believed to

have arisen as a result of the attractive forces of gravity acting in tiny primeval inhomogeneities

in the distribution of matter.

Concurrent with the theoretical advances of the last century, there have also been vast

improvements in the way we observe the universe.

1
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Perhaps the most significant advance is that we have extended the spectral band of our

observations beyond optical frequencies. Up until a century ago, observations were obtained

in the optical band only, limiting the data collected from the universe to light in the visible

spectrum. Only later, when we started to develop ground- and space-based telescopes with

a wider range of frequencies, did we begin to understand how much of the structure in the

universe was previously invisible to us. Modern telescopes allow us to study the universe in the

full electromagnetic spectrum, from radio (∼ 50MHz) to gamma rays (with energy 1012 eV and

more). Studies with these instruments have resulted in discovery of phenomena that could not

have been observed with optical telescopes alone. Moreover, modern observational astronomy

is not exclusively concerned with the detection of photons (light), but also with cosmic rays,

neutrinos and gravitational waves. New techniques and instruments have been developed to

study these phenomena, enabling us to observe still more structure in our universe.

Technological advances have also resulted in noteworthy improvements in our observations.

Observational cosmology in its early days was based on images stored on photographic plates

taken with small aperture telescopes. Today, the photographic plates have been replaced

by Charge-Coupled Devices, which are able to collect photons with improved efficiency. This

efficiency has been further improved by increases in the aperture of telescopes. These improved

detectors enable us to view faint and distant objects that could not previously have been seen.

Digital data and powerful modern computers also play a major role in modern observational

methods, enabling us to interpret the vast amounts of data produced by our instruments

by fitting models to observed data and performing complex computations in the study of

new classes of phenomena far more efficiently than could previously have been achieved. We

are now able to obtain results with better speed and better precision, which is especially

important when modelling fine structures.

These improvements in technology allow us to study several new objects in both the local

universe and the large scale universe. We are now able to understand properties of objects

like stars, galaxies, AGNs, galaxy clusters, black holes, gamma-ray bursts, neutron stars and

extra-solar planets. Moreover, we can study the distribution of neutral gas and ionised gas

in the Universe.

One of the fields in which these improvements have had a great impact is cosmology -

the study of large scale structures in the Universe. The largest known gravitationally bound

structures in the universe, galaxy clusters, are important objects of study for cosmologists.

Cosmological models make different predictions about the distribution of these clusters, and

how this distribution evolves with time. Measurements of this distribution are therefore im-

portant tests of cosmological models. From the astrophysical point of view it is also important
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to understand the detailed structure (both thermal and non-thermal) of galaxy clusters.

In the following we will describe the standard cosmological model of the Universe leading to

structure formation. Our main focus will be on galaxy clusters, specially on the non-thermal

properties and the origin of radio halos.

1.2 The present Cosmological Model

1.2.1 Basic Equations

Our present understanding of the origin and evolution of the Universe is based on the theory

of the hot Big Bang (Gamow, 1946; Weinberg, 1972; Kolb and Turner, 1990; Peebles, 1993).

This theory is based on the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, which is

the exact solution of Einstein’s field equations for a homogenous and isotropic universe (using

c = 1):

ds2 = −dt2 +R(t)2

[
dr2

1− kr2
+ r2(dθ2 + sin2θdφ2)

]
. (1.1)

The quantity R(t) is a scale-factor describing the expansion rate of the Universe. The constant

k represents the spatial curvature, where negative k corresponds to an open universe, positive

k to a closed universe and k = 0 to a flat universe. The change in the scale factor is governed

by the Friedmann equation for the expansion rate:

H2 ≡ (Ṙ/R)2 =
8πGρ

3
− k

R2
, (1.2)

where ρ is the total energy density from all components of mass and energy. The energy

density ρ(t) and the pressure p(t) are related by the fluid equation:

ρ̇+ 3(ρ+ p)
Ṙ

R
= 0. (1.3)

In this equation, H = Ṙ
R is the Hubble constant, the term 3Hρ is reduction in density

due to the increase in volume, and the term 3Hp is the reduction in energy caused by the

thermodynamic work done by pressure when this expansion occurs (Liddle, 1997). These

equations can be combined to get:

3
R̈

R
= Λ− 4πG(ρ+ 3p) , (1.4)
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giving the acceleration rate, where Λ is the cosmological constant originally introduced to

allow for a static universe.

For a flat universe, corresponding to k = 0 in Eq.(1.1), the density of the universe is equal

to the critical density:

ρc(t) =
3

8Gπ
H2 = 1.88h2

100 × 10−29g cm−3. (1.5)

where h100 is the Hubble constant at present time H0 in units of 100 km s−1 Mpc−1. The

densities can be expressed as a fraction of critical density:

Ω(t) ≡ ρ

ρc
. (1.6)

1.2.2 Observational Confirmation

An important consequence of the general relativity equations presented in the previous scetion

is that the Universe must be either expanding or contracting. The hot big bang model

is founded on these equations and it predicts that the behaviour of the evolution of the

Universe is an expansion derived from a singularity when the density and the temperature

were infinite. There are several observations that confirm this theory, the most important

being the expansion of the universe, the presence of the cosmic microwave background (CMB)

and the abundance of light elements.

Hubble’s discovery of the expanding universe was the first empirical observation to sup-

port the cosmological model. In the late 1920s he obtained spectra for several galaxies and

noticed that the spectra of galaxies at greater distances were systematically shifted to longer

wavelengths. He expressed this observation as the redshift (Peebles, 1993):

1 + z ≡ λobserved/λemitted . (1.7)

He also plotted the radial velocity derived from the redshift of each object (interpreted

as the Doppler velocity, where V = zc) as a function of the distance (see, Fig.1.1) and found

that there is a direct relation between the distance D to the source and the radial velocity V .

This relation is now known as the Hubble law:

V = H0D . (1.8)
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Figure 1.1: Hubble plot, representing the correlation between the redshifts and distance for his
sample of galaxies. There is a clear trend suggesting that the redshift is directly proportional
to distance (Turner and Tyson, 1999).

This observation that galaxies are moving away from each other suggests that the Universe

is expanding, and confirms one of the predictions of Einstein’s general relativity.

The second important test for the model was the discovery of CMB (Penzias and Wilson,

1965). CMB appears as isotropic radiation, with black body spectrum and temperatures

similar to 2.7K. This is interpreted as the residuals of black body radiation from hot and

dense conditions that are predicted to exist at early times in the hot big bang model. Today,

CMB spectrum has been measured with extraordinary precision by the Far Infrared Absolute

Spectrophotometer (FIRAS) on the Cosmic Background Explorer (COBE) satellite (Mather

et al., 1990). It was observed that the CMB spectrum is Planckian, that is, any deviations are

smaller than 300 parts per million (Fixsen et al., 1996) and the temperature was measured to

be 2.7277± 0.002K (see Fig. 1.2). In the hot big bang model, this radiation has been emitted

in the epoch of last scattering (z ∼ 1000), when the temperature of the universe drops below

3000 K, the universe becomes neutral and the photons and electrons stop interacting due to

Compton Scattering.

Spatially, the CMB is almost perfectly isotropic, with anisotropy of order δT
T ∼ 10−5.

COBE was the first instrument to measure anisotropy in the CMB (Mather et al., 1990) and

later better studies were carried out by WMAP (Hinshaw et al., 2013) and Planck (Planck
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Figure 1.2: Spectrum of the Cosmic Microwave Background Radiation as measured by the
FIRAS instrument on COBE and a black body curve for T = 2.7277 K. Note, the error flags
have been enlarged by a factor of 400. Any distortions from the Planck curve are less than
0.005% (see Fixsen et al., 1996). [Image From (Turner and Tyson, 1999)]

Collaboration et al., 2015b) (see Fig. 1.3). These anisotropies are interpreted as seeds of

structure formation in the Universe. By studying the power spectrum of anisotropy we are

able to obtain information about cosmological parameters. The most recent results point to

a Flat universe with H0 = 67.8± 0.9km s−1 Mpc−1 (Planck Collaboration et al., 2015c).

Figure 1.3: CMB anisotropies as observed by Planck.
Image Credit: ESA, Planck Collaboration

One of the earliest and most powerful tests of cosmology is the big bang nucleosynthesis

(BBN). At the expansion age of one second the universe was a hot and dense mixture of
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electrons, protons, neutrons, neutrinos and photons. At this stage of the Universe the num-

ber of protons was the same as the number of neutrons, due to interactions with neutrinos

(Bothun, 1998). A few seconds after the beginning of the Universe, it cooled to the point

(a temperature of around 1MeV) where some of the nucleons fused to form light elements

D, 3He, and 7Li as a result of a sequence of nuclear reactions. The abundance pattern of

light elements predicted by BBN (see Fig. 1.4) is consistent with that seen in most primitive

samples of cosmos (Sarkar, 1996).
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Figure 1.4: Predicted abundances of 4He (mass fraction), D, 3He, and 7Li (relative to hydro-
gen) as a function of the baryon density. The broader band denotes the concordance interval
based upon all four light elements. The narrower, darker band highlights the determination
of the baryon density based upon a measurement of the primordial abundance of the most
sensitive of these – deuterium (Burles and Tytler, 1998a; Burles and Tytler, 1998b), which
implies ΩBh

2 = 0.02± 0.002 [Image From (Turner and Tyson, 1999)].



CHAPTER 1. GALAXY CLUSTERS IN MODERN COSMOLOGY 8

1.2.3 Fundamental Additions to the Model

In the previous section we presented fundamental empirical confirmations of the big bang

model. However, this model does present some problems. Here we briefly discuss these

problems and introduce the additions to the model that lead to resolving them.

Inflation

One of the problems that the model posed was the flatness of the Universe. The FLRW

solution with Ω = 1 (Eq.1.6) is highly unstable, and as a consequence a small deviation

from this number would lead to the Universe re-collapsing or rapidly expanding. However,

observations reveal that the Universe is very close to being flat, i.e Ω is close to one. In

fact, measurements of the CMB anisotropy power spectrum confirmed that Ω = 1.000 ±
0.017, (Planck Collaboration et al., 2015b). Another problem related to the model is the

horizon problem. CMB photons emitted from distant regions of the sky appear to be in

thermal equilibrium at almost the same temperature. Yet there was no time for those regions

to interact before the photons were emitted. Both of these problems can be resolved by

introducing inflation (see, Liddle (1997) for a review on Inflation).

The basic assumption of inflation is a a brief period of great expansion – a factor of

greater than 1027 growth in the time of order 10−32 seconds – at the early stage of the

Universe. This inflation phase is able to account for the flatness problem because Ω = 1 is the

direct consequence of the theory (Guth, 1981). The theory of inflation is able to resolve the

horizon problem because before inflation took place the regions, from where CMB photons

were emitted, were close enough to each other to be able to interact.

Another possible confirmation by claimed detection of CMB polarisation induced by grav-

itational waves in early universe has been provided by BICEP2 (Ade et al., 2014). However,

this detection is still controversial (BICEP2/Keck et al., 2015). Recent Planck results seem

to go against natural inflation as they show that it is dominated by polarised dust emission

with an upper bound on the tensor-to-scalar ratio of r < 0.12 (Planck Collaboration et al.,

2015a).

Dark Matter

Another important addition to the model, necessary to explain many observations, is the

assumption that most of the matter in the universe is dark and non-baryonic.
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Fritz Zwicky (1933) observed clusters of galaxies and found that in general the mass

required to keep a galaxy cluster gravitationally bounded is much higher than the sum of the

masses of galaxies within the cluster. Another observation that suggests the existence of dark

matter is the rotation curves in spiral galaxies (Trimble, 1987), where the velocities of the

stars cannot be explained by the observed mass of the galaxy.

Further evidence of dark matter is provided by CMB studies of anisotropies. Anisotropies

in the matter distribution of 10−5, assuming that they are same order of magnitude as tem-

perature distribution anisotropies, are not sufficient to give rise to the structures we see today

(Padmanabhan, 1995). To explain this structure formation, it is necessary to assume the ex-

istence of non-baryonic matter that is not linked to photons and for this reason can have

larger anisotropy at the recombination epoch from which the cosmic structures have formed.

BBN predicts that the amount of baryonic matter cannot be greater than ΩB ∼ 0.02

(Kolb and Turner, 1990), and this is confirmed by CMB anisotropy studies, which estimate

ΩBh
2
100 = 0.02226± 0.00023 (Planck Collaboration et al., 2015b). This value of ΩB is unable

to account the for the observed mass in galaxies and clusters of galaxies. This means that

most of the matter present in the Universe must be of the non-baryonic nature.

The presence of dark matter is further suggested by gravitational lensing studies. These

studies allow us to probe the matter distribution and, in some cases (e.g. the Bullet cluster),

it is found that the bulk of is located in a different position to that of the baryonic matter

(Bradač et al., 2006; Clowe et al., 2006).

Finally, the CMB anisotropy measurements show that the amount of matter in the Uni-

verse is Ωm = 0.308 ± 0.012 (Planck Collaboration et al., 2015b). Comparing this value to

ΩB, it is clear that the amount of matter is 10 times larger than that of baryonic matter.

At present, some hypotheses on the nature of dark matter include that it may be con-

stituted of neutralinos (Bertone et al., 2005), axions (Skivie, 2009) and sterile neutrinos

(Abazajian et al., 2007).

Dark Energy

To account for a static universe, Einstein included a parameter in his equations of general

relativity called the cosmological constant (Eq. 1.4). After the discovery of the expansion of

the universe this term was dropped up until the discovery, by means of the observation of

supernovae Ia, that the universe was accelerating in its expansion (Perlmutter et al., 1999).

This acceleration can be explained by the cosmological constant or more generally speaking
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by a dark energy component which drives the accelerated expansion. The amount of dark

energy is estimated by means of CMB anisotropy power spectrum estimations from Planck

measurements to be ΩΛ = 0.692± 0.012 (Planck Collaboration et al., 2015b).

Presently, the nature of the dark energy component is not understood. There are some

hypotheses related to vacuum energy or quintessence (e.g. Peebles and Ratra (2003)). The

equation of state in a general form is:

p = wρ (1.9)

where if w < −1/3 it gives rise to accelerated expansion. If w = −1 then we get a cosmological

constant that is assumed to be the energy density of empty vacuum. In the general case with

w 6= −1, its effect can be associated with a dynamical field (quintessence), i.e. it can vary

with time.

One problem associated with dark energy is the value associated with this field because

there is a large difference between the measured value and the predicted value. The mea-

sured value is approximately 7× 10−30g cm−3, which is over 120 orders of magnitude smaller

than the predicted value (see Steinhardt & Turok (2006)). Another problem is known as

the “coincidence problem”, constituting the fact that matter and dark energy have different

evolutions with redshift. It is expected that at very high redshift the dark energy is negligible

while in the future it is expected to be the dominant component. For this reason it is difficult

to explain why we are observing in the moment where the effects from both are comparable

(Bousso, 2012).

1.3 Cosmological Structure Formation

Current observations of the local universe reveal that the Universe is not homogeneous from

very small scales, for e.g., that of our solar system, to large scales of the order of superclusters

of galaxies (size 100 Mpc or more).

Due to the attractive nature of gravity, galaxies tend to group together into gravitation-

ally bound structures. Small groups of galaxies have been observed, containing 10 to 100

galaxies. Larger groups, containing approximately 100 to 1000 galaxies, are known as clus-

ters of galaxies. Approximately 10% of all observed galaxies are known to belong to clusters.

Most of the observed clusters were discovered with optical images and a significant number

of them by imaging the x-rays emitted by hot intracluster gas. Galaxy clusters themselves
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have been known to group together into even larger structures called superclusters. In 1937,

Holmberg identified the supercluster that contains our galaxy, which was later characterised

by de Vaucouleurs in 1953. The study of the distribution of galaxies in 3 dimensional space

has revealed other interesting features such as voids (regions devoid of bright galaxies of size

30h−1 Mpc) and great walls of galaxies that stretch across a significant fraction of the sky and

appear to be separated by about 100h−1 Mpc. Our current knowledge of the large structures

of the universe is presented in Fig. 1.5 below.

Figure 1.5: Large-scale structure in the Universe traced by bright galaxies: a 3D map of the
universe by SDSS, where each dot represents a galaxy.

To understand these structures, several surveys have been carried out that have observed

a large area of the sky producing a 3D map. One of the biggest known surveys is the Sloan

Digital Sky Survey (SDSS) in operation since 1998 (Eisenstein et al., 2011). This survey

created the most detailed three-dimensional maps of the Universe ever made (see Fig. 1.5),

with deep multi-colour images of one third of the sky, and spectra for more than three million

astronomical objects. Using the light from quasars the SDSS is able to map further distances.

Other surveys carried out were, for example, the 2dF Galaxy Redshift Survey (2dFGRS)
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which measures the redshift of approximately 250000 galaxies (Colless et al., 2001) and the

Centre for Astrophysics (CfA) redshift survey (de Lapparent et al., 1986; de Lapparent et al.,

1988).

Significant advances in our understanding of the Universe and structures within it have

been made by cosmological numerical simulations. One example of this is Millennium Simu-

lations, the largest N-body simulation ever (Springel et al., 2005). The simulation, containing

10 billion particles, was carried out by the Virgo Consortium using a cluster of 512 processors

located at the Max Planck Institute for Astrophysics in Garching, Germany. The aim of this

simulation was to trace the evolution of matter distribution in a cubic region of the Universe.

The results of the simulation are in agreement with current observations and show that at

the present time the structures are abundant in the Universe manifesting themselves as stars,

galaxies and clusters (see Fig. 1.6).

Figure 1.6: A 3D visualisation of the Millennium Simulation at redshift z = 0.0. Credit: Max
Planck Institute for Astrophysics

Large surveys and large simulations reveal that the Universe at small scale is inhomoge-

neous, however the Universe at large scale is known to be homogenous and isotropic. Direct

evidence comes from the smoothness of the temperature of the CMB and the anisotropy of

order δT
T ∼ 10−5.

There are two possible ways in which structures could have formed, namely the top-
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down and the bottom-up scenarios (Kolb and Turner, 1990). In the top-down scenario, large

structures the size of galaxy clusters formed first then later fragmented into galaxies. This

is based on the principle that radiation smoothed out the matter density fluctuations to

produce large sheets. These sheets then accreted matter after recombination and grew until

they collapsed and fragmented into galaxies.

The competing scenario, bottom-up, is one where dwarf galaxies were formed first and

then merged into galaxy clusters. In this scenario the density enhancements at the time of re-

combination were close to the size of small galaxies today. Due to gravity these enhancements

collapsed to form dwarf galaxies and these galaxies then merged by gravitational attraction

to from larger galaxies and similarly these larger galaxies merged together to form filaments

and clusters.

A combination of present observations and theory point towards the bottom-up scenario.

This process is driven by dark matter. There are two possibilities with regards to dark matter:

Hot Dark Matter and Cold Dark Matter. Hot Dark Matter is formed by relativistic particles

at the recombination epoch, whereas Cold Dark Matter is formed by non-relativistic particles

at the epoch of recombination. Present observations and theories suggests that Cold Dark

matter is a good scenario (Kolb and Turner, 1990).

Structure formation can be described by linear perturbation when δρ
ρ << 1 (Padmanab-

han, 1995). When the density contrast grows and is close to 1, it is no longer linear and

hence requires a complex solution which can be obtained with semi-analytical or numerical

methods. One example of this is when modelling the formations of galaxy clusters.

1.4 Formation and Evolution of Galaxy Clusters

In the early universe the density fluctuation field is assumed to be a homogeneous and isotropic

Gaussian. The initial primordial density field is characterised by the density contrast field:

δ(x) = (ρ(x)−ρm)/ρm, where ρm is the mean mass density of the Universe. It is believed that

the clusters of galaxies are formed when the localised peaks in this field become gravitationally

unstable and collapse (Peebles, 1980). The evolution of clusters of galaxies can be followed

by using the simple spherical collapse model (Colafrancesco and Vittorio, 1994; Colafrancesco

et al., 1994; Colafrancesco et al., 1997).

According to this model, a homogeneous, spherical perturbation detaches from the Hubble

flow at time tm = [3π/32Gρb(tm)]1/2, where ρb(tm) is the cosmological background density

when δm = 1.06. It collapses at time tc ≈ 2tm when δc = 1.69, and reaches virial equilibrium
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at time tv ≈ 3tm when δv = 2.2 (δv independent of tv). Under the assumption of linear

growth the density contrast at virial equilibrium time is δv = δi,vD(tv)/D(ti), where D(t)

is the linear growth factor in the chosen cosmology (see, Colafrancesco et al. (1997)). The

non-linear density contrast of a cluster that virializes at a given redshift z is described by

∆(Ω0, z) = 18π2/[Ω0(H0t)
2(1+z)3)], where ∆ = ρ/ρb (≈ 400 for a flat universe) with ρ being

the density of perturbation and ρb the density of the background at tv.

A statistical model for the abundance of collapsed objects as a function of their mass

and redshift was pioneered by Press & Schechter (1974). This model by Press & Schechter

provides a direct relationship between the mass function of the objects resulting from nonlinear

collapse to the statistical properties of the the linear density contrast field. The reader is

referred to Colafrancesco & Vittorio (1994) and references therein, for the derivation of the

mass distribution as well as the discussion on selection criteria for nonlinear structures and

cloud-in-cloud problems. The mass distribution by Press & Schechter is described as the

number density of the objects at a given redshift z that have masses in range (M , M + dM):

N(M, z) = − ρb
M

δv
σ2

dσ

dM

1√
2π

exp

(
− δ2

v

2σ2

)
(1.10)

where σ(M, z) is the standard deviation of the linear density fluctuations at redshift z,

smoothed over the region containing mass M .

Numerical models can be used to investigate the evolution of clusters of galaxies as a

result of merging events (e.g. Roettiger et al. (1998)). These models were implemented to

explore the underlying hydrodynamical processes that produced the observed morphological

features. These investigations were carried out using hydrodynamical/N-body simulations

and then following the development of these features by allowing the evolution of merging.

In this way it was possible to obtain some insights into the more general evolution of galaxy

clusters and hence more details about large scale structure formation.

Being the largest virialised structures in the Universe, clusters of galaxies are of particular

interest for cosmological studies. Clusters are the result of a hierarchical formation process, in

which clusters are the last objects to form and are, therefore, localised close to their formation

place. The counts of these gravitationally bound structures as a function of mass and redshift

is important for tracing large scale structures and to understand properties of the universe

(e.g., Colafrancesco et al. (1997)). In the next section observations of these cosmological

indicators are described in detail.
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1.5 Phenomenology of Galaxy Clusters

1.5.1 Optical band

Galaxy clusters are the largest and most recent virialised structures in the Universe containing

100-1000 galaxies each (Sarazin, 1988). Galaxy clusters were first catalogued based on visual

inspection of photographic plates from the Palomar Observatory Sky Survey by George Abell

(1958). Clusters were further categorised using two properties: richness (the number of

galaxies within detection aperture) and distance. This catalogue was then extended to the

southern sky by Abell, Corwin & Olowin (1989), and it contained a sample of more than 4000

clusters. The Abell catalogue is widely used to classify and characterise galaxy clusters. The

clusters in the catalogue were labelled with “A” followed by the number of a cluster. There

were also earlier studies of clusters by Zwicky, Herzog & Wild (1961), but these were of poor

galaxy systems.

Figure 1.7: The Perseus cluster of galaxies, one of the closest clusters of galaxies containing
approximately 1000 galaxies. Image credit: Ken Crawford (Rancho Del Sol Observatory)

Initially clusters were classified into two categories, i.e., regular and irregular, based on

their morphology. Regular clusters are spherically symmetrical with a pronounced central con-

centration of galaxies whereas irregular clusters lack symmetry and concentration of galaxies

at the centre of the cluster. In fact, irregular clusters exhibit a significant number of sub-

clusters within. The other distinction between regular and irregular clusters is that regular
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clusters are generally rich in galaxies whereas the irregular clusters can be rich or poor. A

typical example of a cluster that is regular and rich in galaxies is Coma (A1656). Virgo is

an example of an irregular shaped cluster yet rich in galaxies. In the following images the

properties described above are clearly present for each cluster.

Figure 1.8: Image on the left is regular and rich cluster COMA: Image credit:
NASA/JPL-Caltech/GSFC/SDSS. On the right is the image of Virgo cluster (Image credit:
http://messier.seds.org/more/virgo˙pix.html), it is clearly irregular yet rich in galaxies.

A further morphological classification of clusters was pioneered by Bautz & Morgan (1970)

and Rood & Sastry (1971). The galaxy clusters were binned according to the degree of

domination by the brightest galaxies (Bautz and Morgan, 1970). Clusters that are dominated

by a single cD galaxy (a galaxy with bright nucleus and extended halo) at the centre were

binned into Type I. Clusters dominated by luminous intermediate type of galaxy, between

cD and elliptical, were binned into Type II and clusters not dominated by any galaxy were

grouped into Type III. If the clusters could not be characterised according to these bins then

they were further binned into intermediate groups I-II and II-III. Rood and Sastry binned

clusters according to the distribution of brightest galaxies in a cluster. The morphological

bins cD, B, L, C, describe a cluster dominated by a single galaxy (A2199 ), a pair of galaxies

(Coma), three or more bright galaxies arranged along a straight line (Perseus), and four or

more luminous galaxies at the core (A2065) respectively. Clusters with a flat distribution

(A2151) or uneven distribution (Virgo) of galaxies were placed into bins F and I respectively.

A general approximation of the distribution of galaxies in a regular cluster is:

n(r) = n0[1 + (r/rc)
2]−3/2, (1.11)

where rc is the size of the central region of the cluster (King, 1962).
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1.5.2 The intra cluster medium in X-ray band

Luminous X-ray sources were first detected in Virgo (Byram et al., 1966; Bradt et al., 1967),

Perseus (Fritz et al., 1971; Gursky et al., 1971a) and Coma (Meekins et al., 1971; Gursky

et al., 1971b) clusters. These observations show that galaxy clusters are extremely luminous

in this spectral band and suggest that X-ray emission may be a common feature (Cavaliere

et al., 1971). However, this hypothesis was only tested when a full sky survey in X-ray band

was catalogued using the Uhuru satellite (Giacconi et al., 1972; Giacconi et al., 1974; Forman

et al., 1978). The observations of Uhuru provided a better understanding of the properties of

X-ray sources related to clusters. Gursky et al. (1972) and Kellogg et al. (1971; 1973) were

the first to identify clusters among the observed Uhuru sources. From these observations

it was deduced that clusters of galaxies are very luminous X-ray sources, with luminosity

∼ 1043 erg/s to 1045 erg/s, and the X-ray sources related to clusters of galaxies have extended

emission (see Fig 1.9) that is not associated with an individual component of the cluster and

does not vary with time (Elvis, 1976).

Figure 1.9: X-ray image of the Coma cluster from ROSAT. Image Credit: MPE

Initially, there was a fair uncertainty in the origin of X-ray emission, i.e it was not clear if

the X-ray emission was of thermal or non-thermal origin. This uncertainty was due to the fact

that the observed X-ray emission could be interpreted as thermal emission (bremsstrahlung

emission) from a hot gas as well as non-thermal X-ray emission produced by Inverse Compton
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Scattering (ICS) of the cosmic microwave background (CMB) by relativistic electrons in

previously discovered radio halos (Perola and Reinhardt, 1972). The detection of the emission

features resulting from transitions of highly ionised iron in the spectra of 18 clusters provided

further evidence of thermal origin (Mitchell et al., 1976; Serlemitsos et al., 1977; Mitchell

and Culhane, 1977; Berthelsdorf and Culhane, 1979; Mushotzky et al., 1978; Mushotzky and

Smith, 1980). The presence of the iron line was later confirmed by Rothenflung & Arnaud

(1985) to be a common feature in the spectrum of X-ray galaxy clusters (see for example

Fig. 1.10) and thus thermal X-ray emission is a general property. The thermal origin of the

X-ray emission implies that the space between the galaxies in a cluster must be filled by

diffuse hot gas (T ∼ 108 K), referred to as Intra Cluster Medium (ICM) with density as low

as nth ∼ 10−3cm−3 and total mass greater than that of the luminous material contained in

galaxies.

Figure 1.10: X-ray spectrum of Coma cluster taken with XMM (Arnaud et al. 2001). Note
the iron line feature at ∼ 7 keV suggesting evidence of thermal origin of this emission.

The two characteristics of ICM, density and temperature, are obtained using X-ray obser-

vations. The shape of the spectrum determines the temperature whereas the normalisation

provides the density. The thermal emission model is used to fit the observed spectrum (ob-

tained from instruments sensitive up to energies greater than 10 keV) to obtain the gas

temperature (Arnaud, 2005). At low energies the spectral shape of thermal bremsstrahlung
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emissivity is not very sensitive to temperatures (Longair, 1994) and therefore the gas density

distribution can be obtained from X-ray images or surface brightness profiles (see, Fig. 1.11)

extracted from the soft energy band (E ≤ 2 keV). The isothermal beta model by Cavaliere &

Fusco-Femiano (1976) provides a good approximation to the distribution of hot gas density.

This model assumes a constant temperature and a spherically symmetrical radial profile:

nth(r) = nth,0

[
1 +

(
r

rc,th

)2
]−3βth/2

(1.12)

where nth,0 is the density at the centre of the cluster, rc,th is the radius of the core and βth

is the gradient of descent for r > rc,th. This is given by βth =
µmpσ2

r
kT , where µ is the average

molecular weight with units of atomic mass, mp is the mass of proton, T is temperature and

σr is the galaxy velocity dispersion.

Figure 1.11: Surface brightness profile of Coma obtained by ROSAT (Briel et al., 1992).

Applying this model to 46 clusters of galaxies Jones & Forman (1984) found that the

surface brightness profile of the hot gas in ∼ 2/3 of their samples could be well approximated

by this model. The expression for the angular profile of the surface brightness of the X-ray

emission is:

S(θ) = S0

[
1 +

(
θ

θc,th

)2
]−3βth+1/2

, (1.13)
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here θc = rc,th/D, in radians, where D is the distance to the cluster. The distribution of the

hot gas when βth ≤ 1, is wider compared to that of the luminous matter. This suggests that

the heating of gas may take place by mechanisms such as merger events in the peripheral

zones of galaxy clusters.

In the remaining 1/3 of the sample considered by Jones & Forman (1984), a large disper-

sion in the central region linked to the presence of cooling core was observed. Outside the

central region the surface brightness profile is well fitted by the β - model. The cooling flow

is formed in the central region of the ICM that continuously emits bremsstrahlung radiation

with cooling time tcool ≈ T 1/2/ne. In the centre of the galaxy cluster nth is high and the

cooling time is low. When tcool is shorter than the age of the cluster cooling takes place

and it is pushed to the centre of the cluster by the pressure of the surrounding gas. This

drop in temperature is confirmed by both Chandra (Allen et al., 2001) and XMM-Newton

observations (Kaastra et al., 2004).

The currently debated problem of cooling flow is that the temperature of the cooling gas

at the centre of the galaxy is of order half of that found further out in the cluster while

the expected value is much lower (Peterson et al., 2003). This phenomenon is observed,

for example, in the following clusters: A1795 (Tamura et al., 2001), Hydra (David et al.,

2001), A2029 (Lewis et al., 2002) and A2052 (Blanton et al., 2003). To understand this

phenomenon many hypotheses are proposed in literature, such as the action of the heating

by AGN (Böhringer et al., 2002; Kaiser and Binney, 2003), the effect of heating of the

gas produced by cosmic rays (CR) accelerated by bipolar jets produced in the explosion of

supernovae (Colafrancesco et al., 2004) and that they act as warming rays (Colafrancesco

and Marchegiani, 2008). Other possibilities are AGN jets and lobes, pressure waves, buoyant

bubbles and cavities, intra-cluster shock waves, as well as leptonic and hadronic cosmic-rays

(see, e.g., (Böhringer et al., 2002; Churazov et al., 2002; Ruszkowski and Begelman, 2002;

Fabian, 2004; Voit and Donahue, 2005; Brüggen and Kaiser, 2002; Ruszkowski et al., 2004;

Vernaleo and Reynolds, 2006; Reynolds et al., 2005; Colafrancesco and Marchegiani, 2008)).

Significant progress in understanding the cluster as a whole was made by means of X-

ray imaging using Einstein Observatory, ROSAT, ASCA, Chandra and XMM-Newton. With

these instruments it was observed that the morphology of galaxy clusters varies from regular to

complex systems with multiple substructures (Jones and Forman, 1992). If the sub-cluster is

falling towards the main cluster a merging event is expected (Briel et al., 1991). The ROSAT

observation of the gas compression in the sub-cluster of A2256 provided a first signature

of a merger event. Further evidence of this event was provided by ASCA observation of a

temperature increase in the interaction region between the sub-clusters of Cygn-A (Markevitch
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et al., 1999). Merging of sub-clusters compresses and heats up the interacting regions. A shock

is driven in ICM due to the moderately supersonic (v ∼ 2000 km/s) motion of mergers. As

a result, the gas of the final cluster is heated to its virial temperature, which is higher than

the virial temperatures of the initial sub-clusters (Arnaud, 2005). An excellent example of a

shock is present in the merging cluster 1E0657-56, known as the Bullet cluster (Markevitch

et al., 2002).

Further observations by Chandra led to the discovery of substructure, cold fronts in merg-

ing cluster, initially discovered in A2141 by Markevitch et al. (2000) and in A3667 by Vikhlinin

et al.(2001). Cold fronts are contact discontinuities between the cool core of a subcluster mov-

ing at near sonic velocity and the surrounding main cluster gas. Both shocks and cold fronts

are observed in the cluster 1E0657-56 (see, Fig 8 and 9 from (Arnaud, 2005)). Chandra’s

arc-second spatial imaging also led to the observations of the complex interaction between

AGN activity in the cluster centre and the ICM. X-ray cavities, known as bubbles, are created

by the displacement of the X-ray gas by central AGN radio lobes (Blanton, 2004) and are

usually dominated by the non-thermal component of clusters (Fabian et al., 2006).

1.5.3 Gravitational lensing

According to general relativity, light observed from a distant source appears to bend, which

is explained by the gravity associated with mass concentration (Einstein, 1936). This bend-

ing of light when passing the concentrated mass is known as gravitational lensing. There

are two types of this phenomenon: weak lensing, detected in the statistical appearance of

the background galaxies observed through clusters, and strong lensing explained by strong

distortions and multiple images of individual sources. A cluster mass and its distribution is

derived by measuring the gravitational shear in a cluster of galaxies (see, Bartelmann (2010)

for a further review).

This gravitational lensing effect is observed in some clusters - a good example is the Bullet

cluster. From the observation of the Bullet cluster it is noted that the spatial distribution

of the cluster mass is different to the distribution of the observed hot gas in X-ray (see Fig.

1.12 below). This is interpreted as the consequence of merging that leads to displacement

of gas and dark matter distribution (Bradač et al., 2006; Clowe et al., 2006). This confirms

that galaxy clusters are dominated by their dark matter component as suggested by CMB

measurements and structure formation theory.
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Figure 1.12: A clear representation of gravitational lensing in the Bullet cluster. The difference
in the position of cluster mass (blue) and the hot gas (red) is clearly visible. Composite Image
Credit: Composite Credit: X-ray: NASA/CXC/CfA/ M.Markevitch et al. (Markevitch,
2005)

1.5.4 Radio band

Using a single dish radio telescope, Large et al. (1959) detected diffuse and extended radio

emission in galaxy clusters for the first time. By mapping the Coma cluster at radio wave-

lengths they detected an extended radio source (Coma C) at the centre of the cluster. Further

evidence of the extended radio emission in Coma was provided by Wilson (1970), who com-

pared the data of Large at al. (1959) to interferometric observations. From this data Wilson

further determined that the observed radio emission was diffuse and not related to a single

galaxy within the cluster. Since then, the presence of non-thermal diffuse radio sources in

many clusters have been observed by sensitive radio telescopes (see Fig 1.13). For example

giant radio halos were discovered in the clusters A665 (Giovannini and Feretti, 2000), A2163

(Feretti et al., 2001), A2219 (Bacchi et al., 2003), A2255 (Feretti et al., 1997a), A2319 (Feretti

et al., 1997b), A2744 (Govoni et al., 2001a), 1E0657-56 (Liang et al., 2000) and CL0016 + 16

(Giovannini and Feretti, 2000). Radio halos of size << 1Mpc were detected in clusters A401

(Giovannini and Feretti, 2000), A1300 (Reid et al., 1999), A2218 (Giovannini and Feretti,

2000) and A3562 (Venturi et al., 2003). However, this non-thermal extended radio emission

is not a common feature of galaxy clusters as it is only present in approximately 10% of the
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observed clusters (Ferrari et al., 2008). Nevertheless, when only the most luminous X-ray

clusters are considered (LX[0.1−2.4keV ] > 0.6 × 1045h−2
70 erg s−1) the number of clusters in

which the radio emission is observed goes up to ∼ 35% (Giovannini et al., 1999; Giovannini

and Feretti, 2002).

Figure 1.13: Image of radio halo and relic in Coma from Effelsberg Telescope, Deiss et al.
1997

Radio luminosity is correlated with Lx (Bacchi et al., 2003), Tx (Liang et al., 2000), Mass

(Govoni et al., 2001a) and YSZ (Basu, 2012). However clusters at same x-ray luminosity seem

to be bimodal with respect to their radio luminosity because there are some clusters with

similar x-ray luminosity that show presence of a radio halo in some cases and in other cases

show no halo ( see Fig. 1.14).

Extensive studies of radio halos at multifrequency is limited by the sensitivity capabilities

of current instruments. However, in order to obtain a more accurate integrated radio spectrum

and spatially resolved spectral index map a lot of efforts have been put forward to carry out

the multifrequency observations. Observations of diffuse emission from radio halos shows that

they follow a power-law spectrum, suggesting that these sources are of non-thermal origin

due to Synchrotron emission produced by relativistic particles in a magnetic field. Some

observations have led to detection of a steepening of the halo spectrum at high frequency:
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Figure 1.14: A presentation of the bimodal properties of clusters at same X-ray luminosity
with respect to their radio luminosity. There is a large number of clusters that do not exhibit
halos (Enßlin et al., 2011).

A 2319 (Feretti et al., 1997b), Coma (Thierbach et al., 2003), A 754 (Bacchi et al., 2003)

and A 3562 (Giacintucci et al., 2005) (see Fig. 1.15 in the case of Coma cluster). Giovannini

et al. (1993) while studying the Coma cluster, point out that the spectral index of the halo

spectrum is radially dependent. This dependence was also noted by Ferreti et al. (2004) in

cluster A665 and cluster A2163.

Radio/X-ray comparison suggests a similarity but not an exact identity between the mor-

phology of radio halos and the X-ray emission of their host clusters (Deiss et al., 1997; Feretti,

1999; Liang et al., 2000). This similarity is clearly presented by Deiss et al (1997) who com-

pared the azimuthally averaged surface brightness distribution of the diffuse radio halo of the

Coma cluster at 1.4 GHz to the fit of azimuthally averaged surface brightness distribution of

the X-ray halo observed with ROSAT (see Fig. 1.16. For more details see Deiss et al. (1997)

and the references therein).

Studying the physical properties of diffuse and extended radio sources it is clear how

sources differ in size, location within the host cluster, intensity of polarised signal, morphology

and their association to other cluster properties. The diffuse radio sources are classified into
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Figure 1.15: Spectrum of the radio halo in Coma cluster, Coma C. The steepening in the
spectrum is clear at ν > 1000 MHz (Thierbach et al., 2003).

three main categories: halos, relics and mini-halos. Radio halos have regular morphology and

are usually situated at the centre of the host cluster whereas relics are elongated and located

in the outskirts of clusters (also detected in merging clusters). Intensity of the polarised

signal in radio halos is low whereas it is high in relics. This suggests that these two sources

have different origin. Some evidence of relics in clusters are, A2256 (Bridle and Fomalont,

1976; Rottgering et al., 1994), A2255 (Burns et al., 1995; Feretti et al., 1997a), A1300 (Reid

et al., 1999), A2744 (Govoni et al., 2001a), A754 (Bacchi et al., 2003; Kassim et al., 2001)

and A3667 (Rottgering et al., 1997). Radio sources of size ≤ 500kpc detected at the centre of

the cooling flow clusters are called mini-halos (Ferrari et al., 2008). For example in clusters

Perseus (Burns et al., 1992), PKS0745-191 (Baum and O’Dea, 1991), Virgo (Owen et al.,

2000) and A2390 (Bacchi et al., 2003) the presence of mini-halos were detected.
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Figure 1.16: Dotted line represents the surface brightness distribution of the diffuse halo of
the Coma cluster at 1.4 GHz, from this it is clear that the radial distribution is similar to
surface brightness distribution of the X-ray halos (Deiss et al., 1997)

1.5.5 Faraday Rotation Measure

A direct method for measuring the magnetic field in a cluster is provided by the effects

produced by the interaction of the magnetic field and the propagation of linearly polarised

radiation. In a cluster, the Synchrotron emission from background or embedded sources is a

source of linearly polarised radiation. The plane of polarisation of this radiation is rotated

when it passes through a magnetised plasma, due to the different phase velocity of the two

modes of circular polarisation. This effect is known as Faraday rotation, where the rotation

of the polarised field is given by ∆χ = RMλ2, and the rotation measure (RM) is given by:

RM = 0.812

∫ L

0
ne
−→
B ·
−→
dl rad m−2 (1.14)

(e.g. Carilli and Taylor (2002)) where ne is the density of electrons in the plasma (10−3cm−3),
−→
B magnetic field (µG) and the integral is performed along the line of sight l, with distances

expressed in kpc. The density of electrons for a given radio cluster is measured by the x-ray

emission from hot gas and can be estimated using the value of RM magnetic field values.

RM studies have been carried out for individual clusters and galaxies by analysing detailed

high resolution RM images (e.g. (Perley and Taylor, 1991; Taylor and Perley, 1993; Feretti
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et al., 1995; Feretti et al., 1999; Govoni et al., 2001b; Taylor et al., 2001; Eilek and Owen, 2002;

Murgia et al., 2004; Govoni et al., 2006; Taylor et al., 2007)). These analyses deduced that

the RM distribution of radio galaxies in interacting and relaxed clusters produce magnetic

fields with rather small fluctuation scale (∼ 10 kpc or less). Radio galaxies at the centre of

relaxed clusters have extreme RM, with the magnitude of the RM roughly proportional to the

cooling flow rate. Strong magnetic fields are derived in the high density cooling-core regions

of some clusters, with values exceeding ∼ 10µG (e.g., in the inner region of Hydra A, a value

of ∼ 35µG was deduced by Taylor et al. (2002)).

Magnetic field strengths in radio halo clusters were measured to be lower. For example,

Kim et al. (1990) derived a magnetic field strength of ∼ 2µG when analysing RM maps (at

∼ 9.2kpc resolution) for 18 bright radio sources in the Coma cluster region. However, Feretti

et al. (1995) deduced a magnetic field of strength of ∼ 6µG from the average value of RM

and its dispersion across the source. Recent studies of magnetic field in Coma by Bonafede

et al. (2010) provide a range of central magnetic filed strengths (3.9 µG – 5.4 µG) on an

uniformity scale range (∼ 2kpc – ∼ 34kpc). They also found that the magnetic field power

spectrum is well represented by a Kolmogorov power spectrum, which is:

P (k) = P (k0)

(
k

k0

)−5/3

. (1.15)

Magnetic field strength in clusters is observed to be approximately zero out of the halo region,

that is magnetic field is detected up until the end of the halo radius (Clarke et al., 2001).

Rave et al. (2013) derived the magnetic field strength in the inner region of the halo and

found it to be approximately constant.

Other techniques to estimate the values of magnetic fields in galaxy clusters are: equipar-

tition between electrons and magnetic fields in radio halos, comparison between synchrotron

and inverse Compton emissions, the study of cold fronts and the GZK limit. The values

obtained from these studies are extremely variable, ranging from ∼ 0.1 µG to ∼ 10 µG. How-

ever, these values were obtained using basic version of these techniques and refining them it

is possible to reconcile these values, pointing toward values of few µG (see, e.g. Carilli and

Taylor (2002), Govoni and Feretti (2004)).

1.5.6 Other observations

We expect that non-thermal electrons (that emit radio halos) can produce emission in other

spectral bands, such as Extreme Ultra Violet (EUV), Hard X-rays (HXR), and gamma rays
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by Inverse Compton Scattering of CMB (Perola and Reinhardt, 1972; Harris and Grindlay,

1979; Rephaeli, 1979) and non-thermal Bremsstrahlung (Enßlin et al., 1999; Sarazin and

Kempner, 2000; Blasi, 2000) with nuclei of thermal gas. Up until now there has been no clear

evidence of non-thermal emission in these spectral bands in galaxy clusters.

Extreme Ultra Violet

The observations in EUV band have possibly detected excess emission with respect to the

thermal gas radiation in some clusters such as Coma (Lieu et al., 1996a), Virgo (Lieu et al.,

1996b), A1795 (Mittaz et al., 1998) and A2199 (Bowyer et al., 1998). However, there exists

some uncertainty about the detection of this emission as it was only confirmed for the case of

Coma and Virgo (Bowyer et al., 1999; Berghöfer et al., 2000). Also the origin of this emission

in EUV is not clear, because it can be produced by a second component of the thermal gas

(Lieu et al., 1996a) or by the Inverse Compton Scattering (ICS) of relativistic electrons of

CMB (Sarazin and Lieu, 1998). Bowyer et al. (2004) claimed that the electrons emitting the

ICS radiation in Coma can have secondary origin by hadronic interactions (see section 2.4.3)

but this possibility has been excluded by Marchegiani et al. (2007) because in this case an

excess of gamma-ray emission will be produced with respect to the available upper limits by

EGRET.

Hard X-ray

The excess of HXR radiation was possibly detected in some clusters for example Coma (Fusco-

Femiano et al., 1999; Rephaeli et al., 1999), A2256 (Fusco-Femiano et al., 2000), A2199

(Kaastra et al., 1999), A2319 (Gruber and Rephaeli, 2002), A754 (Valinia et al., 1999; Fusco-

Femiano et al., 2003b), A119 (Fusco-Femiano et al., 2003a), and Ophiuchus (Eckert et al.,

2008). The detection of HXR has been questioned (Rossetti & Molendi (2004), in the case of

Coma) because it is not clear if the emission is real or if it is a result of imperfections in analyses

of data. Like in the case of EUV, there are some possibilities that could explain the excess

in HXR: thermal with high temperature(Eckert et al., 2007), ICS by relativistic electrons

(Fusco-Femiano et al., 1999; Sarazin and Lieu, 1998), and non-thermal bremsstrahlung by

supra-thermal tail of thermal electron spectrum (Enßlin et al., 1999; Sarazin and Kempner,

2000; Blasi, 2000). The interpretation of bremsstrahlung has been questioned by Petrosian

(2001), because it would require unreasonably high energy input for electrons. Also if the

ICS interpretation is correct then these electrons cannot be secondary, because they produce

strong gamma-rays (Blasi and Colafrancesco, 1999). More recent studies in X-ray of galaxy
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clusters performed with recent instruments like SWIFT (Ajello et al., 2009) and NuSTAR

(Gastaldello et al. (2014), for the case of Coma), detected upper limits suggesting that there

must have been some problems with previous detection of HXR excess.

Gamma-rays

The emission of gamma-rays from galaxy clusters is expected to be high because of several

mechanisms that produce this emission, e.g. ICS and non-thermal Bremsstrahlung by rel-

ativistic electrons (Blasi and Colafrancesco, 1999), hadronic interactions between thermal

and non-thermal protons (Colafrancesco and Blasi, 1998; Marchegiani et al., 2007) and dark

matter annihilation (Colafrancesco et al., 2006). However, gamma-rays have not yet been

detected in galaxy clusters (Ackermann et al. (2010; 2014)). This implies that either there

are problems with proposed models or current observations. Also in observations at very

high energy gamma rays (E ∼ TeV ), no galaxy clusters have been detected (e.g. Arlen et al.

(2012)).

Sunyaev Zel’dovich effect

Another spectral band where galaxy clusters are observed is the microwave band, where we

see the Sunyaev Zel’dovich (SZ) effect, i. e. the distortion in the CMB spectrum caused

by ICS in gas of galaxy clusters (Zeldovich and Sunyaev, 1969). Complementary to X-ray

measures, the study of SZE performed with the use of relativistic formalism (Colafrancesco

et al., 2003) allows us to obtain information on both thermal and non-thermal properties

of galaxy clusters (Colafrancesco, Marchegiani and Buonanno (2011b), in the case of the

Bullet cluster). Since the SZ effect does not depend on the distance, it can also be used for

statistical studies of counts of clusters (Colafrancesco et al. (1994; 1997)) to determine the

cosmological parameters like the Hubble constant (Carlstrom et al., 2001) and the evolution of

CMB temperatures with the redshift (Battistelli et al., 2002). SZ effects have been observed

in several clusters: Coma (De Petris et al., 2002), A2163 (Holzapfel et al., 1997), MACS

J0717.5+3745 (Mroczkowski et al., 2012), Bullet (Zemcov et al., 2010) and other references

in Birkinshaw (1999). The Planck Collaboration recently published a list of clusters where

the SZ effect has been detected (Planck Collaboration et al., 2015b). One example of the

measure of the SZ effect in a galaxy cluster obtained by Planck is presented in the Fig. 1.17.

As we have seen above, galaxy clusters are one of the most important objects of study for

both astrophysical and cosmological applications. Furthermore, a full understanding of the
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Figure 1.17: Image of Coma cluster through the SZ effect. The colours in the image represents
the SZ effect by Planck and the contours show X-ray measured by ROSAT. Image credits:
ESA / LFI and HFI Consortia.

properties of galaxy clusters is impossible without a deep understanding of the non-thermal

content of these clusters. The discussion above has highlighted that radio halos are the main

source of information about the non-thermal component of clusters. We will be primarily

interested in the study of radio halos in the remainder of this thesis.

In the following chapter theoretical models will be discussed describing the origin of radio

halos as well as extracting information on the physics of galaxy clusters from studies of radio

halos.



Chapter 2

Origin of Radio Halos

“To every object there corresponds an

ideally closed system of truths that are

true of it and, on the other hand, an

ideal system of possible cognitive

processes by virtue of which the object

and the truths about it would be given

to any cognitive subject.”

-Edmund Husserl

“Too often we hold fast to the clichés of

our forebears. We subject all facts to a

prefabricated set of interpretations. We

enjoy the comfort of opinion without

the discomfort of thought.”

-John F. Kennedy

2.1 Introduction

Radio halos are extended diffuse radio sources located near the centres of galaxy clusters.

The problem of their origin has been a central topic of great debate over several decades.

As described in the previous chapter, it is believed that the presence of radio halos implies

the presence of relativistic particles and magnetic fields. In order to understand the origin

of radio halos, it is therefore necessary to understand the origin and evolution of relativistic

particles and magnetic fields.

In this chapter we discuss several theories that have been proposed to explain the injection,

acceleration and evolution of relativistic particles, as well as possible mechanisms for the

production of magnetic fields. We then present several existing models that may explain the

origins of radio halos. For each model we begin with an overview of the general ideas and

discuss the observable consequences of the model, as well as known problems and conflicts

31
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with observation. Finally, we propose a new framework that may explain the origins of radio

halos. This framework will then be developed further in later chapters.

2.2 The Origin and Evolution of Relativistic Particles

2.2.1 Origin

The injection of relativistic particles (cosmic ray electrons and protons) in galaxy clusters

is assumed to have resulted from energy sources such as galactic winds (Völk et al., 1996;

Völk and Atoyan, 2000), accretion shocks (Enßlin and Biermann, 1998), merging shocks

(Miniati et al., 2001b; Ryu et al., 2003) and radio galaxies (Enßlin et al., 1997). There are

two other possible mechanisms for the injection of relativistic electrons: secondary electrons

from hadronic interactions (Dennison, 1980; Blasi and Colafrancesco, 1999) and dark matter

annihilations (Colafrancesco and Mele, 2001; Colafrancesco et al., 2006). These sources of

injections are briefly described below.

Galactic winds are continuous flows of charged particles that blow out of galaxies into

the intergalactic medium(Völk et al., 1996; Völk and Atoyan, 2000). In starburst galaxies,

they are emitted primarily by supernova explosions and newly formed massive stars. We

can estimate that in early galaxies, following the activity of starbursts and the explosion of

supernovae, there was a large injection of cosmic rays with energy efficiency of around 10%

(Biermann et al., 2003). The energy losses of these relativistic particles are mainly due to

adiabatic expansion and therefore it is expected that only a fraction of the original energy is

maintained. Hence it would not be realistic to consider galactic winds to be the dominant

source for injection of relativistic particles.

During the hierarchical formation of galaxy clusters accretion shocks are produced by the

accretion of diffuse and cold matter and are expected to be located far in the cluster periphery.

These shocks can lead to the acceleration of cosmic rays with an estimated efficiency of 10%

of the kinetic energy of the gas in the cluster (Enßlin and Biermann, 1998).

The merging of clusters produces very powerful shocks that inject large amounts of energy

of order 1063 − 1064 ergs (the order of the content of the thermal energy storage). Hydro-

dynamic simulations (Miniati et al., 2001b; Ryu et al., 2003) predict that the total energy

injected in cosmic rays by shocks from mergers could also be of the order of half the energy

dissipated in thermal gas.

Radio galaxies and AGNs also produce a large amount of energy in the form of cosmic
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rays. Enßlin et al. (1997) estimated that over the lifetime of a galaxy cluster, radio galaxies

inject energetic particles with total energy at least equal to the present-epoch thermal energy

content of the central region.

Berenzinsky, Blasi and Ptuskin (1997) compared the rates of energy injected in relativistic

particles by the above sources. These authors estimated that the total energy content over

the life time of a galaxy cluster due to galactic winds is of order 1060 ergs whereas the rate

of energy released by accretion shocks as well as radio galaxies is of order 1044 ergs s−1.

Due to the presence of non-thermal protons and thermal gas in the ICM, the production

of secondary electrons is inevitable. Non-thermal electrons are continuously produced over

a large region, approximately the size of the cluster, as a result of interactions between

relativistic protons and nuclei of the thermal gas (Dennison, 1980; Blasi and Colafrancesco,

1999). The reactions that lead to the production of secondary electrons are described by the

secondary electron model (SEM):

p+ p→ π± +X

π± → µ± + νµ

µ± → e± + νµ + νe.

In the same interactions gamma rays are produced according to the following reactions:

p+ p→ π0 +X

π0 → γ + γ.

Another possible source of secondary electrons is the annihilation of dark matter that results

in the production of stable Standard Model particles including electrons, positrons and gamma

rays. The possibility that dark matter is composed of neutralino has been studied previously

by Colafrancesco & Mele (2001), Colafrancesco et al. (2006). As dark matter is the main

component in the mass of galaxy clusters (see section 1.2.3 and section 1.5.3), this emission

is expected to be strong.

These mechanisms for the origin of cosmic rays will be considered in detail in section 2.4,

where the properties of non-thermal electrons detected from observations of radio halos are

compared to the predictions of these theories. However, in order to carry out these compar-

isons it is important to understand the process that determines the evolution of relativistic
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particles after their injection in the cluster.

2.2.2 Evolution

The evolution of relativistic particles after their injection into the volume of a galaxy cluster

is determined by the their interactions with the components of the ICM. The evolution of

populations of these particles is described by diffusion in a magnetised plasma:

∂N(r, γ, t)

∂t
= ∇ · [D(γ)∇N(r, γ, t)]− ∂

∂γ

[
dγ

dt
N(r, γ, t)

]
+Q(r, γ, t) (2.1)

where N(r, γ, t) is the number of particles per unit of volume and energy at time t, γ = E/mc2

is the Lorentz factor of the particle, D(γ) is the diffusion term that is related to movements

within the magnetised plasma,Q(r, γ, t) is the source of injection of particles that takes into

account all the mechanisms mentioned above, and dγ/dt is the change in energy of particles

when they interact with components of the ICM (Syrovat-skii, 1959; Sarazin, 1999). These

processes lead to either losses (dγ/dt < 0) or gains (dγ/dt > 0) in energy. Gains in energy

are related to acceleration and re-acceleration processes, which are not well known, however

losses are related to well known physical processes described below for relativistic electrons

and protons.

Electrons can lose energy by four mechanisms: at low energy the main processes are

Coulomb interactions and non-thermal bremsstrahlung with hot gas and at high energy losses

are dominated by radiative processes, namely Inverse Compton Scattering (ICS) with CMB

photons and synchrotron emission in magnetic fields (see the following chapter for details).

Due to these losses it has been found that the electrons have a short life-time with respect to

the age of the cluster (see Fig 2.1).

The diffusion path of a particle is given by the distance that the particle may travel in a

time equal to its average life, estimated by

Rd(γ) =
√

4D(γ)tloss (2.2)

where tloss = γ/b(γ) is the life time of electrons (Brunetti et al. (2003)). This expression

implies that the electron travel distance within a cluster is ∼ 50 kpc which is very small

compared to the typical size of a radio halo (∼ Mpc).

The main channels of energy loss for protons are the hadronic (at high energy) and
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3.1.2. Constant L oss Function
For periods of time that are short compared to the

Hubble time, the total loss function b(c) may be approx-

Figure 2.1: A plot of the life time of electrons as function of their energy from Sarazin (1999),
for magnetic field B = 1µG with electron density ne = 10−3cm−3 (solid curve) and with
B = 5µG (dashed) as well as ne = 10−4cm−3 (dot-dashed)

Coulomb (at low energy) interactions with hot gas (Brunetti et al., 2004). The time scale

of these processes at the centre of a cluster is of the order of tens of billions of years. This

implies that these protons do not lose a significant fraction of their energy over a very long

time (approximately the age of the universe), hence they travel within the cluster and remain

confined unless their energy is of the order of 1 TeV, above which they can escape from the

cluster (Berezinsky et al., 1997).

2.3 Origin and Evolution of Magnetic Fields

It is still a matter of debate precisely which processes underlie the origin and evolution of

magnetic fields in the ICM. Perola & Reinhardt (1972) found the adiabatic compression of

magnetic fields in the intergalactic medium (IGM) to have an intensity of BIGM > 10−9µG

(Carilli and Taylor, 2002). Subsequently, many scenarios have been proposed to explain the

origin of magnetic fields in the IGM (see, e.g. Govoni and Feretti (2004) for a review).
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The production of magnetic fields may be primordial. A mechanism for generation of

primordial fields is related to the separation of charges between electrons and protons caused

by the dynamo effect of Biermann (1950). Harrison (1970) suggested that this mechanism is

possible because of swirling turbulence by which electric currents, and thus the magnetic field,

can be generated. Other researchers have suggested that weak seed fields were formed during

the quark-hadron phase transition (Quashnock et al., 1989), during the electro-weak phase

transition (Baym et al., 1996) and mechanisms related to the physics of inflation (Turner and

Widrow, 1988).

However it has been argued that the magnetic fields generated prior to recombination may

not survive to the present age (Lesch and Birk, 1998; Battaner and Lesch, 2000). This leads

to the hypothesis that magnetic fields are generated in later epochs of the Universe.

This scenario suggests that magnetic fields can be generated by normal or active galaxies

(Kronberg, 1996; Rees, 1989), by AGNs (Rees and Setti, 1968; Daly and Loeb, 1990) or

alternatively they might be generated during the events of merging between clusters (Dolag

and Schindler, 2000; Roettiger et al., 1999). During these merging events, the rotation of

clusters occurs when impact parameters are different from zero. This rotation of a cluster

has not been observed, but it is believed that the energy associated with slow rotation is not

sufficient to generate magnetic fields, and therefore strong merging events would be necessary

(Carilli and Taylor, 2002).

To study the origin of magnetic fields by merging events several numerical simulations

were carried out with an initial magnetic field value of ∼ 10−9G (Dolag and Schindler, 2000;

Roettiger et al., 1999). These studies show that when a non-linear amplification in the shock

from merging events combines with adiabatic compression, magnetic fields of order µG are

produced in the ICM. These simulation studies have shown that the magnetic fields generated

by these mechanisms are expected to have radial profiles that are similar to thermal gas (Dolag

et al. (2001; 2002)).

2.4 Models for Radio Halo Origins

The presence of radio halos, observed in many galaxy clusters, implies that relativistic elec-

trons and magnetic fields are present at a very large scale in these clusters, of the order of Mpc.

Several models have been proposed to account for this phenomenon. Some of these models

are discussed below, along with their advantages and disadvantages and their observational

consequences.
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2.4.1 Primary Electrons

As discussed in section 2.2.1 relativistic electrons can be produced in galaxy clusters by

several mechanisms. In the primary electrons model these electrons directly produce the

observed radio emission. Electrons can be accelerated in shocks (Tribble, 1993) according to

the mechanism of Diffusive Shock Acceleration (Drury, 1983; Blandford and Eichler, 1987)

or emitted by galaxies (Jaffe, 1977). Some well known problems with these theories include

the short lifetime of electrons due to energy losses (see Fig. 2.1) and that electrons travel a

shorter distance compared to the size of a radio halo (see Eq. 2.2). The primary electrons

model implies that electrons remain very close to where they were accelerated and they

produce radio emission for a very short time and this is not in accordance with the large size

of the halos and their relative abundance (see Fig. 2.2).

Figure 2.2: Evolution of spectrum of relativistic electrons from Sarazin (1999). The dashed
line represents the initial population and the solid curves at redshift zi : 0.001, 0.1, 0.3, and
0.5.

One hypothesis that has been proposed to mitigate these problems is that the shock

produced by a merger can cross the cluster in a time less than the life of the particles, and in

this way electrons can be accelerated on a large scale. It has been found that this would be
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possible for a shock with a Mach number of the order of M > 5 (Brunetti, 2003). However,

Miniati et al. (2001a) calculated the synchrotron radiation resulting from an event of this

type, and found that the type of emission produced presents an irregular morphology that is

similar to radio relics but not to radio halos.

Another problem with electrons accelerated in shocks is that this acceleration process has

low efficiency because it imparts more energy to heating the thermal gas than to accelerating

particles (Wolfe and Melia, 2006).

2.4.2 Re-accelerated Electrons

In this model, cosmic ray electrons are re-accelerated by magnetohydrodynamic (MHD) waves

induced by turbulence produced in merging or accretion events. This is based on the assump-

tion that there must exist a process that continuously provides energy to electrons in order to

balance out the effects of the energy losses described above. That is to say if re-acceleration

didn’t occur frequently enough, the electrons at the centre of the cluster would lose their

energy and would not be able to produce a radio halo. A two phase model was introduced by

Brunetti et al. (2001) to account for an injection of relativistic electrons and the subsequent

re-acceleration of these cosmic ray electrons.

It is important to note that this model is only efficient on a range of electron energies where

the time scale of energy losses is greater than the time scale of re-acceleration. The loss and

gain of energy is expressed as: dγ/dt = χγ− (bsynch+bICS)γ2−bCoul, where bsynch represents

synchrotron losses, bICS represents losses due to Inverse Compton Scattering, bCoul represents

losses by Coulomb interactions, and χ is the efficiency of re-acceleration. Using this expression,

we can obtain the range of energies (γ1, γ2) where acceleration is efficient: γ1 = bCoul/χ and

γ2 = χ/(bsynch + bICS) (e.g. Brunetti et al.(2001)). Now imposing γ2 > γ1, we can show

that the efficiency of re-acceleration must be χ2 > bCoul(bsunch + bICS). Considering typical

values of losses in a galaxy cluster, i.e. bCoul ∼ 10−15s−1 and (bsynch + bICS) ∼ 10−20s−1, the

re-acceleration efficiency can be obtained as (χ ∼ 10−17 s−1) and hence the range of energies

γ ∼ 102−103. This is the range of energies of electrons that produce radio halos for magnetic

field of order of µG, similar to the value found in galaxy clusters.

However, there are many problems with this model as the physical mechanisms that pro-

duce the re-acceleration are not known in detail leading to a large number of free parameters.

Another problem is that the efficiency of this model scales with (vwave/c)
2 << 1 which leads

to inefficiency of second order Fermi acceleration. Also the acceleration efficiencies, i.e. the

value of χ, are often tweaked to match with observations as the derivation of acceleration ef-
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ficiency from first principles is complicated (Enßlin et al., 2011). Often the radial dependence

of χ requires some adjustments to reproduce the observed power-law radio spectra seen in

some radio halos. The magnetic field profiles are also fine tuned to fit the radio halo prop-

erties. However, as we can see in the figure, with this model it is not easy to reproduce the

observed spectrum as it requires us to adjust some parameters. Moreover, the best fit holds

only for a short range of time and does not really account for all the data (see Fig. 2.3).

Figure 2.3: Predicted total synchrotron Coma radio spectrum compared with the flux mea-
surements as a function of time. Plot from Brunetti et al. (2004). See this paper for details
about the models used.

A consequence of the re-accelerated electron model is that gamma-ray emission is expected

to be low because it is only produced by ICS and non-thermal Bremsstrahlung from relativistic

electrons. The lack of gamma-ray detection could therefore be a point in favour of this theory

(Ackermann et al. (2010; 2014)).

Another possibility to account for low efficiency is that the electrons that are re-accelerated

are secondary electrons produced in hadronic collisions (see section 2.2.1, Brunetti et al.

(2012)). In this case we have a similar problem to usual secondary models because the model

predicts a strong production of gamma-rays (see section 2.4.3).

Another problem with this model is that it predicts intermittent re-acceleration of particles

by turbulence and this is difficult to reconcile with the regular morphology of radio halos.
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Due to insufficient information on the microphysics of the ICM, the scaling relations (Lν -

Lx) from this model are not immediate to derive. This model predicts a correlation between

the synchrotron radio power (PSynchν ) and the total mass of the cluster inside a radius of

500 kpc (M500) to be νPSynchν ∝ M4.0
500. However, this correlation is expected to have a high

dispersion as a result of the number of free parameters present in this theory (Cassano et al.,

2013).

2.4.3 Secondary Electrons by Hadronic Interactions

Another model for the production of secondary electrons is the well known hadronic colli-

sions process ((Dennison, 1980; Blasi and Colafrancesco, 1999; Pfrommer and Enßlin, 2004;

Marchegiani et al., 2007), see section 2.2.1). In this model, secondary electrons are continu-

ously produced by interactions between protons in the thermal gas and non-thermal protons

that are accumulated during the history of clusters. The advantage of this model is that

the physical processes are well studied. The density of relativistic protons is expected to be

relevant as some simulation studies predict that the energy content stored in non-thermal

protons is of order 30% - 50% of the energy stored in thermal gas (Miniati et al., 2001b;

Ryu et al., 2003). However, more recent simulation studies show that the energy content of

non-thermal protons can be smaller than what was previously believed to be the case (Vazza

et al., 2014).

Compared to the re-acceleration model, the hadronic model can be easily tested because

it predicts a large quantity of gamma rays. In this respect there is a problem with this model

due to the lack of detection of gamma-ray emission in galaxy clusters (Ackermann et al., 2010;

Ackermann et al., 2014), and this implies that the amount of cosmic ray protons must be

lower than previously calculated in simulations (Pinzke & Pfrommer (2010), see discussion in

Vazza & Bruggen (2014)).

This model predicts a regular morphology as cosmic ray protons are expected to diffuse

throughout the cluster. The volume and intensity of radio emission is proportional to the

density of thermal gas (e.g. Miniati et al. (2001b)). Therefore this model is able to explain

the morphology of regular radio halos but has some problems explaining radio halos with

complex morphology.

The scaling relations predicted by this model show a strong correlation between Lν and

Lx, because the non-thermal electrons are correlated well with the thermal gas. The predicted

scaling relation is given by: νPSynchν ∝ L1.58−1.46
x (Cassano et al., 2013). Due to the strong

scaling relation predicted by this model it is difficult to account for the presence of a cluster
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with high observed x-ray luminosity and no radio halos (see discussion in Enßlin et al.(2011)).

Another possible problem with this model is that some properties of clusters, such as

steepening at high frequencies of the radio halo spectrum (Thierbach et al.(2003), in the case

of Coma) and the radial change of the spectral index (Giovannini et al.(1999), in the case of

Coma) are difficult to explain (see Fig. 2.4 and see discussion in Enßlin et al.(2011)).

Figure 2.4: Coma radio halo spectrum for three different values of magnetic field strength
from Marchegiani et al. (2007).

2.4.4 Secondary Electrons by Dark Matter Annihilations

As we saw in section 1.2.3, most of the mass in a galaxy cluster is expected to be in the form

of dark matter. Some models of dark matter predict a large quantity of electrons, positrons

and gamma-rays generated during the annihilation of dark matter particles. One of the most

studied possibilities for the particles constituting dark matter is neutralinos, the lightest

stable particle in the minimal super-symmetric extension of the standard model (e.g. Bertone

et al. (2005)). The astrophysical consequences of this assumption have been explored by

several authors (e.g. Colafrancesco & Mele (2001), Colafrancesco et al. (2006), Pérez-Torres

et al.(2009) and others).

One of the advantages of this model is that it is able to explain the steepening of the

radio halo spectrum at higher frequencies (Thierbach et al. (2003), see Fig. 1.15), because in
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this model the spectrum of secondary electrons steepens when the energy of the electrons is

similar to the mass of neutralinos, see Fig. 2.5, (Colafrancesco et al., 2011a). However the

nature of dark matter, its composition and mass, the value of annihilation cross section and

the presence of sub-structures in the spatial distribution are not well known and this makes it

difficult to constrain all these properties from observations (e.g. Colafrancesco et al. (2015a)).

Figure 2.5: The radio halo spectrum of Coma and the best fits of DM model (Colafrancesco
et al., 2011a).

This model also predicts a strong gamma-ray emission and due to the lack of detection of

these gamma-rays it faces a similar problem to that encountered by the hadronic model (S.

Zimmer for the Fermi-LAT Collaboration, 2015).

Observations have confirmed that certain clusters exhibit radio halos whilst others of

similar mass do not. Therefore the mass of a cluster alone is not sufficient to determine

whether a cluster will have a radio halo or not. It is difficult to reconcile this fact with

the predictions of the dark matter annihilation model, in which radio emission is strongly

correlated with the mass of the dark matter halo (Colafrancesco et al., 2015a).

As there are no expected interactions between dark matter particles and baryonic particles,

this model predicts a reasonably regular morphology of radio halos excluding the irregular
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morphology produced by sub-structures in the dark matter halo (Colafrancesco et al., 2015b).

2.4.5 UHEγ + γ interactions

Another possibility for the production of secondary cosmic ray electrons was considered by

Timokhin et al. (2004). In this model, secondary relativistic electrons are produced by ultra

high energy gamma rays interacting with diffuse extragalactic radiation fields. However, they

found that the synchrotron emission can be detected in HXR and not in the radio band (for

more details see, e.g. Fig.2 in Timokhin et al. (2004)).

2.5 Problems with the Current Models

From the discussion in the previous section we can conclude that the origin of radio halos

is still not clear. None of the proposed models can fully explain observations at this stage.

The secondary hadronic model is founded on well known physics and provides a natural

explanation for the presence of radio halos in galaxy clusters but this model predicts a large

amount of gamma-rays that are not detected. The same problem is present in the case of

secondary electrons produced by dark matter annihilation, in addition to which the physics

of dark matter is not well known. For this reason the usually preferred model for the origin

of radio halos is the re-acceleration model, which also explains the steepening of the radio

halo spectrum at high energies observed in some clusters, for example in Coma. However this

model is based on physics that is not well known and the processes that are assumed are not

very efficient (e.g. Wolfe & Melia (2006)).

A common property of all these models is that they predict a strong correlation between

the radio and thermal properties of clusters. In the case of the secondary hadronic model

this is obvious because the intensity of the radio emission is proportional to the density of

thermal gas as described in the previous section. A very strong correlation between mass

and radio luminosity is predicted by the secondary dark matter model, and since the mass

is related to the X-ray luminosity, a strong correlation is expected between the radio and

the X-ray luminosities. The re-acceleration model is based on turbulence produced by shock

that leads to the acceleration of relativistic electrons but also to the heating of thermal gas

(Colafrancesco and Marchegiani, 2008) and the acceleration of relativistic protons (Brunetti

et al., 2004). These relativistic protons produce secondary electrons and gamma-rays and

heat the thermal gas. As a consequence there are two ways in which the thermal gas can

be heated and this fact on one hand puts a limit on the amount of energy produced by this
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mechanism and on the other hand predicts a strong correlation between radio and X-ray

luminosities.

However, observations show that this correlation in some cases is not very strong. For

example, looking at the comparison of radio and X-ray maps, we note that in some cases the

peak of a radio emission is not located at the same place as the peak of an x-ray emission

and appears to be located where there is a high concentration of galaxies, like in the cases of

A800 (see Fig. 2.6), A1550 (Govoni et al., 2012) and other systems. Some other evidence is

observed in complex clusters. One example is the Bullet cluster (Liang et al.(2000), Shimwell

et al.(2014; 2015)), which exhibits more than one peak in its radio halo distribution where

two of them are in the same position as that of the X-ray emission whereas the other is

related to the concentration of galaxies (see Fig. 2.7 and Fig. 2.8). Another example is MACS

J0717.5+3745, a cluster with four different concentrations of galaxies of which at least three

correspond to observed peaks in radio emission (van Weeren et al., 2009; Bonafede et al., 2009;

Pandey-Pommier et al., 2013). These last two clusters are good examples as the position of

the radio halo peak is different to that of the X-ray peak. Other observations reveal that some

clusters have peaks approximately at the same position in X-ray and Radio emission but their

emissions show different orientations (see for example, the case of CL1446+26, Govoni et al.

2012).

Figure 2.6: An example of a cluster, A800 from Govoni et al. (2012), where the radio halo
is not located at the same place as the peak of the X-ray map (see figure on the left) and
appears to be located where there is a high concentration of galaxies (see figure on the right).
Also note that the orientations of the radio and X-ray maps are different.

A point-to-point comparison of radio and X-ray emissions was carried out by Govoni et

al. (Govoni et al., 2001a) for a small sample of four clusters. It was found that in some
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Figure 2.7: An example of a cluster, the Bullet cluster from Liang et al. (2000), in which
the radio emission appears to be located where there is a high concentration of galaxies (see
figure on the left) but the X-ray emission is displaced from the main concentration of galaxies
(see figure on the right).

clusters such as Coma (see Fig. 2.9 on left) there is some correlation between the Radio-Xray

surface brightness but with a large variation in radio values for a given X-ray value. It was

also found that in other clusters such as A2319 (see Fig. 2.9 on right) there is a large scatter

in X-ray values for a given radio value. From this study we can conclude that there is some

correlation between the X-ray and radio surface brightness but it is not a strong correlation.

One of the fundamental assumptions of the current models is that the presence of radio

halos is associated with merging clusters. However, some observations reveal the presence

of a radio halo but no clear merging, for example the case of Coma where there is a large

radio halo but it is not clear if there is a strong merging or an accretion shock produced

by a small group of galaxies interacting (Ogrean and Brüggen, 2013). Also in the case of

Ophiucus there is a diffuse emission usually classified as a mini halo but with a radius ∼ 500

kpc (Murgia et al., 2010) where the presence of merging is controversial (Fujita et al., 2008;

Watanabe et al., 2001). Additionally, some merging clusters show no radio emission (e.g.

A2146, Russell et al. (2011) and A119, Giovannini and Feretti(2000)). In some cases there

is also not a strong coincidence between relics and shocks (see Ogrean et al. (2013; 2014),

for the case of 1RXS J0603.3+4214 (Toothbrush cluster) and ZwCl 2341.1+0000) and as a
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Figure 2.8: ATCA radio contours of the Bullet cluster overlaid on a X-ray colour image from
Chandra, the red line represents the X-ray shock front (Shimwell et al., 2014).

Figure 2.9: Radio and X-ray surface brightness point-to-point correlation for Coma (Left)
and A2319 (Right). The correlation in these two clusters is not very strong as both the plots
show some variation in Radio and X-ray points - especially in the lower surface brightness
region. (Govoni et al., 2001a)

consequence it is possible that they do not have the same origin.

One of the predictions of these models is a reasonably strong correlation between radio

and X-ray luminosities. While this correlation is good for a number of clusters with some
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scatter, there are clusters which exhibit no radio halos at high X-ray luminosity (see Fig. 1.14)

and other clusters with low X-ray luminosity showing a luminous radio halo (see Fig. 2.10),

in the case of A523 (Giovannini et al., 2011), A1213 (Giovannini et al., 2009) and 0217+70

(Brown et al., 2011).

Figure 2.10: Radio power of radio halos at 1.4 GHz versus the cluster X-ray luminosity. From
this plot it is clear that there is a correlation but with some scatter that is increasing at low
Lx and P1.4. The empty blue circles represent radio halos that are over-luminous in radio
with respect to the cluster X-ray luminosity. Figure from Govoni et al. (2012)

For all these reasons we think that the origin of radio halos, at least in some cases, is not

well accounted for by the present models. Hence there is a need for a new framework in order

to explain the origin and evolution of radio halos in galaxy clusters. In the next section a

new idea for these phenomena is presented.

2.6 A New Idea

In the light of the problems presented above, it is clear that the current models are not

sufficient to account for all observations. Therefore we want to propose a new idea with the

aim to better explain the origin and structure of radio halos. Motivated by the observations

discussed in the previous section, where certain radio halos seem to correlate better with the

concentration of galaxies than they do with the thermal gas, we propose a model to explore
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the possibility that radio halos are originated by a combination of individual halos in the

cluster galaxies.

In our proposed model we consider that electrons are produced in galaxies by the different

mechanisms described in section 2.2.1 and diffuse in the ICM subject to diffusion in magnetised

plasma and losses of energies (see section 2.2.2). Our model describes both the spatial and

spectral properties of the electron distribution from each galaxy. It also allows us to express

the time interval over which a galaxy is injecting electrons. In this way we can study both

the present shape of radio maps and their evolution.

As a consequence of our new model we expect that there is not a strong correlation between

the thermal gas and the radio halo in a low-Lx cluster because the electrons are injected

directly from the member galaxies, and therefore they are related mainly to the physics of

galaxies and not of the intra cluster medium. However, some correlation is expected between

the radio and X-ray luminosity because we expect that rich clusters (luminous in X-ray) that

contain many galaxies produce a large number of electrons hence a brighter radio halo. Radio

halos in rich clusters are expected to have a regular morphology due to the high number of

galaxies that can be distributed in a more uniform way.

In the past a similar model was proposed by Jaffe (1977) involving electrons injected by

galaxies. However, Jaffe’s model studied a steady state solution where the effect of diffusion

was considered only by calculating the maximum distance that particles can diffuse under sim-

plified assumptions like galaxies being point sources of electrons and the diffusion coefficient

being a linear function of energy. Also, this model assumed that radio halos are formed by

emission from radio galaxies only without considering that non-radio galaxies can contribute

to the production of radio halos by smaller effects like galactic winds. It also did not consider

that different galaxies can inject electrons at different times. For these reasons, Jaffe couldn’t

study the spatial and temporal properties of radio halos and was only able to calculate their

spectral properties and integrated luminosities.

In order to describe our model, we first study (Chapter 3) the diffusion equation that

describes the evolution of relativistic particles and solve this equation in a very general way

regarding the spectral, spatial and time properties. Later in chapter 4 we apply this model

to the radio halo of the galaxy M51 in order to reproduce its spectral and spatial properties.

This enables us to fit the model parameters, and leads to an investigation of whether this

model can reproduce a radio halo in a single radio galaxy. This model is then used to study

radio halos in clusters via a combination of several contributions from different galaxies by

changing their properties, number and positions, and we compare results with some observed
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radio halos (Chapter 5). Finally in Chapter 6 we discuss the results of the model, ways of

testing it, possible future applications and improvements and present our conclusion.



Chapter 3

Solutions of the Diffusion Equation

“In questions of science, the authority of

a thousand is not worth the humble

reasoning of a single individual.”

-Galileo Galilei

“Subjectivism is not an absolute

principle; it is a necessary but not

sufficient condition for sound

methodology.”

-Murray Rothband

3.1 Introduction

As discussed in the previous chapter, the study of the diffusion of cosmic rays in galaxies

and clusters of galaxies is crucial to model the structure and evolution of radio halos. Here

we present a general model for the diffusion of these relativistic particles that takes a source

term as input and produces the density of these particles as output. Density profiles of these

particles can be used to study the integrated flux and surface brightness distribution of halos

in galaxies and clusters. The diffusion of cosmic rays is described by a transport equation

and the general analytical solution for electrons is presented in this section for an arbitrary

source Q(r, γ, t), where r is the volume element, γ is the Lorentz factor of particle and t is

time. Furthermore, numerical methods are developed to obtain the final density profiles for

a time dependent source. The solutions are then compared with the existing steady state

solutions.

3.2 General Method: Analytical Solution

Diffusion of relativistic electrons is described by a transport equation, which takes into account

the presence of the source and the continuous loss/gain in energy during the diffusion process

50
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(Syrovat-skii, 1959) derived from Eq.(2.1) for D(γ) independent of radius:

∂f(r, γ, t)

∂t
−D(γ)∆f(r, γ, t) +

∂

∂γ
[b(γ)f(r, γ, t)] +

f(r, γ, t)

T
= Q(r, γ, t). (3.1)

Here, f(r, γ, t) describes the spatial and energy distribution of a particle at a given time (i.e.

the density of particles with energy γ at a distance r from the source at a given time t)

and ∆ is the Laplace operator. Scattering of particles from a source is described by D(γ), an

energy dependent diffusion coefficient. b(γ) = dγ
dt is the rate of change of energy resulting from

losses/gains in energy during the diffusion process. T is the average lifetime of particles, i.e.

the time in which the energy of particles decreases, and Q(r, γ, t) is the rate at which particles

are produced(i.e. the source term). Following Syrovat-skii (1959), the general solution of this

equation for an arbitrary source distribution is obtained using a Green’s function, which is

derived by solving the simplified equation:

∂fG
∂t
−D∆fG +

∂

∂γ
(bfG) +

fG
T

= δ(r− r0)δ(γ − γ0)δ(t− t0) (3.2)

and is given by

fG(r, γ, t; r0, γ0, t0) =
e−τ/T

|b(γ)|(4πλ)3/2
Exp

[
−(r− r0)2

4λ

]
δ(t− t0 − τ), (3.3)

where

τ(γ0, γ) =

∫ γ

γ0

1

b(γ′)
dγ′, (3.4)

is the time required for electrons to escape from the source and

λ(γ0, γ) =

∫ γ

γ0

D(γ′)

b(γ′)
dγ′ (3.5)

is related to the average path length of an electron.

The analytical solution of (3.1) for an arbitrary source distribution is then obtained using the

above Green’s function:

f(r, γ, t) =

∫∫∫ +∞

−∞
dr0

∫ ∞
1

dγ0

∫ t

−∞
dt0 Q(r0, γ0, t0)fG(r, γ, t; r0, γ0, t0) (3.6)

where dr0 is an element of volume.
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3.3 Assumptions and Definitions

In order to find solutions of Eq.(3.1) we have to make some assumptions and definitions, each

of which is described briefly below.

• We assume that the source function is variable separable:

Q(r0, γ0, t0) = Qr(r0)Qγ(γ0)Qt(t0)

• We consider the production of relativistic particles in any source, such as galaxies and

AGNs (see section 2.2.1). We can expect that the rate of relativistic electron production

is greater at the centre of the source than away from it. This system can be described

mathematically by a 3D Gaussian with axes xs, ys and zs. This description is good for

various sources as we are able to vary the size of the gaussian by varying xs, ys and

zs, for example setting xs = ys = zs we get a spherically symmetrical system and if

zs = 0 with xs = ys we get a flat system (Syrovat-skii, 1959). In general, the energy

distribution spectrum is taken as a power law and all the normalisation of the source is

absorbed by the constant Q0 in Qγ(γ0). The time distribution is assumed to be a step

function, with t1 being the time at which electron production begins and t2 being the

time at which electron production ends:

Qr(r0) = exp

(
−x

2
0

x2
s

− y2
0

y2
s

− z2
0

z2
s

)
(3.7)

Qγ(γ0) = Q0 γ
−ρ
0 γmin < γ0 < γmax (3.8)

Qt(t0) = θ(t0 − t1)θ(t2 − t0) (3.9)

• We assume an average magnetic field uniformly distributed over the source and we

define the diffusion coefficient D(γ) to be independent of r but dependent on energy.

The energy dependence in D(γ) is a result of the scattering of particles from magnetic

field irregularities with the assumption of the Kolmogorov spectrum (see Eq.(1.15)).

D(γ) = d0γ
1/3β−1/3

µ (3.10)

[e.g. (Blasi and Colafrancesco, 1999; Berezinsky et al., 1997; Colafrancesco and Blasi,

1998)], where βµ is the average magnetic field in µG units, and d0 is a constant depicting

minimum scale magnetic field fluctuations.

• The function b(γ) for electrons, a sum of effects due to Inverse Compton, Synchrotron
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radiation, Coulomb losses and Bremsstrahlung is defined as:

b(γ) = −{1.3× 10−21β2
µγ

2 + 1.37× 10−20γ2

+ 1.5× 10−16γ nth(log(γ) + 0.36)

+ 1.2× 10−12nth

(
1

75
log

(
γ

nth

)
+ 1

)
} s−1 (3.11)

[e.g. Sarazin(1999)], where nth is the mean number density of thermal electrons in

cm−3. The values of these loss functions as functions of γ are given in Fig. 3.1 for nth =

1 × 10−3cm−3 and average intra cluster medium magnetic field of βµ = 1 and 15µG.

Looking at the figure and the expressions for the loss functions it is clear that IC and

Synchrotron losses are dominant at large energies, γ ≥ 200, while at lower energies,

γ ≤ 200, the losses are dominated by the Coulomb term. The effects of Bremsstrahlung

losses at low energy are always less than Coulomb losses and at high energy Synchrotron

losses are comparable with IC losses with magnetic field of order 3.2µG.

Figure 3.1: Values of the total loss function b(γ) for Synchrotron losses, inverse Compton
(IC) emission, Bremsstrahlung losses, and Coulomb losses as functions of γ, with nth = 10−3

cm−3 and βµ = 1µG, where the IC losses are dominant, and βµ = 15µG, where Synchrotron
losses are dominant.
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3.4 Steady State Solution

In the case of the particle source being independent of time, Qt(t0) ≡ 1 (corresponding to

t1 → −∞ and t2 → +∞), the Eq.(3.3) can be integrated over time to obtain the number

density of particles, which is independent of time:

fG(r, γ, r0, γ0) =

∫ t

−∞
dt0 fG(r, γ, t; r0, γ0, t0)

=
1

|b(γ)|(4πλ)3/2
exp

(
−(r− r0)2

4λ

)
exp

(
− τ
T

)
θ(τ). (3.12)

The stationary solution is then obtained as follows:

f(r, γ) =

∫∫∫ +∞

−∞
dr0

∫ γMax

1
dγ0 fG(r, γ; r0, γ0)Q(r0, γ0)θ(τ). (3.13)

Here, the integral over r0 is calculated analytically:

f(r, γ) =

∫∫∫ +∞

−∞
dr0

∫ γMax

1
dγ0

Q0 γ
−ρ
0

|b(γ)|(4πλ)3/2
exp

(
−(r− r0)2

4λ
− τ

T

)

× exp

(
−x

2
0

x2
s

− y2
0

y2
s

− z2
0

z2
s

)
θ(τ)

=

∫ γmax

1
dγ0

xsyszsQ0

|b(γ)|
γ−ρ0

(x2
s + 4λ)1/2(y2

s + 4λ)1/2(z2
s + 4λ)1/2

× exp

(
− x2

x2
s + 4λ

− y2

y2
s + 4λ

− z2

z2
s + 4λ

− τ

T

)
θ(τ). (3.14)

Assuming spherical symmetry we now set xs = ys = zs ≡ rs, and letting r2 = x2 + y2 + z2,

the above integral is written as:

f(r, γ) =

∫ γMax

1
dγ0

r3
s Q0

|b(γ)|
γ−ρ0

(r2
s + 4λ)3/2

exp

(
− r2

r2
s + 4λ

− τ

T

)
θ(τ)

=

∫ γMax

γ
dγ0

r3
s Q0

|b(γ)|
γ−ρ0

(r2
s + 4λ)3/2

exp

(
− r2

r2
s + 4λ

− τ

T

)
. (3.15)



CHAPTER 3. SOLUTIONS OF THE DIFFUSION EQUATION 55

The integration limits are due to the condition τ > 0, which is only possible if γ0 > γ, as only

energy losses are considered, i.e. b < 0 in Eq.(3.4).

3.5 Time-dependent Solution

3.5.1 Analytical Solution

Before a numerical time dependent solution is obtained, the integrals over t0 and r0 are solved

analytically. Spherical symmetry in r is assumed once the integral over r0 has been carried

out.

The integral over time t0 is solved as:

fG(r, γ, t, r0, γ0) =

∫ t

−∞
dt0 fG(r, γ, t; r0, γ0, t0)θ(t0 − t1)θ(t2 − t0)

=
1

|b(γ)|(4πλ)3/2
exp

(
−(r− r0)2

4λ

)
exp

(
− τ
T

)

× θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ). (3.16)

The integral over r0 is solved as:

f(r, γ, t) =

∫∫∫ +∞

−∞
dr0

∫ γMax

1
dγ0

Q0 γ
−ρ
0

|b(γ)|(4πλ)3/2
exp

(
−(r− r0)2

4λ
− τ

T

)

× exp

(
−x

2
0

x2
s

− y2
0

y2
s

− z2
0

z2
s

)
θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ)

=

∫ γmax

1
dγ0

xsyszsQ0

|b(γ)|
γ−ρ0

(x2
s + 4λ)1/2(y2

s + 4λ)1/2(z2
s + 4λ)1/2

exp
(
− τ
T

)

× exp

(
− x2

x2
s + 4λ

− y2

y2
s + 4λ

− z2

z2
s + 4λ

)

× θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ).

(3.17)
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Now assuming spherical symmetry, i.e. xs = ys = zs ≡ rs, and letting r2 = x2 + y2 + z2, the

above integral is written as:

f(r, γ, t) =

∫ γMax

1
dγ0

r3
s Q0

|b(γ)|
γ−ρ0

(r2
s + 4λ)3/2

exp

(
− r2

r2
s + 4λ

− τ

T

)

× θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ). (3.18)

3.5.2 Numerical Solution

The integral in Eq.(3.18) is of the form:∫ γMax

1
dγ0 f(r, γ, γ0, t)θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ). (3.19)

It is necessary to find the support1 of the integrand in order to facilitate efficient numerical

integration. A large part of this determination is finding the support of the three Heaviside

Theta functions above. We now proceed to find the values of γ0 for which each of these

functions is nonzero.

Theta function θ(τ)

θ(τ) is nonzero whenever τ > 0 (see Eq.(3.4)), in which case θ(τ) is 1. It is important at

this point to understand that as we are modelling energy losses, b(γ) is always negative (See

Eq.(3.11)). Thus τ is a strictly monotone increasing function of γ0 (assuming γ to be fixed,

see Fig.3.2).2

It is clear from Fig.3.2, that τ = 0 when γ0 = γ and τ > 0 whenever γ0 > γ.

Therefore:

θ(τ(γ0)) =

{
0 if γ0 ≤ γ
1 if γ0 > γ.

1The support of a function is the subset of its domain on which it is nonzero. supportf := {x ∈ domf :
f(x) 6= 0}

2 dτ
dγ0

= − 1
b(γ0)

> 0 by fundamental theorem of calculus.
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Figure 3.2: τ a strictly monotone increasing function of γ0 at a fixed value of γ = 1000.

Hence, θ(τ) = θ(γ0 − γ) and,∫ γMax

1
dγ0 f(r, γ.γ0, t)θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ)

=

∫ γMax

γ
dγ0 f(r, γ.γ0, t)θ(t− t1 − τ)θ(−t+ t2 + τ). (3.20)

Theta function: θ(t− t1 − τ)

We have already demonstrated that τ is a strictly monotone increasing function of γ0 and

therefore also an invertible function. Since it is invertible we can solve for γ0 such that,

τ(γ
(1)
0 ) = t− t1. (3.21)

Then it is clear that

τ < t− t1 ⇐⇒ γ0 < γ
(1)
0

and so:

θ(t− t1 − τ) = θ(γ
(1)
0 − γ0) =

{
0 if γ0 ≥ γ(1)

0

1 if γ0 < γ
(1)
0 .

Theta function: θ(τ − t+ t2)

Here, let γ
(2)
0 be the solution of

τ(γ
(2)
0 ) = t− t2 (3.22)
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then clearly,

τ > t− t2 ⇐⇒ γ0 > γ
(2)
0 ,

and so:

θ(τ − t+ t2) = θ(γ0 − γ(2)
0 ) =

{
0 if γ0 ≤ γ(2)

0

1 if γ0 > γ
(2)
0 .

Resulting Theta functions

Putting this all together, the remaining theta functions are:

θ(γ
(1)
0 − γ0)θ(γ0 − γ(2)

0 ) =

{
1 if γ

(2)
0 < γ0 < γ

(1)
0

0 otherwise.

The support of the three theta functions is thus:

[γ, γmax] ∩ [γ
(2)
0 , γ

(1)
0 ] = [max(γ, γ

(2)
0 ),min(γmax, γ

(1)
0 )].

Hence the integral in Eq.(3.18) can now be written as:

f(r, γ, t) =

∫ min(γmax,γ
(1)
0 )

max(γ,γ
(2)
0 )

dγ0
r3
s Q0

|b(γ)|
γ−ρ0

(r2
s + 4λ)3/2

exp

(
− r2

r2
s + 4λ

− τ

T

)
. (3.23)

Note that the time dependence in the integral Eq.(3.23) only comes from the integration

limits, i.e. the integrand is independent of time. This means that the function will not

change with time whenever the integral is performed over the entire interval from γ to γmax.

That is to say that whenever γ
(1)
0 > γmax and γ

(2)
0 < γ the function is in a steady condition

(see Eq.(3.15)). Refer to the Fig. 3.2 and Fig. 3.3, notice that these conditions on γ
(1)
0 and γ

(2)
0

are equivalent to conditions on time. Now consider what happens to the function f(r, γ, t) if

the integration is not performed over the entire interval.

We evaluate τ at two extreme values of γ0: τ(γ, γ) = 0 and τ(γmax, γ) = τmax as indicated

in Fig. 3.2 and Fig.3.3. Fixing time t1, when the source starts to emit particles, and time

t2, at which the source is no longer emitting particles, we study the variation of the interval

of integration with time. As we vary t, the window [t− t2, t− t1] moves along the y-axis of

a graph of τ(γ0, γ) vs γ0 (Fig. 3.2) from which we can determine the limits of integration.

Indeed, the interval of integration will simply be the inverse image in τ of the overlap of the

window [t− t2, t− t1] with the interval [0, τmax].
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Consider the following cases at two fixed points on the curve:

• If t− t1 = 0 then t = t1 and f(r, γ, t) = 0 as the source is not yet active.

• If t− t1 = τmax then t = t1 + τmax and f(r, γ, t) will have enough time to get to steady

state within the bracket.

• If t− t2 = 0 then t = t2 and f(r, γ, t) starts to decrease as the source is no longer active.

• If t − t2 = τmax then t = t2 + τmax and f(r, γ, t) = 0 as the decreasing of the function

has come to an end.

We should also note that if the window size t2 − t1 < τmax, the two conditions γ
(1)
0 > γmax

and γ
(2)
0 < γmax cannot be satisfied together. The function f(r, γ, t) will not become steady

on the given integration limit and will therefore continuously change with time. This implies

τmax is the required time difference between t1 and t2 for the density distribution to reach

equilibrium. Note that when equilibrium is attained, this equilibrium is temporary, lasting

for time t2 − t1 − τmax (until the source stops injecting at time t2).
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Figure 3.3: τ a strictly monotone increasing function of γ0 at a fixed value of γ = 100.

Calculating γ
(1)
0 and γ

(2)
0

We now turn our attention to the numerical calculation of γ
(1)
0 and γ

(2)
0 in Eq.(3.23).

To obtain γ
(1)
0 we need to solve Eq.(3.21) and we let

f1(γ0) = τ(γ0)− t+ t1.
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If t− t1 < 0: we know that γ
(1)
0 < γ and the solution at that point is zero since it is before

the injection begins.

If t− t1 > τmax: we know that γ
(1)
0 > γmax and hence the value of γ

(1)
0 is irrelevant, as

the density of electrons has already reached the equilibrium point.

Otherwise,

0 < t− t1 < τmax.

Therefore f1(γ0 = 1) < 0, f1(γ0 = γmax) > 0 and thus we have established an initial bracket

on the solution of f1(γ0). A numerical bracketing method for zero finding such as the Method

of False Position3 works very nicely to find the zero from here.

Similarly when finding γ
(2)
0 we need to solve Eq.(3.22) and we let

f2(γ0) = τ(γ0)− t+ t2.

Once more we only calculate the solution if 0 < t − t2 < τmax, otherwise it is irrelevant to

calculate the values of γ
(2)
0 as it is either before injection has begun or after equilibrium is

reached. Thus we have f2(γ0 = 1) < 0 and f2(γ0 = γmax) > 0 and hence we have once more

established an initial bracket. With the integral only being evaluated over this (often much

smaller) region on which the theta functions are nonzero, numerical integration methods are

faster and more accurate.

3.6 Numerical Results

Having simplified the expressions for the integral in Eq.(3.15) and Eq.(3.23), for steady injec-

tion and time dependent injection respectively, numerical integration can now be performed.

A Gauss-Kronrod integrator was implemented to accomplish this. Gauss-Kronrod is an ex-

tended version of the Gaussian Quadrature approach to integration. Gaussian Quadrature

uses optimal sampling points (found by polynomial interpolation) and weights to approximate

the integral by a weighted sum of integrand values taken at these points. Unfortunately, it

is not possible to re-use points from low-order Gaussian Quadrature rules in higher order

Gaussian Quadrature rules (in an analogous way to how one does with the Trapezoidal rule,

for instance). The fix is to use the Kronrod extension, which adds new sampling points in

3The Method of False Position finds the zero of the straight line joining the two end-points of the bracket
on every step : c = af(b)−bf(a)

f(b)−f(a)
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between the Gaussian points and forms a higher order rule that re-uses the Gaussian Quadra-

ture integrand evaluation. The numerical values presented in the Table3.1 were used to obtain

the steady state solution as well as the time dependent solution.

Table 3.1: Table of quantities used to obtain the numerical solution.

Symbol d0 βµ nth rs Q0 ρ T γMax

Value 1028cm2s−1 1µG 10−3cm−3 1Mpc 10−3cm−3s−1 2.4 1020s 107

3.6.1 Solution for steady Injection

Using the values in Table 3.1, the following results were obtained. Fig.3.4 represents the

number density of relativistic electrons, for a steady source, as a function of r with various γ

values. Note that with an increase in γ the number density drops. This is also seen in Fig.3.5

where number density is plotted as function of γ with varying values of r.

Figure 3.4: Number density of relativistic electrons as a function of radius with varying
γ obtained using the numerical values in Table 3.1. As expected, the number density of
relativistic electrons drops with an increase in γ.

The electron density as a function of radius at varying values of T is presented in Fig.3.6.

For T > 1017s the electron density changes only very slightly with change in T . We notice

that for electrons the term f
T is negligible for T > TU , where TU = (4.354 ± 0.012) × 1017s

is the age of the universe. Furthermore, the change in electron number density with various

diffusion coefficients is presented in Fig.3.7. Note with a large value of d0, the number density

disperses quickly and the central density is smaller.
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Figure 3.5: Number density of relativistic electrons as a function of γ with varying r, using
the numerical values in Table 3.1.

Figure 3.6: Number density of relativistic electrons as a function of radius with varying T
obtained using the numerical values in Table 3.1. For T > 1017s there is a small difference in
the electron density and it appears to be the same for T = 1019s and for T = 1020s.

3.6.2 Time-dependent Solution

Here we discuss the time-dependent solution for the diffusion of relativistic electrons. Just as

before the final integration in Eq.(3.23) is solved numerically using the Gauss-Kronrod rule

of integration. The numerical constants used to obtain these solutions are listed in Table

3.1. A time dependent source, which starts to inject electrons at time t1 and stops injecting

electrons at time t2, is used. The values t1 = 1015s and t2 = 1017s are used. Behaviour of the

relativistic electron density as a function of time for different values of γ and for a fixed value
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Figure 3.7: Density as a function of radius, with γ = 1000, and varying diffusion coefficient
d0. It is clear from the plot that for a large value of the diffusion coefficient the electron
density disperses very quickly within a small radius.

of the radius r = 0.17 Mpc is presented in Fig.3.8. As t → t2 the solution becomes steady.

Also, at higher energy the solution reaches steady state earlier. However, note that at γ = 100

and γ = 10, i.e. lower values of γ, the solution continues to increase while the electrons are

injected and after that time starts to decrease without ever reaching equilibrium. This is

in agreement with results obtained above, where for small window sizes t2 − t1 < τmax, the

solution will not reach steady state. Hence, the minimum value of γeq, for which equilibrium

is possible can be calculated for given values of t1 and t2 by τ(γeq, γmax) = t2 − t1. And so

for γ < γeq, the solution will continuously increase as t→ t2 and once t > t2 it will decrease

rapidly and eventually becomes zero (see Fig.3.9).

Furthermore, the effect of increasing and decreasing Q0 is presented in Fig.3.10 for γ =

1000 and r = 0.17 Mpc. The dashed line in the figure represents t = t2. This plot physically

makes sense as Q0 represents the injection rate and therefore increasing/decreasing its value

will result in a corresponding increase/decrease in the solution, i.e. the solution is linear in

Q0. This is immediate from the Green’s Function solution because Q0 can be taken out of

the integral.

In Fig.3.11 we study the change in value of T , which is defined by Syrovat-skii as the

average lifetime of particles(1959). We see how varying T at γ = 10, 1000 and 10000 changes

the solution. Varying T changes the solution very slightly for values that are close to the age

of the Universe but for smaller values there is a significant drop in the numerical solution.

Next we study the effect of changing the value of the diffusion coefficient d0 for the
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Figure 3.8: Electron density as a function of t for r = 0.17 Mpc and various values of γ. The
dashed line is at t2 = 3.17 Gyr. At higher energy the density of relativistic electrons reaches
steady state in a relatively short time.
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Figure 3.9: Electron density as a function of t for r = 0.17 Mpc and various values of γ for
γ < γeq, in this case γeq = 589.936. The dashed line is at t2 = 3.17 Gyr. It is clear that for
the above values of γ the solution does not reach stability.

time dependent solution. To understand the effects of diffusion over time on the density of

relativistic electrons, we plot the solution for various d0 and γ values in Fig.3.12. In this case

we note that the diffusion coefficient for d0 < 1028cm2s−1 is negligible. However, for large

values of d0 >> 1028cm2s−1, the diffusion coefficient cannot be neglected.
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Figure 3.10: Density as function of time with varying values of Q0 and γ = 1000. Note that
the increasing Q0 increases the values of number density and does not change the shape of
the curve.

γ = 10 γ = 100

γ = 1000 γ = 10000

Figure 3.11: Electron density as a function of time for r = 0.17 Mpc and varying T , the
average lifetime of particles, at various γ values.

3.7 Comparison with previous results

We now compare the solutions we have obtained using the model to existing solutions in the

literature. The steady state solution of the model is compared to the steady state solution
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γ = 10 γ = 100

γ = 1000 γ = 10000

Figure 3.12: Density as a function of time for r = 0.17Mpc and γ = {10, 100, 1000, 10000} for
three different values of d0. It is clear that for d0 >> 1028cm2s−1, the diffusion term cannot
be neglected.

presented in Colafrancesco et al. (2006) as well as to the equilibrium solution calculated

without the effects of diffusion. For each method a brief description is provided, the solution

is obtained, and then results from are compared.

3.7.1 Solution from Colafrancesco et al. (2006)

The transport of relativistic particles from a source is described, in Colafrancesco et. al (2006),

by the following equation taking the diffusion and energy losses of particles into account. Here,
dne
dγ is the same as f in Eq.(3.1):

∂

∂t

dne
dγ
−D(γ)∆

dne
dγ
− ∂

∂γ

[
b̃(γ)

dne
dγ

]
= Q(r, γ, t). (3.24)

Note that in this case there is a difference in the definition of the loss term, because b̃(γ) =
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−dγ
dt . These authors derived the Green’s function by change of variables as follows:

b̃(γ)
dne
dγ

= −dne
du

(3.25)

which yields

u =

∫ γmax

γ

dγ′

b̃(γ′)
. (3.26)

Transforming the equation (3.24) in terms of u:[
− ∂

∂t
+D(γ)∆− ∂

∂u

]
dne
du

= b̃(γ)Q(r, γ, t), (3.27)

The Green’s function is then determined by taking the four-dimensional Fourier transform of

(3.27), in (t→ ω, r→ k) and thereafter transforming back to (t, r):

Gfree = − 1

(4π(v − v′))3/2
exp

[
− |r− r′|2

4(v − v′)

]
δ((t− t′)− (u− u′)) (3.28)

where v =
∫ u
umin

dũD(ũ) and the suffix free denotes that there are no boundary conditions.

To obtain the solution of the equation (3.24), the authors further used the method of image

charges, first described for this particular problem by Baltz and Edsjö (1999) and Baltz and

Wai (2004), to implement boundary conditions. The approximation of spherical symmetry

with Green’s function vanishing at radius rh was considered by introducing a set of image

charges (rn, θn, φn) = ((−1)nr + 2nrh, θ, φ). Furthermore, Colafrancesco et al. (2006) chose

their reference frame along the z polar axis (cos θ = 1) such that |x − x′|= (r′2 + r2
n −

2r′rn cos θ′). Assuming that the source function is independent of θ′ and φ′, integrals over

these variables are performed explicitly and the analytical solution is given by:

dne
dγ

=
1

b̃(γ)

∫ γmax

γ′=γ
dγ′

1

(4π(v − v′))1/2

∞∑
n=−∞

(−1)n∫ rh

r′=0
dr′

r′

rn
t

[
exp

(
−(r′ − rn)2

4(v − v′)

)
− exp

(
−(r′ + rn)2

4(v − v′)

)]
Qe(r

′, γ′, t′). (3.29)

The steady state solution of Eq.(3.24) derived from the Green’s function is:

dne
dγ

=
1

b̃(γ)

∫ γmax

γ′=γ
dγ′Ĝ(r, v − v′)Qe(r′, γ′), (3.30)
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where

Ĝ(r, v − v′) =
1

(4π(v − v′))1/2

∞∑
n=−∞

(−1)n×

∫ rh

r′=0
dr′

r′

rn

[
exp

(
−(r′ − rn)2

4(v − v′)

)
− exp

(
−(r′ + rn)2

4(v − v′)

)]
. (3.31)

3.7.2 Equilibrium Solution Without the Effects of Diffusion

The equilibrium solution is obtained by letting ∂f
∂t = 0 and neglecting the diffusion term in

Eq.(3.24). The expression for equilibrium number density becomes (e.g. Sarazin 1999):

feq(r, γ) =
1

|b(γ)|

∫ γMax

γ
Q(r, γ′)dγ′. (3.32)

The differences between the equilibrium solution and the steady state solution derived

from the Green’s function are the spatial diffusion factor in the integrand as seen above, i.e.

the factor fG(r, γ; r0, γ0) in Eq.(3.13) and the factor Ĝ(r, v − v′) in Eq.(3.31) as well as the

presence of the quantity T .

3.7.3 Differences in Equations and Definitions

Comparing the diffusion equation Eq.(3.1) and Eq.(3.24), we observe that the signs of the

loss term functions are different, i.e. the third term is positive in the equation (3.1) but

negative in equation (3.24). This dissimilarity is due to their different definitions of the loss

function b(γ): b(γ) = dγ
dt in Syrovatskii (1959) and b̃(γ) = −dγ

dt in Colafrancesco et al. (2006).

However, this difference is accounted for by the latter author by using a positive function of

b(γ).

There is also the extra term, f
T , in equation (3.1), which is negligible for large values

of T (see Fig.3.13). The numerically obtained steady state solution for large values of T

is similar to the equilibrium solution of equation (3.32). The other key difference is that

Colafrancesco et al. (2006) implemented the method of image charges to the boundary free

Green’s function as shown above. This results in the change of boundary conditions over the

spatial distribution. The role of the spatial distribution is described in detail below.
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Figure 3.13: Density as a function of radius with constants, γ = 1000, diffusion coefficient
d0 = 1028cm2s−1, β = 1µG, and ρ = 2.4. The two numerical solutions for different values of
T are compared with the equilibrium solution feq. For t = 1020s, the solution is the same as
the equilibrium solution.

3.7.4 Comparison of Solutions

In this section, the solution of Eq.(3.13) is compared to the numerical solutions of Eq.(3.31)

and Eq.(3.32). It is clear from Fig.3.14 that the solutions in both cases are similar. Firstly,

the plots of number density as a function of radius are obtained for both the Eq.(3.13) and

Eq.(3.31) with the constants tabulated in Table 3.1 and rh = 10 Mpc. It is evident from these

solutions that the spatial distribution boundary conditions are insignificant for the steady

state solution if rh >> rs; however for rh ≤ rs boundary conditions cannot be neglected.

In Fig.3.15, a slight variation in the solution at smaller radius (at the centre of an object)

is observed, which agrees with the results of Colafrancesco et al. (2006). Furthermore, the

density distributions of relativistic electrons from different solutions are compared at different

energies in Fig.3.16, and it is clear that the results are in good agreement.

The equilibrium solution is independent of the diffusion coefficient but the stationary

solutions of Eq.(3.1) and Eq.(3.24) obtained from their respective Green’s functions, are

dependent on the diffusion coefficient. For a typical value of the diffusion coefficient d0 =

1028cm2s−1 the steady state solution is similar to the equilibrium solution as seen in Fig.3.14.

With a large value of the diffusion coefficient, for e.g d0 = 1032cm2s−1, the solutions are

different as the electron number density disperses faster (see Fig.3.7) and hence large d0 can’t

be disregarded when calculating the equilibrium solution from the diffusion equation.
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Figure 3.14: In this figure the solid line represents the equilibrium solution of Eq.(3.32), dne
dγ

- the solution of Eq.(3.31) and f - the solution of Eq.(3.13). The numerically solved solutions
are in agreement with the analytical solution of the Eq.(3.32).

Figure 3.15: This figure is the zoomed in version of Fig.3.14 to see the change in electron num-
ber density at smaller radius. Here, number density slightly varies for each of the numerical
solutions at the centre of the object. This result is in agreement with that of Colafrancesco
et al. (2006)

3.8 Conclusion

In this chapter we presented a way to obtain the solution of the diffusion equation for relativis-

tic electrons under very general conditions. We found that the solutions from the literature

are particular cases of our general solution and they coincide with our solution when the same

assumptions are made. Since the solutions we obtained are very general, they can be applied
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Figure 3.16: Electron number density as function of r with varying γ. The results are similar
for both methods.

to different problems with different conditions. Therefore they allow us to study different

systems with varying conditions related to the origin and evolution of relativistic electrons.

In subsequent chapters, we make use of this general solution to study the spectral, spatial

and temporal properties of radio halos both in the case of a single galaxy and in the case of

galaxy clusters.



Chapter 4

Galaxy Radio Halo: Case of M51

“It doesn’t matter how beautiful your

theory is, it doesn’t matter how smart

you are. If it doesn’t agree with

experiment, it’s wrong.”

-Richard P. Feynman

4.1 Introduction

Since our proposed model claims that cluster radio halos are the sum of galactic radio halos,

we must first discuss the formation and evolution of typical radio halos in galaxies in order

to understand cluster radio halos.

We use the general solution of the diffusion equation derived in previous chapter to study

the spatial and spectral properties of galactic radio halos. We have chosen as a benchmark

the radio galaxy M51, a nearby object that is well studied.

We begin by describing some observed properties of the galaxy M51 and explaining why

we chose this galaxy to test our model in section 4.2. Thereafter, in section 4.3 we describe

the observational data we are using to test our model, and apply our model to reproduce

the spectral and spatial properties in this data by varying the parameters and comparing our

solutions to the observed data. We then calculate the evolution of these properties in the

rest frame of M51 (section 4.4) and at different redshifts in section 4.5 and finally present our

conclusions in section 4.6.

4.2 Observations of M51

The galaxy M51 is a spiral galaxy which is classified as “grand design” because the spiral arms

are well defined, long, symmetrical and dominate the appearance of the galaxy (see, Elmegreen

72
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and Elmegreen (1982; 1987)). Because it is one of the nearest galaxies and because it is

oriented nearly face-on (see Fig.4.1), it is an ideal candidate for the study of star populations

and morphology at several spectral bands, e.g. optical , infrared, UV, radio and X-rays.

Figure 4.1: An optical image of the galaxy M51 taken with the 0.9-meter tele-
scope located at Kitt Peak National Observatory. Image credit:T.A.Rector and Monica
Ramirez/NOAO/AURA/NSF

The galaxy M51 is interacting with the dwarf galaxy NGC 5195 (Vorontsov-Velyaminov,

1959). This interaction, however, does not have a strong effect on the star formation rate

(SFR) as the measured SFR is moderate, 3.4M�yr−1(Calzetti et al., 2005). The SFR in the

external disk has been measured to be smaller than the SFR in the internal part of the galaxy

by an order of magnitude (Thornley et al., 2006). It has also been observed that the neutral

gas emission follows the spiral arms closely (Rots et al., 1990). Some observations in optical

and radio (see e.g., Ford et al. (1985)) show the presence of a bipolar jet which is produced

by a low-luminosity Seyfert 2 nucleus.

An extended radio emission (see Fig.4.2) is observed in this galaxy at various frequencies

(see Mulcahy et al. (2014) and references therein). From these observations we have detailed

information about the integrated spectrum of the radio halo and about its spatial properties.

The radio emission is polarised (Mathewson et al., 1972) and appears to originate from both

the disk and the spiral arms; the pattern of magnetic field lines seem to follow the pattern of

the spiral arms observed in optical images (e.g. Fletcher et al. (2011)).
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Figure 4.2: M51 at a central frequency of 151 MHz overlayed onto an optical DSS image from
Mulcahy et al. (2014).

Recently Mulcahy et al. (2014) observed the radio halo of M51 using LOFAR at 151

MHz. Together with the previously measured flux they found that the integrated spectrum

of the total radio emission is well described by a power law with a constant spectral index

α = 0.79 ± 0.02 in the frequency range 0.15 − 22.8 GHz, without any clear indications of

steepening/flattening in the spectrum. They also measured spectral index as a function of

position in the galaxy and found a decrease in spectral index with increasing radius. Further-

more, they found a steepening of the spectral index in the inter-arm regions compared to the

value measured in the arms.

In their study the radio halo emission was detected out to a radius of 16 kpc with confidence

level 3σ. This result was compared to the extension of the halo observed at 1.487 GHz by

Fletcher et al. (2011) using VLA. This comparison shows that the extended radio emission

is detected out to a smaller radius, approximately 11 kpc, at high frequency. A break in the

radial surface brightness slope was observed at both frequencies 151 MHz and 1.487 GHz at

radius of about 10 kpc (see Fig. 4.3).

These authors further calculate magnetic field as function of radius using the simple

equipartition assumption between cosmic rays and magnetic field. The results of this calcu-

lations show that the magnetic field in the central region decreases rapidly from ∼ 30µG to
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∼ 15µG between 0 and 2 kpc. In the intermediate region (2−5 kpc) the mean value is almost

constant around 15µG while in the external region with r > 5 kpc the magnetic field shows

a slow and constant decrease to the value of 10 µG at radius 12 kpc.

By comparing the observations in the spiral arm and the inter-arm region, these authors

conclude that the effects of spatial diffusion of electrons in this galaxy are very important,

with the estimated value of the diffusion coefficient D ' 3.3× 1027 cm2 s−1. For this reason

it is important to consider the full version of the diffusion equation to model the extended

radio emission from this galaxy.

4.3 Modelling the Radio Emission of M51

Here we model the radio emission of M51 by using the general solution of the diffusion equation

described in section 3.6. In our method we make some assumptions regarding the properties

of the source term and then numerically solve the diffusion equation. Using the result of this

computation we calculate the synchrotron radio emission (see Appendix A) and compare the

results with the observed emission from M51. For this comparison we use the data on the

spectrum (see Table 4.1) and the surface brightness at different frequencies of 151 MHz and

1.487 GHz (see Fig.4.3). Using these data we find the best fit parameters and the source

terms in our model.

Table 4.1: Table of integrated flux density at various values of frequency (ν), as presented in
Mulcahy et al. (2014) from various papers in the literature.

ν(GHz) Flux Density (Jy) Reference

22.8 0.147±0.016 Klein et al.(1984)
14.7 0.197±0.021 Klein et al.(1984)
10.7 0.241±0.041 Klein and Emerson(1981)
8.46 0.308±0.103 Dumas et al.(2011)
4.86 0.604±0.201 Fletcher et al.(2011)
2.604 0.771±0.049 Klein et al.(1984)
1.49 1.36±0.09 Fletcher et al.(2011)
0.61 2.63±0.06 Segalovitz(1977)
0.408 3.5±0.1 Gioia and Gregorini(1980)
0.15 6.9±0.69 Hales et al.(1988)
0.15 6.48±0.65 Waldram et al.(1996)
0.15 8.1±0.6 Mulcahy et al.(2014)

0.0575 11±1.5 Israel and Mahoney(1990)
0.0263 31±8 Viner and Erickson(1975)
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Figure 4.3: The radial profile of M51 at 151 MHz and 1.4GHz extracted from Mulcahy et
al. (2014). These authors derive the radial profile by averaging the surface brightness in
concentric rings at corresponding frequencies.

4.3.1 Basic Model: Single Gaussian Source

The model described in sections 3.2 – 3.6 is used to fit the observed data presented above.

In this model it is necessary to assume some properties of the source term Q(r, γ, t) and

the properties of the environment of the galaxy (i.e. magnetic field βµ, thermal gas nth,

diffusion d0 and lifetime of particles T ). For some of these parameters we chose reference

values: d0 = 1028cm2s−1, which is of the order of magnitude of the values usually assumed

in literature (e.g. (Syrovat-skii, 1959)) and it is in between the values estimated by Mulcahy

et al.(2014) (3.3× 1027 cm2 s−1) and Moskalenko and Strong (1998)((2− 4)× 1028 cm2 s−1);

T = 1020 s – we assume a high value of the average lifetime of electrons because we assume

that the effects of T are not important compared to the radiative losses of electrons, this

is verified mathematically in section 3.6; nth = 10−3 cm−3, a reference value that is typical

in a cluster of galaxies. We believe that this value of nth is acceptable in the calculation of

synchrotron emission since the effects of thermal density appear in the Bremsstrahlung and

Coulomb losses, which affect the lower part of the electron spectrum, and electrons with lower

energy are not important for synchrotron emission in the frequency range. Furthermore, in

the expression of the plasma frequency the effects of nth are small.

Other parameters were fixed on the basis of observations: the source spectral index ρ =

1.58 was derived from the spectrum of the radio flux α using the well known relation 2α =

P − 1, where P is the equilibrium spectral index of electrons which in our case is related to

the spectral index ρ of the source by P = ρ+1 as a result of diffusion equation. The magnetic
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field βµ = 15µG was chosen as a constant value in order to simplify the calculations. We

expect that this assumption is not overly harsh for three reasons: firstly, the chosen value

coincides with the average value of the magnetic field over the spatial region where the latter

is quite flat; secondly, the central region where the magnetic field has a strong peak is quite

small; and finally the decrease in magnetic field at high radius is slow.

In the model we assume that the source M51 emits particles from time t1 = 1015s to

time t2 = 1017s. These values were chosen arbitrarily. The flux and radial profile of M51

are calculated at time t = 1017s, corresponding to the value of t2 at which the injection of

electrons has ended. This value of t does not correspond to the age of the galaxy, but this is

not important because only the time differences t−t1 and t−t2 are important in our proposed

model. To obtain real values of time with respect to the age of the universe it is sufficient to

rescale these numbers to the appropriate time derived from the cosmological model. We will

do this in the next section when we consider the evolution with redshift of the spectrum and

surface brightness of the galaxy.

The luminosity distance of M51, DL = 7.6 Mpc, was obtained from Ciadullo et al. (2002).

Table 4.2: Parameters based on reference values and on observations used to obtain solutions
of the model.

Symbol d0 T nth ρ t1 t2 t DL

Value 1028cm2s−1 1020s 10−3 cm−3 1.58 1015s 1017s 1017s 7.6 Mpc

The free parameters in the model are Q0, the normalisation parameter; rs, the width of

the Gaussian source; and Rmax, the distance to which the Gaussian can extend. In order to

determine if the single Gaussian source Qr(r0) defined in section 3.3 could fit the observed

data, we used the model to calculate surface brightness and flux tables for various values of

Q0, rs and Rmax:

Qr(r0) = Q0 exp

(
−r0

rs

)2

for r0 ≤ Rmax.

Due to computing time and resource constraints, we evaluated the model over a finite

mesh in radii with step size 0.5 kpc of rs and 1 kpc for Rmax values. Our reference data are

of the form:

{(ri, Si)|i = 1, 2, 3, ...},
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where ri is the radius and Si is the corresponding surface brightness at given frequencies of

151 MHz and 1.487 GHz, as seen in the Fig. 4.3. The objective function for evaluating our

model is the least squares error from the observed value, i.e.

g(rs, Q0, Rmax) = Σi(S(ri; rs, Q0, Rmax)− Si)2,

where S(ri; rs, Q0, Rmax) is the surface brightness evaluated at ri at a fixed frequency de-

scribed in Appendix A with rs, Q0 and Rmax. Note that there are no error bars in the

reference data and therefore we cannot make use of sophisticated statistical model fitting

in this case. It is sensible, therefore, to assume that the errors are independent and identi-

cally normally distributed, and therefore the maximum likelihood model will be the one that

minimises the sum of squares error, g. We picked rs, Q0, and Rmax so as to minimise this

error by performing a grid search over rs and Rmax values and then a subsequent numerical

minimisation of the objective function g as a function of Q0 for each fixed rs and Rmax value.

The basic model was fitted with rs = 0.008 Mpc, Q0 = 4×10−24 cm−3 s−1 and Rmax = 18

kpc. The flux predicted by this model fits the observed flux quite well (see Fig.4.4). However,

the predicted surface brightness does not fit the observed data for the surface brightness

satisfactorily, as indicated in Fig.4.5 because it is not able to fit the data at smaller radius

(≤ 3 kpc).

Figure 4.4: Flux density fitted to data presented in Table 4.1 with rs = 0.008 Mpc and
Q0 = 4× 10−24 cm−3 s−1 and Rmax = 18 kpc.

We conclude that a single Gaussian source distribution cannot fully explain the observa-

tions of the M51 brightness distribution. While the fit does not match the data for small
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Figure 4.5: Radial Profile fits at 151 MHz and 1.487 GHz with the same parameters as Fig.4.4.
The red points are for ν = 151 MHz and the blue points are for ν = 1.487 GHz.

values of r, it does however seem to fit reasonably well for r > 7 kpc at ν = 151 MHz.

However, at higher frequency, i.e. 1.487 GHz, these parameters do not produce a good fit

and seem to over-estimate, indicating a smaller value of rs. In order to fix this problem we

tried changing values of βµ, d0 and also the form of magnetic field fluctuation spectrum using

the Böhm diffusion (e.g. Berezinsky et al. (1997)). However this did not produce better re-

sults. We were able to resolve this problem by means of introducing a double Gaussian source

with the tail resembling a single Gaussian at large values of r but with marked differences at

smaller values of r.

4.3.2 Improved Model: double Gaussian Source

As indicated in the previous section, a single Gaussian source is insufficient to explain the

observational data of M51. In this section we fit the model to the data using a double Gaussian

source. A double Gaussian is a superposition of two Gaussian functions of different width

and height but centred at the same point. Mathematically, a double Gaussian source has the

form:

Qr(r0) = Q0

[
Q1 exp

(
− r0

rs1

)2

+Q2 exp

(
− r0

rs2

)2
]

for r0 ≤ Rmax. (4.1)

Using the above Qr(r0), the analytical solution of the diffusion equation is:
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f(r, γ, t) =

∫ γMax

1
dγ0

Q0 γ
−ρ
0

|b(γ)|

[
Q1 r

3
s1

(r2
s1 + 4λ)3/2

exp

(
− r2

r2
s1 + 4λ

)

+
Q2 r

3
s2

(r2
s2 + 4λ)3/2

exp

(
− r2

r2
s2 + 4λ

)]

× exp
(
− τ
T

)
θ(τ)θ(t− t1 − τ)θ(−t+ t2 + τ). (4.2)

Once more, different values of rs1 and rs2 for the two sources were chosen from a discrete

mesh with step size 0.5 kpc and Rmax was chosen from a mesh with step size 1 kpc. For

each value of rs1 , rs2 and Rmax, Q1 and Q2 were optimised numerically to minimise the least

squares error with observational data. The fitted model is Rmax = 18 kpc, rs1 = 0.00005 Mpc,

rs2 = 0.007 Mpc , Q0 = 1× 10−22 cm−3 s−1, Q1 = 1.2× 103, Q2 = 8.75× 10−4. This model

fits both the flux data and the observed surface brightness data satisfactorily, as shown in

figures 4.6 and 4.7. Notice that where a single Gaussian source could not explain the surface

brightness at small values of r, the double Gaussian source can do this. There are still some

problems at large values of r for 1.487 GHz, similar to what we saw in the single Gaussian

case.

Figure 4.6: Flux density as a function of frequency is obtained from a double Gaussian model,
with parameters Rmax = 18 kpc, rs1 = 0.00005 Mpc, rs2 = 0.007 Mpc, Q0 = 1× 10−22 cm−3

s−1, Q1 = 1.2× 103, Q2 = 8.75× 10−4.

The above results were obtained using the value of nth = 10−3 cm−3. If the bulk of the

observed emission is produced in the disk, it is possible that this value of density is small
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Figure 4.7: A double Gaussian was fitted with parameters in Fig.4.6. This model with a
double Gaussian source is able to explain the surface brightness at small values of r. The red
points are for ν = 151 MHz and the blue points are at ν = 1.487 GHz.

compared to typical values found in galaxies (e.g. Mulcahy et. al 2014). Therefore to estimate

the effect of higher value of thermal density we calculated the emission for nth = 10−1cm−3.

The results of surface brightness is presented in the Fig. 4.8. Note that the surface brightness

at lower frequency is slightly different compared to the Fig. 4.7, while the surface brightness at

higher frequency is similar to that presented in the Fig. 4.7. The change in surface brightness

at lower frequency may be due to the effects of Coloumb losses, which are stronger for higher

values of thermal density for low-energy electrons.

Figure 4.8: Like the Fig. 4.7 for the value of nth = 10−1cm−3.
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4.4 Evolution of Radio Emission in the Rest Frame

Having paramaterised the model for both the spectral and spatial properties for the galaxy

M51, we will now study the time evolution of these properties. As discussed in the previous

section the time parameters in our model were chosen arbitrarily. Therefore it is useful to

investigate these properties at different t values with the same values of t1 and t2 used in

previous section.

We used the paramaterised model that provides a good description of both the spectral

and spatial properties, i.e. the double Gaussian distribution in the source term with fitted

parameters described in the previous section (see Fig. 4.6), and other parameters based on

reference values and observations presented in Table. 4.2. We calculated the evolution of flux

spectrum and surface brightness at 151 MHz and 1.487 GHz for different values of t.

Results of the evolution of spectral properties for t = {1.5× 1015; 2× 1015; 5× 1015; 1×
1016; 1.0× 1017; 1.001× 1017; 1.01× 1017} s are presented in Fig. 4.9. Note that for t < t2 =

1017 s the solution reaches the equilibrium state quickly at higher frequencies. As t approaches

t2 we find that for increasing values of t, the equilibrium state is reached at decreasing values

of frequency. Analogous behaviour takes place for t > t2, where the solution leaves the

equilibrium state at decreasing values of frequency with increasing values of t.

We also calculated the surface brightness evolution for the same values of time at two

different frequencies, i.e. 151 MHz and 1.487 GHz. Note that at lower frequencies for t < t2 the

solution reaches the equilibrium state slowly compared to the solutions at higher frequencies.

For t > t2 the solution leaves the equilibrium state faster at higher frequencies compared to

the solutions at lower frequencies. Interestingly, in this case the smaller component of the

surface brightness distribution seems to disappear gradually with time. This effect may be

due to the diffusion process. Since electrons are mainly produced at the centre of the source,

when the source is no longer active the electrons from the centre are diffused to the extended

halo.

4.5 Evolution with Redshift of Spectrum and Surface Bright-

ness

In section 4.3 we studied the spectral and spatial properties of the galaxy M51 by fitting the

observed data using a double Gaussian source in our model. Here, we use these properties to

study the evolution of M51-like galaxies with redshift. To study these properties at different
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Figure 4.9: Evolution of the radio flux spectrum of M51 in its rest frame. Top figure: the
radio flux spectrum calculated for values of t < t2; Bottom figure: the radio flux spectrum
calculated for values of t > t2.

redshifts we scale the parameters according to the standard model (see section 1.2). The

parameters that are affected by redshifts are rs, d0, Rmax, nth, DL (see Table 4.3). The scaling

laws, with zi = 0.0017 being the reference redshift corresponding to M51 and z the redshift

where evolution is calculated, are:

• scaling the value of rs :

rs =
rsi

1 + z
(1 + zi)
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ν = 151 MHz and t < t2 ν = 151 MHz and t > t2

ν = 1.487 GHz and t < t2 ν = 1.487 GHz and t > t2

Figure 4.10: Evolution of radio surface brightness for the galaxy M51 in its rest frame at two
different frequencies and different times.

• scaling the value of d0 is dependent only on the minimum scale of the magnetic field

fluctuations l. Here d0(l) = d0 l
2/3, where l is scaled as :

l =
li

1 + zi
(1 + z)

• scaling the value of Rmax :

Rmax =
Rmax,i(1 + zi)

1 + z

• scaling values of nth :

nth = nth,i(1 + z)3

• scaling values of luminosity distance DL = (1 + z)DM , where DM is the transverse

comoving distance that is dependent on the cosmological model (Weinberg, 1972). The
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Table 4.3: Scaled parameters with change in redshift.

z rs1(Mpc) rs2 (Mpc) d0(l) (cm2 s−1) Rmax (kpc) nth (cm−3) DL (Mpc)

0.0001 0.00005 0.007 1.001× 1028 18.0288 10−3 0.4

0.0017 0.00005 0.007 1× 1028 18 10−3 7.6

0.1 0.0000455 0.00636 9.384× 1027 16.3915 1.33× 10−3 478.1

0.2 0.0000416 0.00583 8.856× 1027 15.0255 1.728× 10−3 1016.4

first approximation for small values of z is :

DL =
cz

H0
.

With the change in redshift, the observational frequencies are also shifted by the following

law:

νobs =
νemitted
1 + z

.

We assume that the rate of injection does not change with the change in redshift.

We calculated the spectral evolution of M51-like galaxies at redshift values z = 0.0001,

0.0017, 0.1, and 0.2. As discussed in the previous section the important quantities for the

evolution of the electron spectrum are the time differences between the time t, corresponding

to the age of the source, and the times t1 and t2. To maintain the validity of the results

obtained in the previous section, we scale the values of t1 and t2 by setting the value of t to

be equal to the age of the universe at the redshift of M51: z = 0.0017, fixing t2 = t, and

scaling t1 such that the difference between t1 and t2 remains the same as in the previous

section.

In Fig.4.11 we present our results for the evolution of the flux density spectrum at different

redshifts. Note that at higher redshift the scaling of the flux density spectrum is mainly

affected by larger distance while the shape of the spectrum remains the same. This is because

at redshifts of 0.1 and 0.2 the time difference between t and t1 is sufficient to reach equilibrium.

At these redshifts the flux density spectrum at around 1 GHz is of the order of 10−4 Jy, which

will be easily observed by instruments like SKA (Dewdney et al., 2012). At small redshift

the flux density spectrum is higher due to shorter distance. At this redshift we can see a

steepening of the radio spectrum at high frequencies. This is because at this redshift the

injection of electrons has ended (i.e the time at this redshift is greater than t2) and in the

higher energy part of the electron spectrum there is a large decrease due to energy losses (see

sections 3.5 – 3.6).
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Figure 4.11: Evolution of Flux Density at varying values of redshift.

We present in Fig.4.12 the evolution of surface brightness at two frequencies for three

redshifts. In this case the effects of distance are not present as the surface brightness is not

dependent on distance (see Appendix A). The residual difference between different redshifts

is due to the scaling of parameters related to the source, i.e. size of the source. As a result the

surface brightness at smaller redshift is extended further compared to the surface brightness

at higher redshift. Also, the normalisation of the surface brightness curve is larger at smaller

redshift due to the larger size of the source along the line of sight.

4.6 Discussion

In this chapter we applied our model to the radio halo of the galaxy M51 and found that

the flux spectrum can be reproduced with only two free parameters in the source term: rs

and Q0. Other parameters in the model were given reasonable values based on simplifying

assumptions and observations: d0, T , nth, βmu and ρ (see Fig. 4.4).

While the model with a single Gaussian source is able to fit the observed flux data, it fails

to fit the surface brightness data in the internal part of the curve. We found that by using

a double Gaussian source in our model we were able to fit the surface brightness data at all

radii reasonably well at both 151 MHz and 1.487 GHz. This is a promising result for a simple

model that assumes spherical symmetry of the source and a constant magnetic field inside
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Figure 4.12: Evolution of surface brightness at 151MHz on the left and at 1.487 GHz on the
right, measured at different redshift.

the source.

A possible physical mechanism leading to a double Gaussian source is the production of

electrons from two different sources having different injection rates and spatial distributions.

In section 4.2 we mentioned the presence of a Seyfert-like nucleus and starburst activities in

M51. It is possible that the Seyfert-like nucleus is the source of the smaller component and

the starburst activities are a source of the larger component, with the sum of these two effects

being well described by a double Gaussian distribution.
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Using the fitted double Gaussian model we studied the evolution of radio halo properties

in the rest frame of M51. We found that the solution of the flux spectrum reaches equilibrium

state (at a value of t < t2) and leaves the equilibrium state (when t > t2) quickly at higher

frequencies, which is in accordance with the behaviour of electron spectra presented in chapter

3. Similarly these effects can be seen in the plots of surface brightness. For t > t2 the effect

of the smaller component of the surface brightness distribution appears to disappear with

increasing time. We believe that this may be because of diffusion, as the electrons are diffused

away from the centre when the source is no longer emitting electrons.

We calculated the evolution of radio halo properties at different redshifts and found that

at redshifts 0.1 and 0.2 the time difference between the beginning of electron injection and

measurement time is sufficient to reach an equilibrium state and as a result the shape of the

spectrum remains the same. The only difference in the spectrum at high redshift is that it

has smaller values due to increasing distance. At lower redshift we found a steepening in the

spectrum at high frequencies due to the steepening of the electron spectrum caused by energy

losses after the end of injection. In the case of surface brightness we found that the effect of

distances is not important but the change in surface brightness is a result of scaling the halo

size with redshift. With instruments like SKA we will be able to observe M51-like galaxies

at redshifts 0.2 and more and from these observation derive the epoch when the injection of

electrons begins and ends.

We also note that, since M51 is a face-on spiral galaxy, a full study of its radio halo

would require an observation of the radial distribution of the radio emission in a direction

perpendicular to the disk in order to disentangle the contribution from the halo and the disk.

Since this is obviously not possible, it will be important to extend the study presented in

this chapter to other galaxies halos also in edge-on galaxies, like NGC 891 and NGC 4631

(Dahlem et al., 1995), NGC 4945 (Elmouttie et al., 1997), NGC 4666 (Dahlem et al., 1997)

and NGC 253 (Heesen et al., 2009). To consider these cases, it will be necessary to extend

our formalism to the case of a not-spherically symmetric source term. This is necessary to

account for the elongated shape of the radio emission usually found in these galaxies and

for different mechanism of injection of electrons in the halos, like the well-known super-wind

observed in the last case. Very interestingly, in most of these galaxies it appears that the

radial shape of the radio emission changes with the radius. Also the spectrum of the radio

emission presents different spectral indices in the overall halo and in the central part. This

suggests a possibility that a source term has at least two different components, as found for

the double Gaussian term in M51.

Now that we have demonstrated that our model is able to reproduce spectral, spatial and
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temporal properties for a single galaxy radio halo, we will apply this model to the population

of galaxies residing within a cluster to study its global radio halo as a combination of several

radio galaxy halos. In the next chapter we discuss how this model is applied to a cluster of

galaxies.



Chapter 5

Modelling Clusters of Galaxies

“All the mathematical sciences are

founded on relations between physical

laws and laws of numbers, so that the

aim of exact science is to reduce the

problems of nature to the determination

of quantities by operations with

numbers.”
-James C. Maxwell

5.1 Introduction

In this chapter we will explore our proposed theory that the radio halos observed in clusters

are the results of summing galaxy radio halos in the galaxies of these clusters. We will use

this theory to describe the overall morphology of radio halos in clusters. In chapter 3 we

described the diffusion model for relativistic electrons and in chapter 4 we applied this model

to the galaxy M51. We calculated the spatial, spectral and temporal distributions of radio

emission from M51 and found that our model is good at describing these properties. We now

turn our attention to applying this diffusion model to calculate the properties of a radio halo

in a galaxy cluster.

We begin in section 5.2 by describing the mathematical framework necessary to apply our

model to a cluster. In section 5.3 we consider several sources in a cluster with same time

window (the time period between the beginning and ending of injection). We calculate the

resulting surface brightness map of the cluster and study its evolution over time. We then

refine the model by changing the time window for each source independently and studying

the evolution of the cluster halo. By allowing the time windows for sources in the cluster

to be different from each other we are able to study the morphology of radio cluster halos

and their evolution. We apply this model to the cluster CL1446+26 to study its surface

brightness distribution in section 5.4 and we fit our model to the observed data. We study the

90
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morphology of cluster halos with an increasing number of sources in section 5.5 by calculating

surface brightness and spectral properties. Finally we conclude this chapter with a discussion

of our results and describe possible improvements to our model.

5.2 Diffusion Equation with Many Sources

In this section we describe the mathematical framework necessary for modelling the radio

emission from a cluster. In the previous chapter we presented a model that takes into account

a single source and were able to use that model to fit the observed data of M51. We proposed

in section 2.6 that the diffuse radio emission from a cluster of galaxies is the superimposed

emission of the sources present in a cluster. Hence we need to define a model that takes into

account many sources. In modifying our single-source model to account for multiple sources,

it is instructive to revisit the diffusion equation governing the density distribution of electrons

in presence of many sources:

∂f(r, γ, t)

∂t
−D(γ)∆f(r, γ, t) +

∂

∂γ
[b(γ)f(r, γ, t)] +

f(r, γ, t)

T
= ΣiaiQi(r, γ, t) . (5.1)

Since the diffusion equation presented above is a linear equation, the solution of the equation

is simply given by:

f(r, γ, t) = Σiaifi(r, γ, t) (5.2)

where fi(r, γ, t) is the solution of the diffusion equation for the source Qi(r, γ, t). The terms

Qi represent sources with similar properties located at different positions in a galaxy cluster.

Just as before the source terms are expressed in terms of the injection rate of particles as a

function of position, energy and time.

When studying the extended emission of radio halos in galaxy clusters we are interested

mainly in the extended part of each single halo. Therefore in the model with many sources

we will be using a single Gaussian distribution to describe the spatial distribution of each

source and not a double Gaussian as in the case of M51. This is because the single Gaussian

model was able to match the surface brightness accurately in the extended part.

Once the electron density solutions for all of the sources are obtained we use these so-

lutions to calculate the radio spectral and spatial properties of these sources by calculating
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synchrotron emission as described in Appendix A. Since the diffusion equation is linear, the

overall density is a sum of densities as presented above, and this sum can be interchanged

with the integral in the calculation of surface brightness, so that the total surface brightness

at a point is simply the sum of surface brightness contributions from each source at that

point. Therefore the solutions for spectra and surface brightness of sources can be summed

to obtain the solution for a cluster.

5.3 Studying the Morphology of Cluster Halos

The model described above for many sources is used to study the overall shape of the halo

produced by summing the surface brightness distributions of all the sources within the cluster.

We consider two cases: in the first case we assign the same properties to all of the sources

within the cluster and study the evolution of surface brightness distribution as a function of

time; and in the second case we assign the same spatial and spectral distributions to each

source within the cluster but we vary the time at which injection begins and ends for each

source (i.e. time window) and study the evolution of the surface brightness distribution of

the cluster as a whole over time.

5.3.1 Sources with Equal Time Windows

Here we present the first case for a cluster with all sources having the same properties. We

have applied this model to 9 sources with positions that are similar to those of radio sources

in cluster CL1446+26 (see section 5.4 for more specific analysis of this cluster). Here we

assume all the sources start to inject electrons at time t1 and stop injecting at time t2.

Surface brightness profiles of all these sources are calculated at various times t with the use

of parameters listed in Table 5.1.

We are using the same reference values used for the case of M51 for these parameters:

nth, d0, T and γmax. The value of the magnetic field was chosen to be βµ = 1µG because

this is a typical value of the magnetic field in the ICM (see section 2.3). The value of Q0 is a

reference value and it is the same order of magnitude found in the case of M51. The reference

value for the parameter ρ is in the range of values usually found for cosmic rays in galaxies

and clusters of galaxies (Schlickeiser, 2001). The luminosity distance DL refers to a typical

value of rich and nearby clusters, for e.g. Coma. Since we are mainly interested in the overall

radio morphology of a cluster we choose this value which entails a large angular size, in order

to obtain detailed properties of diffuse radio emission. For rs we choose a value of 0.3 Mpc
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Table 5.1: Parameters used to obtain radial distribution of sources.

Symbol βµ nth d0 Rmax γmax
Value 1µG 10−3 cm−3 1028 cm2s−1 5 Mpc 107

Symbol rs DL T Q0 ρ

Value 0.3 Mpc 100 Mpc 1020 s 10−23 cm−3 s−1 2.4

because we have found that generally it is of the order of the extended diffuse emission size

of sub-regions in radio halos (see Fig. 2.6). Note that this is a large value compared to the

value used for M51 but since we are considering a small number of sources we can assume in

this early version of the model that it refers to a concentration of galaxies and not a single

galaxy. The value of Rmax = 5 Mpc was chosen to allow electrons to diffuse on a large scale.

This value is also large in comparison with the typical size of radio halos, however this value

of Rmax is much bigger than the value of rs hence its specific value in this case is not very

important.

We studied the cluster surface brightness using the time window t1 = 1015s and t2 = 1016s

for all the sources. We obtained the results at t > t1, t = t2, and for t > t2. The surface

brightness maps are presented in the Fig. 5.1. It is clear from this figure that the overall

distribution shape of sources remains the same for all t values, however as t goes from t1 to

t2 there is a gradual increase in brightness and after the time t2 the surface brightness starts

to decrease as the source is no longer emitting electrons.

5.3.2 Sources with Different Time Windows

When all the sources are active for the same period, it is clear that the overall morphology

of the spatial distribution maintains the same shape during the evolution of the cluster.

Therefore in what follows, different time windows are chosen arbitrarily for each source,

keeping all the other parameters the same. The positions of the sources are presented in

Fig. 5.2 (first image) and the corresponding time windows are presented in the Table 5.2.

We calculated the total surface brightness of the cluster at different values of time. Contour

plots of surface brightness for these time values are presented to investigate the evolution of

morphology of the cluster (see Fig.5.2). The values of t are chosen as such to illustrate the

change in morphology of a cluster when some of the sources are active while others are not.

It is clear from the figure that the morphology of the surface brightness distribution

changes as time is varied. Notice that at certain times it exhibits features that are very
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Figure 5.1: The evolution of cluster surface brightness maps when all nine sources have the
same properties. It is clear that the overall radial distribution remains the same over time
and the surface brightness increases for t1 < t < t2 and starts dropping for t > t2.
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Figure 5.2: The evolution of the cluster surface brightness radio map at 1.4 GHz for various
values of time is presented from left to right for increasing values of t. These sources were
assigned t1 and t2 values as in Table 5.2 while keeping all the other parameters same among
different sources.
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Table 5.2: Assignments of time windows to the sources positioned as in the first image of
Fig. 5.2.

Position t1 t2
1 1× 1015s 1.1× 1016s

2 1.05× 1015s 1.02× 1016s

3 1× 1015s 9× 1015s

4 1.5× 1015s 2× 1016s

5 1× 1015s 3× 1015s

6 9× 1015s 1.1× 1016s

7 3× 1015s 1.5× 1016s

8 1.5× 1015s 2× 1016s

9 9× 1015s 1.1× 1016s

similar to observed clusters. In particular for our chosen values at t = 1× 1016 s the shape of

the distribution appears to be similar to the shape of the cluster CL1446+26 (see Fig. 5.3).

This similarity in shape is obtained using a simplified version of our model where the positions

of the sources were approximated by looking at the radio maps. In the next section we apply

our model to the cluster CL1446+26 by obtaining the positions of the sources in a more

accurate way.

5.4 Application of the model to the cluster CL1446+26

In the previous section we have seen that our model with many sources is capable of producing

similar features to observed radio halos in clusters. We now apply this model to a particular

cluster, CL1446+26, to compare the results with the observed radio emission.

CL1446+26 is a rich cluster located at the redshift 0.37 (Dressler et al., 1997) which

corresponds to luminosity distance of 2050 Mpc in the present cosmological model. The

cluster appears to be quite luminous in X-rays with luminosity 3.41 × 1044 erg/s in the 0.1

– 2.4 keV band (Wu et al., 1999). When comparing the X-ray luminosity with the radio

luminosity this cluster appears to be more luminous in radio (P1.4 = 3.57× 1024 W Hz−1 for

halo and 2.46 × 1024 W Hz−1 for the possible relic) compared to other clusters with same

luminosity in X-ray, as we can see in the P1.4 − Lx plot in Fig.2.10. Also, this cluster has

complex morphology in X-Ray and optical bands and there is no clear spherical symmetry in

X-ray emission (see Fig. 5.3).

The cluster CL1446+26 has been studied in radio by Owen et. al (1999), Giovannini et

al. (2009) and Govoni et al. (2012). Giovaninni et al. (2009) and Govoni et al. (2012) both
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Figure 5.3: Left: radio contours taken with VLA for CL1446+26 are overlaid onto the X-ray
image by ROSAT PSPC. Right: radio contours overlaid onto isodensity map of likely cluster
members (Govoni et. al 2012).

observed the cluster using Very Large Array (VLA) but in different configurations, C and

D respectively. Giovannini et al. suggested the presence of a relic in the northern part of

the cluster but when it was observed at low resolution by Govoni et al. a larger extended

emission was detected and it was concluded that this extended emission may correspond to

a central halo. Govoni et al. also detected an elongated diffuse emission in the southern

part of the cluster and attributed this emission to a possible relic. They also detected a

weak connection between the radio halo and the possible relic and therefore they suggested

that deeper observations of this cluster are necessary in order to determine the nature of this

diffuse emission.

Govoni et al. (2012) presented a low-resolution radio contour map at 1.4 GHz of CL1446+26

overlaid on the isodensity map of likely cluster members and on the X-ray maps (See Fig.5.3).

These authors noted that the overall diffuse radio emission seems to follow the galaxy distri-

bution more closely than the intra cluster gas distribution. We note that the morphology of

the radio and X-ray maps appear to be different because the peaks of the emission in these

distributions are not in exactly the same place and the overall distributions are elongated in

different directions (see also the discussion in section 2.5). We chose this cluster to test our

model because we expect that the radio distribution in our model follows the optical galaxy

distribution more than the intra cluster gas distribution as discussed in section 2.6.

As a first step we obtained the positions of the main radio sources in the map. We then

assigned a source at each of these positions by writing the source term in the diffusion equation
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Figure 5.4: Radio Contours extracted from Fig.5.3.

as a linear combination of single source terms centred at these positions. We then assigned

different time windows to each of these sources by keeping all the other parameters same as

in the previous section (see Table 5.1) and only changing the luminosity distance to the real

distance value of this cluster (i.e. DL = 2050.4 Mpc). Using the mathematical framework

described in section 5.2 we calculated the radio map and total flux spectrum of this cluster.

In order to accomplish our first step the radio emission from Fig.5.3 was extracted us-

ing image processing techniques, such as channel separation and edge detection. Once the

contours were extracted (See Fig.5.4), the positions of the sources within the cluster were

noted and converted to Mpc scale. The time windows were then chosen to be similar to those

presented in Table 5.2, as the overall shape of the radio morphology obtained in the previous

section was similar to the observed radio emission. The positions of the sources are presented

in Fig. 5.5 and their respective time windows in Table 5.3.

Following the procedure described in the previous section, we calculated the cluster radio

emission at t = 1× 1016 s. According to the results presented in the previous section, at this

value of time the calculated shape of the surface brightness radio map was most similar to

the observed one and therefore we chose this value.
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Figure 5.5: Positions of the sources.

Position t1 t2

1 1.05× 1015s 1.02× 1016s

2 9.00× 1015s 1.10× 1016s

3 1.50× 1015s 2.00× 1016s

4 1.00× 1015s 3.00× 1015s

5 1.50× 1015s 2.00× 1016s

6 1.05× 1015s 1.02× 1016s

7 1.00× 1015s 3.00× 1015s

8 1.05× 1015s 1.02× 1016s

9 9.00× 1015s 1.10× 1016s

10 9.00× 1015s 1.10× 1016s

11 9.00× 1015s 1.10× 1016s

Table 5.3: Assigned time windows to the

positions

We present the results of our calculations in Fig.5.6. To compare our results with the

observed radio emission we overlaid the observed radio contours on the calculated radio emis-

sion. Looking at this figure it is clear that the morphology of the calculated radio emission is

very similar to the observed one.

Figure 5.6: Left: surface brightness contours of CL1446+26 obtained using the model above
with the parameters in Tables 5.1 and 5.3. Right: the observed radio emission contours
overlaid on the distribution of surface brightness calculated by our model. All the maps in
this chapter have scale presented by the colour legend is in the units of Jy/arcmin2.
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Figure 5.7: Total flux from 11 sources in CL1446+26.

We also calculated the total radio flux predicted by our model over a wide range of

frequencies. To derive this flux we followed the same procedure described above: we calculated

the flux for each source and then summed all the flux values at each point to obtain the total

flux of the cluster. We present the results of this procedure in Fig. 5.7. The shape of the

predicted flux spectrum changes at approximately 100 MHz. A similar change in slope is

observed in some galaxy clusters (e.g. Thierbach et al. (2003), for the case of Coma). The

frequency where the change in slope of the flux spectrum takes place is dependent on the

choice of time window for each source within the cluster. In our model we predict the value of

flux at 1.4 GHz to be of the order 18 mJy, which is similar to the value measured by Govoni

et al. (2012), where by summing the values for the radio halo (7.7± 2.6 mJy) and the radio

relic (5.3±1.2 mJy) the value of 13.0±2.9 mJy is obtained. We sum these values because we

predict the full radio emission coming from all the regions observed by Govoni et al. (2012)

including the regions classified as halo and relic. We are able to obtain this value of flux by

simply scaling the value of Q0 by a factor of 0.7. This result of our model is very promising

as we are able to reproduce the observed flux for the galaxy cluster with the value of Q0 that

is very similar to the value obtained for M51 (see section 4.3).

Since our model is able to predict the shape of the radio map in CL1446+26, in the next

section we test if our model can reproduce the shape of radio maps for other clusters by

changing the number of sources. We also predict the flux spectrum for these cases.



CHAPTER 5. MODELLING CLUSTERS OF GALAXIES 101

5.5 Application of the model for a large number of sources

As we have seen in the previous section our model provides an explanation for the hypothesis

that the overall radio emission of a cluster closely follows the distribution of galaxies within

the cluster. This model can be applied to any cluster by changing the number of sources. To

investigate the morphology of the total emission of other clusters, this model was further used

for 20, 50, 80 and 100 sources within a cluster. In the case of 20 sources, five different time

windows were used to describe different sources. The time windows were randomly chosen

from Table 5.3. Sources in a cluster were randomly distributed on a disk of radius 2 Mpc

with random distribution of time frames. All the parameters used are listed in Table 5.1 and

the results are presented in Fig. 5.8.

Figure 5.8: Left: 20 randomly distributed sources on a disk with randomly assigned time
windows chosen from Table 5.3. This morphology of the cluster is at t = 1× 1016s. The size
of the box is ≈ 4Mpc. Right: the total flux from 20 sources within the cluster.

We also consider the cases with 50, 80 and 100 sources with the same assumptions as in the

case of 20 sources. Again in these cases time windows for the sources are chosen randomly

from Table5.3. The results for these cases are presented in the Fig. 5.9 for 50 sources and

Fig. 5.10 for 80 sources. In the same figures we also present the total flux for each case.

As we increase the number of sources in a cluster the overall shape appears to become

more extended and eventually quite regular. This effect is due to the mixing of diffusing

electrons generated by these sources in the ICM. With a high number of sources the average

distance between each of them is small and this makes it possible for electrons to mix more

easily. As a consequence we expect that by increasing the number of sources we obtain more

extended and regular radio maps.

Similar to the case of the cluster CL1446+26 we see that there is also a change in slope
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Figure 5.9: Left: 50 randomly distributed sources on a disk with randomly assigned time
windows chosen from Table 5.3. This morphology of the cluster is at t = 1× 1016s. The size
of the box is ≈ 4Mpc. Right: the total flux from 50 sources within the cluster.

Figure 5.10: Left: 80 randomly distributed sources on a disk with randomly assigned time
windows chosen from Table 5.3. This morphology of the cluster is at t = 1× 1016s. The size
of the box is ≈ 4Mpc. Right: the total flux from 80 sources within the cluster.

of flux spectrum for a large number of sources at approximately the same frequency. This

may be due to the fact that we are using the same time windows as in the case of the

cluster CL1446+26. Now comparing the intensity of the total flux for an increasing number

of sources we see that the change is almost linear (see Fig. 5.12). Note that this correlation

is not perfectly linear because the ratio between the active and inactive sources is not the

same for different cases due to the random choices of time windows. This correlation is an

important result of our model as it predicts that an increase in the number of sources increases

the radio luminosity linearly. Since the number of galaxies is correlated with the mass of the

cluster, we expect that the correlation between the radio luminosity and the mass is quite

strong, while with other quantities like the X-ray luminosity we can expect a correlation with
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Figure 5.11: Left: 100 randomly distributed sources on a disk with randomly assigned time
windows chosen from Table 5.3. This morphology of the cluster is at t = 1× 1016s. The size
of the box is ≈ 4Mpc. Right: the total flux from 100 sources within the cluster.

Figure 5.12: Total flux at 1.6 GHz predicted by our model as a function of number of sources
within a cluster.

a bigger scatter because in our model the radio luminosity is not strictly correlated with the

ICM temperature. This is in accordance with the observed scaling relations in galaxy clusters

that show strong correlation of radio luminosity with mass (Govoni et al., 2001b), and a

more scattered correlation with the X-ray luminosity (Govoni et al., 2012) and temperature

(Liang et al., 2000). Also note that the predicted intensity of flux is high compared to the

usual observed values in galaxy clusters (usually of the order 1 Jy or less) but we can adjust

these values by scaling Q0 and considering that most of the clusters are located at a further

distance than 100 Mpc.
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5.6 Discussion

The previous sections have shown clearly that our model is able to reproduce radio maps

and flux spectra for a large variety of galaxy clusters. In the following we discuss in detail

different properties of our results.

5.6.1 Morphology

We found that while keeping all the time windows the same for all the sources in a cluster, we

do not observe any change in the overall shape of the radio map. However when measuring

surface brightness over time we notice that the surface brightness increases while the sources

are active and until they reach an equilibrium state. When the sources are no longer injecting

electrons we observe a quick decrease in surface brightness. It is more realistic to consider the

case where different time windows are assigned to different sources. In this case we found that

the overall shape of the radio map changes when measured at different times. By comparing

the results with observations we can understand which sources are active and in which state

of the evolution they are in.

We applied this model to a specific cluster, namely the cluster CL1446+26 studied by

Govoni et al. (2012) and we found that we were able to reproduce the observed radio emission

map and flux with a limited number of sources. In this version of the model we considered

sources of a large size, with each one of these sources representing a concentration of galaxies

within the cluster. Future improvements of this model will include sources that coincide with

each single galaxy in the cluster and possibly with different properties assigned to each one

of them.

We also considered increasing the number of sources in a cluster and produced radio maps

and flux spectra for some randomly generated clusters with different numbers of sources. We

found that with an increase in the number of sources, the radio maps were more extended

and had a more regular shape. As a consequence, our model predicts that richer clusters have

radio halos with more extended and regular shapes. For this reason we searched for clusters

with morphology that is similar to our predicted maps. Presented in figures 5.13 – 5.16 is

the comparison between the observed radio halo and the predicted morphologies. We found

for example that the clusters A1213 (Giovannini et al., 2009) has morphology that is similar

to the predicted morphology in the case of 20 sources. Moreover, clusters A910 (Govoni

et al., 2012) has morphology that is similar to the morphology predicted in the case of 50

sources. Furthermore, the clusters A2163 (Feretti et al., 2004) and Coma (Deiss et al., 1997)
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Figure 5.13: Comparison between A1213 Giovannini et al. (2009) and the prediction of the
model with 20 sources

have morphologies that are similar to the morphologies predicted in the cases of 80 and 100

sources respectively.

A possible test for this model would be to check if all the observed radio halos can be

explained by it. We can do this by searching for clusters where the radio emission is not

correlated with the distribution of cluster galaxies. This requires fitting the model to high

number of cluster and this work will be carried out in future. However it was recently observed,

in cluster A3367, that where the central extended radio emission is missing no radio galaxies

were observed in the central region of the cluster (George et al., 2015). This is a point that

is in favour of our model.

5.6.2 Spectral Changes

As we saw in section 1.5 some clusters show spectral steepening at high frequencies (see for

example Thierbach et al. (2003) for the case of Coma). Our model is able to account for

the change in the slope of the flux spectrum as presented in figures 5.8 – 5.11. From these

figures we can see that the spectral steepening takes place at ν ∼> 100 MHz in this version

of the model whereas in galaxy clusters it is usually observed at 2 − 5 GHz. However, the

frequency where the change in slope takes place is dependent on the choices of time windows

for the different sources as well as the time of observation as we observed in the case of the

evolution of the spectrum of M51 (see Fig. 4.8). In that case the steepening takes place at
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Figure 5.14: Comparison between A910 Govoni et al. (2012) and the prediction of the model
with 50 sources

Figure 5.15: Comparison between A2163 (Feretti et al., 2004) and the prediction of the model
with 80 sources
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Figure 5.16: Comparison between Coma (Deiss et al., 1997) and the prediction of the model
with 100 sources

frequencies between 10 – 20 GHz for a time value of 1× 1014 s after the injection has ended.

We note that this result was calculated for a magnetic field value of 15 µG while for the

calculation of a cluster of galaxies we used the value of 1 µG. The timescale for the losses of

electrons that are emitting at a frequency ν with magnetic field βµ according to the relation

ν ∼ 16 MHz (Ee/GeV)2βµ is given by:

tloss =
γ

b(γ)
(5.3)

with Ee = γmec
2. Using ν = 1.4 GHz and βµ = 1 we obtain the value of tloss to be 3.6× 1015

s. In order to obtain steepening at this frequency we considered 12 sources with t = 1× 1016

s and time windows with t1 = 1015s and four different values of t2: 6.5 × 1015 s, 7.5 × 1015

s, 8× 1015 s and 8.5× 1015 s. These values of t2 were chosen in order to keep the difference

between t and t2 of the order of the value we obtained for tloss. In this case of 12 sources we

assigned the above t2 values to 2, 3, 5 and 2 sources respectively. In this calculation all the

parameters are the same as presented in the Table 5.1 excluding the value of Q0 which we

scale to fit the radio data for Coma. As we can see in the Fig.5.17, the calculated spectrum

fits very well to the observed flux spectrum of Coma.

Even though our model is very simple and in its early stages, we are able to reproduce the

steepening of the spectrum by tuning the time evolution and time frames of the sources. In

improved versions of the model it is possible to consider a larger number of time windows to
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Figure 5.17: The spectrum of a cluster with 12 sources with four different time windows (see
text for details) and Q0 = 1.0× 10−24cm−3s−1 compared with the radio data for Coma from
Tierbach et al. (2003).

be assigned to different sources in a cluster in order to obtain more realistic results for both

the spectral and spatial properties.

5.6.3 P1.4 − Lx Correlation

We found that the change in flux density is almost linear with an increasing number of

sources. For this reason this model predicts a strong correlation between the radio luminosity

and number of galaxies in clusters. The number of galaxies is mainly correlated with the mass

of the cluster and hence we expect the correlation between the radio luminosity and mass of

the cluster to be strong as observed in Govoni et al. (2001b).

As we have seen in Fig. 2.10 many clusters exhibit a correlation between the radio and

X-ray luminosity with some scatter. However there are some clusters that do not display this

correlation very well. In particular, these clusters are over luminous in radio when compared

to X-ray. Our model offers a possible explanation of these outliers. We consider the relations

P1.4 ∝ nrel B
1+α, where nrel is the relativistic electron density, B is magnetic field, and α

is the spectral index of the radio halo; and Lx ∝ n2
e T

1/2, where ne is the density and T is

the temperature of the thermal gas (Colafrancesco 1999). If the relation nrel ∝ ne holds then
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from the above mentioned relations we derive the further relation P1.4 ∝ L
1/2
x T−1/4 B1+α.

The observed correlation is P1.4 ∝ Ldx, where d = 1.78± 0.07 (Colafrancesco et al. 2014). In

our model we have nrel ∝ ngal where ngal is number of galaxies. If ngal ∝ ne we are in the

previous case. In a general case when ngal ∝ nδe, accounting for a weaker relation between

galaxies and gas distribution, we get that P̃1.4 ∝ Lδ/2x T−δ/4 B1+α. Putting all these relations

together we obtain the relation P̃1.4 ∝ Ldδx B(1+α)(1−δ). When δ = 1, the conditions are in

favour of the main correlation where most of the clusters follow the correlation between P1.4

and Lx with the slope d. However when δ < 1, we expect a flatter correlation because in

this case dδ < d. In Fig. 2.10 we note that the correlation has a constant slope for high

values of luminosity but the shape of the correlation may be flatter for clusters with low X-

ray luminosity. We can explain this by assuming that the very high luminosity clusters have

reached the virial equilibrium state which implies ngal ∝ ne. In low luminosity clusters it is

possible to have δ < 1 because these clusters may still be undergoing the formation process

where they accumulate galaxies but have not reached the complete virial equilibrium state.

5.6.4 P1.4 − P1/P0 Correlation

Some observations show that the radio bi-modality described in previous section is also related

to the dynamical state of the hosting cluster (Buote, 2001; Cassano et al., 2010). These studies

provided a quantitative comparison between the power of the radio halo and the magnitude

of the dipole power ratio (P1/P0), connected to the X-Ray morphology, which provides the

measure of the degree of asymmetry of clusters that is considered to be connected to the

presence of recent merging events. It appears that the clusters with strong radio power have

high values of P1/P0. However this correlation is not very accurate for small radio powers as

there are clusters with very high values of P1/P0 but with small values of radio power.

In our model the radio power is expected to be proportional to the number of active

radio sources. Apparently there is no direct way to correlate the number of sources with

merging events. However studies by Owen et al. (1999) and Miller and Owen (2003) showed

that clusters with merging events have higher number of active radio sources produced by

starburst and AGNs. These authors considered clusters A2125 and A2255 respectively and

suggested the possibility that the merging events are able to trigger star formation and radio

emission from galaxies. If this suggestion can be confirmed for many other cluster, it would be

in favour of the model presented in this thesis as this would imply that cluster with merging

activities will have large number of radio sources and as a consequence our model will predict

a larger value of the radio power.
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However, the relation between merging events and presence of radio halo in a cluster is

not clear, as there are clusters with not clear evidence of strong merging but with a powerful

radio halo and there are clusters with strong merging events that don’t have radio halos (see

Section 2.5). Furthermore, the relation between the relics and merging events was questioned

by Vazza and Brüggen (2014). Starting from the absence of gamma rays in clusters, including

clusters with powerful halos and relics, these authors found that the efficiency of acceleration

of particles produced by merging is not strong enough to account for the formation of radio

emission.

We note also that the correlation P1.4−P1/P0 is only a measure of the degree of asymmetry

of X-ray emission in clusters and that it is not necessarily connected to merging events. For

example we note that the heating of the gas in a cluster may be due to the particles emitted

by galaxies (Colafrancesco and Marchegiani, 2008) and if the galaxies are not distributed

uniformly within the cluster it will result in asymmetric distribution of X-ray emission. With

this reasoning it is possible to explain the correlation between the power of the radio halo

and the magnitude of the dipole power ratio (P1/P0) with our model.

5.6.5 Consequences in Other Spectral Bands

To predict the consequences of this model in other spectral bands it is necessary to consider

the origin of relativistic electrons. If the electrons are all secondary then strong gamma-ray

emission is expected from the same processes that describe the production of the electrons.

To consider this case with our model it is necessary to calculate the diffusion of protons then

the diffusion of electrons that are produced by proton interactions or dark matter annihilation

(see section 2.2). To test the model is possible to compare the predicted emission with the

emission observed by instruments like Fermi and the Cherenkov Telescope Array (CTA).

If the electrons are all primary we do not expect a strong emission in gamma-rays

because the emission is only produced by Inverse Compton Scattering and non-thermal

Bremsstrahlung emissions. Other bands where these emissions can be detected more easily are

the hard X-ray and soft gamma-ray bands where future instruments like Astro-H(http://astro-

h.isas.jaxa.jp) and AstroGam(http://astrogam.iaps.inaf.it) will be useful.



Chapter 6

Concluding Remarks

“He who loves practice without theory

is like the sailor who boards a ship

without a rudder and compass and

never knows where he may cast.”

-Leonardo da Vinci

Overview

The main focus of this thesis is the origin of radio halos in galaxies and clusters of galaxies.

We discussed the current problems with existing models that describe the origin of radio halos

and found that all of these models present some difficulties either in observation or in theory.

Most of these models predict a strong correlation between the X-ray and radio bands in both

the observed morphology and luminosity. However, recent studies have found some clusters

where this correlation is weak (Govoni et al., 2012). In particular, in some cases the observed

morphology of the radio halo is correlated more with the galaxy distribution than with the

observed X-ray maps. For this reason we proposed a new model to understand the origin and

evolution of radio halos in galaxies and clusters of galaxies. Our hypothesis is that the overall

radio halo emission from clusters of galaxies is the superposition of emissions from injected

electrons by galaxies that are diffusing in the ICM.

In order to add more substance to this hypothesis we needed to develop a general model

that could explain the origin and evolution of relativistic electrons in galaxies. We accom-

plished this by solving the diffusion equation describing these processes. We obtained a

solution of this diffusion equation, which can be used for a very general type of source that

varies in its spatial, spectral and temporal properties. The solution therefore is suitable for

clusters where different sources with different dynamics are present.

In Chapter 1 we presented descriptions of galaxy clusters and their role in modern cosmol-

ogy. Discussion on origins of radio halos is presented in Chapter 2. We presented descriptions
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of current models and a discussion on observational and theoretical problems related to each

of them and described our new proposed idea.

In Chapter 3 we presented the general analytical solution of the diffusion equation and

developed a numerical scheme for efficiently solving the integrals in this analytical solution

to obtain the spatial, spectral and temporal properties of electron density. Furthermore, in

comparing our work to the existing literature we found that published solutions are special

cases of our general solution.

To test our model we used it to calculate the synchrotron emission of the galaxy M51 in

Chapter 4. Our model was able to reproduce both the spectral and spatial distributions of

the radio emission for this galaxy. Furthermore, using our model we were able to predict the

evolution of the radio properties for a M51-like galaxy in its rest frame as well as at different

cosmological redshifts. This initial application of our model provided quantitative estimates

of the values of model parameters that are likely to match the radio properties of a single

galaxy. With this insight, we applied this model in Chapter 5 to radio halos in clusters of

galaxies describing them as combinations of radio halos from different sources. Initially we

calculated the temporal evolution of radio maps by assuming that all the sources in a cluster

have the same properties. Later we considered a case in which different time windows were

assigned to different sources. With these calculations we were able to predict different shapes

of radio maps at different times. We then applied this model to the cluster CL1446+26 as it is

one of the clusters where the morphology of the radio emission is not strongly correlated with

the X-ray emission. We also considered more general applications of our model by randomly

generating more luminous clusters with an increasing number of sources and calculating the

spectra and morphologies of the radio halos in these clusters.

We now discuss the main results presented in this thesis and possible future improvements.

Results for a single galaxy

As we have seen in Chapter 4 our model can reproduce the spectral and spatial properties of

the galaxy M51 satisfactorily. We found that the use of a single Gaussian could not explain the

spatial properties observed at small radii. We therefore considered a double Gaussian source

to account for the internal and the extended part of the radio halo. This is in accordance

with observations that show the presence of a Seyfert-like nucleus at the centre of M51 and

a moderate starburst activity in the more extended part of the galaxy.

Observations of the surface brightness at higher frequency (1.4 GHz) have a different



CHAPTER 6. CONCLUDING REMARKS 113

shape at large radius compared to those at lower frequency (151 MHz). Our model, on

the other hand, produces the same shape at both frequencies. We tried varying parameters

such as the intensity and the power spectrum of the magnetic field in order to address this

problem. However, these changes did not produce satisfactory results. It is possible that the

observed shape of the surface brightness can be obtained by allowing the magnetic field to be

a function of radius. This would imply that the diffusion coefficient would also be a function

of radius. In this case electrons with different energies would diffuse differently and the shape

of the surface brightness would vary with frequency. Obtaining these results would require

solving the diffusion equation with a radially dependent diffusion coefficient. This is one of

the possible improvements to the model which we discuss later.

Instruments like the SKA will be able to observe M51-like galaxies at redshifts 0.2 and

more. By observing the spectral deviations in these objects we will be able to derive the times

at which the injection of electrons begins and ends. This will enable us to fully parameterise

our model from observations.

Results for Clusters of Galaxies

In Chapter 5 we used our model to study radio halos in galaxy clusters. We calculated the

superposition of halos produced from the diffusion of electrons from different sources within

the cluster. We modelled each source in the cluster with a single gaussian radial distribution

because we were only interested in the extended part of the emission. The positions of the

sources in the cluster were chosen to match the shape of the radio halo in CL1446+26. The

evolution of surface brightness maps were calculated with two different time assumptions.

In the first case we assigned the same time window to each source and in the second case

different time windows were used. We obtained the surface brightness maps at different times

and found that in the first case the morphology of the halo remained the same with change

in time whereas in the second case different shapes were obtained at different times.

We initially applied our model to the case of CL1446+26 by finding the positions of the

main radio sources in the map and assigning a different time window to each source. In this

version of our model we chose a limited number of large sources, which we believe describe

concentrations of galaxies in the cluster. With these assumptions we were able to reproduce

the morphology of the radio map. We were also able to obtain the observed flux by scaling

the normalisation parameter of the source term and found that this value is realistic as it is

similar to the value obtained in the case of M51.



CHAPTER 6. CONCLUDING REMARKS 114

We further applied this model to a wide range of randomly generated radio halos in

clusters with many sources and obtained their spatial and spectral properties. We found that

as the number of sources is increased the morphology of the resulting radio maps becomes

more extended and more regular. We compared these maps with the observed maps of some

existing clusters and found that there were remarkable similarities between our generated

results and observations.

We studied the total spectrum of the radio halo for each of these generated clusters and

found that there was some change in the slope of the spectrum. The frequency where the

change takes place for a given cluster is dependent on the time windows of the sources in the

cluster. By selecting specific time windows for a limited number of sources we were able to

obtain a spectrum that accounts for the steepening at high frequencies observed in Coma.

We turned our attention to the observed correlation between the radio and X-ray lumi-

nosities of clusters, and in particular to the clusters that do not follow this correlation very

well. In our model we expect that the number of relativistic electrons is proportional to the

number of galaxies. Assuming the relation between the number of galaxies and the density of

the thermal gas to be ngal ∝ nδe, we obtain the relation P1.4 ∝ Ldδx , where d is the exponent

that describes this correlation for high luminosity clusters. For most clusters the correlation

holds with the value of δ = 1 and for outliers the correlation is flatter and described by

δ < 1. In the case δ = 1, the clusters are in complete virial equilibrium and have therefore

the number of galaxies and the density of the hot gas has reached linear proportionality. In

the case δ < 1 the clusters are still in their formation process and therefore have not reached

this virial equilibrium state. This means that the galaxies are still falling towards the centre

of the cluster and the density of the thermal gas has not yet increased. Therefore the number

of galaxies is not linearly proportional to the density of the thermal gas in this case.

In this thesis we have proposed a new simple model to explain the origin and evolution of

radio halos in clusters of galaxies. We have successfully applied the model to a single galaxy

(M51) as well as to a cluster of galaxies (CL1446+26). Preliminary results are very promising,

and indicate that the model may be useful for studying radio halos in galaxy clusters. This

is still an early version of the model, however, and it will need to be tested against more

observations and in greater detail before it is fully mature.
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Possible Improvements

There are several ways in which the model can still be improved. Some of these are described

below:

• In the current model the number of sources is small compared to the usual number of

galaxies in a cluster and the size of each source is much larger than the typical size of

a galaxy. The sources in this model can be considered to correspond to concentrations

of galaxies and not single galaxies. Future versions of the model will incorporate inde-

pendently derived list of sources, that is individual galaxies with their corresponding

positions within the cluster.

• With the exception of time windows, different sources are currently given the same

properties in the model. The model can be improved by giving each source different

properties, such as spatial and spectral properties as well as the normalisation of the

rate of injection.

• Another possible improvement is to consider more realistic source terms where the

properties are chosen to take into account the physical origins of the electrons (see

section 2.2). It would also be desirable to develop a priori criteria for choosing time

windows, perhaps based on the physical injection mechanisms.

• We considered a constant diffusion coefficient in the diffusion equation in order to obtain

a simple analytical solution. As discussed above, to match observational data better

we may need to consider a radially dependent magnetic field, and therefore a radially

dependent diffusion coefficient. In order to implement this change a new solution of the

diffusion equation is required. This is quite clear when comparing Eq.(2.1) and Eq.(3.1).

• In this version of the model we have only considered diffusion of relativistic electrons.

In order to provide a full description of the properties of galaxy clusters it is also

important to consider the diffusion of relativistic protons. This would enable us to

model the production of secondary electrons and gamma rays. The analytical solution

for the case of diffusing protons is the same as that of electrons but it is necessary to

replace the energy loss terms with the appropriate losses for protons (see e.g. Mannheim

and Schlickeiser (1994)).

• Our current tests of the model are derived from comparisons of calculated synchrotron

emissions with radio observations. Future observations with instruments like MeerKat,

ASKAP and SKA will provide detailed information about the morphology and spectrum
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of galaxy clusters including low luminosity clusters. These observations will also be able

to determine better model parameters such as the time windows of the sources, their

radial and spectral distribution as well as the rate of injection.

• The model can be further tested by calculating emission at other spectral bands by

different emission processes, for example inverse Compton scattering and non-thermal

bremsstrahlung emission. The model can also be used to predict the emission from

hadronic interactions and dark matter annihilation. These improvements will allow us

to extend the range of spectral bands where this model can predict the spatial and

spectral properties of galaxy clusters. These results could be used to test the model

by comparing it with the observations of future instruments like Astro-H in X-rays,

AstroGam in soft gamma rays and CTA in high energy gamma rays.



Appendix A

Calculation of Synchrotron

Emission

The synchrotron emissivity produced by the population of relativistic electrons with a spec-

trum f(r, γ, t) interacting with the magnetic field β in a galaxy is given by

jsyn(ν, r) =

∫ γmax

1
dγf(r, γ, t)Psyn(ν, γ, r) (A.1)

where ν is the frequency of the photon emitted in the galaxy’s reference system [e.g. Schlick-

eiser et al.(2001)], and

Psyn(ν, γ, r) =

∫ π

0
dη p(η) 2π

√
3 r0me c ν0 sin η FS(x/sin η) (A.2)

ν0 =
eB

2πme
= 2.8

(
β

µG

)
Hz (A.3)

x =
2ν

3ν0γ2

[
1 +

(γνp
ν

)2
]3/2

(A.4)

FS(t) = t

∫ ∞
t

K5/3(ζ)dζ (A.5)

p(η) =
1

2
sin η , (A.6)

where νp = 8980(ne/1 cm−3)1/2 Hz is the plasma frequency, ne is the electron density of the

galaxy plasma, r0 = 2.82× 10−13 cm is the classical radius of the electron, and K5/3(ζ) is the

Bessel modified function of the second kind [see, e.g. Abramowitz and Stegun(1965)]. The

approximation of the Eq.(A.5) is given by F (t) = 1.78 t0.3 e−t.

The flux emitted in the galaxy reference system is given by:
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Fsyn(ν) =
4π
∫ R

0 r2jsyn(ν, r)dr

4πD2
L

, (A.7)

where DL is the luminosity distance of the source (galaxy) and R the maximum radius. The

surface brightness distribution of the source is given by:

S(ν, rp) = 2

∫ R

rp

dr
r√

r2 − r2
p

jsyn(ν, r). (A.8)

In order to obtain a stable and efficient numerical solution of Eq.(A.7), we needs to

transform the integral in Eq.(A.1). The density is a function of r, γ and t in Eq.(A.1). We

observed that the density changes rapidly with linearly spaced values of γ, with most of the

density at smaller values of γ (See Fig.A.1).
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Figure A.1: Density as a function of γ, where γ is spaced linearly.

Since the γ values under consideration span 7 orders of magnitude, it is sensible to consider

the logarithm u = log γ. The density is well-behaved with respect to u (See Fig.A.2). Thus,

integrating over u will be numerically more stable and efficient than integrating over γ. The

density tables were generated for values of u linearly spaced from 0 to 7.

When we compute the emissivity we change variables to u:

jsyn(ν, r) =

∫ γmax

1
dγf(r, γ, t)Psyn(ν, γ, r) (A.9)

=

∫ log(γmax)

0
duf(r, eu, t)Psyn(ν, eu, r)eu. (A.10)

This integral was evaluated numerically using the Trapezoid rule at evenly spaced values
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Figure A.2: Density as a function of u = log γ. It is clear from the plot that it is easier to
integrate over log γ than γ.

of u (precomputed in the density table). Once the emissivity is obtained, the integral over r

was computed using the Gauss-Kronrod integrator to calculate flux and surface brightness.
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Brüggen, M. and Kaiser, C. R.: 2002, Nature, 418, 301

Brunetti, G.: 2003, in S. Bowyer and C.-Y. Hwang (eds.), Matter and Energy in Clusters of

Galaxies, Vol. 301 of Astronomical Society of the Pacific Conference Series, p. 349



BIBLIOGRAPHY 122

Brunetti, G., Blasi, P., Cassano, R., and Gabici, S.: 2004, MNRAS, 350, 1174

Brunetti, G., Blasi, P., Reimer, O., Rudnick, L., Bonafede, A., and Brown, S.: 2012, MNRAS,

426, 956

Brunetti, G., Setti, G., Feretti, L., and Giovannini, G.: 2001, MNRAS, 320, 365

Buote, D. A.: 2001, ApJ, 553, 15

Burles, S. and Tytler, D.: 1998a, ApJ, 499, 699

Burles, S. and Tytler, D.: 1998b, ApJ, 507, 732

Burns, J. O., Roettiger, K., Pinkney, J., Perley, R. A., Owen, F. N., and Voges, W.: 1995,

ApJ, 446, 583

Burns, J. O., Sulkanen, M. E., Gisler, G. R., and Perley, R. A.: 1992, ApJ, 388, L49

Byram, E., Chubb, T., and Friedman, H.: 1966, Science, 152, 66

Calzetti, D., Kennicutt, Jr., R. C., Bianchi, L., Thilker, D. A., et al.: 2005, ApJ, 633, 871

Carilli, C. L. and Taylor, G. B.: 2002, ARA&A, 40, 319

Carlstrom, J. E., Joy, M., Grego, L., Holder, G., Holzapfel, W. L., LaRoque, S., Mohr, J. J.,

and Reese, E. D.: 2001, ArXiv Astrophysics e-prints: astro-ph/0103480

Cassano, R. et al.: 2010, ApJL, 721, L82

Cassano, R., Ettori, S., Brunetti, G., Giacintucci, S., Pratt, G. W., Venturi, T., Kale, R.,

Dolag, K., and Markevitch, M.: 2013, ApJ, 777, 141

Cavaliere, A. and Fusco-Femiano, R.: 1976, Astron. Astrophys, 49, 137

Cavaliere, A., Gursky, H., and Tucker, W. H.: 1971, Nature, 231, 437

Churazov, E., Sunyaev, R., Forman, W., and Böhringer, H.: 2002, MNRAS, 332, 729
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Reich, W., and Röttgering, H. J. A.: 2014, A&A, 568, A74

Murgia, M., Eckert, D., Govoni, F., Ferrari, C., Pandey-Pommier, M., Nevalainen, J., and

Paltani, S.: 2010, A&A, 514, A76

Murgia, M., Govoni, F., Feretti, L., Giovannini, G., Dallacasa, D., Fanti, R., Taylor, G. B.,

and Dolag, K.: 2004, A&A, 424, 429

Mushotzky, R. F., Serlemitsos, P. J., Smith, B. W., Boldt, E. A., and Hol, S. S.: 1978, AJ,

225, 21

Mushotzky, R. F. and Smith, B. W.: 1980, Highlights of Astronomy, 5, 735
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Pérez-Torres, M. A., Zandanel, F., Guerrero, M. A., Pal, S., Profumo, S., Prada, F., and

Panessa, F.: 2009, MNRAS, 396, 2237

Perley, R. A. and Taylor, G. B.: 1991, AJ, 101, 1623

Perola, G. C. and Reinhardt, M.: 1972, A&A, 17, 432

Peterson, J. R., Kahn, S. M., Paerels, F. B. S., Kaastra, J. S., Tamura, T., Bleeker, J. A. M.,

Ferrigno, C., and Jernigan, J. G.: 2003, ApJ, 590, 207

Petrosian, V.: 2001, ApJ, 557, 560

Pfrommer, C. and Enßlin, T. A.: 2004, A&A, 413, 17

Pinzke, A. and Pfrommer, C.: 2010, MNRAS, 409, 449

Planck Collaboration, Ade, P. A. R., Aghanim, N., Arnaud, M., Arroja, F., Ashdown, M.,

Aumont, J., Baccigalupi, C., Ballardini, M., Banday, A. J., et al.: 2015a, ArXiv e-prints

: 1502.02114

Planck Collaboration, Ade, P. A. R., Aghanim, N., Arnaud, M., Ashdown, M., Aumont,

J., Baccigalupi, C., Banday, A. J., Barreiro, R. B., Barrena, R., et al.: 2015b, ArXiv

e-prints,1502.01598,

Planck Collaboration, Ade, P. A. R., Aghanim, N., Arnaud, M., Ashdown, M., Aumont, J.,

Baccigalupi, C., Banday, A. J., Barreiro, R. B., Bartlett, J. G., et al.: 2015c, ArXiv

e-prints: 1502.01589

Press, W. H. and Schechter, P.: 1974, ApJ, 187, 425

Quashnock, J. M., Loeb, A., and Spergel, D. N.: 1989, ApJ, 344, L49

Rave, G., Kushnir, D., and Waxman, E.: 2013, ArXiv e-prints - 1304.4234



BIBLIOGRAPHY 130

Rees, M. J.: 1989, in L. V. Keldysh and V. I. Fainberg (eds.), Problems in Theoretical Physics

and Astrophysics, pp 415–421

Rees, M. J. and Setti, G.: 1968, Nature, 219, 127

Reid, A. D., Hunstead, R. W., Lemonon, L., and Pierre, M. M.: 1999, MNRAS, 302, 571

Rephaeli, Y.: 1979, ApJ, 227, 364

Rephaeli, Y., Gruber, D., and Blanco, P.: 1999, ApJ, 511, L21

Reynolds, C. S., McKernan, B., Fabian, A. C., Stone, J. M., and Vernaleo, J. C.: 2005,

MNRAS, 357, 242

Roettiger, K., Stone, J. M., and Burns, J. O.: 1999, ApJ, 518, 594

Roettiger, K., Stone, J. M., and Mushotzky, R. F.: 1998, ApJ, 493, 62

Rood, H. J. and Sastry, G. N.: 1971, Publ. Astron. Soc. Poc., 83, 313

Rossetti, M. and Molendi, S.: 2004, A&A, 414, L41

Rothenflug, R. and M.Arnaud: 1985, A&A, 144, 431

Rots, A. H., Bosma, A., van der Hulst, J. M., Athanassoula, E., and Crane, P. C.: 1990, AJ,

100, 387

Rottgering, H., Snellen, I., Miley, G., de Jong, J. P., Hanisch, R. J., and Perley, R.: 1994,

ApJ, 436, 654

Rottgering, H. J. A., Wieringa, M. H., Hunstead, R. W., and Ekers, R. D.: 1997, MNRAS,

290, 577

Russell, H. R., van Weeren, R. J., Edge, A. C., McNamara, B. R., Sanders, J. S., Fabian,

A. C., Baum, S. A., Canning, R. E. A., Donahue, M., and O’Dea, C. P.: 2011, MNRAS,

417, L1

Ruszkowski, M. and Begelman, M. C.: 2002, ApJ, 581, 223
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