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An online adaptive learning algorithm for optimal trade execution in

high-frequency markets

by Dieter HENDRICKS

Automated algorithmic trade execution is a central problem in modern financial mar-
kets, however finding and navigating optimal trajectories in this system is a non-trivial
task. Many authors have developed exact analytical solutions by making simplifying
assumptions regarding governing dynamics, however for practical feasibility and robust-
ness, a more dynamic approach is needed to capture the spatial and temporal system

complexity and adapt as intraday regimes change.

This thesis aims to consolidate four key ideas: 1) the financial market as a complex
adaptive system, where purposeful agents with varying system visibility collectively and
simultaneously create and perceive their environment as they interact with it; 2) spin
glass models as a tractable formalism to model phenomena in this complex system; 3) the
multivariate Hawkes process as a candidate governing process for limit order book events;
and 4) reinforcement learning as a framework for online, adaptive learning. Combined
with the data and computational challenges of developing an efficient, machine-scale

trading algorithm, we present a feasible scheme which systematically encodes these ideas.

We first determine the efficacy of the proposed learning framework, under the conjecture
of approximate Markovian dynamics in the equity market. We find that a simple lookup
table Q-learning algorithm, with discrete state attributes and discrete actions, is able
to improve post-trade implementation shortfall by adapting a typical static arrival-price
volume trajectory with respect to prevailing market microstructure features streaming

from the limit order book.

To enumerate a scale-specific state space whilst avoiding the curse of dimensionality, we
propose a novel approach to detect the intraday temporal financial market state at each
decision point in the @Q-learning algorithm, inspired by the complex adaptive system
paradigm. A physical analogy to the ferromagnetic Potts model at thermal equilibrium
is used to develop a high-speed maximum likelihood clustering algorithm, appropriate

for measuring critical or near-critical temporal states in the financial system. State
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features are studied to extract time-scale-specific state signature vectors, which serve as

low-dimensional state descriptors and enable online state detection.

To assess the impact of agent interactions on the system, a multivariate Hawkes process is
used to measure the resiliency of the limit order book with respect to liquidity-demand
events of varying size. By studying the branching ratios associated with key quote
replenishment intensities following trades, we ensure that the limit order book is expected

to be resilient with respect to the maximum permissible trade executed by the agent.

Finally we present a feasible scheme for unsupervised state discovery, state detection
and online learning for high-frequency quantitative trading agents faced with a multi-
featured, asynchronous market data feed. We provide a technique for enumerating the
state space at the scale at which the agent interacts with the system, incorporating the
effects of a live trading agent on limit order book dynamics into the market data feed,

and hence the perceived state evolution.
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Chapter 1

Introduction and overview

Algorithmic trade execution considers the problem of optimally splitting a large order
into multiple child orders to achieve some cost objective in financial markets, usually
minimising cost with respect to a static or dynamic price benchmark. Human traders
have traditionally performed this task, using a cultivated intuition and subtle under-
standing of market dynamics to optimally place child orders. As we turn to machines
to replace this complex task at higher frequency time scales, we need to consider the
validity of encoding the human trader’s intuition and instincts into a rule-based system
for machines, or whether a new perspective, the machine’s perspective, should be cul-
tivated to operate at this non-human scale. Indeed, a blend of perspectives is likely to
be effective, but it is unclear how this can be optimally achieved. This thesis aims to
address this issue by developing a coherent framework for automated, adaptive trade
execution. To appreciate the machine’s perspective, one must first establish a concrete
paradigm for the nature of the system, a modelling framework which suits this paradigm,
the governing dynamics of essential quantities, the visibility of measurable quantities for

calibration, and a feasible scheme for online learning and adaptation.

1.1 The financial market as a complex adaptive system

Neoclassical economics, based on work developed by Jevons [143], Menger [183] and
Walras [241], is one of the most influential theories to inform the mathematical mod-
elling of modern economies. The central premise discusses economic agents as rational
optimisers with perfect information, leading to general equilibria for optimal agent be-
haviour. While this offers mathematical convenience and tractability for analysing ag-

gregate behaviour, empirical observation of agent dynamics, interactions and aggregate
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consequences appear to differ from expectations under this paradigm [149], suggesting

an alternative approach may exist which is closer in spirit to empirical observations.

In a landmark paper in 1898, Thorstein Veblen questioned the validity of the premise
that economic systems tend to equilibria, and hence the validity of the use of equilib-
rium thermodynamics for studying the economy [238]. Veblen challenged the view of
his contemporary, Léon Walras [241], arguing that evolution is paramount to the system
dynamics and no effective theory could fully describe change and development in the
system [239]. Hans Follmer provided the first formal analysis of interacting heteroge-
neous agents in economics, using particle systems from statistical mechanics to create
an economic interpretation of the Ising model [86]. This paper was clearly ahead of
its time, as the theory of complexity economics was not yet mature enough to appreci-
ate the validity of spin glass models for modelling observed phenomena. Alan Kirman
reinforced the notions of biology and evolution in complexity economics, using an obser-
vation of the asymmetric behaviour of ants when faced with a symmetric situation, as
an analogue for understanding the same observed phenomenology amongst interacting
agents in financial markets [151]. Carl Chiarella interrogated the well-known cobweb
model of price dynamics [148] when the equilibrium is unstable, showing that time lags
between production and expectations could lead to a chaotic regime [53]. Duncan Foley
developed a theory for characterising the statistical equilibrium distribution of compet-
itive agents over outcomes, rather than seeking to predict specific agent outcomes, as
the Walrasian paradigm suggests, introducing the entropy-minimisation criterion as the
organising principle for price determination [85, 217]. John Holland discussed the con-
cept of economies as complex adaptive systems, which exhibit evolving structure where
components adapt to changing surroundings [130]. His key premise is that economies
do not have a single governing equation, but rather consists of many interacting parts
with no central control, each participating in influencing an outcome and the actions of
others [130]. He further stresses that computer-based models of the economy need to
incorporate these aspects if we want to further enhance our understanding of governing

dynamics.

While the field of complexity economics has had many notable contributions over the
last few decades (see [217] for a comprehensive history of the field), a key contribution
was the establishment of the Santa Fe Institute for focused study of complex systems.
In particular, the view of the broader economy as an evolving, complex system (as
opposed to the Neoclassical paradigm [15]) was further developed in a pioneering dis-
cussion amongst economists, physicists, computer scientists and biologists at the Santa
Fe Institute in 1987 [14]. Here, teams lead by Philip W. Anderson and Kenneth J. Ar-
row considered the implications of new ideas emerging in the natural sciences and how

they may facilitate new ways of thinking about economic problems [17]. The meeting
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highlighted six key features of the economy that challenged the prevailing mathematical

models of Neoclassical economics [17]:

o Dispersed interaction: The dynamics of the economy is determined by the interac-
tion of many dispersed, heterogeneous agents acting in parallel. The action chosen
by any given agent depends directly upon the anticipated actions of other agents

in the system, and on the aggregate system state which all the agents co-create.

e No global controller: There are no global entities which control interaction, but
rather controls are provided via mechanisms of competition and coordination
among agents. Actions may be mediated by governing or regulatory authorities,
but not controlled at the individual level. There is also no universal competitor,

i.e. an agent which can exploit all available opportunities in the system.

o (Cross-cutting hierarchical organisation: Agents within an economy may be cate-
gorised into different levels of organisation with typical interactions among levels.
Behaviours, strategies and actions at lower levels may inform those at higher levels,

however the true organisation is not necessarily hierarchical.

o Continual adaptation: The behaviours, strategies and chosen actions of the agents
are continually revised as the individual agents gain experience. The broader

system thus also adapts.

o Perpetual novelty: Niches are continually created by new markets, trends, tech-
nologies, behaviours and institutions. By exploiting a niche, a new niche may be
created in turn. The result is perpetual novelty and the continual possibility for

improvement.

o Qut-of-equilibrium dynamics: Since new niches and opportunities are continually
created, the economy typically does not reach a globally-optimal state, or at least
a globally-optimal state does not persist for a significant time. Improvements to

chosen trajectories are thus always possible and can be expected.

These principles are thus key to any chosen modelling framework if one chooses to inter-
rogate the empirical quantities of an economic system under the complexity economics
paradigm. While the principles outlined above consider the broader economy, the ideas
translate to our system of interest, namely the equity market or stock market. The
equity market itself represents a prime example of an observable complex adaptive sys-
tem. Many heterogeneous adaptive agents, such as traders, portfolio managers, market
makers and regulatory authorities, interact non-linearly over time with each other and

the electronic exchange, allowing for the emergence of complex behaviours beyond that
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expected based on intrinsic agent characteristics. Many authors have viewed equity mar-
kets through this lens, considering analogues with physical systems to formulate models
which aid our understanding of observed phenomena (see [16, 18, 47, 132, 246] and the

references therein).

Wilcox and Gebbie offer a compelling paradigm for financial markets as a coupled, multi-
level complex system [246]. They propose a mechanism for bottom-up and top-down
causation, with level-specific effective models governing actors and inter-level interaction
via noise terms. Actors at each level perceive the system in a different way, which inval-
idates the use of hierarchies of the same effective model to capture system complexity.
A key insight is the specification of bottom-up agents generating market microstructure,
via candidate representative models which encode observed agent interactions, provid-
ing plausible aggregation into price levels observed by system actors. They use Ising
models [137] to govern stock-level dynamics and Potts models [251] to govern shared
information factors across the market. While these are the simplest representations
which capture the features of the system at the lower levels, the overall proposition by
Wilcox and Gebbie permits isolated study of alternative generative dynamics of equity
market microstructure. The work in this thesis can be contextualised as offering an al-
ternative view for understanding the dynamics of market microstructure, preserving the
use of spin glass models for capturing complex system behaviour, but with a nuanced

perspective on encoding stock-level and market information factors.

Recent technological advances, accelerated by a highly competitive industry, have al-
lowed for the efficient generation, storage and retrieval of financial data at micro time
scales, providing a rich record of the price formation process as a laboratory for intensive
study. The field of market microstructure developed to study the characteristics and
behaviours of financial system dynamics at this scale (see [26, 37, 102, 127, 168, 206]
for a comprehensive discussion). In particular, as intraday trading and investment pro-
cesses become increasingly automated, understanding the system dynamics at varying
intraday time and event scales is critical for an efficient trajectory through the system

to be mapped by participating agents.

1.2 Spin glass models for modelling complex system be-

haviour

In physics, spin glasses are systems with localised magnetic moments, whose interactions
are characterised by quenched disorder and frustration, which have analogous observed

behaviours in complex systems [77, 226, 227]. The modern theory of spin glasses was
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first introduced by Edwards and Anderson [77], who proposed that the essential physics
of spin glasses are fully captured by the competition between quenched ferromagnetic
and antiferromagnetic interactions amongst localised moments (or spins) associated with
objects or particles, rather than their microscopic properties [227]. They introduced the

following Hamiltonian:

H==Y J;d(si,s;) —h> s (1.1)
i, i

where i is a site on a d-dimensional cubic lattice, s; is a spin associated with an object
at site 4, h is an external magnetic field, J;; is the coupling between the ith and j*" spins
and 0(.) is the Dirac delta function [227]. For illustrative purposes, we will consider a
simple Ising model [137], where spins s; are restricted to either +1 or —1. The disorder
is represented by the J;; coupling term, and is quenched in the sense that it remains
fixed for all feasible laboratory time scales. The competition between ferromagnetic
and antiferromagnetic interactions in Equation 1.1 indicates the presence of frustration,
i.e. no spin glass configuration can simultaneously satisfy all couplings. This implies
that spin glasses do not contain a unique equilibrium state, but rather can occupy one
of many metastable states, each with approximately the same energy separated by free
energy barriers [228]. In the complexity economics view, the properties of quenched
disorder, frustration and metastable states are analogous with the principles of dispersed
interaction, continual adaptation, no global controller and out-of-equilibrium dynamics
discussed in Section 1.1. Although no laboratory spin glass has an energy function which
looks like Equation 1.1 [227], the Edwards and Anderson Hamiltonian is conjectured to
be the simplest Hamiltonian which can accurately model real spin glasses and hence is

an ideal departure point for modelling complex systems [227].

In particular, we will consider the Hamiltonian in Equation 1.1 in the context of a g¢-
state Potts model [251], where object spins s; can take on one of ¢ possible states. We
will build on the work of Blatt et al. [38, 39, 249] and Giada and Marsili [103, 172],
where they use an analogy to the ferromagnetic Potts model at thermal equilibrium
to derive an unsupervised clustering algorithm for objects in financial markets. By
assigning a Potts spin variable to each object and introducing a short-range distance-
dependent ferromagnetic interaction field .J;;, regions of aligned spins emerge, which
are analogous to groups of objects in the same cluster, where spin alignment suggests
object homogeneity [242]. This provides an unsupervised scheme for determining the
object spin configuration which best matches the induced interaction field at thermal
equilibrium, and hence an optimal cluster configuration of objects. In Chapter 6, this
concept is translated to temporal objects in financial markets, where a feasible set of

intraday temporal market states is determined for the trading scale of the agent, thus
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encoding a market information factor which efficiently summarises multiple features

found in a dense market data feed and is measurable online.

1.3 The Hawkes process as the governing process for mi-

crostructure events

Alan Hawkes introduced a class of multivariate point processes with a stochastic inten-
sity vector, modelling event-occurrence clustering and dependence in a coupled system
[120]. Initial applications used calibrated Hawkes processes to measure the conditional
intensities of earthquakes and aftershocks, based on recorded data [204, 205, 240]. In
financial markets, empirical studies of market microstructure have highlighted apparent
clustering of limit order book events at tick scale, with some event intensities exhibiting
dependent behaviour [4, 36, 109]. Bacry et al. provide a comprehensive review article
highlighting the many applications of Hawkes processes in finance [24]. Bowsher con-
sidered one of the first applications, where a bivariate point process of the timing of a
stock’s trade price and mid-quote changes was used to model volatility clustering on the
New York Stock Exchange [46]. A key phenomenon investigated using Hawkes processes
is endogeneity in financial markets [83, 84, 112, 113]. Empirical observation reveals that,
in certain instances, market prices change too quickly to be strictly attributed to the
flow of pertinent information, and thus evade explanation in classic economic theory
[46]. By considering the ratio of exogenous parent events to endogenous events, it is

possible to obtain a measure of market reflexivity [83].

Large used a multivariate Hawkes process to quantify the resiliency of a limit order
book, viz. the propensity for quote replenishment following a liquidity demand event
[159]. By characterising and extracting key liquidity demand and replenishment events
from a limit order book, and using an appropriate choice of kernel to encode temporal
dependence of events, Large claims it is possible to use a calibrated Hawkes process
to calculate the probability and expected half-life of quote replenishment following a
liquidity demand event [159]. We consider a similar approach, but instead use volume-
conditional liquidity demand events. We identify key aggressive liquidity demand and
replenishment events, enumerating empirical event point processes for model calibration.
We investigate an appropriate kernel which provides a significant fit to the empirical
data, before calibrating the multivariate Hawkes process to identify the resiliency of the
order book with respect to market orders of varying size. Given that we need to measure
the effects of our trading agent’s interactions with the system, and the debate around
accurately measuring permanent or transient price impact [42], we rather choose to use

the resiliency study to inform the actions chosen by the trading agent. The actions, in
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this case market order size, are constrained such that the order book is expected to be
resilient with respect to the maximum permissible trade submitted by the agent. This
is done by investigating the branching ratios of quote replenishment intensities following
trade events of varying size. This ensures that an appropriate action set is determined
for the stock concerned, such that the assumption of exogenous evolution of order book

dynamics, for state representation purposes, is validated.

1.4 Reinforcement learning as a framework for online, adap-

tive trajectories through the complex system

Reinforcement learning is a technique used to numerically solve for a calibrated policy
mapping states to optimal or near-optimal actions, given an objective in a stochastic
system with unknown dynamics. Each state is a vector of observable attributes which
describe the current configuration of the system. The technique proposes a simple,
model-free mechanism for agents to learn how to act optimally in a controlled Markovian
domain, where the quality of action chosen is successively improved for a given state
using feedback from the system [67]. While the mathematical treatment of reinforcement
learning evolved from the solutions to optimal control problems using value functions and
dynamic programming [230], the conceptual foundations can be traced to the pioneering
psychological studies of Edward L. Thorndike from 1896 to 1901 on the nature of animal
intelligence [231]. Based on a series of behavioural conditioning experiments on different

animals, he proposed the following two laws which govern acquired behaviour or learning;:

Law of Effect: “Of several responses made to the same situation, those which
are accompanied or closely followed by satisfaction to the animal will, other
things being equal, be more firmly connected with the situation, so that, when
it recurs, they will be more likely to recur; those which are accompanied or
closely followed by discomfort to the animal will, other things being equal,
have their connections with that situation weakened, so that, when it recurs,
they will be less likely to occur. The greater the satisfaction or discomfort, the
greater the strengthening or weakening of the bond.” Edward L. Thorndike,
p.244, 1911 [230, 231]

Law of Exercise: “Any response to a situation will, other things being equal,
be more strongly connected with the situation in proportion to the number of
times it has been connected with that situation and to the average vigor and
duration of the connections.” Edward L. Thorndike, p.244, 1911 [231]
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It is clear that these insightful conclusions inspired the notion of a learning algorithm
which can converge towards favourable actions in different situations, simply based on
feedback from the system of interest, permitting the possibility of developing intelligent
purposeful computational agents. Subsequent work on the mathematical and compu-
tational advances of reinforcement learning theory should not lose sight of these basic
behavioural foundations which govern learning. For our trading agent, we require a state
representation which permits Markovian dynamics, a set of actions which yield sufficient
and immediate feedback from the system for policy learning and some sense of the con-
sequences of our actions on immediate state evolution. These aspects are considered in
each of Chapters 5, 6, 7 and 8.

While reinforcement learning offers a compelling paradigm for deriving adaptive trajec-
tories under Markovian dynamics, it rests firmly on the foundations of dynamic pro-
gramming [29], assuming the system of interest is stationary and ergodic and hence
guarantees convergence to a single globally-optimal state-action policy. If the system of
interest is a complex adaptive system, the existence of a single, fixed-point solution for
our objective should be questioned. Rather, reinforcement learning may still be effective
if it converges to a useful policy fast enough, i.e. it learns at a rate faster than the
natural time-scale of the system, yet adapts as new niches form. Galla and Farmer in-
vestigate the nature of agent learning by simulating two-person complicated games with
varying payoff correlations, using experience weighted attraction (EWA) to evaluate the
propensity for asymptotic learning in the parameter space [95]. They show that even
under these simple conditions, chaotic regimes exist in the payoff correlation-learning
rate space, where any attempts to learn a useful policy are inherently random. Their
results suggest that, given a payoff correlation amongst competing agents, a learning
rate should be chosen which ensures the agent is in a fized point or multiple fized point
regime, such that feasible learning toward a useful policy is possible. Given the complex
system paradigm we are considering, we would at best expect a (possibly dynamic) mul-
tiple fixed point regime to exist, thus a learning rate should be chosen which ensures we
are within this region. It is unclear how the results presented by Galla and Farmer [95]
can be extrapolated for real-world games, but it is clear that the chosen learning rate is

critical for an effective trading agent and warrants careful evaluation for our study.
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1.5 Automated algorithmic trading in modern financial

markets

Barry Johnson defines algorithmic trading as a computerised rule-based system respon-
sible for executing orders to buy or sell a given asset, consistent with the overall inten-
tion of our work [144]. As suggested by Johnson, it is prudent to clarify some further
terminology at this point, as many terms referring to algorithmic trading are used inter-
changeably without an appreciation for the subtle nuances. Portfolio trading or program
trading refers to a cost-effective means for trading multiple assets, using the economies
of scale offered by a sell-side broker to significantly, yet optimally, alter the holdings of
an investor’s portfolio. Systematic trading refers to the case where the same approach
is consistently adopted whenever a pre-encoded situation arises. While there may be a
wide variety of rules for many possible situations, this paradigm does not permit adapta-
tion. Quantitative trading moves beyond the realm of pure execution, where proprietary
models may be used to initiate a trading decision (in algorithmic trading, the trading
decision is often exogenous to the algorithm and the focus is on optimal execution). High
frequency trading or low latency trading refers to a special case of quantitative trading,
where trading agents take advantage of intraday opportunities, operating on time scales
ranging from hours to fractions of seconds, or even event time [76]. Statistical arbitrage
refers to a systematic trading approach which incorporates real-time data and historical

analysis for trading or execution decisions.

In this thesis, we principally aim to develop an automated algorithmic trading agent
which can learn to trade optimally intraday, given a trading decision with an arrival-price
benchmark and finite trade horizon. In Chapter 9, we further introduce an approach
which is conducive to automated high frequency quantitative trading, where the trading

agent can learn to make decisions which maximise wealth and adapt as regimes change.

Although the techniques developed in this thesis are market agnostic, we are particularly
interested in studying the South African equity market, accessed via the Johannesburg
Stock Exchange (JSE). There have been a number of recent significant infrastructural
changes which facilitate the deployment of automated algorithmic trading strategies,
thus a rigorous study of changing market dynamics and development of bespoke trad-
ing agents will provide a meaningful and relevant contribution. In July 2012, the JSE’s
matching engine was physically moved from London, UK, to Johannesburg, South Africa
(where the exchange resides), which reduced the round-trip trading latency by 400 times
[184, 194], making lower-latency trading feasible. In September 2013, the cost model for
execution fees was altered, whereby the prior cost floor for execution fees was removed

in favour of a purely value-based system with increased cost ceiling [115, 195, 196, 199).
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Prior to this change, small value trades were discouraged and penalised, whereas the
fees now paid to the exchange are commensurate with trade size. This ensures that
algorithms which split large orders into multiple child orders are now potentially prof-
itable and effective. In May 2014, the exchange launched a colocation service, whereby
clients can host their algorithmic trading engines directly at the exchange in leased rack
space, further reducing round-trip trading latency to 100us [197, 198]. These changes
have fundamentally altered the market microstructure in the South African equity mar-
ket, providing a rich landscape for studying the evolution of the financial system with
each change. It also reinforces the need for adaptive trading algorithms, as the market
dynamics are likely to be unstable in the near future as current participants and new

entrants adjust their strategies in the new regime.

1.6 Overview

The remainder of this thesis is structured as follows: Chapter 2 contextualises the trade
execution problem within the broader field of market microstructure, highlighting the
nuances of interacting with the system at this scale. Chapter 3 discusses model-free
reinforcement learning as a paradigm for finding adaptive trajectories in this system.
Chapter 4 discusses the data used for this work, the choices which enabled efficient
storage, retrieval and manipulation of large tick data volumes and a preliminary ex-
ploratory data analysis study revealing pertinent empirical details for modelling deci-
sions. Chapter 5 discusses a simple model-free reinforcement learning algorithm for
optimal trade execution, with a simplified discrete state representation and discrete ac-
tions. This algorithm demonstrates that reinforcement learning can be used to adapt a
static arrival-price benchmark trading trajectory with respect to prevailing limit order
book dynamics, significantly improving ez post implementation shortfall compared to
standard models. Chapter 6 focuses on the refinement of the state representation for
the reinforcement learning agent, using the complex system ideology to inform a unique
approach for extracting persistent temporal dynamics from a streaming market data
feed, to facilitate online learning. Chapter 7 focuses on the refinement of agent actions,
using a calibrated volume-conditional multivariate Hawkes process to ensure that the
limit order book is resilient with respect to the agent’s interactions with the system.
We examine the branching ratios of quote replenishment intensities related to specific
trade events to identify the trade size where there does not appear to be commensurate
quote replenishment. Chapter 8 incorporates the enhanced state representation and
constrained actions into the reinforcement learning algorithm and discusses its efficacy

compared to the simple model discussed in Chapter 5. Chapter 9 introduces a scheme
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for online, unsupervised state discovery, detection and learning in high frequency mar-
kets, removing the need for human specification and pre-processing of state attributes,
allowing the learning agent to find persistent structure in a streaming market data feed,
enumerate its state space and learn to act optimally, at the scale of interaction. Chapter

10 summarises the key findings and provides some avenues for further research.



Chapter 2

Market microstructure and the

trade execution problem

2.1 Overview

This chapter introduces the field of market microstructure, contextualising the trade
execution problem and highlighting key features of our system of interest: the limit order
book. For our trading agent to be effective, we need to understand the mechanisms and
rules which govern the system at the micro scale, the consequences of interactions with
the system, permissible trade-offs or compromises for the trade execution objective and

the nature of observable attributes for calibration.

2.2 Market microstructure

In one of the major contributions of Léon Walras in 1874, Eléments d’Economie Poli-
tique Pure ou Théorie de la Richesse Sociale, he provided the first concrete discussion of
the process of asset exchange between multiple parties, market frictions and price forma-
tion on the Paris Bourse, foreshadowing the field now known as market microstructure
[241]. Mark Garman is credited with coining the term market microstructure in his 1976
paper of the same name, where he discussed the temporal dynamics of the transaction-
to-transaction behaviour of prices, volumes, dealer inventories and market states [97].
Maureen O’Hara wrote one of the definitive texts on the subject, describing it as the
study of the process and outcomes of exchanging assets under explicit trading rules
[206]. Madhaven describes it as an area of finance that studies the process by which

investors’ latent demands are ultimately translated into prices and volumes [168]. A
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comprehensive survey of the literature by Madhaven [168] and Biais et al. [37] reveals

several major themes within the field of market microstructure:

e Price formation and price discovery: This theme primarily considers the manner
in which information concerning an asset manifests in related price changes, as well
as the consequences of trading on price dynamics. Initial work considered the role
of market makers on the evolution of the bid-ask spread, initially as passive sup-
pliers of liquidity [70], before considering the role of dealer inventory [97, 224] and
asymmetric information [75, 107]. Hasbrouck proposed a novel approach which
maps latent continuous models of prices and trading costs to observed bid-ask
quotes which are discrete and clustered [118]. This work provided the precedent
for using diffusion processes for modelling price evolution at the tick scale, even
though observed prices appear to evolve as discrete jumps. French and Roll exam-
ined the intraday seasonality of stock return variance, where empirical observation
confirmed higher return variance during trading hours [92]. They conjectured that
this could be due to higher frequency of public information arrival during busi-
ness hours, informed agents acting on private information during business hours
and the process of trading itself creating volatility. Following this work, and as
transaction-level data became more freely available, many authors investigated
the causal effects of empirically observed price anomalies and patterns in observed
quantities in financial markets [74, 114, 141, 178, 250]. Since we are concerned
with the effects of agent interactions with the system, studies on price impact and
order book resiliency are of particular interest. These are discussed in more detail

in Sections 2.4 and 2.5.

o Market structure and design issues: This theme considers the impact of market
architecture, regulation and design on market quality metrics, such as spreads,
liquidity and volatility [168]. This may include the degree of continuity in trading
(auctions versus continuous trading), choice of quote-driven or order-driven mar-
ket, floor trading versus electronic trading, order types permitted on the exchange,
regulatory protocols governing trading, availability of dark pools or anonymous
crossing venues and the degree of transparency amongst different classes of mar-
ket participants. Fach of these will have direct consequences for the behaviour of

trading agents, and hence influence price formation.

e Information and disclosure: This theme focuses on the effect of asymmetric infor-
mation availability amongst market participants on price formation. In particular,
it focuses on market transparency, i.e. the ability of market participants to ob-
serve information relating to the trading process [206]. Bloomfield and O’Hara

find that low-transparency dealers are able to exploit informational advantages
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and outperform high-transparency dealers, in terms of revenue [40, 41]. Other
studies consider the role of anonymity in price formation [88] and disclosure of

information concerning pending orders [7, 167].

o Informational issues arising from the interface of market microstructure: This
theme considers the interface with asset pricing, such as the effect of liquidity on
expected returns, as compensation for expected transaction costs, as well as the
behavioural effects of traders who tend to be overly aggressive, due to overestima-
tion of the precision of their information [168]. Other studies consider the effect of

cross-border flows on price formation for stocks listed on multiple exchanges [111].

There is clearly a rich and multifaceted history of market microstructure analysis in
modern financial markets and this brief summary highlights the many nuances which
influence observed prices on electronic exchanges. As our laboratory of interest, the
limit order book is the system which encapsulates these features and we will consider its
mechanics in more detail, so as to better understand the drivers of its temporal state

evolution.

2.3 The limit order book and trading mechanism

Gould et al. [109], Abergel et al. [4] and Jaimungal et al. [140] provide excellent
references on the mechanics of limit order book markets, the trading mechanism, as well
as the typical formalism for the mathematical modelling thereof. For completeness, we
will provide a summary exposition here which highlights the nuances of the rules which

govern price formation via trade execution in order-driven markets.

A limit order book (LOB) is a device used by electronic exchanges to collate the in-
tentions of market participants via their submitted orders, where each order typically
contains the sign (buy or sell), desired transaction price, desired quantity, timestamp
and type. At a particular point in time, the LOB thus summarises the market’s quoted
intentions, whereas the time evolution of the LOB reflects the way the market reacts
under the influences of its participants [4]. A trade takes place when there is a com-
mensurate match of an existing limit order by a willing party on the other side of the
transaction, and the sequence of matching is usually governed by a price/time priority

algorithm. Typically, there are four types of orders which can be submitted to a LOB:

e Limit order: A quote which specifies the price and quantity at which a participant
is willing to transact (buy or sell). Ask quotes are limit orders to sell a stock

and bid quotes are limit orders to buy a stock. Ask quotes are prioritised from
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lowest to highest price, whereas bid quotes are prioritised from highest to lowest
price. If two quotes on the same side of the book have the same price, they are
prioritised by arrival time to the LOB. The lowest ask quote price is referred to
as the best ask and the highest bid quote price is referred to as the best bid. The
difference between the best ask and best bid price is referred to as the spread and
the arithmetic average of the best ask and best bid price is referred to as the mid-
price. All the quotes on the bid and ask side of the order book are organised
into numbered levels, with lower levels indicating closeness to best bid and best
ask quotes, making up market depth. For limit orders, there is no guarantee of
execution - a full or partial match may take place if a willing counterparty to
the transaction arrives at the LOB. A limit order thus offers the possibility of
transacting at a favourable price, at the expense of execution uncertainty. The

complete schedule of active limit orders makes up the LOB at a given time.

e Market order: An order to immediately buy or sell a given quantity of shares at the
best available price. For a buy (sell) market order, this will match the commensu-
rate number of sell (buy) limit orders in market depth level sequence, resulting in an
elevated (depressed) execution price based on the number of ask (bid) quote levels
matched. The execution price is calculated based on the volume-weighted average
price of the matched quotes. The market order thus offers execution certainty, at

the expense of the transaction price level attained.

e Modification: This is an order which modifies the price level, quantity or type of
an existing active limit order quote. Modifying an existing quote preserves its time

priority.

e (Cancellation: This is an order which cancels an existing active limit order quote.

Figure 2.1 illustrates the process of liquidity demand and replenishment in a LOB [4].
Bid quotes are shown in lighter grey and ask quotes in darker grey. In each subfigure,
the vertical axis shows signed quantity and horizontal axis shows the price level of each
prevailing limit order quote. Consider a trading agent faced with the initial schedule
of limit orders shown in (1), with the intention of buying a certain quantity of the
asset. The agent chooses to execute a market order, fully matching levels 1 and 2
of the ask quote depth and partially matching level 3, obtaining a transaction price
equivalent to the volume-weighted average of the price levels of the matched quotes.
We note that the transaction price is necessarily higher than the prevailing mid-price.
The difference between the transaction price and the mid-price can be thought of as the
cost of certain, immediate execution. The matched quotes are removed from the LOB,

creating a transient deficit, widening the spread and increasing the mid-price, as shown
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in (3). This short-term change in the mid-price as a result of trading is also referred to
as temporary price impact, discussed in Section 2.4 below. Other market participants
then submit new limit orders to the LOB, restoring liquidity, as shown in (4), (5) and
(6). The speed and extent of limit order quote replenishment following a trade event,

shown in (4) and (5), is also referred to as LOB resiliency, discussed in Section 2.5 below.
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FIGURE 2.1: Illustrating the effect of liquidity demand and subsequent replenishment.
A buy market order arrives and removes commensurate quotes from the ask side of
the limit order book (2), creating a transient deficit (3). Bid and ask limit orders are
then submitted by other participants (4,5) and liquidity is restored (6). This figure is
reproduced from the text, Limit Order Books by Abergel et al. [4].

Figure 2.2 further illustrates some stylised aspects of a snapshot of the LOB at a par-
ticular point in time. Here, green lines indicate ask quotes and blue lines indicate bid
quotes, with the vertical position showing the price level and line length showing quote
quantity. It is clear the larger market orders which exhaust more limit order quotes
push the price, i.e. there are adverse consequences for the resultant transaction price
and temporary consequences for the mid-quote price and spread. The instantaneous
distribution of market depth quotes also has a direct impact on trading. Here we see
sparsely spread bid quotes with lower associated quantities than ask quotes, suggesting
that sell market orders would push the price further (in absolute terms) than buy market

orders of the same quantity. The ratio of ask quotes to bid quotes is often referred to
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as order imbalance, and has been considered as an indicator of short-term price moves

[50].
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FIGURE 2.2: Some stylised aspects of a limit order book. Green lines indicate ask

quotes and blue lines indicate bid quotes, with the vertical position showing the price

level and line length showing quote quantity. This figure illustrates market depth, quote
imbalance and temporary price impact.

2.4 Price impact

Price impact broadly refers to the consequences of an executed order to buy or sell a
certain quantity of an asset on the subsequent price dynamics for that asset. In the
chapters which follow, we will be assuming that our trading agent will be executing
market orders based on the prevailing LOB, using the order quantity as the control
when navigating the system. It thus seems prudent to consider the effect of market
orders of varying size on LOB and price dynamics, since this has a direct impact on the

chosen control.

Several studies have investigated various aspects of price response to trade events [42,
43,74, 82, 98, 115, 136, 164, 186, 210, 212, 248, 253]. Initial studies considered the mid-
price as the fundamental price of a stock, quantifying the average change in log mid-quote

price as a function of traded volume [164]. This permitted the calibration of price impact
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curves, which provide an indication of the expected cost of trading various quantities of a
share, beyond any direct costs such as exchange fees or broker commissions. Since these
studies focus on the change in mid-quote price immediately before and after a trade,
these curves, which typically exhibit concave volume dependence [42], appear to capture
temporary price impact, i.e. that aspect of the elevated /depressed transaction price that
is expected to dissipate by the next trading opportunity. This may be caused by a
market order absorbing limit order quotes beyond level 1, resulting in a price deviation
which exceeds the half-spread, however the ensuing replenishment of quotes ensures
that the effect is corrected. Certain transactions may cause price effects which persist
to subsequent trading periods, either by revealing investment intentions causing other
market participants to respond, or depleting liquidity in the LOB without commensurate
quote replenishment. This effect is referred to as permanent price impact, since it affects

the evolution of the fundamental price.

Bouchaud et al. studied a large number of transactions in a variety of markets, and
found that the autocorrelation of the signs of trades decays very slowly with time,
suggesting order flow is strongly persistent and predictable [42, 44]. This suggests that
private information is incorporated into fundamental prices at a much slower rate than
suggested under the permanent impact paradigm, which assumes uncorrelated trade
signs. They thus introduce a transient price impact model, which uses a kernel function
with a decaying shape offsetting the autocorrelation of order flow, to model the slower

manifestation of private information in fundamental prices [42].

It is clear that the trading consequences of our agent’s actions will affect both the
feedback received from the system, in the form of the transaction price versus the arrival
price, as well as the evolution of the state space, via transient and permanent price
effects, consistent with the complex adaptive system paradigm. It also appears that
price impact and LOB quote replenishment are inextricably linked, and we will explore

this connection further in Chapter 7 as a means to control our agent’s actions.

2.5 Order book resiliency

Resiliency can be defined as the propensity for limit order quote replenishment following
a liquidity demand event, i.e. the speed and extent of reversion of the LOB shape to its
form prior to the trade event, as demonstrated in Figure 2.1. While Kyle is credited with
introducing the concept in his description of liquidity [156], Large formalises resiliency
using continuous-time impulse response functions based on conditional order book event
arrival intensities, modelled as a multivariate Hawkes point process [159]. This model

is calibrated using LOB data from the London Stock Exchange (LSE). He found that
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the LOB failed to replenish resiliently with a probability of at least 60%. In particular,
when considering resiliency events that apply only to the bid or ask side of the order
book, he finds that resilient replenishment after a large market order fails more than
80% of the time. This result is also seen in other key studies by Danielsson and Payne
[64] and Degryse et al. [69]. Since Large used an exponential kernel to encode temporal
dependence of events, he further quantified the average half-life of resilient replenishment
to be under 20 seconds. This implies that if the order book does replenish, it has more

than 50% chance of doing so within 20 seconds after a liquidity demand shock [159].

Degryse et al. consider the resiliency of a limit order book using non-parametric tech-
niques, analysing order flow around aggressive orders [69]. They use the approach of
Biais et al. to classify the aggressiveness of a buy or sell order [36]. Resiliency is
analysed by investigating how bid and ask prices, spreads, depth, duration, order flow
and transaction prices behave over a specified time window subsequent to the event.
They confirm the so-called diagonal effect of serial correlation reported by Biais et al.,
demonstrating that it takes approximately 50 subsequent orders before the order flow
returns to its unconditional pattern following an aggressive order [36]. Degryse et al.
further find that the spread initially increases significantly above its average following
an aggressive order, but reverts to normal levels within 20 level-1 quote updates of the
LOB [69].

They further find that the initial price impact caused by a transaction is partially re-
versed in subsequent transactions, but that there are long-term effects from aggressive
orders. Thus, the average transaction prices of buys (sells) after an aggressive mar-
ket order are higher (lower) than pre-event transaction prices [69]. In a study on the
South African equity market, following an observed increase in average price impact for
low-volume trades as a result of exchange fee restructuring [115], Hendricks and Har-
vey propose a potential LOB resiliency explanation. They show that an increase in the
intensity of low-volume trades without commensurate quote replenishment resulted in
elevated price impact for trades below a certain size [123]. This demonstrates the link
between price impact and resiliency, and will be investigated further in Chapter 7 as a

means to control our trading agent’s actions.

Daniellson and Payne examine how liquidity is determined on a limit order book for
foreign exchange trade, the Reuters D2000-2 [64]. They introduce the concept of what
they call dynamic liquidity or illiquidity. This aims to capture what occurs after a market
order arrives at the LOB. A LOB is considered to be dynamically illiquid if a market buy
(sell) causes a further removal of liquidity from the sell (buy) side, i.e. the response to a
liquidity demand shock is to not supply new liquidity around the same price. They find

that the foreign exchange limit order book studied is dynamically illiquid (not resilient).
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They further find that if repetitive intraday patterns are controlled for, the buy and sell
side depth are uncorrelated. This is similar to Large’s finding, where replenishment is

equally likely to occur on either side of the LOB [159].

2.6 Optimal trade execution

A critical problem faced by participants in financial markets is the so-called optimal
trade execution problem, viz. how best to trade a given block of shares to achieve min-
imal cost. Here, cost can be interpreted as in Andre Perold’s implementation shortfall
[209], i.e. adverse deviations of actual transaction prices from an arrival price frictionless
baseline when the investment decision is made. Alternatively, cost can be measured as
a deviation from the market volume-weighted trading price (VWAP) over the trading
period, effectively comparing the specific trader’s performance to that of the average
market trader. In each case, the primary problem faced by the trader/execution algo-
rithm is the compromise between price impact and opportunity cost when executing an

order.

As discussed in Section 2.4, price impact here refers to adverse price moves due to a
large market order absorbing limit order quotes at available levels in the LOB, pushing
the price and causing temporary price impact. As market participants begin to detect
the total volume being traded and the trader’s intentions, they may also adjust the price
level of their submitted quotes downward /upward to anticipate order matching, resulting
in permanent price impact [131]. To avoid price impact, traders may split a large order
into smaller child orders over a longer period. However, there may be exogenous market
forces which result in execution at adverse prices, i.e. an opportunity cost from delayed
trading. This behaviour of institutional investors was empirically demonstrated in [52],
where they observed that typical trades of large investment management firms are almost
always broken up into smaller trades and executed over the course of a day or several
days. A heuristic solution may involve choosing the maximum permissible child order
trade size such that the expected temporary impact is less than the measured price
volatility for the duration of the trading program, but the problem quickly becomes

more complex.

This concept is illustrated in Figure 2.3, which will serve as the primary problem de-
scription which we aim to solve in this thesis. Consider a trading agent which receives
an instruction to sell 60 000 shares of some stock at 09:55. The trading agent receives
further instructions to guarantee execution by 10:30 and aim to match the arrival price

(minimise implementation shortfall). Here, the arrival price is the prevailing price level
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at the time the trading agent receives the instruction to trade, indicated by the red dot-
ted line. The grey bars indicate the market’s total traded volumes in successive 5-minute
periods. The blue bars indicate the trading agent’s chosen participation in traded vol-
umes, i.e. each represents a market order with the quantity shown by the blue bar and
the price attained is approximated by the coincident level of the black line. The orange
line then shows the running VWAP of the trading agent’s order, based on the executed
volumes and price levels. Once the entire quantity is sold (at time 10:25), the trading
agent’s achieved VWAP is compared to the arrival price of the trading programme. In
this case, the trading agent has created value (achieved a sale price higher than the
arrival price) directly as a function of the chosen quantities and timing of market orders
executed over the trading program. We note some terminology at this point: an acqui-
sition is a trading program to buy a specified quantity of shares and a liquidation is a
trading program to sell a quantity of shares. These are of course special cases of the

general optimal trade erecution problem.

We aim to develop a trading agent which optimally chooses these market order vol-
umes, however we will consider a variety of calendar and event time scales governing the
frequency of execution, carefully considering an appropriate state representation which

permits learning.
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FIGURE 2.3: Trade execution with arrival price benchmark

The fine resolution evolution of the LOB as our trading agent’s state space, the extraction
of persistent features at the trading scale which can be exploited for optimal execution

and the effect of the agent’s interactions with the system on its evolution are all key

Traded Volume
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considerations for the development of an unsupervised trading agent which can adapt

online.

2.7 Some remarks

The are some key computational challenges which should be noted when interacting with
this system at this scale. The LOB data is by nature asynchronous with varying levels
of throughput, i.e. each time a new limit order, modification, cancellation or market
order is submitted, the associated event is recorded with a time-stamp. We have access
to recorded market depth at micro-second resolution, thus the sheer volume of data
quickly moves beyond the typical memory capabilities of desktop computing solutions.
This places this work firmly in the big data in finance domain, requiring bespoke high-
performance computing solutions for practical efficacy. In addition, traditional time-
series analysis techniques for multiple objects assume synchronous arrival times of data.
This assumption requires revision if we aim to extract inferences at this micro scale
without imposing any biases. In particular, for an online trading agent, we need to

ensure that it can make sense of a streaming market data feed of asynchronous events.

The drivers of the temporal evolution of LOB dynamics are much more complex than
indicated in this chapter. Beyond pure intentions of buying or selling an asset based
on an investment decision, trading agents employ various tactics to manipulate LOB
dynamics to achieve favourable transaction costs or extract alpha [119, 181]. Quote
stuffing is a practice where a high-frequency trader operating in a market with mul-
tiple trading venues floods a particular venue with worthless quotes, creating a stale
representation of the market’s intentions, before using their technological advantage to
react on another trading venue faster than other participants. Quote spoofing involves
creating false demand by loading up one side of the LOB with quotes, falsely signalling a
buy/sell intention to participants, such that a particular limit order has a higher chance
of being matched. The deception of spoofing undermines the ability of value investors to
identify fundamental value of the assets being traded. These practices cause significant
quote volatility, making the extraction of useful, persistent signals more difficult. Any
paradigm used to model dynamics at this scale needs to be robust with respect to the

enumerable drivers of observed behaviour.
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Model-free reinforcement learning

3.1 Overview

Reinforcement learning (RL) is a technique used to numerically solve for a calibrated
policy mapping states to optimal or near-optimal actions, given an objective in a stochas-
tic system. Kach state is a vector of observable attributes which describe the current
configuration of the system. The technique proposes a simple, model-free mechanism
for agents to learn how to act optimally in a controlled Markovian domain, where the
quality of action chosen is successively improved for a given state using feedback from

the system [67].

The problem of solving for an optimal policy mapping states to actions is well-known
in optimal control theory, with a significant contribution by Bellman [29]. Bellman
showed that the computational burden of a Markov Decision Process (MDP) can be
significantly reduced using what is now known as dynamic programming. It was how-
ever recognised that two significant drawbacks exist for classical dynamic programming:
Firstly, it assumes that a complete, known model of the environment exists, which is
often not realistically obtainable. Secondly, problems rapidly become computationally
intractable as the number of state variables increases, and hence, the size of the state
space for which the value function must be computed increases. This problem is referred

to as the curse of dimensionality [230].

RL offers two advantages over classical dynamic programming: Firstly, agents learn on-
line and continually adapt while performing the given task. Secondly, the methods can
employ function approximation algorithms to represent their knowledge. This allows
generalisability across the state space, improving learning time and exploration proper-

ties of the algorithm [72]. Reinforcement learning algorithms do not require knowledge
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about the exact model governing an MDP and thus can be applied to MDP’s where

exact methods become infeasible.

Although a number of implementations of RL exist, we will focus on Q-learning. This is
a model-free technique first introduced by Watkins [243], which can be used to find the
optimal, or near-optimal, action-selection policy for a given MDP. In the context of the
optimal liquidation problem, the algorithm can be used to examine the salient features
of the current order book and current state of execution in order to decide which action
(e.g. child order price or volume) to select to service the ultimate goal of achieving the

execution objective.

3.2 Markov Decision Processes

To understand the current theory for RL, one must first consider the formalism of
discrete-time controlled Markov Decision Processes (MDPs) as a model for temporal
system evolution. A number of notable resources on MDPs are available (see for example
[30, 213, 214, 216, 245]). In particular, White and White provide a comprehensive
review of MDPs [245], and a summary exposition will be presented here to facilitate

development and context for the RL approach to optimal control.

An MDP is a mathematically-based optimisation model of discrete-stage, sequential
decision making in a stochastic system [245]. It consists of four primary components:
states, actions, rewards and transition probabilities. A learning agent is able to perceive
the current state of the world, which encodes all observable features describing the sys-
tem configuration. The agent can then perform an action, which yields some immediate
feedback (reward) and causes the system to evolve to the next state. Since the system is
stochastic, the state evolution consequences of a particular action is not deterministic,
thus there is a probability distribution over the possible states at the next decision step
(transition probabilities). The characteristic feature of an MDP is that the transition
probability from the current state to the state at the next decision point is dependent
only on the current state, and not earlier states or actions of the process. Equivalently,
this means that all the information necessary for an agent to make an action decision
is encoded by the current state. In this scenario the MDP is considered controlled, in
the sense that the agent’s chosen action directly affects the temporal state evolution in

some way.

More formally, let {s; : ¢ = 1,2,...,T} be a controlled Markov chain with finite horizon
length, T'. Assume an agent is able to perceive the current state s; € S and can choose a

candidate action to perform, a; € A. Here, S is a compact subspace of RP representing
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the state space and A is a finite set of actions. The dynamics of {s; : ¢t =1,2,...,T} can

be described by the following (time-independent) conditional probabilities:
Prob(si+1 = jlst = i,ay = a) = P, j(a). (3.1)

P; j(a) is thus a probability kernel encoding the probability of moving from some state

i € S to some state j € U using control a € A, where U is a subset of S (i.e. U C S).

The function 7 : § x A — R is defined as the reward function, such that (i, a) is the

immediate numerical reward incurred when the agent performs action a in state 3.

A key concept in the theory of MDPs is that of a policy, viz. a particular candidate

mapping from states to actions. Mathematically, this is represented as:
II(S) ={n(i) =a:ie€ S and a € A}. (3.2)

Note, we are assuming that the policy is stationary, i.e. it will perform the same action
a whenever it encounters state i, regardless of when this occurs in time. Given that
some policy II deterministically encodes an action for every state, and we know the
reward consequences for such actions (1), we can ascribe a value to each state, which
represents the expected cumulative reward incurred by following the action trajectories
from II until the end of the problem horizon or the terminal state is reached. This value

function is defined as:

V(i) = +WZP” NVT(j) fori,jeS. (3.3)

Here, v denotes the constant discount rate (0 < v < 1), which ensures a preference for
immediate rewards versus future rewards. In general, a larger + places more weight on

future rewards and can result in a more difficult optimisation problem [67].

The goal of the learning agent is to maximise the expected cumulative sum of discounted

rewards, viz. find the policy IT* such that

V™ (i) = argmax{r i,m(i)) + VZP’J V7™(j)} fori,jE€S. (3.4)

Equation 3.4 is a version of the Bellman optimality equation for value functions [29, 31].
Finding the optimal policy II* directly is a non-trivial task, even when system dynamics
are known exactly. Since each action taken affects the temporal system evolution at
subsequent time steps, every possible sequence of actions needs to be considered to
evaluate the value function, which grows exponentially in sequence length. Bellman

recognised this intractability and developed a set of methods for solving this optimisation



Chapter 3. Model-free reinforcement learning 26

problem, utilising the Markov property to reduce the scale of the problem [29, 31]. This
procedure is termed dynamic programming, which is the analytical precursor to RL

theory.

3.3 Dynamic Programming

The dynamic programming optimisation approach exploits the structure inherent in cer-
tain classes of complex problems, which can often be broken up into a system of simpler,
overlapping sub-problems which are easier to solve. The solution to the original problem
is then reconstructed from the sub-problem solutions. MDPs are ideal candidates, since
Equation 3.4 provides a recursive decomposition of the problem and the value function
V7 (i) stores and reuses its solutions for a particular policy II. In particular, finite-horizon
MDPs often have a trivial optimal terminal state mapping, (7(s7), sy € U C S), which
can be computed and stored. The optimal mapping for (w(sr_1),s7—1 € S) can then
be solved, given that we know the optimal mapping at time 1. Solving the set of sub-
problems in this predefined order is referred to as backward induction and is appropriate

for finite-horizon MDPs with stationary, deterministic policies.

There are two primary algorithms in dynamic programming to solve each of the sub-

problems: policy iteration and value iteration.

3.3.1 Policy iteration

As described in Section 3.2, a policy is a particular mapping from states to actions. For
this exposition, we consider only deterministic policies, however more generally policies
can be stochastic, i.e. with some probability distribution over candidate actions for a

particular state (see for example [81]). In addition, we assume policies are stationary.

Policy iteration broadly involves two stages: policy evaluation and policy improvement.
Policy evaluation involves determining the discounted cumulative reward from following
the exact trajectory of actions from a candidate policy in the current and subsequent
states, i.e. evaluating Equation 3.3 for a given state ¢. Policy improvement uses the
values V7™ (i) to specify a new policy II" which is guaranteed to be at least as good as
II. We will omit the details here, but a key insight is the specification of a Q-function,
which determines the value of a non-stationary policy whereby some action a is executed

in the current state, and the policy mappings from II are used in subsequent states, i.e.

Q™ (i,a) = r(i,a) +72P¢j(a)V7r(j) for i,j € S. (3.5)
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The primary difference between Equation 3.3 and Equation 3.5 is that we allow the case

were a # 7(i). A new policy is then chosen, such that
7' (i) = arg mzﬁc{Q”(i, a)} forieS (3.6)
ac

where it is clear that Q7 (i,7’(i)) > Q™ (i,7(i)) and the overall policy is thus improving
simultaneously in every state i € S [67]. If ©/(i) = 7(i) Vi € S, then II is an optimal
policy, usually denoted by II*. The value function and Q-function associated with the
optimal policy are denoted by V™ (i) and Q™ (i,a) respectively. Policy iteration is
guaranteed to converge to an optimal solution, since the problem is finite and improves

measurably at each time step [133].

3.3.2 Value iteration

Value iteration is an alternative proposition in dynamic programming theory to solve for
the optimal policy. Under value iteration, the Q-function is updated directly according

to the following equation

"(i,a) =7(i P ,0) fori,jes 3.7

Q'(i,a) = r(i,a) +vzj: ij(a) argmax Q(j,b)  for i, g (3.7)

following an appropriate initialisation of ). Although the Q-function as specified in
Equation 3.7 is not associated with a particular policy, as in Equation 3.5, it can be
shown that if Equation 3.7 is iterated infinitely-often, it will converge to the Q-function

associated with the optimal policy [25, 29, 31]. The optimal policy is then defined as
II*(S) = {a: Qi,a) = arglglzﬁcQ(i, b) and i € S}. (3.8)
€
We will omit the details of the proof here, but a key insight is that

1Q'(i,a) = Q™ (i,a)||loo <1Q(i,a) = Q" (i,a)l|oc  for 0 <y <1 (3.9)

viz., the Loo-norm of the distance between Q'(i,a) and Q™ (i,a) is less than that be-
tween Q(i,a) and Q™ (i,a) by a factor of at least 0 < v < 1 at each iteration step
[29, 31, 67]. The Q-values thus converge exponentially to their optimal values, ensuring
the policy is at least near-optimal after a finite number of steps. The value iteration
algorithm is closely related to a simple reinforcement learning algorithm, Q-learning,
which considers the case where transition probabilities and rewards are at least par-
tially unknown apriori, making dynamic programming unsuitable. This is the primary

algorithm we will be considering and extending in this thesis.
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3.4 The Q-learning algorithm

Q-learning is a model-free reinforcement learning technique first introduced by Watkins
[243], which can be used to find the optimal, or near-optimal, action-selection policy for
a given MDP [244]. Tt uses the idea of the Bellman optimality equation and the value
iteration algorithm to derive a update rule which successively refines the state-action
policy mapping using simple observed feedback from the system, without full knowledge

of transition dynamics.

The task of the ()-learning agent is to determine IT* where P;;(a) is unknown, using a
combination of exploration and exploitation techniques over the given domain. In the
exposition which follows, we will use * to indicate the optimal policy 7* where this eases

notation.

It can be shown that V*(i) = max, Q*(i,a) and that an optimal policy can be formed
such that 7*(i) = a*. It thus follows that if the agent can find the optimal Q-values,
the optimal action can be inferred for a given state i. It is shown in [243, 244] that an
agent can learn ()-values via experiential learning, which takes place during sequential

episodes. At the " iteration, the agent:
e observes its current state S,
e selects and performs an action Ay,
e observes the subsequent state S;11 as a result of performing action Ay,

e receives an immediate reward r; and

e uses a learning factor a4, which decreases gradually over time.

@ is updated as follows:

Qi+1(St, Ar) = Qi(St, Ap) + aury + Y max Qt(St+1,0) — Qi(St, Ar)].  (3.10)

In Equation 3.10, we have indexed the Q-matrix by time, to show the incremental update
of the (Q-values given the prevailing values and new reward information. Provided each
state-action pair is visited infinitely often, [244] show that @) converges to Q* for any
exploration policy. Singh et al. provide guidance as to specific exploration policies
for asymptotic convergence to optimal actions and asymptotic exploitation under the

Q-learning algorithm, which we incorporate in our analysis [230].
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3.4.1 Proof of convergence for infinite-horizon Q-learning

While Watkins developed the Q-learning algorithm in his PhD thesis [243], the detailed
proof of convergence was published as a separate technical note with Dayan [244], mak-
ing use of an artificial controlled Markov process called an action replay process. Melo
published an independent, simpler proof of convergence for the finite state, finite ac-
tion, infinite horizon Q-learning algorithm which is well-suited to our formulation [182],
building on theorems derived in [139]. We will reproduce Melo’s proof here for complete-
ness, making appropriate notation changes to suit our exposition, before considering the

consequences of a finite horizon on convergence.

Consider an MDP as the tuple (S, A, P,r), where

e S is the finite state space
e A is the finite action space, or set of admissible controls
e P represents the state transition probabilities

e 7 represents the reward function.

We denote elements of S as ¢ and j, and elements of A as a and b. We consider the

general situation where the reward is defined over triplets (i, a, j), viz. r is a function
r:SxAxS—R

where a reward (i, a, j) is incurred each time a transition occurs from state i to state

j, as a result of performing action a. Here,  is a bounded, deterministic function.

For a candidate sequence of controls A4, C A = {A,; =a:t> 0,a € A} and state
evolutions S, C S = {Sys =1 :¢t>0,i € S}, the value of a state i is defined as

o

J(i, -Au) =K Z’Ytr(su,tv Au,t7 Su,t—i—l) ‘ Su,O = Z] (3.11)
t=0

where « is some discount rate such that 0 < ~ < 1. For each ¢ € S, the optimal value

function is defined as
V*(i) = max J (i, Ay) (3.12)

U

which verifies the following equation,

V(i) = max Y Pa(is )[r (i, a,5) + 9V (5)] (3.13)
JjES
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In line with the description in Section 3.3, we define the optimal @Q-function as

a) =Y Pa(i,5)[r(i,a,5) + 7V*(5)]. (3.14)
JjES

The optimal @-function in Equation 3.14 is a fixed point of a contraction operator H,

defined for some generic function ¢: S x A — R as

(Hg) Pu( ; b)), 3.15
q)(i,a) ; (i, 5) Za,J)JrvrIglea}g(J(J, )] (3.15)

The operator H is a contraction in the sup-norm, i.e.

Hg1 — Heol|oo < v[la1 — ¢2f|oo- (3.16)

To see this, consider the following

Hg1 — Haal|oo
= max ZPQ(Z,j)[ i,a j)—i-vmaqu(j,b) r(i,a,7) — ’nglE%i(QQ(j,b)}‘
jJjeS
— Pa( [ b) — ',b}
H;%XVJEZS (i,.7) | max q1(j;b) — max ga(; )‘

< Po(i i ‘ . _ . ’
< maxy EES (i, 7) f&ﬁ“]l(]ab) ggqg(y,w
J

<II1&X’YZP (,7) max’ql k,b) — qa(k, b)’
e JES

—maX’yZP i, a1 — 2l
JeES

= 7||Q1 - Q2||oo-

The @-learning algorithm determines the optimal @)-function using point samples. Let

m, be some random state-action policy mapping, such that
Pr,[Aut = a|Sus =1i] >0 (3.17)

for all state-action pairs (i,a). Consider a sequence of actions A,, state evolutions S,
and rewards R, = {r(i,a,j) : t > 0,i,5 € Sy,a € A,}. Then, for any initial state Q,

Q-learning uses the following update rule

Qt11(St, Ar) = Qi(St, Ar) + s (St, Ag) [r: + v max Qr(Ser1,b) — Qe(Se, A)] o (3.18)

where the step-sizes a;(St, A;) satisfy the condition 0 < (S, 4;) < 1 and 7 :=
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74 (St, Ay, Se41). Q¢ then represents the expected discounted reward of performing action

A, in state Sy, and then following the (current) optimal policy thereafter.

Before we can prove that the update rule in Equation 3.18 converges to the optimal

Q-function, we require an auxiliary result from stochastic approximation theory.

Theorem 3.1. The random iterative process {/\}, taking values in R™ and defined as
Appa(r) = (1 — ae(@) D) + (@) Fy(x)
converges to zero w.p. 1 under the following assumptions:
o 0 <ay(x) <1, Zt:at(:v) = 00 and Zt:a?(x) < 0

o [E[F@)F]lw < l|Adlw, with 0 <y <1

o V[Ft($)|]:t] <C(1l+ HAtHIQ/V), for C > 0.

where:

x € S is a finite set
o ay(x) is the time-dependent learning rate

e Fy(x) is a time-dependent function of the state variables

Fi = {Fi(z), Fi—1(x), ..., (x), —1(x), ..., D¢ (), Ne—1(2), ...} is the history up to

time t

C,v are constants

|| - [lw = max, |W| is a weighted mazimum norm

Proof. The detailed proofs of this result and supporting lemmas are provided by Jaakkola
et al. [139]. O

We can now state the following result:

Theorem 3.2. Given a finite MDP (S, A, P,r), the Q-learning algorithm given by the

update rule

Qi+1(St, Ar) = Qu(St, Ar) + (S, Ar) [re + v max Qr(Ser1,b) — Q:(St, Ar)]
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converges w.p. 1 to the optimal Q-function, provided

Zat(i,a) =

and
Z a?(i,a) < oo
t

for all (x,a) € S x A, i.e. all permissible state-action pairs.

The conditions for ay(i,a) in Theorem 3.2, together with the Q-learning update rule
condition 0 < ay(7,a) < 1, imply that all state-action pairs need to be visited infinitely

often to ensure convergence to the optimal Q-function.

Proof. We begin by rewriting Equation 3.18 as
Qi+1(St, Ar) = (1 — (St Ar)) Qe (St, Ar) + (S, Ar) [Tt + 7 max Qt(St+1, b)]
Subtracting the quantity Q*(S, A;) from both sides and letting
Ay(St, Ar) = Qu(St, Ar) — Q" (St, Ar)
yields
Npr1(Se, Ar) = (T—au (S, Ae)) D (S, Ag)+u (St Ag) [re+v max Qt(St41,b)—Q* (S, Ay)].
Now consider,
Fili,a) = rilis o, X(1, ) + 7 Qu(j,) — Q' ),

where X (i,a) is a random sample state taken from the Markov chain (S, P,). Then we

have

E[F;(i,a)|F) = ZP i, ] [rtza])—l-vl;)ﬂe&}i(Qt(],b)—Q(z,a)]
JES
= (HQ:)(i,a) — Q" (i, a).
Using the fact that Q* = HQ*, we have

E[F(i,a)|F:] = (HQ:)(i; @) — (HQ)(i, a).
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It then follows from Equation 3.16 that

ELF: (7, a) [ Felloo < 1@ — Q7[]oo
= M4 oo-

Finally, we have
V[Ft(ﬂf, a)|]:t]

=K (Tt(iv aaX(iv a)) + Vlgle%i{Qt(ja b) - Q*(Za a) - (HQt)(’Lv a’) + Q*(Za a)>2]

2
=E <Tt(iv aaX(iv a)) + Vlgle%i(Qt(ja b) - (HQt)(Za a)) ]

=V|ri,a, X(i,a)) + v max Q:(7, b)lft]

which, since r is bounded, verifies
V[E(i,a)|F] < C(L+[|Adly)

for some constant C.

Then, by Theorem 3.1, /A; converges to zero w.p. 1, which implies Q); converges to Q*
w.p. 1. O

3.4.2 On convergence for finite-horizon Q-learning

The exposition in Section 3.4.1 presents an algorithm which guarantees optimal policy
convergence of a stationary infinite-horizon MDP. The stationarity assumption, and
hence validity of the above result, needs to be questioned when considering a finite-
horizon MDP, since states, actions and policies are time-dependent [213]. In particular,
we are considering a discrete period, finite trading horizon, which guarantees execution
of a given volume of shares. At each decision step in the trading horizon, it is possible
to have different state spaces, actions, transition probabilities and reward values. Hence
the above model needs revision. Garcia and Ndiaye consider this problem and provide
a model specification which suits this purpose [96]. They propose a slight modification

to the Bellman optimality equations shown above:

Vi (7) = max{re(i, ar) +v > Phila)ViE ()
j
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forallie S CS,j€S411CS,a0€ A4 CAte{0,1,...,T} and V}' (i) = 0. This
optimality equation has a single solution V* = {V{*, V", ..., V}'} that can be obtained
using dynamic programming techniques. The equivalent discounted expected reward

specification thus becomes:
QF (i, ar) = re(i,ae) + 7 Y Phi(w(i)) Vi1 (4)-
J

They propose a novel transformation of an T-step non-stationary MDP into an infinite-
horizon process ([96]). This is achieved by adding an artifical final reward-free absorbing
state x4ps, such that all actions ar € A taken at time T lead to x,ps with probability 1.

Hence the revised Q-learning update equation becomes:

Qey1(iyar) = Qu(i, ar) + ou (i, ar)Us,

where
T + 7y maxy Qt(j, b) — Qt(i,at) for 7 € St,j S St+1,t <T

Ut = \Tt— Qt(i,at) for 7 € ST
0 otherwise.

The learning rule for St is thus equivalent to setting V7, (Zaps) = Q71 (Tabs, ) =0V
be Ary C A

Garcia and Ndiaye further show that the above specification (in the case where v = 1)
will converge to the optimal policy with probability one, provided that each state-action

pair is visited infinitely often, Y, as(i,a) = co and >_, a(i,a) < oo [96].

3.5 Batch learning vs online learning

The traditional RL paradigm permits online learning, viz. an agent is deployed in an
unknown domain, immediately begins taking actions according to some (initially ran-
dom) action-selection policy, receives feedback from the system, and eventually refines
its state-action selection policy through experience. Batch RL refers to the case where a
certain amount of pre-recorded experience (rewards and state transitions given executed
actions) is used to train a Q-matriz offline, before deploying the learning agent into the
online environment [80, 158]. Batch RL does not preclude online learning, but rather
seeks to minimise the potential adverse consequences of initial random action selection
by seeding the Q-matriz with reasonable experience. It is of course only effective if
the experience tuples for offline policy training closely mimic online experience [80]. In

Chapter 5, we introduce a batch RL Q-learning framework for optimal trade execution,
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where executed actions affect only the evolution of the agent’s private state attributes,
not the evolution of public attributes. This permits us to construct a set of experi-
ence tuples from historical data which can be used to seed the training of a Q-matriz,
before deploying it online for trade execution decisions. Given the goal of developing
adaptive trading agents, it is critical that the agent can extract and make sense of per-
sistent information from streaming data online, and is able to converge to a useful policy
fast enough before the regime changes. Chapter 6 introduces a market attribute which
describes the temporal evolution of the system, but is measurable online for effective
learning. Chapter 9 discusses a fully online algorithm, where the agent learns directly

from interactions from the system with no offline training.

3.6 Exploration vs exploitation trade-off

A key challenge in RL, which is not a concern in other forms of machine learning, is
the trade-off between ezploration and ezploitation [230]. Given the goal of maximising
cumulative reward, an agent should choose actions which it has found to be successful
in the past, i.e. exploit existing knowledge of the system to make decisions. At the same
time, given limited knowledge of the system, the agent should explore actions it has not
tried before to determine if it has perhaps learnt a locally-optimal policy. This trade-off
is usually encoded in the action selection rule for the learning agent. A common action
selection rule is e-greedy, where most of the time the action chosen coincides with the
highest expected cumulative future reward, however there is a € probability of choosing a
random action from the permissible set [230]. One disadvantage of e-greedy is that, given
an exploration action choice, it is equally likely to choose amongst all permissible actions.
An alternative scheme is softmax, where action probabilities are weighted according to
their estimated value [230], such that the exploration action choice does not adversely
affect the agent’s trajectory. We have chosen to use the e-greedy action-selection scheme
in Chapters 5, 8 and 9, however alternative schemes could be explored in further work

to assess its efficacy in this domain.

3.7 Curse of dimensionality

The term curse of dimensionality was introduced by Richard Bellman to describe a
problem of exponential increase the volume of a sampling space as one increases the
dimension of the space [31-33], however the concept has been translated to machine
learning, where it states that the efficacy of a learning algorithm decreases as the di-

mensionality of the feature space increases [135]. For RL, this is a particular problem
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for the discrete-state @-learning algorithm we consider in this thesis, as the ability to
learn an effective policy quickly diminishes as the number of state attributes (and their
resolution) increases. It is thus critical that we choose a parsimonious state representa-
tion which captures enough exploitable information in the system evolution to learn an
effective policy. This is especially relevant for our domain, where agents acting in a high-
frequency market microstructure state space potentially face solving high-dimensional
problems. In Chapter 6, we introduce a scheme which models temporal evolution by ef-
ficiently extracting the exploitable information from multi-featured data streaming from
the system, reducing it to low-dimensional representation which is easily measurable
online. This permits us to add a single public attribute to our learning agent’s state

space, rather than adding all possible features at arbitrary resolutions.

3.8 The nature of learning in a complex system

While RL offers a compelling paradigm for deriving adaptive trajectories under Marko-
vian dynamics, it rests firmly on the foundations of dynamic programming [29], assuming
the system of interest is stationary and ergodic and hence guarantees convergence to a
single globally-optimal state-action policy. If the system of interest is a complex adap-
tive system, the existence of a single, fixed-point solution for our objective should be

questioned.

Rather, RL may still be effective if it converges to a useful policy fast enough, i.e. it
learns at a rate faster than the natural time-scale of the system, yet adapts as new niches
form. Galla and Farmer investigate the nature of agent learning by simulating two-
person complicated games with varying payoff correlations, using experience weighted
attraction (EWA) to evaluate the propensity for asymptotic learning in the parameter
space [95]. They show that even under these simple conditions, chaotic regimes exist in
the payoff correlation-learning rate space, where any attempts to learn a useful policy
are inherently random. Their results suggest that, given a payoff correlation amongst
competing agents, a learning rate should be chosen which ensures the agent is in a
fized point or multiple fized point regime, such that feasible learning toward a useful
policy is possible. Given the complex system paradigm we are considering, we would
at best expect a (possibly dynamic) multiple fized point regime to exist, thus a learning
rate should be chosen which ensures we are within this region. It is unclear how the
results presented by Galla and Farmer [95] could be extrapolated for real-world games.
One possibility may be to use an inverse reinforcement learning (IRL) algorithm to
learn rewards or payoffs of different classes of agents in financial systems, calculating

payoff correlations to isolate feasible learning rates, but we suspect the solution is more
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complicated. It is clear, however, that the chosen learning rate is critical for an effective

trading agent and warrants careful evaluation for our study.

3.9 Some remarks

This chapter introduces the general learning framework used in this thesis: discrete-
state, discrete-action @Q-learning for finite-horizon MDPs. In Chapter 5, we demonstrate
a simple implementation for our particular problem of optimal trade execution. Chapter
6 uses the complex system proposition for financial system dynamics outlined in Chap-
ter 1 to inform a mechanism for detecting temporal states online, providing an efficient
attribute to enhance the learning agent’s state space which avoids the curse of dimen-
stonality. Chapter 7 focuses on the agent’s permitted actions, using the ideas outlined in

Chapter 2 to inform a pragmatic mechanism for controlling the size of submitted trades.



Chapter 4

Data description and Exploratory

Data Analysis

4.1 Overview

In this chapter, we discuss the raw data used for this work, courtesy of Thomson Reuters
Tick History. To facilitate efficient storage, retrieval and manipulation of the large vol-
ume of tick data, we uploaded the data into a MongoDB noSQL database with bespoke
query indexes and a MATLAB application programming interface (API) for integration
into our scientific computing environment. We use the techniques of exploratory data
analysis to interrogate the empirical data, revealing pertinent details for the modelling

decisions which follow.

4.2 Data

4.2.1 Raw data

Thomson Reuters Tick History (TRTH) provides a historical market data service for
intraday transactions, quotes and market depth dating back to January 1996 [2]. We
used this service to collect raw tick data for 170 stocks which make up the South African
benchmark All-Share index (ALSI), from January 2006 to December 2015. The TRTH
web interface was used to select fields including transactions and 10 levels of market
depth quotes, and data was downloaded as a series of flat text files. The fields retrieved

are listed in Table 4.1.

38
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Reuters field Description

#RIC
Date[L]
Time[L]

Type

Price

Size
L1-BidPrice
L1-BidSize
L1-AskPrice
L1-AskSize
L2-BidPrice
L2-BidSize
L2-AskPrice
L2-AskSize
L3-BidPrice
L3-BidSize
L3-AskPrice
L3-AskSize
L4-BidPrice
L4-BidSize
L4-AskPrice
L4-AskSize
L5-BidPrice
L5-BidSize
L5-AskPrice
L5-AskSize
L6-BidPrice
L6-BidSize
L6-AskPrice
L6-AskSize
L7-BidPrice
L7-BidSize
L7-AskPrice
L7-AskSize
L8-BidPrice
L8-BidSize
L8-AskPrice
L8-AskSize
L9-BidPrice
L.9-BidSize
L9-AskPrice
L9-AskSize
L10-BidPrice
L10-BidSize
L10-AskPrice
L10-AskSize

The Reuters Sharecode identifier
The date, in “DD-MMM-YY” format

The local exchange time, in “hh:mm:ss.000” format,

associated with the event

The type of data shown ( “quote”, “trade” or “auction”)

The price of a trade

The volume of a trade

The prevailing best bid quote price
The prevailing best bid quote volume
The prevailing best ask quote price
The prevailing best ask quote volume
The prevailing level 2 bid quote price
The prevailing level 2 bid quote volume
The prevailing level 2 ask quote price
The prevailing level 2 ask quote volume
The prevailing level 3 bid quote price
The prevailing level 3 bid quote volume
The prevailing level 3 ask quote price
The prevailing level 3 ask quote volume
The prevailing level 4 bid quote price
The prevailing level 4 bid quote volume
The prevailing level 4 ask quote price
The prevailing level 4 ask quote volume
The prevailing level 5 bid quote price
The prevailing level 5 bid quote volume
The prevailing level 5 ask quote price
The prevailing level 5 ask quote volume
The prevailing level 6 bid quote price
The prevailing level 6 bid quote volume
The prevailing level 6 ask quote price
The prevailing level 6 ask quote volume
The prevailing level 7 bid quote price
The prevailing level 7 bid quote volume
The prevailing level 7 ask quote price
The prevailing level 7 ask quote volume
The prevailing level 8 bid quote price
The prevailing level 8 bid quote volume
The prevailing level 8 ask quote price
The prevailing level 8 ask quote volume
The prevailing level 9 bid quote price
The prevailing level 9 bid quote volume
The prevailing level 9 ask quote price
The prevailing level 9 ask quote volume
The prevailing level 10 bid quote price
The prevailing level 10 bid quote volume
The prevailing level 10 ask quote price

The prevailing level 10 ask quote volume

TABLE 4.1: Thomson Reuters Tick History (TRTH) raw data fields. The associated
data was downloaded as flat text files from the TRTH web interface.
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4.2.2 MongoDB noSQL database

To facilitate efficient data retrieval for empirical analysis on microstructure data, we
used MongoDB to implement a trade and quote database. MongoDB is a highly scal-
able, high performance, open-source NoSQL database management system (DBMS) [54].
Considering the nature of the raw tick data, i.e. large volumes of trades and quotes with
associated metadata, the JSON-like documents and dynamic schemas provided by Mon-
goDB ensure efficient storage, without the relational overhead of SQL-style databases.
MongoDB offers simple and compound index support on any set of attributes, MapRe-
duce functionality for efficient aggregation queries and full integration with JAVA and

C++ via appropriate API’s and drivers [54].

The implemented MongoDB schema is shown in Figure 4.1. A TickData database was
created to store the data in two collections: JSETransactions, which stores trade and
level-1 quotes as documents, and JSEMarketDepth, which stores 10 levels of market depth
quotes as documents. The hardware specifications of the database server are shown in
Table 4.2. Security measures were implemented to ensure the correct access permissions

were granted for our research group team members, using role-based access control.

.mongoDB; TickData DATABASE

JSETransactions COLLECTION JSEMarketDepth COLLECTION

@ment 1

"L2AskSize" :

\ "L3BidPrice" : 31620, /

F1GURE 4.1: Implemented MongoDB schema for TRTH data. A TickData database
was created to store the data in two collections: JSETransactions, which stores trade
and level-1 quotes, and JSEMarketDepth, which stores 10 levels of market depth quotes.
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Item Specification

Operating System Windows 7 Professional Service Pack 1 (64-bit)
DBMS MongoDB 3.0.7, run as Windows service

CPU Intel Core i7-X980 CPU@3.33 GHz

Memory 24GB RAM

HDD capacity (DB location) 3 x 4TB RAID 0 striped, creating spanned volume of 12TB
HDD capacity (raw data) 1x1.5TB

HDD capacity (OS) 1x1TB

GPU Nvidia TESLA C2050 with 2.5GB RAM, CC: 2.0, SM: 2.0

TABLE 4.2: Hardware specifications for MongoDB data server.
4.2.2.1 Query indexes

MongoDB provides support for both simple (single field) and compound (multiple fields)
indexes to improve the execution speed of queries. MongoDB make use of a B-tree data
structure [60] which restricts the number of scans through a collection to those which
are relevant for a given query. We constructed a number of compound indexes which
facilitated efficient retrieval of documents from the JSETransactions and JSEMarket-
Depth collections. Some of these are indicated in Figure 4.2. We typically required the
retrieval of contiguous blocks of tick data, for a specified stock and date/time range,

thus the specification of required indexes was relatively straight forward.

JSETransactions COLLECTION JSEMarketDepth COLLECTION
Retrieve all documents for a given RIC (stock), Retrieve all documents for a given RIC (stock),
type (‘trade’, ‘quote’ or ‘auction’) and date and date range using the ISODate format
range using the ISODate format. (Collection only contains ‘quote’ types).
db.JSETransactions.createIndex ({ db.JSEMarketDepth.createIndex ({

RICg 1, RICs 1,
Type: 1, DateTimeL: 1
DateTimeL: 1 1)

Retrieve all documents for a given RIC (stock),
and date range using the ISODate format
(retrieves all types).

db.JSETransactions.createIndex ({
RIC: 1,
DateTimeL: 1

FIGURE 4.2: Some compound indexes created for efficient query execution.
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4.2.2.2 Aggregation and Map-Reduce

MongoDB provides two schemes for native document processing and aggregation: The
aggregation pipeline and map-reduce. The data aggregation pipeline allows the user to
group and sort documents based on specified fields, as well as apply common operators
on intermediate and final results for efficient computation using native MongoDB com-
mands. The basic process uses queries to filter documents and then apply document
transformations to modify the form of the output document. Map-reduce is an older
paradigm implemented on a variety of large-scale computing clusters and database man-
agement systems [68]. Map-reduce operations typically have two phases: a map stage
which processes each document and emits one or more objects for each input document,
and reduce phase which combines and processes the output of the map operation. While
the MongoDB aggregation pipeline is more efficient than map-reduce for performing the
same operation, map-reduce offers more flexibility in the type of aggregation procedures
which can be performed. Figure 4.3 illustrates the differences between the aggregation
pipeline and map-reduce for performing a simple extraction of level-1 quotes at 5-minute

intervals from the JSEMarketDepth collection.

4.2.2.3 MATLAB API

We developed a MATLAB application programming interface (API) which provides
seamless access to data stored in the MongoDB database, efficiently retrieving docu-
ments over a secure connection and populating the MATLAB workspace for further
computation. We incorporated the native mongoerport command, which efficiently ex-
tracts documents based on a specified query and stores results temporarily on disk, be-
fore populating the MATLAB workspace using the MATLAB dos command. Although
this is a somewhat crude implementation, it was found to be significantly faster than
alternative schemes which used Java Database Connectivity (JDBC) drivers to connect
to the database from MATLAB.
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AGGREGATION MAP-REDUCE
Extract level 1 quotes at 5-minute intervals for GRT, from 25-Oct-2012 09:00 to 09:15 Extract level 1 quotes at 5-minute intervals for GRT
db.JSEMarketDepth.aggregate ( db.JSEMarketDepth.mapreduce (
[ { $match: map () { var resolution = 5;
{ RIC: "GRTJ.J", DateTimeL: { $gte: ISODate("2012-10- var coeff = 1000 * 60 * resolution;
25T09:00:00.0002"), S$Slte: ISODate("2012-10- var roundTime = new
25T09:15:00.0002™) } } 1}, Date (Math.round (this.DateTimeL.getTime () /
coeff) * coeff + 7200000) ;
{ $sort: { DateTimeL: 1 } },
emit ( { RIC: this.RIC, Date: new Date (roundTime),
{ $group: { _id: { RIC: "$RIC", Year: { Syear: Year: roundTime.getFullYear(),
"SDateTimelL" }, Month: { $month: "S$DateTimelL" }, Day: Month: roundTime.getMonth (),
{ $dayOfMonth: "$DateTimeL" }, Hour: { S$hour: Day: roundTime.getUTCDate(),
"SDateTimelL" }, Minute: { $minute: "S$DateTimel" } }, Hour: roundTime.getUTCHours ()
Minute: roundTime.getMinutes()},
L1AskPrice: { S$first: "SL1AskPrice" }, LlAskSize: { { count: 1,
$first: "SL1AskPrice" }, L1BidPrice: { $first: L1BidPrice: this.L1lBidPrice,
"$SL1BidPrice" }, L1BidSize: { S$first: "$L1BidSize" } L1BidSize: this.L1BidSize,
oY, L1AskPrice: this.LlAskPrice,
L1AskSize: this.LlAskSize
{ $sort: { "_id.Year": 1, "_id.Month": 1, "_id.Day": } )
1, " _id.Hour": 1, " id.Minute": 1 } }, }
reduce (key, values) {
{ $match: { "_id.Minute": { $mod: [5, 0] } } } 1) var reduced = { count: 0, L1BidPrice: 0, L1lBidSize:

0, LlAskPrice: 0, LlAskSize: 0 };

for (var i = 0; i<values.length; i++)

{
reduced.L1BidPrice = values[i].L1BidPrice;
reduced.L1lBidSize = values([i] .L1BidSize;
reduced.LlAskPrice = values[i].LlAskPrice;
reduced.LlAskSize = values[i].L1AskSize;

}

return reduced;

FIGURE 4.3: Aggregation pipeline versus map-reduce for a simple computation, ex-
tracting level-1 quotes for a stock at 5-minute intervals.

4.3 Exploratory Data Analysis

Initially promoted by John Tukey, exploratory data analysis (EDA) is a paradigm which
seeks to construct visualisations which expose patterns and features of the data and
reveal these forcefully to the analyst [129]. The term forcefully distinguishes mere visual
summaries of data from those which promote insight and investigation. Tukey claimed
that statisticians were too focused on sometimes arbitrary statistical hypothesis testing
or confirmatory data analysis, rather than efficiently utilising the data to inform which
hypotheses indeed needed testing [234, 235]. In a key publication, The Future of Data
Analysis, Tukey provides some key propositions in the interest of gleaning new and
meaningful insights from datasets, advocating the use of more realistic frameworks for
investigating old problems, seeking unfamiliar summaries of observational material and

the consideration of the perspectives of different experts on the same data [233].

Given the proliferation of data being generated by a wide variety of domains, these

principles of EDA should be reconceptualised to inform hypotheses in the so-called era
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of big data [90]. Advances in techniques which were conceptualised for small data will
require a careful blend of domain-specific knowledge and statistics to ensure inferences
are both meaningful and significant. We will thus consider EDA specifically for financial
markets, using a blend of our understanding of system dynamics and mechanics with

observed behaviours to inform hypotheses about system evolution.

4.3.1 Visualisation of limit order book features

Figure 4.4 demonstrates the asynchronous nature of trade prices as they are recorded
in the data feed. Each dot indicates a trade which occurred over the 5-minute time
interval shown here, where dots are coloured by stock and sized by the quantity of the
trade. This reveals the varying event throughput across stocks and apparent clustering

of activity.

Figure 4.5 plots all trade events for all TOP40 stocks for a typical trading day. While
certain details are masked at the micro level in this figure, a macro lens reveals that
there are certain temporal behavioural patterns worth investigating, such as clustering
of high-volume trades, their coincidence with exogenous events and news, as well as

cross-sectional activity levels for multiple stocks at various stages in the trading day.

Figures 4.6 and 4.7 plot the best bid (red) and best ask (blue) quotes for two candi-
date stocks (SBK and AGL) over a typical trading day. Here, we note the variability
of the spread over the trading day, and the effects of opening and closing auctions on
top-of-book quote dynamics. This begins to suggest isolating continuous trading times
(excluding auctions) for effective model calibrations, as inclusion of auction time dynam-
ics may adversely affect calibrations. Figure 4.7 also suggests that certain exogenous
events, such as the UK and US market open (around 10:00 and 15:00 respectively) may

affect the dynamics of stocks on the local exchange.

Figure 4.8 plots the best bid and best ask quotes for two fundamentally similar stocks,
Mondi Limited (MND) and Mondi Plc (MNP). These plots may reveal pairs trading
behaviour amongst the submitted quotes and resultant trades, revealing details about

how the observed price levels remain coupled.

Figures 4.9, 4.10 and 4.11 plot the market depth quotes and trades over a two hour
period on a typical trading day. Here, blue dots indicate ask quotes, red dots indicate
bid quotes and yellow dots indicate trades, with the size of the dot proportional to the
associated quantity. Quote levels further from the top of the book are indicated in
a lighter colour. These plots summarise a number of interesting features: clustering

of trades, variability of spread, persistency of quotes before matching, cancellation or
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updating and the tightness of market depth. Figure 4.11 in particular reveals a definite

regime change in LOB activity for AGL following the UK market open at 10:00.

Asynchronous transactions of TOP40 stocks from 2012-10-02 09:00:00 to 2012-10-02 09:05:00
(Actual asynchronous data)

09:00:30

09:01:00 09:01:30  09:02:00 09:02:30  09:03:00 09:03:30 09:04:00 09:04:30  09:05:00
Time

FIGURE 4.4: This figure aims to demonstrate the asynchronous nature of the trade

price time series at the tick level. Here, we plot raw trades of all TOP40 stocks over

a 5 minute period, from 09:00 02 October 2012 to 09:05 02 October 2012. Each dot

represents a trade at the exact time it took place, with trade price on the Y-axis and

time on the X-axis, where the size of the dot is proportional to the volume of the trade.
Dots are coloured by stock. It is clear stock trades occur asynchronously.
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Asynchronous transactions of TOP40 stocks from 2012-10-02 09:00:00 to 2012-10-02 16:30:00
(Actual asynchronous data)
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F1GURE 4.5: This figure aims to investigate common temporal patterns amongst stock

trades across the trading day. Here, we plot raw trades of all TOP40 stocks over a 7.5

hour period, from 09:00 02 October 2012 to 16:30 02 October 2012. Each dot represents

a trade at the exact time it took place, with trade price on the Y-axis and time on the

X-axis, where the size of the dot is proportional to the volume of the trade. Dots are
coloured by stock.
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Levell Bid and Ask quotes of SBK from 2013-11-01 09:05:00 to 2013-11-01 16:30:00
(Actual asynchronous data)

SBK Levell Bid
SBK Levell Ask

09:05:00 09:49:30 10:34:00 11:18:30 12:03:00 12:47:30 13:32:00 14:16:30 15:01:00 15:45:30 16:30:00
Time
FIGURE 4.6: This figure aims to investigate the nature of spreads by plotting the

evolution of level-1 quotes.

Levell Bid and Ask quotes of AGL from 2013-11-01 09:05:00 to 2013-11-01 16:30:00
(Actual asynchronous data)

AGL Levell Bid
AGL Levell Ask

09:05:00 09:49:30 10:34:00 11:18:30 12:03:.00 12:47:30 13:32:00 14:16:30 15:01:00 15:45:30 16:30:00
Time
FIGURE 4.7: This figure aims to investigate the nature of spreads by plotting the
evolution of level-1 quotes.
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Levell Bid and Ask quotes of MND and MNP from 2012-09-28 09:00:00 to 2012-09-28 09:15:00
(Actual asynchronous data)
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FIGURE 4.8: This figure aims to investigate the nature of level-1 quote updates for
two fundamentally similar stocks which are typical candidates for pairs trading, Mondi
Limited (MND) and Mondi Plec (MNP).
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Trades and Level 1 to 6 Bid and Ask quotes of GRT from 2013-11-01 09:05:00 to 2013-11-01 11:00:00
(Actual asynchronous data)

09:05:00 09:16:30 09:28:00 09:39:30 09:51:00 10:02:30 10:14:00 10:25:30 10:37:00 10:48:30  11:00:00
Time

FIGURE 4.9: This figure aims to investigate the nature of the raw events of interest in

the limit order book, including market depth. Ask quotes are indicated in blue and bid

quotes in red, with darker colours indicating closeness to the top-of-the-book. Yellow

dots indicate trade events. The size of each dot is proportional to the volume of the

trade or quote.
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Trades and Level 1 to 6 Bid and Ask quotes of SBK from 2013-11-01 09:05:00 to 2013-11-01 11:00:00

4

(Actual asynchronous data)

09:05:00 09:16:30 09:28:00 09:39:30 09:51:00 10:02:30 10:14:00 10:25:30 10:37:00 10:48:30 11:00:00
Time

FIGURE 4.10: This figure aims to investigate the nature of the raw events of interest in

the limit order book, including market depth. Ask quotes are indicated in blue and bid

quotes in red, with darker colours indicating closeness to the top-of-the-book. Yellow

dots indicate trade events. The size of each dot is proportional to the volume of the

trade or quote.

SBK Levell Bid
SBK Levell Ask
SBK Level2 Bid
SBK Level2 Ask
SBK Level3 Bid
SBK Level3 Ask

SBK Level4 Bid
SBK Level4 Ask
SBK Level5 Bid
SBK Level5 Ask
SBK Level6 Bid
SBK Level6 Ask
SBK Trade




Chapter 4. Data description and Exploratory Data Analysis

51

Trades and Level 1 to 6 Bid and Ask quotes of AGL from 2013-11-01 09:05:00 to 2013-11-01 11:00:00
(Actual asynchronous data)

09:05:00 09:16:30 09:28:00 09:39:30 09:51:00 10:02:30 10:14:00 10:25:30 10:37:00 10:48:30 11:00:00
Time

FIGURE 4.11: This figure aims to investigate the nature of the raw events of interest in

the limit order book, including market depth. Ask quotes are indicated in blue and bid

quotes in red, with darker colours indicating closeness to the top-of-the-book. Yellow

dots indicate trade events. The size of each dot is proportional to the volume of the

trade or quote.
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4.4 Some remarks

This chapter highlights the importance of an effective database management system
when dealing with large volumes of financial tick data, and uses the EDA paradigm of
John Tukey to construct visualisations of the data which promote preliminary insights.
While there are many more effective visualisations one could develop for this data, the
investigation here reveals apparent asynchronicity, clustering and temporal behaviour of
LOB events, which prove to be critical insights to inform the model choices which follow

in this thesis.



Chapter 5

A simple model-free
reinforcement learning model for

trade execution

5.1 Overview

This chapter serves as a proof-of-concept for the proposed learning paradigm, distilling
the problem to its most basic form before considering refinement. We introduce a model-
free reinforcement learning algorithm for optimal trade execution, using pre-processed
features to enumerate a discrete state space, with market order volume as the chosen
control. The learning algorithm is used to adapt a static liquidation trajectory with
respect to prevailing order book features, in order to improve the post-trade implemen-
tation shortfall with respect to the program’s arrival price. The contribution is captured

in the following paper:

D. Hendricks, D. Wilcox. A reinforcement learning extension to the Almgren-Chriss
framework for optimal trade execution. Proceedings from IEEE Conference on Compu-
tational Intelligence for Financial Economics and Engineering, 2014. [124]

Available online: http://dx.doi.org/10.1109/CIFEr.2014.6924109
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5.2 Adapting a static liquidation trajectory using rein-

forcement learning

A critical problem faced by participants in investment markets is the so-called optimal
trade execution problem, viz. how best to trade a given block of shares to achieve minimal
cost. Here, cost can be interpreted as in Andre Perold’s implementation shortfall [209],
i.e. adverse deviations of actual transaction prices from an arrival price baseline when
the investment decision is made. Alternatively, cost can be measured as a deviation from
the market volume-weighted trading price (VWAP) over the trading period, effectively
comparing the specific trader’s performance to that of the average market trader. In each
case, the primary problem faced by the trader/execution algorithm is the compromise

between price impact and opportunity cost when executing an order.

Price impact here refers to adverse price moves due to a large trade size absorbing lig-
uidity supply at available levels in the order book (temporary price impact). As market
participants begin to detect the total volume being traded, they may also adjust their
bids/offers downward /upward to anticipate order matching (permanent price impact)
[131]. To avoid price impact, traders may split a large order into smaller child orders
over a longer period. However, there may be exogenous market forces which result in
execution at adverse prices (opportunity cost). This behaviour of institutional investors
was empirically demonstrated by Chan and Lakonishok [52], where they observed that
typical trades of large investment management firms are almost always broken up into

smaller trades and executed over the course of a day or several days.

Several authors have studied the problem of optimal liquidation, with a strong bias
towards stochastic dynamic programming solutions (see [8-13, 35, 99, 100, 134, 160,
166, 190, 218-222, 236, 237| as examples). In this chapter, we consider the application
of a machine learning technique to the problem of optimal liquidation. Specifically, we
consider a case where the popular Almgren-Chriss closed-form solution for a trading
trajectory, with linear price impact [13], can be enhanced by exploiting microstructure

attributes over the trading horizon using a reinforcement learning technique.

Reinforcement learning in this context is essentially a calibrated policy mapping states
to optimal actions. Each state is a vector of observable attributes which describe the
current configuration of the system. It proposes a simple, model-free mechanism for
agents to learn how to act optimally in a controlled Markovian domain, where the
quality of action chosen is successively improved for a given state [243]. For the optimal
liquidation problem, the algorithm examines the salient features of the current order
book and current state of execution in order to decide which action (e.g. child order

price or volume) to select to service the ultimate goal of minimising cost.
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The first documented large-scale empirical application of reinforcement learning algo-
rithms to the problem of optimised trade execution in modern financial markets was
conducted by Nevmyvaka et al. [191, 192]. They set up their problem as a minimisa-
tion of implementation shortfall for a buying/selling program over a fixed time horizon
with discrete time periods. For actions, the agent could choose a price to repost a limit
order for the remaining shares in each discrete period. State attributes included elapsed
time, remaining inventory, current spread, immediate cost and signed volume. In their
results, they found that their reinforcement learning algorithm improved the execution
efficiency by 50% or more over traditional submit-and-leave or market order policies.
This is conceptually similar to work of Laruelle et al. [161], where they propose a
stochastic optimisation procedure to determine the optimal posting of limit order prices

given market feedback.

Given the above description, we are able to discuss our specific choices for state at-
tributes, actions and rewards in the context of the optimal liquidation problem. We
need to consider a specification which adequately accounts for our state of execution
and the current state of the limit order book, representing the opportunity set for our
ultimate goal of executing a volume of shares over a fixed trading horizon. We consider
the particular problem of adapting a given, static volume trajectory for a liquidation
program with respect to market micostructure features. Our candidate static trajectory
model is the Almgren-Chriss model for an arrival price benchmark, assuming linear price

impact.

5.2.1 The Almgren-Chriss model for optimal liquidation

Bertsimas and Lo are pioneers in the area of optimal liquidation, treating the problem as
a stochastic dynamic programming problem [35]. They employed a dynamic optimisation
procedure which finds an explicit closed-form best execution strategy, minimising trading
costs over a fixed period of time for large transactions. Almgren and Chriss extended
the work of Bertsimas and Lo to allow for risk aversion in their framework [13]. They
argue that incorporating the uncertainty of execution of an optimal solution is consistent
with a trader’s utility function. In particular, they employ a price process which permits
linear permanent and temporary price impact functions to construct an efficient frontier
of optimal execution. They define a trading strategy as being efficient if there is no
strategy which has lower execution cost variance for the same or lower level of expected

execution cost.
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The exposition of their solution is as follows: They assume that the security price evolves

according to a discrete arithmetic random walk:
_ 1/2 ng
Sk = Sk-1+o0T ﬁk—Tg(j)» (5.1)
where:

Sy = price at time k,

o = volatility of the security,

7 = length of discete time interval,

&, = draws from independent random variables,
ni = volume traded at time k£ and

g(.) = permanent price impact.

Here, permanent price impact refers to changes in the equilibrium price as a direct
function of our trading, which persists for at least the remainder of the liquidation
horizon. Temporary price impact refers to adverse deviations as a result of absorbing
available liquidity supply, but where the impact dissipates by the next trading period
due to the resilience of the order book. Almgren and Chriss introduce a temporary price
impact function h(v) to their model, where h(v) causes a temporary adverse move in
the share price as a function of our trading rate v [13]. Given this addition, the actual

security transaction price at time k is given by:

~ n
Sk = Sp_1 — h(7"f).

Assuming a sell program for a quantity of X shares, we can then define the total trading

revenue as:

N N n N n

S V2¢, _ o™\ — Mk
D Sk =XSo+ Y (o072, — Tg( —)) > ngh( =), (5.2)
k=1 k=1 k=1
k N
where 2, =X — Y nj= > n;fork=0,1,...,N.
j=1 j=k+1

The total cost of trading is thus given by z = X5y — angk, i.e. the difference
between the target revenue value and the total actual revenue from the execution. This
definition refers to Perold’s implementation shortfall measure [209], and serves as the
primary transaction cost metric which is minimised in order to maximise trading revenue.

Since implementation shortfall is a random variable, Almgren and Chriss compute the
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following:
N N
E(w) =Y rorg("X) + 3 mph(2)
k=1 T k=1 T

and

N
V(z) :=o? Z T2,
k=1

The distribution of implementation shortfall is Gaussian if the & are Gaussian.

Given the overall goal of minimising execution costs and the variance of execution costs,

they specify their objective function as:
min{E(z) + A\V(x)}, (5.3)
where:

x = implementation shortfall,

A = level of risk aversion.

The intuition of this objective function can be thought of as follows: Consider a stock
which exhibits high price volatility and thus a high risk of price movement away from
the reference price. A risk averse trader would prefer to trade a large portion of the
volume immediately, causing a (known) price impact, rather than risk trading in small
increments at successively adverse prices. Alternatively, if the price is expected to be
stable over the liquidation horizon, the trader would rather split the trade into smaller
sizes to avoid price impact. This trade-off between speed of execution and risk of price
movement is what governs the shape of the resulting trade trajectory in the AC frame-

work.

A detailed derivation of the general solution can be found in [13]. Here, we state the

general solution:
~_ sinh(k(T —t;))
Y= sinh(kT)

X for j=0,...,N. (5.4)

The associated trade list is:

2 sinh(3£7)

— ZPEGRT) osh(w(T — ¢,
K sinh(xT) cosh{s J

)X for j =0,...,N, (5.5)

_1
2
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where:

7 = temporary price impact parameter,
p = permanent price impact parameter,

7 = length of discrete time period.

This implies that for a program of selling an initially long position, the solution decreases
monotonically from its initial value to zero at a rate determined by the parameter k. If
trading intervals are short, x2 is essentially the ratio of the product of volatility and risk-
intolerance to the temporary transaction cost parameter. We note here that a larger
value of k implies a more rapid trading program, again conceptually confirming the
propositions of [134] that an intolerance for execution risk leads to a larger concentration
of quantity traded early in the trading program. Another consequence of this analysis is
that different sized baskets of the same securities will be liquidated in the same manner,
barring scale differences and provided the risk aversion parameter A is held constant.
This may be counter-intuitive, since one would expect larger baskets to be effectively

less liquid, and thus follow a less rapid trading program to minimise price impact costs.

It should be noted that the AC solution yields a suggested volume trajectory over the
liquidation horizon, however Almgren and Chriss do not discuss a prescribed order type
to execute the trade list [13]. We have assumed that the trade list can be executed as a
series of market orders. Given that this implies we are always crossing the spread, one
needs to consider that traversing an order book with thin volumes and widely-spaced
prices could have a significant transaction cost impact. We thus consider a reinforcement
learning technique which learns when and how much to cross the spread, based on the

current order book dynamics.

The general solution outlined above assumes linear price impact functions, however the
model was later extended by Almgren to account for non-linear price impact [12]. This

extended model can be considered as an alternative base model in future research.

5.2.2 State space

We acknowledge that the true complexity of the financial system cannot be distilled into
a finite set of states and is not likely to evolve according to a Markov process. However,

we conjecture that the essential features of the system can be sufficiently captured with



Chapter 5. A simple model-free reinforcement learning model for trade execution 59

some simplifying assumptions such that meaningful insights can still be inferred. Here
we consider typical pre-processed features which capture aspects of the system visible to
human traders. For simplicity, we have chosen a look-up table representation of (), where
@ is a 2-dimensional matrix where each state-action pair reflects the expected discounted
future reward of performing the associated action in the given state, then following the
(current) optimal policy thereafter. Function approximation variants may be explored in
future research for more complex system configurations. As described above, each state
zn € S represents a vector of observable attributes which describe the configuration of
the system at time n. As in Nevmyvaka et al. [191, 192], we use Elapsed Time t and
Remaining Inventory i as private attributes which capture our state of execution over a
finite liquidation horizon T'. Since our goal is to modify a given volume trajectory based
on favourable market conditions, we include spread and wvolume as candidate market
attributes. The intuition here is that the agent will learn to increase (decrease) trading
activity when spreads are narrow (wide) and volumes are high (low). This would ensure
that a more significant proportion of the total volume-to-trade would be secured at a
favourable price and, similarly, less at an unfavourable price, ultimately reducing the
post-trade implementation shortfall. Given the look-up table implementation, we have

simplified each of the state attributes as follows:

e T = Trading Horizon,

e IV = Total Volume-to-Trade,

H = Hour of day when trading will begin,
e |/ = Number of remaining inventory states,
e B = Number of spread states,

e W = Number of volume states,

spn = %ile Spread of the n tuple,

vp, = %ile Bid/Ask Volume of the n'" tuple,

Elapsed Time: t, =1,2,3,....,T ,

e Remaining Inventory: i, =1,2,3,...,1 ,

.
1, if0<8pn§%

2, if%<spn§%

Spread State: s, =

if B2 - Spn < 1,

B B

)
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1, if0<vpn§%

2, if L <op, <&
e Volume State: v, = w oW

e (W=1
W, 1f%<vpn§1.
Thus, for the n'" episode, the state attributes can be summarised as the following tuple:
Zn =<tn, ina SpyUn > .

For sp, and wvp,, we first construct a historical distribution of spreads and volumes
based on the training set. It has been empirically observed that major equity markets
exhibit U-shaped or J-shaped trading intensity curves throughout the day, i.e. varying
signatures of typical trading activity around mornings, noon and afternoons. A further
discussion of these insights can be found in Admati and Pfleiderer [6] and Brock and Klei-
don [48]. In fact, Du Preez empirically demonstrates that South African stocks exhibit
U-shaped volume and J-shaped spread characteristics over the trading day [74]. We
thus consider simulations where training volume/spread tuples are H-hour dependent,

such that the optimal policy is further refined with respect to trading time (H).

5.2.3 Action set

Based on the Almgren-Chriss (AC) model specified above, we calculate the AC volume
trajectory (ACt, ACs, ..., ACr) for a given volume-to-trade (V'), fixed time horizon (7')

and discrete trading periods (t = 1,2,...,T). AC, represents the proportion of V to
trade in period ¢, such that ZT: ACy = V. For the purposes of this study, we assume that
each child order is executedtzé a market order based on the prevailing limit order book
structure. We would like our learning agent to modify the AC volume trajectory based
on prevailing volume and spread characteristics in the market. As such, the possible

actions for our agent include:
e [3; = Proportion of AC} to trade,
e O = Lower bound of volume proportion to trade,

e Syp = Upper bound of volume proportion to trade,

e Action: aj; = 3;AC:, where Brp < 8 < Bun
and ,Bj = Bj—l + ﬁincr-
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The aim here is to train the learning agent to trade a higher (lower) proportion of
the overall volume when conditions are favourable (unfavourable), whilst still broadly
preserving the volume trajectory suggested by the AC model. To ensure that the total
volume-to-trade is executed over the given time horizon, we execute any residual volume

at the end of the trading period with a market order.

5.2.4 Reward function

Each of the actions described above results in a volume to execute with a market order,
based on the prevailing structure of the limit order book. The size of the child order
volume will determine how deep we will need to traverse the order book. For example,
suppose we have a BUY order with a volume-to-trade of 20 000, split into child orders
of 10 000 in period ¢ and 10 000 in period ¢ + 1. If the structure of the limit order book

at time ¢ is as follows:

Market Depth Level | Ask Price Ask Volume
Level-1 100.00 3000
Level-2 100.50 4000
Level-3 102.30 5000
Level-4 103.00 6000
Level-5 105.50 2000

the volume-weighted execution price will be:

(3000 x 100) + (4000 x 100.5) + (3000 x 102.3)
10000

= 100.9.

Trading more (less) given this limit order book structure will result in a higher (lower)

volume-weighted execution price. If the following trading period ¢ 4 1 has the following

structure:
Market Depth Level | Ask Price Ask Volume
Level-1 99.80 6000
Level-2 99.90 2000
Level-3 101.30 7000
Level-4 107.00 3000
Level-5 108.50 1000

the volume-weighted execution price for the second child order will be:

(6000 x 99.8) + (2000 x 99.9) + (2000 x 101.3)

10000 = 100.12.




Chapter 5. A simple model-free reinforcement learning model for trade execution 62

If the reference price of the stock at ¢ = 0 is 99.5, then the implementation shortfall

from this trade is:

((20000 x 99.5) — (10000 x 100.9 + 10000 x 100.12)
20000 x 99.5

= —0.0101 = —101bps.

Since the conditions of the limit order book were more favourable for BUY orders in
period t + 1, if we had modified the child orders to, say 8000 in period ¢ and 12000 in
period t + 1, the resulting implementation shortfall would be:

((20000 x 99.5) — (8000 x 100.54 + 12000 x 100.32)
20000 x 99.5

= —0.0091 = —91bps.

In this example, increasing the child order volume when Ask Prices are lower and Level-
1 Volumes are higher decreases the overal cost of the trade. It is for this reason that
implementation shortfall is a natural candidate for the rewards matrix in our reinforce-
ment learning system. Each action implies a child order volume, which has an associated
volume-weighted execution price. The agent will learn the consequences of each action
over the trading horizon, with the ultimate goal of minimising the total trade’s imple-

mentation shortfall.

5.2.5 Algorithm

Given the above specification, we followed the following steps to generate our results:
e Specify a stock (5), volume-to-trade (V'), time horizon (7'), and trading datetime
(from which the trading hour H is inferred),

e Partition the dataset into independent training sets and testing sets to generate

results (the training set always pre-dates the testing set),

e Calibrate the parameters for the Almgren-Chriss (AC) volume trajectory (o,n)
using the historical training set; set p = 0, since we assume order book is resilient

to trading activity (see below),
e Generate the AC volume trajectory (ACY, ..., ACr),
e Train the @-matriz based on the state-action tuples generated by the training set,

e Execute the AC volume trajectory at the specified trading datetime (H) on each

day in the testing set, recording the implementation shortfall,
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e Use the trained @-matriz to modify the AC trajectory as we execute V at the

specified trading datetime, recording the implementation shortfall and

e Determine whether the reinforcement learning (RL) model improved/worsened

realised tmplementation shortfall.

In order to train the @Q-matriz to learn the optimal policy mapping, we need to traverse
the training data set (T'x I x A) times, where A is the total number of possible actions.

The following pseudo-code illustrates the algorithm used to train the Q-matriz:

Algorithm 1 Simple RL Q-learner

1: procedure OPTIMAL_STRATEGY(V,T,1, A)

2 for Episode 1 to N do

3 Record reference price at t = 0

4 fort =T to 1 do

5: Calculate episode’s STATE attributes (s, v)

6 for a =1to A do

7 Determine the action volume a and resulting remaining inventory i
8 Set x = (t,1,s,v)

9 Calculate IS from trade, R(z,a)

10: Simulate transition x to y

11: Lookup max, Q(y, p)

12: Update Q(z,a) = Q(z,a) + aU
13: end for

14: end for

15: end for

16: Select the lowest-IS action max,Q(y,b) for optimal policy
17: end procedure

An important assumption in this model specification is that our trading activity does
not affect the market attributes. Although temporary price impact is incorporated into
execution prices via depth participation of the market order in the prevailing limit order
book, we assume the limit order book is resilient with respect to our trading activity.
Market resiliency can be thought of as the number of quote updates before the market’s
spread reverts to its competitive level. Degryse et al. showed that a pure limit order
book market (Euronext Paris) is fairly resilient with respect to most order sizes, taking
on average 50 quote updates for the spread to normalise following the most aggressive
orders [69]. Since we are using 5-minute trading intervals and small trade sizes, we will
assume that any permanent price impact effects dissipate by the next trading period.
A preliminary analysis of South African stocks revealed that there were on average over
1000 quote updates during the 5-minute trading intervals and the pre-trade order book
equilibrium is restored within 2 minutes for large trades. The validity of this assumption
however will be tested in future research, as well as other model specifications explored

which incorporate permanent effects in the system configuration.
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5.3 Data and results

5.3.1 Data used

For this study, we collected 12 months of market depth tick data (Jan-2012 to Dec-2012)
from the Thomson Reuters Tick History (TRTH) database, representing a universe of
166 stocks that make up the South African local benchmark index (ALSI) as at 31-
Dec-2012. This includes 5 levels of order book depth (bid/ask prices and volumes) at
each tick. The raw data was imported into a MongoDB database and aggregated into
5-minute intervals showing average level prices and volumes, which was used as the basis

for the analysis.

5.3.2 Stocks, parameters and assumptions

To test the robustness of the proposed model in the South African (SA) equity market
we tested a variety of stock types, trade sizes and model parameters. Due to space
constraints, we will only show a representative set of results here that illustrate the
insights gained from the analysis. The following summarises the stocks, parameters and

assumptions used for the results that follow:

e Stocks

— SBK (Large Cap, Financials)
— AGL (Large Cap, Resources)
— SAB (Large Cap, Industrials)

e Model Parameters

— BrB: 0, Bup: 2, Biner: 0.25

— X: 0.01, 7: 5-min, ag: 1, y: 1

— V: 100 000, 1000 000

— T: 4 (20-min), 8 (40-min), 12 (60-min)
— H: 9,10, 11, 12, 13, 14, 15, 16

— I,B,W: 5,10

— Buy/Sell: BUY

e Assumptions

— Max volume participation rate in order book: 20%
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— Market is resilient to our trading activity

Note, we set v = 1 since Garcia and Ndiaye state that this is a necessary condition to
ensure convergence to the optimal policy with probability one for a finite-horizon MDP
[96] (see Chapter 3). We also choose an arbitrary value for A, although sensitivities to
these parameters will be explored in future work. AC parameters are calibrated and
@-matriz trained over a 6-month training set from 1-Jan-2012 to 30-Jun-2012. The
resultant AC and RL trading trajectories are then ezecuted on each day at the specified
trading time H in the testing set from 1-Jul-2012 to 20-Dec-2012. The implementation
shortfall for both models is calculated and the difference recorded. This allows us to
construct a distribution of implementation shortfall for each of the AC and RL models,
and for all trading hours H = 9, 10, ..., 16.

5.3.3 Results

Table 5.1 shows the average % improvement in median implementation shortfall for the
complete set of stocks and parameter values. These results suggest that the model is
more effective for shorter trading horizons (7' = 4), with an average improvement of up
to 10.3% over the base AC model. This result may be biased due to the assumption of
order book resilience. Indeed, the efficacy of the trained Q-matrix may be less reliable
for stocks which exhibit slow order book resilience, since permanent price effects would
affect the state space transitions. In future work, we plan to relax this order book

resilience assumption and incoporate permanent effects into state transitions.

Figure 5.1 illustrates the improvement in median post-trade implementation shortfall
when executing the volume trajectories generated by each of the models, for each of the
candidate stocks at the given trading times. In general, the RL model is able to improve
(lower) ex-post implementation shortfall, however the improvement seems more signifi-
cant for early morning/late afternoon trading hours. This could be due to the increased
trading activity at these times, resulting in more state-action visits in the training set
to refine the associated Q-matrix values. We also notice more dispersed performance
between 10:00 and 11:00. This time period coincides with the UK market open, where
global events may drive local trading activity and skew results, particularly since cer-
tain SA stocks are dual-listed on the London Stock Exchange (LSE). The improvement
in implementation shortfall ranges from 15 bps (85.3%) for trading 1000 000 of SBK
between 16:00 and 17:00, to -7 bps (-83.4%) for trading 100 000 SAB between 16:00 and
17:00. Overall, the RL model is able to improve implementation shortfall by 4.8%.

Figure 5.2 shows the % of correct actions implied by the Q-matrix, as it evolves through

the training process after each tuple visit. Here, a correct action is defined as a reduction



Chapter 5. A simple model-free reinforcement learning model for trade execution

66

Parameters Trading Time(hour) Average
A% T LBW 9 10 11 12 13 14 15 16
100000 4 5 239 -14 47 134 18 3.3 1.8 35.1 10.3
100000 8 5 253 43 83 23 14 99 -06 -1.9 6.1
100000 12 5 32.7 -25.2 7.2 -2.7 -1.5 4.6 4.5 -3.3 2.1
1000000 4 5 233 -1.3 48 93 19 3.5 1.8 35.0 9.8
1000000 8 5 288 56 82 19 14 99 -0.3 -2.6 6.6
1000000 12 5 33.1 -25.0 7.2 -4.0 -08 48 4.8 1.2 2.7
100000 4 10 229 13 3.0 9.7 27 58 3.5 -26.1 2.8
100000 8 10 26.0 43 6.7 -0.2 3.5 86 1.6 -3.1 5.9
100000 12 10 278 -21.9 75 -41 0.6 1.8 6.2 -9.5 1.1
1000000 4 10 226 14 3.1 93 25 6.0 3.6 -26.1 2.8
1000000 8 10 263 50 7.2 -05 3.3 7.0 2.3 -1.8 6.1
1000000 12 10 279 -24.3 83 -69 05 1.8 7.5 -3.3 1.4

TABLE 5.1: Average % improvement in median implementation shortfall for various

parameter values, using AC and RL models. Training H-dependent.

Parameters Standard Deviation(%) % improvement

VT LBW AC RL IS
100000 4 5 013 0.17 10.3
100000 8 5 0.14 0.23 6.1
100000 12 5 0.14 0.26 2.1
1000000 4 5 0.13 0.17 9.8
1000000 8 5 0.14 0.23 6.6
1000000 12 5 0.14 0.26 2.7
100000 4 10 0.13 0.17 2.8
100000 8 10 0.14 0.22 5.9
100000 12 10 0.14 0.26 1.1
1000000 4 10 0.13 0.17 2.8
1000000 8 10 0.14 0.22 6.1
1000000 12 10 0.14 0.26 1.4
Average 0.14 0.22 4.8

TABLE 5.2: Standard deviation(%) of implementation shortfall when using AC vs RL

models.

(addition) in the volume-to-trade based on the max Q-value action, in the case where

spreads are above (below) the 50%ile and volumes are below (above) the 50%ile level.

This coincides with the intuitive behaviour we would like the RL agent to learn. These

results suggest that finer state granularity (I, B, W = 10) improves the overall accuracy

of the learning agent, as demonstrated by the higher % correct actions achieved. All

model configurations seem to converge to some stationary accuracy level after approx-

imately 1000 tuple visits, suggesting that a shorter training period may yield similar

results. We do however note that improving the % of correct actions by increasing the
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V=100 000,1000 000; T=4,8,12; I,B,W=5
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FiGURE 5.1: Difference between median implementation shortfall generated using RL
and AC models, with given parameters (I,B,W = §). Training H-dependent.

granularity of the state space does not necessarily translate into better model perfor-
mance. This can be seen by Table 5.1, where the results where I, B,W = 10 do not
show any significant improvement over those with I, B,W = 5. This suggests that the
market dynamics may not be fully represented by wvolume and spread state attributes,
and alternative state attributes, such as volume tmbalance and quote depth, should be

explored in future work to improve ex-post model efficacy.

Table 5.2 shows the average standard deviation of the resultant implementation shortfall
when using each of the AC and RL models. Since we have not explicitly accounted
for variance of execution in the RL reward function, we see that the resultant trading
trajectories generate a higher standard deviation compared to the base AC model. Thus,
although the RL model provides a performance improvement over the AC model, this
is achieved with a higher degree of execution risk, which may not be acceptable for
the trader. We do note that the RL model exhibits comparable risk for T = 4, thus
validating the use of the RL model to reliably improve IS over short trade horizons.

A future refinement on the RL model should incorporate wvariance of execution, such
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FIGURE 5.2: % correct actions implied by Q-matrix after each training set tuple.
Training H-dependent.

that it is consistent with the AC objective function. In this way, a true comparison of
the techniques can be done, and one can conclude as to whether the RL model indeed

outperforms the AC model at a statistically significant level.

5.4 Some remarks

In this chapter, we introduced reinforcement learning as a candidate machine learning
technique to enhance a given optimal liquidation volume trajectory. Nevmyvaka, Feng
and Kearns showed that reinforcement learning delivers promising results where the
learning agent is trained to choose the optimal limit order price at which to place the
remaining inventory, at discrete periods over a fixed liquidation horizon [191, 192]. Here,
we show that reinforcement learning can also be used successfully to modify a given
volume trajectory based on market attributes, executed via a sequence of market orders

based on the prevailing limit order book.

Specifically, we showed that a simple look-up table Q-learning technique can be used

to train a learning agent to modify a static Almgren-Chriss volume trajectory based on
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prevailing spread and volume dynamics, assuming order book resiliency. Using a sample
of stocks and trade sizes in the South African equity market, we were able to reliably
improve post-trade implementation shortfall by up to 10.3% on average for short trade
horizons, demonstrating promising potential applications of this technique. Further
investigations include incorporating wvariance of execution in the RL reward function,
relaxing the order book resiliency assumption and alternative state attributes to govern

market dynamics.

We note that the model presented here requires pre-specification of system features
(spread, volume) to serve as public attributes in the chosen state space of the learning
agent. In addition, each feature requires discretisation at a specified resolution to make
learning feasible in finite time. While these features may capture salient properties of
the temporal evolution of the LOB, we conjecture that there is a richer representation
which better captures the nuances of the complex behaviour of the system, utilising the
lens of the machine trading agent to capture scale-specific dynamics. In the chapters
which follow, we aim to make these ideas more concrete. In Chapter 6, we develop a
technique for unsupervised, offline estimation of a public state attribute which captures
the (exogenous) scale-specific evolution of the complex system, and we provide a scheme
to detect the state online. The efficacy of this state representation is tested in Chapter 8.
In Chapter 9, we develop a scheme for unsupervised, online enumeration of the agent’s
state space at the scale of interaction. This not only allows an agent to make sense
of an asynchronous market data feed and learn optimal trading policies over time, but
also provides a scheme to encode the effect of agent interactions on the state space it

perceives - a key property of complex adaptive systems.



Chapter 6

Detecting intraday states from
streaming market microstructure

features

6.1 Overview

This chapter considers the refinement of the state representation for the reinforcement
learning agent, using the complex system ideology discussed in Chapter 1 to inform a
unique approach for extracting persistent intraday temporal dynamics from a streaming
market data feed, as well as a scheme for online state detection to enable online learning.

The contribution is captured in the following two papers:

D. Hendricks, T. Gebbie, D. Wilcox. High-speed detection of emergent market clustering
via an unsupervised parallel genetic algorithm. South African Journal of Science, vol.
112, no. 1/2, 2016. [125]

Available online: http://dx.doi.org/10.17159/sajs.2016,/20140340

D. Hendricks, T. Gebbie, D. Wilcox. Detecting intraday financial market states using
temporal clustering. Quantitative Finance, 2016.
Available online: http://dx.doi.org/10.1080/14697688.2016.1171378 [126]

6.2 From unsupervised clustering to temporal states

We consider the use of a physical analogy to the ferromagnetic Potts model at thermal

equilibrium to describe object interactions, before deriving an unsupervised clustering

70
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algorithm, where both the number of clusters and configuration emerges from the data
[38, 39, 103, 249]. Treating intraday time periods as objects, the algorithm will be
used to identify intraday market states from observed market microstructure features.
Although Marsili used a similar approach to classify days as states [172], the authors are
unaware of another study which applies this technique to intraday period clustering using
multiple features. In addition, a high-speed Parallel Genetic Algorithm (PGA) will be
used for efficient computation of the cluster configurations, with absolute computation

speeds conducive to overnight or even intraday recalibration of identified states [125].

The results reveal an interesting hierarchy of system behaviour at different time scales.
Statistically significant power-law fits to configuration characteristics suggest scale-invar-
iant behaviour which may translate to persistent features in market states. In addition,
the power-law fits yield different scaling exponents at the different time scales, suggest-
ing the existence of different universality classes characterising behaviour at each scale
[62, 78, 94]. This motivates the importance of time-scale specific information when plan-
ning in this domain. Here we are considering a particular case of calendar time when
investigating scale-related phenomena. There is a rich history in the literature which
has aimed to directly model the event time foundations of market microstructure pro-
cesses. The seminal work of Garman [97], which used point processes to model order
book events, forms the basis of many subsequent event time approaches to modelling
transaction and quote data. An important extension of this view is the vector autore-
gressive model for trades and quotes developed by Hasbrouck [116, 117] and Engle and
Russell [79]. A complementary approach introduces the concept of intrinsic time, which
aims to measure trading opportunities in reference to specific features of traded stocks,
for example, using the rate of trading to modify calendar or chronological time. These
are discussed by Miiller et al. [187] and Derman [71]. The more recent use of Hawkes
processes to model mutually-exciting order book events [3, 24, 159, 232] is an impor-
tant return to the idea of viewing events as a foundational concept when modelling

transactions and order book dynamics.

Easley et al. introduce the wvolume time paradigm for high-frequency trading, with
the clock ticking according to the number of events (proxied by trade volume) flowing
through the system [76]. This is a pragmatic attempt to reconcile the foundational event-
based paradigm introduced by Garman [97] with the wide use of chronological or calendar
time. They argue that machines operate on a clock which is not chronological, but rather
related to the number of cycles per instruction initiated by an event [76, 208]. This allows
one to measure time in terms of frequency of changes in information, as measured by
trading volumes. When one considers the complex event processing paradigm which
underpins many automated trading systems in financial markets [5], one can appreciate

the suitability of the event-based clock and the view that the calendar time clock is
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a legacy convenience from the low-frequency, human-trader-driven world. As the shift
from human-driven to machine-driven trading dominates financial markets, the study
of event-time-scale phenomena has become increasingly important and warrants further

exploration.

While the identified market states reveal many interesting insights, trading agents would
benefit from being able to detect online (or in real-time) which state they are currently
in. We develop a novel technique which extracts the characteristic signature of market
activity from each of the identified states, and uses this as the basis for an online state
detection algorithm. In one application, this is used to construct 1-step transition prob-

ability matrices, which can be refined online and used in optimal planning algorithms.

6.3 Super-paramagnetic clustering for state discovery and

detection

Blatt et al. proposed a novel non-parametric clustering approach, based on an analogy
to the ferromagnetic Potts model at thermal equilibrium [38, 39, 249]. By assigning
a Potts spin variable to each object and introducing a short-range distance-dependent
ferromagnetic interaction field, regions of aligned spins emerge, which are analogous to
groups of objects in the same cluster, where spin alignment suggests object homogeneity
[242].

6.3.1 Potts spin models as analogue for financial system

One can apply super-paramagnetic ordering of a g-state Potts model directly for cluster
identification [38]. In a market Potts model, each stock can take on g¢-states and each
state can be represented by a cluster of similar stocks [38, 103, 154]. Cluster member-
ship is indicative of some commonality among the cluster members. Each stock has a
component of its dynamics as a function of the state it is in and a component of its
dynamics influenced by stock specific noise. In addition, there may be global couplings

that influence all the stocks, i.e. the external field that represents a market mode.

More formally, consider a g-state Potts model with spins s; = 1,...,q for i = 1,..., N,
where N is the total number of objects in the system. The cost function is given by the

following Hamiltonian:

H=- Z Jijd(si,8j> (6.1)

5i,5;€S
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where the spins s; can take on g¢-states and the coupling of the i* and j** object
are governed by J;;. In the case of object clustering for a data sample, a candidate
configuration is given by the set § = {si}f\il, where s; represents the cluster group
index to which the i** object belongs. One can consider the coupling parameters Jij
as being a function of the correlation coefficient Cj; [103, 154]. This is used to specify
a distance function that is decreasing with distance between objects. If all the spins
are related in this way, then each pair of spins is connected by some non-vanishing
coupling J;; = J;;(Cj;). This allows one to interpret s; as a Potts spin in the Potts
model Hamiltonian with J;; decreasing with the distance between objects [38, 154]. The
case where there is only one cluster can be thought of as a ground state. As the system
becomes more excited, it could break up into additional clusters. Each cluster would
have specific Potts magnetisations, even though the nett magnetisation can be zero for
the complete system. Generically, the correlation would then be both a function of
time and temperature in order to encode both the evolution of clusters, as well as the
hierarchy of clusters as a function of temperature. In the basic approach, one is looking

for the lowest energy state that fits the data.

6.4 A maximum likelihood approach

In order to parameterise the model efficiently, one can choose to make an ansatz for the
data generative function [193] and use this to develop a maximum-likelihood approach
[103], rather than explicitly solving the Potts Hamiltonian numerically [38, 154]. A
number of authors have considered this approach for object clustering [103, 179, 188],
however we follow the proposition by Giada and Marsili [103]. A summary exposition
will be presented here (as shown in [125, 126]), with a full derivation available in the

Appendices.

According to the Noh ansatz [193], the generative model of the time series associated

with the i*" object can then be written as

zi(t) = gs;Ms, +1/1 — g3€ (6.2)

where the cluster-related influences are driven by n,, and the object-specific effects by

€;, both treated as Gaussian random variables with unit variance and zero mean'. The

!This form of the price model ensures that the self correlation of a stock is one and independent of
the cluster coupling. This can be seen by computing the self correlation E[x?] and using that clusters
and stock unique process are unit variance zero mean processes

E[(gs,ms; + /1 - g2,e)’] =92, + (1 —g3,) = 1. (6.3)
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relative contribution is controlled by the intra-cluster coupling parameter gs,. The Noh-
Giada-Marsili model encodes the idea that objects which have something in common
belong in the same cluster, object membership in a particular cluster is mutually exclu-

sive and intra-cluster correlations are positive.

If one takes Equation 6.2 as a statistical hypothesis, it is possible to compute the prob-
ability density P ({z;}|G,S) for any given set of parameters (G,S) = ({gs},{si}) by
observing the data set {z;},i = 1,..., N as a realisation of the common component of

Equation 6.2 as follows [103]:

D /N
P{z:}g,S) =[] < 9 (wi(d) — (gs,ms; +4/1 - Qifz‘))> : (6.5)
1

d=1 \i=

In Equation 6.5, IV is the number of objects and D is the number of feature measurements
for each object. The variable § is the Dirac delta function and (...) denotes the average
over all permissible values for 7, and ¢;. Note that the presence of a bar, i.e. {z;},
indicates a sample of observed time series values for object i. For a given cluster structure

S, the likelihood is maximal when the parameter g takes the values

Les for ng > 1,
gr =4 Vi ’ (6.6)
0 for ng < 1.

ng in Equation 6.6 denotes the number of objects in cluster s, i.e.

Ne =Y Oss (6.7)

The variable ¢, is the internal correlation of the s cluster, denoted by the following
equation:

N N
Cs = Z Z Cij(ssi,s(;sj,& (68)

i=1 j=1

The variable Cj; is the Pearson correlation coefficient of the data, denoted by the fol-

lowing equation:
Ti%;

Cpj = ——200 (6.9)
J — —
( J
1321|252
This is not a unique choice, another possible choice often used is
VvV gSi, 1 2 1 + g5v
E + €)= L =1. 6.4
[(\/714-951» T g, ] 1+ gs, (64)
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The maximum likelihood of structure S can be written as P (G*, S|#;) o expP%e(S),

where the resulting likelihood function per feature L. is denoted by

n TL2 i )
L.(S) = % Z <log —~ 4+ (ns —1)log ;s> : (6.10)

C n
smsg>1 s

From Equation 6.10, it follows that £, = 0 for clusters of objects that are uncorrelated,
i.e. where g = 0 or ¢ = ns or when the objects are grouped in singleton clusters for
all the cluster indexes (ns = 1). Equations 6.8 and 6.10 illustrate that the resulting
maximum likelihood function for & depends on the Pearson correlation coefficient Cj;
and hence exhibits the following advantages in comparison to conventional clustering

methods:

e It is unsupervised: The optimal number of clusters is unknown a priori and not

fixed at the outset

e The interpretation of results is transparent in terms of the model, namely Equa-

tion 6.2.

Giada and Marsili state that maxs £.(S) provides a measure of structure inherent in the
cluster configuration represented by the set S = {s1, ..., sy} [103]. The higher the value,
the more pronounced the structure. A full derivation confirming the likelihood function
proposed by Giada and Marsili in Equation 6.10 can be found in a paper by Hendricks
et al. [126], and is reproduced here in Appendix A.

We note that the particular choice of Gaussian innovations in Equation 6.2 is conve-
nient, since the Pearson correlation coefficient then completely characterises pairwise
interactions amongst objects in the system [103]. This is a necessary condition, given
the physical analogy and link to the motivating Hamiltonian given in Equation 6.1.
The application of this technique to high-frequency financial time series may motivate a
more prudent assumption for the underlying object and cluster dynamics, incorporating
jumps to better model the price formation process at this scale. However, the use of,
say, jump diffusion innovations would require an alternative dependency metric, such
as Lévy copulas, to completely capture object interactions [61, 180], requiring a careful
re-derivation of the appropriate likelihood function. This will be explored in further

research.
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6.5 Considering time periods as objects for market state

determination

The data generative model specified by Equation 6.2 is sufficiently generic that it can
be applied to a diverse set of problem domains, where object and cluster innovations
can be assumed to be Gaussian. In the financial domain, initial applications focused on
clustering stocks based on price changes [103, 125, 126], however Marsili proposed that
this technique could be used to cluster time periods in order to identify temporal market
states [172]. Days were grouped into clusters based on the closing price performance
of the chosen universe of stocks, demonstrating a meaningful classification of market-
wide activity which persists through time [172]. We propose that a similar approach
can be applied to discover intraday temporal states, clustering time periods based on
the performance of multiple observable market microstructure features. A practical
trading system often has access to a real-time market data feed, from which multiple
features can be extracted to describe various aspects of the evolving limit order book. In
addition, examining temporal cluster configurations at varying time scales can suggest a
hierarchy of system behaviour, providing insights into exogenous and endogenous market
activity. This can also assist trading agents in developing optimal trajectories for varying
objectives, such as stock acquisition or liquidation at minimal cost. In particular, for an
agent tasked to learn an optimal policy (state-action mapping), the grouping of temporal
periods into market states based on market microstructure feature performance provides
a novel scheme to reduce the dimensionality of the state space and promote efficient

learning.

In this chapter, we will focus on the emergent hierarchy of system behaviour at different
time scales and explore a scheme for online state detection. In one application, this leads
to a system of 1-step state transition probability matrices at varying scales, which can
be refined online in real-time. These can be used in optimal planning schemes where

Markovian dynamics are assumed and state persistence can be exploited.

6.6 State Signature Vectors for online state detection

Recall that the model presented in Chapter 5 required pre-specification of system fea-
tures (spread, volume) to serve as public attributes in the chosen state space of the
learning agent, as well as discretisation at a specified resolution to make learning fea-
sible in finite time. The scheme presented in this chapter allows us to enumerate a
scale-specific state space by grouping temporal periods based on feature performance.

We can develop these ideas further to ensure the identified states can be detected online,
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and reduce the state space to those which are most likely to persist. This can then be
incorporated as a rich public state attribute for the state space of the trading agent to

promote efficient, but effective learning.

The clustering procedure described thus far can be used as an unsupervised algorithm
to group temporal periods into states according to feature similarity, however this can
only reveal the ex-ante temporal states and is not suitable for online detection. Upon
examination of the resulting cluster configurations, we noted that each node refers to a
particular time period, with an associated signature of market activity. Furthermore, if
two time periods appear in the same cluster, given the data generative model assumed
in Equation 6.2, we conjecture that it is the relative similarity of their characteristic
signatures of market activity which resulted in their assignment to the same cluster.
Using this idea, given a cluster configuration of temporal periods into market states, it
is possible to extract a state signature vector (SSV) which summarises the signature of
market activity across stocks and time periods for each state. Then, if one is faced with
a new candidate feature vector (FV), the market state assignment can be determined by
using the closest match within the set of pre-determined SSVs computed offline. FVs are
easy to compute online from a streaming datafeed and state assignment can be achieved
using a simple Euclidean distance computation. To make these ideas concrete, consider

the example illustrated in Figure 6.1.
State Signature Vector (STATE 1) State Signature Vector (STATE 1)

.. o
0.3 0.3
.. 0.2 0.2
0.1 . 0.1
o9 0
-0.1 -0.1
-0.2 -0.2

STATE 1 0.3 New Feature Vector 03

0.4 0.5 0.4 New Feature

05 04 05 Vector

Price Spread Vol Volimb 03 Price Spread Vol Volimb
. 0.2
State Signature Vector (STATE 2) 01 State Signature Vector (STATE 2) ->
05 0 05
0.4 01 0.4 STATE 1

. . 02 03 0.2
0.1 0.4 0.1
o 05 0

0.1 Price Spread Vol Volimb 0.1
0.2 0o
-0.3 03
0.4 04

STATE2 s o

Price Spread Vol Volimb Price Spread Vol Volimb

Detect temporal Compute state signature vectors for each A new feature vector arrives Calculate distance between new feature Assign to state
clusters / states state vector and existing state signature vectors based on closest
match

F1GURE 6.1: Ilustration of online state assignment based on identified state signature
vectors.

Here, we compute two SSVs from the identified states, and use these as a basis for
assigning a new FV to a market state. This is based on a simple Euclidean distance
metric,

argmin,|[F'V — SSV, ],
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where p is the index of the identified states.

We have used four features to characterise market activity at intraday scale. These
include: trade price, trade volume, spread and quote volume imbalance. In particular,
we consider the relative change in each of these features. For example, based on a set

of feature measurements F°"" at 5-minute scale, we would compute

bmin __ fdmin

Smin __ Jt t—1
Aft - 5min
t—1

for all fP™n ¢ F5™n  For the initial temporal cluster detection stage, these “feature
returns” are calculated for each stock and concatenated before computing the time

period correlation matrix.

For the extraction of SSVs from significant states, we compute average feature returns
across member periods and stocks. Although this results in a loss of information, we con-
jecture that the average signature of feature returns broadly captures the state of market
activity. The SSVs for each time-scale configuration are illustrated in Figures 6.5, 6.7, 6.9
and 6.11. Following this approach, the FVs calculated in the online environment would
constitute the same averages of feature returns, before matching to the appropriate SSV.
Alternative schemes for extraction of SSVs which preserve state-specific information will
be explored in future work. The chosen features do not represent an exhaustive set of
possible explanatory factors for intraday market activity, but rather were chosen based
on the relative ease of their online construction from streaming Level-1 market data

feeds [146]. Additional features can be considered in future work.

6.7 Scale-invariant characteristics of states

The detected temporal cluster configurations can be further analysed to determine
whether any characteristics exhibit scale-invariant behaviour. In particular, a visual
inspection of the cluster configurations shown in Section 6.9.4 led us to conjecture a
possible power-law fit for cluster sizes. Many physical and man-made systems exhibit
characteristics which follow a power-law functional form, and its unique mathematical
properties sometimes lead to surprising physical insights [58, 94]. Many authors have
investigated the nature of information and forecasting at different time scales in financial
markets (see [62, 78, 255] as examples). For our application, the existence of different
critical exponents for the best power-law fits at different time scales may suggest dif-
ferent universality classes which characterise the system activity at each scale. In fact,
Mastromatteo and Marsili [175] discuss the notion that, for a complex adaptive system,

distinguishable models can only be gleaned when the system is near criticality. Thus, if
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financial markets truly are a complex adaptive system, measurable quantities from the
dynamics at each scale should yield a statistically significant power-law fit. Although it
is difficult to quantify the exact nature of these scale-specific behaviours or universality
classes, their apparent existence suggests that investment and trading decisions would
benefit from time-scale-specific state space information. This would enhance the efficacy

of intraday policies which aim to find optimal trajectories through the system.

Given the difficulties of identifying statistically significant power-law fits to empirical
quantities [28], we incorporated the maximum likelihood fitting procedure provided by
Clauset, Shalizi and Newman [58]. Outputs from their functions include the scaling
parameter of the proposed power-law fit, a Kolmogorov-Smirnov test for the goodness-
of-fit of the proposed model to the data, the lower-bound for the fit if the tail distribution

follows a power-law and the log-likelihood of the data under the power-law fit.

We note that a detected temporal cluster configuration results in a set of homogeneous
market states, although it is not clear which states are significant, i.e. likely to persist,
or merely transient. Using all identified states may result in spurious state assignments
if one uses the online algorithm described in Section 6.6. This leads to the need for some
selection criteria for significant states, before extracting SSVs. Candidate criteria include
using intra-cluster connectedness (cs) or cluster size with some form of thresholding
procedure, however these heuristics are inherently subjective. The power-law fit to
cluster size provides one candidate objective approach for state selection. By selecting
the clusters which satisfy the power-law functional form, we conjecture that the scale
invariant properties of this fit imply persistent properties for temporal market states,
resulting in an objective mechanism for selecting significant states. This reduces the set

of SSVs which form the basis for the online state detection algorithm.

6.8 A high-speed Parallel Genetic Algorithm implementa-

tion

In this section, we introduce a maintainable and scalable master-slave parallel genetic
algorithm (PGA) framework for unsupervised cluster analysis on the CUDA platform,
which is able to detect clusters using the Giada and Marsili likelihood function. By ap-
plying the proposed cluster analysis approach and examining the clustering behaviour of
financial instruments, this offers a unique perspective to monitoring the intraday char-
acteristics of the stock market and the detection of structural changes in near-real-time.
The novel implementation presented here builds on the contribution of Cieslakiewicz

[55]. While this chapter provides an overview and specific use-case for the algorithm,
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the authors are investigating aspects of adjoint parameter tuning, performance scala-

bility and the impact on solution quality for varying stock universe sizes and cluster

types.

In order to localise clusters of normalised stock returns in financial data, Giada and
Marsili made use of a simulated annealing algorithm [103, 104], with —L. as the cost
function for their application of the log-likelihood function on real-world data sets to
substantiate their approach. This was then compared to other clustering algorithms,
such as K-means, single linkage, centroid linkage, average linkage, merging and deter-
ministic mazimisation [104]. The technique was successfully applied to South African
financial data by Mbambiso et al., using a serial implementation of a simulated annealing
algorithm (see [177] and [101]).

Simulated annealing and deterministic maximisation provided acceptable approxima-
tions to the maximum likelihood structure, but were inherently computationally expen-
sive. We promote the use of PGAs as a viable approach to approximate the maximum
likelihood structure. The likelihood function, £., will be used as the fitness function and
a PGA algorithm will be used to find the maximum for L., in order to efficiently isolate

clusters in correlated financial data.

6.8.1 GA principle and genetic operators

One of the key advantages of GAs is that they are conceptually simple. The core algo-
rithm can be summarised into the following steps: initialise population, evolve individu-
als, evaluate fitness, select individuals to survive to the next generation. GAs exhibit the
trait of broad applicability [223], as they can be applied to any problem whose solution

domain can be quantified by a function which needs to be optimised.

Specific genetic operators are applied to the parents, in the process of reproduction,

which then give rise to offspring. The genetic operators can be classified as follows:

Selection: The purpose of selection is to isolate fitter individuals in the population and
allow them to propogate in order to give rise to new offspring with higher fitness values.
We implemented the stochastic universal sampling selection operator, where individuals
are mapped to contiguous segments on a line in proportion to their fitness values [25].
Individuals are then selected by sampling the line at uniformly spaced intervals. While
fitter individuals have a higher probability of being selected, this technique improves
the chances that weaker individuals will be selected, allowing diversity to enter the

population and reducing the probability of convergence to a local optimum.
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Crossover: Crossover is the process of mating two individuals, with the expectation that
they can produce a fitter offspring [223]. The crossover genetic operation involves the
selection of random loci to mark a cross site within the two parent chromosomes, copying
the genes to the offspring. A bespoke knowledge-based crossover operator was developed
for our implementation [55], in order to incorporate domain knowledge and improve the

rate of convergence.

Mutation: Mutation is the key driver of diversity in the candidate solution set or search
space [223]. Tt is usually applied after crossover and aims to ensure that genetic infor-
mation is randomly distributed, preventing the algorithm from being trapped in local
minima. It introduces new genetic structures in the population by randomly modify-
ing some of its building blocks and enables the algorithm to traverse the search space

globally.

Elitism: Coley states that fitness-proportional selection does not necessarily favour the
selection of any particular individual, even if it is the fittest [59]. Thus the fittest
individuals may not survive an evolutionary cycle. Elitism is the process of preserving
the fittest individuals by inherent promotion to the next generation, without undergoing

any of the genetic transformations of crossover or mutation [223].

Replacement: Replacement is the last stage of any evolution cycle, where the algorithm
needs to replace old members of the current population with new members [223]. This
mechanism ensures that the population size remains constant, while the weakest indi-

viduals in each generation are dropped.

Although GAs are very effective for solving complex problems, this positive trait can
unfortunately be offset by long execution times, due to the traversal of the search space.
GAs lend themselves to parallelisation, provided the fitness values can be determined
independently for each of the candidate solutions. While a number of schemes have been
proposed in the literature to achieve this parallelisation (see [138], [223] and [211]), we

have chosen to implement the master-slave model.

6.8.2 Master-slave parallelisation

Master-slave GAs, or global PGAs, involve a single population, but distributed amongst
multiple processing units for determination of fitness values and the consequent appli-
cation of genetic operators. They allow for computation on shared-memory processing

entities or any type of distributed system topology, for example grid computing [211].



Chapter 6. Detecting intraday states from market microstructure features 82

Ismail provides a summary of the key features of the master-slave PGA [138]: The
algorithm uses a single population (stored by the master) and the fitness evaluation of
all of the individuals is performed in parallel (by the slaves). Communication occurs
only as each slave receives the individual (or subset of individuals) to evaluate and when
the slaves return the fitness values, sometimes after mutation has been applied with the
given probability. The particular algorithm we implemented is synchronous, i.e. the
master waits until it has received the fitness values for all individuals in the population
before proceeding with selection and mutation. The synchronous master-slave PGA thus
has the same properties as a conventional GA, except evaluation of the fitness of the
population is achieved at a faster rate. The algorithm is relatively easy to implement
and a significant speedup can be expected if the communications cost does not dominate
the computation cost. The whole process has to wait for the slowest processor to finish

its fitness evaluations until the selection operator can be applied.

A number of authors have used the Message Parsing Interface (MPI) paradigm to im-
plement a master-slave PGA. Digalakis and Margaritis implement a synchronous MPI
PGA and shared-memory PGA, whereby fitness computations are parallelised and other
genetic operators are applied by the master node only [73]. They demonstrate a compu-
tation speed-up which scales linearly with the number of processors for large population
sizes. Zhang et al. use a centralised control island model to concurrently apply genetic
operators to sub-groups, with a bespoke migration strategy using elite individuals from
sub-groups [254]. Nan et al. used the MATLAB parallel computing and distributed
computing toolboxes to develop a master-slave PGA [189], demonstrating its efficacy on

the image registration problem when using a cluster computing configuration.

For our implementation, we made use of the Nvidia CUDA platform to achieve massive
parallelism by utilising the Graphical Processing Unit (GPU) Streaming Multiprocessors
(SM) as slaves, and the CPU as master.

6.8.3 Computational Platform and Implementation

Compute Unified Device Architecture (CUDA) is Nvidia’s platform for massively parallel
high performance computing on the Nvidia GPUs. Compute Unified Device Architec-
ture (CUDA) is Nvidia’s platform for massively parallel high-performance computing on
the Nvidia GPUs. At its core are three key abstractions: a hierarchy of thread groups,
shared memories, and barrier synchronisation. Full details on the execution environ-
ment, thread hierarchy, memory hierarchy and thread synchronisation schemes have
been omitted here, but we refer the reader to Nvidia technical documentation [200, 202]

for a comprehensive discussion.
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6.8.3.1 Specific computational environment

The CUDA algorithm and the respective testing tools were developed using Microsoft
Visual Studio 2012 Professional, with the Nvidia Nsight extension for CUDA-C projects.
The configurations listed in Table 6.1 were tested to determine the versatility of the

CUDA clustering algorithms on different architectures.

Environment Configuration Framework
Windows 7 Professional Service Pack 1 (64-bit), CUDA 5.5
GTX_CUDA Intel Core i7-4770K CPU@3.5 GHz, 32GB RAM, (parallel)
Nvidia GTX Titan Black with 6GB RAM,
CC: 3.0, SM: 3.5
Windows 7 Professional Service Pack 1 (64-bit), MATLAB
GTX_MATLAB Intel Core i7-4770K CPU@3.5 GHz, 32GB RAM, 2013a
Nvidia GTX Titan Black with 6GB RAM, (serial)
CC: 3.0, SM: 3.5
Windows 7 Professional Service Pack 1 (64-bit), CUDA 5.5
TESLA_CUDA Intel Core i7-X980 CPU@3.33 GHz, 24GB RAM, (parallel)

Nvidia TESLA C2050 with 2.5GB RAM,
CC: 2.0, SM: 2.0

Windows 7 Professional Service Pack 1 (64-bit), MATLAB
TESLA_MATLAB Intel Core i7-X980 CPU@3.33 GHz, 24GB RAM, 2013a
Nvidia TESLA C2050 with 2.5GB RAM, (serial)

CC: 2.0, SM: 2.0

TABLE 6.1: Development, testing and benchmarking environments

We had the opportunity to test two candidate graphics cards for the algorithm im-
plementation: the Nvidia GTX Titan Black and the Nvidia TESLA C2050. Both
cards offer double-precision calculations and a comparable number of CUDA cores and
TFLOPS (tera floating point operations per second), however the GTX card is signif-
icantly cheaper than the TESLA card. The primary reason for this is the use of ECC
(error check and correction) memory on the TESLA cards, where extra memory bits
are present to detect and fix memory errors [1]. The presence of ECC memory ensures
consistency in results generated from the TESLA card, which is critical for rigorous
scientific computing. In further investigations, the authors will explore the consistency
of the solution quality generated from the GTX card, and whether the resultant error is

small enough to justify the cost saving compared to the TESLA card.

6.8.3.2 Implementation

The following objectives were considered in this research: 1) investigate and tune the
behaviour of the PGA implementation using a pre-defined set of 40 simulated stocks
featuring 4 distinct disjoint clusters; 2) identify clusters in a real-world dataset, viz. high-

frequency price evolutions of stocks; and 3) test the efficiency of the GPU environment.
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6.8.3.3 Representation

We used integer-based encoding for the representation of individuals in the genetic al-
gorithm, i.e.

Individual = S = {s1, 82, ..., Si—1, Siy ., SN} (6.11)

where s; = 1,...,q and ¢« = 1,..., N. Here, s; is the cluster that object 7 belongs to.
In terms of the terminology pertaining to GAs, it means that the i** gene denotes the
cluster that the i*" object or asset belongs to. The numbers of objects or assets is N,
thus to permit the possibility of an all-singleton configuration, we let ¢ = N. This
representation was implemented by Gebbie et al. in their serial GA and was adopted in

this research [101].

6.8.3.4 Fitness function

The Giada and Marsili maximum log-likelihood function L., as shown in Equation 6.10,
was used as the fitness function. This is used to determine whether the cluster configu-
ration represents the inherent structure of the data set, i.e. it will be used to detect if
the GA converges to the fittest individual, which will represent a cluster configuration

of correlated assets or objects in the data set.

6.8.3.5 Master-slave PGA implementation

The unparalellised MATLAB GA implementation of the likelihood function by Gebbie,
Wilcox and Mbambiso [101] served as a starting point. In order to maximise the per-
formance of the GA, the application of genetic operators and evaluation of the fitness
function were parallelised for the CUDA framework [55]. A summarised exposition is

presented here.

Emphasis was placed on outsourcing as much of the GA execution to the GPU and
made use of GPU memory as extensively as possible [256]. The master-slave PGA uses
a single population, where evaluation of the individuals and successive application of
genetic operators are conducted in parallel. The global parallelisation model does not
predicate anything about the underlying computer architecture, so it can be imple-
mented efficiently on a shared-memory and distributed-memory model platform [223].
By delegating these tasks to the GPU and making extensive use of GPU memory, this
minimises the data transfers between the host and device. These transfers have a sig-
nificantly lower bandwidth than data transfers between shared or global memory and

the kernel executing on the GPU. The algorithm in [101] was modified to maximise the
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performance of the master-slave PGA and have a clear distinction between the master

node (CPU), which controls the evolutionary process by issuing the commands for the

GA operations to be performed by the slave nodes (GPU streaming multiprocessors).

The pseudo-code for the algorithm implemented is shown in Algorithm 2.

Algorithm 2 Master-slave PGA for cluster identification

Initialise ecosystem for evolution

Size the thread blocks and grid to achieve greatest parallelisation
ON GPU: Create initial population

while TRUE do

ON GPU: Evaluate fitness of all individuals
ON GPU: Evaluate state and statistics
ON GPU: Determine if termination criteria are met
if YES then
Terminate ALGO; Exit While loop;
else
Continue
end if
ON GPU: Isolate fittest individuals
ON GPU: Apply elitism
ON GPU: Apply scaling
ON GPU: Apply genetic operator: selection
ON GPU: Apply genetic operator: crossover
ON GPU: Apply genetic operator: mutation
ON GPU: Apply replacement (new generation created)
end while

Report on results
Clean-up (Deallocate memory on GPU/CPU; Release device)

To achieve data parallelism and make use of the CUDA thread hierarchy, we mapped

individual genes onto a 2-dimensional grid. Using the representation shown in Equation

6.11, assuming a population of 400 individuals and 18 stocks:

Individualy, = {1,2,4,5,7,...,6}

Individualy = {9,2,1,1,1, ..., 2}

Individualy = {3,1,3,4,6,...,2}

Individualyoo = {8,1,9,8,7, ..., 3}

would be mapped to grid cells, as illustrated in Figure 6.2. The data grid cells are

mapped to threads, where each thread executes a kernel processing the data cell at the

respective xy-coordinate.
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Individual 1  Individual 2  Individual 3  Individual 4  Individual 5 Individual 400
GRID
Block {0,0) | Block (1,0) | Block (2,0) | Block (3,0) | Block {4,0) Block (393,0)
Stock 1 1 9 3 2 5 8
Block {0,1) | Block (1,1) | Block (2,1) | Block (3,1) | Block {4,1) Block (393,1)
Stock 2 2 2 1 1 7 1
Block {0,2) | Block (1,2) | Block (2,2) | Block (3,2) | Block {4,2) Block (393,2)
Stock 3 a4 1 3 3 3 a
Block {0,3) | Block (1,3) | Block (2,3) | Block (3,3) | Block {4,3) Block (353,3)
Stock 4 5 1 4 3 4 8
Block {0,4) | Block (1,4) | Block (2,4) | Block (3,4) | Block {4,4) Block (393,4)
Stock 5 7 1 6 7 8 7
Block (0,17) | Block (1,17) | Block (2,17} | Block (3,17) | Block (4,17)| ... |Block {399,17)
Stock 18 6 2 2 1 2 3

FIGURE 6.2: Mapping of individuals onto the CUDA thread hierarchy

Graphics card Nvidia GTX Nvidia
Titan Black | Tesla C2050

Compute capability 3.5 2.0
SMs 15 14
Max threads / thread block 1024 1024
Thread block dimension 32 32
Max thread blocks / multiprocessor 16 8

Max number of stocks 3840 3584
Max population size 17 472 18 720

TABLE 6.2: Restrictions on number of stocks and population size. For the Tesla
card, Mazx number of stocks = (14) % (1024/32) x 8 = 3584 and Maz population size =
(65535/(3584/32)) * 32 = 18720.

Given the hardware used in this investigation (see Table 6.1), Table 6.2 outlines the
restrictions on the permissible stock universe and population sizes imposed by the chosen
mapping of individual genes to threads. A thread block dimension of 32 is chosen for
larger problems, since this ensures that the permissible population size is larger than

the number of stocks to cluster.

We note that the efficiency of the algorithm may be compromised near the physical
limits outlined in Table 6.2, since the CUDA memory hierarchy would force threads
to access high-latency global memory banks more often. However, for the particular
domain problem we are considering here, the Johannesburg Stock Exchange consists of
around 400 listed companies on its main board, which represents an upper limit on the
number of stocks of interest for local cluster analysis. This is well within the physical
limits of the algorithm, while still providing scope to extend the application to multiple
markets. For applications with a large number of objects, one could make use of Nvidia’s

Scalable Link Interface (SLI) technology to link a number of physical graphics cards and
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pool their memory and processing resources [201]. The CUDA implementation would
recognise the linked cards as a single card with increased memory and thread capacity,

and the computation would scale accordingly.

The details on the full implementation, as well as specific choices regarding initialisation,

block sizes and threads per block, are given in [55].

6.8.3.6 Key implementation challenges

A key challenge in CUDA programming is adapting to the Single Program Multiple
Data (SPMD) paradigm, where multiple instances of a single program use unique offsets
to manipulate portions of a block of data [65]. This architecture suits data parallelism,
whereas task parallelism requires a special effort. In addition, since each warp (group
of 32 threads) is executed on a single SPMD processor, divergent threads in a warp can
severely impact performance. In order to exploit all processing elements in the multi-
processor, a single instruction is used to process data from each thread. However, if
one thread needs to execute different instructions due to a conditional divergence, all
other threads must effectively wait until the divergent thread re-joins them. Thus, di-
vergence forces sequential thread execution, negating a large benefit provided by SPMD

processing.

The CUDA memory hierarchy contains numerous shared memory banks which act as a
common data cache for threads in a thread block. In order to achieve full throughput,
each thread must access a distinct bank and avoid bank conflicts, which would result in
additional memory requests and reduce efficiency. In our implementation, bank conflicts
were avoided by using padding, where shared memory is padded with an extra element

such that neighbouring elements are stored in different banks [49].

CUDA provides a simple and efficient mechanism for thread synchronisation within a
thread block via the __syncthreads() barrier function, however inter-block communica-
tion is not directly supported during the execution of a kernel. Given that the genetic
operators can only be applied once the entire population fitness is calculated, it is nec-
essary to synchronise thread blocks assigned to the fitness computation operation. We
implemented the CPU implicit synchronisation scheme [203, 252]. Since kernel launches
are asynchronous, successive kernel launches are pipelined and thus the executions are
implicitly synchronised with the previous launch, with the exception of the first kernel
launch. Given the latency incurred on calls between the CPU and GPU, and the conse-
quent drag on performance, GPU synchronisation schemes were explored which achieve

the required inter-block communication. In particular, GPU simple synchronisation,
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GPU tree-based synchronisation and GPU lock-free synchronisation were considered
[252].

Ultimately, the GPU synchronisation schemes were too restrictive for our particular
problem, since the number of thread blocks would have an upper bound equal to the
number of SMs on the GPU card. If the number of thread blocks is larger than the
number of SMs on the card, execution may deadlock. This could be caused by the
warp scheduling behaviour of the GPU, whereby active thread blocks resident on a SM
may remain in a busy waiting state, waiting for unscheduled thread blocks to reach the
synchronisation point. While this scheme may be more efficient for smaller problems,

we chose the CPU synchronisation scheme in the interest of relative scalability.

6.9 Results

6.9.1 Data description

The data for this study constituted tick-level trades and top-of-book quotes for 42 stocks
on the Johannesburg Stock Exchange (JSE) from 1 November 2012 to 30 November 2012.
This data was sourced from the Thomson Reuters Tick History (TRTH) database. The
raw data was aggregated according to the time-scale considered (5-minute, 15-minute,
30-minute and 60-minute), before calculating the required features (change in trade
price, trade volume, spread and volume imbalance). The 42 stocks considered represent
the prevailing constituents of the FTSE/JSE Top40 headline index, which contains the
42 largest stocks by market capitalisation in the main board’s FTSE/JSE All-Share

index.

The objects of interest for the cluster analysis are the time periods. Table 6.3 provides
an example of the required data returns matrix, from which a correlation matrix is
computed for time period similarity. This is the only required input for the clustering

algorithm.
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Feature Times
01-Nov-2012 09:00  01-Nov-2012 09:15  01-Nov-2012 09:30 ...  30-Nov-2012 16:30  30-Nov-2012 16:45
AGL trade price return 0.35 0.60 0.85 0.39 0.22
o ¢ | AMS trade price return 0.94 0.71 0.73 0.63 0.78
E é SBK trade price return 0.70 0.38 0.58 0.38 0.81
‘WHL trade price return 0.90 0.49 0.05 0.65 0.53
AGL spread return 0.64 0.49 0.68 0.05 0.95
’g AMS spread return 0.33 0.09 0.76 0.44 0.97
QE,. SBK spread return 0.09 0.73 0.54 0.80 0.48
‘WHL spread return 0.41 0.61 0.11 0.40 0.69
AGL trade volume return 0.61 0.59 0.96 0.65 0.50
g g AMS trade volume return 0.16 0.09 0.47 0.86 0.57
S £ | SBK trade volume return 0.98 0.05 0.67 0.72 0.12
S . . . . .
WHL trade volume return 0.38 0.49 0.36 0.27 0.81
AGL volume imb return 0.01 0.45 0.78 0.69 0.77
‘é’ g AMS volume imb return 0.54 0.17 0.87 0.47 0.44
Z & | SBK volume imb return 0.20 0.42 0.91 0.88 0.58
20 : _ . _ .
= 3 3 3 3 8
WHL volume imb return 0.20 0.09 0.38 0.90 0.12

TABLE 6.3: Illustration of data returns matrix as an input for estimation of 15-minute
period correlations

6.9.2 Workflow

Figure 6.3 illustrates the process workflow and tools used for performing the temporal
cluster analysis. The TRTH tick data is stored in a MongoDB noSQL database, with
optimised query indexes for efficient data retrieval. A bespoke Application Programming
Interface (API) was written to transport data from MongoDB to our primary scientific
computing platform, MATLAB. The data is used to instantiate a High Frequency Time
Series (HFTS) object in MATLAB, which allows for efficient merging, resampling and
aggregation of large-scale irregularly-spaced tick data. Based on a chosen time-scale, the
data is aggregated, features are extracted and returns calculated, before computing the
time period correlation matrix. The PGA was implemented in CUDA-C using Nvidia
Nsight and the Microsoft Visual Studio development environment. The compiled PGA
was called from the MATLAB environment to run the temporal cluster analysis. The
resulting cluster configuration is transported to the MATLAB workspace, from which
we can determine the power-law fits, extract SSVs, estimate online clusters and compute
transition probability matrices. Using the stock, time period, cluster configuration and
correlation data, a MATLAB script was written to generate an XML file containing the
required node and edge metadata for an undirected graph to import into Gephi. Gephi

was used for cluster configuration visualisation, as described in Section 6.9.3.
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High-Frequency
Time Series object
(MATLAB)

Data aggregation for
chosen time scale
(MATLAB)

Calculate feature
returns
(MATLAB)

Compute time period
correlation matrix
(MATLAB)

Calculate temporal
cluster configuration
(CUDA-C)

Visualise
clusters?

Generate XML
node/edge metadata
(MATLAB)

Compute Euclidean
distance of FVs to
CFV’s for state
assignment (MATLAB)

Compute
characteristic feature
vectors (CFVs) for
states (MIATLAB)

Select significant
states using X,;i,
criteria (MATLAB)

Power law fit to
cluster size
(MATLAB)

Online
clusters?

Import XML and
generate cluster
visualisation (Gephi)

Estimate temporal
cluster configuration
(MATLAB)

Visualise
clusters?

Transition
prob?

Calculate 1-step
transition
probabilities
(MATLAB)

Generate XML
node/edge metadata
(MATLAB)

Import XML and
generate cluster
visualisation (Gephi)

FIGURE 6.3: Flowchart illustrating workflow to determine the temporal cluster con-
figuration from a time period correlation matrix, identify persistent states, estimate
temporal cluster configuration using feature vectors and determine state transition

probabilities.

6.9.3 Visualisation

Processes are coloured by platform: MongoDB = Yellow, MATLAB
= Green, CUDA-C = Orange, Gephi = Purple.

For the cluster configuration visualisation, we made use of the Gephi graph visualisa-

tion and manipulation software package [27], with a customised enumeration of nodes

and edges and the Fruchterman-Reingold [93] node spacing algorithm. The presence

of an edge between nodes indicates membership to the same cluster, while edge thick-

ness provides a visual impression of object-object correlation, and hence intra-cluster

connectedness. For the visualisations which follow, we chose to colour the nodes by

intraday time period, in order to illuminate any calendar time effects in the detected

states. According to this scheme, the same time on different days will receive the same
colour. These visualisations are shown in Figures 6.4, 6.6, 6.8, 6.10, 6.13, 6.14, 6.15 and

6.16.
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6.9.4 Results discussion

For each set of results, we consider 8 hours of continuous trading activity each day, from
09:00 to 17:00, for the duration of one month. Figure 6.4 shows the temporal cluster
configuration of 60-minute periods. We first note that the detection of non-trivial clus-
ters from microstructure-based time correlations indicates that intraday dynamics may
be reducible to a finite set of temporal states. Considering the time-of-day colour shad-
ing, we notice two clusters which exhibit market activity characteristics which coincide
with morning and afternoon times. The dark green cluster refers to the first hour of
the trading day (09:00 to 10:00), which incorporates opening auction and subsequent
activity. We note that the South African equity market is strongly influenced by global
market activity, in part due to local stocks being listed on multiple exchanges in the
UK, USA, Europe and Australia [145]. During the period considered in this analysis,
the UK market open occurred at 10:00 SAST and US market open at 15:30 SAST. The
UK market open has a significant impact on local trading dynamics, with the 10:00 to
11:00 periods dispersing across clusters with no discernible time-of-day correlation. We
note a contiguous dark orange cluster emerge from 15:00 to 16:00, as the US market
starts to participate in local trading activity. This pattern of market activity broadly
corroborates these exogenous market effects from global markets. Figure 6.5 shows the
SSVs extracted from the significant states selected from Figure 6.4. As discussed in
Section 6.7, we used the x,,;, statistic from the power-law fit to the tail distribution of
cluster sizes to determine the significant states. For the 60-minute periods, the most
significant power-law fit was for cluster sizes > 13, resulting in 6 significant states. The
resulting SSVs are all relatively different, when considering the magnitude and direction
of each of the average change in feature values. This ensures greater certainty in the

state assignment of an online FV.

Figure 6.6 shows the temporal cluster configuration of 30-minute periods. We see a
larger number of states emerge as the granularity increases, with 60-minute states be-
ing dissected based on finer-grained market activity. The dark green and dark orange
contiguous morning and afternoon states still persist at this scale, although endogenous
system characteristics begin to mask previously identified exogenous characteristics. We
note that there is no defined hierarchy emerging, in that a set of 30-minute clusters can-
not be combined to form the 60-minute clusters identified previously, further highlighting
time-scale-specific behaviour. Figure 6.7 shows the SSVs of significant states, based on

the 10 clusters with a size > 14.

Figure 6.8 shows the temporal cluster configuration of 15-minute periods. We notice
increasing time-of-day diversity in each of the identified clusters, further highlighting

endogenous system activity. The red contiguous cluster is associated with the period
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from 16:30 to 16:45, suggesting a particular signature of market activity leading into the
closing auction, which starts at 16:50. The UK and US related effects seem to have a
weaker impact at this scale, with exchange-specific rules having a more dominant effect.
As a result, we see a larger variety of SSVs in Figure 6.9, some with similar profiles
seen at the 30-minute scale, but with a larger focus on magnitude, rather than merely

direction.

Figure 6.10 shows the temporal cluster configuration of 5-minute periods. Here we see
quite a different profile of system behaviour. There are a large number of singletons,
which could be attributed to the amount of noise in the data at this scale, making
it more difficult to discern significant structure. We notice an interesting time-of-day
correlation with detected clusters, however broad periods (morning, lunch, afternoon)
appear to have been dissected into contiguous blocks based on state-specific market
activity. The 5-minute time scale is starting to capture the effects of automated, rule-
based trading agents which shows quite a different characteristic signature. This further
highlights the importance of studying market activity profiles at the scale at which you
intend to participate. Even when one considers the associated SSVs in Figures 6.11 and
6.9, the 5-minute and 15-minute studies exhibit the same number of significant states
using the power-law criterion, however the combinations of direction and magnitude for

the feature values are quite different.

Figure 6.12 illustrates the results of the power-law fits to the cluster size empirical
distribution at each time scale. Each fit to the tail distribution exhibits a Kolmogorov-
Smirnov p-value > 0.1 (assuming a null hypothesis of a power-law fit), suggesting a strong
fit of the power-law functional form for the given scaling factor (o) and minimum size
(Zmin) [58]. In addition, we note the « exponents are different for each of the time scales
considered, suggesting different universality classes of system behaviour at different time
scales. This behaviour is interesting and needs to be verified in a more comprehensive
study with larger datasets and a stability analysis, however these preliminary results do
indicate the presence of some hierarchy of system behaviour, motivating the need for

scale-specific temporal analysis.

Figure 6.13 shows the estimated 60-minute cluster configuration for the same period
(1 November 2012 to 30 November 2012), but where the distance of each period’s FV
to the identified SSVs is used as the criterion for state assignment. This is a simple
in-sample test to determine whether the proposed scheme for online state assignment
can discern the structure suggested by direct application of the clustering algorithm.
By comparing Figure 6.13 and Figure 6.4, we notice that the online state assignment
algorithm does recover the contiguous morning and afternoon states, but more broadly

intuitively separates periods into: opening auction and early morning trading state, UK
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market open state, two lunch states, US market open state and a end-of-day/closing
auction state. This completely captures the exogenous market effects, which is a strong
validation for the approach. Table 6.5 shows an empirical 1-step transition probability
matrix calculated from the states shown in Figure 6.13, illustrating one potential appli-
cation of this technique. The 1-step transitions show a particular preference, suggesting
some predictability which can be exploited by trading agents. To be clear, the online
assignment of a FV to a state means that we have developed a mechanism to detect
which state we are currently in, using the prevailing set of SSVs. The transition matrix

can be used and updated online, and for optimal planning in the domain.

Figures 6.14 to 6.16 and Tables 6.6 to 6.8 show the estimated cluster configurations
and transition probability matrices using the SSVs at the specified time scale. It is
interesting to observe the dilution of the exogenous time-of-day effects as one approaches

the 5-minute scale.

Figure 6.17 illustrates the stability of the online state assignment algorithm out-of-
sample. Given that the state assignment of an online F'V is based on the minimum
Fuclidean distance to predetermined SSVs, we compute the best match distance for
each of the FVs in a sample and use a boxplot to visualise the empirical distribution.
Here we propose offline estimation of SSVs used for online state detection. The online
cluster configurations shown in Figures 6.13, 6.14, 6.15 and 6.16 use FVs from the ex-
ante period, i.e. the same period used to estimate the SSVs. It is prudent to determine
whether state assignment using out-of-sample (ez-post) FVs deviate significantly from in-
sample assignment, and gauge the out-of-sample efficacy of the SSVs before re-estimation
is necessary. Given the computation times shown in Table 6.4, in practice one could
estimate the SSVs overnight for each trading day. We have considered SSVs estimated
from the period 1 November 2012 to 30 November 2012, and compared the resulting
online states from the ez-ante period (1 November 2012 to 30 November 2012) with
states from an ez-post period (3 December 2012 to 7 December 2012, one week after
SSV estimation). From these results, it appears that 60-minute states cannot be reliably
determined ez-post using the online detection algorithm, given the observed higher range
of best match Euclidean distances. The 30-minute, 15-minute and 5-minute time scales
all exhibit acceptable ex-post best match distances, with the exception of a few outliers.
From these preliminary results, it appears that the algorithm can be used to reliably
determine 30-minute, 15-minute and 5-minute states for a relatively short ex-post period
following SSV estimation. A more robust study should consider the precise half-life of
the SSVs, but given the relatively fast computation time, this is unlikely to be a practical

concern.
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The average computation times indicated in Table 6.4 are not overly onerous, suggesting
that for practical application, overnight or even intraday estimation of cluster configura-
tions to capture recent dynamics is feasible. The proposed PGA thus offers an efficient,
scalable alternative for finding the best approximation of the optimal cluster configura-
tion, suitable for clustering objects on multiple observable features. We note that the
number of generations and stall generations indicated in Table 6.4 are higher than one
would typically specify for a genetic algorithm, since these promote potential over-fitting
to the prescribed dataset. Recall that our application is to find the candidate cluster
configuration which best explains the structure inherent in a given correlation matrix.
Thus we are not concerned with out-of-sample validity, but would rather prefer to find
a configuration with the highest likelihood value. The higher number of generations
and stall generations, together with the mutation operator, promotes convergence to a

higher likelihood structure.

Time Number of Population Generations Stall Mutation Crossover  Computation

scale periods (objects) size generations probability —probability — Time (sec)#
5-minute 2208 4000 4000 1000 0.09 0.9 603 (D)
15-minute 736 1000 4000 500 0.09 0.9 382 (N)
30-minute 368 800 4000 500 0.09 0.9 215 (N)
60-minute 184 600 4000 500 0.09 0.9 132 (N)

TABLE 6.4: Parameter values and computation times for Parallel Genetic Algorithm
* Average from 20 independent runs; N refers to the GTX765m Notebook GPU and D refers to the GTX Titan X
Desktop GPU.
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F1GURE 6.4: JSE TOP40 60-minute temporal clusters for the period 01-Nov-2012 to 30-
Nov-2012, representing 184 distinct periods. Each node represents a 60-minute period
during a trading day, with the colour shading indicating the time-of-day (Morning =
green, Lunch = yellow, Afternoon = red) and node connectedness indicating cluster

membership.
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FiGure 6.5: JSE TOP40 60-minute cluster state signature vectors for the period

01-Nov-2012 to 30-Nov-2012. Each plot illustrates the average change in trade price,

spread, trade volume and quote volume imbalance across member periods and stocks

for each of the clusters with a size > ,,;, from the truncated power-law fit. Cluster
size and intra-cluster correlation are shown in parentheses.
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F1GURE 6.6: JSE TOP40 30-minute temporal clusters for the period 01-Nov-2012 to 30-
Nov-2012, representing 368 distinct periods. Each node represents a 30-minute period
during a trading day, with the colour shading indicating the time-of-day (Morning =
green, Lunch = yellow, Afternoon = red) and node connectedness indicating cluster
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FiGure 6.7: JSE TOP40 30-minute cluster state signature vectors for the period

01-Nov-2012 to 30-Nov-2012. Each plot illustrates the average change in trade price,

spread, trade volume and quote volume imbalance across member periods and stocks

for each of the clusters with a size > ,,;, from the truncated power-law fit. Cluster
size and intra-cluster correlation are shown in parentheses.
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F1cURE 6.8: JSE TOP40 15-minute temporal clusters for the period 01-Nov-2012 to 30-

Nov-2012, representing 736 distinct periods. Each node represents a 15-minute period

during a trading day, with the colour shading indicating the time-of-day (Morning =

green, Lunch = yellow, Afternoon = red) and node connectedness indicating cluster
membership.
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F1cUure 6.9: JSE TOP40 15-minute cluster state signature vectors for the period

01-Nov-2012 to 30-Nov-2012. Each plot illustrates the average change in trade price,

spread, trade volume and quote volume imbalance across member periods and stocks

for each of the clusters with a size > x,,;, from the truncated power-law fit. Cluster
size and intra-cluster correlation are shown in parentheses.
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F1GURE 6.10: JSE TOP40 5-minute temporal clusters for the period 01-Nov-2012 to 30-

Nov-2012, representing 2208 distinct periods. Each node represents a 5-minute period

during a trading day, with the colour shading indicating the time-of-day (Morning =

green, Lunch = yellow, Afternoon = red) and node connectedness indicating cluster
membership.
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FiGUure 6.11: JSE TOP40 5-minute cluster state signature vectors for the period

01-Nov-2012 to 30-Nov-2012. Each plot illustrates the average change in trade price,

spread, trade volume and quote volume imbalance across member periods and stocks

for each of the clusters with a size > ,,;, from the truncated power-law fit. Cluster
size and intra-cluster correlation are shown in parentheses.
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Test for cluster size power law fit: 60-min periods
Power law distributional form (p(z) ~ 27) vs empirical data
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(a) 60-minute cluster sizes

Test for cluster size power law fit: 15-min periods

Power law distributional form (p(z) ~ 27*) vs empirical data
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FIGURE 6.12: Testing conjecture of power law fit for varying time scale cluster sizes,
applying the Clauset, Shalizi and Newman algorithm [58].

(¢) 15-minute cluster sizes

Test for cluster size power law fit: 30-min periods

Power law distributional form (p(z) ~ 27*) vs empirical data
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