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Abstract: Let SH be the class of functions f = & + g that are harmonic univalent and sense-preserving in the open
unit disk 4 = {z : |z| < 1} for which f(0) = f/(0) — 1 = 0. In this paper, we introduce and study a subclass
H (e, B) of the class SH and the subclass N'H(«, 8) with negative coefficients. We obtain basic results involving
sufficient coefficient conditions for a function in the subclass H (o, f) and we show that these conditions are also
necessary for negative coefficients, distortion bounds, extreme points, convolution and convex combinations. In this
paper an attempt has also been made to discuss some results that uncover some of the connections of hypergeometric
functions with a subclass of harmonic univalent functions.
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1 Introduction

As a continuous complex-valued function, f = u + iv in a simply connected domain D is said to be a harmonic
if both u and v are real harmonic in D. In any simply connected domain D, we may write f = h + g, where h
and g are analytic in D such that £ is called the analytic part and g is the co-analytic part of f. For f to be locally
univalent and sense-preserving in D , it is sufficiently agreeable that |4’ (z)| > |g’(z)], z € D. (see [1]).

Denote by SH the class of functions f = h + g that are harmonic univalent and sense-preserving in the open
unit disk &« = {z : |z| < 1} for which f(0) = f/(0) — 1 = 0. So, for f = h + g € SH, it can be expressed in the
analytic functions 4 and g as

o0 [o.]
h(z)=z+ Y anz", gz)= Y buz". || <1 (1)
=1

n=2
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Note that SH reduces to the class S of normalized analytic univalent functions if the co-analytic part of its member
is zero. Consequently, the function f(z) for this class can be expressed as

f@ =24 anz".

n=2

Also, let N'H be the subclass of SH consisting of functions f = & + g such that functions / and g are of the form

h(2)=z-) lan|lz". g@)==>_ |balz". |b1] <1. )
=1

n=2
Clunie and Sheil-Small (1984) [1] studied the class SH with some its geometric subclasses and calculated coefficient
bounds. For analytic functions ¢(z) =z + > o5 anz and ¥ (z) =z + Y, =, by z", their convolution is defined
as (¢ x ¥)(z) = z + Y nepanbpz", z € U. In the harmonic function case, with f = h+ gand F = H + G,
their harmonic convolution is defined as f * F = h * H 4+ g * G. If ¢1 and ¢» are analytic and f = h + g is in
SH, Ahuja and Silverman (2004) [2] defined

fx(pr +¢2) =hxo1 +gx¢o. 3

Let F(a, b, c; z) be the Gaussian hypergeometric function defined by the series

s nbn
F(a,b,c;z) = Z %z”,

n=0

zel 4)

where a, b, ¢ are complex numbers with ¢ # 0, —1,—2, ... and (1), is the Pochhammer symbol defined by

F'A+n)

(A)n = F(A)

=AA+1)..A+n—-1) for n=1,2,3,... and (A)p = 1.

Since the hypergeometric series in (4) converges absolutely in I, it follows that F(a, b, c; z) defines a function which
is analytic in U, provided that c is neither zero nor a negative integer. The well-known Gauss’s summation theorem:
If Re(c —a —b) > 0, then

— @n()n _ T()T(c—a—b)

Fab e = 2 0 ~ Tle—ale—b)

c#0,-1,-2, ...

Throughout this paper, let G(z) = ¢1(z) + ¢2(z), where

(@)n—1(b1)n—1
¢1(z) = zF(a1,b1.,c1:2) z+ng_2 e 2 5)

a2)n(2)n _p

= (
= F(az,br,cr:z)— 1=
$2(2) (a2,b2,¢2;2) n§=l )

Harmonic mapping of hypergeometric functions plays a significant and attractive part in Geometric Function Theory

. lazba| < |eal. (6)

(GFT). The famed author Ahuja together with Silverman [2] in 2004 have uncovered some interesting studies on
the connections between the amazing of harmonic univalent functions and distinct hypergeometric functions. For
example, the result involves the convolution multipliers f ((/)1 + d_>2), where ¢, ¢ are as defined by (5) and (6)
and f is an efficiently given harmonic starlike univalent (or harmonic convex univalent) function in the open unit
disk. Numerous inclusion properties and other studies, including hypergeometric functions and harmonic univalent
functions, have newly been investigated by prominent mathematician researcher Ahuja in (2007) [3], followed by
various studies in (2008) [4] and (2009) [5]. Recently, in 2011 [6], certain inclusion results by involving uniformly
harmonic starlike mappings and hypergeometric functions, have been studied. It should be remarked that some other
important studies that bring out this connection have been done in [7-10].

Let Ss# formulate the subclass of SH involving functions in SH that are starlike. Moreover, we suppose Sgz7
is the subclass of Ssy including functions in N'H.
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The families Ss3; and Sgz7, were firstly investigated by Avic and Zlotkiewicz [11]. Later Silverman [12]
imposed the following necessary conditions:

o0

> n(lan] + b)) < 1 ™

n=2

for functions f = h + g to be in these families, and Silverman and Silvia [13] improved these outcomes of [12] to
the case when the coefficient b1 is not necessarily zero.
Ahuja and Jahangiri [14] introduced the class Ny (8) of functions in SH such that

9
m(aejaf(z))zﬁ, <0§,B<1, z:reieeu>

0z
and they showed that the coefficient condition

o0

Zn(|an|+|bn|)§2_ﬂ (8)

n=1

is sufficient for functions f in Ny (B).
In 2003 Yalcin et al. [15] investigated the class HP(f), with the subclass of SH satisfying the condition

Re{l/(z) + g'(2)} > B. (0B <1).

Yalcin et al. also studied the functions with negative coefficient that satisfies the above condition. Based on the class
study in [15], Al-Khal and Al-Kharsani [16] investigated inequalities associating hypergeometric functions with
planer harmonic mapping. In 2004 Yalcin and Oztork [17], introduced and studied the class H P («), consisting of
functions of the form (1), satisfying the condition

Refaz(h"(z) + 8" (2) + (W' (2) + &'(2))} > 0, («=0).

Moreover, they studied the above negative coefficient functions defined by (2). In 2010 Chandrashekar et al. [18],
investigated a class HP(«, B) consisting of functions of the form (1) satisfying the condition

Re{az(h"(2) +§"(2) + (W' () + g'(2))} > B. (@=0,0=B <),

based on the work of Yalcin and Ozturk in [17]. They have given some results that bring out the connections of
hypergeometric functions with a class HP(«, ) of harmonic univalent functions. Such a type of study on different
subclasses was carried out by several researchers, such as Dixit et al. [19] Aouf et al. [20], El-Ashwah [21], Al-Khal
and Al-Kharsani [22], S. Nagpal and Ravichandran [23], Ponnusamy et al. [24], Porwal and Dixit [25], Shelake
et al. [26]. Pursuing this line of study and motivated by the each works of Yalcin et al. ([15, 17]), Ahuja and
Silverman [2], Al-Khal and Al-Kharsani [16], Chandrashekar et al. [18] on the subject of harmonic functions, this
paper presents and examines a geometric subclass Ry (o, §) of SH. Let H(e, §), (@ > 0,0 < < 1), denote the
subclass of harmonic functions of the form (1) which satisfies the condition

Re{(h'(z) + &' (2)) + 3az(h(2) + £"(2)) + az* (W (z) + £ (2))} > B. ©
Also, we define the class N'H(«a, §) by
NH(a,B) = H(a, ) N NH.

The coefficient conditions for the function in H(«, ) are studied. Furthermore, there is a determination of the
coefficient conditions, distortion bounds, extreme points, convolution, convex combinations and neighborhoods for
the function in N'H(«, 8). Moreover, the connections between harmonic univalent functions and hypergeometric
functions are studied.
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2 The class N H (e, B)

In our first theorem, we give a coefficient bound for harmonic functions in H(«, §).

Theorem 2.1. Let f = h + g be such that h and g are given by (1). Assume that if

o0

2 nll+a® = Di(an| + bal) =2~ B (10)

n=1

wherea; = l,a > 0and 0 < B < 1, then f is harmonic univalent.

Proof. Suppose that z1, zo € U such that z; # z5, then by the condition (10), we obtain

S = f(z2) >1_‘g(21>—g(zz> _ Yone i ba (2 —28)

h(z1) = h(z2) he)—h) | |G —2) - Tplsan (G — 25)
2
o anlbal X R bl
1—=Y"02  nlan| ~ 1_Zn=2w| al
Hence | f(z1) — f(z2)| > 0 and so f is univalent in /. O

Theorem 2.2. Let f = h + g be such that h and g are given by (1) and satisfies the condition (10) then f is
sense-preserving inU and f € H(a, B)

Proof. Firstly, we show that f is locally univalent and sense-preserving in U. It suffices to show that |/(z)| >
|g’(2)| by using the condition (10). We have

o0 (e o] o
() = 1= nlagllz]"™" > 1= nlan| = 1= =Y n[l +a@®@> - D]lan|
n=2 n=2 n=2
o0 oo
> Y nll+a@® = D]ba| > Y nlballz""" = |/ 2)].
n=1 n=1

Now, we show that /' € H(w, 8). We only need to indicate that (10) is satisfied, using the fact that Re(w) > B if
and only if |1 — 8 + w| > |1 + B — w|. Thus, we obtain

‘(1 —,3)+(h/+g/)+3OlZ(/’l”+g”)-‘r—(XZZ(hW-i—gm)

(11)
|+ B = + ) —3az(h” + g") —azP (W + 7| = 0
Substituting for 2 (z) and g(z) in (11), we get
1-8)+1+ Z n[l +am? = D]apz""' + Z n[l +a(n? - 1)]b,,2"_l'
n=2 n=1
—|=p) 1= nll +a@*=Dlanz""" = 3" nll + a(n® = D]byz" "
n=2 n=1
>2 [(1 —p) - [Z nll +am? = Dllan] + 3 nll +a(n® - 1)]|bn|ﬂ
n=2 n=1
=2 [(2—/9) - [Z n[l+a@* =] (lan| + |bn|>ﬂ >0
n=1
by condition (10). The harmonic function
s 1 " 1 -
f(Z):Z-i-nZ::zman +Y;myn2, (12)
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where > 02 5 |xXn| + Y ey |¥n| = 1, shows that the coefficient bound given by (10) is sharp. The functions of the
form (12) are in the class H(«, ) because the condition (10) can be satisfied as follows:

oo o0 o] o0
D on[l+a@® = Dllan + Y nll +a(® = Dbl = Y |xal+ Y lyal =1
n=2 n=1 n=2 =1
This completes the proof of Theorem 2.2. O

Remark 2.3. By specializing the parameter, we obtain the following interesting results analogous to Theorem 2.2,
which have been efficiently studied by

1. Silverman [12] whena = 8 = b1 =0,

2. Silverman and Silvia [13] when o = 8 = 0,

3. Ahuja and Jahangiri [14] when o = 0,

4. Yalcin et al. [15] when also o = 0.

We proceed to prove that the condition (10) is also necessary for functions f = h + g, where & and g are of the
form (2).

Theorem 2.4. Let f = h + g be such that h and g are given by (2). Then f € N'H(w, B) if and only if

o0

D onll+am®=Dllag|+ Y nll +a@® = Dby < 1-8

n=2 n=1

wherea; = 1,a > 0and0 < f < 1.

Proof. Since NH(a, ) C H(x, B). We only need to prove the "only if" part of this theorem. For functions f(z) of
the form (2), we have

Re{(h'(2) + g'(2)) + 3az(h"(2) + &"(2)) + az?> (" (2) + & (2))} > B.

Consequently, we obtain

o0 o0

Red(1=B)= Y n[l+a@? = Dllas|z""" = Y n[l + a(@?® = D]|ba|z" '} = 0

n=2 n=1

The above required condition must hold for all values of z in Z/. Upon choosing the values of z on the positive real
axis where 0 < |z| = r < 1, we must have

o0 (o9}

=B =Y n[l+a@® = Dllanr""" = > " all + a(? = D][b,|r"~" = 0.

n=2 n=1

Letting r — 1~ through real values, it follows that

(1-8)— {Z n[l+a@m® = Dllan| + Y _ n[l +a@®® - 1)]|bn|} > 0.

n=2 n=1

Therefore, we have
o0

> n[l+a@® = Dllag| + Y n[l +a(n® = Db, < 1. O

n=2 n=1

Now we give distortion bounds for function in N'H(«, ).

Remark 2.5. By specializing the parameter we obtain the following significant results analogous to the Theorem 2.4
which have been investigated by
1. Silverman [12] whena = 8 = by =0,
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2. Silverman and Silvia [13] when o = 8 = 0,
3. Yalcinetal. [15] when o = 0.

Theorem 2.6. Let f € NH(a,B). Thenr = |z| < 1

(1-p) LT
7@ = 0+t + () |- =5

(1-$) Lol
7@ = 0+ b= (5550 ) [1= 72501

Proof. Let f € N'H(«, 8). Taking the absolute value of f, we have

1f@I < A+ 1bihr + Y (anl + bal) r”

n=2

i 2°°((1—ﬂ))(2[1+3a] ) Mbn)
<(L+|b1)r+r n;z 30\ aop) lan| + (1-;3)' |

n=2

2N 3ad)\ " a-p) a-p
<+ + () [ - =]

and

1f@1= A+ biDr = 3 (an| + [bal) r"

n=2

> (14 b _2°°(<1—ﬂ))(2[1+3a]n 21 +3]
> (14 |b1r r}; 20T 30] =) |an| + (l—ﬂ)| |)

> (1 + |bi|)r —r2 (M) Z (n[l—}—oz(nz—l)]|an| + ’MM|bn|>
n=2

2[1 + 3] (I-p) (1-8)

z(1+|b1|)r—(23:r§l]) [1— 1_1ﬁ|b1|] r2. O

In the next theorem, we determine the extreme points of closed convex hulls of NH(«, §) denoted by coNH(«, B).

Theorem 2.7. Let f = h + g be such that h and g are given by (2). If the harmonic function

f2) = i(xnhn(z) + yng&n(2)), (13)
where
hi(2) =z, hp(z) =z — ’Mﬁ_l)]z" (n=2.3..).
gn(z) =z - 1=/ 2 (n=1,2,3,..),

— 7
n[l+a@m?-1))]
[e.e)

Y @nty)=1 x40 and y, >0.
n=1

Then f € coNH(a, B).
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Proof. A function f of the form (13) can be written as

@) =" (nhn(2) + yngn(2)

n=1
-3 Sy ey B
_r;(xn-i-yn)z ng:zn[l'FOl(nz_l)]an r;n[1+a(n2—l)]ynz'

Thus, we obtain

oo 2
Z%l n|+ZL|bn an+2yn—1—x1<1

n=2 n=1

Hence, by Theorem 2.4, we have f € coNH(a, B).

O

Theorem 2.8. Let f = h + g be such that h and g are given by 2). If f € coNH(a, B) and achieves the
condition (10), then f satisfies the equation (13). In particular, the extreme points of NH(«, B) are {h,} and {g; }.

Proof. Suppose that f € coNH(c, B). Set

Xp =

n[l +a@®@?® —1)]

a-p) lan|, (n=2,3,..),

and

n[l +a@?—1)]
1-p)

By (10), we note that 0 < x,, (n = 2,3,...)and0 < y, (n = 1,2, ...). We define

xl—l—an-i—Zyn

n=1

bal, (n=1,2,..).

Yn =

By Theorem 2.4, x; > 0, and

(e}

@) =" (nhn(2) + yngn(2)

n=1

as required.

Next, we can set the convex combination of the class N H(«, ).
Theorem 2.9. The class N'H(«, B) is closed under convex combination.

Proof. Fori = 1,2,let f; € NH(«, B) where

ee] (o]

fie)=z=> lainlz" =Y |bin] 2"

n=2 n=2

Then, by Theorem 2.4, we have

i": nll+a@ =D} i n[l +a(n? —1)]

la; nl |binl < 1.
n=2 1_’3 n=1 1_’8

For Z?il t; =1, 0 <t; <1, the convex combination of f; may be written as

Sufi=i-y (fnlaml)z > (Znibz nl)

i=1 n=2 \i=1 n=1 \i

(14)
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Then by (2), we have

Z M(Zm ln|) + Z M(Zmbzﬂ)

n=2 i=1
o0
n[l +a@®@?—1)] n[l + a(n?
- Zzi (Z g laial 5 T'b’ A==t
i=1 n=2 n=1 i=1
Therefore, Y 7 | #; fi € N'*H(a, B) (see Theorem 2.4.) O

The class NH(w, B) is closed under convolution as will be shown in the next theorem.
Theorem 2.10. For0 <y < B < 1,let f € NH(a,B), F € NH(«, y) and

2\ n[l 4+ a@m? —1)]
5

Then (f = F) € NH(a, B) C NH(a, y).

1An] < 1. (15)

Proof. Let the harmonic function f(z) :=z — Y ;25 [an|z" — > ney |bn|Z" and F(z) :=z — Y po, |An|z" —
> 2 |Bn|Z". Then the convolution of f and F is defined as follows:

o0 o0

(f*F)2) =z= ) lanAnlz" = ) |byBnlZ"

n=2 n=1

By condition (15), Theorem 2.4 and since F € NH(«,y), we conclude that |4,| < 1 and |B,| < 1. But f €
NH(a, B) , then we have

o0

Z n[l 4+ a(n? — D]lan||An| + Z n[l +am® = D]|by|| Byl

n=2 n=1

< Y nll+a@® = Dllagl + Y nll +a@® = D]by| <1-p<1-y.
n=2 n=1

Thus (f * F) € NH(, B) C NH(a, y). O

Here, we look at a closure property of the class NH («, $) under the generalized Bernardi-Libera-Livingston integral
operator F(z) which is defined by (see [26])

1
F(z) = (u + 1)/1“_1f(tz)dt (n > —1).
0

Theorem 2.11. f € NH(«a,B) = F € NH(a, B).

Proof. Let
o0 o0
f@=z=>lanlz" =Y |ba|Z"
n=2 n=1

Then, we get

1 oo o0 o o0
F(z) = (n+ 1)/z“—1 ((tz) =Y lanl@2)" = |bal (rz)”) di =z— ) |An|z" = ) |BalZ",
0 n=2 n=1 n=2 n=1

where +1 41
n n
A, = lan| and Bn—7| nl.
wA+n wA+n
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Thus, since f € N'H(a, B),

(e} o0

1 1

S nll +a(n® - 1)](“ * |an|) + 3 nll + e 1)](“ + |)

— m+n —
n=2 n=1

o o0

Y nll+a@®=Dllan| + Y n[l +a@? = D]lba| <1~ B.
n=2 n=1

In virtue of Theorem 2.4, we have F € NH(a, B). O

3 Hypergeometric functions
Here, we need the following result, which may be found in ([18, 24]).

Lemma 3.1. Ifa,b,c > 0, then

. nBPn _ - :

L Y=g n ((Z;,,El))n = C_aa_bb_l F(a,b;c;1) if c>a+b+1

0o 2 (@ (DY )2 (b b o :

ii. > ,,—n ((gn 21))” = I:(C(_aai(blzz)2 + = aa - l] F(a,b;c;1) if c>a+b+2

3@nBn _ (@)3(b)3 3(@)2(b) ab e ;
Zn—ln (c)Z(l)Z - I:(c—a—b—?a)g + (c—a— 2 5)2 + c—a—b—l]F(a’b’c’l) lf c>a+b+3
In the following theorem, we obtain the coefficient condition for the Gaussian hypergeometric function:

Theorem 3.2. [fa;,b; > 0 and c; > a; +b; + 3 for j = 1,2, then a sufficient condition for G = ¢1 + ¢2 to
be harmonic univalent and sense-preserving inU and G € H(w, B), is that

[ a(a)3 (b1)3 N 6a (a1)2 (b1)2 . (14 6a)ay by
(cr—a1—b1—3)3 (c1—ar—b1—22 c1—ar—by—1
[ « (a2)3 (b2)3 3a (az)2 (b2)2 az by

(c2—ax—b2—3)3 (c2—ax—br—2)2 c¢x—ar—by—1

+ 1j| F(ai.bi;ci;1)
(16)

} F(az,ba;cz;1) <2 —B,
where « > 0and 0 < § < 1.

Proof. Let G(z) = ¢1(2) + ¢p2(2)

@n—1 (b)n—1 _p @2)n (b2)n _,
i Z @Dn—1 (Dn—1 Z ©2)n (D

Firstly, we want to show that G is locally univalent and sense-preserving in /. It is enough to show that |¢i 2)| >

|65(2)]
12| = >1—Z @Dn=1 GV)n=t |

M n—1
1+ Z : " (c1)n—1 Dpn—1

= (cn—1(Dn—1

o 0 @am1 (a1 o @)n—1 (b1)n—1
1 2 D T a2 @t (D

=2- [% + 1] F(a1,b1;c1;1) by part(i) of Lemma 3.1 and by Gauss summation formula
=P [(Cl(x—(zi)i (bbll)—33)3 (616i Elall)—zlfi)l—)zz)z cfl—+afa—)21 llll + 1i| Flay, biseni1)
b 3 b b
z [(CZO[_(ZE)E ;22)_33)3 (ca iiazz)_zlfzz_)zz)z o — aa22_2b2 — ] F(az,b2;c2:1) by (15)
> #F(Qz,bz;cz;l) > inm 2! ‘Z (?622);1((’?12))"’1 .
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Now to show that G is univalent in U, we suppose that z1, zo> € U such that z; # z. Since U is simply connected
and convex, we have z(¢) = (1 —t)z1 + tz2 € U, where 0 <t < 1. Then we can write

1
G = 6(z2) = [ [(z2 = 2001 G0 + G2 — 20830 | de

0

such that

| o
R OO [ [agon + 222w

Zp —Z1
| a7

> / [Re ¢, (z(1)) — |5 (z(0))|] dt

0

On the other hand, by condition (16), we conclude that
Re ¢/ (2) - |95(2)]

= @a—1 Da—1 1 e @)n (02)n
SR DL ey el Dy eyl
@)n—1 (b)n—1 _ i  (@2)n (b2)n

>1- Z(Vl -14+1) (cDn-1 (Dn—1 (c2)n (Mn

n=2

s @Dam1 (a1 e @) (b)n a2by o (@2 + D1 (b2 + D
=2 2:2 (c)n—1 (Dn—2 2‘; (c1)n (Dn c2 ,12::1 (2 + Dp—1 (Dn—1

b b

=2 _an +1 F(al,bl;cl;l)——az 2 F(az,b2;c2:1)

c1—a;—by1—1 co—ar—by—1

a(ar)s (b1)3 6a (a1)2 (b1)2 (1+6a)ay by

>2— 1|F bi;cr;l
- |:(c1—a1—b1—3)3 (c1 —a1—b1—2)2 C1—a1—b1—1+ (@ b;erz )

« (a2)3 (b2)3 3 (a2)2 (b2)2 az by

F br;ca;1) =B > 0.

+|:(02_02—b2—3)3 (C2—a2—bz—2)2 02_a2_b2_1 (az’ 2,€2; )_ﬂ_

Thus (17) by the above inequality, we receive that G(z1) # G(z2) and hence G is univalent in /. Finally, we proceed
to prove that G € H(«, ). In view of Theorem 2.2, we need to prove that

,21 il et =) I:(Zlcll))nn_—ll ((bll))nn—_ll * (?czz))n,,(gz)in] =2-§ (18)
But,
S i e
=§(1_a)(n_l)m+é(l_a)m+,§1a(n_l+l)3w
PR s S e

n=1

(@)n—1(b1)n-1 N i (@)n—1 (b1)n—-1 f i( )3 (@)n—1(b1)n-1

:“”‘”)Z("—l) ©Dn—1 (Dn—1 (-1 (Dn—1 (©Dn—1 (Dn—1

n=1

— 2 @)n—1 (b1)n—1 _ s (@2)n (b2)n 3 (a2)n (b2)n
Ha D e T L, e Z 2 (D

n=1
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= (1 + 20) Z (al)n (bl)n Z (al)n (bl)n Z 3 (al)n (b1)n 1 3 Z z(al)n (b1)n

el (c1)n (Dn e (c1)n (Dn ne1 (c1)n (Mn (c)n (Mn
(az)n (bZ)n n3 (a2)n (b2)n
+ (11—«
( ) Z (Cz)n (1)n 2_:1 (C2)n (l)n
a(a1)s (b1)3 6a (a1)2 (b1)2 (1 + 6a)ay by
- 1| F(a1.b1;c151
[(Cl_al_bl_3)3 (c1 —a1 —b1 —2)2 6‘1—611—171—1+ (@1,brie1:1)
@ (az)3 (b2)3 3a (az)2 (b2)2 az b
F bor;co; 1
+|:(C2—az—b2—3)3 (c2—az2—b2—2)2 c2—ax—by—1 (@2, b2 e2: 1),
Thus, in view of Lemma 3.1, we get the inequality (18). This completes the proof. O

For our next theorem, we need to define the following function:

0O\ =5 @t Gnr @2)n (b2)n _,
Gl(Z) - (2 z ) ¢2(Z) - r12=:2 (Cl)n—l (])n—l Z (02)n (l)n

on using (5) and (6). Clearly G| € NH(«, B), (see [18, 21]).

Theorem3.3. Letaw > 0,0 < 8 < 1, a;,b;j > 0,¢; > a; +b; +3 for j = 1,2 and axby < c3. Then
G1 € NH(«a, B) if and only if (16) holds.

Proof. 1tis clear that NH (o, B) C H(w, B). In view of Theorem 3.2, we need only to show the necessary condition
for G| to be in H(a, B). If G1 € NH(w, B), then G satisfies the inequality (18) by Theorem 2.4 and hence (16)
holds. =

In the following theorem, we give the convolution f * (¢1 + ¢2), where ¢1 and ¢, which are defined by (5) and (6).

Theorem 3.4. Leta > 0,0 < <1,a;,b; >0,c; >a; +b; +3 for j =1,2and axb> < c3. Then a necessary
and sufficient condition such that f * (¢p1 + ¢2) € NH(w, B) for f € NH(«a, B) is that

F(ay,bi;c1;1) + F(az,b2;e2;1) <3, 19
where ¢1, ¢ are defined, respectively, by (5) and (6).
Proof. Let f = h+ g € NH(a, B), where h and g are given by (2). Then

S (P14 ¢2)(2) = h(z) x ¢1(2) + &(2) * pa(2)

Lo @ G, S @ b2,
=7 ZZ (€n—1 (D1 Z (7
In view of Theorem 2.4, we need to prove that f * (¢1 + ¢2) if and only if
= @n—1 b1)u—1 (@2)n (b2)n ]
1 2 )| A gy, ¢ 2, <2 - B 20
2 et )][(cl)n_l(l)n_l “t e, 1 =F 20
An application of Theorem 2.4, we get
> n[l+am® = D] (an +bp) <2-B.
n=1
or o0 (o]
d on[l+a@®=Dlay+ Y n[l +a(n®—1)]b, <1-8, @21
n=2 n=1

which implies that
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n[ll +a@?>—1D]a, <1—8 and n[l +a@®>—1)]b, <1-8.
Thus, we attain

1—
an < p

< 1_ﬂ
= m and bn

=< mv (n>1). (22)

Rewriting (20), we get

3 2y @0n=1 (1)1
2 nli+el® =D

n=2

(@2)n (b2)n by <1— B, (23)

an+ Y nll +a(® = D] 2, <

n=1

By applying (22), the left hand side of (23) is bounded above by

= oy @Dn—1 (b1)n—1 oy (@2)n (b2)n
Z(l D et Wns +Z“ P em O

o @)n (b)n (bl)n (@)n (bi)n
S0P (Z (€)n (Dn Z (c)n (Dn )
=(1-p) (F(a1.bi;c1; 1) + F(az,bz;c‘z; 1)—2).

The last expression is bounded above by (1 — f) if and only if (19) is satisfied. This proves (20) and the result
follows. -

The integral operator for the Gaussian hypergeometric function will be studied at the end of this section.

Theorem 3.5. Ifa; . b; > Oandc; > a; +b; + 2 for j = 1,2. Then a necessary and sufficient condition for a
function

z A
G2(z) :/F(al,bl;cul)dl+/F(a2,b2;62; 1)dt
0 0
to be in H(a, B), is that
b 3 b
[1+ a(ar)2 (b1)2 N aay by
(cit—a1—b1—2)2 c1—ar—b1—1

n [1 4 (a2)2 (b2)2 3aas by
(c2—az—b2—2)2 c2—ax—br—1

]F(ahbl;cul)

1|F(a2,b2;62; 1)<3-8.
wherea > 0,0 <8 < 1.

Proof. In view of Theorem 2.2, the function

Gz(Z)Zz—iwzn_iwzn

—, 1 (€)n—1 (Dn—1 n(c2)n—1 (Dn—1

n=2
isin H(e, B) if
- 2 (@a)n—1 (b1)n—1 | (@2)n—1 (b2)n—1 } o
2 il F ol =) [n (c)n—1 (Dn—1 T (c2)n—1 (Dn—1] ~ =F. 24

n=2
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The left side of (24) can be written as follows:

- 2y [@)a—1 BDa—1 | (@2)n—1 (bz)n_l}
,;2[] + e~ 1] [ (c)n—1 (Dp—1 * (c2)n—1 (Dn—1

_ i (@1)n (b1)n T i (a2)n (b2)n Z 2 (al)n (bl)n Z 2 (a2)n (b2)n

1 (Cl)n (l)n (CZ)n (l)n =1 (Cl)n (l)n o (Cz)n (l)n

o (@)n (b1)n (a2)n (b2)n

F2 Y e T Z (2 (D
a(ar)2 (b1)2 aay by

= (F(abbl;Cl;l)_1)+(F(az,b2362§1)_1)+|: ]F(ahbl;cl;l)

(cit—ar—b1—2)2 c1—ayr—by1—1

a(az)z (b2)2 aas by 20aq by
F(az,by;co;1 ——— | F(a1,by;c1:1
+[(Cz—az—b2—2)2+Cz—az—b2—1 (@2, b2e2: 1) + c1—a;—by—1 (@1, br;e131)
2cas b
+ 22 F(az.b2;c2:1)
Cz—az—bz—l
a(ar)z (b1)2 3aar by ]
I+ + F(ay,by;c1;1
[ (c1—a1—b1 =2 c1—ar—b—1 ( )
o (az)2 (b2)2 3aaz by ]
+1+ + F(az,bz;c2;1) =2
|: (c2—a2—bx—2)2 cx—ax—by—1 ( )
The last expression is bounded above by 1 — B and the result follows. O

Theorem 3.6. Ifaiby > —1,¢1 > 0,a1b1 <0,a2 >0,b2 >0andc; >a; +bj +2 for j = 1,2, thena
necessary and sufficient condition for a function

z

G3(Z) =/F(al,bl;cl;l)dt—/[F(az,b2;62;1)—1]dl
0

to be in NH(a, B) is

b
(1 + 3a) + am F(ay,b1;cr1; 1)
cir—a;—b1—1

a (a2)z (b2)2 3aasz by
(c2—ax—by—2)2 co—ar—by—1

—|:(l+a)+ i|F(a2,b2;cz;l)+lZ,3.
wherea > 0,0 < < 1.

Proof. In view of Theorem 2.4, the function

n

_,_labil 3 @+ Dna i+ Dua g (@2)n1 (b2)ns
G0 =z 2 e+ Dz (e gn(cz)n_l(l)n_l

is in NH(a, B) if

- > 1[labil @+ Du—2 (b1 + Da—a | @2)p—1 (b2)n—1] _ |
,;2[1”(" 1)][ @1+ Dnz (Dnei +<cz>n_1(1)n_1]51 .

After computation, inequality (25) can be written as

< laibi] (@1 + )p—2 (b1 + 1)n—2 (@2)n—1 (b2)n—1
Z c1 (c1 + Dp—2 (D)n—1 Z (c2)n—1 (-1

o 2 o laibi] @+ Dp—2 (b1 + Dp—2 > @n—1 b)n—r _
to ) = (D DN cmot Ony =1 7P
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Thus

i ja1b1| @ + Do b1+ Da i larbi] @i+ Du (b1 + 1y

cr (1 +Dn(Dnt1 c1 (c1 + Dn (Dn

n=0 =0

4 30 Z |azll?1| (a1 + D (b1 + l)n Z 2 (@2)n (b2)n

=0 (c1+ Dn(D)y (C2)n (D)n
(@2)n (b2)n (a2)n (b2)n B
““; [0 )Z n, =P

which implies

(14 3a)c1 = la1bi] @)n (b1))n  ac1 |a1b1|(al)n(bl)n 2 (a2)n (b2)n
a2 o @on e Tak 22" e Com (n Z ©2)n (D

n=1 n=1 n=

—  (a2)n (b2)n (@a2)n (b2)n
FRY e, T )Z oy =P

Therefore, we have

ar b
—|:(1+3oz)+ L ]F(al,bl;cul)
c1—a;—by—1
a(a b 3aazb
+[(l+a)+ (@2)2 (b2)2 22 }F(flz,bz;cz;l)il—ﬂ’
(c2—ax—=b2—=2)2  c2—ax—by—1
which yields
arb
[(1+3a)+#} F(ay,br;cr;1)
c1—a;—by—1
a(a b 3aazhb
—[(1+a)+ (G2)2 (22 22 ]F(az,bz;Cz;l)Jrlzﬁ.
(c2—a2—b2—=2)2 c2—ax—by—1
This completes the proof. O

In this paper, we have discussed a subclass of the class of functions that are harmonic univalent and sense-preserving
in the open unit disc. Some results are gained by involving coefficient conditions and by showing the significance of
these conditions for negative coefficient, distortion bounds, extreme points, convolution and convex combinations.
Moreover, in this paper an investigation on some results is done to reveal some of the connections of hypergeometric
functions with a subclass of harmonic univalent functions.
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