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1 Introduction
In order to solve linear partial differential equations of the form
3’u
— +Au=0,
o2
where A is a linear differential operator with respect to the variable x on an interval /, the

separation of variables method u(x, t) = y(x)e’* leads to
w’y = Ay.

For ¢-independent boundary conditions Bu = 0, setting A = w2, the operator theoretic re-
alization leads to an eigenvalue problem for an operator A in the Lebesgue space L*(1)

with domain
2(A) = {y eL*(I): Ay e L*(I),By = O}.

Such problems are well studied, and of particular importance is the case that A is self-
adjoint. Many applications in physics and engineering can be represented by such self-
adjoint operators.

However, problems like the Regge problem and the vibrating beam problem have bound-
ary conditions with partial first order derivatives with respect to ¢ or whose mathematical
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model leads to an eigenvalue problem with the eigenvalue parameter A = w occurring lin-
early in the boundary conditions. Such problems have an operator representation of the
form

LM =A2M - idK — A (1.1)

in a Hilbert space H = L2(I) ® C, where k is the number of eigenvalue dependent bound-
ary conditions.

In general, the spectrum of L is no longer real but still has some particularly nice prop-
erties if K, M, A are self-adjoint with M > 0 and K > 0, the resolvent set of L is nonempty,
and L has a compact resolvent: it is symmetric with respect to the imaginary axis and
eigenvalues with negative imaginary parts must lie on the imaginary axis. In this situa-
tion, the operators M and K are quite simple bounded self-adjoint operators. However,
the operator A is determined by three ingredients: the differential equation A, the param-
eter independent boundary conditions as homogeneous boundary conditions for A, and
the parameter dependent boundary conditions as an inhomogeneous part of A. Hence one
cannot make use of the criteria for self-adjointness in the case of parameter independent
boundary conditions. Rather, the parameter dependent case is a proper extension of the
parameter independent case.

For parameter independent boundary conditions, i.e., k = 0, characterizations of self-
adjointness for A in the case of formally symmetric even order quasi-differential expres-
sions are known both for the regular and the singular cases, see [1] and in particular [1],
Theorem 6 for the regular case. The simplest formulation of these self-adjointness condi-
tions makes use of quasi-derivatives, and we will henceforth mostly use quasi-derivatives
yU! rather than derivatives y/). For the definition of the quasi-derivatives y/!, we refer the
reader to (2.2)-(2.5), see also Remark 3.2.

Some special cases of self-adjoint boundary conditions for regular 2nth order differential
equations with k > 0 are known. In [2], the second order problem related to the Regge
problem was investigated, whereas the fourth order differential equation y*) — (gy')’ related
to a vibrating beam was dealt with in [3], where the boundary conditions are of the form

Bi(\y = yP)a) + A8y N a), j=1,...,4, (1.2)

with exactly one boundary condition depending on XA. A classification of all self-adjoint
boundary conditions of the form (1.2) was obtained in [4]. A corresponding result for
sixth order differential equations was given in [5].

In this paper we consider 2nth order quasi-differential equations and derive necessary
and sufficient conditions for 2n boundary conditions of the form (1.2) to generate self-
adjoint operators K and A.

In Section 2 we give a precise definition of the boundary value problem and the quadratic
operator pencil L associated with it. In Section 3 we derive necessary and sufficient con-
ditions for K to be self-adjoint and for A to be symmetric. In Section 4 it is shown that A

is self-adjoint if A is symmetric.

2 The eigenvalue problem
We first summarize some basic facts about quasi-differential equations for the conve-
nience of the reader. For a more comprehensive discussion of quasi-differential equations,
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the reader is referred to [6] and to [7] in the scalar case and to [8, 9] for the general case
with matrix coefficients.
Let I = (a, b) be an interval with —oco < a < b < 00, and let m be a positive integer. For a

given set S, M,,(S) denotes the set of m x m matrices with entries from S. Let

Zm(l) = {G = (gr,s):flszl € Mm(Ll(I));

g1 invertible ae. for1 <r<m-1,g,,=0for2 <r+1<s< m}, (2.1)

where L!(I) denotes the complex-valued Lebesgue integrable functions on I.
For G € Z,,(I), define

Qo :={y: I — C,y measurable} (2.2)
and
y[o] =y, y€Q. (2.3)

Inductively, for r = 1,..., m, we define

Q ={ye QN eAcw) (2.4)
y[r] :g;}ﬂ <y[r1]/ _ Zgr,sy[SI])r ye Q,, (2.5)
s=1

where g, .41 := 1 and where AC(I) denotes the set of complex-valued functions which are

absolutely continuous on /. Finally we set
Ay ="y, ye Q. (2.6)

The expression A = Ag is called the quasi-differential expression associated with G, and
the function y[’], 0 <r < m, is called the rth quasi-derivative of y. We also write Z(A) for
Q-

Observe that the quasi-derivatives defined in (2.5) depend on G. However, since we are
only going to deal with a single quasi-differential equation, we will not indicate this de-
pendence explicitly.

In the remainder of the paper, we assume that m = 2# is an even positive integer, that
G= @,,S)fgzl € Z,,(I), and that w: I — R is positive a.e. and satisfies w € L'(J).

Together with (2.6) we consider the boundary conditions B;(A)y = 0, =1,...,2#n, taken
at the endpoint ¢ for j =1,...,n and at the endpoint b for j = n + 1,...,2n. We assume for

simplicity that
Bi(M)y = yP (@) + irppy'(a)), (2.7)

whereaj=aforj=1,...,m,aj=bforj=n+1,...,2n, i€ Cand 0 < p;,q; <2n—1. Of

course, the numbers g; are ambiguous and irrelevant in case §; = 0.
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The differential expression (2.6) and the boundary conditions (2.7) define the eigenvalue

problem
(_l)ny[Zn] — )\42W_)/, (28)
Bi(A\)y=0, j=1,...,2n. (2.9)
We put

O ={je{l,....2n}: B;#0}, Qo ={1,...,2n}\ Oy,

0 =0,Nn{1,...,n}, (H)f:@),ﬂ{n+1,...,2n}, forr=0,1,
and
k=10 (2.10)

Assumption 2.1 We assume that the numbers p1, ..., p,, g; for j € ©f are distinct and that
the numbers p;.1,...,pan,qj forj e (H){’ are distinct.

Assumption 2.1 means that for any pair (r,4;) the term y"(a;) occurs at most once in
the boundary conditions (2.7).

For j € ®1, we choose «; € R and ¢; € C such that g; = oje;.

For y € 2(A), we define Yy = (;,EZ))) with Y = (10,501, y22-1)T \We denote the col-
lection of the 21 boundary conditions (2.9) by U and define the following matrices related
to U:

urYR = (y[pj](aj))]'e@r’ r= 0: ly
where y € 2(A). (2.11)

ViYg = (gjy[qj] (“/))/e(-n’

Remark 2.2 In case that ®, = ¥ for r = 0 or r = 1, the corresponding matrix U, will be
identified with the ‘zero’ operator from C?” into {0}.

The weighted Lebesgue space L?(I, w) is the Hilbert space of all equivalence classes of
complex-valued measurable functions f such that (f,f),, := [, w(x)|f (%) |2 dx < 0o. For con-
venience we define the operator A, on L2(I,w) by

D(Amax) = {y e LP(Lw) :w ' Ay e L2(Lw)},  Amaxy = w Ay,

We will associate the quadratic operator pencil

L(}) = A2M - iAK - A(U) (2.12)

in the space L>(I,w) @ C¥ with problem (2.8), (2.9), where

I 0 0 0
M= nd K= ith K, = diag(q; : j € Oy).
(o 0) A (0 Ko) with Ko = diag(e; : € ©1)
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The operator A(U) in L>(I,w) @ CK is defined by

2(AD) = iy: (Vlny> 1y € D(Amax), U Yz =0},

(AW))y = (ffTY;) e 2(AWD)).

It is easy to see that a function y € Z(Ana) satisfies Ay = A*wy and Bj(r)y = 0 for j =
1,...,2n if and only if there is ¢ € C* such that (y,¢)" € Z(A(U)) such that L(A)(y,c)T = 0.
In this case c is uniquely determined by y. Indeed, if y € Z(Amax) with Ay = A2wy and
Bj(A)y =0 forj=1,...,2n, then Uy Yz = 0 shows that (y, V1Yz)" € Z(A(U)) and

)\2 — vimax,
wy 2 )= *? Amaxy ‘
V1YR _l)\1<0‘/1YR_U1YR

Clearly, the first component is 0, and so is the second component since
Ko Vi Y+ U Yi = Ko (697 (@) g, + (07)(@) o, = (BAY) o,

Hence the operator pencil L is an operator realization of the eigenvalue problem (2.8),
(2.9).

It is clear that M and K are bounded self-adjoint operators and that M is non-negative.
The operator A(U) is not self-adjoint, in general, and we will give necessary and sufficient

conditions for the operator A(U) to be self-adjoint.

3 Symmetry conditions for A(U)
We will denote the canonical inner product in L2(I, w) @ CX by (-, -).
The Lagrange form of A(U) is defined by

Fu(3,2) = (AW)5,2) - (1, AWE), 5,2 € 2(AW)).
The operator A(U) is symmetric if and only if its Lagrange form is identically zero. For
this it is necessary that 4 is formally symmetric, and for the remainder of this paper we

make therefore the following assumption.

Assumption 3.1 We assume that
G=-CG*C,

where

2n
r,s=1

C= ((—1)r8r,2n+1—s) (31)

and § is the Kronecker delta.
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It is easy to verify that Assumption 3.1 holds if and only if

r+s+l—

s =D g HS=1...,20 (3.2)

Remark 3.2 Classical formally self-adjoint differential expressions are of the form
n - NONY
1" (g?)
j=0
with g; € C'[0,4] for j = 0,...,n and invertible g,. It is easy to verify that this is a quasi-
differential equation with quasi-derivatives

y[r]zy(r), r:O,...,Vl—L

y[n] — gny(n),

r-1]’ [2n-7]

r=n+1l,...,2n.

Y=y s gy

The corresponding matrix G = (gr,s)%:gl:l has the entries g,,,; =1 forr=1,...,n -1 and

r=n+1,...,2n-1, gy u11 :g;l, Gron-rs1 = —Zou—r for r=n+1,...,2n, while all other entries
are zero. It is easy to see that Assumption 3.1 holds in this case if and only if g; = g; for j =
0,...,n, so that the formal self-adjointness condition reduces to the well-known condition
thatall gj, j = 0,..., n, are real-valued functions.

From [10], Lemma 3.3 we know that the Lagrange identity
(wlAy,z), - (1w Az), = ZzDYr, 3,2 € D(Ama) (3.3)

holds, where

D= (-1)" (g _Oc) . (3.4)

Proposition 3.3 The Lagrange form Fy; of A(U) has the representation
Fu(3,2) = ZxWYr, %,z2€ 2(A)),
where
W=D+ (ViU - Ui Vy). (3.5)
Proof Lety,z € Z(A(U)). Then
Fu(2) = (W' Ay,2),, + (ViZr) Un YR — (y,w Az), — (L1 Zp)* V1 YR,
and an application of the Lagrange identity (3.3) completes the proof of the lemma. [

By definition, an operator in a Hilbert space is symmetric if and only if its Lagrange form
is identically zero. Hence we have the following.
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Corollary 3.4 The differential operator A(U) is symmetric if and only if Z; WY = 0 for
ally,z e 2(A(U)).

The nullspace and range of a matrix M are denoted by N(M) and R(M), respectively.

Proposition 3.5 The differential operator A(U) is symmetric if and only if W (N(U,)) C
(N(Uo))*

Proof From [10], Corollary 5.5 we know that
{Yr:y € D(Ana)} = C™. (3.6)

Hence {Yz : ¥ € Z2(A(U))} = N(Uyp). An application of Proposition 3.4 completes the
proof. d

Corollary 3.6 If A(U) is symmetric, then rank W = 2(2n — k) and W (N (Uy)) = (N(Up))*.
Proof Since dim(N(Uy))* = rank Uy = 2n — k, we have
2n -k > dim W (N(Uy)) = dim N (Up) — (4n — rank W) = -2 + k + rank W. (3.7)

Hence rank W < 2(2n — k). Since V;*U; — U; V1 has 2k non-zero entries and D is invert-
ible, rank W > 2(2n — k) and rank W = 2(2#n — k) follows. In this case, all the inequalities of
(3.7) are equalities and dim W(N (L)) = dim(N(Uy))* holds. Thus it follows from Propo-
sition 3.5 that W(N(Up)) = (N(Up))* . O

In view of Corollary 3.6, we may assume that rank W = 2(2# — k) when investigating the
symmetry of A(U). Since (N(Uy))* = R(U}), see [11], Theorem IV.5.13, Proposition 3.5
and Corollary 3.6 lead to the following.

Corollary 3.7 Let rank W = 2(2n — k). Then the differential operator A(U) is symmetric if
and only if W(N(Uy)) = R(UE).

We now give an explicit description for the condition rank W = 2(2xn — k).

Proposition 3.8 rank W = 2(2n — k) if and only if the following conditions hold:
1. Forse®, ps+qs=2n-1;
2. Forse @5‘1), g = (=1)8+7,
3. Forse @5’”, g = (=1)8s+mL,

Proof Note that

Vo 0
Vil - Uy vy = ) 3.8
141 1v1 (0 V3> ( )

where

— 2n
V2 = E (asai,qs+18j,ps+1 - Essi,ps+18j,qs+1)l’,]‘:1;

sc0l@
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= 2n
Vs = E (€s8i,q5+18j,px+l - 8s8i,p5+18j,qs+l)[,j=1'

(b)
S€O]

Since D has exactly one non-zero entry in each row and column and V'V, — Vi'V; has
exactly 2k non-zero entries, it follows that rank W = 2(2n — k) if and only if each non-zero
entry of V; cancels a non-zero entry of (—1)""'C and each non-zero entry of V3 cancels a
non-zero entry of (—1)”C. Since the non-zero entries of C are in rows i and columns j such
that i +j = 2n + 1, we obtain that rank W = 2(2xn — k) if and only if conditions 1, 2, and 3 are
satisfied. g

Corollary 3.9 The boundary eigenvalue problem (2.8), (2.9) has an operator pencil rep-
resentation (2.12) with self-adjoint operator K and symmetric operator A(U) if and only
if

1. BieRandp;j+qi=2n-1foralljc Oy

2. WN(U)) = RU).

Proof We have seen in Proposition 3.8 that three sets of conditions have to be satisfied
in order that the necessary condition rank W = 2(2n — k) for symmetry of A(U) holds.
Conditions 2 and 3 can always be satisfied if we put «; = g;(-1)%*" for j € ©f and «; =
Bi(-1)%+* for j € ®?, and for K to be self-adjoint it is therefore necessary and sufficient
that g; are real. The remaining conditions now follow easily from Proposition 3.8 and
Corollary 3.7. 0

We could now give explicit conditions for symmetry of A(U) in terms of the boundary
conditions (2.7). However, we will see in the next section that A(U) is self-adjoint if and
only if it is symmetric. In order to avoid duplication we will therefore postpone deriving

these explicit conditions to the next section.

4 Self-adjointness conditions for A(U)

From Corollary 3.9 we know that for self-adjointness of K and A(U) the condition g; € R
for all j € ®; is necessary. Hence we require without loss of generality that the numbers &
for s € ©; are chosen as in Proposition 3.8, conditions 2 and 3.

Assumption 4.1 Fors e @ﬁ‘”, let &, = (=1)%*", and for s € ®(1b) Vet g5 = (=1)T++,
For convenience, we set

pi=pi+Lq=q+1 forj=1,...,n,

pi=pi+2n+1,q=q+2n+1 forj=n+1,...,2n.
The range R(U}) of U for r = 0,1 is the span of all standard unit vectors ez in C** with
J € ©,, and R(VY) is the span of all standard unit vectors ez in C** with j € ©;. Hence it
follows from Assumptions 2.1 and 4.1 that

UoUy =idcan«, LhUy =idgx, WiV =idex, (4.1)

WLU:=0, Vili=0, UV;=0. (4.2)
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Theorem 4.2 The operator A(U) is densely defined, the domain D ((A(U))*) of its adjoint
(A(U))* is the set of all Z = (;) in L*(I,w) ® C* such that there is ¢ € C* such that z €
D(Amax) and

D*Zp + Ujd - Vice R(Ug). (4.3)

ForZ = (;) € D((A(U)*)), the vectors d and c are uniquely determined by z, namely, d =
U1 D*Zp and ¢ = V1D*Zg, and

(A(LD)'Z = ( Amen? ) . (4.4)

ViD*Zg

Proof By definition of the adjoint (possibly as a linear relation), Z = () € L*(I,w) & ck
belongs to Z((A(U))*) if and only if there is & = (Z) € L*(I,w) & CF such that for all 5 =
( Vlny) € Z(A(U)) the identity

(Awmz)= G, (4.5)

holds.
Hence let Z,% € L*(I, w) @ CK such that (4.5) holds for all € Z2(A(U)). If y has compact
support in /, then (4.5) reduces to

(Amaxyr 2y = ()/, 7

This, the formal symmetry Assumption 3.1 and [10], Theorem 4.2 show that z € Z(Amax)
and Anaxz = u. We can now conclude that (4.5) holds if and only if

(Amax_yy Z)w +d* Ul YR = ()/, Amaxz)w +c* Vl YR'
In view of the Lagrange identity (3.3), the above is equivalent to
ZZDYR + d*LIIYR = C*‘/iYR.

Since the range of all Yz with y € Z(A(U)) is N(Uy), it follows that (4.5) is equivalent to
2 € D(Amax), #h = Amaxz and

D*Zp + Uid - Vice N(Up)™ = R(Uy). (4.6)
Applying U; and Vj, respectively, to (4.6) and observing (4.1) and (4.2) it follows that d
and c are uniquely given by d = —~U;D*Zy and ¢ = V1D*Zg. From the uniqueness of # and

¢ we see that (A(U))* is not only a linear relation but a linear operator, so that A(U) is
densely defined. O

Remark 4.3 The matrix D is invertible and
Dl=-D=D* (4.7)

see [8], (2.7).
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Proposition 4.4 Assume that rank W = 2(2n — k). Then ULD = Vy and V1D = -U;.

Proof By definition of U; and D we can write

usc 0
D=0t o]
0o -uc
where U}’ = (5j,pi+1)ie(—)‘;,/=1,...,2n for o = a, b. In view of Proposition 3.8 we conclude that

,,,,,

= (51311#1(_1)qi)ie®§‘,j=1,...,2n‘
Hence U, D = Vi, and (4.7) gives V1D = U} D* = —U;. O
Proposition 4.5 If A(U) is symmetric, then A(U) is self-adjoint.

Proof We have to show that Z((A(U))*) C Z(A(U)). By Theorem 4.2, Z((A(U))*) is the
set of all (V1ZZR) such that z € Z(Amax) and D*Zg + U;'d — Vic € R(U(;). But Theorem 4.2,
Proposition 4.4 and (4.7) imply

D*Zg - Vic+U'd=D*Zg - Vi ViD*Z — U U\D* Zp
= —DZR - Vl*LllZR + Uf VlzR

= _WZR1

so that Z((A(U))*) C Z(A(U)) if and only if WH(R(U)) C N(Up).
We know that rank Uy = 2n — k and dimN(Uy) = 4n — rank Uy = 2n + k, whereas
dim N(W) = 4n — rank W = 2k by Corollary 3.6. Altogether, we conclude

dimw! (R(L[{)“)) <dimN(W) + rank Uy = 2n + k = dim N (Uy).

But from Corollary 3.7 we conclude that N (Uy) C W(R(U})), and it follows that N (Uj) =
WLR(UE)). O

Proposition 4.6 Assumerank W =2(2n — k). Then W (N(Uy)) = R(UY) if and only if
(i) ps+pr#2n-1forallr,s e OF,
(ii) ps+p, #2n—1forallr,s € ®F.

Proof Defining for c = a, b,

M, = span{epjﬂ je®g} cC”, c=a,b,
NC:(CZ”GMC:span{ej:je {1,...,2n}\{ps+1:s€®8}} c Cc?,

W= (-1)"C+ Vs, W, = (=1)"™1C + V3,
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where V, and V3 are as in (3.7), it follows that

124 U
R(U;) = {(u) U € Mg,y eMb}, N(Uy) = { (;) t Uq € Ng, eNh},
b b

and

W, 0
W=D+VitUh-Uivi=| “
0 W,

in view of (3.5) and (3.8). Therefore W (N(Uy)) = R(U{) if and only if W (N,) = M, for
¢ = a,b. Now let ¢ € {a, b}. From Proposition 3.8 and its proof we find for j € {1,...,2n}
that

*ey ifjefl,....2n}\{ps+1,q,+1:5€ Bf},

We(ej) =
- ifje{ps+1,q,+1:s€ Bf}.

Observing condition 1 in Proposition 3.8 it follows that

W.(N,) = span{ez,m_,» :jedl,...,2n}

\({ps +1Lg; +1:s€ 0} U {ps+1:5€ ©F})}
= span{e,:je{l,...,Zn}

\({ps +Lgs +1:s€ O} U {2n-p,:s€ OF))}.
Hence W (N,) = M, holds if and only if the sets
U= {p+1,q,+1:s€ O} U{2n—p,:s€Of} and W§:={p,+1:s€ O}

are complementary subsets of {1,...,2#n}. But by Assumption 2.1 and condition 1 in Propo-
sition 3.8 the listed elements in W§ as well as in W] are mutually distinct, so that the sets
W§ and Wy are complementary if and only if they are disjoint. It is clear that this latter
property holds if and only if 21 — p; ¢ W§ for all j € ©F. This completes the proof of the
proposition. 0

Theorem 4.7 The boundary eigenvalue problem (2.8), (2.9) has an operator pencil repre-
sentation (2.12) with self-adjoint operators K and A(U) if and only if

1. BieRandp;j+qj=2n-1forallje O

2. ps+pr#2n-1forallr,se®f,

3. ps+p,#2n—1forallr,se®f.

Proof This theorem is an immediate consequence of Corollary 3.9 and Propositions 4.5
and 4.6. O
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