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Practically everything that is useful in turbulence theory is a scaling law.
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Abstract

We investigate the two-dimensional turbulent wake and derive the governing equa-
tions for the mean velocity components using both the eddy viscosity and the Prandtl
mixing length closure models to complete the system of equations. Prandtl’s mixing
length model is a special case of the eddy viscosity closure model. We consider an
eddy viscosity as a function of the distance along the wake, the perpendicular dis-
tance from the axis of the wake and the mean velocity gradient perpendicular to the
axis of the wake. We calculate the conservation laws for the system of equations using
both closure models. Three main types of wakes arise from this study: the classical
wake, the wake of a self-propelled body and a new wake is discovered which we call
the combination wake. For the classical wake, we first consider the case where the
eddy viscosity depends solely on the distance along the wake. We then relax this con-
dition to include the dependence of the eddy viscosity on the perpendicular distance
from the axis of the wake. The Lie point symmetry associated with the elementary
conserved vector is used to generate the invariant solution. The profiles of the mean
velocity show that the role of the eddy viscosity is to increase the effective width of
the wake and decrease the magnitude of the maximum mean velocity deficit. An in-
finite wake boundary is predicted from this model. We then consider the application
of Prandtl’s mixing length closure model to the classical wake. Previous applications
of Prandtl’s mixing length model to turbulent wake flows, which neglected the kine-
matic viscosity of the fluid, have underestimated the width of the boundary layer. In
this model, a finite wake boundary is predicted. We propose a revised Prandtl mix-
ing length model by including the kinematic viscosity of the fluid. We show that this
model predicts a boundary that lies outside the one predicted by Prandtl. We also
prove that the results for the two models converge for very large Reynolds number
wake flows. We also investigate the turbulent wake of a self-propelled body. The eddy
viscosity closure model is used to complete the system of equations. The Lie point
symmetry associated with the conserved vector is derived in order to generate the
invariant solution. We consider the cases where the eddy viscosity depends only on
the distance along the wake in the form of a power law and when a modified version
of Prandtl’s hypothesis is satisfied. We examine the effect of neglecting the kinematic
viscosity. We then discuss the issues that arise when we consider the eddy viscosity to
also depend on the perpendicular distance from the axis of the wake. Mean velocity
profiles reveal that the eddy viscosity increases the boundary layer thickness of the

wake and decreases the magnitude of the maximum mean velocity. An infinite wake



boundary is predicted for this model. Lastly, we revisit the discovery of the combina-
tion wake. We show that for an eddy viscosity depending on only the distance along
the axis of the wake, a mathematical relationship exists between the classical wake,
the wake of a self-propelled body and the combination wake. We explain how the
solutions for the combination wake and the wake of a self-propelled body can be

generated directly from the solution to the classical wake.
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Chapter 1

Introduction to turbulent wake flows

1.1 Introduction to the wake

The problem of the wake is fascinating and of much practical interest. Wakes are
formed when a free flowing laminar fluid with a constant speed passes an obstruct-
ing body which is aligned with the mainstream flow. Turbulent wakes are formed
from mainstream flows characterised by a large Reynolds number. The presence of
the obstruction results in turbulent downstream flow. The symmetric wake can be
separated into two types: the ‘classical’ wake and the ‘momentumless’ wake. The
Reynolds averaged equations are used to determine the mean motion for turbulent
flows. A closure model is required to obtain a complete system of differential equa-
tions. Algebraic closure models implement the eddy viscosity formulation [1]. The
mixing length formulation [2] is a special case of the eddy viscosity model. Boussi-
nesq [3] introduced the concept of an eddy viscosity which unlike the dynamic vis-
cosity, is not a property of the fluid. The effect of the turbulence on the mean flow
manifests itself as an increase in the apparent viscosity of the fluid. In this thesis
we consider the equations describing the flow in a turbulent two-dimensional wake.
The system of equations is ultimately completed by using the eddy viscosity closure
model. The equations and boundary conditions are presented in terms of the x- and

y- mean velocity components and in terms of a stream function.

The two-dimensional steady flow of the laminar wake of an incompressible Newto-
nian fluid behind a thin symmetric fixed planar body aligned with the mainstream
flow, known as a classical wake, was first studied by Goldstein [4]. A study of the

momentumless laminar wake behind a thin symmetric self-propelled body was first

1



Chapter 1. Turbulent wake flows 2

undertaken by Birkhoff and Zorantello [5]. The two-fluid laminar classical wake and
wake of a self-propelled body was later investigated by Herczynski, Weidman and
Burde [6]. The partial differential equation (PDE) for the flow in the wake was de-
rived from the Navier-Stokes equation in the boundary layer approximation. This
equation was reduced to an ordinary differential equation (ODE) governing the sim-

ilarity flow.

The turbulent planar wake has been discussed by Tennekes and Lumley [7]. Equa-
tions for the mean velocities using the eddy viscosity closure model were formulated.
A constant eddy viscosity was chosen. A solution governing the similarity flow was
obtained and the results were compared with experimental observations. Existing
solutions for the turbulent planar wake are similarity solutions. Similarity solutions
can be obtained when the eddy viscosity is a power law of the distance along the
axis of the wake and when the kinematic viscosity is neglected. Similarity solutions
cannot be obtained for an effective viscosity which is the sum of the kinematic vis-
cosity and the eddy viscosity, and in general when the eddy viscosity depends on the

distance perpendicular to the axis of the wake.

In this thesis, the eddy viscosity closure model is used and the kinematic viscosity is
not neglected. An eddy viscosity is considered depending on the distance along the
axis of the wake; the distance perpendicular to the axis of the wake; and the mean
velocity gradient perpendicular to the axis of the wake. The fluid flow in the classi-
cal wake and the wake of a self-propelled body is described by the same governing
equations. For wakes with an infinite boundary such as those found for eddy viscosi-
ties depending on the spacial variables only, the boundary conditions are identical
for both the classical wake and the wake of a self-propelled body. The difference be-
tween the two problems lies within the conserved quantity. For the classical wake the
conserved quantity is the drag force [4] and for the wake of a self-propelled body the
drag is zero and the conserved quantity is the second moment of the axial momen-
tum deficit [5]. This work examines the equations for the two-dimensional turbulent
classical wake and the wake of a self-propelled body. An eddy viscosity depending
on the spacial variables only is first considered for wakes with infinite boundaries.
We then include the dependence of the eddy viscosity on the mean velocity gradient
perpendicular to the axis of the wake in order to investigate models that predict finite

wake boundaries.

Other types of wake flows, such as the two-dimensional laminar classical wake of a

shear thinning fluid [8] and the laminar axisymmetric classical wake for power-law
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fluids [9], have been considered. For shear thickening flows, the boundary of the
wake is finite. A finite wake boundary is obtained for the turbulent axisymmetric
wake in [10] which makes use of a closure model developed by Prandtl called the
mixing length model [2]. Part of this thesis will be devoted to the closure model de-
veloped by Prandtl [2]. The apparent stress is in the form of the product of a length
squared-called the ‘mixing’ length-and the square of the mean velocity gradient per-
pendicular to the axis of the wake. The kinematic viscosity of the fluid is neglected
because it is assumed that the turbulent viscosity is much greater than the kinematic
viscosity. This model predicts a finite boundary for the wake. Prandtl assumed large
Reynolds numbers and by neglecting the kinematic viscosity term, he subsequently
obtained a similarity solution. The mixing length was assumed to be proportional
to the width of the boundary layer. However, on comparison of the predicted results
with experimental observations, it was found that the predicted boundary calculated
from the model lay inside the actual boundary near to the obstructing object [2]. In
[10] a second approximation to the motion was implemented and the new model
predicted a boundary that lies outside of the boundary predicted by Prandtl. It will
be shown that Prandtl’s model can be modified by including the kinematic viscosity.
The boundary predicted by this new model also lies outside the boundary predicted
by Prandtl. Inclusion of the kinematic viscosity requires the use of Lie point symme-
try methods in order to obtain an analytical solution. Certain results that were previ-
ously assumed, such as the proportionality relationship between the mixing length

and width of the wake, can now be proven.

All of the wakes mentioned above are symmetric about the axis of the wake. Another
type of wake, called the ‘wall-wake’, was studied in [11] for laminar flows and in [12]
for turbulent flows. Wall-wake flows are formed due to the presence of a body that is
situated on the boundary wall. The wall occupies the entire lower half of the plane.
The fluid sticks to the boundary wall. Here the wake is situated within a boundary
layer. This problem is not symmetric about the axis of the wake as the fluid is con-
fined to the upper half of the plane. The governing equations for this problem differ
to that of the classical wake and the wake of a self-propelled body. We do not consider

this problem further.

Systematic methods have been formulated for solving problems in fluid mechanics
using a Lie symmetry approach. A number of the applications of symmetry methods
to problems in turbulence can be found in [13-15]. The problem of the wake is en-

capsulated in the class of problems in fluid mechanics with homogeneous boundary
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conditions for which a conserved quantity is required for their solution. Another im-
portant problem area which requires a conserved quantity to complete the solution
is jet flows. Mason [16] for a laminar two-dimensional jet and Ruscic and Mason [17]
for alaminar axisymmetric jet, applied symmetry methods and derived the group in-
variant solution using a linear combination of the Lie point symmetries of the equa-
tion governing the flow. The conserved quantity and the boundary conditions for
the jet were used to solve for the arbitrary constants in the linear combination of Lie
point symmetries. The turbulent two-dimensional jet, whose governing equations
were formulated using the eddy viscosity closure model, was investigated by Mason
and Hill [18]. Again, a linear combination of Lie point symmetries was used to gen-
erate the group invariant solution. It was found that the Lie point symmetries only
existed provided that the eddy viscosity satisfied a first order linear PDE. Higher order

symmetries have been considered in [19, 20] and applied to jet flows.

The conserved quantity for a jet plays a central role in the method of solution. The
same holds true for the wake. Conserved quantities can be difficult to derive. Much
progress has been made recently on deriving conserved quantities using conserva-
tion laws for the governing PDEs. A systematic approach has been developed to find
the conserved quantity for the jet [21]. The conservation laws are first derived and
the conserved quantity can then be determined by integrating one of the conserva-
tion laws across the jet, chosen to be compatible with the boundary conditions of the

problem.

Methods to calculate the conservation laws of a PDE can be found in [22-26]. A sum-
mary on the different approaches for calculating conservation laws is provided in
[27]. In this thesis we will derive the conservation laws for the PDEs for the two-
dimensional turbulent wake using the multiplier method developed by Steudel [28].
In [28], it is not shown how to construct the components of a conserved vector ex-
plicitly from a given multiplier. Further information on this approach can be found in
[27,29]. In particular, it is shown in [27, 29] that the multiplier method yields all non-
trivial conservation laws of a PDE. An algorithmic approach to the multiplier method
is given in [23-25]. The purpose of this part of the study is to verify if the conserved
quantities of physical importance that are obtained belong only to the classical wake
and the wake of a self-propelled body. Indeed we discover that another conserved
quantity with potential physical significance exists. Not only could this conserved
quantity be of physical interest but we also show that a simple relationship between

the solutions of the three problems exists.
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A modification, due to Kara and Mahomed [30], of the Lie symmetry method was
introduced for problems with a conserved quantity. They first derived the condition
for a Lie point symmetry to be associated with a conserved vector [30, 31]. Instead
of using a linear combination of all the Lie point symmetries of the PDE to derive an
invariant solution, the Lie point symmetry associated with the conserved vector that
generates the conserved quantity was used. This method is more direct. It has been
applied to laminar jet flows by Naz and Naeem [32], to a turbulent jet by Mason and
Hill [33] and to turbulent flow of a compressible fluid in a tube by Anthonyrajah and
Mason [34]. Because a Lie point symmetry associated with a conserved vector of the
PDE is used to reduce the PDE to an ODE, the ODE can be integrated at least once
by the double reduction theorem of Sjoberg [35]. Further work on symmetries and

conservation laws for differential equations can be found in [23, 24, 27, 36, 37].

The momentum partial differential equation for the turbulent wake described by an
eddy viscosity depending on the spacial variables only, is a linear parabolic diffusion-
type equation. For an eddy viscosity depending on the distance along the axis of the
wake only, the momentum equation reduces to a linear heat equation. The conser-
vation laws for general linear parabolic partial differential equations are calculated
in [38]. The potential symmetries are also considered. A significant amount of re-
search has been conducted on diffusion equations. Steinberg and Wolf [39] studied
the connection between the moments of the diffusive equation and its symmetries.
They showed that the zeroth and first moments are conserved for the classical heat
equation. In [40] the partial Lagrangian approach was used to calculate the Noether-
type operators of the classical heat equation. Work on the classical symmetry groups
and the weak symmetry groups of the linear heat equation can be found in the texts
[41, 42] and [41, 43-45] respectively. Mansfield [46] studied a nonclassical group
analysis of the linear heat equation and nonclassical reductions are investigated in
[47].

A detailed study on the non-linear reaction-diffusion equation with variable coef-
ficients can be found in [48]. In [48], a group classification is performed and the
local conservation laws are obtained. Lie symmetry methods are also implemented
to obtain some exact solutions. A large number of studies on diffusion-convection
equations have also been undertaken. The conservation laws are discussed in [49],
and in [50] the conservation laws are used in order to construct the corresponding

potential systems. In [51], classical symmetry reductions are obtained and optimal
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systems are found. The invariants for each optimal system are derived. Group clas-
sifications are provided for the non-linear diffusion-convection equation in [52] and
the non-linear variable-coefficient diffusion-convection equation in [53, 54]. The in-
variant solutions of the non-linear heat equation with conduction and a source term
can be found in [55]. An interesting study by Bluman and Kumei [56] considered the
invariance properties of the heat equation with a conduction term. A particular form
for the conduction term was used. Oron [57] calculated some of the symmetries for
the non-linear heat equation. Although a general formula for conservation laws was
derived in [38] for linear parabolic equations, when we include the continuity equa-
tion in our analysis we obtain another non-trivial conservation law that cannot be
generated by this formula. Direct comparisons of the results obtained in this thesis

and the work done previously can be found in [58].

This thesis is outlined as follows:

e Chapter 2: the mathematical models for the turbulent classical wake and the
turbulent wake of a self-propelled body are presented. The Reynolds averaged
boundary layer equations for the turbulent wake using the eddy viscosity clo-
sure model are derived. The eddy viscosity in this case is a function of the spa-
cial variables and the mean velocity gradient perpendicular to the axis of the
wake. The general form chosen for the eddy viscosity can be applied to both
problems pertaining to an infinite wake boundary and a finite wake boundary.

The boundary conditions are derived.

* Chapter 3: a systematic method using a Lie symmetry approach is presented in
order to generate the conserved quantities for the turbulent wake equation de-
scribed by eddy viscosity. An eddy viscosity depending on the spacial variables
and the mean velocity gradient perpendicular to the axis of the wake is first
considered. The elementary conserved quantity is derived. This problem con-
cerns the application of Prandtl’s mixing length model and a revised version of
it to the turbulent classical wake. This approach is later shown to generate a fi-
nite boundary for the wake. We then consider an eddy viscosity depending on
the spacial variables only. The multiplier approach is used in order to derive a
basis of conservation laws for the governing equations expressed both in terms
of the velocity components and the stream function. The conserved quantities
for the classical wake and the wake of a self-propelled body are derived. A third

conserved quantity is obtained. This conserved quantity is generated using the
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same boundary conditions perpendicular to the axis of the wake at +oo as that

of the classical wake and the wake of a self-propelled body.

e Chapter 4: in this chapter the Lie point symmetry associated with the elemen-
tary conserved vector is determined for the turbulent classical wake with an
infinite boundary. We first consider the eddy viscosity to be a function of only
the distance along the axis of the wake and solve for the stream function. Mean
velocity profiles are plotted for an eddy viscosity in the form of a power law and
the results are compared for a range of power laws and with the laminar classi-
cal wake. We then take the eddy viscosity to be a function of the distance along
the axis of the wake and the perpendicular distance from the axis of the wake.
Various forms of the eddy viscosity are analysed and mean velocity profiles are

again compared with those obtained for the laminar wake. .

e Chapter 5: the purpose of this chapter is to apply Lie symmetry methods to
the turbulent wake of a symmetric self-propelled body. From the conserved
vector obtained in Chapter 3, we calculate the Lie point symmetry associated
with this conserved vector and derive the invariant solution. We consider an
eddy viscosity in the form of a power law of the distance along the axis of the
wake and plot the mean velocity profiles. We also examine the negative effects
of excluding the kinematic viscosity as opposed to including it. We include a
discussion on the anticipated difficulties that arise when we consider the eddy
viscosity to be a function of both the distance along the axis of the wake and

the perpendicular distance from the axis of the wake.

e Chapter 6: we consider the application of a revised Prandtl mixing length model
in which the kinematic viscosity is not neglected and solve for the stream func-
tion. Mean velocity profiles are plotted with the purpose of examining the im-
pact of the strength of the turbulence on the mean velocity and the width of the
wake. It is shown numerically that the width of the wake in the revised Prandtl
model is finite. We derive and discuss the results from implementing Prandtl’s
mixing length model to the turbulent classical wake. A detailed comparison of
the two models is provided. It is proved that the revised Prandtl model predicts
a boundary that lies outside the one predicted by Prandtl. We also show that
with the revised Prandtl model the mathematical form of the mixing length can

be derived and need not be assumed as it was with Prandtl’s model.

e Chapter 7: the conservation law obtained in Chapter 3 that does not belong to

any known wake problem is discussed. The Lie point symmetry corresponding
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to the conservation law is derived and the invariant solution is obtained. The
solution to this problem is shown to provide the link between the solutions to
the classical wake and the wake of a self-propelled body for an eddy viscos-
ity depending on the distance along the axis of the wake only. We deduce the
mathematical link between these solutions and discuss the significance of this

result.

* Chapter 8: conclusions are presented in this chapter.

A large portion of the research in Chapters 3 and 7 can be found in [58]. Chapters 4,
5 and 6 refer to work done in [59], [60] and [61] respectively.



Chapter 2

Derivation of the governing equations

2.1 Derivation

In this section we consider a two-dimensional turbulent wake of a symmetric body.
Cartesian coordinates (x, y) are used. The classical wake, shown in Figures 2.1 and
2.3, represents the flow past a slender symmetric body aligned with a uniform main-
stream flow. The obstructing body is stationary. The origin of the coordinate system
is defined to be at the trailing edge of the body. The velocity of the mainstream flow is
denoted by U and only consists of a component in the x-direction. In Figure 2.1 the
wake has an infinite boundary and in Figure 2.3 the wake has a finite boundary. This
is as a result of the closure model used to complete the system of equations. We will
consider both cases. The wake behind a self-propelled body is shown in Figure 2.2.
It differs from the classical wake in that the obstructing body propels itself in the x-
direction at a constant speed resulting in zero momentum deficit. The origin of this
coordinate system is chosen to be stationary with respect to the moving body at the
trailing edge. However, since this coordinate system is moving at a constant speed,
the mainstream velocity U here is defined as the relative velocity of the mainstream
flow. For high Reynolds number flows, the obstructing object causes instabilities re-

sulting in the presence of turbulence in the wake downstream of the body.

For the symmetric wakes above, namely, the classical wake and the wake of a self-
propelled body, the governing equations and boundary conditions are the same.
They differ in the conserved quantities that they satisfy. The position of the boundary

for the classical wake also differs depending on the closure model used.
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FIGURE 2.2: Two-dimensional wake behind a slender symmetric self-propelled
body. The mean velocity deficit is negative in a neighbourhood of the x-axis.
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U

FIGURE 2.3: Finite two-dimensional classical wake behind a thin symmetric planar
body aligned with a uniform flow.
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One way to model turbulence is to separate the flow into a mean flow component and
a fluctuation term which is imposed on the mean flow. The velocity components, vy

and vy, and the pressure p are written as
Vy=TUx+ Uy Vy=TUy+v, p=p+p, 2.1)

where the mean flow variables v, (x, y), v, (x, y) and p(x, y) are defined as time aver-
ages [62]:

t+T

t+T
Vy(x,y) = ?f ve(x, y, )dt, Vy(x,y) = 7[ vy(x,y, Ddt,
t t

t+T
px,y) = :_rf p(x,y, t)dt. 2.2)
t

The time interval T is sufficiently large to ensure that these time averages are inde-
pendent of time. The time averages of the fluctuations are zero. However, the same
is not true for squares and products of the fluctuations. We will see that these non-
zero terms can be expressed in terms of Reynolds stresses. Their presence affects the

mean flow by an apparent increase in the viscosity.
Since the fluid is incompressible,

v, o0v. 0v, O0v
P (T (T TV, 2.3)
ox o0x 0y Oy

Taking the time average of (2.3) gives

—+—=0, 2.4
ox 0y D
and therefore from (2.3) and (2.4),
ay; 61/3,
+—=0. 2.5
ox 0y 25

The mean fluid velocity and the fluctuations both satisfy the continuity equation.

The Navier-Stokes equation is written in terms of the mean flow components. By
using the continuity equation (2.5) for the fluctuation the x- and y- components of

the Reynolds averaged equation may be expressed respectively as

0vy
ay )’

_ 0vxy _ (ﬁx) 0 2.6)

Uy——+Vy— | =— @)+i(— Vv, +
P17 5% Yoy ) ox 0x PUxVyTH

(—ﬁ—pv;vm =
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avy avy 0 avy 0 avy
p( Sy +vy Gy) ax( PVny"‘#a—) Oy( p- pvyvy+,uw). (2.7)

The viscosity of the fluid ¢ and the density p are both constant. Furthermore, by

using the continuity equation (2.4) for the mean flow, (2.6) and (2.7) can be written

in the form
(_ 6?x+_ aix) 0 ( o avx)+
Vy——+7V vV —
pxax Y3y ox P—pUxVx :uax
a( VLV, + (avx+63y)) 2.8)
ay p X"y l’l’ ay ax ) .
avy avy 0 — 0vy  0vy
+ — |- U=+ +
p( “ox ”yay) ax(p”x”y “(ax Oy))
i(—_— v, U, +2 %) (2.9)
3y p—puyvy ,Uay . .
Hence,
(3 0vy .5 Oix) 0 _ N 0 _ 2.10)
— tVy——|==7 —Tyx )
P Y ox Yoy ox " oy M
avy ovy) 0 _ 0 _
p(Ux ox +Uy ay) axTXy-i_@Tyy’ (2.11)
where
Tik = —POik+2uDix — pjvy, (2.12)
and Dy is the rate-of-strain tensor for the mean velocity field defined by
Bir = 1 (0?,- N O?k) 2.13)
k=3 oxy 0x;) ‘

In order to obtain a closed system of differential equations for the mean velocity,
Boussinesq [3] assumed that the Reynolds stress tensor —p v 1s related to the mean
rate-of-strain tensor D;. in the same way as the stress tensor 7 is related to the rate-
of-strain tensor D;j for the laminar flow of an incompressible Newtonian fluid. He

assumed that

o0v; (ﬁk)

+ , 2.14
0xy, 0x; ( )

- pvjv, =2urDjr = ur(

where pr is the eddy viscosity. Unlike the dynamic viscosity u, the eddy viscosity
wr is not a property of the fluid. It is a property of the flow and can depend on the
spacial coordinates, x and y, as well as on the mean velocity components v, and

vy and the mean velocity gradients. An eddy viscosity depending on the coordinate

d
x and the velocity gradient % can be used to generate the form of the Reynolds

stresses given by Prandtl’s model and the revised version of it. We will assume that
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0
Ur = U1 (x, N2 %) only. Thus (2.12) becomes
y

Tik=—POik+2(u+pur)Dig. (2.15)

For a laminar flow the constitutive equation (2.15) reduces to the Navier-Poisson law
for an incompressible Newtonian fluid. The effective kinematic viscosity is defined
as [64]

L—vivr (2.16)

Equations (2.10) and (2.11) become

_ 0vy _ 0vy 10p 0O ( ( avx)avx)
-t =T 4+ —(2E|x,y,—
Ux6x+vy6y p6x+6x xy(’)y 0x "
P E » Yo ) 2.17
Gy( (xy Gy)(6y+0x 17
— +V,—— =+ — .V, + +
Vx 0x by oy p oy Ox( (xy Gy)(ay Ox))
0 (ZE( Oﬂx)dﬂy) (2.18)
— Xy, —|—]. .
oy Y5y ) ay

We now impose the boundary layer approximation. Although there is no solid bound-
ary in the wake the boundary layer approximation can be applied because there is a
region of sharp change perpendicular to the axis of the wake. We first make equa-
tions (2.17) and (2.18) dimensionless. The characteristic speed in the x- direction is
U, where U is the speed of the uniform mainstream flow upstream of the body for
the classical wake and the relative mainstream flow for the wake of a self-propelled
body. The characteristic length in the x-direction is L, where L is an estimate of the
length downstream of the body over which the reduction of velocity in the wake is

not negligible.

For E = E(x,y) we let Ey = v + v, where v, is the characteristic turbulent viscosity,

ov
be the characteristic effective kinematic viscosity. For E = E (x, ¥ 6_x) we still define
the characteristic eddy viscosity to be vr, but the characteristic effective viscosity Ec
is now the sum v¢ + vy, where v¢ and v denote the characteristic kinematic vis-

cosity and characteristic turbulent viscosity respectively. We define E¢ in this way
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in order to compare flows with different viscosities and to examine the effect of tur-
bulence. In particular, when we study Prandtl’s mixing length model we set v = 0 in

equation (2.16).

From this we can obtain a characteristic length and speed in the y- direction. From
boundary layer theory [62] the characteristic width of the boundarylayeris 6 = L/v/ Re,

where we will define the Reynolds number for the mean flow for E = E(x, y) and

pe=
E=E (x, 2 Oiyx) by respectively,

UL

Re=—, (2.19)
Ey
UL

Re=—. (2.20)
Ec

From the conservation of mass equation (2.4), which is not approximated, the char-

acteristic velocity in the y- direction, V/, is

v=2Y_ 9 (2.21)

= X «_ Y VRe
Y TsT LY
— % vx — % — VRe — p * * * E(x’y)
Uy :Ey Uy :UyTy p :W, E (x ;y ): EO ) (2.22)
where the Reynolds number Re is given by equation (2.19). For E = E (x, N2 O_x) we
y
use the same dimensionless variables as in (2.22) but with E* as the exception:
.. Elxy—
E* (x* * ayx)_ (xy Oy) (2.23)
’y ) ay* - EC ) .

and the Reynolds number Re is given by equation (2.20). Expressed in dimensionless

variables, equations (2.17) and (2.18) become
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1,00, 1_,00, op

—_— + — =
Re *ax* ' Re'Y oy* ay*

) ( . . aijg) 1 0vr 1 07)
E™ (xy,—||= +—
ox* 0y* )\ Redy* Re?dx*

The conservation of mass equation, (2.4), remains unchanged in the new variables.

*

— x5y, . (2.
Reoy* Y oy*)ay*

Since 6 = L/v Re, a boundary layer exists provided v Re > 1. Neglecting terms of
order 1/v Re and smaller, and suppressing the star to help keep the notation simple,
equations (2.24) and (2.25) reduce to

_ 0vy _ Ovy op 0 ( ( avx)avx)
— 47, =-LC 1 Z|E|x,y,—| =], 2.26
v 0x Yy oy ox OJy oYy 0y ) 0y (2:26)
o
9P _y. 2.27)
oy

The remaining equation is the conservation of mass equation (2.4).

We now consider the spacial gradient of the mean pressure p. Since p does not de-
pend on y, by (2.27), its value at any position x is determined by the corresponding
mainstream conditions of the flow which are satisfied at y = +y,(x), where y;(x) is
the boundary of the wake. If the boundary of the wake is infinite then y;(x) = co. The
uniform flow in the mainstream is in the x - direction with constant speed U. It is

inviscid and satisfies Euler’s equation, the x- component of which gives

dp
0=—-——"—. 2.28
ax ( )
Equation (2.26) therefore reduces to
_0vy _ 0vy O ( ( avx)avx)
+ T2 = 2 Elx, y, =X . 2.29
Vx 0x by oy 0y 4 oy ) oy ( )

Equations (2.4) and (2.29) are the dimensionless equations for the mean velocity

components, v, and vy, in a two-dimensional turbulent wake.

In dimensionless form the mainstream velocity is unity in the x- direction and zero

in the y-direction. We write

vi(x, ) =1-wkx,y), vy =0+vxYy), (2.30)
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where w(x, y) is the mean velocity deficit in the wake in the x-direction and we have

replaced vy, with v for simplicity. Substituting (2.30) into (2.4) and (2.29) gives

ow + v _ 0 (2.31)

ox oy '
ow _ow +_6E 0 ( ( 0@) 6@) (2.32)
— —wW—+v—=—|E|x,y,—|—]. .
0x 0x oy 0y ¥ o0y ) oy

Suppose now that we are sufficiently far downstream that w and v are small such
that products and powers of w and v can be neglected. Then (2.32) reduces to the
diffusion equation

ow 0 ow\ ow
(E[=057) 50 2.33)

ox oy U\ ay)ay

We now formulate the problem in terms of a stream function y (x, y) defined by

L A
W(x,y)—ay, V(x,y)—ax. (2.34)

This formulation ensures that the continuity equation is identically satisfied and re-
duces the number of unknowns and equations from two to one. Equation (2.33) takes

the form

2 2 2
(B[ s k) .35

oxdy oy "V 8y2) 5y2

In the next section the boundary conditions and conserved quantities are discussed.

2.1.1 Boundary conditions and conserved quantities
2.1.1.1 Classical wake and wake of a self-propelled body with E = E(x, y)

The boundary conditions on w and v are deduced as follows. As y tends to too the
mean velocity deficit in the x-direction tends very slowly to zero. We assume that, as

well as w, the first derivative of w with respect to y tends to zero:

B
W(x, £00) = 0, a—w(x, +00)=0, x=0. (2.36)
y

Also, the x- axis is an axis of symmetry of the wake. The mean velocity deficit w(x, y)

is a maximum with respect to y at each point of the positive x - axis and therefore

ow
—(x,00=0, x=0. (2.37)
ay
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Lastly, along the positive x-axis, the y- component of the mean velocity is zero:

v(x,0)=0, x=0. (2.38)

In terms of the stream function the boundary conditions (2.36) to (2.38) become,

respectively, for x = 0,

oy 0y _

E(x, iOO) = 0, a—yz(x, iOO) = 0, (239)
TV =0, o =0 (2.40)
oy2 " ax T '

We will see later that not all the boundary conditions are independent of one another.

For the classical wake, the conserved quantity is obtained by integrating equation

(2.35) from y = —oo to y = oo at a fixed point x [4]. The conserved quantity is

—dy=D, 2.41
—0 0Y Y ( )

where D is proportional to the drag force. This method works for a constant eddy

viscosity and an effective viscosity of the form E(x, y).

In order to derive the conserved quantity for the wake behind a self-propelled body
we multiply equation (2.35) by y? and then integrate across the wake from y = —oo to
y = oo at a fixed point x [5]. This method works for a constant eddy viscosity and for

an eddy viscosity depending on only the distance along the axis of the wake.

The conserved quantity for the wake of a self-propelled body is given by [5]

2" Tdy=K, (2.42)
f_ooy oy Y

and since the drag force is also zero

—dy=0. 2.43
Y (2.43)

The constant K is proportional to the second moment of the axial momentum deficit.
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0
2.1.1.2 Classical wake with E = E (x, b2 a_w)
y

The boundary conditions, in terms of the stream function v, are for x = 0,

oy o’y

E(X, +yp) =0, a—yz(X, +yp) =0, (2.44)
az—w(x 0)=0 a—w(x 0=0 (2.45)
ayz ) - ) ax ) - ) .

where the boundary y = +y;,(x) is unspecified. If the wake extends to infinity in the
y-direction then y,(x) =

The conserved quantity for the wake is the drag force D [4]. Integrating (2.35) across
the wake from y = —y,(x) to y = +y,(x) at a fixed point x gives

Y=yp(x)
=0, (2.46)
y==yp(x)

j‘}’b (x) 521/,

M)az_w
yp(x) 0X0y

ay? ) dy?

——(x,y)dy— E(x N2

which on imposing the second derivative boundary condition in (2.44) and the the-

orem for differentiation under an integral sign [63] reduces to

d f}’b(x) oy

dy oy
(6, 7)dy = Y0526 7o) = V(G0 a=yp(0) =0, (2:47)
) 3y P V(0 == (%, yp () — yp (x Vp(x

Hence, from the first derivative boundary condition in (2.44)

Yp(x)
f al (x,y)dy =D, (2.48)
vy 0y

where D is a dimensionless constant proportional to the drag on the body [4]. Equa-
tion (2.48) is used to determine the position of the boundary y = +y;,(x). We note
that
y=yp(x)

=0,

2 2
E( 0 w) oy
y==yp(x)

PV 552 ) 5y

62
if a—w vanishes or if E (x V3 ) vanishes at y = £y, (x). We can thus also consider a

model that replaces the second derivative boundary condition in (2.44) with

=0. (2.49)

aZw)
y=%yp(x)

E(x, ) a—yz

We will not investigate this further.
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The right-hand side of all the boundary conditions is zero. The boundary condi-
tions can therefore be described as homogeneous boundary conditions. As in other
problems described by Prandtl’s boundary layer equations no condition is placed on

vy = % at the boundaries y = oo and y = +y(x).
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Derivation of the conservation laws for
the two-dimensional turbulent wake

using operator methods

In this chapter we calculate the conservation laws for the turbulent wake. The rele-
vant theory is outlined in Section 3.1. In Section 3.2 we consider the turbulent clas-
sical wake with an eddy viscosity depending on the spacial variables and the velocity
gradient in the y- direction. This model describes a wake with a finite boundary
given by Prandtl’s model and a revised Prandtl model which is formulated in Chap-
ter 6. The elementary conserved vector is derived in terms of the stream function
and the velocity components. The conserved quantity is also obtained. In Section
3.3 we analyse wakes with infinite boundaries that are generated by eddy viscosities
depending on the spacial variables only. We calculate the conserved vectors in terms
of the velocity components and the stream function. In Section 3.4 the conserved
quantities for the classical wake for E = E(x, y) and the wake of a self-propelled body
for E = E(x) are derived. A third conserved quantity for E = E(x) is obtained. This
conserved quantity is generated using the same boundary conditions at y = +oo as
that of the classical wake and the wake of a self-propelled body. Conclusions for this

chapter are given in Section 3.5.

20
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3.1 Conservation law theory

In this section, the theory and techniques required for the remainder of this chapter

are provided. In particular, conservation law theory is discussed.

Consider a p-th order system of PDEs of n independent variables and m dependent

variables:

Fj(x,l,l/,'(,U(l),...,W(p)) =0, j: 1, 2, ..., m, 3.1

where x = (x!, x2, ..., x™) and Y= (wl,ufz, ..., denote the independent and depen-
dent variables respectively. The collection of i-th order partial derivatives of the de-
pendent variables is denoted by ;). System (3.1) is assumed to be of maximal rank

and is locally solvable.

The total derivative of y/ with respect to x' iswritten as y/ = D; (y/), wl, = DiD;(y/)
, ..., where the total derivative operator with respect to x’ is given by
0 0 j 0 .
D; = 1[/ T YT e 1= 1,2,...,n. (3.2)

i Ty j
oxi oy oy

The Euler operator, which annihilates a differential function if and only if the differ-

ential function is a total divergence, is defined by

0
Ef.=—+) (-1)°D;,...D;,

—, j=L2,.,m, 1<ih=<..<I 3.3)
ooyl & oyl . ! e ) (
1]...lg
The symmetry operator is
i 0 o :
X=—+ Z( , 1<ih<..<I, (3.4)

Ox’ awl = ’Sawf

.. ls

where { {1 ;. are given by
s

¢l =Dim)) ~wlDic"), (3.5)
, . .
Chis = Dls(({1 i) Vi, D€, s> 1 (3.6)
A set of functions T1, T?, ..., T" consists of the components of a local conservation
law if and only if they satisfy
D;T' =0, 3.7)

for all solutions of (3.1).
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The characteristic or multiplier approach developed by Steudal [28], can be used to
generate conservation laws for systems of PDEs. The multiplier A has components
A', A%, ..., A" which can depend on the independent and dependent variables as well
as the partial derivatives of at most up to p-th order of the dependent variables. The

multiplier A for the system of PDES (3.1) has the property that
N Fj (9,9, ... W) = D TY, (3.8)

for all functions ¥. The determining equations for the multiplier A are found by
applying the Euler operator to equation (3.8) which gives

E*

: [Aka] =0, j=1,2,...,m. (3.9)

The determining equations (3.9) are satisfied for all functions ¢ = (y!,v?,...,yy™) and
not only for solutions of the system (3.1). Since the partial derivatives of y/ are there-
fore independent, the determining equations (3.9) are solved by separating by pow-
ers and products of the partial derivatives of ¢/. Once the multiplier A has been
determined we now consider for ¢ solutions of the system of PDEs (3.1). The com-
ponents of the conserved vector T are calculated by performing elementary manip-

ulations on equation (3.8).

The conserved vector T = (T, T?,..., T") is invariant under the action of the genera-
tor (3.4) provided [30, 31]

X(TH+T'DpE" - T*Dr(EH =0, i=1,2,...n, (3.10)

where X is prolongated to as high an order in the derivatives as required. Any gener-
ator (3.4) satisfying (3.10) is a Lie point symmetry of the system of PDES (3.1). Once
the Lie point symmetry X has been obtained the invariant solution corresponding to
this X can be derived.
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3.2 Elementary conserved quantity for the turbulent clas-

: : 0%y
sical wakewith E=E(x,y,—
0y?

In this section we consider the elementary conserved vector for the turbulent clas-
2

sical wake with E = E (x, N2 2—1/2/) It is shown in Chapter 6 that this model predicts
a finite wake boundary. We first calculate the elementary conserved vector in terms
of the stream function. Since, for the elementary conserved vector the multiplier
A is simply equal to 1, once we have calculated the elementary conserved vector
in terms of the stream function we can use the definition of the stream function,

0 0
namely, w = a—w and v = 0—1’”, in order to directly find the elementary conserved vec-
y X

E
#0.

tor in terms of the velocity components. In this section we assume that ”
vy

3.2.1 Elementary conserved vector in terms of the stream function

In this section we derive the elementary conserved vector for the partial differential
equation (2.35). In [23, 24, 29] it is shown that there is a one-to-one correspondence
between non-trivial conserved vectors and non-zero multipliers. The suffix notation

Yy Wy, Wxy, ... is used when x, y, ¥ and the partial derivatives of y are regarded

oy oy 0°
as independent variables. The notation _1//’ —w, _1//,
0x Oy O0x0y

partial derivatives of 1 are regarded as dependent variables which are functions of

is used when v and the

the independent variables x and y.

In order to derive the elementary conserved vector we let x, y, ¥ and all partial

derivatives of ¢ be independent variables. We can write equation (2.35) as

OE OE
Vxy = 52 00y Wyy = o—Vyyy¥yy — E(X 1, Wy ) ¥yyy = 0. (3.11)
o0y oy yy

A conservation law for the partial differential equation (2.35) satisfies

(D1 T + D, T? =0, (3.12)

)|(3.11)

where

0 0 0
Di=Dy=—+Yx—+VWix— +Wyx s+ .00y (3.13)

0x oy oY
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Dy=D,=—+v,—+ —+ —t.... 3.14
22y 5y Yy oy Yy v, Yyy v, (3.14)
The components of the corresponding conserved vector T = (T, T?) are
T' =T Xy ¥, ¥y, T2=T2 (%00, ¥ ¥y, (3.15)
The elementary conserved vector for the partial differential equation (2.35) is
Tl(U/y) ZWyy Tz(xy y;'(,Uyy) =—E(x, y»",Uyy)Wyyy (3.16)

which can be verified directly by substituting (3.16) into (3.12).

3.2.2 Elementary conserved vector in terms of the velocity compo-

nents

Using the definition of the stream function v, the conserved vector in (3.16) in terms

of the velocity components is

T'w)=w, T*(x,y,Wy)=-Ex,yW,)Wy. (3.17)

From the continuity equation (2.31) we also obtain another elementary conserved
vector, namely,

T'=-w, T?’=7. (3.18)

3.2.3 Conserved quantity

On solutions ¥ = w(x, y) of the governing partial differential equation (2.35), the
components T! and T2 of the conserved vector can be regarded as functions of x

and y. Therefore, we have for the stream function

0

aTl Y, ¥ (%, ), Wx(x, 1), ¥y (x,¥),..) = Dy T", (3.19)
0

—T%(x, 5, (%, 1), ¥x(x, ), ¥y(x,¥),..) = D, T?, (3.20)

dy
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and for the velocity components

0 . _
aTl(x,y, W, 0, Wy, Wy, Uy, Vy,...) = Dle, (3.21)
i 2 —_ - = = - _ 2
3 T°(x, y,w, v, Wy, Wy, Uy, Vy,...) = D, T*, (3.22)
y
and so
D, T'+D T2:3T1+3T2 (3.23)
* Y 0x ay ’

For a conserved vector the left hand side of equation (3.23) vanishes and the conser-

vation law (3.23) can be written as

or’ +6T2 =0 (3.24)
ox oy ’
. . . o’y
The elementary conserved quantity for the classical wake with E = E | x, y, O_yZ can

be derived using both the velocity components and the stream function. In terms of
the velocity components, using 7! and T? defined in (3.17), the conserved quantity
is found by integrating (3.24) across the wake from y = -y, (x) to y = +y;(x) at a fixed

point x. Integrating (3.24) across the wake gives

fyhm aw(x \dy E(x y 6@) ow
() 0X Y " ay ) ay

y=yp(x)
=0. (3.25)
y==yp(x)

_ 0 o P
Since w = 6—w we can use the second derivative boundary condition in (2.44) and the

theorem for differentiation under an integral sign [63] to obtain

d yw®» o A
—f w(x,Y)dy -y, (X)W(x, yp(x)) — y, () W(x, —yp(x)) =0, (3.26)
dx —yp(X)

and from the first derivative boundary condition in (2.44)

Yp(X)
f w(x,y)dy =D, (3.27)
—Yp(X)

where D is a dimensionless constant proportional to the drag on the body [4]. Equa-

tion (3.27) is used to determine the position of the boundary y = £y, (x).
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Integrating equation (3.24) across the wake from y = —y,(x) to y = +y,(x) at a fixed

point x using the conserved vector given in (3.18) results in

fyhm( 0w o+ 8 dy=0 (3.28)
—_— x’ +— x’ = , .
—yp \ 0X Y oy vy

since the continuity equation is identically satisfied. The conserved vector in (3.18)

does not generate a conserved quantity.

In terms of the stream function, using T' and T? defined in (3.16), and integrating

(3.24) across the wake from y = -y, (x) to y = +y,(x) at a fixed point x results in

Vp(x) 021// 021// 621//
(x) )d - E (x) ) _) A9
f—yb(x) axay Y3y2 ) oy?

y=ypx)

=0, (3.29)
y==ypx)

and by using the first and second derivative boundary conditions in (2.44) and the

theorem for differentiation under an integral sign [63] we obtain

wx) g
f ¥ (x,ydy=D, (3.30)
~ypx) Oy

which is equivalent to the expression in (3.27).

3.3 Conserved vectors for the turbulent wake with E =

E(x,y)

In this section, we consider wakes with infinite boundaries. These are described by
eddy viscosities depending on the spacial variables only. We are no longer restricted
to the elementary conserved vector. We first calculate the conserved vectors in terms
of the velocity components and then we consider the stream function. We then pro-

ceed to calculate the conserved quantities.
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3.3.1 Conserved vectors for the turbulent wake in terms of the ve-

locity components

In terms of the x- and y- mean velocity components v, and v the dimensionless

governing equations for the two-dimensional turbulent wake are

aw 6v 0 3.31)
Cox Gy ’ :
ow_ 20 ( (x,y) _) (3.32)
ox oy Y oy '
where the dimensionless mean velocity deficit w(x, y) is defined from (2.30)
vx(x, ) =1-w(x,y). (3.33)

In this section we apply the multiplier method to equations (3.31) and (3.32). We use
the following notation: the suffix notation wy, wy, vy, vy, ... is used when x, y, w, v

and the partial derivatives of w and v are regarded as independent variables. The no-

ow 0v 0w 0v 0°w
tation _w i _w _v .. is used when w and v and the partial derivatives of
ox’ 0x’ dy’ dy " 0x0y y'

w and v are regarded as dependent variables which are functions of the independent

variables x and y.

In order to derive the conserved vectors we let x, y, w, v and all partial derivatives of

w and v be independent variables. We can write (3.31) and (3.32) as

~ W, +Ty =0, (3.34)

oF
dy

Given the multiplier A = (A, A2), we have the property that the conserved form of
(3.34) and (3.35) is given by

_  O0E_ _ o
Ay wx—@wy—E(x,y) Wyy |+ A2 (~Wx+7y) =D T' + D, T?, (3.36)

for all functions w(x, y) and v(x, y) where

Dy=D,= +wa+va+w a+? a+w a+? 0+ (3.37)
YT ox T Tow fov Yow,  You, Yow, Yaw, U
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D—D—a+w a+v a+w 0 +v g +w 0 +v +..., (3.38)
2T ey Vow Yov ' Pow,  Vav,  Vow, YYou, U
and T! and T? are the components of the conserved vector T = (T!, T?). The deter-

mining equations for the multiplier A are given by

=0, (3.39)

[ (_ oE  _ _ o
Ew[Al(wx—a(x,y)wy—E(x,y)wyy)+A2(—wx+vy)

E: =0, (3.40)

__ OE _ _ _ _
Ay (wx— a(x,y)wy—E(x,y)wyy) + Ay (-Wy+7,)

where the operators E7- and E7 are the standard Euler operators that annihilate di-

vergence expressions:

E* = 9 D 9 D 9 +D? 9 +D,D 9 +D? 9 (3.41)
©Woow Cowy  owy C0wk O 0wy, Yowy, '
E* = 9 D 0 D 9 +D? 9 +D,D +D? 9 (3.42)
Voov vy Yovy, Uk 0Ty 0T,y '

For components of the multiplier A of the form A; = A;(x, y) and Ay = Az (x, y), equa-
tions (3.39) and (3.40) become

0,2 p, 2L 2 9 A (w —O—E(x Ywy - E(x,y)w ) +
“ow, Vaw,  Yowy, | |\ ay Iy T EL Yy

[D 0 ][Aw ]=0 (3.43)

xawx 2Wx| — Y, .
DyA; =0, (3.44)

which, after simplifying gives

oA 6A2+ 9] (aAlE( )) 0 (3.45)

—_— —+ — | —E(x, =0, .

0ox 0x Oy\ 0y ¥

A2 = Ag (x). (3.46)

It is difficult to derive definite results when E(x, y) depends on y. Two cases will be

considered for which definite results can be derived.

3.3.1.1 Case(i): Ay =c, E=E(x,y)

Equation (3.45) reduces to

0A,
—(x) =0, 3.47)
0x
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and therefore
Ag = Cy, (348)

where ¢, is a constant. This result holds for arbitrary E(x, y). The left-hand-side of
(3.36) with A} = ¢; and Ay = ¢, can be written in divergence form because c¢; and ¢

are multipliers. Now by elementary manipulations,
_  OE_ _ —  —
c1 wx—a—ywy—E(x,y)wyy +0 [~Wi+Ty] =

Dy[aw+c(-w)|+ Dy [e1(—E(x, )Wy + ¢ 7], (3.49)

for arbitrary functions w(x, y) and v(x, y). When w(x, y) and v(x, y) are solutions of
the system of PDEs, (3.31) and (3.32), (3.49) becomes

Dy [aW+ c2(=w)]| + Dy [e1(—E(x, y) Wy + c,V] = 0. (3.50)
Two conserved vectors are obtained. Let ¢; =1 and ¢, = 0. Then
T'=w, T*=-Ex))W,. (3.51)

Letc; =0and ¢, =1. Then
T'=-w, T?’=7. (3.52)

The conserved vectors (3.51) and (3.52) are the elementary conserved vectors for the
system (3.31) and (3.32).

3.3.1.2 Case (ii): A1 =A1(y), E=E(x)

Equation (3.45) reduces to

=0. (3.53)

Differentiating equation (3.53) with respect to y gives

d3 A,
dy3

») =0, (3.54)

and therefore

My = a1y2 +axy+ as, (3.55)
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where a;, a; and as are constants. Equation (3.53) becomes

dA,
—(X) =2a1 E(x), (3.56)
dx
so that
X
Aor(x) = 2a1f E(@)da + ay, (3.57)
0

where a4 is a constant. Equation (3.57) holds for arbitrary E(x). We have established
that the left-hand-side of (3.36) with E = E(x) and A; and A, given by (3.55) and

(3.57) can be written in divergence form. By elementary manipulations we find that

X

(aly2 +ay+as) (Wy— E(xX)Wy,) + (Zalfo E@da+ay|(-wx+7,)

=Dy, W+ ay (yw) + az (W) + as (-w) | +

a (yz—Zfo E(@)da

X

Dy

a (_yZE(x)wy+2yE(x)w+2f E(a)da?)+
0

ar (~yE(xX)Wy + E(0)w) + az (~E(xX)wy) + a4 (V) |, (3.58)

for arbitrary functions w(x, y) and v(x, y). When w(x, y) and v(x, y) are solutions of
the system (3.31) and (3.32) then equation (3.58) reduces to

D, +

a (yz —2[0 E(a:)da)w+ az (yw) + as (W) + as (-w)

X

Dy

a (_yZE(x)wy+2yE(x)w+2f E(a)da?)+
0

ar (~yE(xX) Wy + E)w) + az (~E(X)wy) + a4 (V) | =0. (3.59)

Four conserved vectors are obtained by setting all except one of a,, a,, as and a4 to

zero in turn. For a; =1, a, = az = a4 = 0 the conserved vector is

X X
T! = (y2 ~2 f E(a)da)w, T? = —y?E(X)w, +2yE(x)W + 2 f E(@)dav. (3.60)
0 0

For a; =0, a, =1, az = a, = 0 we have

T'=yw, T?=-yEx)w,+Ex)w. (3.61)
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For a; =0, a, =0, az = 1, a4 = 0 the conserved vector is
T'=w, T*=-Ex)w,. (3.62)

Lastly, for a; = a» = a3 =0, a4 = 1 we have for the conserved vector

T'=-w, T?’=7. (3.63)

The conserved vectors (3.62) and (3.63) are the same as (3.51) with E = E(x) and
(3.52).

We have therefore established the following result for a multiplier with components
Al = Al()’), A2 :AZ(x) J/), (364)

0E
of the system of PDEs, (3.31) and (3.32). If v # 0 then there are two conserved vec-
y

tors given by (3.51) and (3.52) and any conserved vector of the system with a multi-

plier of the form (3.64) is a linear combination of these two conserved vectors.

If E = E(x) there are two further conserved vectors given by (3.60) and (3.61) and any
conserved vector with a multiplier of the form (3.64) is a linear combination of the

four conserved vectors given by (3.60) to (3.63).
3.3.2 Conserved vectors for the turbulent wake in terms of the stream
function

When x, y, ¥ and the partial derivatives of y are regarded as independent variables,

equation (2.35) with E = E(x, y) is written as

0E
u/xy_a(xyy)w_yy_E(x;y)U/yyy =0. (365)

Consider a multiplier A of the form A = A(x, y). The conserved form of (3.65) is given

by
0E 1 2
A wxy—a(x,y)u/yy—E(x,y)wyyy =D T +D,T", (3.66)
for all functions v (x, y) where the total derivative operators D, and D, are defined
by
Dy=D a+1//a+1// 6+1// a+ (3.67)
1= = — -— -— —+.., .
Tox oy "oy, Moy,
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D2:Dy:a+wy£ +’lﬁxya—1//x +’l//yyM+..., (3.68)

and T! and T? are the components of the conserved vector T = (T!, T?). The deter-

mining equation for the multiplier A is given by

=0, (3.69)

. OF
Ey [A (‘/’xy “ay (6, Myyy —Elx, y)‘/’yyy)

where the operator Ey, is the standard Euler operator that annihilates divergence ex-

pressions:
-2 p % p % % pp I 29 (3.70)
v 01,(/ xa'(,Ux yawy xawxx X yawxy yawyy .
The determining equation for A becomes
2 (OE 3
DyDy(A) - Dy, EA + Dy (AE) =0, (3.71)
which after simplifying gives
A + i (OAE) =0 (3.72)
oxdy ody2\ay | ’

We will again consider the cases where E depends on y and when E is independent

of y in order to obtain conclusive results.

3.3.2.1 Case(i): A=c, E=E(x,y)

For A = c; where c; is a constant, equation (3.72) is satisfied for arbitrary E(x, y).
Since A = ¢ is a multiplier, we can write the left-hand-side of (3.66) in divergence

form:

OE
c1 U/xy_a(xyy)u/yy_E(x;Y)U/yyy =Dy [ayy|+Dy[ci(Ex, »wy,], (B.73)

for arbitrary w(x, y). When w(x, y) is a solution of equation (3.65) then (3.73) reduces
to
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By setting c¢; = 1 a single conserved vector is obtained:
T =y, T*=-EXx ¥y, (3.75)

which is the elementary conserved vector for equation (3.65).

3.3.2.2 Case (ii): A=A(y), E=E(x)

Equation (3.72) reduces to
3

A
a—ya(y) =0, (3.76)

which therefore gives a multiplier of the form
A = a1y’ + azy + a, (3.77)

which is satisfied for arbitrary E(x) where a,, a, and a3 are constants. In divergence

form, equation (3.65) is written as
(@1y? + ary +as) Wyy — EOWyyy) = Dy [(@y* + azy + az)w | +

Dy [ay (=y*wyy +2yyy = 29) E() + a2 (=yyyy + ¥)) E(x) + a3 (-, E(0)],  (3.78)

for arbitrary y(x,y). When w(x, y) is a solution to equation (3.65) then equation
(3.78) becomes

D, [(aly2 +ay+a3)y, |+

Dy a1 (-y*wyy +2yyy —29) E(x) + az (- ywyy + ¥y) E@) + as (—~yyy E(x))] =0.
(3.79)

Three conserved vectors are obtained by setting all except one of a;, a, and as to zero

in turn. For a; = 1, a, = az = 0 the conserved vector is
T = y*yy, T*=(-y*yyy+2yw, —2y) E). (3.80)
For a; =0, a, =1, az = 0 we have

T'=yw,, T*=-yE@)yy,+EXy,, (3.81)
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and finally for a; = a, =0, a3 = 1 the conserved vector is

T' =y, T?=-E@yy,. (3.82)

3.4 Conserved quantities for the two-dimensional wake

In this section we calculate the conserved quantities for the classical wake and the
wake of a self-propelled body. We also discuss a third conservation law belonging to
a wake which we call the combination wake. This wake is important since it has the
same boundary conditions at y = +oo as that of the classical wake and the wake of a

self-propelled body.

On solutions ¢ = w(x, y) of the governing partial differential equation (2.35), the
components T' and T2 of the conserved vector can be regarded as functions of x

and y. Therefore, we have for the stream function

0

o T,y v (1), W (X, 1), ¥y (x, 1),...) = D, T, (3.83)
0

3 T?(x, y,9(%, 1), ¥x(x, 1), ¥y (x,)),..) = Dy T?, (3.84)

and for the velocity components

0 o
aTl(x, VW, U, Wy, Wy, Uy, Vy,...) = Dle, (3.85)
i 2 —_—— = = — _ 2
3 T°(x, y,w, v, Wy, Wy, Uy, Vy,...) = D, T", (3.86)
y
and therefore
D, T'+D T2:3T1+3T2 (3.87)
* Y 0x ay ’

For a conserved vector the left hand side of equation (3.87) vanishes and the conser-

vation law (3.87) can be written as

oT! 9T?

—+— =0. 3.88
0x " oy (3.88)
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A general form for the conserved vector components in terms of the stream function

for Case (ii) in Section 3.3.2.2 is given by
T! = (a1y2 +axy+az)yy,

T? = ay (= y*Wyy +2yWy — 2Y) E(X) + aa(—y¥yy + ¥, ) E(X) + as(—yy) E(x).  (3.89)

Equation (3.89) also holds for Case (i) in Section 3.3.2.1 with a; = a, =0 and E =
E(x,y).

Using (3.88) and T1 and T? defined by (3.89), and integrating (3.88) across the wake

from y = —oo to y = +oo at a fixed point x gives

d [ 0
f (a1 y* + azy + az) —w(x,y)dy+

dx ) oy
Py . oy 0’y oy 0%y y=ee
sl sl G2
al( y ay2+ yay Y| E(x) + az yay2+ay (x) + as 572 (x) i
=0, (3.90)
which on imposing the boundary conditions in (2.39) reduces to
%f_w (a1 y* + ary + a3) %’j(x, ydy—-[2a1y(x, y)E(x)] ’jiooo =0. (3.91)

The conserved vector in terms of the velocity components can be written for Case (ii)

in Section 3.3.1.2 as the linear combination:

X
T = ay (yz—zf E(a)da)w+ az (yw) + as(W) + as(-w),
0

T?= a1 (-y*E(xX)Wy + 2yE(x)W + 2 f E(a)dav)+
0

a(—ywy, +w)E(x) + az(—E(x)wy) + as(v). (3.92)

Equation (3.92) also holds for Case (i) in Section 3.3.1.1 with a; = a, =0 and E =
E(x,y).

Integrating (3.88) across the wake from y = —oo to y = +oc0 at a fixed point x with
(T!, T?) given by (3.92) results in

d f"o
adx J-

a1(y2—2f0 E(a)da)ﬁ+ag(yW)+a3(w)+a4(—m dy
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+

a (— VEX) Wy +2yE(X)W +2 f E(a)dai)
0

y=00
=0, (3.93)

y==00

tax(—ywy+ w)E(X) + az(—E(x)wy) + as(v)

and using the boundary conditions in (2.36) we obtain

(o.¢] X
%f ay (y2—2f E(a)da)w+a2(ym+a3@)+a4(—W) dy+
—00 0
X y=00
2a1f E@)dav+ as(v) =0. (3.94)
0 y=—00

We now consider the conserved quantities for the classical wake and the wake of a
self-propelled body. They can be derived in terms of both the stream function and

the velocity components.

3.4.1 Classical wake

In terms of the stream function we consider equation (3.91). For the classical wake

a1 = a; =0 and az = 1. Thus we have
d [ oy
2 Y dy=o, 3.95
dxf_ooay(x »dy ( )

and hence 5
> oy
N y d :D) 396
f_oo 3y (x,y)dy ( )

where D is a dimensionless constant proportional to the drag on the body [4, 6].

tiOIl (394) ledl](:es to
wix, = V. .
dx —00 ( ) y

Therefore,
f w(x,y)dy =D, (3.98)

which is equivalent to the expression obtained in (3.96).
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3.4.2 Wake of a self-propelled body

For the wake of a self-propelled body we set a; = a3 = 0 and a; = 1 in equation (3.91):

d o0 26w _ y=oo
P f_ Y 3y (x,y)dy—-2Ex) [y(x, y)])y:_oo—o. (3.99)

But since the drag D on a self-propelled body is zero,

D= f —(x,y)dy [w(x,y)]BiOOO:O, (3.100)

and therefore gives the conserved quantity

f y—(x »dy=K, (3.101)

where the constant K is proportional to the second moment of the axial momentum
deficit [5].

In equation (3.94) we set a, = as = a5 = 0 and a; = 1. We thus obtain

if (yz—zf E(a)da)wdy+2f E(a)da[i(x,y)]‘y:oo =0. (3.102)
dx J-co 0 0 y=-00

We can rewrite equation (3.102) as

da o8] 9 d oo _ J=oo )
a[_my w(x,y)dy—Za(G(x)f_oo wdy)+2G(x) [v(x,y)] ‘y:_oo—o, (3.103)

where
X
G(x) :f E(@)da. (3.104)
0

Thus
d [ ,_
Ef ywx,y)dy— 2—[ wdy - 2G(x)f —dy+2G(x)f —dy 0.

(3.105)

Since the drag on a self-propelled body is zero,
D:f w(x,y)dy=0, (3.106)
—00

and therefore equation (3.105) reduces to

f Wi, y)d +2G(x)f ( ow a”)d 0 (3.107)
d y y y ay y M M
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But from the continuity equation

_dw vy, (3.108)
ox ay
and therefore
d [ ,_
af_ooy w(x,y)dy=0. (3.109)
Hence
foo v w(x,y)dy = K, (3.110)

which is equivalent to (3.101).

We see from (3.101) and (3.110) that when the effective viscosity is of the form E =

E(x), the conserved quantity does not depend explicitly on the effective viscosity.

3.4.3 Combination wake

In terms of the stream function the combination wake arises from the case a; = as =

0 and a, = 1 in equation (3.91). Equation (3.91) becomes

- d11
dxf y (xy)dy 0, (3.111)

giving the conserved quantity

f y—(xy)dy S. (3.112)

We do not know the physical interpretation of the constant S.

In terms of the velocity components, using T' and T? defined in (3.92) and setting

a; = as = a4 =0and ap = 1, equation (3.94) becomes

ifo Wex, dy =0 (3.113)
o] _ywepdy=o -

and therefore
f yw(x,y)dy =S, (3.114)

which is equivalent to expression (3.112) found for the stream function.
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3.4.4 Remaining case

In terms of the velocity components there is one remaining case, a; = a, = az =0,

ays = 1. It does not occur for the stream function formulation. Equation (3.94) be-

comes
L B, yydy+ (@ )] " =0 (3.115)
-— w(x, v(x, =0, .
dx) o yay y y=—oo
which can be written as
foo( 6w+03)d =0 (3.116)
—o\ 0x 0y y="= '

From the continuity equation, (3.108), equation (3.116) is identically satisfied and

does not lead to a conserved quantity.

3.5 Conclusions

In this chapter the conserved quantities were derived for the turbulent wake. The
conserved vectors were first obtained which were expressed in terms of the velocity

components and the stream function by using the multiplier method. We first con-
2

0
sidered the case where E = E (x, N2 ) which models wakes with finite boundaries.

2
For the governing equations in teramys of the velocity components, two elementary
conserved vectors were found. One of the elementary conserved vectors was used
to generate the conserved quantity for the classical wake. The other did not gen-
erate a conserved quantity. In terms of the stream function, one conserved vector
was found. This conserved vector was equivalent to the elementary conserved vec-
tor in terms of the velocity components used to generate the conserved quantity for
the classical wake. We then considered an effective viscosity of the form E = E(x, y)
which predicts an infinite wake boundary. It is difficult to obtain conclusive results
when the eddy viscosity depends on the variable y. We therefore considered two
cases. For arbitrary E(x, y), finding the conserved vectors from the governing equa-
tions in terms of the velocity components lead to two elementary conserved vectors
as a result of assuming that the multipliers were constants. One was the elementary
conserved vector which generated the conserved quantity for the classical wake and
the other did not generate a conserved quantity. In terms of the velocity components,
for E = E(x), four conserved vectors were obtained. The first belonged to the wake
of a self-propelled body and generated its conserved quantity as given in [5]. The

second appeared to possibly correspond to a new type of wake which we called the
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combination wake. The third conserved vector was the conserved vector for the clas-
sical wake and the remaining conserved vector was an elementary conserved vector
which did not generate a conserved quantity. In terms of the stream function we
again considered two cases. For a constant multiplier and arbitrary E(x, y) one con-
served vector was obtained which was the elementary conserved vector. For E = E(x)
three conserved vectors were obtained. Two belonged to the classical wake and the

wake of a self-propelled body and the third belonged to the combination wake.

To conclude, the conserved quantities for the classical wake and the wake of a self-
propelled body could be obtained from the conserved vectors found in terms of the
velocity components and the stream function. Calculating the conserved vectors

lead to the discovery of a new wake which we called the combination wake.



Chapter 4

Solutions for the turbulent classical

wake using Lie symmetry methods

In this chapter we consider the turbulent classical wake as shown in Figure 2.1. We
examine the case for an eddy viscosity depending on the spacial variables x and y. An
outline of this chapter is as follows. In Section 4.1, the Lie point symmetry associated
with the elementary conserved vector is determined. In Section 4.2, we consider
the eddy viscosity to be a function of only the distance along the axis of the wake
and solve for the stream function for the turbulent classical wake. Mean velocity
profiles are plotted for an eddy viscosity in the form of a power law and the results are
compared for a range of power laws and with the laminar classical wake. In Section
4.3 we consider the eddy viscosity to be a function of the distance along the wake
and the perpendicular distance from the axis of the wake. Various forms of the eddy
viscosity are investigated and mean velocity profiles are again compared with those

obtained for the laminar wake. Finally, conclusions are presented in Section 4.4.

4.1 Elementary conserved vector and associated Lie point

symmetry

Recall that the governing equation for the turbulent classical wake in terms of the

stream function is given by

2 2
oy 0 ( aw)’ @D

= —|Ex,v)—
0x0y 0y (x y)ayZ
41
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subject to
oy
_(x) ioo) = 0) (4.2)
dy
o’y
a—yz (x, iOO) = 0, (43)
o’y
a_J/Z(x, 0) = 0) (4-4)
0
W (x,0)=0. (4.5)
0x
In terms of the stream function the conserved quantity for the turbulent classical
wake is 3
< oy
—dy=D. 4.6
—00 Oy y (4.6)

The elementary conserved vector for the turbulent classical wake with E = E(x, y)

was calculated in Chapter 3. It is given by

T'(wy) =y, T(x0y)) = —E, Dy, (4.7)

The conserved vector T = (T?, T?) is invariant under the action of the Lie point sym-

metry
X = 06 ) 4 €00 1,9~ + 1 ) (4.8)
- ;y,T,U ax ,J/;U/ ay 17 )y)w awy .
of the PDE (4.1) provided [30, 31]
X(TH+T'DEY - T*DpEH =0, i=1,2. 4.9)
Equation (4.9) consists of two components, namely,
X(TH+T' Dy (%) - T?Dy(¢") =0, (4.10)
X(T%+T?D1(EY - T'D1 (%) =0, (4.11)

where X is prolongated to as high an order in the derivatives as required. Since the
conserved vector (4.7) depends on v, and v, we require the second prolongation

of X in the form

o
xP=x 4.12
+(26w +{22 (4.12)

y oyyy’
where [65]
(> = Dy(n) — D2 (&5, (4.13)
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43
{22 = D2({2) W2k D2 (E"). (4.14)
Consider first the invariance condition (4.10). Now T' is given by (4.7) and
on 0n a¢é! a¢é! 0&? e,
X(ThH = == - W —— - 4.15
(T) =0 +01// any awaWJ/ ayWy wa/ ( )

Condition (4.10) becomes

o _on ag o8 o¢
—_— E
oy Tour T oy VT ey Yy HEG TS

1

ot
wyy+E(x y) wlllywyy—o, (4.16)

which does not depend on &2 (x, y,w). Equating coefficients of derivatives of y to zero
we obtain

=), E=8xyw), n=nx). 4.17)

Consider next the second invariance condition (4.11). Using (4.17), {22 simplifies to

022 022 622
Crp = — § ) 3 ¢

— - 20_62 — 6_62 (4.18)
0y2 Yy ayawwy aw 1// ay Yyy aw YyWyy .
and (4.11) becomes
92&2 22 22 2 1 2
f 0 ¢° 5 07" 4 ( 0f°  dg ) o¢
E 2— - —
10E  ,0E & &
—(é EPREd —)wyy—awy oy VVr =0 (4.19)

Now E(x, y) # 0. We separate (4.19) according to powers and products of the partial
derivatives of . The coefficient of v,y gives

o _

4.2
oy (4.20)

and therefore é2 = £2(x, y). Condition (4.19) simplifies and the coefficients of ¥y and
Wy give respectively

0252 062 _ (421)
ox '
OE O0E 0&%  dét

<fl(x)(3 +&(x,y )——( %—d—i)li(x V. (4.22)

E(x ,y)
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The Lie point symmetry associated with the conserved vector (4.7) is
0 0 0
X =& (x)— +&(x, y)— +n(x)—, 4.23
¢ (x) PP $°(x,y) 3y n(x) Py (4.23)

provided that the effective viscosity E(x, y) satisfies equations (4.21) and (4.22).

The derivation of the associated Lie point symmetry is simpler than that of the Lie
point symmetries of the partial differential equation. Only the second prolongation
of X was required while the derivation of the Lie point symmetries of the partial dif-
ferential equation (4.1) would require the third prolongation of X which contains
many terms. The associated Lie point symmetry has to satisfy two invariance con-
ditions which are easier to solve than the one large invariance condition for the Lie
point symmetries of the partial differential equation. The results from the first con-
dition (4.10) greatly simplified the derivation and solution of the second invariance
condition (4.11).

In the sections that follow we will investigate the invariant solution when E = E(x)
and E = E(x, y).

4.2 Eddy viscosity a function only of x

We initially consider the eddy viscosity to be a function of x only. We then consider
an eddy viscosity which is a power law in x and then the approximation in which the

kinematic viscosity is neglected so that the effective viscosity is a power law in x.

4.2.1 General results for eddy viscosity a function of x only

When the eddy viscosity depends on x only equation (4.22) becomes

a 2
)= Z%u, ¥). (4.24)

ag' B
dx E(x)

Differentiating (4.24) with respect to y we have

0262
a_yz(x, y)=0. (4.25)
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Equation (4.21) then reveals that

0&?
a(x’ y) =0, (4.26)

and therefore we can conclude that
E) = ay+as, (4.27)
where a; and a, are constants. Substituting (4.27) into (4.24) we obtain

¢t E'(x)

1
P E(x)f(x)—Zal, (4.28)

which is a linear first order ODE with integrating factor E(x). The solution is

1 X
)= — a3+2a1f E(xhdx'|, (4.29)
E(x) 0
where
az = &H(0)E(0). (4.30)
The Lie point symmetry of (4.23) becomes
—— |as+2a fxE(x’)dx' i+(a +a )i+ (x)i (4.31)
TEw |7 ' 0x 1y dy n oy’ '

The constant a, plays an important role in the Lie point symmetry (4.31). In the anal-
ysis that follows, we will assume that a; # 0 so that the invariant solution depends on

the effective viscosity. Let

X'=— air=—, a,=—= *(x)—w (4.32)
al’ 3 dl’ 2 6l1,17 611' '

Suppressing the star to help keep the notation simple the Lie point symmetry (4.31)

becomes

E(x)

X
as +2f E(xdx'
0

i+( +a)i+ (x)i (4.33)
ox YT ARG, TG, '

Now ¥ = W(x, y) is an invariant solution of the PDE (4.1) with E = E(x) generated by

the Lie point symmetry associated with the elementary conserved vector provided

Xy =¥ )|,—y =0, (4.34)
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that is, provided
L(a +2fxE(x’)dx’)a—\P+( +a)6_\1’_ (x) (4.35)
Ex\ 277 ox TR, =L '
The differential equations of the characteristic curves of (4.35) are
E(x)d d avy
Wdx _____dy _ 4% (4.36)
as+2 [; E(xdx'  y+az nx)
The first pair of terms give
Yy + ay
= by, 4.37
(as+2 [FE(x)dx)V2 S0
where b is a constant. The first and last terms in (4.36) give
VY —G(x) = by, (4.38)
where b, is a constant and
X / E /
Glx) = f NEE) (4.39)
as+2 [ E(@)da
The general solution of the first order linear PDE (4.35) is
b, = F(by), (4.40)
where F is an arbitrary function. Since ¥ = ¢ we have
Y =F()+G(x), (4.41)
where
y + ay
= . 4.42
(a3 +2 [y E(x)dx')1/? (442

We now express the conserved quantity (4.6) in terms of the similarity variables. Us-

ing (4.41) and (4.42) at a fixed point x on the axis of the wake, (4.6) becomes

*© dF
—d¢=D.
o0 d¢ J

(4.43)

Equation (4.43) is independent of x unconditionally and does not give a relation

between the constants in the associated Lie point symmetry (4.33). When a linear
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combination of the Lie point symmetries is used a relation between the constants in
the linear combination is derived for the conserved quantity to be independent of x

when expressed in the similarity variables.

We now determine the constants ay, as and the function n(x) in the Lie point sym-
metry (4.33). Consider first a,. The boundary condition (4.4) imposes the following
restriction:

F"(ly=0) =0, (4.44)

and by differentiating (4.44) with respect to x we obtain

ap
(a3 +2 [y E(x")dx)3/?

F"(¢ly=0) E(x) =0. (4.45)

However,
W 1

T (4,00 = F" (&l <
ay? Y= (as + 2 [T E(x)dx')3/

0, (4.46)

as y = 01is a local maximum for w(x, y). Thus

F"(&ly=p) #0, (4.47)

and from (4.45) this forces us to set a; = 0. Hence ¢ = 0 when y = 0. Consider next

n(x). Now

oy dF E(x) aG

—=—{— +—. 4.48
ox ¢ d¢ (as+2 [; E(x)dx) dx (4.48)

But
oy dF 1

Oy dé (ag+2 [ E)dx!)

w(x, y) = (4.49)

and since w(x, 0) is finite it follows that F'(0) is finite. Hence from (4.48) the bound-
ary condition (4.5) gives that G'(x) = 0. Therefore, from (4.39) we have the following

condition:
E(x)n(x)

as+2 Jy E()dx

(4.50)

and since E(x) is non-zero, we must have that n(x) = 0 giving that G(x) = 0. Finally
consider as. The order of magnitude of the effective half-width of the wake, W (x)/2,
at position x is given by the value of y when ¢ = O(1). Thus

1/2
) . (4.51)

If we assume that the effective width of the wake is valid for x — 0, then, as x — 0,

w
(x):O
2

X
a3+2f E(xdx'
0
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we expect the effective width of the wake to also tend to zero. From this we obtain

613:0.

Thus we have
v(x,y) =F(), (4.52)

where
y

_ , 4.53
(szxE(xl)dxl)l/Z ( )

S

and the Lie point symmetry simplifies to

2 [{ E(x)dx' o 0
= — ty—. 4.54
E(x) 0x " y()y (454

The constants ay, as and n(x) in the Lie point symmetry were all obtained from phys-

ical considerations and cannot be specified arbitrarily.
Substituting (4.52) and (4.53) into the PDE (4.1) yields the ODE

ﬁ+(fﬁ+ﬂ—0 (4.55)
dé v dez o dé ’

The boundary conditions (4.2), (4.3) and (4.4) become

d(f ’ d€ ’
dfz : :

The boundary condition (4.5) is identically satisfied. The solution of (4.55) is also
subject to the conserved quantity (4.43) where the constant D is given. Once the

problem has been solved for F'(¢), w(x, y) and v, (x, y) are obtained from

w(x,y) = L ar (4.57)
AT JYE(xdxhV/2 ag’ '

_ E(x) dF

vy(x,y) = (4.58)

2 [TE(xdx'” dE
The solution for F(¢) need only be obtained if it is required to calculate ¥(x, y). Oth-

erwise it is sufficient to determine F'(¢).
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We can rearrange the ODE (4.55) as follows:

d3F d(

—1 =0, 4.59
PIERPT: ) (459

dag

which when integrated with respect to ¢ yields

d’F édF _ (4.60)
d€2 d(f C. .
Using the boundary condition (4.56) at ¢ = 0 and noting from (4.57) that F'(0) is finite
since w(x,0) is finite we obtain ¢; = 0. Therefore, we now need to solve
a°F  gdr_ (4.61)
d¢ azz " dé O '
which is a first order ODE for F'(¢). From equation (4.61) itis noted that the boundary

conditions (4.2) and (4.3) are not independent of one another. The solution is

dF

52
dé = Cpexp (——), (4.62)

2

where the constant ¢, is determined in terms of the drag force on the body by the

conserved quantity (4.43):

Cp = ——, (4.63)
2 Von
and thus
ar _ D ( ﬁ) (4.64)
a& Vo P\U2) '
Integrating (4.64) with respect to ¢ from 0 to ¢ gives
*2
F(&) = f exp ( ) d&* + F(0). (4.65)
N

Since w(x, y) and v (x, y), defined by (2.34), do not depend on an additive constant
in ¥ (x,y) we choose F(0) = 0. Equation (4.65) with F(0) = 0 may be written in the

form
Fé) = Berf(jz), (4.66)
where
erf(x) _ 2 f xex (—u®)du (4.67)
= N p . .

Equation (4.66) determines the stream function by (4.52). The solution for F(¢) has

the same form as that for a classical laminar wake [4, 6].
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The mean velocity deficit in the wake in the x-direction is

& 1
W(x,y) = (——) _— (4.68)
\/_ 2) ([ E(xhdx")2

The x- and y- components of the mean velocity are given by respectively,

2
o E(x)dx')?2
_ D E(x) ( 52)
] = - X el B 470
) = e T P2 70

where ¢ is given by (4.53).

Prandtl’s hypothesis [66] states that the eddy viscosity is constant across a bound-
ary layer and is proportional to the product of the maximum mean velocity and the
width of the layer. The eddy viscosity considered in this section is independent of
y and is therefore constant across the wake. The wake tends to infinity in the + y-
directions but because the mean velocity deficit (4.68) falls off exponentially with y
an effective width can be defined as twice the value of y for which the argument of

the exponential is —1:

X
Wix)=4 f E(x")dx'. (4.71)
0

Also from (4.68) the maximum value of the mean velocity deficit is

D 1
w(x,0) = , 4.72)
2V ([ E(x)dx')?
and therefore
w(x,0)W(x) = Q (4.73)
’ - \/ﬁ) .

which is a consequence of the conserved quantity (4.6). If we can replace the max-
imum mean velocity by the maximum mean velocity deficit in Prandtl’s hypothesis
then for a classical wake it is satisfied if the eddy viscosity is constant independent of
x and y. We will not impose Prandtl’s hypothesis but we will include its predictions

in the comparison of results.
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4.2.2 Eddy viscosity a power law in x

Consider an eddy viscosity which is a power law in x. Then the dimensionless effec-

tive viscosity has the form
VT,

v
E(x) = +—xP, B>-1. (4.74)
v+vr V+Vr

By increasing vr, continuously from zero the transition from a laminar wake to a
turbulent wake can be investigated. For well developed turbulence in the wake the

ratio vg, /v can equal 1000 or larger. By using (4.74),

X X VT
E(x"dx' = 1 0 ﬁ), 4.75
fo (x)dx (1+ﬁ)( +V(1+'B)x (4.75)

v

and the Lie point symmetry which generates the invariant solution for the turbulent

wake is from (4.54)

TR .
v+ pB) a0
X=2|——2  [xZ 4y (4.76)
14+ 20 V1, B ox 0y

The Lie point symmetry (4.76) is not a scaling symmetry. The invariant solution for
w(x,y) and v, (x, y) therefore cannot be derived using elementary scaling methods

to obtain similarity solutions.

The mean velocity deficit (4.68) is

1
1428 o 1+2R
wr(x,y) = V exp |—— —Y __1]. 4.77)
2Vmx _ T B 4x 1+&xﬁ
v(1+,6) v(l+p)

The maximum value for the mean velocity deficit occurs on the axis of the wake,
y=0,andis

VT
1+—2

wWr(x,0) = D Y . (4.78)
2Vnx |y B
v(l + ,6)
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An effective width Wy (x) of the turbulent wake can be defined as twice the value of

y for which the argument in the exponential is —1:

1
1+ (:fﬁ)xﬁ ?
%
Wr(x) =4vx —

1+—2
1%

(4.79)

We observe that

wr(x,0)Wr(x) = Q (4.80)
T ) T - \/]_'[’ .

which is a special case of (4.73) and is a consequence of the conserved quantity (4.6).

In order to determine the effect of the turbulence on the wake we compare with the

laminar wake. For the laminar wake

v

E= , (4.81)
vV+Vr,
where E has been scaled by v + v, as in (4.74). Then
. b
f E(x)dx'= ——, (4.82)
0 1+ -9
v

and the Lie point symmetry (4.54) for the laminar wake is the scaling symmetry
0
X=2x—+y—. (4.83)

The turbulence alters only é!(x) in (4.76). From (4.68) the velocity deficit in the x-

direction is .

D VT2 ¥y VT,
V) =——(1+— -——(1+—]]. 4.84
Wi ) 2\/ﬂ( v ) exp 4x( v ) (4.84)
The maximum velocity deficit for the laminar wake is
D VT, 2

,0) = 1+—], 4.85
wel0) = 5 (1+ =) (4.85)

while the effective width of the laminar wake is

4

Wy, (x) = _ x| (4.86)

v
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We again have the product
2D
wr(x,00Wr(x) = —. 4.87
L(x,0) WL (x) NG (4.87)
From (4.85) and (4.78) the ratio of the maximum velocity deficit in the laminar and

turbulent wakes is

W60 VT xﬁr. (4.88)
wr(x,0) v(l+p)

The maximum velocity deficit in the laminar wake is greater than that in the turbu-
lent wake and the ratio increases as v, increases and the wake becomes more tur-
bulent. From (4.79) and (4.86) the ratio of the effective width of the turbulent wake

to the effective width of the laminar wake is

1
Wil _ [1 T ﬁ] ’ (4.89)

Wi vi+p)

The effective width of the turbulent wake is greater than that of the laminar wake

because of the increase in diffusion of vorticity due to the eddy viscosity.

In Figure 4.1 the dependence of the effective width and maximum mean velocity
deficit on the exponent f§ is investigated. The x- component of the velocity in a lam-

inar wake vk, where

) (4.90)

1
Vo \
UJLC:l—wL(x,y) 1——(1+j)2exp

2 /7%

is compared with the x- component of the mean velocity vy in a turbulent wake

1
VT, 2 VT

1+ 2 1+ -2
Te=1-wx,y)=1- v exp |- ——Y ||, @91
* Y T amx | L, s TP T ax |, 0 4

v(l+ ) v(1+ )

at x = 1/2 for a range of values of f. Since the velocity deficit is scaled by the magni-
tude of the uniform mainstream flow, to prevent the formation of a region of back-
flow at the axis of the wake, the maximum velocity deficit should not exceed unity.
Since the maximum velocity deficit in a laminar wake is greater than that in a turbu-
lent wake, it is sufficient to consider a laminar wake. The maximum velocity deficit

in a laminar wake is less than unity provided

D (1 + ﬁ)% <1, (4.92)

2\V/mx
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that is, provided
D? v
v

47
In Figure 4.1, D = 0.1 and vr,/v = 500 so that x,,;, = 0.399. When x = 1/2, the eddy

(4.93)

viscosity decreases as the exponent f increases, the diffusion of vorticity therefore
decreases as f increases and the width of the wake decreases and the maximum ve-
locity deficit increases (to satisfy (4.80)) as f increases. The curve 8 = 0 corresponds
to Prandtl’s hypothesis. From (4.78) the maximum mean velocity deficit for 8 > 0 is

greater than that of § = 0 provided
x<(1+p)"7, (4.94)

which is satisfied for x < 1, in agreement with Figure 4.1. For x = 2, for instance, the
maximum mean velocity deficit for § =1 is the same as that for § =0 but for =2, 3
and 4 it is less than that for f = 0 and therefore from Figure 4.1 it will be small. For
x > 1 the order of the curves is reversed with greatest velocity deficit for § = 1 and
least for f = 4.

y
0.5 p=1
B=2 |/
J— - /. [ v
0 02 0 0 6———03 0 X

1
\
-05 laminar \

-1.0

FIGURE 4.1: Velocity in a laminar wake vX(x, y) and the mean velocity in a turbu-
lent wake v, (x,y) plotted against y at x = 1/2 with D = 0.1 and vg,/v = 500 for
B=0,1,2, 3and4.
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Consider next the dependence of the mean velocity deficit on the strength of the
turbulence. Since the characteristic effective viscosity in (4.74), v1, + v, depends on

v, itis replaced by v + v, where v, is suitably chosen. It is readily verified that

1
VTC 2 VTC

D 1 2 1+
wr(x,y) = 4 exp|-—| —Y , (4.95)
2vVax| 14 T _yp x|y o _yp
v(l+ ,3) v(l+ ,6)
Wy (x,y) = —2 (1+VTC)%ex —y—2(1+vT0) (4.96)
L%y 2\/7x v Pl7ux v |’ ’
and that (4.93) is replaced by
D? v
X2 Xppin = — (1 TC) (4.97)
/1 v

In Figure 4.2 the x- component of the mean velocity for a laminar wake and the x-
component of the mean velocity for a turbulent wake are plotted against y for a range
of values of v, /v and = 2. As vr,/v increases the eddy viscosity increases and
therefore the diffusion of vorticity in the wake increases. The width of the wake there-

fore increases and, in order to satisfy (4.80), the maximum velocity deficit decreases.

4.2.3 Effective viscosity a power law in x

Consider now well developed turbulence in which

%
IR (4.98)
1%

The scaled effective viscosity (4.74) approximates to
Ex)=xP, B>-1. (4.99)

The effective viscosity can therefore be approximated by a power law in x.

When (4.99) is satisfied the Lie point symmetry (4.76) reduces to the scaling symme-

try
2 9 0
X=——x—+y—. (4.100)
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y
1.0 —T = 500
V—VT = 250
05 v_l; =100
. = .
0 0.2 1.0~
laminar V_VT" =50
—-0.5}
-1.0¢}

FIGURE 4.2: Velocity in a laminar wake vZ(x, y) and the mean velocity in a turbulent
wake V(x, y) plotted against y at x = 1/2 with D = 0.1, v7,/v = 250, = 2 and for
vr,/v =50, 100, 250 and 500. There is no backflow provided x = x;,,;, = 0.197.

The mean velocity deficit (4.77) simplifies to

1
_ _D(1+p)2 1+p) y*
wr(x,y) = E(nxhﬂ) T4 A (4.101)
and the velocity deficit in the laminar wake becomes
1 2
0)2 Vi ¥
V) = — —— . 4.102
WL y) 2\/7rx( v ) 4v x ( )
The ratios (4.88) and (4.89) simplify to
1
L0 Wit _ |V, xﬁ] K (4.103)
wr(x,0)  Wi(x) [v(1l+p)

and condition (4.93) on the model for no backflow along the axis of the wake be-

comes 9
D*v
To (4.104)

a7 v
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4.3 Eddy viscosity a function of x and y

A part of Prandtl’s hypothesis is that the eddy viscosity is constant across a boundary
layer [66]. In this section we will allow the eddy viscosity to depend on y as well as x

to investigate how the y dependence affects the wake.

We return to equations (4.21) and (4.22). When E = E(x, y) we were not able to find
the general solution for ¢2(x, y). When E = E(x) the general solution for é2(x, y) is a
linear function of y with constant coefficients given by (4.27). When E = E(x, y) we

looked for a special solution for é2(x, y) as a linear function of y of the form
& x,y) = a1 (x)y + ay (x), (4.105)

where a; (x) and ay(x) are arbitrary functions of x. Substituting (4.105) into equation
(4.21) and separating by powers of y gives that a; and a, are constants and (4.27) is
re-derived. We consider a; # 0 and take a; = 1 which is equivalent to making the

transformation (4.32). This gives

X—A(x)i+( +a)i+ (x)i (4.106)
and (4.22) becomes
A(x)a—E+( +a )a—E—(Z—d—A)E(x ) (4.107)
ox TR dy dx V) ’

where we let 1(x) = A(x).

Now y = ¥(x, y) is an invariant solution of the PDE (4.1) if (4.34) is satisfied, that is, if
A( )0‘I’+( + )a\y (x) (4.108)
X)— ax)— =n(x). .
0x yra oy g

The differential equations of the characteristic curves of (4.108) are

dx dy avy

= = . (4.109)
Alx) y+ax nX)
The first pair of terms give
yrae g (4.110)
exp(B(x))
where d; is a constant and
B(x)—fx dx (4.111)
) AW '
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The first and last terms in (4.109) give

VY -Gx)=d,, (4.112)
where d» is a constant and
* n(x)
G(x) = —dx. (4.113)
A(x)
The general solution of (4.108) is
dy = F(d,), (4.114)

where F is an arbitrary function. Since ¥ = ¢ we obtain

w(x,y)=F()+G), (4.115)
where
__yra (4.116)
exp(B(x))

From the boundary conditions (4.4) and (4.5) we can again deduce that a, = 0 and
n(x) =0. Thus

Y
(x) ) = F( )) - (4~117)
vy ¢ exp(B(x))
and the Lie point symmetry simplifies to
X =A(x) 0 + 0 (4.118)
B 0x ydy' '

The effective viscosity E(x, y) satisfies equation (4.107) with a, = 0. The differential

equations of the characteristic curves of (4.107) are

dx _dy _ dF 4.119)
A(x)_y_( dA) ‘ '
2——|E
dx
The first pair of terms give (4.110) with a, = 0. The first and last terms give
EA
—(x) =ds, (4.120)
exp(2B(x))

where dj3 is a constant. The general solution of (4.107) is

ds = S(dy), (4.121)
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where S is an arbitrary function. Thus

2B
E(x,y) = Ws’(é), (4.122)

where ¢ is given by (4.117).

We introduce the notation
H(x) = exp(B(x)), (4.123)

and express the problem in terms of H(x). The stream function and effective viscosity

are
v(x,y)=F(@), (4.124)
E(x,y) = H(x)H'(x)S(¢), (4.125)
where
=Y (4.126)
H(x)
The Lie point symmetry is
_Hw o, 9 (4.127)
~ H'(x) 0x yay' '

We define the effective width of the wake, W (x), to be twice the value of y when ¢ = 1:

W(x) =2H(x). (4.128)

Since the effective width of the wake vanishes at x =0,

H(0) =0. (4.129)
The PDE (4.1) reduces to the ODE
i S(f)ﬁ + i (ﬁﬁ) =0 (4.130)
dé déez | dé\"adg) '

where F(¢) is subject to the boundary conditions

ﬁ(o)_g ﬁ(_;. ) =0 (4.131)
agz’ = ag T Tw '

and to the conserved quantity

© dF
—dé=D. 4.132
. déd'f (4.132)
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The boundary condition (4.5) is identically satisfied. Once the problem has been

solved for F'(¢), w(x,y) and 7, (x, y) are obtained from

wx,y) = I _dr (4.133)
V= Heo ae’ '
_ H' dF
7, (x, y) = (X)é—f. (4.134)

Consider now the solution of the ODE (4.130). Since the wake is symmetric about the
x-axis, S(&) is an even function of . Also S(&) > 0 for —oco < € < oo, S(0) is finite and
S(+00) is a positive constant since E(x, y) is finite and non-zero as y — +oo. Integrat-
ing (4.130) with respect to ¢, imposing the boundary condition (4.131) at ¢ = 0 and

noting that F’(0) is finite because w(x, 0) is finite, we obtain

d*F ¢ aF _

4.135
a2 Ts@ac (4135

Equation (4.135) is a first order ODE for F'(¢). The solution is

‘b p[ f () ] .

where b is a constant. Since S(y) is an even function of y and S(+o0) is a positive
constant the integral in (4.136) diverges to +co as { — +oo and the boundary condi-
tion (4.131) at ¢ = +oo is satisfied. By using the conserved quantity (4.132) it can be
verified that
D
b= . (4.137)

ngoeXP foS() ]5

Consider an effective viscosity of the form
Ex,y)=———, (4.138)

where K(¢) has still to be specified. Then from (4.125),

v+vr,K(&)
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It follows by the technique of separation of variables or by differentiating (4.139) with
respect to ¢ that each side of (4.139) is a constant, A. We take A = 1. Thus

1+ 0K (@) ,
S =—2—, HxH ) =1, (4.140)
1+-0
and since H(0) =0,
H(x) =V2x, (4.141)
which gives
£ = \/%_x (4.142)

The velocity deficit (4.133) can be expressed as

Dexp [—(1+%) I(f)]

w(x,y) = - - ; (4.143)
2v/2% [ exp [— (1 + 70) I()/)] dy
where ;
1) = f — ) —ay. (4.144)
0 1+-2K(y)
The x-component of the mean velocity vy is given by
Dexp|-(1+52) 10|
Ux(x,y)=1-wlx,y) =1~ - o : (4.145)
2V/2% [ exp [— (1 + 70) I(y)] dy
From (4.127) and (4.141) the Lie point symmetry is the scaling symmetry
X= 2xi + yi. (4.146)
ox -0y
For K(¢) we choose
K1) =0, Kz() =exp(=¢), K3() = e Ky(&) =1 (4.147)
Then )
1
L©) =58 L©)= 5— (4.148)
2 2(1+2)

where I, is defined in terms of K;,(£). It can be verified that (4.143) reduces to (4.84)
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for a laminar wake for Kj (¢) = 0. Also K4 (&) = 1 describes a turbulent wake with con-

stant eddy viscosity in agreement with Prandtl’s hypothesis. We have

Wa(x,y) = D ex (—162) (4.149)

V=S Jax P (T ) '
Now

L&) > 1) > I3(8) > 14(8), (4.150)

and therefore the maximum velocity deficit satisfies

1
(1 + ﬂ)z D (5,00 > W (x,0) > Wa(x,0) > Wa(x,0) = (4.151)

D
v 2VIX 2+/ X
There will be no backflow in the wakes if (4.93) is satisfied. It follows from the con-
served quantity (4.132) that the effective widths of the wakes satisfy

4Vx

- = W (x) < Wa(x) < Wa(x) < Wy(x) = 4v/x. (4.152)
)

v

In Figure 4.3 the mean velocity (4.145) for the laminar wake and the three turbulent
wakes described by (4.147) are plotted against ¢. The graphs confirm the inequalities
(4.151) for the maximum velocity deficit and (4.152) for the effective width. The y-
dependence of the eddy viscosity can only enter through the similarity variable ¢&.
The effect of the y-dependence of the eddy viscosity is to decrease the effective width
of the wake and increase the mean velocity deficit. The effect is greater when the

eddy viscosity decreases more rapidly with y.

4.4 Conclusions

The boundary layer approximation was imposed on the Reynolds averaged equa-
tions which were then formulated in terms of a stream function for the velocity deficit.
Unlike the boundary layer formulation for jet flow problems a further approximation
was made that the squares and products of the mean velocity deficit could be ne-

glected.

The conserved vector for the classical wake was the elementary conserved vector

which could be obtained directly by inspection from the PDE for the velocity deficit.
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FIGURE 4.3: Mean velocity v,(x, y) given by (4.145) plotted against ¢ = y/\/ﬂ at

X = % for D=0.1, vy,/v =250 and (a) laminar wake with K(¢) = 0, (b) turbulent wake

with K(¢) = exp[—fz], (c) turbulent wake with K(&) = (1 +¢2)~! and (d) turbulent
wake with K({) =1.

The two invariance conditions that had to be satisfied by the Lie point symmetry
associated with the elementary conserved vector depended on only the first and sec-
ond prolongations of the symmetry and were easier to work with than one large in-
variance condition for the full group of Lie point symmetries of the PDE which de-

pends on prolongations up to third order.

When the effective viscosity is a function of x only, that is E = E(x), the general solu-
tion for the Lie point symmetry could be derived. The ordinary differential equation
and boundary conditions were the same as for the laminar wake but the similarity
variable was different. When the eddy viscosity is a power law in x and the kine-
matic viscosity is not neglected, the Lie point symmetry is not a scaling symmetry.
The solution generated by this symmetry is important as it allowed the transition
from a laminar wake to a turbulent wake to be investigated by gradually increasing
the strength of the turbulence. The solution cannot be derived by using a scaling
transformation to find the similarity variable. A Lie point symmetry analysis was re-
quired. When the kinematic viscosity was neglected the Lie point symmetry reduced

to a scaling symmetry.

When E = E(x, y), that is, when the eddy viscosity is not constant across the wake,
the general solution for the associated Lie point symmetry could not be found. A

solution was derived for the special case in which &2(x, y) is a linear function of y
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which was shown to have constant coefficients as for the laminar wake. An analytical
solution for the effective viscosity and the mean velocity deficit was derived. This
compares with two-dimensional turbulent jet flow for which the general solution for

the Lie point symmetry could be derived [18].

The effect of the eddy viscosity was to increase the diffusion of vorticity across the
wake and therefore increase the effective width of the wake. Because of the con-
served quantity for the classical wake, (4.6), an increase in the effective width causes
a decrease in the maximum velocity deficit for the wake. The product of the effective
width of the wake with the maximum velocity deficit is approximately equal to the
dimensionless drag at all positions x on the axis of the wake. This result may be use-
ful in estimating the effective width of a classical turbulent wake because the maxi-
mum mean velocity deficit is readily obtained from the solution for the mean velocity
deficit. As the turbulent wake evolves from the laminar wake and the strength of the
turbulence increases, the effective width of the wake increases and its maximum ve-

locity deficit decreases at each point on its axis.

Prandtl’s hypothesis on the eddy viscosity has been applied successfully to free bound-
ary layer flows. It states that the eddy viscosity is constant across the layer and is pro-
portional to the product of the maximum mean velocity and the width of the layer. If
the maximum mean velocity can be replaced by the maximum mean velocity deficit
then Prandtl’s hypothesis applied to the classical wake would require the eddy vis-
cosity to be constant. This is a consequence of the conserved quantity for the clas-
sical wake. The mean velocity deficit can depend on y only through the similarity
variable. We found that, compared with a constant eddy viscosity, an eddy viscosity
that depended on y decreased the effective width and increased the maximum mean

velocity deficit of the wake. The stronger the dependence on y the greater the effect.



Chapter 5

Lie symmetry methods applied to the
turbulent wake of a symmetric

self-propelled body

In this chapter we consider the turbulent wake of a self-propelled body as shown in
Figure 2.2. We first examine the case for an eddy viscosity depending on the spacial
variable x only. An outline of this chapter is as follows. In Section 5.1 the Lie point
symmetry associated with the conserved vector that was obtained in Chapter 3 in
terms of the stream function is found. The invariant solution is derived in Section 5.2.
An eddy viscosity in the form of a power law of the distance along the axis of the wake
is considered and plots of the mean velocity profiles are provided. We also examine
the negative effects of excluding the kinematic viscosity as opposed to including it.
Section 5.3 contains a discussion on the anticipated difficulties that arise when we
consider the eddy viscosity to be a function of both the distance along the axis of
the wake and the perpendicular distance from the axis of the wake. Conclusions are

given in Section 5.4.

65
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5.1 Conserved vector and associated Lie point symme-

try

In terms of the stream function ¥ (x, y) the governing equation for E = E(x, y) is given
by

Py o o’y
=—|Elx,y)—=]. 5.1
xdy ay( (x,y) ayZ) (5.1)
The boundary conditions, for x = 0, are
oy o’y
—(x,200) =0, —=(x,+t00)=0, (5.2)
ay ay?
au/( 0)=0 azw( 0)=0 (5.3)
—(x,00=0, ——(x,0)=0. .
0x ay?

The conserved quantity is obtained for the wake behind a self-propelled body by
multiplying equation (5.1) by y? and then integrating across the wake from y = —co
to y = oo [5]. This method works for a constant eddy viscosity and for an eddy vis-
cosity depending on only the distance along the axis of the wake. We will see that
we cannot solve the equation when the eddy viscosity also depends on the distance
perpendicular to the axis of the wake. In this chapter we neglect the dependence of
the eddy viscosity on the distance perpendicular to the axis of the wake but we will

discuss it briefly in Section 5.3.

According to [5] the conserved quantity for the wake of a self-propelled body is given
by
2
—dy=K, 5.4
f_ - Y5 y y (5.4)

and since the drag force is also zero

—dy=0. 5.5
i (5.5)

The conserved vector with E = E(x) was calculated in Chapter 3. It is given by
T = y*y,, (5.6)

T? = —E(x)y*Wyy + 2E(0) yyy — 2E(X)y, (5.7)
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which generates the conserved quantity given in equation (5.4). When E = E(x) the
conserved quantity for a wake of a self-propelled body has the same form as for a

laminar wake of a self-propelled body.

We now calculate the Lie point symmetry associated with the conserved vector with
components (5.6) and (5.7). The conserved vector T = (T1, T?) is invariant under the

action of the Lie point symmetry

X =& (x, = +€2(x V¥ )—+17(x y,u/)—w (5.8)
provided [30, 31]
X(TH+ T'Di (") - T*Dr(ED) =0, i=1,2, (5.9)

where X is prolongated to as high an order in the derivatives as required. Equation

(5.9) consists of two components, namely,
X(TH+ T'Dy(E%) - T*Dy(¢Y) =0, (5.10)

X(T?) + T?Dy (&Y = T'Dy(E%) = 0. (5.11)

From (5.6) the highest derivative of  in T! is ¥y and from (5.7) the highest deriva-
tive of y in T2 is ¥yy. Thus we require the second prolongation of X. The second

prolongation of X, denoted by X!?!, is given as

0 0
2] _
X _X+(261//y+(2261//yy, (5.12)
where [65]
{2 = Da(n) -y D2 (M), (5.13)
(22 = Dy({2) — o Da(E5). (5.14)

Consider the first invariance condition (5.10). The expansion of {; is

on on (661 ¢! ) (062 02 )
=14+ Ly, - —yy | =+ =v,]. 5.15
oy oy TV Gy e TV oy oy 619
Equation (5.10) yields
2€2w+26—n+ za_nw w(fl 0§1w)
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1 1
+(E@®)y*yyy —2E@)yyy + 2E(x)y) (iy + iwu/y) = (5.16)
Equating the coefficients of the derivatives ¥,y to zero gives
¢ =B, (5.17)
and (5.16) simplifies to
an
2y¢* g =0. 5.18
YUy S, +)? aw% (5.18)
Separating equation (5.18) by ¥, we obtain
n=n(x,y), (5.19)
on _
5.20
28%+y— P (5.20)
The first invariance condition therefore gives
1 0n
1 2
— B ) = ——1v— , , = ’ . 521
¢ =Bx), ¢ 2yaw(x v), n=nxvy) (5.21)

Consider next the second invariance condition (5.11). Equation (5.15) for {, simpli-

fies to

0 &2
;=20 (E o¢*

oy "V 8y T oy

Since ¢! does not depend on y and v, equation (5.14) for {»» becomes

wy) (5.22)

(22 = Da({2) —W22D(EP). (5.23)

There is only one term in the second invariance condition (5.11) which depends on
2

0
. It comes from T %w x- Separating (5.11) by the derivative product v,y yields

0c” = (5.24)
oy '
Differentiating equation (5.20) with respect to y and using (5.19), we obtain
0 0 2
o _ 9" (5.25)

oy 6y
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and therefore

(2= —3wy(;—‘ty2. (5.26)
From (5.25) 5252
6_y2 =0, (5.27)
and thus
E(x,y) = ax)y + b(x). (5.28)

Substituting (5.28) back into (5.20), separating by y and integrating the coefficient of

y with respect to ¥ results in
n(x,v) =-2ax)y +c(x), b(x)=0. (5.29)
From (5.26) and (5.28) we arrive at
(2=-3axX)yy, (5.30)
and equation (5.14) reduces to
(o2 = —4a(x)y yy. (5.31)
The second invariance condition (5.11) becomes
2E(x)y*yyya(x) —4yE(x) a(x)y,+

4a(X)WE(x)—2c(x)E(x) + B(x)E’(x)(—yzt//yy +2yyy— 2y)+
(~EX)y*wyy +2yE(X)y, — 2y E(x))B'(x) - y*y,d' (x)y =0. (5.32)

Setting the coefficient of v, to zero gives
2E(x)a(x) — B(X)E'(x) — E(x)B'(x) = 0. (5.33)
Separating (5.32) by derivatives of 1/, we obtain
—4a(x)yE+2yB(x)E'(x) + 2yB'(x)E— y*d(x) = 0. (5.34)
Separating (5.34) by powers of y we deduce that

a(x) = ay, (5.35)
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where a; is a constant and equation (5.33) again. The remaining terms in (5.32) give
da(x)Ey —2c¢(x)E-2B(x)E' (x)w - 2EB'(x)y = 0. (5.36)
Separating by powers of ¢ we obtain
c(x) =0, (5.37)
and (5.33) again. Thus we have found that
d=BW), &=a1y, n=-2a1v, (5.38)

subject to (5.33). Condition (5.33) can be written as the first order ODE for B(x),

dB 1 dE

—+———B=2a;. 5.39
dx+E(x)dx “ ( )

This is the same as the condition in a classical wake with E = E(x) for a Lie point
symmetry to exist associated with the elementary conserved vector of the PDE (5.1).
The solution of (5.39) is

1
B(x)=——

50 ) (5.40)

X
a +2a1f E(a)da
0

where a, = E(0)B(0) is a constant. The Lie point symmetry X associated with the

conserved vector with components (5.6) and (5.7) is

E(x)

X
a, +2a1f E(a)da
0

i +a i —-2a i (5.41)
ox TNV, TNV Gy, '
We consider the general case in which a; # 0. Without loss of generality we let a; =1

and denoting a, by a we obtain

0 + 9 2 9 (5.42)
ox Yoy Yoy ‘

X =
E(x)

X
a+2f Ela)da
0

Unlike the classical wake the associated Lie point symmetry is determined once the

effective viscosity has been specified.
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5.2 Invariant solution

In this section we find the invariant solution generated by the Lie point symmetry
(5.42) associated with the conserved vector of the PDE (5.1) with components (5.6)
and (5.7).

Now, ¥ = ¥ (x, y) is an invariant solution of the PDE (5.1) with E = E(x) generated by
the Lie point symmetry (5.42) provided

X =Y,y =0, (5.43)
that is, provided ¥ (x, y) satisfies the first order PDE

1 (a+2fxE(a)da)a—\P+ a—\P——Z‘P (5.44)
E(x) 0 0x yay_ ' '

The differential equations of the characteristic curves of (5.44) are

E(x)dx dy avy
- = =, (5.45)
a+2f; E@da 'y Al
Solving the first pair of terms gives
Y
—c, (5.46)
(a+2 [FE@dmlz
where ¢ is a constant. The first and last terms in (5.45) give
X
v (a+2f E(a)da) =y, (5.47)
0

where ¢, is a constant. The general solution of the first order linear PDE (5.44) is
c2 = F(c), (5.48)

where F is an arbitrary function and since ¥ = ¢ we obtain

F(S)
a+2 [y E(@da’

vix,y) = (5.49)

where
y

C @ E@da)

(5.50)
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Substituting (5.49) and (5.50) into the PDE (5.1) reduces the PDE to an ODE for F(¢):

@E
dés

CraF

+€d52 +3d_§

=0. (5.51)

The mean velocity deficit w and the mean velocity components v, and v, are given

by
wx,y) = 6_1// = L E (5.52)
’ 0y (a+2[XEda)*? ¢’ '

1 dF

v,y =1-wk,y)=1- —_, (5.53)
Y (a+2[F E(@da)®’* d¢
_ oy E(x) ( dF)
Vy(x,))=—=—=~- 2F +&—|. (5.54)
NEACT: (a+2 [ E(@da)’ ag

Since the mean velocity deficit is finite it follows that F'(0) is finite. In terms of the

function F(¢), the boundary conditions (5.2) and (5.3) become

o0) = 0, 2 T0o0) = 0, 5.55
’ dé- ' ’

Consider now the solution of the ODE (5.51) subject to the boundary conditions

(5.55) and (5.56). We let

dF
W) = @ (5.57)

Multiplying (5.51) by &2 — 1 and grouping terms we obtain

dag

d(,dW\ d*W _d d 3\
d—é(f )— e —Sd—£(6W)+d—6(€ W) =0, (5.58)

and by integrating once with respect to ¢ and using the second derivative boundary

condition in (5.56) at { = 0 we obtain the first order linear homogeneous ODE

dw &B-¢&%)
+
dé 1-¢&2

W =0. (5.59)
The solution to equation (5.59) is

W (&) = m(1 - &) exp[-E2/2], (5.60)
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where m is a constant. By integrating the first term in (5.60) by parts and imposing

the boundary condition F(0) = 0 it is readily shown that

F(&) = mEexp[—&212). (5.61)

The constant m cannot be obtained from the boundary conditions (5.55) and (5.56)
which are identically satisfied. The constant m is determined by the conserved quan-

tity (5.4). Expressed in terms of W (£), the conserved quantity (5.4) becomes
o0
f EWE =K. (5.62)
—00

Using the properties of the Gamma function we find that

K
- _ , 5.63
M= o (563
and therefore
K
WE)=————(1-¢2 —&2/2), 5.64
©) 2\/27:( &) exp[—¢©/2] (5.64)
and
F(&)=- K Eexpl—&2/2] (5.65)
N P ' '

From (5.52)-(5.54) the mean velocity deficit and the mean velocity components in

the x- and y- directions are

w(x,y) =— (1- &%) expl-¢2/2), (5.66)
2V2n (a+2 [FE(@da)®?
1
vy =1-wx,y) =1+ (1-¢&¥exp[—E2/2],  (5.67)
2V2nm (a+2f0xE(a)da)3/2
_ E(x) 2 2
vy(x,y) = (B —-¢)exp[-¢/2]. (5.68)
yoy 2V2m (a+2fOxE(a)d(x)2 P

Consider now the constant a. We would expect the effective width of the wake to
vanish as x — 0. The mean velocity deficit w tends exponentially to zero as y — +oo.
We define the effective half-width of the wake, H(x), to be the value of y for which
the argument of the exponential in (5.66) is —1. Then ¢ = +v/2 and

X 1/2
H(x)=V2 (a +2 f E(a)da) . (5.69)
0
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We assume that fox E(a)da — 0 as x — 0. Then H(x) — 0 as x — 0 provided a = 0.
Thus . U2
H(x) = 2([ E(a)da) , (5.70)
0

and the similarity variable ¢ becomes

y

¢x,y) = . (5.71)
2 [FE@da)'
Equations (5.66)-(5.68) reduce to

wx,y) = - L 7 (1 - & exp[-¢2/2], (5.72)

2v27 (2 [YE(a)da)
T, ) =1-w(x,y) =1+ K ! (1-¢&Hexp[-&£2/2] (5.73)

o ' 2v27 (2 [F E@da)* ' '
_ E(x) 2 2

vy(x,y) = E(B-¢%) exp[—&-/2]. (5.74)

g 2v27 (2 [F E@da)’

Finally we establish some general properties valid for all effective viscosities E(x).

The mean velocity deficit vanishes at ¢ = +1, that is, at

= = (Zf E( ) )1/ - ( ) (5 75)
+ + a da . .
y yl 0 \/_

Unlike the classical wake the mean velocity deficit on the x-axis is negative. The

turning points of the mean velocity deficit are at ¢ = 0 and ¢ = +v/3 and occur at

X 1/2
y=0, y=xy,= J_r\/ﬁ(zf E(a)da) = \/gH(x). (5.76)
0

The extremum values are

1

w(xy 0) = - ) (5.77)
2V2m (2 [F E(a)da)®”

w(x,+y) = K 1 33 exp[—3/2]. (5.78)

V2n (2 /5 E(@da)

The ratio

w(x) iJ/Z) _ _

T0) 2exp[—3/2], (5.79)

is satisfied for all effective viscosities E = E(x).
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As well as being turning points of w, the mean velocity component v, vanishes at

¢ = +1/3. The velocity component vy therefore vanishes on the curves

X 1/2
y= i\/§(2f E(a)da) ) (5.80)
0

For y» < y < oo, v, <0 while for 0 < y < y», vy > 0 and similarly for the lower half of
the wake.

The estimate (5.70) of the effective half-width H(x) excludes the outer extrema of the
wake and the curve of zero v,,.. A useful alternative estimate of the effective half-width
could be
X 1/2
H(x)=y,=V3 (2 f E(a)da) : (5.81)
0

Since a = 0, the Lie point symmetry which generates the invariant solution when

E=E(x)is
90 )9 5,0 (5.82)
ox Yoy Yoy '

1 X
X=— [2f Ela)da
E(x) 0

0
The turbulence occurs only in the coefficient of e

Finally we derive the condition on the eddy viscosity for Prandtl’s hypothesis to be
satisfied [66]. For a turbulent boundary layer Prandtl’s hypothesis states that the eddy
viscosity is constant across the boundary layer and is proportional to the product of
the maximum mean velocity and the width of the layer. For a turbulent wake it was
proposed that Prandtl’s hypothesis applies with the mean velocity replaced by the
mean velocity deficit. Since v < v we will apply Prandtl’s hypothesis to the effective

viscosity E(x). Then if Prandtl’s hypothesis is satisfied
E(x) x w(x,0)H(x), (5.83)

and by using equation (5.77) for w(x,0) and (5.70) for H(x) we find that Prandtl’s
hypothesis is satisfied for the wake behind a self-propelled body provided

E(x)f E(@)da =], (5.84)
0

where A is independent of x. For the turbulent classical wake the corresponding
condition is that E(x) is a constant independent of x. Condition (5.84) will be used

in Section 5.2.1 to determine the exponent in the power law for E(x).
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5.2.1 Eddy viscosity as a power law in x
Consider a dimensionless effective viscosity of the form
B=—"—+ YT b p>_1. (5.85)
v+vr V+Vr,
Then
"E@d al il 5.86
E = +v,——|, .
fo (Wda V+vr, (V VT°(1+ﬁ)) (586
and the Lie point symmetry X from (5.82) becomes
x=| 2% (v+v il vy oy 2 (5.87)
C v+ xf a+p)|ox yay waw’ '

which is not a scaling symmetry hence justifying the need to use the Lie point sym-

metry approach instead of simply searching for a similarity solution. The effective

half-width of the wake is given by

1/2
v )
v (1+P) ’

X
H(x)=2 —V(1+
1+

v

and the similarity variable ¢ becomes

£ry) = (1 . VT)IIZ

Equations (5.72)-(5.74) become

_ K vy \3/2 1 2 2
) =———[1+—2 1- —&2/2],
w(x, ) 8ﬁ( +—1) [ ( — )]3,2( &%) expl—¢2/2]
x[1+ 22—
v 1+0)
_ _ K Vr,\3/2 1
) =1-Wxy) =1+—— 1+ =
Vxl6,y) W) 8\/5( V) vy, xP
x(1+——)
v 1+0)
1%
T,(x,y) = (Hﬁ) (H%Xﬁ) £B3 - &Y expl—E2/2]
PN =1 SR 5 112 P '

m X
x(” v (1+[3))

(5.88)

(5.89)

(5.90)

5 (1= exp[—-¢2/2],

(5.91)

(5.92)
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From (5.75) the mean velocity deficit vanishes at

1/2

2x V1, xP
(1 ) (5.93)

=4 =+ | — + —

el I R TR
v

From (5.76) and (5.77) the turning points of the mean velocity deficit are at { = 0 and

& = +v/3 and occur at

1/2

2x VT, xP
=0, y=+p,=+V3 (1+—° ) (5.94)
y y Y2 - V1, v (1+p)
v
The extremum values are
_ K VT, 3/2 1

wx,0)=—|1+— , 5.95
( ) Sﬁ( v ) v, xﬁ 3/2 ( )

1+—2

x( v (1+/3))]
B, +y) = —= (1 + VT")M ! expl—3/2] (5.96)
,EY) = —— — Xp[— . .
Y2 N v v %P 372 EXP
x( Vo, X7
v 1+P)
From (5.80) the velocity component vy, vanishes on the curves
1/2
2Xx v xP )
=+V3 1+ —2——— . 5.97
Y 1+ E ( v (1 + 16) ( )
v

We compare the turbulent wake of a self-propelled body with the laminar wake of a
self-propelled body. When performing the comparison suffices T and L will be used
where necessary to denote the turbulent and laminar flow quantities. For the laminar
wake of a self-propelled body we denote the half-width by H; (x), the velocity deficit
by w;, and the x- and y- components of the velocities by v, and v, respectively. The

dimensionless kinematic viscosity of the laminar wake is

Ep(x) =

. (5.98)
V+Vr,

The Lie point symmetry X;, from (5.82), becomes

X, =202 430 oy 0 (5.99)
L= Ve Ve '
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The effective half-width of the wake is given by
1/2
X
H;(x)=2 v , (5.100)
1+—
%
and the similarity variable ¢ becomes
VT, 1/2 y
xx=(1+— p— (5.101)
Srlx,y ( " ) Ner
Equations (5.72)-(5.74) reduce to
K VT, 3/12 1 9 2
w(x, y) :—ﬁ(1+7) - epl-£12) (5.102)
_ ~ K V32 1 , 5
el ) = 1= W) = 1+ o (1 + 7) SE1-Oepl=£/2,  (.103)
K V) 1 2 2
V) = 1+ —|—=<¢@B - —¢9/2]. 5.104
vy(x, ) 8@( 1/)xzé( ¢7)exp[—¢7/2] ( )
From (5.75) the velocity deficit vanishes at
1/2
caylog |2 10
y - —J’1 I VT() ’ (5 5)
1+—2
%
and the turning points occur at
1/2
I 2x
y:O’ y= iyz = i\/g VT (5106)
1+—
%
The extremum values are
3 K VT, 3/12 1
w(x,0) = —m(l‘FT) W’ (5.107)
K VT, 3/12 1
Ly _ 0
wix, +yh) = m(1+7) —7 expl-3/2] (5.108)
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From (5.80) the velocity component vy, vanishes on the curves

1/2
2x
VTO

1+—2
v

y=+V3

(5.109)

The ratio of the half-widths of the turbulent to the laminar wake of a self-propelled
body is given by
1/2

Hr(x) _ , (5.110)

Hi(x)

v
v 1+0)

which is the same expression found in Chapter 4 for the classical wake. An increase

in the strength of the turbulence, that is, an increase in the ratio v,/v results in an
increase in the effective width of the wake. The eddy viscosity increases the diffusion

of the velocity deficit from the axis of the wake.

The ratios of the extremum values of the mean velocity deficit of the turbulent wake

of a self-propelled body to that of the laminar wake of a self-propelled body are

w(x,0) B w(x,+y») 3 1

N . 373 (5.111)
To

+7(1+ﬁ)

wr(x,0)  wr(x,+yh) [

which means that the magnitude of the mean velocity deficit in the x-direction de-

creases as the strength of the turbulence increases. We observe that
H

W, —H(x)\/g (5.112)
\/z ’ 2 — 2) .

and so the actual width of the wake does not increase uniformly as the strength of

=

the turbulence increases; the extremum point y, increases slightly faster than y;.

The first part of Prandtl’s hypothesis, that the eddy viscosity is constant across the
wake, is satisfied because E(x) does not depend on y. The second part of Prandtl’s
hypothesis is satisfied provided (5.83) holds which with E(x) given by (5.84) becomes

%

P2+ B —x"P L1+ P (
VTO

2 2
l) x:(1+ﬁ)(1+l) A (5.113)

v To v To

For v < v, equation (5.113) reduces to

2P =1+ p)A, (5.114)
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which is satisfied provided § = —1/2. The turbulence decreases in the wake behind
a self-propelled body as we move further downstream. This compares for a classical
wake for which = 0 and the eddy viscosity remains constant for Prandtl’s hypothesis
to be satisfied. We will not make the Prandtl hypothesis but we will include = -1/2

in the analysis of the results.

We first consider the effect of 5. Since the magnitudes of the mean velocity deficits
differ greatly for different  values, we separate the problem into three cases. In all
the cases we let vr,/v =500 and x = 0.25. For f = —1/2, we consider K = 1 and in or-
der to compare the effect of negative  we also consider f =—-1/3, —1/4. For =0, 1,
we let K =0.1. For f =2, 3, 4, we let K =0.0001 and compare these particular values
of B with the laminar wake of a self-propelled body. Plots of the velocity profiles are
presented in Figures 5.1, 5.2 and 5.3.

We see that for x < 1, as the exponent f increases, the maximum mean velocity of
the wake increases and the width of the wake decreases. The reverse situation is true
for x > 1. We omit the plots for x > 1 because the mean velocities are very small
and difficult to distinguish. From (5.111) we see that for small g, thatis, -1 < <1,
the maximum mean velocity in the turbulent wake is very small compared with the

laminar wake and is thus negligible.

Next we consider the effect of the strength of the turbulence on the x-component of
the mean velocity. We replace the characteristic effective viscosity by v +vr. where
v, is suitably chosen. This approach was also done in Chapter 4 for the classical
wake. We have that

3/2
7x(x,y):1+i(1+m) 1

]

o v 1+0)

8V %
1/2
&= (Hﬁ) 4 ) (5.116)

v JC'B 1/2
2x(1+ﬂ )]
v 0+p)

52 — & exp[-E2/2], (5.115)

where

In Figure 5.4 the x- component of the mean velocity for the turbulent wake is plotted
against y for a range of values of vy, /v with f = 4. As v, /v increases the width of the

wake increases and the maximum velocity deficit decreases.
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FIGURE 5.1: Plots of the velocity profiles for the turbulent wake 7, (x, y) against y at
x=0.25with K=1and vy, /v =500 for §=-1/2, -1/3, —-1/4.

y
2t

=2t

FIGURE 5.2: Plots of the velocity profiles for the turbulent wake v, (x, y) against y at
x=0.25with K=0.1and v7,/v =500 for =0, 1.
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y
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_oa| B2
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FIGURE 5.3: Plots of the velocity profiles for the laminar wake v, (x, y) and the tur-
bulent wake v,(x,y) against y at x = 0.25 with K = 0.0001 and vr,/v = 500 for

B=23, 4.
y
0.15¢
0.10}
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FIGURE 5.4: Mean velocity in a turbulent wake v (x, y) plotted against y at x = 0.25
with K =0.0001, vr,/v =500, =4 and for v7,/v = 50, 100, 250 and 500.
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5.2.2 Effective viscosity as a power of x

The ratio v7,/v can be 1000 or larger. We consider the approximation in which

v
MEINSSS (5.117)
v
The eddy viscosity (5.85) reduces to
E(x)=x% a>-1, (5.118)

which is a power law in x. This approximation in which the effective viscosity is con-

sidered as a power law in x was investigated for the classical wake in Chapter 4.

The Lie point symmetry is given by

-2 X 9 + 9 2 9 (5.119)
C(l+a) ox ydy oy’ '
which is a scaling symmetry.
The mean velocity deficit is
_ K (Q+a)?¥? ) )
wp(x,y)——mw(l—f yexp[—¢=/2], (5.120)
and the effective width is
l+a 11/2
H =2 5.121
p(x) v a ( )

By comparing the effective widths and the maximum mean velocities of the cases
where the eddy viscosity is a power law in x and where the effective viscosity is a
power law in x we can examine the effect of neglecting the kinematic viscosity term

v/ (v+v,). We have that for a = §,

VT, 1/2
H(x +1 v
0 _ ﬁvT +—=| (5.122)
Hp(x) |1+ -D)xp 14-2
v v

and Hy(x) = H(x) if
P =1+p. (5.123)
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The condition (5.123) is always true for § = 0. Since the mean velocity deficit is neg-

ligibly small for x = 1, we only consider 0 < x < 1. We have that for >0
1+ B> xP, (5.124)

andfor-1< <0
1+6<xP. (5.125)

We therefore obtain the following results:

H(x) = Hy(x), p=0, (5.126)
H(x) > Hy(x), p>0, (5.127)
H,(x) > H(x), -1<p<0. (5.128)
We see that for very large vr,/v,
1/2
H +1

S A EY E (5.129)

)~ | (12) g

v

showing that the effect of neglecting the kinematic viscosity term is negligible when

considering very large values of the ratio vz, /v.

In general, it appears that the consequences of neglecting the kinematic viscosity
term in the effective viscosity manifests itself as an underestimation of the effective
width of the wake for § > 0 and an overestimation of the width of the wake for —1 <
B <O0.

5.3 Eddy viscosity a function of x and y

Recall from Chapter 3 that the components of the conserved vector (T, T?) for the
turbulent wake are given by
' = Ay, (5.130)

T? = —E(x, Y)A(y) + E(x )a—A —i(E(x )O_A) (5.131)
= Y YINYIYyy Y 6y1//y 3y VY 3y v, .
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provided the equation

0% (_OA
(E ):0, (5.132)

9y "oy

is satisfied.

In order to generate the conserved quantity of Birkhoff and Zorantello [5],
2
,Vdy =0, 5.133
f_ VG, wndy (5.133)

we must have that A(y) = y?. Equation (5.132) becomes

62
T (yE) =0, (5.134)
which gives that
By =22 4 o). (5.135)
y

The form of the eddy viscosity given by (5.135) is not finite at y = 0 unless a(x) =
0 which reduces to E(x, y) = E(x). This result may indicate that the eddy viscosity

cannot depend on the variable y.

5.4 Conclusions

The PDE which describes the turbulent wake behind a thin two-dimensional body
expressed in terms of a stream function was investigated. The difference between
the classical wake and the wake of a self-propelled boundary lies within the con-
served quantity. The conserved vector for the wake behind a self-propelled body was
derived for an eddy viscosity depending on both the distance along the wake and the
distance perpendicular to the axis of the wake. In order to calculate the Lie point
symmetry associated with the conserved vector we first considered an eddy viscosity
depending on only the distance along the wake, E = E(x). The invariant solution was

then obtained.

An eddy viscosity as a power law in x was compared with the laminar wake behind a
self-propelled body. The power was denoted by . The velocity profiles were plotted
for three separate cases due to the large variations in the mean velocity deficit for dif-
ferent values of 5. A modified version of Prandtl’s hypothesis that stated that the eddy

viscosity is proportional to the product of the maximum mean velocity deficit and
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the effective width of the wake was implemented which derived the value = -1/2.
This compares with a classical wake for which the modified Prandtl’s hypothesis gives
B = 0. This would imply that the turbulence in the wake behind a self-propelled body
decreases with distance downstream of the body while for a classical wake it remains
approximately constant. For an eddy viscosity as a power law in x, the Lie point sym-
metry is not a scaling symmetry when the kinematic viscosity is not neglected. The
velocity profiles showed that as the exponent f increases, the maximum mean ve-
locity of the wake increases and the effective width decreases. For —1 < < 1 the
maximum mean velocities were small compared with the laminar wake and were

thus not compared.

The effect of increasing the strength of the turbulence was also investigated. This
approach enabled us to study the transition for a laminar to a turbulent wake. As the
strength of the turbulence increases, the maximum mean velocity decreases and the

effective width increases.

We also considered the effect of neglecting the kinematic viscosity term in the effec-
tive viscosity. We found that the effective width was underestimated for > 0 and

overestimated for -1 < f<0.

When E = E(x, y), that is, when the eddy viscosity is not constant across the wake,
the only solution that could be obtained for E(x, y) that also generated the conserved

quantity of Birkhoff and Zorantello was not finite at y = 0.



Chapter 6

Revised Prandtl mixing length model
applied to the two-dimensional

turbulent classical wake

In this chapter we develop a revised Prandtl mixing length model by including the
kinematic viscosity of the fluid. We compare this new model to Prandtl’s mixing
length model. This chapter is outlined as follows. In Section 6.1, the Lie point sym-
metry associated with the elementary conserved vector of the partial differential equa-
tion is derived. In Section 6.2, we consider the application of the revised Prandtl
mixing length model and solve for the stream function. Mean velocity profiles are
plotted with the purpose of examining the impact of the strength of the turbulence
on the mean velocity and width of the wake. In Section 6.3 we derive and discuss the
results from implementing Prandtl’s mixing length model to the turbulent wake. In
Section 6.4, a detailed comparison of the two models is provided. It is shown that
the revised Prandtl model predicts a boundary that lies outside the one predicted by

Prandtl’s model. Finally, conclusions are presented in Section 6.4.

87
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6.1 Elementary conserved vector and associated Lie point

symmetry

In terms of the stream function y (¥, y), the velocity components v, and vy, are given
by
oy

e =l-Te=1-2 7 =¥
v, ) =1-wx,y)=1 3y’ vy(x,y)—ax, (6.1)

which ensures that the continuity equation is identically satisfied. The stream func-

tion v satisfies the partial differential equation

oy 0 o’y 0%y
=—|E|x,y,—|—5]. 6.2
0xdy 0y ( (x Y5y ) 0y? ) (©2)
The boundary conditions are for x =0,
oy o’y
- (xyp) =0, ——(x,1yp) =0, (6.3)
dy dy
_azw(x 0)=0 6—w(x 0)=0 (6.4)
ayz ) - ) ax ) - ’ .

where the boundary y = +y;,(x) is unspecified. If the wake extends to infinity in the

y-direction then yj(x) = oco.

The conserved quantity for the wake is the drag force D [4]. In terms of the stream

function it is

yp(x) aw
_(x) )d = D) (6.5)
f—yh(x) oy yay

where y,(x) = oo if the wake extends to infinity in the y-direction. The elementary
conserved vector (T, T?) which generates the conserved quantity given in equation

(6.5) was calculated in Chapter 3. It is given by

Tl (u/y) = 'Wyy Tz(xy ¥ 'Wyy) = _E(x) ¥ Wyy)Wyy- (6.6)

In order to calculate the Lie point symmetry X where

X =& (x )3+€2(x )i+ (x )i (6.7)
- ,yﬂ// ax ,J/»W ay T] »J/,U/ 01[/’ .
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that is associated with the elementary conserved vector (6.6), we require the second

prolongation of X which is of the form

0 0 0 0 0
2] _ #1 s 2 . _
X9 =¢ (x,y,u/)ax +¢ (x,y,u/)ay +n(x,y,w)aw +Czawy +sz0 - (6.8)
where [65]
(o= Da() =y D2 (&5, (6.9)
(22 = Do (o) — WD (E5). (6.10)

The conserved vector T = (T?, T?) is invariant under the action of the Lie point sym-
metry X if [30, 31]

X(TH+T'DiES - T*DrEH =0, i=1,2, (6.11)
which, when decomposed into two components, gives
X(TH + T' D2 (&%) — T?D2(EM) =0, (6.12)

X(T?) +T?Dy (&Y - TIDy (&%) = 0. (6.13)

The conserved vector components T! and T2 are given by (6.6). Equation (6.12) be-

comes
on 0n ¢l ¢t ¢l ¢t
ay oyt (a ' Wy) FECO YWy (a ' Wy) =0 61
By separating equation (6.14) by ¥, ¥y, and ¥, we obtain
¢=AW, &=y, =B, (6.15)

In the second invariance condition (6.13), there is only one term depending on ¥ vy,

By setting the coefficient of ¥y, to zero we obtain

0¢2
9% _o. (6.16)
oy

Using (6.16), {22 reduces to

662 6262
=-2 — =Yy .1
(22 1l/yy ay Wy ayz (6.17)
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The invariance condition (6.13) becomes

OE 0252 062
EC,y,wyy) + ‘//yy% FY LA ZWyya

oy
OE OE dA
—(fla+€25+E(xry;Wyy)E)1//yy_WY€§c:O' (6.18)

Now E(x, y,¥yy) # 0. We separate (6.18) according to powers of ¥, and we thus ob-

tain

6262 OE aZé-ZE_aé'Z

== 6.19
ayz Yyy a‘//yy + ayz Ox ( )
A(x)a_E+£2(x )a_E_za_fz a_E—(za_(fz_d_A)E (6.20)
ox oy T oy Yy, \“ay Tax) ’
The Lie point symmetry associated with the conserved vector (6.6) is
X=Ax) 9 +E(x,y) 9 + B(x) 9 (6.21)
B 0x &4 dy oy’ '

provided that the effective viscosity E(x, y, v ) satisfies the pair of first order partial
differential equations (6.19) and (6.20).

Now E = E(x,y) has been considered in Chapter 4 for a classical wake with an in-
finite boundary. For a finite wake boundary the effective viscosity must be equal
to the mainstream kinematic viscosity on the boundary. For this reason, we cannot
consider an effective viscosity depending on x only as the condition for the effective
viscosity reducing to the kinematic viscosity on a finite boundary will not be satisfied.

In other words for a finite boundary we must have

L
opyy "

and/or

Since we are considering Prandtl’s model, we will suppose that
E=E(x,yyy). 6.22)

For fully developed turbulent flow, the kinematic viscosity is often neglected and thus
the eddy viscosity is approximately zero at the boundary. We will not neglect the

kinematic viscosity in the revised Prandtl model.
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6.2 Revised Prandtl mixing length model

When implementing Prandtl’s mixing length model [2], the turbulent viscosity vr is

written as
ov vy

oy |
where [(x) is called the mixing length. In terms of the dimensionless variables given
in (2.22) and (2.23), equation (6.23) becomes

vy =Px)| = (6.23)

1 ) v
Vr Vc+VTe 5 (x )

— %
v,

6.24
5 (6.24)

where [j is the characteristic mixing length. Thus the characteristic turbulent viscos-

ity is

L

where Re is defined by (2.20). Omitting the * notation for convenience, in terms of

== 05 (IO) Re32E,, (6.25)

the stream function defined in (6.1), the dimensionless effective viscosity E is written

as
v
E(x,9y,) = VC"'—T:/TClZ(x) lwyy)- (6.26)

The kinematic viscosity is neglected in approximation (6.26). At the boundary de-
fined by y = £y,(x) the eddy viscosity is zero. Approximation (6.26) is suitable for
fully developed turbulent flows in regions where the turbulent viscosity is much greater
than the kinematic viscosity. Since the eddy viscosity is zero at the boundary y =
+yp(x), this model breaks down because it assumes that the kinematic viscosity v of
the fluid can be approximated as zero everywhere. In our model, at the boundary
between the turbulent wake and the laminar flow the effective viscosity is equal to
the kinematic viscosity where v # 0. We thus impose
VT,

v
E(x, = 2 . 2
(x Wyy) Vc+VTe * Vc+VTCl (x) |1//yy} (6 7)

Equation (6.27) reduces to equation (6.26) when v = 0. From the second derivative
boundary condition in (6.3) the effective viscosity defined in (6.27) is equal to the

kinematic viscosity at the boundary.

The classical wake is symmetric about the x-axis. We consider the upper half of the

wake, 0 < y < yp(x), in the analysis that follows. The mean velocity deficit w(x, y) is
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given by

— oy

w(x,y) = E (6.28)
From the second derivative boundary condition in (6.4) the velocity deficit is a pos-
itive maximum along the x-axis and from the first derivative boundary condition in
(6.3) it is zero at y = yp(x). Thus the velocity deficit is a decreasing function of y and

therefore if we consider the upper half of the wake,

62_1//<0 O=sy=yx (6.29)
5,2 = SY=ypX). .

oW =
dy V=

In the upper half of the wake we have that |y | = -y, and therefore

Ew,)=—— T p2(yy (6.30)
Y ve+vre ve+vre o .

Substituting (6.30) into (6.19) we obtain

0262 v VT, 062
—2 I? - =0. 6.31
0y2 Vc+Vre Vc+Vrce (x)UQQ/ ox ( )

We separate (6.31) by powers of y/y,,:
6252
Vyy: lz(x)a—yz =0, (6.32)
62 2 o 2

remainder: L—f - i =0. (6.33)

ve+vre 02 0x

Since [(x) # 0 it follows that

6262
—5 =0, (6.34)
ay?
and therefore from (6.33), that é2 = £2(y). Hence from (6.34)
&Ex,y)=ay+b, (6.35)

where a and b are constants. We consider the general case in which a # 0 and by
dividing the Lie point symmetry (6.21) by a we can set a = 1 in (6.35). Substituting
(6.35) and (6.30) into equation (6.20) gives

v V]b

—~Ax)1( )ﬂﬂz( )) —(z—d—A)( -~ I%(x) )
VI X BV = dx)\vc+vrc ve+vre Yy
(6.36)

V]b

20
Vec+Vre
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Separating by v, we have since v # 0,
A _ 2 (6.37)
dx '
and using (6.37)
dl
—A(x)— +1(x) =0. (6.38)
dx
Solving for A(x) and /(x) we obtain
A(x) =2x+ Ao, (6.39)
l(x)=1L+2x+ Ay, (6.40)
where Ag and /; are constants.
The Lie point symmetry (6.21) becomes
X—(2x+A)a +( +b)6 +B(x)6 (6.41)
- Vx5, oy '

Now, v = ¥(x,y) is an invariant solution of the partial differential equation (6.2)

(with effective viscosity E given by (6.30)) generated by the Lie point symmetry (6.41)

provided

Xy =¥y, y =0,

that is, provided

2x+ A )a\P +( +b)6‘1’ B(x)
X — — = B(x).
" 6x ¥ oy
The differential equations of the characteristic curves of (6.43) are

dx dy avy

2x+Ay y+b B®)

The constants of integration are

where

Gx) = f B@ o
0

2a+ Ay

and hence since ¥ = i the general invariant solution is

v(x,y) =F()+G(x),

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)
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where F is an arbitrary function and

y+b

—_—. 6.48
V2x+ A ( )

¢x,y) =

We now determine the constant b and the arbitrary function B(x). A similar argu-

ment was used in Chapter 4. The second derivative boundary condition in (6.4) is

d*F
d—‘fz(é ly=0) = 0. (6.49)

Differentiating (6.49) with respect to x gives

i (€ly=0) =0 (6.50)
de3 " 2x+ A '
But since w(x, y) has a local maximum at y = 0 we have
02w( 0) i (&ly=0) ! <0 (6.51)
x,0) = - , .
032 ags v 0 @2x + Ag)3/2
giving that F"'(¢|,=o) # 0. From (6.50) we must have b = 0.
Consider next B(x). Now
oy dF
— = B(x)—-¢é—|. 6.52
0x 2x+A0[ (x) fdf] ( )
But
— oy dF 1
wx,y)=—=—7—""+ (6.53)

0y ~ d& @x+ A%’
and since w(x, 0) is finite it must follow that F’(0) is finite. From (6.52) the first deriva-

tive boundary condition in (6.4) therefore gives B(x) = 0. Thus we have

v(x,y)=F(), (6.54)
where
y
Y = —. 6.55
é(x y) 2x+ Ao ( )

Consider now the conserved quantity (6.5). Since the wake is symmetric about the

x-axis, (6.5) can be written as

Vb(x) oy D
—(x,ydy=—. 6.56
fo 3y (x,y)dy > (6.56)
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Expressed in terms of the similarity variables, (6.56) becomes

Yp(X)
fov2x+Ao ;l—?dcf: g. (6.57)

Since D is a constant the upper limit in the integral (6.57) must be a constant which
we denote by ¢p:

Yp(x)
I ¢, 6.58
2%+ A, b (6-58)

The half-width of the wake at position x on the axis of the wake is therefore

Yr(x) =¢pV/2x+ Ap. (6.59)

We consider an obstructing object that is slender and its thickness is essentially neg-
ligible. In addition, we also assume that s < L where s is the length of the object
along the x— axis in order to avoid the possible development of turbulent boundary
layers on the obstructing body upstream of x = 0. We may use the approximation
that at x = 0 the boundary y;(x) is zero. For a general symmetric object with s < L,
as x — 0, y,(0) = &,v/Ag and so we can relate the constant Ag to the thickness of the
object. For the remainder of this work we will assume the obstructing object is slen-
der and its length is small in comparison to the characteristic length scale L so that
we may set Ag = 0. Thus

¥p(x) =&pV2x. (6.60)
The Lie point symmetry X reduces to
(6.61)

which is a scaling symmetry. The Lie point symmetry associated with the elementary
conserved vector is not in general a scaling symmetry for obstructing objects of a
finite thickness and a length comparable to the characteristic length L. The similarity

variable ¢ becomes

Y
x,))=——. (6.62)
¢x,y o
The mixing length (6.40) reduces to
I(x)=4LV2x. (6.63)

The mixing length (6.63) is therefore proportional to the half-width of the wake (6.60).
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Prandtl assumed that the mixing length /(x) is approximately proportional to the
width of the boundary layer [2]. We have shown that by taking v # 0 that this re-
sult can be proved for the classical wake and does not need to be assumed. Equa-
tion (6.40) which determines /(x) follows directly from the assumption v # 0 in the
separation of (6.36). Hence, although v is small compared with the eddy viscosity
it cannot be neglected everywhere. It must be taken as non-zero adjacent to an in-
terface between laminar and turbulent flows where the kinematic viscosity and the

eddy viscosity are the same order of magnitude.

The partial differential equation (6.2) with effective viscosity given by (6.30), when

expressed in terms of the similarity variables (6.54) and (6.62) reduces to

4
d¢

2 2
( - 24 F)dF] d(éﬁ):o, (6.64)

vetvie votvre Laez)agz| " ac\*ae

and the boundary conditions (6.3) and (6.4) become, for the upper half of the wake,

aF en=0, TLGe =0 (6.65)
df b) =Y, dé.z b) =Y, .
d*F
——(0) =0. (6.66)

dé?

By integrating (6.64) once and using the boundary condition (6.66) we obtain

( v v, Zsz) d2F+ aF _, 6.67)
ve+vre ve+vre | dé?) de2Cde '
The conserved quantity (6.57) is
$b dF
—d¢=DJ2, 6.68
T 4 (6.68)

where the constant ¢, has still to be determined.

In order to calculate the velocity components, since the wake is symmetric about the
x-axis, we need only consider the upper half of the wake. In (6.67) we let W (&) = F'(§)

and obtain
v VT, 2 adw\dw

+
ve+vre ve+vre b dé ) dé

W =0, (6.69)

subject to

W(p) =0 d—W(f)_O (6.70)
b) =Y, df b) =Y, .
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and ;
b
f W(&)dé=D/2. (6.71)
0

The boundary condition (6.66) has already been used to determine the constant of
integration in (6.67). We will see later that only one of the two boundary conditions

in (6.70) is independent. In terms of W the velocity components are given by

_ 1
Ux(x,y)=1- \/T_xw(é), (6.72)
— <
vy(x,y) = —EW(f). (6.73)

In order to remove the parameters from (6.69) we substitute the transformation

W=W*A, &=¢*B, (6.74)

where A and B are constants, into (6.69) which becomes

( v 1 __vn A4 2dW*)dW*+€*W*_o 6.75)
Vc+VTe B2 Vc+VTCe B3 ! dc* dc* e '
By letting
1 v vz, v 1/2
== —, B= , (6.76)
I lve+vre VT, Ve+Vre
we obtain
( dW*)dW*+€*W*—O (6.77)
dér ) dex - '
where 1o
" y Vc+VTCe
X, )= 6.78
&)= ] (6.78)

We keep the star notation for clarity. By solving the quadratic equation (6.77) for

W*'(&*) we obtain
dW* 1+ (1+48*WwH?

e ; (6.79)
We take the negative root because from (6.29),
dw* d*F*
i = ez <O (6.80)
Thus
dWw* 1-—(Q1+4&*wHl2
= ) (6.81)

ae¢* 2
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We see from (6.81) that when the boundary condition, W* (¢ 2) = 0, is satisfied the
boundary condition W*' (¢ ;) = 0is automatically satisfied. Equation (6.70) therefore
consists of only one independent boundary condition. Physically this implies that
when v, (x, yp) = 0 then %(x, ¥p) = 0 which confirms that the eddy viscosity van-
ishes on the boundary. We therefore need to solve the first order ordinary differential

equation (6.81) subject to the boundary condition

W*(&,) =0, (6.82)
and the conserved quantity
1 v v (%
S| —f W*(&"dE* = DJ2. (6.83)
l1 vc+vrel v Jo

The x- and y- velocity components (6.1) are given by

RO VRS (R Ll O (6.84)
v, y)=1-—=|— —— , .
oy Zlve+vrel vr V2x
1 *
Ty p) = - | — | L e, (6.85)
l% Vc+VTe VTOZX

If we consider W* (¢*) on the entire domain from 0 to +o0o we see that W* is a piece-
wise function defined by equation (6.81) for 0 < ¢* < 62 and for ¢* = 6;, W*(&*) =0.
We now solve the differential equation (6.81) subject to (6.82) and (6.83). The nu-
merical solver, NDSolve, in Mathematica, is used which implements a Runge-Kutta
method for this problem. The value 1 is used as an initial guess for the boundary ¢,
In order to ensure that we do not obtain the trivial solution when NDSolve is imple-

mented to solve the ordinary differential equation, (6.81), we modify (6.82) to
W (&) =¢, (6.86)

where we let € = 1 x 107%. The conserved quantity is evaluated using the solution

obtained from NDSolve and the boundary value ¢}, is updated until the condition

1

Iy

v v

é’*
be*(f*)d(f*—D/Z < 0.0001, (6.87)
0

Vc+VTCe VT,

is satisfied.
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Because v # 0, we set the characteristic kinematic viscosity v¢ = v. In the analysis

that follows we let D = 0.1 and consider the cases for which v7,/v = 50, 150, 250, 500,

1000. In order to analyse the dependence of the mean velocity deficit on the strength

of the turbulence we let vy¢c/v = 250. As the constant /; can only be determined

from experimental observations, we set it equal to 1 for simplicity. We consider a

fixed point x = 1/2. In Table 6.1 values are given, for the boundary ¢}, of the integral
b

I= W(&ds, (6.88)
0

whose value must be close to D/2 from (6.87), and the maximum mean velocity
deficit w(1/2,0) which occurs at y = 0. In Figure 6.1, the mean velocity in the x-
direction v, (x, y) is plotted against ¢ at a fixed point x = 1/2. This is equivalent to

plotting v,(1/2, By*) against By*.

The computational results show that the constant factor ¢, in equation (6.60) for the
boundary is finite which gives a numerical proof that the wake is bounded in the

y-direction.

Ratio vr,/v ¢p I w(l/2,0)
50 0.7476 0.0500 0.1634
100 0.8632 0.0500 0.1381
250 1.0555 0.0500 0.1104
500 1.2365 0.0500 0.0930
1000 1.4544 0.0500 0.0784

TABLE 6.1: Values for the boundary of the wake ¢, the conserved quantity I and the
maximum velocity deficit w(1/2,0) for different values of the turbulence ratio v, /v.

From Table 6.1 and Figure 6.1 we see that as the ratio vr,/v increases the boundary
value ¢}, increases and the maximum mean velocity deficit decreases. The increase
in v7,/v means an increase in the eddy viscosity which causes an increase in the
diffusion of the mean flow. The increase in diffusion perpendicular to the axis of the
wake causes the width of the wake to increase and the maximum velocity deficit to

decrease.
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FIGURE 6.1: Velocity profiles for a two-dimensional classical wake with D =0.1, [} =
1, x=1/2 and vr¢/v = 250 for vr,/v = 50, 100, 250, 500, 1000.

6.3 Prandtl’s mixing length model

Even if the kinematic viscosity, v, is very small, setting v = 0 can lead to significant
errors in fluid mechanics, for example, when calculating the drag on a body. In this
section we will investigate putting v = 0 with Prandtl’s mixing length model for eddy

viscosity.

When v = 0 the dimensionless effective viscosity (6.30) reduces to the dimensionless
eddy viscosity

v
E(x,yy,) = _ﬁlz(mf”, 0=y <yp). (6.89)

We keep v¢ + vy as the characteristic effective viscosity for comparison with the
results for v # 0. The stream function satisfies the partial differential equation (6.2)

with E(x, v ,) given by (6.89):

Py vr, o 0 [(6%y)’
= Px=—||—] |, 0sy=< . 6.90
0x0y  Vc+vre ) oy (6}/2) Y= oix) (699
The elementary conserved vector is
VT 021[/ 2
T =y, T°=—"—| (—) : 6.91
v vervie 0y o9
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The first condition, (6.12), for a Lie point symmetry to be associated with the con-
served vector (6.91) gives again the Lie point symmetry (6.21) provided E(x, v ) sat-
isfies (6.19) and (6.20). Substituting (6.89) into (6.19) gives

62 2 0 2
YT 1204 0;2 Yyy+ % _y, (6.92)

2

ve+vr 0x
C c

which by separating by v, gives again
E=ay+b, (6.93)

where a and b are constants. Without loss of generality we again take a = 1. Substi-
tuting (6.89) for E(x,v,) and (6.93) for &2(y) into (6.20) gives

—— | —AWI(x)—+1 =——|(2—-—|1 , 6.94
VC+ - (x) (x) + (X) [y VC+VTC( Tx (X Wyy (6.94)

which is similar to (6.36) but with the important difference that the term proportional
to v on the right hand side of (6.36) is absent from (6.94). Unlike (6.36), equation
(6.94) does not give two equations, one for A(x) and one for /(x), when separated by
¥yy. Ityields only one equation which may be written as

dA 2 dl

— md_A(x) (6.95)

The mixing length is not determined by the invariance condition but remains arbi-
trary. This compares with v # 0 for which the mixing length is determined and given
by (6.40). From (6.95)

Alx) =

( f lz(a)da+c) (6.96)

where c is a constant. The Lie point symmetry (6.21) becomes

= (4fxl2(a)da+c)i+( +b)i+B(x)i (6.97)
"2\ ax Ty oy '

Using an argument similar to that in Section 6.2 we again obtain b =0, B(x) = 0 and

¢ =0. The Lie point symmetry (6.97) reduces to

2
lz(x)( f I“(a)da

which, in general, is not a scaling symmetry unless /(x) is in the form of a power law

i+ 9 (6.98)
ax  Yay’ '

in x.
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The kinematic viscosity, v, no matter how small, is never zero. We have seen that
when determining the mixing length, v cannot be neglected. The result obtained for
v #0, (6.40), does not depend on v. It can be used for the mixing length when v = 0.
After the mixing length has been found the kinematic viscosity can be set to zero to

obtain an approximate solution.

When v # 0 and the obstacle is slender we found in Section 6.2 that
I(x)=4LV2x. (6.99)

We will use (6.99) for the mixing length when v = 0. The Lie point symmetry (6.98)
becomes
0 0
X=2x—+y—. (6.100)

The invariant solution generated by (6.100) is

v(x,y)=G(), (6.101)
where
y
x,y)=—, (6.102)
Slx,y o

which is the same as for v # 0.

The partial differential equation (6.90) becomes

Vi pd (ﬁ)z _i(gd_G) (6.103)

ve+vre tdg |\ dg?) | dg\"dg) '

subject to the boundary conditions

ﬁ(ﬂf )=0 dz—G(+€ )=0 (6.104)

d€ b) =Y, dfz b) =Y, .

G

—(0) =0. 6.105
ez (0) ( )

Integrating once and using the second derivative boundary condition at ¢ = 0 in

(6.105) we obtain

VT 2 d_K)2 _
- Iz ( i =EK(9), (6.106)
where
K@) = a6 (6.107)

dé’



Chapter 6. Revised Prandtl model 103

Thus p L2
_I( _ _(VC+VTC) l(fK((f))l/Z, (6.108)
aé¢ VT, h

where the — sign is taken because in the upper half of the wake G” (¢) < 0 by (6.29).

We use the characteristic viscosity Ec = v¢ + V¢, which is the same for all turbulent
wakes, in order to investigate the effect of the strength of the turbulence on the wake.

We make the transformation
K=K'A, ¢&é=¢&°B, (6.109)

where A and B are given by equation (6.76). The ordinary differential equation (6.103)

becomes p
K* s on pan 172
=—|¢'K , 6.110
praai UR N CR) (6.110)
where L2
* vc+Vvrc Yy
¢ = : (6.111)
ve V2x
The boundary condition is
K*(,) =0, (6.112)

and the solution must satisfy the conserved quantity

1

i

vc

vc
Vec+Vre

E*
f "K*(@)da = D/2. (6.113)
0

VTO

The velocity components v,(x, y) and v,(x, y) are given by (6.84) and (6.85) with
W*(&*) replaced by K* (&™)

T, y) =1 ve | L e (6.114)

v, ) =1- 5 |——— _— , .

* Elve+vrel  vr v2x
_ 1 Ve v &
vy(x,Y)=—=|——|——K . 6.115
y( Y l% ve+vrel v, 2x € ( )

Unlike the differential equation (6.81) for v # 0, the differential equation (6.110) for
v =0 can be solved analytically. A separation of variables can be performed in (6.110)
and its solution subject to the boundary condition (6.112) is

K@) =2 (&0 -2622 Y%+, 0=¢m <. (6.116)

O |~
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For K* (&) to be finite (and therefore for v, (x, y) to be finite from (6.114)), {Z must
be finite. Thus the boundary of the wake, y = y;,(x), is finite. Substituting (6.116) into
the conserved quantity (6.113) gives

1/4 1/4

+ v
&=Vi| L 2R aop, (6.117)
C C
and therefore using (6.62) and (6.109),
Yp(X) VT, 1A 1/4

= = _ 10D) "™, 6.118
b Ner: Hyetvre (10D) ( )

Hence, the upper half of the wake is 0 < y < y;,(x) where

v 1/4
() =V ﬁ (10D)"*V2x. (6.119)
ctvrc

The x- component of the mean velocity on the axis of the wake where the velocity

deficit is a maximum is

_ _ 10D [ve+vre ]Vt 1
U,:(x,0)=1-w(x,00=1- . (6.120)
9\/E VT() V2Xx

We have used the mixing length derived for v # 0 and the approximate partial dif-
ferential equation for v = 0 to derive an approximate analytical result, (6.119), for the
half-width of the wake. This supports the conclusion from the numerical solution for
v # 0 that the classical wake with Prandtl’s mixing length model for eddy viscosity is
bounded in the y-direction. We see that as the strength of the turbulence vr,/v¢ in-
creases the half-width of the wake y;(x) increases and the maximum mean velocity
deficit decreases. These effects are due to the increase in the diffusion of the mean

flow due to an increase in the eddy viscosity.

6.4 Model comparison

In this section we compare the results obtained from Prandtl’s mixing length model

with v = 0 and the revised Prandtl mixing length model with v # 0.

In Figures 6.2 and 6.3, the mean velocity in the x-direction deduced from Prandtl’s
model with v = 0 is plotted against ¢ at x = 1/2 and compared with the results ob-

tained from the revised Prandtl model with v # 0. We use the parameter values
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FIGURE 6.2: Velocity profiles for a two-dimensional classical wake with D =0.1, [ =
1, x=1/2and vr¢/vc =250 for vr,/vc = 50.
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FIGURE 6.3: Velocity profiles for a two-dimensional classical wake with D = 0.1, [; =
1, x=1/2 and vrc/v = 250 for v7,/v = 100.

D=0.1, ly =1and vrc/ve =250 for vr,/vc = 50, 100. We choose the values 50 and
100 for the turbulence ratio vz, /v¢ because at lower Reynolds number flows the dif-
ferences between the two models are most noticeable. Tables 6.2 and 6.3 summarize

the important features.

In Figures 6.2 and 6.3 the greatest difference in the velocity profiles for the two mod-
- : vy

els occurs at y = 0 because on the axis v (x, y) has alocal maximum and By 0. The

eddy viscosity therefore vanishes and the difference between the effective viscosity

of the two models is greatest.

From Table 6.2 we conclude that the revised Prandtl model with v # 0 predicts a

boundary value ¢, that lies outside of the one predicted by Prandtl’s model with
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Ratio vr,/v Revised Prandtl: ¢, Prandtl: ¢;, Percentage increase
50 0.7476 0.6681 11.90

100 0.8632 0.7945 8.65

250 1.0555 0.9990 5.66

500 1.2365 1.1880 4.08

1000 1.4544 1.4128 2.94

TABLE 6.2: Values for the boundary of the wake ¢; computed from the revised
Prandtl model and compared with the results obtained from Prandtl’s model for dif-
ferent values of the turbulence ratio v7,/v¢. The percentage increase is shown.

Ratio vr,/v Revised Prandtl: w(1/2,0) Prandtl: w(1/2,0) Percentage decrease

50 0.1634 0.1663 1.74
100 0.1381 0.1399 1.29
250 0.1104 0.1112 0.72
500 0.0930 0.0935 0.53
1000 0.0784 0.0786 0.25

TABLE 6.3: Values for the maximum mean velocity deficit w(1/2,0) computed from

the revised Prandtl model and compared with the results obtained from Prandtl’s

model for different values of the turbulence ratio vy, /vc. The percentage decrease
is shown.

v = 0. A significant increase in the value of the boundary ¢} occurs for smaller ra-
tios of vy, /vc. As the ratio v, /vc increases the percentage difference between the
boundary values predicted by the two models decreases. Prandtl’'s model was specifi-
cally used for very large Reynolds number flows and is shown to be more accurate for
these values. However, for smaller Reynolds number flows, an obvious underestima-
tion of the boundary value is observed and thus Prandtl’s model should be replaced
by its revised version presented in this chapter. In Table 6.3 it is shown that the dif-
ferences in the mean velocity deficits of the two models is not as significant as the
differences between the boundary values. As the turbulence ratio v,/v¢ increases,
the differences between the boundary values and mean velocity deficits obtained

from the two models decreases.

The two models, Prandtl’s mixing length model with v = 0 and the revised Prandtl
mixing length model with v # 0, contribute to the analysis of the wake in different

but complimenting ways.
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When v # 0 a definite expression for the mixing length was derived from the Lie sym-
metry analysis. The result for the mixing length was independent of v and therefore
independent of the physical properties of the fluid. However, the ordinary differ-
ential equation for the stream function could not be solved analytically. It was not
possible to show analytically that the boundary of the wake is finite. By assuming
that the boundary is finite, the equation of the boundary, except for a proportional-
ity constant, was obtained from the conserved quantity. The solution of the ordinary
differential equation for the stream function and the proportionality constant were
obtained numerically. The boundary of the wake lies outside the boundary obtained

with v=0.

When v = 0, it was not possible to determine the mixing length. We choose for the
mixing length the expression for v # 0 because the kinematic viscosity, although it
may be small, is never zero in a real fluid. This agrees with Prandtl’s assumption that
the mixing length is proportional to the half-width of the wake. The ordinary differ-
ential equation for the stream function was solved analytically. It was also proved
analytically that the boundary of the wake is finite and the proportionality constant
in the equation of the wake boundary was obtained analytically. The boundary of the
wake is underestimated. Prandtl’s mixing length model is obtained from the revised
model presented in Section 6.2 in the limiting case where the kinematic viscosity is
set to zero. It is for this reason that Prandtl’s model underestimates the width of the

wake.

6.5 Conclusions

Even although the kinematic viscosity, v, is small compared with the eddy viscos-
ity it played an essential part in the modelling process of the turbulent wake. The
kinematic viscosity cannot be neglected in the Lie symmetry analysis of the partial
differential equation for the stream function because when v = 0 Prandtl’s mixing
length cannot be determined. The ordinary differential equation obtained for v # 0
could not be solved analytically, but once the mixing length had been found we could
set v = 0 to obtain an approximate analytical solution. This analytical solution was
useful because it showed that the width of the wake is finite which was a guide for

the numerical solution when v # 0.
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Prandtl [2] neglected the kinematic viscosity compared with the eddy viscosity and
therefore had to make an assumption about the mixing length. He assumed that the
mixing length was proportional to the half-width of the wake which agrees with the

mixing length obtained from the Lie symmetry analysis with v # 0.

The finite boundary of the turbulent classical wake was a significant prediction of
Prandtl’s mixing length model of the wake. However, by neglecting the kinematic
viscosity the half-width of the wake was underestimated. The boundary of the wake
with v # 0 lies outside the one predicted by Prandtl. This improvement was achieved

without going to a second approximation as was done by Swain [10].



Chapter 7

Mathematical relationship between
the different types of two-dimensional

turbulent wakes

In this chapter we consider the classical wake, the combination wake and the wake of
a self-propelled body. We present the solution to each problem in terms of the stream
function and derive the relationship between them. In Chapters 4 and 5 the Lie point
symmetry associated with the conserved vector was used to derive the invariant so-
lution for the classical wake with E = E(x, y) and the wake of a self-propelled body
with E = E(x). In the sections that follow, since E must be independent of y in order
to generate the conserved quantities for the wake of a self-propelled body and the
combination wake, we only consider E = E(x) for the classical wake in order to com-
pare the solutions obtained for the three problems. We will use the stream function

formulation.

This chapter is outlined as follows: in Section 7.1 the invariant solution correspond-
ing to the conserved vector for the combination wake is derived. In Section 7.2 the
results for the classical wake, the combination wake and the wake of a self-propelled
body are summarised. In Section 7.3, the mathematical relationship between the
three different wakes is investigated. Conclusions for this chapter are given in Sec-

tion 7.4.

109
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7.1 Combination wake

The combination wake provides the link between the solutions of the classical wake
and the wake of a self-propelled body with E = E(x). The same techniques and rea-
soning provided in the chapters on the classical wake and the wake of a self-propelled
body are used in order to obtain the arbitrary constants in the Lie point symmetry for
the combination wake. For example, we assume that the effective width of the com-
bination wake also tends to zero as x approaches zero. Since the solution to this
problem has not been derived, we include the calculations and a plot of the typical

mean velocity profile in this section.

Recall that the conserved vector T = (T}, T?) is invariant under the action of the Lie

point symmetry

X =& (x )3+62(x )3+ (x )i (7.1)
- ;y,T,U ax ,J/;U/ ay T] )y)w 61//’ .
provided [30, 31]
X(TH+T'Dp(E% - T*Dr¢H =0, i=1,2 (7.2)

where X is prolongated to as high an order in the derivatives as required. Equation

(7.2) consists of two components, namely,
X(TH+ T'Dy(E%) - T*Dy(¢Y) =0, (7.3)

X(TH +T?°Dy (") - T'Dy (&%) = 0. (7.4)

The components of the conserved vector T = (TY, T?) were calculated in Chapter 3.

In terms of the stream function they are given by (3.81),
T'=yy,, T?=-yE@Xyyy+EX)y,. (7.5)

The second prolongation of X, denoted by X%, is given as

X¥ =X+, 0 +C22 0
oy

) (7.6)
y Oy yy

where [65]
{2 =Do(n) — D2 (&5), (7.7)
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{22 =D2({2) — W2k D2 (E5). (7.8)
From (7.7) the expansion of {5 is
on 0 aél a¢! 02 0¢?
Cy= on 771/] x(i_,_i y)_ y(i.,.i (7.9)
6y oy oy oOvw oy oy
The first invariance condition (7.3) yields
é’z + 617 (6_51 + 6_51 )
Yy J’ay J’aw‘ﬂy Y¥x 3y aw‘l’y
o boog!
+(E@)ywyy— EX)yy) ——yy|= (7.10)
J/ oy
The coefficients of ¥y, and v, are set to zero giving
&= B(x). (7.11)
Equation (7.10) becomes
on
2
= 7.12
Yyt Yoyt yawwy (7.12)
Separating by the partial derivative ¥ in equation (7.12) yields
on
D Etry—=0, 7.13
Yy &+ yaw (7.13)
0
remainder : a—n =0. (7.14)
Therefore, from the first invariance condition, we have
1 2 on
{ =B, ¢ =—y%(x,u/), n=nx,v). (7.15)

Since there is only one term in the second invariance condition (7.4) which contains

¥y, We can set its coefficient to zero giving

o _
oy

(7.16)
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From equations (7.13) and (7.16) we obtain
Ex,y) =yax), nxy) =-a(xy+bx). (7.17)

The expressions (7.7) and (7.8) for {» and {», reduce to

(2=-2a(X)yy, (22=-3a(x)yyy. (7.18)

The second invariance condition (7.4) becomes

ZyE(x)a(x)wyy—2E(x)a(x)wy yB(x) Wyy B(x) wy+

dB ,da
T E@ Yy +yy) =y oy =0, (7.19)

Setting the coefficients of v, and v, to zero gives, respectively,

. 2awEW + L +BwE =0 (7.20)
Vyy: dx dx '

: —2a(x)E(x)+d—BE(x)+B(x)—E— Zda =0 (7.21)
Yy dx dx Y dx '

From equations (7.20) and (7.21) we obtain

alx) =a, (7.22)
dB+ 1 dE B(x)=2 (7.23)
—+———B(x ai, .
dx  E(x) dx !
where a; is a constant.
We therefore have
&'=B(), &€ =my n=-ay+bx), (7.24)

subject to (7.23) and b(x) is an arbitrary function. Equation (7.23) is the same as
equations (4.28) and (5.39) obtained for the classical wake and the wake of a self-
propelled body with E = E(x). The solution of (7.23) is

B(x)= —

00 (7.25)

X
d2+2d1f E(@)da|,
0
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where a, = E(0)B(0) is a constant. The Lie point symmetry X associated with the

conserved vector is

1

E(x)

X
a +2a1f E(a)da
0

0+a 6+( a +b(x))6 (7.26)
For the general case with a; # 0, without loss of generality we let a; = 1. The Lie point

symmetry X reduces to

T Ex)

X
a2+2f E(a)da
0

9 9 cyrban L (7.27)
ox Yoy TV oy’ '

We now calculate the invariant solution generated by the Lie point symmetry (7.27).
For E = E(x), v = ¥(x, y) is an invariant solution of the PDE (2.35) generated by the
Lie point symmetry (7.27) provided

Xy =¥ )|,—y =0, (7.28)
that is, provided ¥ (x, y) satisfies the first order PDE

1 X oY ov
—(a2+2f E(a)da)—+y— =-¥+ b(x). (7.29)
X 0 0x oy

The differential equations of the characteristic curves of (7.29) are given by

E(x)dx dy avy
. == (7.30)
a+2 [y E@da 'y bx)-V¥
Solving the first pair of terms and first and last terms gives, respectively,
y
=0, 7.31
(@ +2 [FE@da)2 (73D
X 1/2
Y a +2f E(a)da) - G((x) =y, (7.32)
0
where c; and ¢, are constants and
o E(a)b(a)
G(x) :f - 7 da. (7.33)
0 [ax+2 [y E(B)dp]

The general solution of (7.29) is
¢ = F(cy), (7.34)
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where F is an arbitrary function. Since ¥ = ¥ we have that the solution is given by

yx,y) = F&) +Glx) (7.35)
, (a2 +2 [ E(@)da)"’

where the similarity variable is defined by

&= y (7.36)

(a2 +2 [ E@da)"

We use the following reasoning to determine b(x). Integrating the boundary condi-

tion
— oy
vy(x,0)= —(x,0) =0, (7.37)
0x
with respect to x gives
Y (x,0) = ki, (7.38)

where k; is a constant independent of x. We specify the arbitrary additive constant

k in the stream function by choosing

w(x,0)=0. (7.39)
Then from (7.35),
F0O)+Gx) =0. (7.40)
Hence,
dG
E =0, (7.41)
and therefore from (7.33)
E@b) =0 (7.42)
(a2+2f0xE(a)da)l/2 ' '

Because E(x) # 0, we have b(x) = 0 and since G(x) = 0 it follows from (7.40) that

F(0)=0. (7.43)

The Lie point symmetry (7.27) becomes

0 o d
—ty——y— (7.44)
dy

1
=) ox oy’

X
a2+2f Ela)da
0
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and v (x, y) reduces to
vx,y) = Fe) (7.45)
T (@+2ffE@da)'

where ¢ is given by equation (7.36).
Substituting (7.45) and (7.36) into the PDE (2.35) results in the ODE

E_{_ ﬁ'FZE_O (746)
dé v de2  Tde :

Also,
wx,y) = alj = ! E (7.47)
=9y T laz+ 2 E@yda] d¢’ '
0 =Y - 1 ar (7.48)
0 E dF
iy = 2 = : S [F(é) | (7.49)
0x  [ap+2 [ E(@da] dg
The boundary conditions are
dF
w(x,00)=0: —=(x00) =0, (7.50)
dg
OW (. +00) =0 ﬁu )=0 (7.51)
3y X,+00) =0: e +o0) =0, .
v(x,00=0: F(@0)=0, (7.52)

where we have used the reasoning that the mean velocity deficit is finite giving that
F'(0) must be finite. We have seen that the boundary condition F(0) = 0 can also
be obtained from the definition of the stream function. We have not included the
boundary condition F”(0) = 0 because this condition applies to wakes that are sym-
metric about the x— axis and this wake is asymmetric about the x— axis. We will see

later that a property of this solution is F'(0) = 0.
In order to solve ODE (7.46) we multiply through by ¢ and group terms as follows:

i(ﬁﬂcZﬁ)_ﬁ—o (7.53)
dé\” de? dé] de :

Integrating with respect to ¢ and using the boundary conditions in (7.50) and (7.51)

we obtain
d°F | 24F ar _, 7.5
dé? dé  dé ’
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When imposing the boundary conditions in (7.50) and (7.51) we assumed the stronger

conditions 7 4
F F
fd—éz—>0and€2d—f—>0as€—>ioo. (7.55)

Equation (7.54) is a first order ODE in F’. The solution is

dF
— =méexp

52
T ——] , (7.56)

2

where the constant m is determined from the conserved quantity (3.112) which in

terms of the new variables F and ¢ is given by

d¢=S. (7.57)

[e’e) ) 2
m Cexp|——
f_oo P72

Solving for m using elementary properties of the gamma function, we obtain

-2 7.58
m N (7.58)
giving
AF S rex [_‘3_2] (7.59)
a = van Pz '
The solution for F(¢) is ,
S
F(f) = \/T_n(l—exp —? ), (760)

where the arbitrary constant of integration is calculated from the boundary condi-
tion F(0) = 0. We see from (7.59) that the condition F’(0) = 0 is satisfied. In order
to obtain (7.54) we could have used the boundary condition F'(0) = 0 to calculate a
value of zero for the constant of integration on the right-hand-side of the equation.
However, we were not initially aware that the condition F’(0) = 0 might be physically

plausible.

We now determine the constant a,. The effective half-width of the wake, H(x), is
defined to be the value of y for which the argument of the exponential in (7.59) is
—1. The same definition was used for the classical wake and wake of a self-propelled
body. We have

x 1/2
H(x)=V?2 (ag +2 f E(a)da) . (7.61)
0

We use the reasoning that the effective half-width of the wake tends to zero as x — 0.
We assume that f; E(a)da — 0 as x — 0. Then H(x) — 0 as x — 0 provided a, = 0.
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Thus . 12
H(x)=2 (f E(oc)da) , (7.62)
0

and the similarity variable £ becomes

y
(2 )y E(@da

(7.63)

S(x,y) = i

which is the same expression as found for the classical wake and wake of a self-

propelled body.

The Lie point symmetry associated with the conserved vector is

X=—— 2fxE(a)da i+ i— i (7.64)
CE® | Jo 0x yay oy’ '
and the solution for ¥ (x, y) is
vix,y) = S 1-exp (—i)] (7.65)
7 2va(ff E@da)'"? 2]l '

In Figure 7.1, the typical mean velocity profile of the combination wake is shown.
The velocity deficit is positive for y > 0 and negative for y < 0. The velocity deficit is

zero at y =0.

FIGURE 7.1: Two-dimensional combination wake behind a slender symmetric body.
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7.2 Comparison of the solutions

In this section we briefly review each type of wake. We use alternative notation to that
of Chapters 4 and 5 in order to distinguish between each solution. We will define the
solutions to the ODEs obtained from the first reduction as follows: for the classical
wake we denote the solution by F, for the combination wake the solution is denoted

by G and the wake of a self-propelled body is given by P.

7.2.1 Classical wake

The Lie point symmetry X associated with the elementary conserved vector for the

turbulent classical wake with E = E(x) is given by

X ! [foE( )d 0 + g (7.66)
= —— ada| —+y—. .
E(x) 0 0x y@ y
The stream function v is
y(x,y) =F(), (7.67)
where
Y
= , (7.68)
(2 X E(@)da)'"?
and the function F({) satisfies the ODE
A8 (dF dE (7.69)
aéed v der  dg '
subject to the boundary conditions
dF(+ )=0 dZF(+ ) =0 (7.70)
df ro0) = U, d§2 To0) =L, .
F0)=0 dZF(O) =0 (7.71)
- ) dé‘z - ) .
and the conserved quantity
~ 4k dé=D (7.72)
oo dE T '
When equation (7.69) is integrated with respect to £ we obtain
d*F _dF
—+é— =0, (7.73)

dez v dé
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where c; is an arbitrary constant of integration. In order to obtain the value ¢; =0 we
can use the second derivative boundary condition at { = 0 in (7.71) or the conditions
at ¢ = oo in (7.70). The solution, therefore, to ODE (7.69) is completely specified by
the conditions

dF d*F

d_f( oo) =0, d—éz(+00) (7.74)

F(0)=0, (7.75)

and the conserved quantity (7.72). It was discussed earlier in Chapter 4 that the
boundary conditions are not independent of one another. The solution to (7.69) sub-

ject to the boundary conditions (7.74), (7.75) and the conserved quantity (7.72) is

*2

F() =

exp ] dac*. (7.76)

i

7.2.2 Combination wake

The Lie point symmetry X¢ associated with the conserved vector for the turbulent

combination wake with E = E(x) is given by

X [fE(a)da —+ L (7.77)
“TEw Yoy Yoy '
The stream function v satisfies
G
y(x,y)=—70 © T2 (7.78)
(2 /5 E(@da)

where ¢ is given by equation (7.68) and the function G(¢) is the solution of the ODE

d’G _d*G _dG

—= t{——= +2— =0, 7.79
ac "tz Tac .79
subject to the boundary conditions
dG( ) = dZG( ) = (7.80)
—(£00 — (o0 .
ds dé?
G0)=0 d—G(O) =0 (7.81)
- ) dé‘ - ) .
and the conserved quantity
° dG
—d¢=S. 7.82
| oS- (7.82
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Integrating (7.79) once with respect to ¢ gives

d*G . ,dG dG 7.83)
R — - — =, .
g " dg dg
where ¢ is an arbitrary constant of integration. In order to obtain ¢; = 0 we can use
the first derivative boundary condition at ¢ = 0 in (7.81) or the conditions at { = +oo

in (7.80). The solution to ODE (7.79) is completely specified by the conditions

§(+ )=0 @H )=0 (7.84)
T +o0) =0, dfz +o0) =0, .
G(0) =0, (7.85)

and the conserved quantity (7.82).
The solution to (7.79) subject to the boundary conditions (7.84), (7.85) and the con-
served quantity (7.82) is

2
GE) = —— (1 —exp —%]) (7.86)

V2w

7.2.3 Wake of a self-propelled body

For the wake of a self-propelled body the Lie point symmetry Xp associated with the

conserved vector for E = E(x) is

X —foE( )d]a+ 9 2 9 (7.87)
= a)ax| — - - ~ . .
PTE@ 1T 0x y@y Wau/
The invariant solution is
v(x,y) = Lé) (7.88)
2 [fE@da’ '
where ¢ is given by (7.68) and P(¢) must satisfy the ODE
d3P+ d2P+3dP_0 (7.89)
ded v adge  Tdé '
subject to the boundary conditions
dpP d’p
—(+00) =0, ——(+00)=0, (7.90)

d¢ dé?
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P0)=0 dZ—P(O) =0 (7.91)
’ dé.z ’
and the conserved quantity
f ” ézd—Pdé =K. (7.92)
—oo  d§

Integrating (7.89) once with respect to ¢ gives by (5.58)

d?p

dp
dé?

e =c, (7.93)

(1-&) = +¢(3-&7)
where c) is an arbitrary constant of integration. In order to obtain the value ¢c; = 0 we
can use the second boundary condition at { =0 in (7.91) or the conditions at { = +oo

in (7.90). The solution is derived completely using the boundary conditions

£(+ )=0 dz—P(+ )=0 (7.94)
< +o0) =0, dEz +o00) =0, .
P(0) =0, (7.95)

and the conserved quantity (7.92). Equation (7.93) is independent of P({) which is

required to be able to use the boundary conditions at ¢ = too.
The solution to (7.89) subject to (7.94), (7.95) and (7.92) is

K

P =—
O=- =

62
_E} . (7.96)

cexp

From the discussion above, the boundary condition ¥ (x,0) = 0 is needed to obtain
the solution for the stream function ¥(x, y). It is not required to obtain the velocity
deficit. For each wake, the condition v (x, 0) = 0 was used. The condition that the ve-
locity deficit is an extremum on the axis of the wake was used for the classical wake
to obtain one of the arbitrary constants in the Lie point symmetry. We did not know
whether any condition at y = 0 on the velocity deficit was satisfied for the combina-
tion wake. However, once the solution for the combination wake is obtained, it can
be easily verified that the x-component of the velocity deficit is zero on the axis of
the wake. The same reasoning can be applied to the wake of a self-propelled body.
Once the solution to the problem of the wake behind a self-propelled body has been
derived, it is easily shown that the velocity deficit is a maximum on the axis of the

wake.

The classical wake appears to be the base problem to which the other two are linked.
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We note that the solution for the combination wake is linearly proportional to the
first derivative with respect to y of the classical wake solution. The solution for the
wake of a self-propelled body is proportional to the second derivative with respect to
y of the solution for the classical wake. We explore this relationship in detail in the

next section.

7.3 Mathematical relationship between the solutions

In this section we show that the solutions for the combination wake and the wake
of a self-propelled body can be generated directly from the solution for the classical
wake with E = E(x). Once the three conservation laws have been found, it is then

assumed that two other wakes, besides the classical wake, exist.

Recall that the PDE and boundary conditions for the infinite classical wake with E =

E(x) are ) )
oy o0’y
=Ex)—, 7.97
0x0y ) ay3 (7.97)
subject to
oy
_(x) iOO) = 0) (798)
oy
o’y
a_yz (x; ioo) = 0) (7'99)
%y
a_yZ(x’ 0)=0, (7.100)
0
—w(x, 0)=0. (7.101)
0x
In terms of the stream function the conserved quantity for the turbulent classical
wake is 3
f Y (x,ydy=D. (7.102)
oo Gy
The stream function is
(x,y) = F( )=—f exp | — ] 5 (7.103)
vix,y 5 Jo 1
where
= Y (7.104)

(2 fFE@da)'*
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and we imposed the additional condition

v(x,0)=F(0)=0. (7.105)

Equation (7.97) admits two other conserved quantities. We denote the solutions that
satisfy these conserved quantities by p(x, y) and ¢(x, y). We then have that p and ¢
satisfy equation (7.97) and the boundary conditions (7.98), (7.99) and (7.101). At this
stage we do not know if p and ¢ satisty (7.100). In addition, we have

© dp
—dy=S, 7.106
_ooydy y ( )
2
—dy=K. 7.107
f_ooy 3y y ( )

For each wake problem we will assume that the similarity variable ¢ is the same. The
arbitrary constant in ¢ was calculated to be zero in Chapters 4 and 5 for the classical
wake and the wake of a self-propelled body by assuming that the effective width of
the wake tends to zero as x — 0. In Section 7.1 we assumed that the effective width of
the combination wake tends to zero as x — 0. By using the same ¢, we are imposing

the condition that for each wake the effective width tends to zero as x — 0.

The effective viscosity E must be independent of y in order to calculate the conserved
quantities for the combination wake and the wake of a self-propelled body. Since
E = E(x) and (7.97) and the boundary conditions are linear, if ¥ is a solution then the

n — th partial derivatives of ¢ with respect to y, namely,

n

Ynlx,y) = 9 n=1, (7.108)

ayn’

are also solutions. It is precisely this fact that allows us to determine the solutions for
the combination wake and the wake of a self-propelled body from the solution for

the classical wake.

In terms of the similarity variable ¢ and the function F(¢) given in (7.103), the solu-

tions v, are
F &)

(ZfoxE(a)da)”/Z'

Yn(x,y) = (7.109)

For n =0 equation (7.109) reduces to the solution for the classical wake.
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The conserved quantities must be invariant in terms of the new variables F(¢) and
¢. The conserved quantities are related to the first derivative of the stream function

with respect to y which, for v, is

o F(n+1)
Vn _ (é)(n+1)/2 , (7.110)
0y  (2ffE(@da)
The conserved quantities can be expressed as
oo 0 00 F(n+1)( )
f yo¥n dy:f y— ¢ —dg, (7.111)
~c0” 0y —o (2 [y E(@)da)

where a =0, 1, 2. The function y“ is the multiplier for the problem of interest. We
have shown that a can take the values 0, 1, 2. In order to express equation (7.111) in

terms of the variable ¢ only, we must have

a

Y m

—EM om0, (7.112)
2 [ E(@da)"”

We want to find the values of n that generate the required conserved quantities. For
a =0, n =0 = m which corresponds to the problem of the classical wake. For a =1,

n =1 giving m = 1. The conserved quantity becomes

(e 0] a (e 0]
f yalyldy=f EF'(©dE =S, (7.113)

where S* is not necessarily equal to S, but is is proportional to S. For a = 2, we must

have that n = 2 giving m = 2. The conserved quantity becomes

f J’Z(Z—ufdy:]: EF"(&)dE = K, (7.114)

—00

where K* is proportional to K. Using F(¢) defined in (7.103) we have
S*=-D, (7.115)

K* =2D. (7.116)

If we consider a constant multiple of the functions ¥, and v, such as a;v¥; and

B1y2, we can set
S
ay = 5 (7.117)
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K

pr=15r (7.118)

which gives the required conserved quantities

f oV dy S, (7.119)

al,Ug
o5 f 5, =K (7.120)

The function F(¢) defined in (7.103) has some very interesting properties:

FM(100)=0, n=1, (7.121)
F(0)=0, neven, (7.122)
1
FM(0) = ——(—1)Fleorn2l(y _2y(n—4)(n-6)...1, nodd, (7.123)
V2n
where the function Floor is defined as follows:
n n
Floor [—] = —, neven, (7.124)
2 2
n n—1
Floor [—] =——, nodd. (7.125)
2 2
From (7.121) we have
02 0
Vn (x,+00) =0, Vn (x,+00) =0, (7.126)
ay> y

and therefore the boundary conditions (7.98) and (7.99) are satisfied for all ,,. Now,

0 E(x)
T gy =~ (PO +nFP @), (7127)
0x (2 [y E(@)da)
which from (7.121) gives
oy, 3
(x,+00) = 0. (7.128)
0x
From (7.122) we also have that
Py
2” (x,0) =0, neven, (7.129)
and
oy,
(x,00=0, neven. (7.130)

0x
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Thus, for each function v, we have that v, satisfies the PDE (7.97) and the boundary
conditions (7.98) and (7.99). For n even, the conditions in (7.100) and (7.101) are
also satisfied. Because the PDE in (7.97) is linear and the boundary conditions are
homogeneous, any constant multiple of v, will also satisfy the PDE and boundary
conditions (7.98) and (7.99) and if n is even the conditions (7.100) and (7.101) will

also be satisfied.

Consider the function a;v%; where a; is defined in (7.117). It satisfies the partial
differential equation (7.97) and the boundary conditions (7.98), (7.99) as well as the
conserved quantity (7.119). However, it does not satisfy (7.100) and (7.101) because

nisoddin (7.127). We therefore consider the stream function

( )——é (x,y) + ()——ﬁa—w+ (x) (7.131)
plx,y) = lex,y as(x) = Dy as(x), .

and choose a»(x) so that p(x, y) satisfies (7.101). The addition of a,(x) to v (x,y)
does not alter the properties of v (x, y) because a(x) is a function of x only. The
stream function p(x, y) satisfies (7.101) provided p(x,0) is a constant independent of
x. The line y = 0is a streamline and a stream function is constant along a streamline.

By using (7.103) for y(x, y), (7.131) becomes

S 1
p(x,y)=- e G Eada exp[—&%/2] + as(x). (7.132)
0
We choose p(x,0) =0. Thus
az(x) = S ! (7.133)
2T Vo @ [FE@da)?’ '
0
and therefore,
(x,y) = S L (l—ex ——2 ) (7.134)
POV = on @ [T E(@)da)'’? P ’ '

which corresponds to the solution given by (7.65) for the combination wake.

We now consider the function ;¥ where f; is defined in (7.118). It also satisfies the
partial differential equation (7.97) and the boundary conditions (7.98), (7.99), (7.100)
and (7.101) as well as the conserved quantity in (7.120). Unlike v, it satisfies (7.100)
and (7.101) because n is even in (7.127). Thus ¥ (x,0) is constant along the stream-
line y = 0 and takes the value ¥, (x,0) = 0. We let

K 0%y

K
gb(x, y) = sz = Ea—yz (7.135)
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Using (7.103) for w(x, y), we obtain

d(x,y) = E—F”(f) (7.136)
=D @ [TE@da) '
and is equivalent to
ox,y)=— K ! ¢ex [—fl (7.137)
S 2v27 (2 J§ E(@)da) P72 ) '

which is the same as the solution found in Chapter 5 for the turbulent wake of a self-
propelled body with E = E(x).

We have shown that it is possible to generate the solution for the combination wake
and the wake of a self-propelled body from the solution to the classical wake with
E = E(x).

When obtaining the constants of integration in the solution of the ordinary differen-
tial equations for F(¢), G(¢) and P(¢) and also when deriving the conserved quanti-
ties, stronger boundary conditions than (7.98)and (7.99) are required. These stronger
boundary conditions are of the form

dF d’F

¢ — =0, ¢"—— =0, (7.138)

dé {=+00 d€2 {==+00
where m and n are positive integers. Since the solutions derived for F(¢), G(¢) and
P(¢) all tend to zero exponentially like exp [—£2/2] as ¢ — +oo it is readily verified that

the stronger boundary conditions are indeed satisfied by the solutions derived.

7.4 Conclusions

Three conservation laws for the partial differential equation for the two-dimensional
turbulent wake equation with E = E(x) were obtained. In order to generate two of the
conservation laws, the eddy viscosity had to be independent of the variable y. Two of
the conservation laws belong to the classical wake and the wake of a self-propelled
body. The other law appears to be a new wake problem, which we called the combi-
nation wake. Lie symmetry methods were applied to the combination wake in order
to obtain the invariant solution. It is not clear as to the physical significance of the

combination wake. This wake is asymmetric about the x- axis and has a zero mean



Chapter 7. Relationship between the different types of two-dimensional wakes 128

velocity deficit on the axis of the wake. Although the physical importance of this
problem has yet to be established, the mathematical significance was immediately
clear. The combination wake was found to be the link between the classical wake
and the wake of a self-propelled body. If we differentiate the solution for the classical
wake with respect to y, we discover that the combination wake solution is the sum of
a term proportional to this derivative and a function of x. Furthermore, the deriva-
tive with respect to y for the solution to the combination wake is proportional to the

solution for the wake of a self-propelled body.

This discovery initiated the task of determining whether the solutions for the com-
bination wake and the wake of a self-propelled body can be directly obtained from
the solution for the classical wake. We had to assume that the similarity variable is
the same for each problem which meant that the effective width of each wake had
to tend to zero as x approached zero. When E = E(x) all y derivatives of the stream
function are also solutions to the equation. By enforcing the condition that the con-
served quantities must remain invariant under the change of variables that was used
for the classical wake in order to reduce the PDE to an ODE, it was found that the
first two y derivatives of the stream function satisfied the other two conserved quan-
tities. It was subsequently shown that the solutions for the combination wake and
the wake of a self-propelled body could indeed be generated directly from the clas-
sical wake solution without needing to calculate the Lie point symmetry associated

with the conserved vectors.

Further work will be conducted in this area. A systematic method needs to be devel-
oped in order to explain in detail the mathematical connection between the solutions
to problems with homogeneous boundary conditions that require a conservation law
to complete their solution. Possible links between the solutions for jet flow problems

will be investigated.



Chapter 8
Conclusions

The governing equations for the two-dimensional turbulent wake in terms of the
mean velocity components were derived by applying the boundary layer approxi-
mation to the Reynolds averaged equations. The system of equations was completed
by using the eddy viscosity and Prandtl mixing length closure models. The equations
were expressed in terms of the y-component of the mean velocity, 7y, and the mean
velocity deficit in the x-direction, w. In addition, it was assumed that we were suf-
ficiently far downstream of the obstruction allowing for products and powers of v,,
and w to be neglected. A stream function was introduced which reduced the system
of equations from two to one equation. We consider an eddy viscosity E which de-
pends on the distance along the wake, x, the perpendiclﬂar distance from the axis
of the wake, y, and the mean velocity deficit gradient, g—?j We first studied an eddy
viscosity as a function of the spacial variables x and y only. This particular form of
the eddy viscosity predicts an infinite wake boundary. For E = E(x, y), the resulting
diffusion equation, which was written in terms of a stream function, applied to both
the turbulent classical wake and the turbulent wake of a self-propelled body. The
turbulent classical wake and the turbulent wake of a self-propelled body were shown
to have identical boundary conditions at y = 0 and at y = +co. The boundary condi-

tions are homogeneous and thus a conserved quantity is required. The two problems

0
differ in the conserved quantity that they satisfy. An eddy viscosity E = E (x, 6_w) can
y

be used to generate the form of the Reynolds stresses required for Prandtl’s model

ow

and the revised version of it. For E = E (x, a—), the boundary conditions at y = 0 do
Yy

not differ from the case where E = E(x, y). However, since a finite wake boundary is

predicted for this model, the mainstream matching conditions were imposed at the
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boundary of the wake at y = +y;,(x) and not at y = +co. In order to obtain the con-
served quantity for the wake of a self-propelled body, we had to assume that E = E(x)
only. Therefore, models that predict finite wake boundaries can only be applied to

the classical wake problem.

In Chapter 3 we calculated the conservation laws of the turbulent wake equation in
terms of the velocity components and the stream function. The elementary con-
served vector which was obtained directly from the governing equations generated

the conserved quantity, namely, the drag force, for the classical wake with E =

E (x, 2 ?3_1;,)) In order to generate the conserved quantity for the turbulent wake of a
self-propelled body as derived by Birkhoff and Zorantello [5], we had to neglect the
y-dependence of the eddy viscosity and simply let E = E(x). The multiplier method
was used to calculate the conserved vectors for the two-dimensional turbulent wake
equation with E = E(x). The governing equations expressed in terms of the velocity
components and the stream function were considered. Three physically significant
conservation laws were found. Two of the conservation laws belonged to the clas-
sical wake and the wake of a self-propelled body. The third one, did not pertain to
any known conservation law. As a result, another type of wake, which we called the

combination wake, was discovered.

In Chapters 4 and 5, the turbulent classical wake with E = E(x, y) and the turbulent
wake of a self-propelled body with E = E(x) were investigated further. Lie symmetry
methods were used in order to generate the invariant solution associated with the
conserved vector for each problem. Two invariance conditions had to be satisfied by
each Lie point symmetry associated with a conserved vector. These conditions de-
pended on only the first and second prolongations of the symmetry. This method is
easier than working with one large invariance condition for the full group of Lie point
symmetries of the partial differential equation which depends on prolongations up
to third order.

Previous studies of these problems considered similarity solutions that can be ob-
tained by neglecting the kinematic viscosity. Since we do not neglect the kinematic
viscosity, Lie symmetry methods were required for this study in order to produce an-
alytical solutions that were not similarity solutions. A modified version of Prandtl’s
hypothesis was also considered for both wake problems. The modified version stated
that the eddy viscosity is constant across the boundary layer and proportional to the
product of the maximum mean velocity deficit and the width of the layer and was

applied to both types of wakes. Mean velocity profiles were plotted for each type of
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wake. It was concluded that the role of the eddy viscosity was to increase the diffu-

sion of vorticity across the wake hence increasing the effective width of the wake.

In Chapter 6 an eddy viscosity of the form E = E (x, a—w) was considered which pro-
duced the correct form of the Reynolds stresses as predicted by Prandtl’s mixing
length model. This model predicts a finite wake boundary. A revised Prandtl mixing
length model was developed. Unlike with Prandtl’s model, the kinematic viscosity
was included in the revised model. The elementary conserved vector was used to
generate the invariant solution for the problem. In Prandtl’s mixing length theory
there is only one length scale, namely, the mixing length. We considered a mixing
length /(x) as an arbitrary function of x. We then determined the forms that /(x) must
satisfy for an invariant solution to exist. The Lie point symmetry with the kinematic
viscosity included is a scaling symmetry. If the kinematic viscosity is neglected, Lie
symmetry methods showed that other analytical solutions that are not simply sim-
ilarity solutions can also be obtained. Inclusion of the kinematic viscosity lead to

better predictions of the behaviour of the wake.

In Chapter 7, we revisited the combination wake problem. Lie symmetry methods
were used to determine the invariant solution. With E = E(x) the governing equa-
tion reduced to a linear PDE when expressed in terms of the stream function. It was
due to this equation now being linear that we could determine the solutions for the
combination wake and the wake of a self-propelled body directly from the solution
for the classical wake. Once we assumed that the similarity variable is the same for
each wake problem, it was not difficult to produce a simple method of obtaining the
solutions for the combination wake and the wake of a self-propelled body from the

classical wake solution.

This research showed that Lie symmetry methods can be used as a means to further
our understanding of the problem of the two-dimensional turbulent wake described
by eddy viscosity. Not only were these methods used to produce the invariant solu-
tions, but they also lead to the discovery of the combination wake. The relationship
between mathematical modelling and symmetry methods is of great importance.
Physical arguments such as defining an effective width of a wake, were used to de-
termine the arbitrary constants in the Lie point symmetry. This proved that when
using Lie symmetry methods one should never lose sight of the physics of the prob-
lem. From a modelling perspective, the importance of including the kinematic vis-
cosity could not be overstated. The kinematic viscosity determined the equation of

the boundary of the wake. Even although the kinematic viscosity is much less than
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the eddy viscosity it could not be neglected. If it is neglected an additional assump-
tion is required to obtain the equation of the wake boundary [2, 10, 62]. Once the
wake boundary has been found the kinematic viscosity can be neglected although
it does lead to a small difference in the predictions. In the literature, the classical
wake and the wake of a self-propelled body are treated separately. The application of
the multiplier method to derive the conservation laws allowed the classical wake, the
combination wake and the wake of a self-propelled body to be analysed together and
the three conservation laws to be obtained in one calculation. This demonstrated
the relationship between the wakes and provided unification of the theory of two-
dimensional wakes. Lie symmetry methods were required in order to calculate an
analytical solution when the kinematic viscosity was included. The mathematical
relationship between the wake solutions indicates that we have not yet fully unrav-
elled and understood the link between Lie symmetry methods and the physics of a

model.
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