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" recent years. The

N Abéfraét:'_

'I'he lmporta.nce g( Pade a.ppromma.tmn has been mcreasmgly recognlzed in v

. meromorphic functi

eoff converges tg fm |z ]<: R.

. The ﬁrst pa.rt of thls report is devoted to the sta.tement and pmofs of exis- |
tence and umqueneas of Pade a.pprommanta, a8 well as to the Padé ta.ble and its - -

structure

de: Montessus de Ea,llore proved ':us convergence thearem on Pa.dé a.pprom- _
- mants by usiig some results of Hadamard (1892) on the location of poles of &~
- function represented by a Taylor series. It was quite lengthy. Tn the second part;
- a much shorter and more glegant proof is stated which is due to E.B.Saff (1972),
. by employmg Herm.lte J contour integral error formula. a.nd Hurth.z theorem.

Now, the de Montessus de Ballore theorem ha.s been extendcd to many kmds

_ of approximants. In the third part, we will extend the theorem to multipoint Padé

= appro:qma,nts and state many other extensions and analogues of the theorem, -

t convergence vesult of Padé approsimants valid for genel;p.l -
_ fogs was obtained by de Montessus de Ballore jn 1802. He .
.. proved that when a fuviction f has precisely n polesin | z |< R, then the (n+1)th SR
- -columnm the' Pa,de t:;‘}l L o
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Chapter 1

Introductmn ta Pade_f’- o

Apjirommatmn ST e

Lo,
s
.

-

_ Henn Engene Pa.dé was born in. Abbevlﬂe, Fram:e on December 17 1863 111 1886 he
obta.med the hlghest teacher’s degree in ma.thema.tics from the Et:ole Noxmale Snpenéure In =
1892 he successfully defended his doctogal thesm on a.pprommatmn of functmns by ra.honal -

frantmna

In his theeus, Pa.de arraa:ged the appro:umants mto a table and. comp]ately chamctermed o

' the atructure of the table, giving a ca.nonica.l decomposition of it mto different blocks. He also
proved convergence of the Pa.dé approximants to exp(z) These two ma.gor a.chlcvements Jmshfy .
the anproxlmants beitig named afiier him. . . s

Padés progress in the- a.ca,dem.m world was qmte mpld untll lus retrreme.it in 1934, at the |
age of seventy one.. Pade dzed in 1953, at the age of eighty nine."

In this chapter, Padé aPPrOJumants and the Padé ta.ble -ave defined; the existence and o

- uniqueness of Padé approximants and _the- structurl_a_theorem of the Padé table are pl_'_oved.
.1 . Definition of Padé Approximants

- 'Be_';fbré proceeding to & formal definision of Padé'a-izproﬁmaﬁta,-lét ws recall a fow notions



. from ra.tinh&'l__ interpolation. _ o |
 letman> 0-'h_e'intégers, L

o+ 012 + a3z? F .o+ BT R _~
bﬂ"]'blz'i‘bzzg-]— +b“¢n ! Lo R

W R(m)

‘with at least one b_., 75 0,§ = (} 1,. ,n, where @, b5 € C 0gi < m,(l <7 < a, then we call 8
: Rf:c) a mtsonal functwn of type (m, n) We Iet Rm,,, denote uhe set uf aJ] ra.tmnal fu.nctmns of' -

 type (mym). | _
. We }mow that 1f m,,y_., GE 03 then there exms a unique po],ynum:al P(a:) of degree< n auch" .
' that _ '
: R(m,) = SE ; = y,, | J ='.1' 2; .I ,'n-l— 1

But 1f we don’t fix the poles of R € R,n,n,R has (m + 1) + (n + 1) ccefﬁclents E!Jmmatmg e "
o one for dwnnon, we ex;pect to be able to sa,tmf}' m -+ n + 1 mndxtlons to &etermme R Gwen L
o 52 Y5 e C,j= 1 2 ,m—l— n—l-l all 2; are dlstmct we say that the Comaapondmg Hermzte_ IR

_ IInteypoIatson Probfem has a aolntlon 1f there exxsts alR E R,,.,m such tha,t SRy

| R(ﬂia') =¥ 'J'- =1, 2 ...;m'-f-n +-'1..

Gwen m_?,ys € G,j = 1,2,. ,m-l— n + 1, all m_, are dlstmct the Corresyondmg Hermlte
o Problem doesn’t always have a.solutmn f more tha:n ma;x{m,n} y; are equal, but not all yjare
- equal, then there doesn’t exist 2 R € Rm n Such tha.{: the Correspundmg I-Iemute Interpolatlon '

Problem has a solutmn R.. ' : L=

- To avoid the above pmh}em, we hnpame the mterpolatmn condmons Let {2; };’_:’i“"'l € C )

| ._(not necessarﬂy d.lstmct), aald Iet f: {z,}m+"+1 ~C,R= P/Q € Rm,ﬂ We sa}' R solves the

- Modzﬁed Hermite Interpolatwn P‘rab!em aasoc-zated wsth {z }"""‘“"‘I and £ 1f

-_(fQ—P)(zs)f-é.o,' . 3—12 ,m+n +1. B - (11) )

Here if some zjis repeated 88y &j = z,+1 = e = By ;é_zj+;+g, thez_l We'rep_la.ée{l;l) for

i, ,3+I+1by )

S W
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- In thls vase, We are a.ssummg f(*}(z_,) eXlBt'u

(fQ F)‘ )(z:) 0, _k’-e_-n_,_l,z,-..__.-,-;.

We con prove that the Modiﬁed Hermite Interpolatlon Problem always has a unique soluhon

R .P/Q Ifm a.ddxtlon Q(z,) 96 0,7 = =1, 2,.

Hermlte Interpolatmn Problem (see Cheney [3] 5
4 farmaz’ power series is an expresmn .

f(z) 2&,2’, _ “.f-,ff_‘ni L =12

R

We wntefor some mtegerl?"ﬂ - ;1
;' : o __
0 f(z) atz o

RU ’ o L
. K . A

o 1fag.-a1-ag*—..._.m_1__ﬂ. l'.'

' Wewntef(z) Olfﬁ;, -—ﬂfcraltlj >U
Let X dennte the set of all fcrmal power senes, then 11: is. cIear tha.t ] :
(a.) F is closed. under +" and usmal cher senes LR I‘urthermre,“x” is commutatlve '

f(z)=):wf'
andag#{l thenthereemstsagef’suchﬁha&g f"’-,sefx.q 1

(c‘)/ﬂ}l a("ﬁor some non-negative integer l,and g € F, then frg= O(z‘)
(d) If k, 1> 0 are mtegers, k<l and f(z) = O(2), then f(z) = O(z-") " L

' The Padé a.ppromma.nts are & pa.rtwula,r type of ra.tlonal funetion a.ppromma.nt to the value o

of a function. The idea is to maich the Taylor series expanmon as far as possible.

D@ﬁmtmn 1.1. Let f(z) bea formal poWex senes a.nd m,n be numnega.twe mtegers The

m, n Pade’ appmmmant to f(z) isa ra,tmnal fImctlon

.._q.=" L . '_
- . . .. PP

T +n + l ‘then .R also solves the. Corxespondmg f.



~ of type {m, n), such that

(fQ P)(z) ?(zm+“+13 | -. _; (12) :,

Notp that if f(z} is'a convergent pnwer am‘les for z nea:r 0 we catl rewnte (1 2) 28 o

(.fQ P)tkl(o) [ k 0,1,2,. ,-m-i-.\
- ;:.}._- o

."'l-

8o the Paﬂe approximant [m/n] (z) is the solui:wn tb the Modlﬁed Hermm Intérpolanum s
' Prabiem for/4{(}}"""““"'1 a,nd f ' : oL _ :

SR

12 Ex'is-tencefand Uniqueness of Padé A;‘}Prpxim'amsg .

'I‘heorem 1 2. Let. f(z) be 2 fonnai power senea then :Eor any mtegers m, n > 1R the Padé .
_ a.pprbxlmant to f(z), [m/n](,a‘) P(z)/Q(z) emsts a.ml 15 umque Fu:ther, if. a.fter* c&ncelhng-_ v
L common Factors in .P, Q, we obta.m [m/n] P/Q, th&u Q(G} ?9 Oand - /.

L]

. where

I—mm{n aeg(@),m deg(P)}, e

and deg(Q) deg(P) are the degrees of P and 4 respectwely

' B 'Prdof: L_et-ué'mte

f (3) Zﬂ:

:-0

‘ R -f(#}—f[m/v](z),=f¢(é"-"""-*‘"‘3a'f_-._f o ay



S P(z) EP:?’_ o e

. %
LT Q)= z:q,z:
B . . . J—O .

(@~ P)z) = 0("m)

" hecomes

- =0 .

Z{ Z a;-‘kq&}z“ Zpﬁ’ 0(3""‘"‘“)
. Comparmg cosﬁments of the seine powers of 2, y;elds o |

!_:_» {Z,,_ ) ajhay ~pi = o, . i =04 2%0m, ":(1-5).@?;’?
Em‘{"“}aj qu --_{l:-' o ,—m-l—l m+2,..,m+n. o T
(1 a) is a system nf ﬁ;multaneous equa.tlons of m + n + 1 humogeneons hnear equa.hons m
_ the m+n -f~ 2 vana.bles pa,pl, oens Py G0 gl, 3 @n As there a.re more vanables than equa,nons, '
(1 5) has a non-trivial solutmn, e, mth not all of po,pg, «s s 902 014 ...,q,. equal to ze:r:o.-"
_If Q=0na solutxon, e, gp = q1 == qﬂ = 0, then the first eqa.tmn in (1. 5) ylelda
= 6,j=48,1, 2, ey ie. P50, a.contra.dmhon %Q 76 o and [m/n](z) exists, '
Suppuse now that P1 [/@1€ Rm,ﬂ can also serve as [m/ ﬂ.] Then recall (1‘2)
o Q- -P)#) = O(zm*‘"“) |
- Also
o (fQ-P)=0G™1. . (16
(L2)%@ - (16)xQ:

R +P1@J(z) o).

W



. But —PQ; + P, is a polyhomial of degred < m + n. We obtain

= R

- -PQuiRG=l

I i
. o L L
- QF . . s !
Y .
Pooba .
L~ \.__‘ :
|3 P i 3
P | __Q“Q 1 L
5o [m/n)(s) is umique. B sl

- Now, to prove (1.3), et us wiite

{P (5) = 7SR,

Q)= 5=, oan

where Lr< mm{m, n}; S{z} isa pnlynom.ta.l of degree< mm{m, n} a.nd ,5'(0) 75 0 P a.nd- 5
Qha.veno cc:mmonfa,ctors By (1 2), o ':_-_;. T _

’5' (3)(f43 P)(z) 0(3”‘*""‘1)

_ As 5 (0) ?9 0 we can multlply a.bove equa.tmn ‘by the formal power series 1/ 5 (z) to &educe tha.t o

'. o
- We cla;tm now § (D) #0. Fo rlfQ(O) 0, as r<m, (1 8) shows P(O), the constant coefﬁﬂent

of P is also zero, then P(z) and §(2) has the cominon factor z, a contradmon Se Q(b, !';E e
and we can multlpy (1. 8) by the formal power series. 1 / Q(z] to deduce R

: z.._fi_)..—- 1'#'+ﬂ+-—r
f() @() 0( 1)

0



£

'c;»

f(z) [m/n](z) f(z) %{%%% — - i

;O(zﬂﬁm&-l-?} A (19)

m 2 deg(P) = r + dog(5) + deg(P) > r + deg(F),
Cremede®.
Similarly
r<n—deg(@),

" where ! is defined by (1.4).- Then

mintlirzmintloi
. Hence from (1.9), '

@)= Imful(s) = 0,

 Onecan ‘prm?e ihe fplloﬁi_ng_: I f(2) = %0 o5 &7 is a formal powet series, then form > 1,



L n,m Pads' 1ppmmma.nt to 1/ f(z), tha.t is, thh an ob\pous nptlon, A

 then we can solve the equatipns'in (15) with go =1 to .obtain’_f T L

[
Al

R = e e (i)
1 . zi -————-"

Jf"

so =

am _;_e g o - (1_-;1_13

(c) If’a.; 20 a:nd [m/ﬂ](z) is the m J Padé a.pproﬂmant to f(z), ﬁhen ‘/[m, n}(z] 13 the -

[n/mhzf(z) ll[m/ﬂ]f(z)

(d‘i It is I{nown from Ba.ker [1] tha.t 1f m,n > 0 ami 1f o o - o \ R

A =.D_:(m/n) =det(Bmgpb o= L

pINTLND 3 BT ARE S zk.n qu* |
. det . ._ 'am;{-l ._ - \".J." o :f".-. _-n_ ﬂm_n.'_]_ .

IR T T | mma
i - .

Imin - Gmin-1 e

[m/n(2) ='. N

det

e (L18)

e

A



_ ‘I‘]ns exphmt Fomula, can be used together with. other metho&s, to develop eﬁiment compn—: o
_ tatmnal algonthms for computmg [m,fn](z) Padé a.ppromma.nts are w1t1e1y used by physmsts.’. _

© 1,3 P/dé Table: Its structure
We a.ré-'_iaow ready to :sta.té'the' deﬁz_ﬁt_ian of 1:1_1_e Padé table and i_ta- st_;nic_ture. ;
| Deﬁmtmn 1.3. The Pade table of a i'ormal power serien f[z) is the doubly—mﬁmte arra-Y Lo |

. -[010] o1 [0/2] {0/3]
oo A s e
e I TRt R 7 I 7 | (1-14)_-5
BB BA B . o

S Thé Padé taiﬁie has 5_ Sﬁé:éial _str_u'b_i'i?_ll":i_:-" 5

Thenrem 1.4. (Pade 1892) Let’ f(z) be a formal power series. The Padé ta.ble of _f(z)
consxsts of square blocka of size r gl £rg oG) with the fo]lmng properties

© {a) All elements | in the square block are identical. ' .

(b) No other entnes in the Pade ta.ble of Fi (2) are the same a8 the elementa in th.ts bluck

(c) If {ﬁi/“] P/ Ge Rm 18 the' top left hand corner. of tlus block, then -

B de_g(f") - _,de’g(@) -5 '_@(o) ‘0
Furthe.rmbre, ifr< _oo,. .
)~ /Al = Pt b a4 ) Al

while if r = 00,



fo)- tﬁ/éﬁi}(z} =0

)

- Proof Let us p:ck any {m;n} in the Padé ta.ble of f(z) By ’I‘heorem 1. 2, a.ﬂ;er cancellmg
common fa.ctara 1n numera.tnr and denomlna.tor, we ca.n wnte N . 1', R
[m/ ”’] P / Qa

where, P aznd Q ha,w no common fa,ctors, a,nd |
Z .f — ' _ _ %
[m/n]() (2)- @ o

. f(z)
B =O(z".‘+"+1 ‘), o

where SR -. o R _
_ o ! = min{m — deg(P), n ~ deg(§)}.
o | = deg(P), - Bo=deg(@.

.......

We conslder two cases;
 Case 1. : (z) P(z)/Q(z) 0
S (fQ Psz) 9,
50 gwen aRy mtegers A k > 0, we ha.Ve tha.t tnvxally
( fQ p)(z) o(z{m+a'}+(‘ +k)+1)

ER’“"‘J:“‘H". .' o : .

- Dltw

 ad

S




. sobyusiguamess
S o [m'+j/ﬁ+kl=§"'_'--VJ‘?’“"}*""*

Thus we ha.ve an 0o X 00 hlock in the table mth top left ha.nd comer [m/ n]
I‘or [m1 / nl] Uutaude this block We ha.ve o ‘ o

g _.-mﬁ-i_'_<_ fﬁ_: degcﬁ)'_' e nlm - deg@,
B then P/Q [ﬁ‘z/n] camuot serve as [m;[m]

So we ha,ve (a.),(b),(c) in tlna cage. | o
(‘a&e 2 ' ' o

for s0mé non-negatwe mteger N.
By (L 3), - | |

. =m+n+1-—mm{m_.ﬁm__ﬁ} -
ﬁm*]*n-[-l—[-mw{ﬁ_m!ﬁ_n} |
_—_1+maa:{ﬁ+n,a+mk o

as m > m n > . _
Then we can assume tha.t for sonme mteger r> 1

N=dtatr

Let0<j,k'Sr—1and s i=min{j,k}, , & are integers, we claim .

.. 1

() - ﬁ(é)_/@(z_) s Matastatin), oAl

P/'Q

(1,15):_ s



" so

#Bz) Py O o
| [’"“”’ ””“]“‘)“ TE;"@{”% R
o F;_ar., L '_ zEP(z) has degree s+ma g +m,_ o '
| z*Q(z) has degree g + s k+ a,
' f(z)(Z’Q(z)) (z=P(z)) ocz”*-s) L (s
: '_'_,__-g(zm-l-n+r+a) o
' r-i~sgi-:;max{j,_k}_;{-:qin{j,k};-_-.'_'1+j-+-k,_ o

f(f-")(z’Q(z)) (z‘P(z)) O(z{m*'m@“’“)

- and by umqueness, (1 16) foIIowa o

- Hemce el L
. [f’ﬁ+.f/ﬁ+ i =[ﬁ“‘zh‘i],_ C0Shk<S -1,

2(_32 Zm+“+’(cn+c1z+ )’ _ :_ o ?é 0, p
o ON L

- and o : . -
" dog(P) = @, deg(@) =
. .'I'hen we ha.ve (a). a.nd {(c) in this case. . _ :
.‘%w we pmve (b). Firstly as bafoxe, we cannot have [m1 /n1] [m/i‘i] i mi < i or 7y < . -

my >, m';za Cand [/} = /2],

 then wech.ﬁ_writé_ S '
- _ z"S( 5)P(z)
i it = #EE

BT



for some polysomial (<) with §(0) #0,and

stdeg§)+MSm  stdeg(S)+RSm.
" Hence _ | L - .
. f(z)(z“S(Z)Q(z)) z"S(z)P(z) O(zm3+“1+1).. :\ -

Mnltlplng it by the formal power senes 1 / S(z) a.nd then canceﬂmg 2, we obtam
oy -

: ?iéffcz)é(z) - ?_(z)-‘-.:'o(gmﬁgﬂ_,}.

. Multiplying it by the fbfj:ual"got_'-;é;:”seﬁgs 1/5)?(;) ag c;(o; -';é 0, wehave

By (L),

: 50: .

by (1 17) Then o

(m1 ~m)+(n1—n) < s+r-— 11; ml‘n{rm m,m ~ R} r— 1,_ L

- ma_x{mi —~ fity my = R} +_min{m1 = gy ﬁ}'_ < min{my — R,ny — By +r~1,

' ma.x{mI—m,m n} <*r-—-1,
e m—@<r-l,  me-R<rel, |
then [m;/ ng] is in the % r block already.

o We have completed the_prdof of Theorem 1.4. Now, we can deduce. o

18



| Theorem 1 5. (Kroned:er, 1880’5 ) Let f(z) be a formal power serxes. the fo]lcrmng are :
_ (alf(z) is te.‘ie Ma.claunn sea'les of a rational fnm:tmn R(z) P(z)/ Q (z), where deg(P) m, - B

L .-deg(Q) n,Q(ﬁ) 750 Pa.nd @ have 1o common factors. - : DU | o

| (b) There 1s an 00 X 00, block in the Padé table of f(z) mth l:op left ha.nd corner [m{n](z) L

- Pratﬁ‘- (a.)=>(b) _ o
| From (a,) we ha.m =

. . . ; _1

_ then

g;)gg\z);; ;3(;) s
~For any integers 5,k 20,
L FEE) - P(a) = Oy
- By ﬁniq’ue:ies_s,_ i RIS - o
':'[m+3‘ln+k]= g,_ | Vikz0o o
Smce P, Q have n 10 common fau:tf;oralﬁ [m/ -n] must be the top left ha.nd corner of 4 block for .
it ca.rmot BErve as [m’/n’] with m’ <morn <: n. '

C o (B)=(a). |
Hom (b) a.nd the (c) of Theorem (1.4),.

f(z) [m/n](z) 0
w, jftz)-—""-—:.,-F-“«?

then

14



4.4 Padé Table: Its mﬁ,_rcommg_'m'afm'agam_ o

A oW of the Padé table is & sequence {[m,‘n]}n_u thh m a( ﬁxed non-negatwe mteger A o

column of the Padé ta.bIe is a seqnence {[m/n]}m_g with % a fixed non-negaatna m‘teger&; and

the dlagonal crf the Padé ta.ble isa sequence {[mf m]}m_.a lymg along the dia.gonal of the Padé S

ta.ble e _ : - o
It is na.tural 40 1nvest1gate cnnvergence of sequences nf Padé approxlmants ta the functmn S

B | from ‘which t]my a.re for:ned but iti is very compﬁﬂa.ted One of the problema is- tha.t there fsa
y whole table, not 01‘(1}' one Beqnence Alth"‘ugh from (1 12), _ ' '

:. = . ) [ﬂ/m]]_;‘f(Z) [m/n]f(z)‘l |
we ha.ve Lhat every result for columns mphes a resnlt for rows, the columns {[m/ n]}m_ﬁ am=
9,1,2, o | o |
Cofom
o

a,ndthedlagonal{[m/m}m_u, ” .

/0] |
R 1
2/ 2]

Ryl

of the Pa.dé..ta.h.ie h@v_e ra.&ii:a]_ly_“:diﬁ'erent 'mnverge_nce propér‘ties. In 'Pa&é’s 1892 thesis; he : B
o pi"ofed that as m+ n--:» oo the (m, n)'.Pé.dé- a.pp'fdximants for €%, [m/n}(z) aay,'con"\?er'ge.s fo *
. umforml}r in compact subset of C. However, there are older resrdts for contmued fra,ctwns that - - |

' 'unply convergence of sequmce of Pa.de a.ppro:nmams to e’ o

s



' From (1.10), we know that the first coluuma of the Padé f'ame“i's B

[’“"’I}M_—{z% } |

=0 m—ﬁ

- the sequence- of paxtial sums of f, where _f 13 E:3 formal pbwer senes ora ‘I'a.ylur senea expa.nsmn =

of a functmn a.nalytm in the disk Dg = {z : |2] < R} (0<R<Z ao) 8o it converges to f - .

e umformly in the largest cm:le in wluch f is a.nalytlc For aty o ﬁxed and F ama.lytxc in the
o .disk Dy = {z ]zl < R} (ﬁ <R< oo) except for exactly u pnles, then ’r.he (nt ljth colnmn o
: {[m/n]}m_o in the Pade ta.ble of f oonverg;ea to f umformly in the compa.ct mzbsets of .D_R_. L
- omitting the Poles of f. This will be studied in next chapter. " - A

Tha main results on convergence of the diagonal aequence {[m}m]}m_,; of ti‘:e Pa.de approx- T

' 1ma.11['.3 is the Nuttall—Ponunerenke theorem This also applies for more general i agonals i.e. |

' for the sequences {[mk/ ﬂk]}k=1 sa.tmfymg o

< sx _auk;;i,.-:
m_e o

-j:a_a_ll—l Lo

"o hm (1#;’,--1’*_115,);09, ~ end -

-- '.where A > 1 is mdependent of k In 197{], 1. Nuttall proved that these sequences cumrerge in :: '
_ pla.na.r-Lebesg‘ue mea.snre, In 1973, C. Pommeren];e c.ons:dered more general numemtor a.nd de '._ .
_'nnﬂtma.tor degrees, dnd replaced mea.sure by ca.pa.mty, In 19?8 H. Waﬁin a:nd A Goncar repla,ced .

| _ Pa.dé ap'prommants by more general ra.tional mterpola.nts The important resulta of H Sta.hl for .

| _ flmctmns Wlth branchpmnt.s wxll be thscussed in full in [15]

”._16-_ |



. Ciiapt.ér 2

The Classwal de Maﬂtessus de

: Ballore Theorem_

‘I‘he first co:wergence result on the cqumna of the Pa.dé ta.ble val:d for general memmorphr __

| functmns was obta.med by de Munteasus de Ballore in 1902, He praved tha.t when a fu.nctlon : | 5
- f has. prec,lsely B pnles in |z| <R (0 <R < oo}, then the {n 4+ 1)£h cqumn in the Padé ta.hle' B

of f converges o fin [z] < R. He proved t]:us theorem by applymg I-Iada.maa:d’s asymtotlcs_;

" for the determinants dei‘. (a,,,+,_k) et 4 T 00, a&somafced with = meromorphc funct:r.m It us_:'_. . .

o qmte length}' A a]mrfser modern approach, due to B B. Saﬁ (1972), employs Hermite's contou.r E

: mtegra.l erTor formula. and Hurmtz theorem.

In tius Chapter, we wﬂl sta.te and prove ..he de Montessus de Ballore theorem, and dlscuss SR

 some results on the pnles
21 dé.MdnteSsus de Ballore Theorem

heorem 2 1. (de Montesaus de Ballore 1902 1905 ) Let f be analytu: in the dl % D R=
{z |2 < R} (0 <R< oo), except for polea 1y 2y e 2 (repea.ted a.ccordmg to muftiplicity ),
(u <n < oo), sone lylng atz=0. Than for m la.rge enough, the Padé a.pproaumant [m/n](z)' -

| :1? .



" to f has poles of tétal mu'ltip'ﬁcij;y mﬂy n, aﬁd _sé,ﬁ_sﬁes a
(z) [m}'n](z) O(z‘“"‘"“) a.s z —~0. o (2.])
: 'Moreover, as m ~ 00, the poIes of [mfn](z) converge to the poles nf f(z) in DR a:ccord.mg to

. -'multlphmty a.nd : o
S Jm *'-fm/'nlcz) = f2).

| umformly i.n compact subsets of Dr omttmg poles of F A )
We pmve t]ﬂs thenrem hy usmg Saff’s method We need two lemmaa

Lemma 2 2, { I'Iermlte’s Error Formula. for Padé a,ppromma,nts) Lt f(z) be analyhc in -

o Br = {z 7 <), except for poles of total multzplimty p(ﬂ Lp< oo), none. Iymg at-0. Let

_S(zj be the moric polynomlal of degree P such. that ( fS)(z) is a.na]ytlc in Dy. Then far m 2 ﬁ

- 3 a.nd n > > s a.nd n‘.'[m/n] P/Q,

f- [m/n]{ )-m - {S)f’w%g?z)( ) e < @)

- Proof: Note 'ﬁ:st'tﬁag a8 Q and P are polynomials, then (fQ ~ P)(#)/#™#™+ s analytic
in D; é}':cept.po_ss'ibly a4 the poles of f and'.at z = 0. But f(2) ia analytic at 0 and by deﬁ_ﬂi"bibn'
of [m/n](z),at 2=, R : : T R
. (-f-Q_{P)(z): m+n+1(¢0+c;z+¢§z?+'...)', S
’ wherecg, €102y -.‘Q_aﬂ_'é consta.utin C. ._SO o .
(£ ~ PY(z)/zmeit
-is b'onnded,l and SQ. analyﬁc é,t 0.. Then_ ..

SEN-PR

8



" is analytic on By, Cauchy’s integral formula, yields for || < r,

S((fQ - P)(z) 17 sct) QPR dt

_pmAntl Z‘n = _tm'l'“'ﬁ'l T

_.L v SR & 1 j (5P @

Zm [ PANFL iz 2md

[#]=r i’“'*'"*‘l t—z

E2 3)

| le 2 € .D = {z ]z[ < ‘!‘} Then (SP)(‘E}] (t"""“"‘i(t - z)) isa ra.tmnal functlon of t mth
poles éaly at 0 and 2, and so is analytic for ff 2 ro ' '

Since - deg{SP)<p+m<n+m,
 and deg(t’“+"+1(t z)) =mEtnt2,
' there exlats ac > 0 suach tha.t for all ]ﬂ la.rge enough,

So

' and (2.3) becomes

S(E)P(t -2,
#—;ﬂ?ﬂ—(}’ﬂ o

"‘hen 1f E>ris la.rge enough Ga.uchy’a mtegral theorem )"lﬂ‘ldﬂ .

5 A oo 4 -

2 g PR )

1{-5[ .' smpm O

274 m =R tm+ﬂ+1(t - z)

;....l

. 1 ] _2 :..
- <21r -ﬂ-R-_GR o

U )
.'\--\.}'

"EO_IG

e 6, - s B 00.

17 S(t)P(t)

2t Jiger G~ z)d‘

dt, |z[ <1,

SEUE-PE L[ SOAEE .

grintl 27rz [t}=r tm"‘““(t z)

19
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o By the structure uf S(z) we: know that .5‘(0) ;é 0 and by Theorem L. 2 we can a,asume t11a.t .



) Q(ﬁ) % 0 then (S QKQ) 9" “ aﬂd we can mulhply (2 4) by z"‘*"*‘f(SQ)(z] and deduce o

f(z) [m/n]( )—--rm - ({S)Ef) (S%(;gz}( )"”'“dt : l'z;-?*:. r

. Lemma 2. 3. (Spec;a.l case of EIIIWltZ Theprem) Let {_‘;:ﬂ(:g)]»,,‘_1 and g(z) be fnnctmns B

o a;na.lytlc in lz] < such tha.t

llm !fn(z) 9(2’)

'Gmlformly i com;:a.ct subsets of ]’gl { s If‘?zof <7 'ﬂld 2 isa zero of multlphcity > 8 of Q’m . |
_ nl&rge enough thenzgxa azemufmulnphmw;sofgmo o _. ‘ _

Proo Bty S N I
PO g(zo)—-hm gﬂ(zu) T
Nexh choo&mg I‘ to be'a cucie centre 2 cnntamed in [z] <:,r, we ha,ve uniformly for t c—= I‘

g(f) hm gn(t)r e
e for ea,ch ﬁxed k, k = 1 2 3. 1 by Ca.uchysmtegral formula.for denv%t:vea, :- o
. f . o - . . X ;. . i
Gy L g(f) : o
/’?’i (zﬁ) 21r=f (t za)"'l'i
- it : . Qn(t) _ .
et z:n,j (#— Jk+1 = zyFrdt o
‘ B
- =,,1_%;'g-,,_ 7z0) -
Pk =0 ® ’
i.e._'.zg'-is-a. zere df mﬁltipﬁcitjr"g s_of. . .

N__dw, we :aie raedy to prové de Mﬁnte‘ssﬁs de Bal.lo:e' theorem.

W



~ Proof of Theorem 2.1 : Wiite T

e A P m(z)'
[m/n](a, @m (z).

e A

Let us normallze Qm sotha.t [|Qm|[-1 m>1 le. = .' _';- S a
[ﬂa.x]Qm(t)L—l ‘mrn o @s)

_(I.f R="o, we repla.ce it by some Iarge pomhve number R.) .
Let 0<s< 7 < Rbe such that all poles uff(z) Tie msxde{z 1z| < s} “Then by Lemma. E‘ﬁ? -

L1 UD® Qe (s
f(z) [m/n]{) b= f# e (SQm)(z)() a Wen

""-::'i#- o . | -

L (fS@m)(z) N )—m - {S’“’Q c)( ) |z1<r, o

' when;//}(z) is a momc polynomlal ot degree n auch that ( fS)(z) is anal}rtzc in 1 D R, r
U0 - (SPm)(z)r x

oy max|fS{(t) - ’

B %an e lQm:( )l }

=8 Itl ¥

8- jtfe

' mpml L
| <—-—maxif5|(t)() o

.-}' -

by (2 5) a.ud the Maaumum—Modulus Pnucxple a.nd 0<s 5 < 1 Then

"i‘b

- m-l-n—[—l S - . e
nglusqm)(z) (smcz)tw(—) Ly

where . L L gy

el e 18 (s}

- is mdepeadent of m. Smce r ma.y ba m,a.da a:tb:tanL dcme to B. We de&uce tha.t '

o



bu

Now, {Qn }m‘.1 is a aequence of polynomlals of degree< n satzsfymg (2 5) $0 it is contamed - _' o

. in a.closed bounded ( g0 is cnmpa.ct )3 subset of the set of pulynomxals of degree-< n It follows that = - -

: gwen any infinite subSEquence R of the positive mtegers, it contams another mﬁmte aubseqnence -

- Rg and there iga yoiynozma.l Q of degme< 7 with [|Ql] =1 such that

maesdse o an
. . o ) FAEN N O w . R S B .
Tl

mwse)(z) (SPm)l S
Cu <max|(fsxs>c@(z) em(z» e I(fsem>(z) <8Pm3ts)l

© Thw, S S
N - m-;*ol?&zeﬂo le< I(fSQ)(z) (SPm)(z)I “. | :__; ’ (28) IR

-'by(za)andczn

o Now, fzisa zero of § of mulnplimiy B then P is azero of SPm of multlpllmy >4 By (2 8) L
a.ud lemma, 23 ihe sa.me is true for fS‘Q Bitt (fSYz)# 0. (bv chome of §),80 Q(z) has 2 zem- i

o a.t % ofmult:phc:ty Z £ Since tlus is ty;arafor ea,ch 2,1 3 <n, a.nd dag(Q) =4 ke ]IQ“ =1,
B then we de{iuce tha.t | e S C
' Q =’:'c'S-, - for gome "¢ 95 0 e € C’

_ Thus, as m - oa, m, € Ro, the pulns of [m/n](z) ( the zeros of Qm(z) ) a.pproa.ch the poles
- of f(.z) ( the zeros of S(z)} i.e. the zeros of Q(z) ) according to multxphmty R
- Since R was a.rbltrary, it *allows that for the full sequence of posntwe mtegers, the poles of -
2 '_[m/n](z) approach the poles of f(z) as m - ™ a.ccordmg to 1nu1t1p11c1ty |
o Now, rewnting : ' ' '

e



_ '_-where Qm(z) isa momc polynomlal we then obtam a8 m -~ oa, the zeros of Qm a,pproach .Jhe
t 26108 of S(z), accordmg to multxp]imw Then ' e :

et o
“Illfmmly in mmpact su‘bsets of C. - .

o - In partmula.r, {Qm} ig umformly bounded in ea.ch compact aubset af tE Then (2 6)- '_
| 'holds mth Qm,Pm replax:ed by Qm zmd Pm ’I‘ha.t Is fo:: v 0 < s < R ' ' L

hmsup [H( [ fSQm) (.z) (npm (z)]] % B - {-2._'10)

m—?m

o If now K is a compaat subset of |[2] < s omlttmg poles of f, then there exxsta B constantl
- 65 > 0, dependmg only on K a.nd S(z}, such tha.t - '
iy |s_(_z)-| 2 zak-_ o

- '..'.__.From (2 9), for m large enough,
IQm(z)l nun lS(z)[ > 5;, > D

- Then for m la.rge enough, S '
| p(s@m)(z)h 23

- Dmdmg by |SQm(z)| in (2 10) y1e1ds furfm /Iarge enuugh and 8 < r< R,

.—-‘—

. o ’ . m+“+1 o
. maxlf(z) [m/n](z)l<252() o R

.=t c'g(

o Wh'e_fe 3 :f—- e /(268) is i;idepeudent of m. Hence |

in

¥

)m-l-n-[-],

H

-

i meglfG) b=,

23



'€.'e. ' hm [m/n](z) f(z)

: umformly m compa.ct subsets of ﬂR omtf,mg poIe& of f
. Since Qm (n) #0. form la:rge enongh, then (2 1) fo]lowa

2.2 Results.on' the '-pol:e_o -

i 0= 0; de Moiatessus de B’a]lore fhooreni't'e_ll us fh’aﬁ ”

o hm [m/ﬂ (z) hm Ea_,z’ f(z), ' ]zl < R, .
' L. the Macla.u.rm series of f(z) converges in the Ia.rgest cu:cle centre 0in wluch j"(s) is a.nalytzo
- So de. Montessua de Ballore theorem generabzes the clagsical tonergence theorem for Ta.ylor
* geries. Even more, de 'Montessus de Ballore t]leore,m shows how to analytically comtinue a '-

o functlon f(z) from its. Ma.claurm Senes mto the l.axgest circle centre 0, in which f(z) has n poles

%An essentlal feature of de Montessus de Ballore theomm e tha.t the numbor of poles given o

~to the a.pprommants matches exa.ctly the numbeu' of the total multiphmty of poles of f. When .

~ the approxxmants are allowed more poles than Iie;eded to muzuo the behzmor of f, these extra _'

poles ma.y wa.ndor throughout the domain of meromorphy, preventmg po': nwase convergence
o Example'é.zi; { Perron, 1954_ )_' Let
- fl@)= E a;%#

 be entire, Then, {[m/ﬂ]}“’ ~0 converges to f(z) throughout c. But {[m/i]} =0 wluch has only
~ one pole, need not converge umformly in any open subset of 113
Reca.ll&om (1 11),1£am #0,@, € 0,3 0,1, 2. ,m+1

o m—1
-Im-/l](z) Zn,z-'+

o f=e

1 ﬂ'm»i-lzfam =



: wluch has a pole atz = ﬂm / Bl 1f tma 9‘ 9. Chuoamg {um} w0 stuta.bly, We may ensure tha.t o

every pmnt Zin Cisa hm:t point nf poles of {[m/ 1]} gy HO tha.t 1o matter whch 20 6 € we_'._

. choose, {lm/ 1]}:’,,?_1 i8 nGt bounﬂed in any nexghborhnod of 2 a.nd canaot converge umformiy in |

| ~any nelghhorhoodo{zo To see this, let {ﬁ,li,}‘,‘,__1 cC \{U} be dense | in C, a-n.d 1e1. each u;, _7 = I'._ .

~ be repeated inﬁmte]y aften i the sequence We may a.asume ’cha.t

[

-'o<|u5}s_j,* S j:;,_g_,‘g,-.._-_.
-+ Define _ L
| | S .
ERETE m'- tamtt 1= zmH)v- 128
'_'Thenformn L 3
1

 loam| < (2m+ 1)1 s (2m+ 1)"

o _So by compa.naon W.ith |

_5]“'_

' (z) is entne '

Fnrther, [2m/ 1] (z} has a pole at

: 5*@:;1 __:.um m-"-'—'l;'?.,':;,_.',"
Thus ever}' pomt in the plane is & lumt pomt of pales of— {[m/ 1]},,,&__1 and the sequence .
.ca.nnot convergea.t ANY U, M2 L. ' ' : o |
How:ever, in 1968 Bea.rdon showed tha.t at lea.st a subsequence of the {[m/ 1]}"" _, to an
' entire functmn converges locally umformly th.roughout C.In 19'?'? Ba,ker a,nd Gra.ves-Moms. :

'_ -conaecttlred tha.t even when £(#) has ng < m poles in |2| < R, at 1east 2 aubsequence of
 A{lm/ n]] et should converge umformly in corapact subsets of ]zl < RTh 1984, Buslaev, Gonfar
N :-_-,_a.nd Suetm esta,bhshed the comecture for R oo a.nd gave a counter exa.mple for R < vo, For '

25'



7y

 the case R < oo, they Bhowed tha.t the con;ectnre was stlll true in some nalghhorhood of zero |

See Lubinsky and Saff {14] for certain rela.ted results, = . R B
If f has np > n poles in lo] < ”R accnrdmg to de Manteasus de Ballure theorem, the_-_- o

L Beqnence {lm /*n]}m_1 converges in compact subsiets ms:de the mrcle contmmng exactly n poles o

o of f omitting pnles uf f, but it dlverges outslde th.la m.tcle
Exaniple 2.5 . z;et_ | o
_ T’né_n- i_néide fel < 1, f(2) is a.nalytic and t'he_ [m/(]] Padé _ap_pfbximan_ts converge., Moreover
[m/(l](z) 232’ lg<1.
:=0 S
.' | II&I..' [zl <R .wii.:h.R_"} 1,..thé_.'{mf2.] Pmdé a.pprpximams .t:onverge. _i._e.I ' |
Jm Im/2](s) = @

e umformly in compact aubaeﬂ:s of lzl <R (R > 1) omlﬁtmg 2=1 and 2= --1 _ . _
. Butin ]zl <R with R >1 the [m/l] Pade appto}nmamta are Ma.clamm polynom.lals lfm
'm' odd and these dvergs for Iz] >1. - o
 The fact tha.t the poles of [m/n] a.pproach the poles of f geometnca.lly fast A8 M m, 15 -
: uéefnl in numencal a.nalysxs for ﬁndmg poles of functmns fzom theu Ma.claunn senes )



o (1076 ) and Walhn( 1978 ) amongst othea:s

ChapterS
Extensmns of de Montessus de

o _] allore thearem

W

In the 1930’3, R. Wﬂson succeecled in obtalmng some dlfﬁcult extensmns of de Montesaus'- -

'__de Ballnre theorem After him, many extensions were obtmned. ‘I‘he extensmns to mulhpo:nt. o

. Padé appro:ﬁma.nts were given firstly by Sa.ff( 1972 ), and then by Gom:am ( 1975 ), Wa.mer':-_'. o

v .

" In thia cha.pter, scme extensions of de Mantessus de Ba.llore theorem will be’ atated most];z' - |
mthout proof. We cannot hoPe in th:ls short resea.rch report to d.tacusa all of the extenslo ns k
.See [15] for Others - : o . -

31 ';Mi;lt_ipoint Padé Approximants

. I.,ei.;'

T31 Tsg Tsz
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denote & triangulaz -Sy*siiem .'of'(.n_oi.: ﬁes.:essaxiiy-ﬂi'stinqt”) interpolation points. R
L Leb o o : R
d deﬁne the assoc;ta.ted polynomxals o |
W,g(z) = H(z :cg,), el @y
) We have
_D_eﬂnition_ 3.1, K -f s a,nalyuc in .A(m-i- n+ 1), I:He mium'paiﬁt Padé approzimunt

Rm,,.(f, A(m -0+ 1), z) - g Ez)

.. o is a rat:onal flmctlon cf type (m,n) such tha.t -
(f (Z)Q(z) P (»))/ Wm+n+1(3)

T} a.na.lyt:c in A(m-!— et 1), where A{m—}- n—l— 1) a.nd Wm.,_ﬂ.;.l(z) are deﬁned by (3 1) a.nd (3. 2). o
T the spemal case that all mterpulatlon points lie at 0, we have - .

X Rq;n(f,MMn% 1);:;) ='1m/n1(z)'.

| I f (z) is analyt:c in A(m + 0 + 1), then there emabs a umque multlpaint Pade a.ppro:dma.nt'

- . _' to. f(z) on A(m+n+l)

" To descnbe the extenslon of de Muntesaus de BaJlore theorem to multxpomt Padé apptom~

| mants, we need some prehmina.nes : ; :
Let Bbe & compact set and M*M(E) ba the set of all normalzze& measures on. E. i A(E) CE .

£z 1, then the: nomahzed counhng measure in M(E) is -

Cm=i za%,f_ _’f_}'_l, o ey

_' g=1 b



le. Vg pla.ces masy k/ﬂ a,f. ea.ch mterpolatxon pomt g Whlt:h appea.rs :'a times in A(t)
. Let v be a non-nega.hve umt Borel mea.su.te ona compact subset E of C Deﬁne the
assocmted potentza! functson . ' I

- U(z,y) 2 /:Elogiz—tl'ld”(t)s B SEG’ (34) ._

- endthesets

Note t]mt Ulzw) is contmuous m G\E mth Timit -0 28 Ix] - 00, Furtharmore, U(z,v) m__ SN

. -Iower gemi- contmuous in C tha.t is for aJl 2 € iL‘

hmmf U(g, vy > U(z' v)

It follows that the sets E(q) {g> 0) are open, and obvmus]:; also mcreaae w;th ¢
he Iagamthmzc energy or the eneryy mtegmi of v on i 13 '

I[v] fflog[z-—- |—1dv(t)dv(z) f(f(z,v)dv(z) | (36)

™ S |
‘then there exists a unique 5 & M(E); called equﬂibriﬁ;m measure, such that
V(B =1P),
_ and the corresponding equilibriuﬁz pot'en'ﬁaf is .

U(z,u) f 10g]z——t| 149@) zec.

The loqarazbmzc capacaty of Bis =~

E(?) —-{ZEC U(z’y)>1°g } '- g)[}_ : (35) L

oz



o .Z ¥ V(E)-—oo, then cap(E)—-O

K a > ﬂ a.nd EcCG, the a-dsmenssonal Hausdoc@’ content ( er outer measure ) of E is

-_ ma(E)‘-me(d(Bj))“ e

3=

o where the Inf is taken over aJI mvel:s Of E by open balls {B i- =1 Wlth dlaaneters {d(B,) ;—1.

A

Let vhea non-negatwe it Burel Imeagure sequence deﬁned by (3.3), we say that «[1‘»,,,1,}%_1 . S
i (x/, E)—— regularlf L i

'-.ﬁ,,?iégw(z{vm)é-U_(z";v); - ze@, - ’(3.-9)_" e
" hm U(z, vm) U(z, v), zE C\E‘; : AR {3 1[1) _ )

L Now, we sta,te ( mthcnt proof ) some Iemmas tha.t will be needed in- proof of the extenmon o .
of de Montesﬂus de Ballore theprem to multlpo.nt Pa.dé a.pprozﬁ“mants ‘some of the procrfa ca.n -
R he fonnd i Hﬂle [71, othera in ]15] SR

Lemma 3 2 ( Goncaz 8 Iem.ma.) Let Q C ﬁ bﬁ open, 13{. { fm}m;;i a.nd f 'he fu.nctlons"._' -

: _. ﬁ'om Q to C U {oo} Assume that fm - fi in. ml—— measure a8 m — 00, tha,t xs, Ve > 0

ﬂ €9 1l - > e}:azo, Camee

(a) I {fm} =1 a.re analytm in Q then a:Eter redeﬁmtmn on a.set of 'ma measure 0, so is f?_ ._ ._ :

- ;m(z) f(z) . - o 3._ | (3.11) .

m--mo

' umformly in compact subsei:s of Q.

{b)H {fm Yoo g are meromorphlc in £, with pales of tutal mulnp]mty at most n < 00, then .
after Tedefinition on a set of mq maasure 0, 80 is f. o

(c) H {fm}S_, are memmornhc in &, with poles of multlphmty at must n < o, wlule F

is meromorphic in @, w1t_h poles of total _mﬂnpﬁmty precisely n, then for _m large enough, f?’! '
has precise]y-_-n poies, counting multipliciiiy. Fu;rfh_er, as m «—» 0o, the pnles_qf Fm conyérge'to o

80



o the poles of f, a,céordmg 1o muit:phmty, whlle ( 3 11 ) holds umformly in compact subsets of -

Qomitting polesof f. S | - o
S We rema.rk that Lemma 3 2 (c} may be pmved by a.pplymg Hurwﬂ.z theorem ( Lemma. 2 3)
L much as we d.td in proving the mdsmcal de Mcntessus de BaJlore theorem

_ . Lemma 3.8 Let {1.1.,,‘},,,,,_1 and » Be non—nega.tlve nnit Borel Teasnre ou a compa.ct aet
- ECC, suchtha.t AR s

- ffd.umwffdm ﬁ_m—wo, |
 for every. contmunus fanction f E —~ R} o N
(a.) Let K be compact a.nd suppose that for a€ R (the set of real numbers), e

. Thentheree:ustsa.mg sﬁéﬁ't_h_at”:' .': : _ :
- ._.&(z;_%-) }a, ! Vz  € If, _: Vm) mﬂ | _.  : . (313)
| '(b)_"ﬁnifpfn;l;}#.cq@p@ct_ suﬁ;tg _ofc)E', we ha.ve o .
R  dm U= U(*"#) e e
- In pg:ticu?la.r, {;.nm},;‘f=11s (u,E)—regulam

Lemma 3.4, Let ~[J:4r,,,,},,‘_1 and # be non—nega.uve unit Borel Tieagure on & compact set
B such tha.t {,u..m} m=1 is (g, E) regula.r 'I‘hen the condusxuns (a.) and (b) of Lem.ma 3 3 a;re.
valid,
- Zemuﬁa 3.5, Let _F’cil] be comﬁacf' and containing the sets q_f interpola_tioﬁ' points

3



A(m),m > 1 let q>0 be such that f is ana._ytm in an open sef, contauﬁng th) u E, ex- -
. cept for poles Z1s 22y ey Zn m E(q), ( repea,ted anoord.mg to mnltlphclty ), none of w‘::.ch is '*.n' L |

mterpolatmn poml: let

3—1

. contmmng E(r) U E in which Ffis a.nalytic except for 2, 2y ivny Zns a.nd let I'bea tlosed. contour

o and Iet 0 < r < be snch that B(r) centams all of 21,22, ,,z,, Lt O 'be a:n open set' .

in O\(E(r)u E) with’ wmdmg number 1 for ea,ch pomt in E(r) uE, a.nd mndmg nu.mber 0 for'-' L

3 _'pomt m C \0 Wnte

Rmu(f,A(m-I— n 1),z) —13‘3‘-‘9’—

P

e a.nd Iet Wm.;.n.;.i (z) be deﬁned by (3 2} Then for z msxde T,

”_-__s_.(s)f(z);q,,;a(a) - SG-z)Pn;u(z} = 5,; T tmr W

. N'ow,'.w.e ate réé.dy to state' and prove the é{t'é.ns'ian"'ﬁf de Moﬁfeséix’s’ de..'Ba]l"bré'theorém to.
' the multlpomt Pa.de apprnximants due to Wallm (1981 ) Iﬁ is also a,n extensmn of a resmlt of. -

" Warner (1976), a.nd of Saff (1972 )

Theorem 36 Let ECC be cbmpa.cf,-a_ﬁd let

: .#(m) cE m= 1;2,.3,... '. no o (317) N

.l.

Y

sct)f(t)czmct) wm+n+1(z)d,, _' 1) .

' be the sets of mterpolatmn Let v b° a non-nega,twe Borei mea,sufe on E- sucil tha.t {11,,1;]‘,,,‘_1 |

(deﬁned by (3 3)) is (v, E)~ regula.r Let there exist q>[1 such that f is'analytic in an open set

- containing E(g)U E, except for polea Z1y 295 wZy in E(q){ Qa.ted accordm,g to m-ultiphmty), :

- none of which i is a.n_mte_rpola.tmn pomt. Let

Q(Z) = 11.(2 zj):



ot Tmd . S _ID

_ '. a.ccordmg to multlphc:ty ) Smta.bly ordered, they satmfy

- Furthermore, define

. We havé for 1 53 <n, . -

~. where -

o

R,,m(z) = Rm(f,A(m+n+ 1},;), mi
(a) Then far m laxge enongh, B,,,m(z) has exacﬂy n polea, zml,zm;, z,,;ﬂ (. repea.ted

"~ limsup |z,,;5 - zg[”’_“ < 1, i= 1,'2_',...,.93.. L (318) -
. @mﬂf(z) H(z zm:r): : - ' :»:;'._;.-'_:.
- = T

A =limep [Gaala)] seC. (19

L . & T . ) - )
A(%f)_ﬁ'j:—"—' L (@20

y=inf{ers eEcs)} S e
(b) If D<s < g and K is a compact subset of E(s) omlttmg poles of [ then - o

S"

o -ligj;pllf—-ﬂmwlliﬁmﬁ’_' R )

Coey

Note tha.t 1[ none of the poles of fisa ]imlt pomt of mterpola ’inn pomts, then for m large |

- enough, the poles of Rm,,,, canngt comcxde mth an,y mterpolatmn pomt and 50 R,,.,,, solves the

. .Herm.tte mterpolatlon pmbl..m for fi in A(m +n+ 1)

Pmﬂf of Thec.rem 3 6 : W_e split t’he"pro_of info fdn'r _éfepg_-. - |
Step 1 Wnte - - g R
. Rmﬂ(z) Rmnff,A(m-l- n .1. 1),,,.) Pmn(zz o

Qmﬂ(z)

  33' o



. .subsets of ﬁ

| Choose R>D auch that the dmk }z[ { R cantams E(q) U E and wrfte '

w R

Q’““(z)“ R S (5.23?._' .

bralSaR - feagl>aR Fmd

where @ 1< y< n are the poles of Rmﬂ Then {Qm,,} 1 is umfurmly b\ounded in compact

i

{ oo
Chaose 0<3s Lr<yg a.nd I‘ as in Lem.ma.3 5. Then (3. 16} shows tha.t R

| | _ Wm-]-n-l-l(z)
xélaac l@(s)f{z)t;’m(z) Qtz)Pm(zJI ? 9‘1 xeggg‘iﬁp —‘Wm.l.n'“'“"ﬁ(z)

| _ 'Whéi;g 1 is mdependent of m.
. Step 2. Let v -

i

'%:“;“Eﬂ"j fﬁ%}nﬂg‘{ J. -—1 2 ,m+n+1 a T
" Smce {”m}m—1 is (V, E)-* 1'98'“131‘: from (3 2) and (3 4), we ha,ve :

( I 1= f) (H 1t- l) RTRPEC IR NP

=

o Wm+n+1(2)
’_Wm+n+1(3_)._ )

[

S fmam . mtntl ' 1'- .
= exp | 2 logit « =5 ~ Z 10g|z a:,l‘ ]

i=1 I :“1

A‘*"P[(m‘*'“’“)(f ot~ ”slldﬂn«m(t) ] gl 2 _du;.}m(z))]

(,,__. I

" = exp L(‘m +n + 1) £/ O Vm+n+1) U(za Yons- n+1))] - "

.80 . ' R )

Woro iy {5) MmntT) ' ST
ﬁ"ﬁ%ﬁ% "exP(U(t:Vm'i‘ﬂ‘l'I) U(zlpm—l-rd-l)) - (3'25;) :

: Now, by (3 5), the definition of E(s), :

and since I' C €\B{r), 0

A

D™
LI

[, o .
L. : .



U(i,v)*(Iug—-. . tE.I_‘.

' Then smce alsr.- I‘ £ ‘B \L‘ Lemma. 3. 3 shows that gwen 0 <eé < 1 the:ﬂe emsts my such tha.t- -
for m > mg . _ ' '
U(z, v > lug-—-—- _ 2-' e E(s), _

Ul slogl%? ter
.'H_encg,fq}"m?; Mo,
Wm+n+1(3)
max
: zea(s} el Wm+n+1(f)

%(_g:'fl;:g:)f’“f’** m

"We *mq.y assume tha.t £is so sma.ll tha.t :

) e (3,27)__

=3
i

AR S

Step 3. Let 0 < 6 < 1 a.nd let Bm,,, be the umon of the a.t most ?n ?oa]ls of ra.dlus W.. . o

centred on the zeros of QQ,,m Then :

EEST

25” ﬂ bn_ _<=§..
An+1) = 2{n+1)

. m;_(ﬂmy <

' Sinca the choice of R ensures that -

| then'-fmm"(s.za), we ha,v_'_e'
IQ(B)Qm(z) (g(-,,;%_—f)") _3_“ EE(")\%"”‘ (328

combmmg 3 24), (3 26), and (3. 28) ylelda fur m 2 o, - :



NG Rm,.(znwm - st(s)\Bmm' (3-29)'

" where t;g depends on, 6 a.nd n but not On . Thus Rmﬂ — f in mi-measure in E(s) an m — 00,

Aasummg, as' we can, tha.t {zj};‘;_i C E(s), Lemma, 3.2 1mphes tha.t for m lazge enough

| R.m,,, has exa.ctly 1 poles, countmg multxphc:ty, a.nd these poles converge to the poles of fas |

1 — 0, counting multxphm@
If K s & compact Subset cf E(s) nm.(ttmg pbles of £ then for m large enough

| '.Kan?n=¢:-

e -~ and 80 (3.29) holds umform.l& fur z€ I{ As we may chOOBe r arbztranly GIOSE to g, (3 29) a.nd -
E '_-(327)gma

: .
1) - Rm (z)l”’“ < cé’"‘n cgf’“( +3§ ek
:Smce &> 0 is a.rb:traxy a;ud cz ig mdependent of m, then :
. _ .- . f',. ) '_ o : .. : - ].IIHWP ”f anﬂ”r,w(x *3

' This completes ’che proof of (b) B _ o :

- Step 4, We proceed fo the proof of (3 20), Wluc.h immed.ta,tely mehes (3 18)

a Note st that for 1t Ia.rge enough all zeros of Qm { poles of By, ) lie in E(q), but [z} < R
contains E(g) g)uE { by choice of R ), then all zeros of Qm lei m ]zl < 28, So onr narmahsatmn o
_. (3 23] tmsure tha.t for m la.rge enough, ' : - ' '

Qmu(z) 1:{(3 zm.?) an(z)

_ Fix1 < Jj<nand choose 0 < .s <regwithz e E(s), then (fQ)(z) # 0, for the order of -
pole of f at % is exacﬂy ma.tched hy the multlphcity of the zere of Q Lhere Settmg z = 33 in.
(3 24) a.nd usmg [3 26) leads to tha eatlma.te '

I(fQ)(zg)an(zs)lﬂsn .
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- where ¢y s 'iﬁderendm: bf.:}'zn ‘an_d 7is siérén by (3:27). Theii :

lQn’m(zj)l Ile (ZI)'*'?

wh..re ey i8 mdependent of m. n o .
N Aswe may choosa 8 a.r‘bltranly uiose to 85, Whlch is ngen by (3 21), T arbit‘rarﬂy close to q,' _
: a.nd 1 arb;tra,nly sma.ll wE obtam ' L

.&(z,) _.lun 15UD |Qmﬂ(z3)l

—hmup IQm(ZJ)I f’“ E
- Llimsup ca"' n |
N

85
i
S-.*-—-. . - L C . . -

. : L S * S

" Hence we have (320, théh__ (3.i8)‘ fol_loivsl-.;- o |
Jks a specxal ca.se of Theorem 3. 6, Wwe can deduce the ﬁrst de Montessus de Ballore theorem K
- for mﬂtlpomt Pa.dé apprommants, due to- Sa:ff ( 1972 ) ' P

Corollary 3.7, Let E C G he compa.ct wﬂ:h cmp(E} > 0. Assnme further that T —\E 8. o
: connected and posseSBeS 3 c.lasmcal Green’s function G (z) with a pole at mﬂmty, i '

o G(z).=.V(E)f U(zif")r

vEM(E):

' Where U (z, v) is the correspond.in;g ethbnum potent:al and V(E) if X Wl |
| Let the mterpuia.tlon pomts sa.tmfy (3. 17) and the polyno:mals {Wm }m_l of (3. 2) satisfy

dm, |W (zwf"* cap(EJexp(G(zn, '-zec\E’a:_ O @esy
L e I
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- Suppasa tha,t tnere exlats q>1 such tha.t f is aalalytxc jn E(g], except for poles 21,.82,
£ repeated a.ccordmg to multlpliclw ], none of Which is an mterpolatmn pomt Lt: . '

| Rmﬁ(z)':'= Rm(f,_ﬂ(mrf'n«f?l);#), | %ﬁ':’:’fl.

-the:re

i 3.2 W@'_léh Atray

Now, let us reca.ll best umform ratmnal appmxxmatmn Let EC IL‘. be a compa,ct set, f(z)

be analytm on E, m,n be non—nega.twe mtegersr Then for each pair (m,n), there emsts a rational

functmn W, (%) € Bunny Which is of ‘best uniform ?Rpronma.tion to flz) oq Ein the sense" o

that for all ratlaaal functmn rm,.,.(z) of type (m,n), we hama

f=)

- _||fgz)+-Wmm(s)u;wgg,__ <A -ty

Haﬁmtzon 3.8. The WaZsh mrray of 2 fu.nctmn f(z) analytm un a compact et E C IL' &

 the ta.hle o |
: Wuu(Z) Wo,i(z) Wo.z (z)

Wils) Wigle) Wials) o

1

Wio(z) Wasls) Waals) . I (s 32).

'\\'

Then the conclusmns (a) and (b) of: Thi: m 3 6 yémain v ali d ; f we repla,ce E{s) by E(s).':' o

.I L. Wa.lsh extendgd the de Montessus de Ballore theorem to the Walshi array in 1965 Itisa -

close rela.ﬁve of Corolla.ry 3 7 hut for the Walsh array replacmg multlpmnt Padé apprommants L |

Theorem 3 9. Let E - lD' he compa.ct w:th ca.p(E)>0 Assume fmther that _\E is.

N connected and possesses a Gmen‘s f:mctlon G(z) with a pole at mﬁmty Let E(s) be deﬁned '
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by (3:31) for 531, L.e.

- -E“cs) =B 'u-*{z cO\B: 6o < los_ai, sl

: Suppose that f E - c is a.nalytm m E a.nd for some q>1, is meromorphm in E(q), thh e

- poles 21,2y, . qz,,, { repeated a.ccordmg to’ mtdtiphcﬂ.y J. Let {rm,“(z)}m-n be a sequence of
o ra.tmnal fnnctwns of respectwe types (m,n) wluch sa.trsiiv o K

. _(3¥33}

-mw.

hm sup || f(z) - ?m,u(-?)"zm(ﬂ)

( In pacrtlcula.!' tlns hulds 1f {rm,ﬂ} - 13 the (n+1)th row in the Walsh array for f on E )

‘I‘hen t.he mdumuns (a) and (b) of Thenrem 3.6 remain vahd 11‘ we replace E(a) by E(s)
' them S o : :
3.3 Orthogonal Padé 'Approximant's | o .

Th;loughnut thla section, we assume that a(a:) is a nondecrea.smg function. on A = [=1, 1],

'- such tha.t al{z) > 0 almost eVerywhere on A. We de:nnte by {cﬁg(m)} g & sequence of ar’ahonor— o

Y mal polynom.lals, that is, for j >0 qb, i a polynormal of degree exa.ctly ] and nmrmahzed to | -

ha.Ve pos.ttwa lea.dmg coefficient and

. HOM = Gi=0he 3
Fur a.n}' P > 1, we denote by D the mtenor of the e]leBe wﬂ'.h fom ok the points 41 and .

. the sum of the semaiaxes equal 1o p. Tha.t is, D is the mtc.nor of T, 1= {2: ]gp(z)| = p} , where -

o go(z) ;2 \/%T—— and the branch of the square root is chosen so tha.t ltp(z)l > 1 outmde A |
_ “The domain Dy, p € (1, +oo), it said to be ca.nomcal ( wﬂ:h respect 0 ﬁ )s S |

 Let () be an a.na.lytxc functmn on A ( hence f is also analytic in & ne@hborhnori of A).

¥or an arbitrary n 2 0, we denote by Dy(f) the maximal canonical domain in which f can be
- continued to a maromorphlc function with at most n polea (countnd according to multlp‘hmty)

. Then' Du(f} is the maaama‘ c.a.nomcal domam in whlch f can be continued ag an. a.nalytlc_
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B -v-'.___i'u_i:lcti_bil and F can Bé-expéﬁdéd in 5_F0urie’1' series'with Iespéct o the_. 'sf_sﬁem' ;[rﬁ_}}}';d R

f(z) Zﬂ;fﬁg(z): . | - : (335)

where

o a.nd the seriés (3. 315) converges umfo:rmly to f on compact subsets of Dn( _f)
[;

Deﬁmtion 3,110 Let m, i} be non—nega.twe mteg'ers and *'(:r: 5 be an 'Laa g ?lctmn on z&

S The lmear m’thogdnal chdé appmmmant of type (m,n) to f is a ra.tm-p ﬁmctmn i

B R e E

,ﬂ!

‘where G4 “(m)yéﬂ unA a-ndfor:z:GA

. BT .

(cz | m,.)o-c) £ war mee. e

k~m+m+1 a

o _The non-fmear orthogonai Pade' appra:z:smani of type (m,u) to f 18 a ra,txonaI functlon

Rmn mn < Rm,m o S .. .
’ Whei'é'Q“m"ﬂ_(m) :,é 0 ."u_n'-A'.'- ; a.nd for 'm'e_ A,

g q,._(f,@) f f{m)cﬁ,(m)da(s:), __ J_u 1, o .} .-__???;.._('3.36.):_ |

(f Rf”l"“)(“’)". 2 ck¢k(=°‘)= C.,;E c. (338)

k.-m-i-ﬂ-}-l :

o -Since (3._37') 'impliea -

<QaSih>=0, k=atladgontm, (@39

ie R o S
- fl (@hnith) (Bale)=0,  h=ntlnt2.ontm,



we ha.ve_obtaiﬁéd- a linear :homogeﬁéous _syst_em' of m éqoétions in m+1 ooknoﬁrné'for-"_thé .

" coefficients of @2, it always has a non-trivial solution, and PY,; i uniquely determined by

Qs S O O
’ 'me(m)=.zi< Qhnf, 1 >'¢k(m). o '___.{3.411‘) o
So linear orthogonal Pa.dé apprommants to F (z) exist, but need not be umquo o

“From (3.38), we ]mow that the non-hnea.r orthogonal Padé approxmants to f (z:) need net

; emst but if it exxsts, it is “unique.

We have analogues of the de Montessus de Baﬂlore theorem to senes of lmea.r a,nd non-].mea.r -
orthogonal Padé appromma.nts ( Suetm ( 1978 1980)) L '

_ ’I‘Iworem 3, 11 Let f have n (0< n< oo) poles in the maaomal oanomnal domaun Dﬂ(f),' -
| "_-am{ 'et {RY{ } be the sequence of ]mea.r orthogonal Padé a.pproﬂmaats to f Then the ;
) foﬂomng aaéertlons are true S SR L _
_ _. (=) For su.ﬁimently 1a:rge m, the mtmna.l fa.mctlons Rm,, ha.ve n ﬁmte polea ( ie. QL. has__'{':- :
' -._degree n ), the finite poles of R,,m ( the zeros of %, ) tend to the pales of f in D,.(f) |
| m — o] and each pole of f “a.ttra.cts” a numher of poles of R,,m equal to its multxphmty

. poles of f

o Theorem 3.12. Lot _f ha.ve n (0< n < oo) poles in the maximal ca.nonical doma.ln D,.(f) _'
"I‘hen fo:r eacki suﬁmently la.rge m, the:ro exxsts a non—hnea.r orthogonal Pade a.pprommant Rm“. -

' fof type (m,n) to f. In addition " o _ )

p (a-) The ra.tmndl function Ry ha.s n ﬁmte poles, the finite poles of an tend to the polea of -
fin .D,,(f) as m —. 00, and each poIes of I “a.ttra,cts a5 ma.ny poles of R » 28 its multlphmty '

- (b) The sequence {R,,w,,,,},r,,‘_0 converges to F unifomly in compact subsets of D,,(f) omlttmg _ |

poles of f ' S

B

(b) The aequence {Rm} 3 converges to f ﬁ.niformly in compa.ct rubsets of Dl _f) omlttm,g: 3 -



- 3.4 Smooth Coefficients -
It is known by Pé.g.ié' a.pﬁroxiﬁla.tors fhdt when the Maclaurin series coefficients {a; };;0 of e
) = E“az" o

J....(] .

are “smooth” the Padé a.ppromma.nts beha,ve wall.. Wha.t constltntes smoathness'? In Ba.ker[2],
_ gomie exa.mples of smoothness conckl,tmns were trea.ted In Lubmsky [13], smuothness was quan-
_ tiﬁed by us.ng the ra.'cm a,_la 1/t ﬁjr 'I‘ha.t i, 1f o ' :

f(z) Ea:
: ;mﬂ o
iza fozmal.ﬁia.wea: geries with a; # D,'I i la.i‘ge énough, let _
= a;-iéj;l/a?; i ’taxge'enéﬁyh- S -(3?41)
 We sa,y tha.t the coeﬂiments {a, Y=o o of f(z) are smaoﬁh 1f there exists some g X \{0}, such
R lun q_, llm (a.,,_m.,_ufa)—q o DU . (342) .
Let e (0, 2r) be such that 9/ (22r) is ma.tmnal, and let g e‘” Deﬁne the pnmal thetu )

funciwn
q(z) EQ"("‘lJfng .[z|.< . L | (3,43) -

| Then for he(#),

| Gaggafal =g,

and we see that thln_e- p'a,rtia.l' theta fanction hy has smooth coeﬂide#ts."
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-

Definition 3.1, Given q € €, define the "ﬁth_ R&gﬁrs&éﬁ& polynomial

| n(z) G,,,(a,g).. }E[ﬂzﬁf, . : .  (344) B

§=0

L Lo : J 0

i _.(3'..45)'_ .

Note that [“‘] isa polynamia.l in q, sois we]l de:ﬁned even if q iga root of umty In pa.rtmula.r,' " o o

" --..1f9'—'13[n] (“)

-For n >1 a:nd q e C, we have (. gee Lubmsky [13] )

- -GH'_(;')+éé“'-1cv_*’n;-1'(_qu);_ ey

- and Gp(0)=1.
Theorém 3.14. Let n be a Pdéitiﬁé-'integér. L;at |
f(z) 2%3: e
o 3—0 .
be a:.ifdrm'a.l pOWer series vnth amébth t;defﬁcients, ie, far' 5OINE ¢ ec \{0}
o 2 R
. (ﬁj—ﬂ;-{-ﬂ@j) =dq.

* Assume further © that either the follnwmg crmditmns (A) or (B) is sa.tisﬁed. .
' (A) The number q is not a ﬁh roof of umty for j < n, that i is. '

'.f__qu';é_l, -j_g_l-,2,3,._..,.n—1.__

(B) 'I‘he numbar ¢ is a jth root of unity for j < n, but i denote the smalleat such J, for

some pamtnre mteger N mth n <IN +1 and {tzjr }j--l c G \{U}, L

= amﬁlamma _—9{1‘1‘2": -J+o(m-f")] Coan

. 43
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-\\3:; a =

et G’,,,(z) G,.(z« q) be the Rogers-Sz \;,nlmmml defined by (3 44), and for m > 1 m” .
Q,,m(z) denote the denonuna.tor of [m;n] (z) narmalnzed ( 1f posmble ) by ' T

o Qﬂm(ﬂ) 1 ' B _
Then, IQCally uﬂlfﬂl‘lﬂly 111 C ST ]
’&l.ﬂn@mu(uam/“m-ﬂ): Gn(—‘u) _ -. . | - (3.48) |

: _-.'Fﬂfthmﬂfealfﬂnﬂz: sﬂndennte the.zerosofG'n(—m),a,ndfornla.rgeenough zmhzmg, - ,z,,m |

o _ denote the zeros cf an(z), smta.bly ordered we have

e g
o mEeoy isise 3.49)
o ’ S m—tlmmam/am+1 _v'.?r. - —-J—.n ) ( )
. -'Fma.lly, 1fa "m ﬂ“sl},aﬂd

From ﬂus theorem, we ha.ve tha.t for senes with “smooth” coeﬁclents, t;he asmptatxc be—

_ hzmor of the Pa.de Tows. ma.y be oompletely hetermlned In pa.tnculam, fcr I&ge classes of entu'e R

functions of zero, ﬁmte,aald infinite order, all the rows of the Pade table converge, and the Po}_ea B

._Df [m/n](z), a=1.2 Byeery a.pproach co with. rafe am/am+1 as m - 00

Forthepa,rtlaltheta.funcmonhq deﬁnedby(343),1fm> - 1 > Ua.ndq’ 75 1, some_ o

- 1< j < n,then the Pa.de denomma.tor Q,,m(z) nnrmahzed by Qmn(9) = 1 satisfies
an('—zg_‘”_"j:-(?ﬂ(z).._ | g _. o o . | (3.52) }

: ( See Lubmsky and Sa,ﬁ‘ [14] } . _ |
In ﬂus case, (3 48) is valid w:thc-ut the limit s:gn So hq is real]y the model functmn for_-

| _'3moothness in the sense (3 42)



3.5 _Intel_'media_té Rows . y '
_ - . o e
Let f{=z)y be a meromorph;c function in E Asanme that.
- f(#)has 1 ‘pole i in {2} <1, - L
' ﬂ:g) has 1 pole on |z =1, _
) f(;:)'hasipoleofbrder"a T
. f(z)ha.s2polesm2<{zl<8 R | '

The.n b:y' de Montessus ] theorem; . v
o o e '

. uniformly in compact gmbsets of [2] « 1 omitting the pole of fi -

- Jim [m/f2) s
- uniformly in cﬁnpact s{uhsgﬁs of {2 < 2&;§¥§1itting.the 2 _poIés of f, :

'ﬁ%;'[mxslaf -

E umformly in cumpa.ct su‘hsats of |z| < 3 ormttmg the poles of f _
What can wé v a.bout the convergem:e of the Sequences {[m/3]} - a.ud {[m/é]}ﬁ 17

—

Here we ca.lli o ‘L[m;'S] ol acnd the 5th calum.n {[m/4]};,‘f_1 of the Padé table for o

this functmn Wy nterienwte rows { columns y?

In general, if f(z) has ,w poles in E(q),q>0 (deﬁned 'by (3 5)) aml is meromorp]uc with
' -poles of total order v (v > 1) on the boundary of E(q), there are some kuown cunver-

"gence rey ) extenmons of de Mnntessus de Ballore theorem ) for the mtermed.la,te :rnws

e {Rm(#-i-l)(fa A(m-f' B+ 2); 2-’)} through {Rm(p-l-v](f?A(m +u +v 4 1)3 z)} for mult!-

pomts Padé approximants. (See Liu {10], cha.pter 3}

et EC € bea compact set and K —\E be nuﬂnected a.nd possess a, clasmcal Green’s.

_ flmctmn G’,,(z) having a pole ak m:ﬁmty Set



o se';,-;

'.i._I‘q'_ = {z1 .3(52)#'1@&}, g 1 |
e E(q) ’;mmr (rq) -  ' T .; (3_53)0
H() | aG(z) aa(z) (s e ,Hy) o & \3 54)
A mp(E), L e
where cap(E) I defined b.v (3. 7) - {f o L

Theorem 3. 15. Let E be aasumed as a.bmre Let _f(z) be a.nalytlc on E me:omorphic thh : :__ i

pxecxsebr plp 2 P 0] polea in E(q) and a.nalytxc only except for a pole at a of oxder i E (e} £0.
- Let the mterpola.tmn schemes be &escnbed as in (3. 1) a:ud A C E, £=1,2,3,. s and the E

L asaoma.ted r;olynoma.ls Wg(z.) deﬁnéd by (3. 2) sa.txsfv .

s
G

IW.'.(z)[ < MAe fm' z‘_e E,

"._"_a.n:d'- . . o | ‘_.-._'..-(3.561

[G{z) ¥ IogA !;—1 log m(z) & ik Me,

- fo: zon ea.ch mmpar.t subaet of I{ Here M’ s a constant mdepandent of E a:nd of t]‘:e compact

Sup;;pse ais not a crmca.l pomt of G{z) aa:d t<u<r, Then o
(a.) fm- m laxge enough, there e:nsts a umque mulhpnmt Padé a,pproxamant .

m{u-]»u](.f: A(ﬂ?' + W + v + 1)! 2:) = m{u-!—u)

of type (m, i + V) Wh.tch mterpola.tea to f(s) on the set A(m + p + v 1) Each Rm(“_,_,) has '

precisely g+ finite polea and, as. m = 00, 4 of wluch approach the p, pnles of f (z) respectufely o

Lin E(q), the other v polas tend to a countmg mulnphclty )

. L dm, Rm{ﬂ+,,)(f,1\(m+#+l'+ 1)12)_ f(z) {357) R
“mfofmly in wmpact subserrs of E(q) onnttmg Pﬂlﬂﬁ Of f (“) | : |

g



. followmg Iesults

Now, a.pplymg this theo"em to the quest:on sta.tetl i the hegmmng of th:-s secnon, we ha.ve
B {1y For m lazge enough, ‘f«.he Pade appronmants [mjs] a:mi [m/4j to f are umque [ni{3] L
L reapectlvel_v 4} ) has prech !ely 3 { resp 4) poles and, as m— 00, 2 of the poles approach" .
. the2 poles of f in [z[ <2 respectxvely, and the other 1 pale ( resp. 9 poles ) tends tn the poLé- -
 offoem e = - -
@)

m_m{mj?»] f .
CARER SN . [m/4] e -
umformlym cﬁ;npa;gt'subéeté of .Izl :.:zgmitting tl_te 2_poles of _f in Izl ﬁ..z._ S _.

In the case tha.t f(#) has more tha,n one pole on the buundaxy of E(g); the antua.non is svuch

- more camphcated than the tase nf one pole and I J:efer to Lig [1(]] for ﬁetauls -

36 ) Mulﬁiv@i-’iate _Padé'_-ApprOﬁrﬁaﬁﬁs .

There a.m‘two types of multlvana.te Pa.rlé a.ppronma,nts the homogeneoua a,nd na;#dmmogeneous o
X Paﬁlé a.pprmﬁmants In this section, deﬁmtiona ate given in the sense of Cuyt [4]{;],[6] '
Let P> 2, and Jet r = (1'1,7;;, ,rp) be a p—tuple of posmve mlmbers D&ﬁne the pofyd:sc

Bz = {(zhzz, %) €673 o m1g5s p} . ('3-5.8)
k= (kl,kg, ) is a p-tuple of non-nega,twe mtegers, then for z= (zl, Z3y-- ,zp) E tI} S

" we define

P -ingl



o and saythat the term z“ has degrea k .1.-4 +kg+ +k
s Gwe:n an mteger k, we denote by ' ' '

'ﬁ Crd® or Mo B,

Cké’f E c:;u_ks kpz{“Z"“

k1 +kz+ +k,p"'k

.."_'-'Aké_"':#' T tum kr-*f*ﬂg‘ 4": o B

k;+ka+ hhph

Ek&. O bt zz'z“f'"_- |
k;+k=+ +k,=:e | :

The Jormal pawer series f{z) is”

f(_) Zc‘r«a

: . B . n,-—~o

" The de_qree of & polynomml P(;,:) is the Iughest degree a,mongst its HON-ZEr0 terms The_ o
order of a formal pawer 5emes f{g;}‘ denote by‘ agf(gj 1s the Iowest degree amungst its non-zem: '

Deﬁmtmn 3 16. Let _f(_) be a fcrmal power senes, a:nd m,n > D be mtegers The (m,n). )

- mu!tzmmte ho:rmgeneous Pade’ appro:csmant to _f is the ra.tmnal functmn

[m/n](_) = QE;)) _' o (389) |
- . Wiﬁ]l : o mﬂ-f-‘;ﬂ o
_ dmmn

‘and
) mra-bn

Jjr=mn

a8

’ {-.;.'_ .



where Q(z) is ot identically _z'efi"b, such that

;é;(fq'..-f)(&)zm;ﬁnﬂ, R '(3:63)."' S

Cuyt has shown that {m/ n](_} exists a.nd is umque a.nd also proved the, fo]lomng a.nalogue _

- _ of de Moni.essus de Ba.llore theorem for mult:va.na.te Paﬂé a.ppramma.nts (see Cuyt [4] )

'I‘heorem 3 1'? Suppose tha.t f s a.nalytlc in the ongm and m meromorphm in the polydlsc |
B(O,__) wlth pole set ' P . _
| | 1_’ = {z € B(s,z) : s_(g):_: o} )

o -._where Sisa po]yﬁomial of degree n, Let 1 denote the suﬁsequence of positi\fe integérs m,., -

.' such that the xrredumble form of [m/n](g), say Pm(z_) /Qm(z) has Qm(ﬂ) :,é 0. Assuma ‘rhat I 13 S
' mﬁmte Then

[m/n](a) - f(zJ (3 "

S | " moeres mer
o umfonuly in cnmpa,ct snbaets of B(O g;)\P a.nd after A ﬁwtable norz.mzahon, we h’a,ve
P Q)= 5&\\ . e “?)__

| unﬂ‘ormly in compact subsets of B(U _)

o Now, we discuss ﬂie.non—homogeﬁeoué type of 'fn:mltiﬁria.te Padé approximants. In order to' '

IS

" avoid notatlona.l difficulties, we will restrict to t.he case of blva.ria.te fuuctmns The generahzatmn. -

to more than twa: vmables is stnghtforwa.rd
_]jeﬁhitiqn 3.18. Let fiz,y) bea formé.’l power serieé, 1e

f(ma Y} = z cijie ”Ia | :I | B (363)

s:*‘ﬁ



. ._ N .

*andJet M,N be index sets in I X I =i N7 Let us define m and n'by

Cpueeah el mest s

 The (x?f,é’\?_:mﬁlaébbﬁqtc non_;??émoggnébus Padé ap;}}‘oximaﬁf.ﬁi_f(a;}y)_ isa i-axioﬁal..fﬁnctidﬁ. o
P(ztg]" .

- [ / ]E(m,y) Q(&‘,?f)_

" with polynomialslN - AR

| | P(m,y) Z gy,

' Q(“"s!f)“ Z b!:""ﬂ’:.;.- _ o .

.and an interpolation s_efE'-such that

(f@ P)(:c,y)— : z: .d:..rmiyj, o _ c _:' g3~65)

_ (w)EN\E ' T

o owith

#(E\MJ #N 1= n

\[

_q'lld E satlsﬁes the mclusmn pmperty
(s,j) ¢ Ez_-;_» (Jc,z)e Efor 0Sk<iand 0S1<4  (368)
-.Cléa.rl,y'the_gqﬂaﬁon (3.65) r.anbe fémitteﬁ as

- otHN(FQ —P)

“Be0y |(a;nl - for (i J)e E s

a.nd this cla,ri.ﬁes-the'.terminology'of 'mterpola.tmn_ sgt.

@t



"then

' mult:plica.t:on of a polynomal mdeXed b} M w.zth a polynomlal mdexed by N

. Condition (3.66) enable us to split the sySidén s equations .

“ d;;_ﬁ'ﬂ'a (i,j):_;é E‘

 in an inhomogeneoris part defining th_e numeraﬁor.cqefﬁcients

p—OP"“o

o a,nd a,homcgeneous pa:t deﬁm:ng the dﬂnom.lna.tor Clents RS

zza;:yﬁimm-vw—ﬂ:n (*aJ)GM S h ' - | (3-70) ..

Ezcnubs—uu—n" "-ﬂ ('33.?) £ E\M T o (3’71)
=y R

} _"By-co:;irénﬁqn,”” - . - I
gm0 i (s,J}¢N o em

B Then candxtion (3 67) guarantees the e:nstent:e of Y nuntnv:a.l denomma.tor Q(=, y) because the
o -homogeneoua system has one squation less than the. number of unknowns a;nd 80 one unknovm
o coefﬁment can be chosen ﬁ'eeiy '

Gond1tmn(3 68) ﬁnally takes ca.re of the Pa.dé apprommahon pmperty, na.mel}r if Q(B [}) # 0,.

GaeNAE

_ (‘uyt proved a multlvarlate non—homogeneoua type analogue of the umva,nate de Monte;m’a _
7 de Ba]lore theorem in 1990 ( Cuyt [6} ), for?the case of amaple poles Before stating the theorem, -
we mtroduce some nota.tion By the set M« N we denote the mdex gef that resu]ts from the |

U-Frew S e 6

-

M’*N - {(‘i+k,5+_I):(i,'j) c M,(k,l).e_'N_}.--' N | . £3T4) .

~ Since the et B satwﬁea the mclusmn property, we can mscn'ba iBosceles tna.ngles in E, vath

' top at (l} 0) a.nd base a.‘long the. amldlagonals { see gra.pha below ). Let T be thn largest of these
_ :mscnbed tnang] es and let 7 be the “length” of the two equal sides. We call Tr the range of the



_'tﬂangle 7.0n the chel ha.nd, beca,useM sNisa finite suhset of N XN, we can mmxmscube _
- Hwith such tna.ngles. Let T be the sma]leat of these mcumscnhmg triangles and let rp he the o
“length” of the wo equal suies We call g the range af the tnangle T '

| M:‘{fa.ol,d)...w;l?:U;O?_.rf_b")} \ ._ M ;.-.{(0;01;__5?:[);fg;O_J}_C_Mﬂ .

G Rlﬂa) = {z9):1s  ~_< R1 lyl < _.ézg}"_;
o mamng thai- thgre e#dats a.pulynomjal . o

(d,a)eNc:lN’ - ““'” o - I
\'such that ( fRN)(m,y) is analytlc in the pol}dlsc above Further, we a.ssu.me that RN(U 0) 95 (3] :
50 tha.t necessanly G O)E . Let there also exist n zeros (a:;;,y;,) E B(Q, RI:RE): Agh < n)
of EN(-’B:!J) satisfying B | |
| | (fﬁ,v)(m;,, ) -;e-'n, b= 1,2_,!.,.,‘.»;-,. e

52



o g . )

| . . \ a:“ly ' : ;--_' 3dnyﬂ ) .
' "'Then the Padé appromma.nts [M jN]E(m,y) (PfQ)(n:,y) with N ﬁxed as given abcnve, and M
. a.nd E gromng, converges to f(a:, ¥} umfomly on- t.ompact subsets oi" ”

) :‘_ ] < B < B Rlos) 2 0}_, )

And its iienOminator

Q (m; 3) E 5d.e.a?d' 9‘5'

: . i=0 .
conVe:rges to. RN(:n,y) under the fo]lomng condltmns for M and E' the range of the la.rgeat
mscnhed tna.ngle rrin E a.nd the range of the. smallest trxa.ngle clrcumacnhmg M « N, rp

. -_ahuuldbothtendtomﬁmWasn—roo e

oL

o8
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