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GLOBAL QUANTIZATION OF PSEUDO-DIFFERENTIAL
OPERATORS ON COMPACT LIE GROUPS, SU(2) AND 3-SPHERE

MICHAEL RUZHANSKY AND VILLE TURUNEN

ABSTRACT. Global quantization of pseudo-differential operators on compact Lie
groups is introduced relying on the representation theory of the group rather than
on expressions in local coordinates. Operators on the 3-dimensional sphere S* and

8 on group SU(2) are analysed in detail. A new class of globally defined symbols is
o introduced giving rise to the usual Hérmander’s classes of operators ¥ (G), ¥ (S?)
AN and U (SU(2)). Properties of the new class and symbolic calculus are analysed.
Properties of symbols as well as L2-boundedness and Sobolev L?-boundedness of
8 operators in this global quantization are established on general compact Lie groups.
O
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>é 1. INTRODUCTION

In this paper we investigate a global quantization of operators on compact Lie
groups. We develop a non-commutative analogue of the Kohn—Nirenberg quantiza-
tion of pseudo-differential operators ([12]). The introduced matrix-valued full sym-
bols turn out to have a number of unexpected properties. Among other things, the
introduced approach provides a characterization of the Hormander’s class of pseudo-
differential operators on compact Lie groups using a global quantization of operators
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relying on the representation theory rather than on the usual expressions in local
coordinate charts. The cases of the 3-dimensional sphere S* and Lie group SU(2) are
analysed in detail and we show that pseudo-differential operators from Hormander’s
classes U™ on these spaces have matrix-valued symbols with a remarkable rapid off-
diagonal decay property.

There have been many works aiming at the understanding of pseudo-differential
operators on Lie groups, see e.g. work on left-invariant operators [26, [15, [6], convolu-
tion calculus on nilpotent Lie groups [14], L?-boundedness of convolution operators
related to the Howe’s conjecture [11] [7], and many others. In particular, Theorem B
allows z-dependence and also removes the decay condition on the symbol in the set-
ting of general compact Lie groups (a possibility of the relaxation of decay conditions
for derivatives of symbols with respect to the dual variable for the L?-boundedness
was conjectured in [LI]).

The present research is inspired by M. Taylor’s work [28], who used the exponential
mapping to rely on pseudo-differential operators on the Lie algebra which can be
viewed as the Euclidean space with the corresponding standard theory of pseudo-
differential operators. However, the approach developed in this paper is different
from that of [28, 29] since it relies on the group structure directly and thus we do
not need to work in neighbourhoods of the neutral element and can approach global
symbol classes directly.

As usual, STy C C*(R" x R") refers to the Euclidean space symbol class, defined
by the symbol inequalities

(1.1) |0¢07p(x,€)] < C (&)1,

for all multi-indices o, 8 € N2, Ny = {0} UN, where (£) = (1 + [£]*)¥/2, and where
constant C' is independent of z,£ € R™ but may depend on «, 5, p, m. On a compact
Lie group G we define the class ¥ (G) to be the usual Héormander’s class of pseudo-
differential operators of order m. Thus, operator A belongs to ¥ () if its integral
kernel K(z,y) is smooth outside the diagonal x = y and if in (all) local coordinates
operator A is a pseudo-differential operator on R™ with symbol p(z,§) satisfying
estimates (LI). We refer to [9, [10] for the historic development of this subject.

It is a natural idea to build pseudo-differential operators out of smooth families of
convolution operators on Lie groups. In this paper, we strive to develop the convo-
lution approach into a symbolic quantization, which always provides a much more
convenient framework for the analysis of operators. For this, our analysis of operators
and their symbols is based on the representation theory of Lie groups. This leads to
the description of the full symbols of pseudo-differential operators on Lie groups as
sequences of matrices of growing sizes equal to dimensions of representations. More-
over, the analysis is not confined to neighborhoods of the neutral element since it
does not rely on the exponential mapping and its properties. We also characterize,
in terms of the introduced quantizations, standard Hérmander’s classes ¥™(G) on
Lie groups. One of the advantages of the presented approach is that we obtain a
notion of full (global) symbols compared with only principal symbols available in the
standard theory via localizations.

To illustrate some ideas, let us now briefly formulate one of the outcomes of this
approach in the case of the 3-dimensional sphere S?. Before that we note that if
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we have a closed simply-connected 3-dimensional manifold M, then by the recently
resolved Poincaré conjecture there is a global diffeomorphism M ~ S3 ~ SU(2)
that turns M into a Lie group with a group structure induced by S* (or by SU(2)).
Thus, we can use the approach developed in this paper to immediately obtain the
corresponding global quantization of operators on M with respect to this induced
group product. In fact, all the formulae remain completely the same since the unitary
dual of SU(2) (or S? in the quaternionic R*) is mapped by this diffeomorphism as
well; for an example of this construction in the case of S* ~ SU(2) see Section [Tl
The choice of the group structure on M may be not unique and is not canonical, but
after using the machinery that we develop for SU(2), the corresponding quantization
can be described entirely in terms of M, for an example see Theorem [ for S3
and Theorem [[0.4] for SU(2). In this sense, as different quantizations of operators
exist already on R"™ depending on the choice of the underlying structure (e.g. Kohn—
Nirenberg quantization, Weyl quantizations, etc.), the possibility to choose different
group products on M resembles this. In a subsequent paper we will carry out the
detailed analysis of operators on homogeneous spaces and on higher dimensional
spheres S™ ~ SO(n + 1)/SO(n) viewed as homogeneous spaces. Although we do not
have general analogues of the diffeomorphic Poincaré conjecture in higher dimensions,
this will cover cases when M is a convex surface or a surface with positive curvature
tensor, as well as more general manifolds in terms of their Pontryagin class, etc.

To fix the notation for the Fourier analysis on S3, let t' : S* — U(20 + 1) C
CRHD* QD ] ¢ %NO, be a family of group homomorphisms, which are the irreducible
continuous (and hence smooth) unitary representations of S* when it is endowed
with the SU(2) structure via the quaternionic product, see Section [I1] for details

The Fourier coefficient f(l) of f € C™(S?) is defined by f = o f( * dux,

where the integration is performed with respect to the Haar measure, so that f ( ) €
CEHD*EH+Y)  The corresponding Fourier series is given by

f@) = S @+ T (A(l) tl(a:)> .

Now, if A : C®(S?) — C>(S?) is a continuous linear operator, we define its full
symbol as a mapping

(2, 1) > oa(x,l), oalz,l) = t'(z) (At (z) € CEFI*EFD,

Then we have the representation of operator A in the form

~

Af@)=Y @ +1)Tr (tl(x) oa(z,1) (1)) ,

lE%No
see Theorem 2.4 We also note that if
Af(x) = | Ka(w.y) fly) dy = 3 f(y) Ra(z,y ') dy,
S

where R, is the right convolution kernel of A, then o4(x,1) = [, Ra(z,y) t'(y)* dy
by Theorem 2.5 where, as usual, the integration is performed with respect to the
Haar measure with a standard distributional interpretation.



4 MICHAEL RUZHANSKY AND VILLE TURUNEN

One of the arising fundamental questions is what condition on the matrix symbols
o4 characterize operators from Hérmander’s class ¥™(S3). For this, we introduce
symbol class S™(S?). We write 04 € S™(S?) if the corresponding kernel K 4(z,y) is
smooth outside the diagonal x = y and if we have the estimate

(1.2) |A2000 4, (2,0)i] < Cangmn (1410 — 4))7N (L4 1)1,

for every N > 0, every v € S?, and all multi-indices «, 8, where symbol o4, is the
symbol of operator A,f = A(f o ¢,) o ¢, !, where p,(x) = zu is the quaternionic
product. Symbols of A, and A can be shown to be related by formula o4, (z,1) =
t'(u)*oa(zu=t, 1) t'(u). We notice that imposing the same conditions on all symbols
o4, in (L2) simply refers to the well-known fact that the class U™ (S?) should be
in particular “translation”-invariant (i.e. invariant under the changes of variables
induced by quanternionic products ¢, ), namely that A € ¥™(S3?) if and only if
A, € U™(S?), for all u € S®. Condition (L2)) is the growth condition with respect
to the quantum number | combined with a rather striking condition that matrices
oa(x,l) must have a rapid off-diagonal decay. We also write A} = AT A AG?, where
operators Ay, A_, /\y are discrete difference operators acting on matrices o 4(z,[) in
variable [, and explicit formulae for them and their properties are given in Section
With this definition, we have the following characterization:

Theorem 1.1. We have A € U™(S3) if and only if o4 € S™(S?).

The proof of this theorem is based on the detailed analysis of pseudo-differential
operators and their symbols on Lie group SU(2) where we can use its representation
theory and geometric information to derive the corresponding characterization of
pseudo-differential operators. We note that this approach works globally on the
whole sphere, since the version of the Fourier analysis is different from the one in e.g.
[24, 27, 25] which covers only a hemisphere, with singularities at the equator.

In our analysis on a Lie group G, at some point we have to make a choice whether to
work with left- or right-convolution kernels. Since left-invariant operators on C*(G)
correspond to right-convolutions f + f % k, once we decide to identify the Lie al-
gebra g of G with the left-invariant vector fields on G, it becomes most natural to
work with right-convolution kernels in the sequel, and to define symbols as we do in
Definition 23]

Finally, we mention that the more extensive analysis can be carried out in the
case of commutative Lie groups. The main simplification in this case is that full
symbols are just complex-valued scalars (as opposed to being matrix-valued in the
non-commutative case) because the continuous irreducible unitary representations are
all one-dimensional. In particular, we can mention the well-known fact that pseudo-
differential operators A € U™(T") on the n-torus can be globally characterised by
conditions

(1.3) [Avdep(x, )] < C (L+ [p))™ 1,

for all n € Z", and all multi-indices o, 5 € N, where difference operators Aﬁ =
At Apnare defined by A, p(x,n) = p(x,n + ¢;) — p(z,n), (ej)r = dj, for all
1 <7,k <n,etc. If we denote by S™(T™ x Z") the class of functions p : T" x Z" — C
satisfying (L3]), then we have OpS™(T" x Z") = W™ (T"), see e.g. [1I, 13, 33, [16, [17]
with different proofs, as well as numerical application of this description in e.g. [20],
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21]. We note that in [I7], more general symbol classes as well as analogues of Fourier
integral operators on the torus and toroidal microlocal analysis were developed using
the so-called toroidal quantization, which is the torus version of the quantization
developed here.

It is also known that globally defined symbols of pseudo-differential operators can
be introduced on manifolds in the presence of a connection which allows one to use a
suitable globally defined phase function, see e.g. [35], 19 23]. However, on a compact
Lie groups the use of the groups structure allows one to develop a theory parallel
to those of R™ and T" in the sense that the Fourier analysis is well adopted to the
underlying representation theory. Some elements of such theory were discussed in
[32] and in the PhD thesis of the second author, and a consistent development from
different points of view will eventually appear in [18§].

The global quantization introduced in this paper provides a relatively easy to use
approach to deal with problems on S™ (and on more general Lie groups) which depend
on lower order terms of the symbol. Thus, applications to global hypoellipticity,
global solvability and other problems in the global setting will appear in the sequel
of this paper.

In this paper, the commutator of matrices X, Y € C™" will be denoted by [ X, Y] =
XY — Y X. On SU(2), the conventional abbreviations in summation indices are

2.=2. 222 2 >,

lel 1No m,n el 1No |m|<l, I+meZ |n|<l, I4+n€Z

where Ny = {0} UN = {0,1,2,---}. The space of all linear mappings from a finite
dimensional vector space H to itself will be denoted by End(#). As usual, a mapping
U € L(H) is called unitary if U* = U~! and the space of all unitary linear mappings
on a finite dimensional inner product space H will be denoted by U(H).

2. FULL SYMBOLS ON GENERAL COMPACT LIE GROUPS

Let G be a compact Lie group, not necessarily just SU(2). Let us endow D(G) =
C*(G) with the usual test function topology. For a continuous linear operator A :
C®(G) = C*(G), let Ka,La,Ra € D'(G x G) denote respectively the Schwartz,
left-convolution and right-convolution kernels; i.e.

(2.1) Af(z) = /G Ka(e.y) fly) dy =
- / Laa,ay™) f(y) dy = / J(y) Rale,y~'z) dy
G G

in the sense of distributions. To simplify the notation in the sequel, we will often write
integrals in the sense of distributions, with a standard distributional interpretation.
Notice that

RA(I, y) = LA('];7 .I‘y.l’il),

and that left-invariant operators on C'°(G) correspond to right-convolutions f
f *x k. Since we identify the Lie algebra g of G’ with the left-invariant vector fields on
G, it will be most natural to study right-convolution kernels in the sequel.
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Let us begin with fixing the notation concerning Fourier series on a compact group
G (for general background on the representation theory we refer to e.g. [§]). In
the sequel, let Rep(G) denote the set of all strongly continuous irreducible unitary
representations of G. In this paper, whenever we mention unitary representations
(of a compact Lie group G), we always mean strongly continuous irreducible unitary
representations, which are then also automatically smooth. Let G denote the unitary
dual of G, i.e. the set of equivalence classes of irreducible unitary representations
from Rep(G). Let [¢] € G denote the equivalence class of an irreducible unitary
representation £ : G — U(H¢); the representation space H is finite-dimensional
since G is compact, and we set dim(§) = dimH,. We will always equip compact
Lie groups with the Haar measure, i.e. the uniquely determined bi-invariant Borel
regular probability measure. Let us define the Fourier coefficient f(§) € End(#,) of
f e LYG) by

(2.2) 7le) = /G f(2) €(x)* da;

more precisely,

(Fleymom = [ 1) €@y u 0 do = [ 1) @0y, da
for all u,v € He, where (-,-)3, is the inner product of He. Notice that £(z)" =
()~ =&,

Remark 2.1. Let U € Hom(n, ) be an intertwining isomorphism, i.e. let U : H,, —
He be a bijective unitary linear mapping such that Un(z) = £(z)U for every z € G.
Then we have
(23) fln) =U'f(€) U € End(H,).
Let us also consider the inner automorphisms

by = (x—utau): G — G,

where u € G. If £ € Rep(G) then we also have
(24) Fooule) = /G f(utau) €(x) do = /G F(2) E(uru) da
— ¢(u) / F(a) €(x)* dr €(u)* = E(u) F(E) E(u)".
G

Remark 2.2. If f,g € L'(G) then
Fra(e) = /G [ g(2) £(x)" da = /G /G FlayVg(y) dy £(z)* do =
_ / o(y) £(w)° / Flay™) €y dx dy = (6) F©),
G G

which in general differs from f(g) 9(&). This order exchange is due to the definition
of the Fourier coefficients, where we chose the integration of the function with respect
to £(x)* instead of &(x). This choice actually serves us well, as we chose to identify
the Lie algebra g with left-invariant vector fields on the Lie group G: namely, a
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left-invariant continuous linear operator A : COO( ) — C°°(@) can be presented as a
right-convolution operator C, = (f — f % a), resulting in convenient expressions like

C.O,f = abf.

If £ : G — U(d) is an irreducible unitary matrix representation then f(¢) € C*4
in (2.2) has matrix elements

/f nmde(C1<mn<d

where the matrix eleme{l\ts are calculated with respect to the standard basis of C¢.
If here f € L*(G) then f(&)mn = (f,&(2)nm)r2(c), and by the Peter-Weyl Theorem

dim(g)
(25)  flz) =Y dim(©) Tr (¢(2) J1©)) = Zdlm > &@n F(Em
€leG m,n=1

for almost every x € GG, where the summation is understood so that from each class
(€] € G we pick just (any) one representative £ € [(]. The choice of a representation
from the same representation class is irrelevant due to formula (2.3]) and the presence

of the trace in (2.0).

Definition 2.3 (Symbols of pseudo-differential operators on G). Let £ : G — U(He)
be an irreducible unitary representation. The symbol of a linear continuous operator
A:C®(G) - C®(G) at z € G and £ € Rep(G) is defined by oa(z,§) = 7.(§) €
End(H,), where

Tm(y) = RA(xv y)
is the right convolution kernel of A as in (2I]). Hence

(2.6) oaz,€) = /G Ra(x.y) £(y)° dy

in the sense of distributions, and operator A can be represented by its symbol:

Theorem 2.4. Let the symbol o4 of a continuous linear operator A : C®(G) —
C*(G) be defined as in Definition[2.3. Then

(2.7) Af(w) =3 dim() Tr (&) oa(w,€) J(©)).
[€led

for every f € C*(G) and z € G.

Proof. Let us define a right-convolution operator A,, € £(C*(G)) by kernel R4(xo,y) =
T2, (y), i.e. by

And(@) 1= [ £0) rasly™a) dy = (7 5 1) (@)
Thus 04, (2,€) = T, (§) = 0a(w0,§), so that by (2.5) we have

g (@ Zdlm Tr (¢(e) Ao, F(S))
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Zdim(g) Tr (g(x) aa(z0,€) A(é“)) ,

where we used that Jq'r’\mo = 'F;OJ? by Remark This implies the result, because
Af(x) = A, f(2). O
For a symbol o4, the corresponding operator A defined by (2.7)) will be also denoted

by Op(aa).
Thus, if £ : G — U(dim(&)) are irreducible unitary matrix representations then

dim(¢ dim(&)
Z dim(& Z E(x Z oa(@,E)mr [(E)kn
[5}6@ m,n=1 k=1
Alternatively, setting A& (), = (A (fmn))( ), we have
dim(&

1 <m,n < dim(¢), which follows from the following theorem:

Theorem 2.5. Let the symbol o4 of a continuous linear operator A : C*(G) —
C*(@Q) be defined as in Definition[2.3. Then

(2.9) oa(z,§) = §(x)" (AL (x).

Proof. Working with representations £ : G — U(dim(¢)), we have
dim(¢)

ngm ) (Ab)(z) = Zskm ) Y- dim(n) T (n(2) oalw, n) &)

e
= kam Z dim(n 277 )ij 0@, 1)1 Ekn (M)
meG &2

= kam z) §(7)kj oa(T,8))n
k?j

== O-A(:L‘ g)mna

where if n € [£] in the sum, we take n = £, so that fkn( )ii = (Ekn, Mit) 12, which equals
if ¢ =mn,k=1and n =1, and zero otherwise. 0J

dirlng
Remark 2.6. The symbol of A € L(C*((G)) is a mapping
oa: G X Rep(G) — U End(H,),
£€Rep(G)

where 04(z,&) € End(He) for every x € G and £ € Rep(G). However, it can be

viewed as a mapping on the space G x G. Indeed, let £, € Rep(G) be equivalent
via an intertwining isomorphism U € Hom(&,n): i.e. such that there exists a linear
unitary bijection U : H¢e — H,, such that n(zx) U = U £(x) for every x € G, that is
n(x) = U &(z) U*. Then by Remark 2.1] we have f(?]) =U f(g) U*, and hence also

OA(%U) =U O-A("L‘ag) U*



QUANTIZATION OF PSEUDO-DIFFERENTIAL OPERATORS ON SU(2) AND §3 9

Therefore, taking any representation from the same class [£] € G leads to the same
operator A in view of the trace in formula (Z7). In this sense we may think that

symbol o4 is defined on G x G instead of G x Rep(G).
Notice that if A= (f +— f*a) then Rs(z,y) = a(y) and
oa(z,§) = a(§),
ie. fo(g) = @(€) f(¢). Moreover, if B = (f — bx f) then Lg(z,y) = b(y),
Rp(z,y) = Lp(x, zyx™') = b(zyx~!), and by [Z4) we have
o5 (w,€) = £(2)" b(E) £(2).

Remark 2.7. Let g be the Lie algebra of a compact Lie group G, and let n =
dim(G) = dim(g). By the exponential mapping exp : g — G, a neighbourhood of
the neutral element e € G can be identified with a neighbourhood of 0 € g. Let
X™ = ST, C ST consist of the x-invariant symbols (z,§) — p(§) in ST, with the
usual Fréchet space topology. A distribution & € D'(G) with a sufficiently small
support is said to belong to space xm if sing supp(k) C {e} and kexmc o (¢),
where the Fourier transform & is the usual Fourier transform on g = R", and the dual
! ~ n

space satisfies g’ = (and we are using the exponential coordinates for k(y) when
y~e€qG). If k€ X™ then the convolution operator

urr kxu, kxu(r)= /Gk(:py_l) u(y) dy,

is said to belong to space OPX™, which is endowed with the natural Fréchet space
structure obtained from X™. Formally, let k(z,y) = k.(y) be the left-convolution
kernel of a linear operator K : C*(G) — C*(G), i.e.

Kula) = [ kulay™) uly) dy
e}
In [28], M. E. Taylor showed that K € U™(G) if and only if the mapping
(x—= (u—kyxu)): G — OPX™
is smooth; here naturally v — k, * v must belong to OPX™ for each x € G.

In the sequel, we will need conjugation properties of symbols which we will now
analyse for this purpose.

Definition 2.8. Let ¢ : G — G be a diffeomorphism, f € C*(G), A : C*(G) —
C>(G) continuous and linear. Then the ¢-pushforwards f, € C*(G) and A, :
C>®(G) — C*(G) are defined by
fo = foo,
Asf = (Afe1), = A(fod)og™"
Notice that
Apoy = (Ay), -
From the local theory of pseudo-differential operators, it is well-known that A €

UH#(G) if and only if Ay € UH(G).
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Definition 2.9. For u € G, let uy,ur : G — G be defined by
ur(x) :=uxr and wug(z) = zu.

Then (uz)™! = (v and (ug)™' = (u™!)g. The inner automorphism ¢, : G — G
defined in Remark 21 by ¢, () := u~'au satisfies ¢, = u; ' ougp = ugou; "

Proposition 2.10. Letuw e G, B=A4,,, C = A,, and ' = A,,. Then we have the
following relations between symbols:

op(2,§) = oalu'z,8),

oc(x,§) = ¢

op(z,§) = ¢
FEspecially, if A= (f — fxa), i.e. oa(x,&)="1a(§), then

op(z,§) = a(),

oc(z,§) = &) a(§) &(u) = or(z,).

Proof. We notice that F' = C,-1),, so it suffices to consider only operators B and C'.
For operator B = A,,, we get

/G f(2) Rz, 2 'x) dz = Bf(z) = A(f o u)(up(x)) =

= [ ) Batu oy ) dy = [ 7 Rt a,e ) d,
G G
so Rp(z,y) = Ra(u™'z,y), yielding op(z,&) = oa(u'z,£). For operator C' = A,,,
we get similarly Ro(z,y) = Ra(zu™!, uyu™'), yielding the result. O
Let us finally record how push-forwards by translation affect vector fields.

Lemma 2.11. Letu € G, Y € g and let E = Dy : C®(G) — C*(G) be defined by
Dy f(z) = % (x exp(tY))‘t:O. Then

EuR = E(bu = Du_lYuv
i.e. Dy(foug)(zu™) = Dy(fo¢,)(uzu™') = Dy-1y,f(x).
Proof. We have

Funf (@) = B(f o ug)(wu™) = - (

d d
= 5 feu epV)u)|_, = 3 flrep(tu™Yu)|_ = Duayvuf (@).

Due to the left-invariance, F,, = E, so that E,, = (Euzl)uR = By, = Dy-1yy. O

foug)(zu~' exp(tY)) ‘t:O -

3. BOUNDEDNESS OF PSEUDO-DIFFERENTIAL OPERATORS ON L?(G) AND H*(G)

In this section we will state some natural conditions on the symbol of an operator
A C>®(G) — C*(G) to guarantee the boundedness on Sobolev spaces. The Sobolev
space H*(G) of order s € R can be defined via a smooth partition of unity of the
closed manifold G.
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The Hilbert—Schmidt inner product of A, B € C™*" is

n

<A B)HS =Tr B* ZZBZ]Aij’

=1 j=1

with the corresponding norm || Al|ggs := (A, A>11q/§, and the operator norm
1Allop = sup {[|Az|lns : =€ C, |lzllms < 1} = [|Allzsee.

Let A,B € C**". Then we have ||[AB| gs < ||A|lop ||B||ms. Moreover, we also have
|Allop = sup {||AX||gs : X € C™™, || X||ms < 1}. By this, taking the Fourier trans-
form and using Plancherel’s formula (see e.g. [22]), we get

(3.1) lg = f*gllcaeey = lg—= 9% flleaeey = sap [|F(E)|lop,
£€Rep(G)

by Remark 22l We also note that || f(&)|lop = |7 (1) lop if [€] = [n] € G.
Let us first consider a condition on the symbol for the corresponding operator to

be bounded on L*(G).

Theorem 3.1. Let G be a compact Lie group of dimension n and let k be an integer
such that k > n/2. Let A be an operator with symbol o4 defined as in Definition [Z.3.
Assume that there is a constant C' such that

1070z, E)llop < C
forallz € G, all £ € Rep(G), and all |a| < k, where 0% = 07" --- 0%, and Oy, ..., 0,

n

are first-order differential operators corresponding to a basis of the Lie algebra of G.
Then A is bounded from L*(G) to L*(G).

Proof. Let Af(x) = (fxra(x))(x), where r4(x)(y) = Ra(x,y) is the right-convolution
kernel of A. Let A, f(x) = (f *ra(y))(z), so that A, f(x) = Af(x). Then

1Af3ee) = [ At @ do < [ sup|a,f(a)f da.
el G ye@
and by an application of the Sobolev embedding theorem we get
up A, (@) <0 [ 1054, @)F dy.
|a| <k
Therefore, using the Fubini theorem to change the order of integration, we obtain

147l < € [ [ 1A, ar ay

la|<k

IN

C Z sup/G |8§‘Ayf(:p)|2 dz

o \<ky6G

= C) sup [|0 A oflL26)

o \<ky

¢ Z sup [|f = f * 8;TA(y>Hi(L2(G’))”fH%Q(G’)

la|<k V&€

IN
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< C Z sup SUR||630-A(y7S)ngH-fH%Q(G)’
la|<k YEQ [gleC

where the last inequality holds due to (B8.1]). This completes the proof. 0

Let .Z be the bi-invariant Laplacian of G, i.e. the Laplace-Beltrami operator
corresponding to the unique (up to scaling) bi-invariant Riemannian metric of G.
The Laplacian is symmetric and I — .& is positive. Denote = = (I — .£)/2. Then
=5 € L(C*®(G)) and =F € L(D'(Q)) for every s € R. Let us define

(fsDms) = (E°f,Z°9) 2@y (f,9 € CF(G)).

The completion of C*°(G) with respect to the norm f — || f|la=@) = (f, f)llq/f(a)
gives us Sobolev space H*(G) of order s € R, which coincides with the Sobolev
space obtained using any smooth partition of unity on the compact manifold G.
Operator Z" is a Sobolev space isomorphism H*(G) — H* "(G) for every r, s € R.
To formulate the corresponding boundedness result in Sobolev spaces, let us introduce

some notation.
Let £ € Rep(G). Given v,w € H,, the function " : G — C defined by

§"(x) = (§(@)v, Wy,

is not only continuous but even C*°-smooth. Let span({) denote the linear span of
{&": v,w € He}. If € ~ n then span(€) = span(n); consequently, we may write

span[¢] := span(&) C C*(G).
It follows that —Z¢"(x) = Ag&" (=), where A\ > 0, and we denote
(32) (€) = (1+ Ng) 2

We note that oo (x,§) = —Aglaime, Where Igim¢ is the identity mapping on He.
Now we can formulate the main result on Sobolev space boundedness:

Theorem 3.2. Let G be a compact Lie group of dimension n. Let A be an operator
with symbol o 4 defined as in Definition[2.3. Assume that there are constants p, C,, €
R such that

107 0a(2, &) llop < Ca (€)"

holds for all x € G, £ € Rep(G) and all multi-indices o, where 0% = O --- 0% is as
in Theorem[31. Then A is bounded from H*(G) to H*"*(G), for all s € R.

Remark 3.3. We shall prove this theorem later in Section [8 after introducing tools
for symbolic calculus. However, notice that we may easily obtain a special case of
this result with s = p. Namely, if 04 is as in Theorem [B.2] then

02 (oa(z, () ™)]],, < Ca

for every multi-index a. Here o4(x,&){§) " = 00z-u(2,£), and thus Theorem B
implies that A o Z7* is bounded on L?(G), so that A € L(H*(GQ), L*(G)).
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4. PRELIMINARIES ON SU(2)
We study the compact group SU(2) defined by
SU(2) = {u e C*?*: det(u) =1and u'u =1},

where e = [ = (é (1]) € C**? is the identity matrix. Matrix u € C?*2 belongs to
SU(2) if and only if it is of the form u = (_(% g) , where |a? + [B]? = 1. We

will now fix the notation concerning the representations of SU(2). Let us identify
z = (21, 22) € C? with matrix z = (21 22) € C'*2, and let Clzy, 25] be the space of
two-variable polynomials f : C> — C. Consider mappings

t:8U(2) » GL(V), (#()f)(z) = f(zu).

where [ € %NO may be called the quantum number, and where V; is the (2 + 1)-
dimensional subspace of C[z1, 23| containing the homogeneous polynomials of order
2l € No, ie.

2
V, = {f € Clz1, 22|+ f(21,22) = Zaszzgl*k, {a}2L, C C} .
k=0

Then the family {¢'}, 1y, Is the family of irreducible unitary representations of SU(2)

such that any other irreducible unitary representation of SU(2) is equivalent to one
of t!. The collection {qy : k€ {—Il,—1+1,---,+1 —1,+I1}} is a basis for the repre-
sentation space V;, where

le—kzé—i—k
W) = T

Let us give the matrix elements ! (u) of #!(u) with respect to this basis, where (1))
is well-known and (£.2)) follows from it.

Proposition 4.1. Let u = <CCL Z) . Then

(4.1) £ () = < d )l‘m < d )”’” \/((Zlﬁ 20" (21 + o)

dz dzs I—m)l(l+m)(l —n){+n)
where l
(]' - x)(nfm)/2 d - -n n
Pyn() = Clmnm 1z [(1—2)™"(1 + )]
with

Moreover, we have

(4.2) ¢ (u)= \/(l —m)!I(l +m)! .

(- )i+ n)
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min{l—n,l—m}

(1= n)(l +n)!
<D N =m0 —m—)l(ntmti)

t=max{0,n—m}

a’ bl—m—zcl—n—zdn-‘,-m—i—z )

On a compact group G, a function f : G — C is called a trigonometric polynomial
if its translates span the finite-dimensional vector space, i.e. if

dimspan {(z — f(y 'z)): G - C |y € G} < o0.

A trigonometric polynomial can be expressed as a linear combination of matrix el-
ements of irreducible unitary representations. Thus a trigonometric polynomial is
continuous, and on a Lie group even C'*°-smooth. Moreover, trigonometric polyno-
mials form an algebra with the usual pointwise multiplication. On SU(2), actually,

1+
14 1 1 (1+k) I (l+k) I+k
tm’n’ tmn - C(m’m(m’-l—m) Cn’n(n’+n) t(m’—l—m)(n’—i—n)’
k=[1—1'|
where C(H9) are Clebsch-Gordan coefficients, for which there are explicit for-

m/m(m’+m)
mulae, see e.g. [34]. Now we are going to give basic multiplication formulae for
trigonometric polynomials ¢ = : SU(2) — C; for general multiplication of trigono-
metric polynomials, one can use these formulae iteratively.

Theorem 4.2. Let

1/2 1/2
e RV o —12 P14y
bty ) ¢L/2 ¢h/2
+1/2,-1/2 Uy1/2,41/2
and denote x* := x £ 1/2 for v € R. Then

ViIi—-m+1)(I—-n+1) . V(I +m)(1+n) -

l
tmnt—— =

20+ 1 men 20+ 1 mene
4y _ \/(l+m+1)(l+n+1) [ +\/(l—m)(l—n) g
mnb++ 20 + 1 mtnt 2] +1 mtnt>
dy o NU=mE DU+ o VUEm—n)
mn¥—+ 20 +1 m—nt 20 +1 m—nt>
dy o NUEmEDU—n+ ) p VUm0 -
mnVt+— 21+1 mtn~— 2[-'-1 mtn=—

These formulae imply, in particular, that expressions similar to these will appear
naturally in the developed quantization of operators on SU(2).

5. LEFT-INVARIANT DIFFERENTIAL OPERATORS ON SU(2)

Let us analyse first-order partial differential operators on SU(2) from the point of
view of pseudo-differential operators and their global quantization. Homomorphisms
w : R — SU(2) are called one-parametric subgroups, and they are of the form w =
(t — exp(tY)) for Y = w'(0) € su(2). As usual, we identify the Lie algebra su(2) with
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the left-invariant vector fields on SU(2), by associating Y € su(2) to the left-invariant
operator Dy : C*(SU(2)) — C*>(SU(2)) defined by

(5.1) Dy f(x) = S f(x exp(iY)

t=0

Remark 5.1. Notice first that vector field iDy is symmetric on an arbitrary G:

(iDYfag)m(G) = /

G

(iDy f)(z) g(x) dz = —i/ f(z) Dyg(z)dz = (f, iDYQ)L2(G) :
G
Hence it is always possible to choose a representative £ € Rep(G) from each [¢] € G
M
such that oip, (z,§) is a diagonal matrix , with diagonal entries

Adim(€)
A; € R, which follows because symmetric matrices can be diagonalised by unitary
matrices. Notice that then also [oip,, 0al(%, &) mn = (A — M) 04(2, &) mn-

In the case of SU(2), we will simplify the notation writing J?(l) instead of f(tl),
etc., since we can take a representative ! in each equivalence class in SU(2).
Definition 5.2. Let us define one-parametric subgroups wy, ws, w3 : R — SU(2) by

(1) — cos(t/2) isin(t/2)
Y= \isin(t/2)  cos(t/2) )

_ [cos(t/2) —sin(t/2)
wo(t) = (Sin(t/Q) cos(t/2) )a

e125/2 0
ws(t) = ( 0 e—it/2) :
Let Yj := wj(0), i.e.

1/0 i L/o —1 /i 0
Y1_§<i 0)7 3/2—5(1 0)’ Y?’—§<o —i)'
Matrices Y7, Y, Y3 constitute a basis for the real vector space su(2). Notice that
[Yiayé] :Y?H [Yé,YEJ,] :YVM [Y?n}/l] :}/2

Let us define differential operators D; := Dy.

We note that matrices %Y], j = 1,2,3, are known as Pauli (spin) matrices in
physics. It can be also noted that ¢ = span{Y3} and p = span{Y7, Y5} form a Cartan
pair of the Lie algebra su(2).

Proposition 5.3. Let w; = w;(7/2) and t € R. Then
wy wy(t) wit = ws(t), wa wa(t) wyt = wi(t), ws wi(t) wy' = w(t).
The differential versions of these formulae are
w1 Ys wfle},, Wa Y};w;lel, w3 Y; w;leQ.

The proof is straightforward and follows simply by multiplying these matrices.
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Proposition 5.4. We have

(D3) g = D2y (D1)(ws)r = D3, (D2)(ws)r = D1

Symbols of operators Dy, Dy can be turned to that of D3 by taking suitable conjuga-
tions:

(5.2) op,(x,1) = t'(wy) op,(z,1) t'(wy)",

(5.3) op,(x,1) = tH(w)* op,(x,1) t'(wy).

Moreover, if D € su(2) there is u € SU(2) such that op(l) = t'(u)* op, (1) t'(u).
Proof. Combining Lemma 2.11] with Proposition B.3], we see that (D3)q,), = D2,
(D1)(ws)r = D3 and (D2)(wy), = Di. Since Dy, Dy, Dy are left-invariant operators,
their symbols op,(z,l) do not depend on x € G, and by Proposition X100 we obtain

(52) and (53). The last statement follows from Proposition 2. I0lsince D is a rotation
Of D3. O

Although operators D; have meaning as derivatives with respect to % Pauli matri-
ces, it will be technically simpler for us to work with their linear combinations (see
Remark [5.9] also for the explanation of the terminology), which we will now define.

Definition 5.5. Let us define left-invariant first-order partial differential operators
04,0-,0y : C(SU(2)) — C>=(SU(2)), called creation, annihilation, and neutral

operators, respectively, by

8+ = 1D1 - DQ, D1 = _71 (8_ + 8+)
o_ = 1D1 + DQ, i.e. D2 = % (8_ — 8+) s
80 = iDg, D3 = —130

Remark 5.6. The Laplacian £ satisfies & = D} + D3 + D3 and [£, D,] = 0 for
every j € {1,2,3}. Notice that it can be expressed as . = —07 — (0,0 + 0_0,)/2.
Operators 0, ,0_, 0y satisty [0y, 04] = 01, [0_, 0] = 0_, [04,0_] = 20,.

Theorem 5.7. We have

Ostyy = =V (I =n)(I+n+1)th,. 0,
O_th, = —/(I+n)(l—n+1)t,
ot = nt

Zt = I+ 1)t

Proof. Formulae for d,,9_, dy follow from calculations in [34, p. 141-142] . Since
L =05 —(0,0_+0.0,)/2,

we get

1
it = —n?tl o+ 3 (\/(l +n)(l—n+1) 8+tﬁn7n_1

FT=m) A+ 1) 0ty 0)

_ _71 (20 + VATt DVT— (- )T+ (- D+ 1)
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+VT=m) U+ n+ DVT+ )=+ D+ 1)) 8,

= SR m -t )+ )0 D) i,

~1
= = (2n® + 2> =n®) + (I+n)+ (1 —n)) L,
= —(l+1)t

We can now calculate symbols of d,,0_, 0y and of the Laplacian .Z.
Theorem 5.8. We have

00, (T, D = _\/(l —n)(l+n+1) opny1 = _\/(l —m+ 1)l +m) 1,
0o (T, )mn = _\/(l +n)(l=n+1) dmp1 = _\/<l +m 4+ 1)1 —m) dmi1m,
oo (T, Dmn = 1 O = M Sy,

o2 (T, Dmn = =L +1) S,

where 0,,, 1s the Kronecker delta: d,,, = 1 for m =n and, d,,, = 0 otherwise.

Proof. Let e € SU(2) be the neutral element of SU(2) and let ¢ be a unitary matrix
representation of SU(2). First we note that

O = 11 ()mn = 'z 2 Ztl o Ztl ) T

Similarly, d,,, Z () g t(2) . From this, formulae (29)-(2.8), and Theorem 5.7

we get

00, (2, D = Zt (04t,) (2)
= \/(l—n)(l+n+1 Zt ) th o (2)

= —\/l—n JI+n+1) dpmnits

and the case of oy_(z,1) is analogous. Finally,

000 (T, D)m Zt x) 8015 —nZt t,m =N O,

and similarly for .2, completing the proof. 0

Remark 5.9. Notice that oy, (z,[) and o¢(z,1) are diagonal matrices. The non-zero
elements reside just above the diagonal of oy, (x,1), and just below the diagonal of
oo_(x,1). Because of this operators dy, d; and 0_ may be called neutral, creation
and annihilation operators, respectively, and this explains our preference to work
with them rather than with D;’s, which have more non-zero entries.
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6. DIFFERENCES FOR SYMBOLS ON SU(2)

In this section we describe difference operators on SU(2) leading to symbol inequal-
ities for symbols introduced in Definition 2.3l From Proposition 4.1l and Theorem
we recall the notation

1/2 1/2
a2 tem b\ _ (e T
N ¢/ ¢L/2 '
+1/2,-1/2  Y41/2,41/2

Definition 6.1. For ¢ € C=(SU(2)) and f € D'(SU(2)), let A, f(1) == qf(l). We
shall use abbreviations Ay = A, , A_ = A, and Ay = A, where

a4

- = t4 = tl_/12/2,+1/27

q+ = 4= ti/f/z—yw

Qo =t —liq = t1—/12/2,—1/2 - ti/f/2v+1/2'

Thus each trigonometric polynomial ¢, q_, gy € C°°(SU(2)) vanishes at the neutral
element e € SU(2). In this sense trigonometric polynomials ¢_ + ¢, q- — ¢+, qo on
SU(2) are analogues of polynomials xy, o, 73 in the Euclidean space R3.

The aim now is to define difference operators acting on symbols. For this purpose
we may only look at symbols independent of x corresponding to right invariant op-
erators since the following construction is independent of z. Thus, let a = a(§) be a
symbol as in Definition 23 It follows that a = 5 for some right-convolution kernel
s € D'(SU(2)) so that operator Op(a) is given by

Op(a)f = f = s.
Let us define “difference operators” A, A_, Ay acting on symbol a by
(61) A+a = m,
(6.2) A_a = q_ s,
(6.3) Noa = qp S

We note that this construction is analogous to the one producing usual derivatives in
R™ or difference operators on the torus T™ (see [17] for details). On SU(2), to analyse
the structure of these difference operators, we first need to know how to multiply
functions . by qy,q_,qo, and the necessary formulae are given in Theorem £2]

Let us now derive explicit expressions for the first order difference operators A,
N, /g defined in ([6.1)-([63). To abbreviate the notation, we will also write a! = =
a(x,)pm, even if symbol a(x,l) depends on x, keeping in mind that the following
theorem holds pointwise in x.

Theorem 6.2. The difference operators are given by

N IR/ U D] e W (e TV G Y
~nm 20 +1 nomt 20+ 1 Ap— ot
VI+m)l—n) - Vi—-m+1D)(I+n+1) 4

AL a) = _— _
( Jra)nm 2l + 1 Qptom, 20 +1 Aptm—>
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L AI=m)U=n) - VIitEm+Dl+n+1) 5
(Aoa’)nm - 20 +1 At i+ + 20 +1 Ayt +
VUEm)itn) - VI=mt D —nt ) s
20+1 neme 20+ 1 meme
where k* =k £ l, and satisfy commutator relations
(6.4) [DNo, Ay] =[Do, A=A, A ]=0.

Proof. Equalities (6.4)) follow immediately from (G.I)—(63]). We can abbreviate a(z, 1)
by a(l) since none of the arguments in the proof will act on the variable z. Recall

that by (2.6]) we have
(2, D = b, = TV = / s(y) T y) dy,
SU(2)

and

(6.5) s(x) = (20 +1) Tr (a(x,1) t'(x ))—Z (20 + 1 Zanm L

l

In the calculation below we will not worry about boundaries of summations keeping
in mind that we can always view finite matrices as infinite ones simply by extending
them be zeros. Recalling that ¢ =t_, and using Theorem .2 we can calculate

g s = Y (2A+1)D ab, g th,
l

m,n

- 35 d, [tﬁ,j,n+¢<z "t D +n+ D) -t ST +rm)i— n)]
= ZZtﬁm[ e V= m)(+n) —d /(T m+ )(l—n+1)].

Since A_a = ¢_3, we obtain the desired formula for A_. The calculation for A, is
analogous. Finally, for Ay, we calculate

Qs = 22l+1 Zalnmqotinn

m,

_ ZZ @ [ V= DT =0 1) + b ST+ )+ 1)

tl++n+\/l+m+1)(l+n+1 m+n+\/l— l—n>:|

= SNt [l VA= M) T =) + al e ST m A DT+ 0+ 1)
I mmn

—a . JU+m)(+n) —d, I—m+1)(—n+t 1)] .

From this we obtain the desired formula for Ay and the proof of Theorem is
complete. 0

Let us now calculate higher order differences of symbol acy, which will be needed
in the sequel.
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Theorem 6.3. For any o € N3, we have the formula
(6% (0% (0% l
83 0% 8 (am,)], =

= (m— /2 +s/2) [AT AR AT 4oy [ReAT A2 A ]!

nm’

where N is given by

- 1{/I—m)(1—n) - VIi+m+D(I+n+1) 4
I ! !
(Aoa)nm - 2 2l+1 an+m++ 2l+1 an+m++
({+m)(l+n) - l—m+1D(1—n+1) ;4
a Q,
20 +1 e 2l +1 neme

and satisfies [ANg, No] = 0.
Proof. First we observe that we have

! ! !
(@ 09y)m = g ayy k Opm =m a,,,.
k

Then using Theorem [6.2, we get

l—m)(l+n _ l+m+1D)(l—-—n+1
NP 52 WSS, £ e W
= (m*A_a),,,

and we can abbreviate this by writing A_(acs,) = m™/A_a. Further, we have
A (D (a05,) ) =

(Il —=m)(l+n)
v A

+

VIi+m+1)(—n+1)

— ST aog) Ly — ST (A _(aoay)]yy-
AV I=-m)(l+n) - Vi+m+1)(—n+1) T
_ M D) - ST (m +1)(D_a)y- s

= (m+1)(A%a),,.
Continuing this calculation we can obtain
(6.6) [A* (aoa,)].,,, = (m+ k/2)(Aka),,.
By Theorem [6.2] we also have

(AL (A_(a09,) ] =
~ [y (m*Aa)]

l
nm

_ \/(l—l-m)(l—n) + - \/(l—m—l—l)(l—l—n—i—l) N I+
= 1 (m*A_a) . - ST (m*A_a)) | -
- m(A+A,a)flm

By induction we then get
(6.7) [ATAI?(CLO@O)}Z

nm

=(m—ki/2+ b/Z)(A’fA’?a)lnm.
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The situation with A is more complicated because there are more terms. Using
Theorem we have

Ao(aaao)fmm =
(I —=m)(l—n) - (l+m+1)+n+1)
l l - [ — 1)(l— 1
VA R U Y VA Ul et | U T
20+1 20+1
_ VU=m)=n) - VUEmtDlAnt D) e
- 1 G 20+ 1 M e =
VUEman) - mmDl-nt D) e
20+ 1 nem 20+ 1 nem
L{V/I=m)(l—n) - VIi+m+1D)(I+n+1) ;4
_ Ana) L ! !
m( Oa’)nm + 9 20 + 1 Uptm+ 20 + 1 Ot ot
VIEm)(I+n) - VI=mA D —n+1) s
2041 neme 2041 neme
= m(Aoa);m + (Koa’)lnnw
where 7\, is a weighted averaging operator given by
— LI =m)(l—n) - VIi+m+1)(I+n+1) 4
o1 l l
(Aoa’)nm ) [ 21 + 1 Aty T 20 + 1 Ayt +
NEm)(tn) - I=mt D -ntl) e
20+ 1 e 20+ 1 e
We want to find a formula for A%, and for this we first calculate
—— \l
[Lo(Boa)],,, =
VI=m)I=n) —— VIEm+ D +n+1) —
l l — - [ — D — 1) —
VA e Umm e YE-nt ) e
20+ 1 nem 20+ 1 nem
VI—mi—m1 [T —ma a7,
5 _ n++m++ 1
20+ 1 2 20-+1
I=+mt+1)(I—+nt+1) -
"‘\/( e *)|>(1 )aﬁl+tm++ +
N il G I Y (et T V| (e R Y
+ 20 +1 Aot =mit= 20 + 1 Gt mt= |+

Vitm+)(l+n+1)1 1
20 +1 220t +1

V=m0 = )l et
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/I +mt + D)+ 0t + Dalis e +
V(I mt) I+ +nt)d, o (= mt D) =t o+ 1)a;ttm+,} -

\/(l+m)(l+n)1 1 - — — -
- 20+ 1 291 +1 [\/(l —m ) =0Tt

V(= +m + 1) +n +1)d, ", .+
AT Am)@ +n)d 4 —m D0 —n + 1)an__m__} .

l—m+1){l-n+1)1 1 - —
Y 20+ 1 290+ 1 1 [\/(H = m ) =)ot

+V/ (I +mm + (I + 0+ Dah s +
T T VA o T V[ TR

From this we get

[Ao(ﬁoa)hm =
= \/(l _21 _i_)(ll —n) ; 21l [\/(l -m—-1)(l—-n—-1)a n++m+++

+\/l+m+1)(l+n+1) it +
+V ([ +m)(l+n)dl, ++(—m (l—n)alm] +

Vi+m+1)(+n+1)1 1
* 2l + 1 §2l+2[\/(l_

I Hm+2) (I +n+2)al, e+
+Vl+m+D)(I+n+1)d, +/I—m+1)(I—n+1) ”*} -

AL L == +

/(L m)(I + n)ay, +
+V(l+m—-1)(+n—1)a, -, -+ \/(l—m+1)(l—n+1)aln,,m,,} —
Vi-m+1)(I-n+11 1
20+ 1 220+ 2
VI +m+1)(I+n+1d " +
[+

+V({l+m)l+n)d—— -+ —m+2)(—n+2)d, ,,m,,} :

m)(l — n)aln++m+++

V=m0 =0+ al,+

++
and We can note that here pairs of terms with a! " al * cancel, and also four terms

with a' = cancel in view of the identity .
(l—m)(l—n) ((+m+D){l+n+1) (@(+m)(l+n) ((-m+1){l-—n+1)
(20 +1)(20) 20+1)20+2)  (+D@2)  (20+1)(2+2)
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_ =2l(m+4n)  Q2I+2)(m+n)
S+ @2lF)@20+2)

Calculating in the other direction, we get

[Bo(L0a],,, =
_1/U=-m)(I—n) - Lv/I+m+1)(+n+1) -+
o2 20+ 1 (Bo@)ems + 3 201 (Do)t +
1/ +m)(+n) - LI —m+1)(—n+1) n
5 20 + 1 (AO )n*m* + 5 20 + 1 (Aoa’)n*m*

_ Vi=mi=n1 1 S
- 2l +1 220~ +1 [\/U — )7 = )t
VT mt + D)+t + Ddes —
R e P e T [T e
+\/(l+m+1)(l+n+1)1 1
20+ 1 290+ +1

/(I +mT+ D)+ +nt + 1)a’n+f+m++ ~
T e — /0 4 DI+ Dal ] +

VIi+m)(l+n)1 1 — S —
STt 2am 1 VI O et

+V (- +m + 1D~ +n + 1)alnf_++m_+ _
V- +m )~ 4+n)d I —m + 1)~ —n + 1)an__m__} +

Vi—-m+1D)(I—n+1)1 1

- I+ —m I+ —n)d
A+ 1 220" +1 [\/( L
[+t

(I +mm+ D)1 +n 4+ Dal s —
V) +nyd L, — I —me + D) —n + 1)alttm,,} .

From this we get

[\/(l+ —m) (1" —nt)ak et

[Bo(Doa)]),, =
_ \/(l ;ln:_)(ll_n)%%l [\/(l— D{l—n—1)a n++m+++

+\/(l +m+1)({+n+ 1)aﬁl++m++ -
—V+m) T +n)d, —T—m)l - n)a;m] +

(l+m+1){+n+1)1 1
. 20+ 1 220+ 2 [\/(l = )= 1)t

VU +m+2) I +n+2)al s, —
—VI+m+ 1)l +n+1)d, —/U—m+1)1-n+1)d

[+

+
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UL L= i +

/(U +m)(+n)d,, —
— T+ m =D+ n =Dy = A= m+ O =+ Dalyoy| +

+\/(l—m+1)(l—n+1)1 1
20+1 22042

[+

+/(+m+ 1)l +n+1)d " —
~VaFm A, = VT=m+ 20— n+ 2al,, |

V=m0 =0+ ab, +

— ++ .
L ,al~ and al = cancel again. From these calcu-

nm? nm

and we can note that here terms a
lations we obtain

A—()Aoa = A()A—Oa.
Then we can easily see that

AZ(ma) = No(mDoa + Nga) = mA2a + 200 \ga,
and, moreover, L
Af(ma) = mAfa + kDoAY a.
Let us now apply this to ([6.7). Using commutativity of Ay, A, and A_ from Theo-
rem [6.2, we get

(AR AR AR (a0, )]
= [AbaAMAR(aoy)]
= [AF ((m - ka2 + /2 AR ARG
= [&F (mal o), — [AF (ka2 - ke/2) A5 Aa)]
— m[ABARARG 4k [RgAkTI AR AR ]
—(k1/2 — ko/2) [Als AR ARG
= (m—ki/2+ ko/2) [AMARARG) 4 ky [Bonk AR AR ]
completing the proof. O

l p—
nm

l
nm
l

nm

l

nm’

We now collect some properties of first-order differences.

Theorem 6.4. We have

(6.8) o1 =010y, = AN_0y. = Nyoy,.
If u,v € {+,—,0} are such that p # v, then

(6.9) Nyop, =0,

and for every v € {+,—,0}, we have

(6.10) Ayor(z) = 0.

Moreover, if £ is the bi-invariant Laplacian, then

(611) A.,_O’g = —0p_, A_O'g = —09,, AQO‘g = —20'(90.
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Proof Let us prove (6.8). From Theorem we get an expression for ¢ t. =~ =
by tmn, which is used in the following calculation together with (6.5]) and Theo-

rem (5.8
G+ So, = q+ zl:(?l +1) > 00, D L
= j{:jg:og+ n+;n(214—1)<ptgn+l
— ZZ ( (I—n) l+n+1))2(tﬁf+n+—tﬁ;n+)
= z:m+ )t
z p

= Sy.

Hence A, op, = o7. Similarly, we can show that A_oy_ = o7 and that Aoy, = o7.
Let us now prove (6.9). We have

qd+ So_. = Q+22l+1 Zaa mn nm

ZZJa netn (204 1) g

ZZ /(I 4+n)(l—n+1)
(¢ (+n+)I=n+2) 650 5
V== 6 )

1+1/2

Z Z tn+1/2,n—3/2

l n
(-VTFn T DI=n+2T=n+ 10+
+\/(l—|—n)(l—n+1)\/(l+n+1)(l—n+2))

= 0.

Analogously, one can readily show the rest of (6.9). Let us now prove (G.I0). We
have

g sr o= -y QU+ th,
= le(QHl)m: et
_ ii<\/(l—n+1)(l+n+l 0 e = VT —n) 1)
— ZZtn v (V=) = VA m—n))
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= 0.

Analogously, we have ¢, s; = qo s; = 0 which proves proves (GI0). Let us finally

prove (G.I1]). Since
02(x, Dmn = =11+ 1) dnn

by Theorem [B.8], we get

g S_o = q_ Z(Ql—i—l)Za,g(:c,l)mn et
l m,n
= Zzl+1 le+1 gt (y)
= ZZlHl <+\/l—n+1 Y +n+1) 8.

V=t ,.)
— ZZtn t (+ll+1)\/(l—n+1)(l+n+1)

_(l_|_1)(l—|—2)\/(l+n—i—1)(l—n+1))
— ZZ 204+ D/ (I 4+n+ 1)1 —n+1)t" nt

— Zzz+1 Z VI+n)(l—n+1)t, .,

= Sa+.

Analogously, one can readily show that ¢, s_¢ = ss_ and that ¢y s_y = 2sg,,
completing the proof. O

Remark 6.5. In Theorem we applied the differences on the symbols of specific
differential operators on SU(2). In general, on a compact Lie group G, a difference
operator of order || applied to a symbol of a partial differential operator of order N
gives a symbol of order N — |y|. More precisely, let

D= cilx) 0
la|<N

be a partial differential operator with coefficients ¢, € C*(G). For ¢ € C*(G) such
that g(e) = 0, we define difference operator A\, acting on symbols by

—

D f(€) = af ().
Then we obtain
Ngop(w,§) = > calr) D (g)<_1)'5 (979)(e) Tgu-s(x,£),
lal<N B<a

which is a symbol of a partial differential operator of order at most N — 1.
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7. TAYLOR EXPANSION ON LIE GROUPS

As Taylor polynomial expansions are useful in obtaining symbolic calculus on R",
we would like to have analogous expansions on group G. Here, Taylor expansion
formula on G will be obtained by embedding G into some R™, using the Taylor
expansion formula in R™, and then restricting it back to G.

Let U C R™ be an open neighbourhood of some point € € R™. The Nth order
Taylor polynomial Pyf : R™ — C of f € C>®(U) at € is given by

Puf@ = Y @ @),

a€eNT: |a|<N

Then the remainder Ey f := f — Py [ satisfies
Exf(@ = ), (f—&)" ful@)

|o|=N+1
for some functions f, € C*°(U). In particular,
Exf(@) =0(|z—¢e|") as #—eé

Let G be a compact Lie group; we would like to approximate a smooth function
u : G — C using a Taylor polynomial type expansion nearby the neutral element
e € G. We may assume that G is a closed subgroup of GL(n,R) C R™ "™ the group
of real invertible (n x n)-matrices, and thus a closed submanifold of the Euclidean
space of dimension m = n?. This embedding of G into R™ will be denoted by z + Z,
and the image of G under this embedding will be still denoted by G. Also, if z € G,
we may still write x for & to simplify the notation. Let U C R™ be a small enough
open neighbourhood of G C R™ such that for each ¥ € U there exists a unique
nearest point p(z) € G (with respect to the Euclidean distance). For v € C*(G)
define f € C>*(U) by
1) = u(p(z)).

The effect is that f is constant in the directions perpendicular to G. As above, we
may define the Euclidean Taylor polynomial Py f : R™ — C at e € G C R™. Let us
define Pyu : G — C as the restriction,

PNU = PNf|G-

We call Pyu € C*(G) a Taylor polynomial of w of order N at e € G. Then for
x € G, we have

u(z) — Pyu(x) = Z ue(z) (z —e)®

|a|=N+1
for some functions u, € C*(G), where we set (x—e)® := (£—€)*. Taylor polynomials
on (G are given by

1

— —(r— ) 9l
Pau() = 32 & (e — ) 0u(e),
la| <N
where we set 6£a)u(e) =0%f(e).
Let us now consider especially G = SU(2). Recall the quaternionic identification

(zol + 21i + 20j + w3k > (20, 71, 2, 73)) : H — R
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Moreover, there is the identification H D S* = SU(2),

o o +1irz T +irg r11 Ti2
T = (xo, 21, T2, T3) —> . . = =
—T1 +1T2 To — 173 To1 To2

Hence we identify (1,0,0,0) € R* with the neutral element of SU(2). Notice that

q(x) = w2 = a1 + iy,
¢—(x) = 291 = —x1 + iz,
qO(l‘) = T11 — T2 = 21l‘3

A function u € C*(S?) can be extended to f € C>°(U) = C°(R*\ {0}) by
f(@) = u(@/[|7])-
Then we obtain Pyu € C°°(S?),

Pyu(@) = 3 & (F- " 98£(0),

lo|<N

where € = (1,0,0,0). Expressing this in terms of z € SU(2), we obtain Taylor
polynomials for x € SU(2):

Pyu(z) = Z é (z —e)* 0Wu(e),

lo] <N
where we write 9" u(e) = 8% f(€), and where

(=0 = (=9 = (10— D afagag =
_ (Z%u + T2 1 (w19 — 291 \ P (12 + o1 \ P (11 — T2 \ ™
2 2 21 21 '

8. PROPERTIES OF GLOBAL PSEUDO-DIFFERENTIAL SYMBOLS

In this section, we study the global symbols of pseudo-differential operators on
compact Lie groups. We also derive elements of the calculus in more general classes
of symbols, and prove the Sobolev boundedness Theorem

As explained in Section [l smooth functions on a group G can be approximated
by Taylor polynomial type expansions. More precisely, there exist partial differential

operators O\ of order |a] on G such that for every u € C*°(G) we have
(8.1)

1 _ N _ 1 - a
u@) = Y — aale™) 0ule) + Y qaleT) ua(®) ~ Y = gala") ule)

lo|l<N |o|=N+1 a>0

in a neighbourhood of e € G, where u, € C*(G), and ¢, € C*(G) satisty ¢ois =
¢aqs. Moreover, here gy = 1, and g,(e) = 0 if || > 1. Let us define difference

~

operators Ag acting on Fourier coefficients by Ag f(£) := ¢a f(§). Notice that A?+B =
NN
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Remark 8.1. The technical choice of writing g,(x™!) in (8J) is dictated by our
desire to make asymptotic formulae in Theorems B3] and 84 look similar to the
familiar Euclidean formulae, and by an obvious freedom in selecting among different
forms of Taylor polynomials ¢,. For example, on SU(2), if we work with operators
Ay, A A defined in (6.1)-(€3]), we can choose the form of the Taylor expansion
(B1) adapted to functions ¢, q_,q. Here we can observe that ¢, (z7!) = —q¢_(z),
q_ (7Y = —q4 (), @o(z7!) = —qo(x), so that for |a| = 1 functions ¢,(x) and g, (x™1)
are linear combinations of ¢, ,q_, qo.

Let {Y; }dlm(G be a basis for the Lie algebra of G, and let 9; be the left-invariant

vector fields corresponding to Y;. For 3 € NZ, let us denote 9° = 8{3 L gPn

For a compact closed manifold M, let Af*(M) denote the set of those continuous
linear operators A : C°(M) — C>°(M) which are bounded from H™(M) to L*(M).
Recursively define A}, (M) C Aj*(M) such that A € A7(M) belongs to A}, (M)
if and only if [A, D] = AD — DA € A7*(M) for every smooth vector field D on M.
Now we will use a variant of the commutator characterization of pseudo-differential
operators (see e.g. [2, 3, [ 5, B0]), but we will need the following Sobolev space
version proved in [31], assuring that the behaviour of commutators in Sobolev spaces
characterizes pseudo-differential operators:

Theorem 8.2. A continuous linear operator A : C*®°(M) — C*(M) belongs to
U™ (M) if and only if A € (Ni—y A (M).

In such characterization on a compact Lie group M = G, it suffices to consider
vector fields of the form D = My0,, where M, f := ¢f is multiplication by ¢ €
C*(G), and 0, is left-invariant. Notice that

[A, My0s] = My [A, 0,] + [A, My] s,

where [A, My|f = A(¢f) — pAf. Hence we need to consider compositions M,A,
AM,, Ao 0, and 0, o A. First, we observe that

(8.2) oma(®, &) = o(x) oalr,§),
(8.3) Oa00,(7,8) = o0a(,§) 0o,(,8),
(8.4) 09,04(2,§) = 05,(7,§) oa(x,§) + (9:04)(, ),

where 0y, (x,€) is independent of z € G. Here (8.4]) follows by the Leibnitz formula:

0,0 Af(z) = 0, ) dim(§) Tr (¢() oulx,€) F(9))

[€)eG
= > dim(§) Tr ((amg)(a:) oa(z,§) A(f))
[€]eG
+ Z dim(¢) Tr (5(26) 00 4(,§) A(f))
[€eG

Next we claim that we have the fomula

(8.5) oan,(x,§) ~ Z AgcrA z,§) 8;a>¢(x),

a>0
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where 01" are certain partial differential operators of order |«|. This will follow from
the following general composition formula:

Theorem 8.3. Let my,me € Rand p >0 > 0. Let A,B : C®(G) — C>®(G) be
continuous and linear, their symbols satisfying

agoa@ o), < Cu il

Hﬁfag(x,g)Hop < Cpg (g)ymHlbl

for all multi-indices o and 3, uniformly in v € G and [£] € G. Then

(36) Tan(r,€) ~ 3 21 (Do), ) 00n(r, ).

a>0

where the asymptotic expansion means that for every N € N we have

UAB(J?,f) - Z 5 (AgaA)(aj f) )O'B<x é) < CN<§>m1+m2—(p—6)N.

la|<N
op

Proof. First,
ABf(z) = /G(Bf)(:pz) Ra(z,z7) dz
= / / flxzy™) Rp(zz,y2) dy Ra(w,z71) dz,
aJa

where we use the standard distributional interpretation of integrals. Hence

ran(e.€) = [ Ranl) €6 dy
- / / Ra(z, ) &(=71)" Rp(azy2) &(y2)" dz dy
= > 5 / / Ra(w,2™) qu(z™) €(=7)" 09 Ry(w,y2) £(y2)" dz dy

o<
+ Ra(w,27") qa(27") €(z71)" uale, y2) € (y2) dz dy
;N/ /
= > ; (Agoa)(@,€) 0Vap(w, &) + Y (Afoa)(w,§) Ua(x,§).
lal<N la|=N

Now the statement follows because we have [|uq(z, )|, < C(e)™ N since ug(z, y)
is the remainder in the Taylor expansion of Rp(z,y) in x only and so it satisfies
similar estimates to those of g with respect to £. This completes the proof. 0

Before discussing symbol classes, let us complement Theorem with a result
about adjoint operators:
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Theorem 8.4. Let m € R and p > § > 0. Let A: C*(G) = C(G) be continuous
and linear, with symbol o4 satisfying

(87> HA?anA<x7 g)Hop < Ca <§>m7p‘a|+5|5‘7

for all multi-indices «, uniformly in x € G and [£] € G. Then the symbol of A* is
(8.8) oa<(x,&) ~ Z AO‘G(O‘ oa(z, &),
a>0 :

where the asymptotic expansion means that for every N € N we have

1 (o SIN
AZQ? oa(z,§) — Z o A?@io‘)cm(:p,f)* < Cn(€) (p=8)N—=plr|+318]
lo|<N op

Remark 8.5. We note that if we impose conditions of the type (87)) on both symbols
04,0p in Theorem B3] we also get the asymptotic expansion (8.0]) with the remainder
estimate as in Theorem R.4]

Proof of Theorem [87]. First we observe that writing A*g( fG g(z) R (y, z71y) dz,

we get the relation Ru«(y, 27 ly) = Ra(x,y 1) between kernels, which means that
Ra«(z,v) = Ra(zv=1,v~1). From this we find

r.) = [ Raeleo) oy do
- / Ralev Lo £(v)° dv
= ¥ 5 [ ) 0T €0y do+ R,

\a|<N

= > 3 A0 oA, &) + Ru(,€),

|o| <N

where the last formula for the asymptotic expansion follows in view of

oa(et) = [ Rater) €0 dv)* - [ B e an

and estimate for the remainder Ry (z,§) follows by an argument similar to that in
the proof of Theorem R.3 O

On the way to characterize the usual Hérmander’s classes U (G) in Theorem [0.2]
we need some properties concerning symbols of pseudo-differential operators.

Lemma 8.6. Let A € V™ (G). Then there exists a constant C' < oo such that

loalz, &), < C{O™

for all x € G and £ € Rep(G). Also, if u € G and if B is an operator with symbol
op(x,&) = oa(u,§), then B € ¥ (G).
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Proof. First, B € \Ilm(G) follows from the local theory of pseudo-differential oper-
ators, by studymg Bf(z) = [, Ka(u,uz"'y) f(y) dy. Hence the right-convolution
operator B is bounded from H*(M) to H*=™(G), implying ||oa(u,&)|| < C(E)™. O

Lemma 8.7. Let A € ™ (G). Then Op(Agdioa) € Um=lel(G)Y for all a, B.
Proof. First, given A € ¥™(G), let us define op(z,£) = AgdJoa(x,£). We must
show that B € ™ 19l(@G). If here || = 0, we obtain

Bf(fﬁ)I/Gf(xyl) 4a(y) Ra(z,y) dy:/an(ylx) Ka(z,y) f(y) dy.

Moving to local coordinates, we need to study

/’¢xy ) Fy) dy,

where A € U (R") with ¢ € C°(R" xR"), the kernel K ; being compactly supported.
Let us calculate the symbol of B :

op(z, &) = / 2T (2, y) Ki(x,y) dy
1 .
~ > - do(@ Z>|z::’*‘/gel%(ym)'5 (y—2)" Ki(z,y) dy

720

= Z% 0]¢(x, 2)|,_, Do 4(x, ).

720

This shows that B € ¥ (R"). We obtain Op(Agoa) € ym-lel(@) if A e U™(G).
Next we show that B = Op(0%04) € ¥™(G). We may assume that |3| = 1. Left-

invariant vector field &2 is a linear combination of terms of the type c(x)D,, where
¢ € C*(G) and D, is right-invariant. By the previous considerations on B, we may
remove c(z) here, and consider only C' = Op(D,04). Since Ra(z,y) = Ka(x, zy™t),
we get

DxRA(xay) = (Dx + DZ)KA(xv Z)|z:xy*1 )

leading to

:/fmﬂﬂmme@:/ﬂwwﬁDmamw@.
G G

Thus, we study local operators of the form
Cflx) = [ fy) (¢, 9)d] + ¢(x,9)8)) K;(z,y) dy,
R?’L

where the kernel of A € U™(R™) has compact support, ¢, € C*(R™ x R™), and
o(z,x) = (x,x) for every x € R". Let C' = D + E, where

Df(z) = s fy) ¢(z,y) (07 +0)) K(z,y) dy,
Ef(e) = | JO) @(@y)~d.y)) K ;(z,y) dy.
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By the above considerations about B, we may assume that o(z,y) = 1 here, and
obtain o (&) = %0 ;(x,€). Thus D € ¥™(R™). Moreover,

Bf(a) ~ 30 9 (0w 2) =0l Dy [ F) (o= o) 0K o
v>0 ok

yielding

> (@) O (&7 04(x,9))

Y 3 A\

v=>0
for some functions ¢, € C*°(R") for which ¢y(z) = 0. Since || = 1, this shows that
E € U™(R"). Thus Op(820,4) € ¥™(G) if A € I™(G). O

Lemma 8.8. Let A € V™ (G) and let D : C*(G) — C*°(G) be a smooth vector field.
Then Op(o40p) € ¥™(G) and Op([oa,op]) € ¥™(G).

Proof. For simplicity, we may assume that D = M;0,, where 0, is left-invariant and

¢ € C*(G). Now
oa(z,§) op(x,§) = ¢(x) oalz,§) 00,(§) = or,a00, (7, ),

and it is well-known that MyA o 9, € U™ (G). Thus Op(caop) € ¥™(G). Next,
op(x,8) oa(z, ) ¢(x) 09, (§) 0a(z,§)

¢(2) (09,04(2, &) = (0z04) (2, §))
Onyo0,04(T:§) — ¢(x) (Owoa)(w,§).

ED

From this we see that
Op([oa,op]) = MyAod, — Myd, 0 A+ My, Op(0,04)
= My[A, 0.] + My Op(0,04).
Here Op(0,04) € ¥ (G) by Lemma R Hence Op([oa, op]) belongs to U™(G) by

the known properties of pseudo-differential operators. O

Finally, let us prove the Sobolev space boundedness of pseudo-differential operators
given in Theorem

Proof of Theorem[3.4. Observing the continuous mapping =* : H*(G) — L*(G), we
have to prove that operator Z7# o A o Z7¢ is bounded from L*(G) to L*(G). Let us
denote B = AoZ="% so that the symbol of B satisfies og(z,&) = (£§) *oa(x, ) for all
xz € G and £ € Rep(G), where (£) is defined in (B.2). Since =°7* € U*~#(G), by (B.1)
and Lemma [8.7 its symbol satisfies

(8.9) | Aoz (&) lop < Cop (€)1,

Now we can observe that the asymptotic formula in Theorem works for the com-
position Z*# o B in view of (89), and we obtain

1 —s a
O omron(2.6) ~ Y — (Agozu(2,€)) (&) OV 0u(x,6).
a>0
It follows that
< Cl/,

op —

H&fags—uoB(L f)H
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so that Z57# o B is bounded on L?(G) by Theorem .1l This completes the proof. [J

9. SYMBOL CLASSES ON COMPACT LIE GROUPS

The goal of this section is to describe the pseudo-differential symbol inequalities
on compact Lie groups that yield Hormander’s classes ¥ (G). Combined with as-
ymptotic expansion (8.6]) for composing operators, Theorem motivates defining
the following symbol classes ©(G) = (-, Zi'(G), that we will show to characterize
Hormander’s class U (G).

Definition 9.1. Let m € R. We denote o4 € 3§'(G) if

(9.1) sing supp (y — Ra(z,y)) C {e}
and if
(9.2) 12805 0A(x, ) llop < Canpm (€)™,

for all z € G, all multi-indices «, 8, and all £ € Rep(G), where (£) is defined in (3.2]).
Then we say that o4 € X7 (G) if and only if

(9.3) oa € ENG),
(9.4) 09,04 — a0y, € X[(G),
(9.5) (AJoa) 0s, € SpPNG),

for all || >0 and 1 < j < dim(G). Let
2(G) = () Z0(6).
k=0

Let us denote A € Op¥™(G) if and only if 04 € ¥™(G).

Theorem 9.2. Let G be a compact Lie group and let m € R. Then A € V™(G) if
and only if o4 € ¥™(G), i.e. OpE™(G) = ¥™(G).

Proof. First, applying TheoremB3to o4 € £}, (G), we notice that [A, D] € Op¥i*(G)
for any smooth vector field D : C*(G) — C*(G). Consequently, if here A €
OpX™(@G) then also [A, D] € OpX™(G). By Remark33, OpX™(G) C LI(H™(G), L*(GQ)).
Hence Theorem 8.2 implies OpX™(G) C ™(G).

Conversely, we have to show that U™ (G) C Op¥X™(G). This follows by Lemma [8.6]
and Lemmas 7 and B8 More precisely, let A € U (G). Then we have

Op(L¢daa) € U N(@),
Op([O‘aj,O'A]) € \Ifm(G),
Op ((Aloa)os,) € w™H-1(@).

Moreover, ||o(x,&)|| < C(€)™ by Lemma 8.6, and the singular support y — Ra(z,y)
is contained in {e} C G. This completes the proof. O

Corollary 9.3. The set X™(G) is invariant under x-freezings, x-translations and -
conjugations. More precisely, if (x,&) — oa(x, &) belongs to 3™ (G) and u € G then
also the following symbols belong to X™(G):

(96) (l‘,g) = O-A(uag)a
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(9.7) (2,&) +— oaluz,f),
(9.8) (x,&) — oalzu,§),
(99) (0.8 > E) oa(r.€) E(u)

Proof. The symbol classes ¥X™(G) are defined by conditions (Q.1))-(@.5]), which are
checked for points z € G fixed (with constants uniform in ). Therefore it follows
that ¥™(G) is invariant under the a-freezing (O.6), and under the left and right
x-translations (Q.7)),(Q.8). The z-freezing property (9.6) would have followed also
from Lemma and Theorem [0.2. From the general theory of pseudo-differential
operators it follows that A € ¥™(G) if and only if the ¢-pullback A, belongs to the
same class U™ (@), where Ay f = A(fo¢)o¢'. This, combined with the z-translation
invariances and Proposition 210, implies the conjugation invariance in (@.9). O

From Theorem and Lemma [B.7] we also obtain:
Corollary 9.4. If 04 € X™(G) then Agdlo € X 1H(G).

10. SYMBOL CLASSES ON SU(2)

Let us now turn to the analysis on SU(2). In this section we derive a much sim-
pler symbolic characterization of pseudo-differential operators on SU(2) than the one
given in Definition [@.J] First we summarize the approach in the case of SU(2) also
simplifying the notation in this case.

By the Peter-Weyl theorem {2l + 1t : 1€ %No, —1<mn<Il, l—m,l—nc¢€
Z} is an orthonormal basis for L*(SU(2)), where ' were defined in Section H, and
thus f € C*°(SU(2)) has a Fourier series representation

le%No

where the Fourier coefficients are computed by
FOmi= [ $(6) 9] dg = (F. b sy,
Su(2)

so that f(I) € C@+D*+1)  We recall that in the case of SU(2), we simplify the

notation writing f( ) instead of f(tl) etc.
Let A : C*(SU(2)) — C*(SU(2)) be a continuous linear operator and let R4 €
D'(SU(2) x SU(2)) be its right-convolution kernel, i.e.

Af(z) = / F(9) Rale,y™') dy = (f * Ra(z, ) ()
SU(2)

in the sense of distributions. According to Definition 23] by the symbol of A we
mean the sequence of matrix-valued mappings

(LU — UA(:L’, l)) : SU(Q) — C(2l+1)x(21+1)’
where 2! € Ny, obtained from

oA Dy = /S oy Bl 9) Tn)
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That is, o4(x,1) is the I** Fourier coefficient of the function y — Ra(x,y). Then by
Theorem 2.4 we have

Af(@) = Y (@+1) T (tl(x) oa(z, 1) (l))
l

— Z (2041 Ztl (ZO—A(L Dk f(z),m>.

!
Alternatively, by Theorem 2.5 we have

oa(z,l) =t ()" (At) (2),
Zt ) (At ().

In the case of SU(2), quantity (¢') for ¢ =t in [B.2) can be calculated as
() = (L+ )2 = (1 +1(1+ 1))
in view of Theorem [5.7, and Definition [9.1] becomes:
Definition 10.1. We write that symbol o4 € 7' (SU(2)) if

that is

(10.1) sing supp (y — Ra(z,y)) C {e}
and if
(10.2) | 27020 (2, D] o eosr < Caapm (1+ D)™

for all # € G, all multi-indices o, 3, and | € IN;. Here Ay = AJPAPA and
0P = 8ﬁ1862363 Moreover, o4 € 3], ;(SU(2)) if and only if

(10.3) oa € EP(SU(2)),
(10.4) [Oaj,O'A]:O'ajCTA—UAUaj S Z?(SU(Z))’
(10.5) (AJoa) op, € EPTNI(SU(2)),

for all |y| > 0 and 5 € {0,+, —}. Let

= () Sr(SU(2)
k=0
so that by Theorem [0.2] we have Op¥X™(SU(2)) = ¥™(SU(2)).

Remark 10.2. We would like to provide a more direct definition for ¥X™(SU(2)),
without resorting to classes ¥7'(SU(2)). Condition (I0.2)) is just an analogy of the
usual symbol inequalities. Conditions (I0.1]) and (I0.3) are straightforward. We may
have difficulties with differences A%, but derivatives 97 do not cause problems; if
we want, we may assume that the symbols are constant in z. By the definition of
operators A® and 92 we also have the following properties:

NP os(x,1) = 0P NFoa(w, 1),
0j (oa(z,l) op(z,1) = (0j04(x,1) op(z,l) + 0a(x,l) Ojoa(2,1),
85 (ca(x,l) op(y,l) oc(z,1) = oa(z, 1) (8503@,5)) oo(z,1).
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We now give another, simpler characterization of pseudo-differential operators.

Definition 10.3 (Symbol classes on SU(2)). For u € SU(2), denote A, f := A(f o
$) o ¢, where ¢(x) = zu; then (by Proposition 210)

Ra,(r.y) = Ra(vu ' uyu™),
oa,(x,]) = t(w)* oalzu™ 1) t'(u).

The symbol class S™(SU(2)) consists of the symbols o4 of those operators A €
L(C*>(SU(2))) for which (y — Ra(x,y)) C {e} and for which

(10.6) |AFO o4, (2,0)i5] < Caapmn (i — 7)Y (1+ 1yl

uniformly in x,u € SU(2), for every N > 0, all [ € %No, every multi-indices o, 3 € N3,
and for all matrix column/row numbers 7, j. Thus, the constant in (I0.6]) may depend
on A, a, f,m and N, but not on x,u,l,1, .

We now formulate the main theorem of this section:

Theorem 10.4. Operator A € L(C*(SU(2))) belongs to W™ (SU(2)) if and only if
oa € S™(SU(2)). Moreover, we have the equality of symbol classes S™(SU(2)) =
xm(SU(2)).

In fact, we need to prove only the equality of symbol classes S™(SU(2)) = ¥™(SU(2)),
from which the first part of the theorem would follow by Theorem In the process
of proving this equality, we establish a number of auxiliary results.

Remark 10.5. By Corollary 0.4 if o4 € ¥™(SU(2)) then A)d04 € X PI(SU(2)).
Let us show the analogous result for S™(SU(2)).

Lemma 10.6. If 04 € S™(SU(2)) then op = A]04 € S™NI(SU(2)).

~

Proof. First, let |y| = 1. Then A] f(1) = &?(l) for some
q € Pol;1(SU(2)) := span {tilj/z c 1,5 € {—1/2, +1/2}}
for which g(e) = 0. Let r(y) := q(uyu™!). Then r € Pol;(SU(2)), because

1/2 _ 1/2 1/2 1/2 _
0 (uyu) = Y0 () 62 (y) Gl ().
k.m

Moreover, we have r(e) = 0. Hence f(l) > ﬁ(l) is a linear combination of difference
operators Ag, Ay, A_ because {f € Pol'(SU(2)): f(e) =0} is a three-dimensional
vector space spanned by qo, ¢y, q_. Now let v € N3 and op = AJ9%04. We have

AP op, (v,1) = L} (H(u) op(zu 1) tl(u))
= AP (tl(u)* (A?@gaA(xu_l, 1) tl(u))
= D Ay AT gy (2,1),
1=

for some scalars A, » € C depending only on u € SU(2) and multi-indices v € N3. O
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Remark 10.7. Let D be a left-invariant vector field on SU(2). From the very
definition of the symbol classes X™(SU(2)) = (Niep X" (SU(2)), it is evident that
[0p,04] € ¥(SU(2)) if 04 € ¥™(SU(2)). We shall next prove the similar invariance
for S™(SU(2)).

Lemma 10.8. Let D be a left-invariant vector field on SU(2). Let o4 € S™(SU(2)).
Then [op,c4] € S™(SU(2)) and 04 op € S™(SU(2)).

Proof. For D € su(2) we write D = iFE, so that E € i su(2). By Proposition [5.4] there
is some u € SU(2) such that op(l) = t'(u)* 04,(l) t'(u). Now, we have

logoal) = ()" [oa,(1), t'(u) oalz,l) '(u)] t'(u)
= [050,0,4”71}“ (0).
Next, notice that S™(SU(2)) is invariant under the mappings op — op, and op —
[0ay, 0B); here [0g,,08](1);; = (i — j) op(l);;. Finally,
oa(z,l) op(l) = t(u)* t'(u) oalz, 1) t'(u)* oa,(1) t'(u)
= (OAu,l(HC,l) Uao(l))u-

Just like in the first part of the proof, we see that o4 op belongs to S™(SU(2))
since op 09, € S™TH(SU(2)) if o5 € S™(SU(2)), by Theorem [6.31 O

Proof of Theorem[10.4. We have to show that S™(SU(2)) = ¥™(SU(2)), so that the-
orem would follow from Theorem[@.21 Both classes S™(SU(2)) and ¥™(SU(2)) require
the singular support condition (y — Ra(x,y)) C {e}, so we do not have to consider
this; moreover, the z-dependence of the symbol is not essential here, and therefore we
abbreviate o4(l) := o4(x,1). First, let us show that X™(SU(2)) C S™(SU(2)). Take
o4 € X™(SU(2)). Then also o4, € ¥™(SU(2)) (either by the well-known properties
of pseudodifferential operators and Theorem [0.2] or by checking directly that the
definition of the classes 7' (SU(2)) is conjugation-invariant). Let us define cy(B) by

Oen(m)(1)ij = (i = )" o)y
Now 0.y (4,) € E™(SU(2)) for every N € Z*, because 04, € X™(SU(2)) and

000, 08](D)i; = (i = J) oB(1)i;-
This implies the “rapid off-diagonal decay” of o4, :
o4, (2, 1)i] < Camn (i = 5)~" (141,
implying the norm comparability
(10.7) |-+ oa, (D, ~sup |-~ -0, (1)]
irj

in view of Lemma in Appendix. Moreover, AfdPo,, € Ym~10(SU(2)) by
Corollary @4] so that we obtain the symbol inequalities (I0.0]) from ([@.2]). Thereby
Yxm(SU(2)) € S™(SU(2)).

Now we have to show that S™(SU(2)) C £™(SU(2)). Again, we may exploit the

norm comparabilities (I0.7): thus clearly S™(SU(2)) C X5*(SU(2)). Consequently,
S™(SU(2)) € X(SU(2)) for all k € ZT, due to Lemmas and [[0.8 O
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11. PSEUDO-DIFFERENTIAL OPERATORS ON MANIFOLDS AND ON S3

In this section we discuss how the introduced constructions are mapped by global
diffeomorphisms and give an example of this in the case of SU(2) and S3?, proving
Theorem [L.1l

Let & : G — M be a diffeomorphism from a compact Lie group G to a smooth
manifold M. Such diffeomorphisms can be obtained for large classes of compact
manifolds by the Poincaré conjecture type results. For example, if dim M = 3 it is
now known that such & exists for any closed simply-connected manifold.

Let us endow M with the natural Lie group structure induced by ®, i.e. with the
group multiplication ((z,y) — x-y): M x M — M defined by

oy =0 (0 (z) 2 (y)).
Spaces C*°(G) and C*°(M) are isomorphic via mappings
P, C®(GQ) = C®(M), frfo=fod !
O C®(M) - C*(G), g+ ge-r=god.

The Haar integral on M is now given by

/ gduME/ gdx::/go<bduc,
M M G
because for instance

/M gz y) dz = /M G(@(@ (1) DY(y))) du =
- /G (g0 ®)(@(x) @ (y)) d(@ ' (x)) = / (g0 ®)(2) dz = /M o(z) d.

G
Moreover, @, : C®(G) — C*°(M) extends to a linear unitary bijection @, : L?(ug) —
L?(par):

/ g(x) h(x) dz = /(go ®) (ho®) dug.
M a
Notice also that there is an isomorphism

®, : Rep(G) = Rep(M), { = () =0 @

of irreducible unitary representations. Thus G = M in this sense. This immediately
implies that the whole construction of symbols of pseudo-differential operators on M
is equivalent to that on G.

Let us now apply this construction to the isomorphism S* = SU(2). First recall
the quaternion space H which is the associative R-algebra with a vector space basis
{1,1,j,k}, where 1 € H is the unit and

2=i2=Kk>=-1=ijk.

Mapping = = (2,,)3 _o + ol + z1i + 22j + w3k identifies R* with H. In particular,
the unit sphere S* C R* = H is a multiplicative group. A bijective homomorphism
o1 :S3 — SU(2) is defined by

_ To+irs a1+ iz
x|—><1>1(x):( ol .2),
—T1 +1T9 Xg — 1T3
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and its inverse ® : SU(2) — S3 gives rise to the global quantisation of pseudo-
differential operators on S? induced by that on SU(2), as shown in the beginning of
this section. This, combined with Theorem [10.4] proves Theorem [L.1I

12. APPENDIX ON INFINITE MATRICES

In this section we discuss infinite matrices. The main conclusion that we need is
that the operator-norm and the [*°-norm are equivalent for matrices arising as full
symbols of pseudo-differential operators in W (SU(2)).

Definition 12.1. Let C? denote the space of complex sequences x = ()jez. A

matriz A € CE*Z is presented as an infinite table A = (Aij)ijeZ' As usual, we set

(2, 9)e = Yez i lalle = (2,2)4% and [[Allee = sup{||Azlle : alle < 1}

provided that the sums (Ax); = >, Aij z; converge absolutely. For each k € Z, let
us define A(k) € CZ*Z by

A i
Alkyyy = i BT
0, ifi —j#k.
A matrix A € CZ*Z will be said to decay (rapidly) off-diagonal if
(12.1) |Aij| < car (i =)

for every ¢,j € Z and r € N, where constants c4, < oo depend on 7, A, but not on
1, 7. The set of off-diagonally decaying matrices is denoted by D.

Lemma 12.2. Let A € C**% and ||A||e = sup; jcz |Aij|. Then
[A[lese < [|Allop-
Moreover, if |A;;| < c(i — j)™" for some r > 1 then for ¢ = czkez<k:>_’" we have
[Allop < ¢ || Al

Proof. Let 6; = (0;;)jez € C*, where 0;; = 1 and &;; = 0 if ¢ # j. Then A;; =
(Adj, 6;)e2. The first claim then follows from the Cauchy-Schwarz inequality:

Al = [(A0;,6) 2| < [ Allop-
Next, since A =3, ., A(k), we get

1Alop <> IAE)lop = ZSIJIP (AR jongl < (k)™

keZ keZ keZ
From this we directly see that if || A[|ge > 1 then ||All,, < ¢ ||A|s=. By the linearity
of the norms, this concludes the proof. O

Proposition 12.3. Let A, B € D. Then AB € D.

Proof. Matrices A, B € C?*Z in general cannot be multiplied, but here there is no
problem as A, B € D, so that the matrix element (AB);; is estimated by

> Ayl IBikl < carcps » (i—5) " (i—k)® carcps »_(i—k) " (k=) (j—k)*,
J J J
which converges if |r| + s < —1. This shows that AB € D. O

Peetre ineq.
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Altogether, we obtain the following

Theorem 12.4. D C L((?) is a unital involutive algebra. Moreover, for A € D,
norms ||Allop and || Al are equivalent.
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