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Abstract

Compared to linear precoding, Tomlinson-Harashima precoding (THP) requires less transmit power to eliminate the
spatial interference in a multi-user downlink scenario involving a multi-antenna transmitter and geographically
separated receivers. However, THP gives rise to certain performance losses, referred to as modulo loss and power loss.
Based on the observation that part of the users can omit the modulo operation at the receiver during an entire frame,
we present an alternative detector, which reduces the modulo loss compared to the conventional detector. In
addition, this contribution compares several existing and novel algorithms for selecting the user ordering and the
rotation of the constellations at the transmitter, to increase the SNR at the detector and decrease the modulo loss for
the alternative detector. Compared to the better of linear precoding and THP with conventional detector, the
optimized alternative detector achieves significant gains (up to about 4 dB) for terrestrial wireless communication,
whereas smaller gains (up to about 1 dB) are obtained for multi-beam satellite communication.

Keywords: Multi-user multiple-input single-output (MU-MISO), Tomlinson-Harashima precoding (THP), Interference
cancellation, Flat fading terrestrial communication, Multi-beam satellite communication, SNR maximization, Modulo
loss (MoL) reduction

1 Introduction
When using spatial multiplexing in a communication sys-
tem, consisting of a multi-antenna transmitter (TX), a
frequency-flat channel, and a number of user terminals,
each user receives a linear combination of the signals sent
by the different TX antennas. When the TX has full chan-
nel information, the interference is known at the TX, in
which case dirty paper coding (DPC) is capacity-achieving
[1]. As the implementation of DPC is rather complex,
it is of interest to consider simpler precoding schemes
for reducing the interference among the different infor-
mation streams. Linear precoding (LP) is the most basic
scheme, where each antenna transmits a linear combi-
nation of the data symbols to be sent to the different
users. LP is able to completely eliminate the interference
at each user terminal, but has an important drawback:
depending on the channel realization, the interference
pre-subtraction term to be generated at the TX can be
very large, which causes a substantial TX power penalty.
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The power penalty associated with LP can be signifi-
cantly reduced by applying a form of nonlinear precoding,
referred to as Tomlinson-Harashima precoding (THP),
which involves a modulo operation at both the TX and the
receiver (RX).
Originally, THP has been introduced to avoid inter-

symbol interference on frequency-selective single-input
single-output channels [2, 3], but THP has also been
applied to spatial multiplexing systems operating over
flat channels. Depending on the scenario, one distin-
guishes between single-user (SU)multiple-inputmultiple-
output (MIMO) THP, where the both the TX and the
RX are equipped with multiple antennas [4–6] multi-user
(MU) multiple-input single-output (MISO) THP, where
a multi-antenna TX sends to several single-antenna RXs
[7–18]; and MU-MIMO THP, involving a multi-antenna
TX sending to several multi-antenna RXs [19–21]. More-
over, THP is envisaged also in communication systems
providing physical-layer security [22], and for simulta-
neous wireless information and power transfer (SWIPT)
[23]. To implement THP, the TX requires channel infor-
mation; whereas in many contributions, perfect chan-
nel information is assumed, the design of THP in the
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presence of imperfect channel information is considered
in [4, 6, 11, 16, 20, 23].
THP makes use of a modulo operation at the pre-

coder to reduce its TX power compared to LP. However,
as the modulo boundaries are larger than the constella-
tion boundaries, the resulting TX power is larger than
in the case without interference pre-subtraction; the lat-
ter difference is referred to as the power loss (PoL)
[9]. At the receiver side, the conventional detector again
applies a modulo operation, which comes with an addi-
tional performance penalty, referred to as the modulo loss
(MoL) [9].
Several approaches have been proposed to improve the

performance of the THP communication system; how-
ever, most of them leave the MoL unaltered, because the
modulo operation at the RX is maintained. The PoL is
minimized in [14] by applying constellation rotations, and
in [15] by rotating and scaling the symbols of the first user.
The performance of THP can be improved by an appro-
priate reordering of the users before precoding. Because
of the upstream-downstream duality, the precoding order
for THP can be derived from the decoding order in an
upstream systemwith successive interference cancellation
at the RX, referred to as V-BLAST [24]. To reduce the
complexity of the V-BLAST ordering presented in [24],
a low-complexity ordering algorithm based on a sorted
QR decomposition is proposed in [25]. A precoding order
derived from the V-BLAST ordering is considered in [12].
In [8, 13], algorithms based on a Cholesky decomposition
with symmetric permutation are introduced, for optimum
and suboptimum ordering in the upstream (interference
cancellation at RX) and the downstream (precoding at
TX) directions. While these orderings do not depend on
the transmitted data symbols, a data-dependent precod-
ing ordering algorithm is considered in [10]. The above
ordering algorithms for THP pertain toMU-MISO; order-
ings for SU-MIMO and MU-MIMO are developed in [5]
and [19, 21], respectively.
Based on the observation that, depending on the chan-

nel realization, part of the users can omit the modulo
operation at the RX during an entire frame, an alternative
detector is introduced in [17, 18], which applies the mod-
ulo operation only when the TX instructs the RX to do
so; this way, the MoL is reduced compared to the conven-
tional detector, for which the modulo operation is always
active. At the same time, in [17, 18], the constellations
are rotated to maximize the number of users which can
discard the modulo operation.
In this contribution, we consider MU-MISO THP and

we assume that perfect channel information is available
at the TX and the RX. We investigate how the constel-
lation rotations and the reordering of the users affect
the SNR and the MoL of the alternative detector from
[17, 18]. Besides applying some existing and some new

algorithms which optimize over either the user order-
ing or the constellation rotations, this contribution also
jointly maximizes the SNR at the detector and reduces
the MoL, by optimizing over both the ordering and the
rotations. Instead of performing an exhaustive search over
the rotations and/or the user orderings, we also investi-
gate reduced-complexity algorithms, among which most
are novel as well.
Since a broad range of SNR values is explored, the

uncoded error performance is not a suitable performance
measure, because it does not provide a proper indica-
tion of the performance at low SNR (where coding should
be used). Instead, we consider the mutual information
(MI) for the specific constellation, averaged over the users
and the channel realizations; this average MI represents
the information-theoretical achievable spectral efficiency
(information bits per channel use) per user when the
communication system makes use of THP on the con-
sidered channel. The alternative detector (non-optimized
and optimized) will be compared to the conventional
detector (non-optimized and optimized) for THP and to
the LP, in terms of average MI.
Numerical results are presented for a terrestrial

Rayleigh fading channel, and for a multi-beam satel-
lite channel with full frequency reuse. Whereas THP
on Rayleigh fading channels has already been intensively
studied, the interest in applying THP in multi-beam satel-
lite systems is rather new. Because of the continuously
increasing demand for higher throughput, full frequency
reuse in multi-beam satellite systems recently gained
attention. Due to the closer proximity of users operat-
ing in the same bandwidth, co-channel interference is
higher and becomes a limiting factor when not prop-
erly mitigated. Therefore, interference cancellation (in the
upstream direction) and precoding (in the downstream
direction) techniques suited for terrestrial Rayleigh fading
channels are currently envisaged for multi-beam satellite
systems as well [26–33].
We briefly summarize the main original contributions

of this paper:
• Whereas other works focus on optimizing over either

the constellation rotations or the user ordering, we
also investigate the gain obtained from optimizing
over both.

• We optimize the transmitter to jointly reduce the
modulo loss and increase the SNR for the alternative
detector introduced in [17].

• Whereas in literature the optimizations over the
rotations typically use exhaustive searches, we
present several novel reduced-complexity algorithms.

• Whereas in literature the optimizations over the user
ordering do not aim to reduce the MoL, we present
novel user ordering optimizations for reducing the
MoL of the alternative detector.
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• We present the results for both a terrestrial Rayleigh
fading channel and a multi-beam satellite channel.
Whereas the former channel has already been studied
extensively in the context of THP, optimization
results related to the latter channel are rather scarce
in literature.

This contribution is organized as follows. Section 3 out-
lines the system and channel model of both the terrestrial
wireless link and multi-beam satellite system. Section 4
describes the MU-MISO system with zero forcing (ZF)
THP, and Section 5 identifies the modulo and power
losses inherent to THP. Section 6 considers an alterna-
tive detector which reduces the modulo loss compared to
the conventional detector, and in Section 7, various algo-
rithms for optimizing the user ordering and the constella-
tion rotations at the TX are presented. Section 8 provides
numerical performance results, pertaining to the conven-
tional and the alternative detector for THP (without and
with optimizations) and to LP. Section 9 concludes the
paper.
Throughout this paper the following notations are used.

Lowercase bold letters refer to a column vector, while
uppercase bold letters denote a matrix. IN refers to the
N × N identity matrix; (.)T and (·)H stand for the trans-
pose and the hermitian transpose, respectively.We denote
by diag(X) a diagonal matrix with the same diagonal ele-
ments as the square matrix X. || · || is the norm of a vector.
E[ ·] stands for the statistical expectation, and I(x; y) =
Ex,y[ log2(p(y|x)/p(y))] denotes the mutual information
(MI) between the random variables x and y, with joint
distribution p(x, y) = p(y|x)p(x) = p(x|y)p(y). The nota-
tion x ∼ Nc(0,R) is used to indicate that x is a vector of
complex-valued zero-mean circular symmetric Gaussian
random variables with autocorrelation matrix E[ xxH ]=
R. The real and imaginary part of x are denoted by �(x)
(or xR) and �(x) (or xI ), respectively. The cardinality of a
set S is denoted |S|.

2 Methods
This study originates from the need for a more efficient
use of the increasingly crowded radio spectrum, which
can be achieved by spatial multiplexing. Our scenario
consists of a MU-MISO system, where a multi-antenna
base-station sends information to several single-antenna
user terminals, using the same carrier frequency. To avoid
interference between the different users, the information
destined to the users is precoded before transmission. We
adopt the common assumption that perfect channel state
information (CSI) is present at the transmitter.
To avoid the potentially large power penalty caused by

an ill-conditioned channel in the case of linear precoding,
we restrict our attention to a type of nonlinear precoding,
referred to as THP. The latter applies a modulo operation

at the transmitter and the receiver, thereby reducing the
power loss but at the same time introducing amodulo loss.
Several TX optimizations for improving the perfor-

mance of THP have already been presented in literature.
In this contribution, we compare several of those tech-
niques and some combinations thereof, and we propose
some novel algorithms as well. These methods and algo-
rithms are validated on two specific channels, i.e, the
flat Rayleigh fading channel and the multi-beam satellite
channel, for which we use statistical models available from
literature.
As a performance indicator, we take the MI between

the transmitted symbol and the resulting detector input.
For given SNR, 104 channel realizations are generated
independently. For each realization, the correspondingMI
for the different users is evaluated by means of numeri-
cal integration; the average MI for the considered SNR is
obtained as an arithmetical average over the users and the
channel realizations. This computation is performed for
SNR ranging from − 15 to 15 dB, with a 1 dB step.

3 MIMO channel model
We consider a TX equipped with NT antennas, sending
to NU single-antenna users, all operating at the same car-
rier frequency. Assuming a frequency-flat channel, the
received signals y(k) associated with the kth symbol inter-
val can be written as:

y(k) = Hx(k) + w(k), (1)

where x(k) = (x1(k), . . . , xNT (k))T and y(k) =
(y1(k), . . . , yNU (k))T represent the signals transmitted by
the NT antennas and the corresponding signals received
by the NU users, respectively; we assume NT ≥ NU . The
channel is represented by the NU × NT channel matrix
H, which is constant over a frame of K symbol intervals.
The elements of the additive white Gaussian noise vec-
tor w(k) ∼ Nc(0,N0INU ) have a variance equal to N0.
The quantity Etr = 1

NU
E[ |x(k)|2] denotes the average TX

energy per symbol interval and per user.
This channel model will be used to describe two types

of links, i.e., a terrestrial wireless link and a multi-beam
satellite link. For notational convenience, the dependence
on the symbol index k will be dropped.

3.1 Terrestrial wireless link
In the case of a terrestrial wireless link, we consider the
downlink transmission from an NT -antenna base station
to NU single-antenna terminals over a non-dispersive,
Rayleigh block-fading channel, where NU ≤ NT . The ele-
ments of the NU × NT channel matrixH are independent
identically distributed (i.i.d.) with Hn,m ∼ Nc(0, 1) for
m = 1, . . . ,NT and n = 1, . . . ,NU .
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3.2 Multi-beam satellite link
Here, we describe a multi-beam geostationary satellite
system operating in the Ka-band (20GHz), withNT beams
transmitting data to NU single-antenna user terminals.
We assume that each user is operating under line-of-
sight (LOS) conditions and that each user is located in
a different beam; the latter implies NU ≤ NT . Due
to the sidelobes in the antenna radiation pattern, the
signal transmitted in a beam induces co-channel inter-
ference (CCI) to the users located in the other beams
[26, 31, 32, 34]. The level of the CCI depends on the users’
relative position to the centers of the other beams and
the TX power in those beams. We assume full frequency
reuse, so that all users operate in the same frequency band.
The satellite antenna is a tapered-aperture antenna with
normalized power gain B(θ) given by [26, 31]

B(θ) =
(
J1(u)

2u
+ 36

J3(u)

u3

)2
, (2)

where θ is the angle between the spot beam center and the
RX, seen from the satellite, u = 2.07123 ·sin(θ)/ sin(θ3dB),
θ3dB is the one-sided half-power beamwidth, and Ji(·)
denotes the Bessel function of the first kind and ith order;
hence, B(0) = 1 and B(θ3dB) = 1/2. The circle on
which the received power is 3 dB below the power at the
beam center has a diameter which is referred to as the
beam diameter. The beam centers are located on a hexag-
onal grid; the distance between beam centers equals the
beam diameter. From (2), the normalized amplitude gain
An,m = √

B(θn,m) from the mth antenna to the nth user is
obtained, with θn,m determined by the positions of the nth
user and the beam center from themth antenna.
We also include rain fading [28, 33] in the satellite link

model. We use the common assumption that rain attenu-
ation, in dB, can be modeled by a log-normal distribution
[31, 33]. The power loss (in dB) experienced by the nth
user due to rain attenuation is expressed as Rn = evn
[dB], where vn has a Gaussian distribution with mean
μn and variance σ 2

n . The parameters μn and σ 2
n depend

on the user’s geographical position and on the carrier
frequency. We assume that the rain attenuation from a
satellite antenna to a specific user is the same for all NT
antennas, while the attenuation experienced by different
users is uncorrelated. Indeed, in [30], it is explained that
the rain correlation decreases steeply with increasing dis-
tance and can be neglected for most beam sizes of interest
[33]. The channel gain rn (on a linear scale) associated
with the rain fading affecting the nth user is then given by
rn = 10

−Rn
20 .

The phase φn,m of the channel gain from the mth
antenna feed to the nth user is considered independent
of the antenna index m, so that φn,m = φn for all m;
this is because the satellite antenna spacing is very small

compared to the communication distance [31, 33]. On
the other hand, the phases φn and φn′ corresponding to
different users are assumed independent, and uniformly
distributed in [ 0, 2π).
The free space loss (FSL) is given by [34]:

L =
(
4π
λ

)2
D2, (3)

with D the distance between the satellite and the consid-
ered user, and λ the wavelength associated with the carrier
frequency. As D is quasi-independent of the user position
in the considered scenario, we take D = D0 with D0 the
distance between the satellite and the earth, which equals
35,786 km for a geostationary satellite; hence, the FSL is
assumed to be the same for all users.
We construct the NU × NT channel matrix H as

(H)n,m = √
G/Lejφn · rn · An,m, which combines the FSL

(L), the product (G) of the maximum TX and RX antenna
power gains, the phases (φn), the rain fading (rn), and
the normalized antenna amplitude gains (An,m). For the
numerical results, we use θ3dB = 0.2◦, which corresponds
to a beam diameter of 250 km. The user’s positions are
uniformly distributed within the respective beams, and
we consider moderate rain fading, with μ = −2.6 and
σ 2 = 1.63 for all users.

4 Tomlinson-Harashima precoding
Let us consider the symbol vector a = (a1, . . . , aNU )T

corresponding to a generic symbol interval, with an denot-
ing the symbol destined to the nth user. In the following,
all symbols an belong to the same constellation, which is
either M-PAM or M2-QAM. In the former case, an ∈
AM = {−(M − 1),−(M − 3), . . . , (M − 1)}; in the lat-
ter case, we have an = aR,n + jaI,n ∈ AM + jAM. We
assume that all constellation points are equiprobable, and
define σ 2

a = E[ |an|2]; we have σ 2
a = M2−1

3 for M-PAM
and σ 2

a = 2M2−1
3 forM2-QAM.

Interference among the data symbols at each user’s
antenna is avoided when the transmitted signal vector x
in (1) depends on a in such a way that yn is a function of
an, but not of {ai|i �= n}, for n = 1, . . . ,NU . In the case
of LP, this is simply accomplished by taking x = AH+a,
with H+ = HH(HHH)−1 and A denoting a positive scal-
ing factor setting the TX energy for the considered frame,
yielding y = Aa + w. However, depending on the channel
realization, the entries of H+ can become quite large, so
that a very high TX energy Etr is needed to achieve a given
SNR at the RX. This problem is mitigated by using THP,
which is briefly outlined below.
We introduce the LQ decomposition H = LQ of the

channel matrix, where L is an NU × NU lower triangu-
lar matrix with positive diagonal elements and Q is an
NU ×NT matrix with orthogonal rows:QQH = INU . AsH
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is constant over a frame of K symbol intervals, the matri-
ces L and Q must be determined only once per frame.
Using the decomposition

L = Ld(INU + B) (4)

where Ld = diag(L) and B = L−1
d L − INU is lower tri-

angular with zero diagonal, the resulting block diagram of
the communication system with THP is shown in Fig. 1,
assuming an M2-QAM constellation. The precoder com-
putes u = L−1

d D(a − ν)mod where ν = D−1LdBu. The
modulo operator (.)mod acts on each element of the vec-
tor a− ν, with the elements of ν denoting the interference
pre-subtraction terms. The NU × NU matrix D is diago-
nal with elements (D)n,n = dn = ejθn , which are constant
over a frame of K symbol intervals. We introduce the vec-
tor θ = (θ1, . . . , θNU ); in a conventional THP system, one
takes θ = 0 (or, equivalently, D = INU ), but in this contri-
bution, we will select θ such that a better performance is
achieved compared to the case where θ = 0. Equivalently,

un = ejθn
Ln,n

(an − νn)mod, (5)

where the interference pre-subtraction terms νn are given
by:

νn =
{

0 n = 1
e−jθn ∑n−1

i=1 Ln,iui n > 1 . (6)

In (5), the operation (c+jd)mod = (c)mod2M+j(d)mod2M
represents the complex modulo operation, with (.)mod2M
denoting the modulo 2M reduction of a real variable to
the interval (−M,M]. The modulo operation can also be
represented using the decomposition (an−νn)mod = an+
2Mkn − νn, where the real and imaginary part of kn are
the unique integers such that both �(an +2Mkn −νn) and
�(an + 2Mkn − νn) are in the interval (−M,M].
The transmitted signal is x = AQHu, where the positive

factor A is constant over a frame of K symbol intervals; A
sets the TX energy Etr for the considered frame. For given
H, the quantities A2 and Etr are related by:

Etr = A2

NU

NU∑
n=1

σ 2
mod,n

|Ln,n|2 (7)

with σ 2
mod,n = E[ |(an − νn)mod|2], where the expectation

is over all MNU possible symbol vectors a. Since ν1 = 0,
we have σ 2

mod,1 = σ 2
a . For n > 1, σ 2

mod,n is a function of
(θ1, . . . , θn) and the channel realization. In the following,
we take A2 inversely proportional to 1

NU

∑NU
n=1

σ 2
mod,n

|Ln,n|2 , such
that Etr from (7) is a fixed value, irrespective of H and θ .
In a practical implementation, A can be computed from
(7), with σ 2

mod,n approximated by an arithmetical average
of |(an(k)−νn(k))mod|2 over the K symbol intervals of the
considered frame.
It can be verified from Fig. 1 that the signal received by

the nth user in the case of THP can be written as yn =
Aejθn(an+2Mkn)+wn, which indicates that an is scaled by
A and rotated by θn. The n-th user performs the operation
ỹn = yne−jθn/A, which yields:

ỹn = (an + 2Mkn) + w̃n, (8)

where the noise contribution has a variance E[ |w̃n|2]=
N0/A2 which is independent of the user index n; the
presence of kn in (8) is a consequence of the ambiguity
introduced by the modulo operation at the TX.
In order to remove the effect of kn from (8), the con-

ventional RX in a THP communication system applies a
modulo operation to ỹn, yielding:

(ỹn)mod = (an + w̃n)mod (9)

which is fed to the detector. The corresponding SNR of
the detector is defined as SNRdet = σ 2

a /E[ |w̃n|2], which
reduces to SNRdet = σ 2

aA2/N0. As SNRdet does not
depend on the user index n, all users yield the same per-
formance when the detection is based on (ỹn)mod from (9).
Alternatively, using (7), SNRdet can be expressed as:

SNRdet =
(

1
NU

NU∑
n=1

σ 2
mod,n/σ

2
a

|Ln,n|2
)−1

Etr
N0

(10)

which indicates that SNRdet depends on H and θ through
the factor multiplying Etr/N0 in (10).
In the case of THP forM-PAM, (5) is replaced by:

un = ejθn
Ln,n

(an − �(νn))mod2M (11)

Fig. 1 Block diagram of THP
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with νn given by (6), and the detection is based on �(ỹn),
with:

�(ỹn) = (an + 2MkR,n) + �(w̃n) (12)

and kR,n the unique integer for which −M < an +
2MkR,n − �(νn) ≤ M. Again, the conventional THP
detector removes the effect of kR,n from (12) by apply-
ing a modulo operation to �(ỹn), i.e., (�(ỹn))mod2M =
(an + �(w̃n))mod2M. The Eqs. (7) and (10) remain valid,
where now σ 2

mod,n is defined as σ 2
mod,n = E[ ((an −

�(νn))mod2M)2].
As the spectral efficiency of the THP scheme is propor-

tional to the number of users, the maximum efficiency is
achieved for NU = NT .

5 Power loss andmodulo loss
As ν1 = 0 (see (6)), we always have σ 2

mod,1 = σ 2
a , irre-

spective of the channel realization; for n > 1, the presence
of the interference pre-subtraction terms νn gives rise to
σ 2
a ≤ σ 2

mod,n ≤ M2+2
M2−1σ

2
a for both M-PAM and M2-QAM

[35]. Hence, when for some n > 1 we have σ 2
mod,n >

σ 2
a , SNRdet from (10) is reduced compared to the case

where νn = 0 for all n (implying σ 2
mod,n = σ 2

a for all
n); this reduction of SNRdet represents the power loss
described in [9].
When using THP, the conventional detector (denoted

CD) operates on ỹCD,n = (ỹn)mod = (an + w̃n)mod. Let
us also consider a genie-aided detector (denoted GD),
which knows kn from (8); the GD operates on ỹGD,n =
ỹn − 2Mkn = an + w̃n. We introduce the corresponding
mutual information (MI) IGD = I(an; ỹGD,n) for the GD
and ICD = I(an; ỹCD,n) for the CD, which do not depend
on the user indices. It follows from the data processing
theorem [36] that ICD ≤ IGD for given SNRdet, indicating
that the CD is affected by a performance penalty com-
pared to the GD; this penalty, which is associated with
the modulo operation at the RX, is referred to as the
modulo loss .
For 2-PAM, NU = NT = 7 and θ = 0, Fig. 2 shows

MIavg, the MI averaged over the channel statistics, as a
function of γt = Etr/N0 for the Rayleigh fading terres-
trial wireless channel, and as a function of γs = (Etr/N0) ·
(G/L) for the multi-beam satellite channel; the entries
“PoL only” and “PoL and MoL” correspond to the GD and
CD, respectively. Also shown is MIavg for the cases “no
losses” and “MoL only”; these correspond to the GD and
CD, respectively, but with SNRdet obtained from (10) with
σ 2
mod,n replaced by its lower bound σ 2

a , so that the PoL
is removed. The horizontal shift between the curves “no
losses” and “PoL only” is about 1 dB for MIavg in the inter-
val (0.1, 0.9); considering that the upper bound on the PoL
for 2-PAM amounts to M2+2

M2−1 = 2 (3 dB), we conclude that
this bound is rather conservative for M = 2 . The MoL

Fig. 2MoL and PoL for the terrestrial and satellite channel (2-PAM,
NU = NT = 7, θ = 0)

is observed to be larger than the PoL, and increases with
decreasing MIavg.

6 Alternative detection strategy
For any channel realization, and irrespective of the sym-
bol vector a, the modulo operation at the TX has no
effect for the user with index n = 1, because ν1 = 0
and a1 is within the modulo boundary. Hence, we have
k1 = 0 in (8) (for QAM) or kR,1 = 0 in (12) (for PAM),
so that this user can omit the modulo operation at the
RX. Similarly, depending on the channel realization and
the selection of {θn} for the considered frame, a user with
index n > 1 can remove the modulo operation at the RX
during the entire frame, irrespective of the symbol vec-
tor a, provided that a certain condition C(n) holds for
the channel matrix associated with the considered frame.
The formulation of this condition depends on the con-
stellation type; the condition C(n) is denoted CPAM(n)

and CQAM(n) for M-PAM and M2-QAM, respectively,
with

• CPAM(n) is true ⇐⇒ vR,n ∈[−1, 1) for all possible
values of (a1, . . . , an−1)

• CQAM(n) is true ⇐⇒ vR,n ∈[−1, 1) and vI,n ∈[−1, 1)
for all possible values of (a1, . . . , an−1)

Indeed, when condition C(n) holds for given n, it is eas-
ily verified that (an − �(νn))mod = an − �(νn) (for
PAM) or (an − νn)mod = an − νn (for QAM); in this
case, the modulo operation at the TX has no effect, so
that the modulo operation associated with the nth user
can be discarded from the RX1 during the considered
frame.
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We proposed in [17, 18] an alternative detection strat-
egy to reduce the MoL compared to the CD. Let us denote
by SC ⊆ {1, . . . ,NU} the set of all indices for which the
corresponding users can dispose of the modulo operation,
i.e., n ∈ SC ⇐⇒ C(n) holds. The alternative detec-
tor (denoted AD) for the n-th user is assumed to know
whether n ∈ SC for the channel realization associated
with the considered frame, and performs the detection
accordingly: detection is based on ỹAD,n = ỹn = an + w̃n
when n ∈ SC , and on ỹAD,n = (ỹn)mod = (an + w̃n)mod
when n /∈ SC . Hence, with the AD, only the users with
n /∈ SC are affected by MoL. For givenH, the average per-
formance (average over the NU users) of the AD improves
with an increasing fraction, ρC = |SC |/NU , of users for
which C(n) is met. As the transmitted vector x is not
affected by which type of detector is used, the AD, CD,
and GD exhibit the same PoL, for givenH and θ .
The practical operation of the AD implies that, first, the

TX verifies which user indices belong to SC . The verifica-
tion for user n can be accomplished by checking whether
an(k) − �(νn(k)) (for PAM) or an(k) − νn(k) (for QAM)
is within the modulo boundaries for all symbol indices k
belonging to the frame; for growing frame size K, this con-
dition becomes equivalent to C(n). Next, the TX informs
the users accordingly; this requires the transmission of
only one (properly encoded) bit of channel information
per user and per frame, which typically represents a very
small overhead [18].
For 2-PAM, NU = NT = 7 and θ = 0, the MI averaged

over the channel statistics and over the users (denoted
MIavg) for the CD, GD, and AD is shown in Fig. 3, for both
the terrestrial Rayleigh fading channel and themulti-beam
satellite channel.We observe that the AD recovers a major
part of the MoL; when MIavg is in the interval (0.1, 0.8),

Fig. 3 Comparison of detection strategies for the terrestrial and
satellite channel (2-PAM, NU = NT = 7, θ = 0)

the AD provides a gain (compared to the CD) between
1 and 5 dB for the terrestrial channel and between 1.5
and 8 dB for the satellite channel. The MoL of the AD
is smaller for the satellite channel than for the terrestrial
channel. This is explained by noticing that E[ |Hn,m|2] is
the same for all (n,m) for the terrestrial channel, whereas
for the satellite channel E[ |Hn,m|2] is typically larger than
E[ |Hi,m|2] with i �= n when the n-th user is located in
them-th beam; hence, on average, the interference on the
terrestrial channel is larger than on the satellite channel,
yielding a larger fraction ρC for the multi-beam satellite
channel and, hence, a smallerMoL for the AD on the latter
channel.

7 Transmitter optimization
In this section, we optimize the TX for given H, by a
proper selection of (i) the angles θn in dn = ejθn , cor-
responding to a rotation of the symbols an, and (ii) the
permutation of the rows of H, which corresponds to a
reordering of the users. As H is constant over an entire
frame, the optimization must be carried out only once
per frame. The selection of the rotations and the per-
mutation both affect SNRdet and ρC , and, therefore, the
performance of the CD (which depends only on SNRdet)
and the AD (which depends on both SNRdet and ρC).
In the following, when the row permutation is not opti-
mized, we take for each frame a same fixed permutation
irrespective of H; when the rotations are not optimized,
we take θ = 0.
As the M2-QAM constellation has a symmetry angle of

π/2, we limit θn to the interval [ 0,π/2) for n = 1, . . . ,NU ,
without loss of generality; we will restrict θn to the finite
set 
 =

{
0, π

2Q ,
2π
2Q , . . . ,

(Q−1)π
2Q

}
with size Q. Similarly,

in the case of M-PAM, θn will be restricted to the set

 = {0, π

Q ,
2π
Q , . . . , (Q−1)π

Q }, because the constellation
symmetry angle equals π .
Finding the best rotations and permutation requires a

search overQNU angle vectors θ and overNU ! row permu-
tations of H, which becomes computationally prohibitive
for a large number of users. Therefore, some reduced-
complexity searches will be explored, at the expense of a
performance penalty.
The algorithms will be denoted by a label of the type

(X, Y), where X refers to the performance indicator to
be optimized (X = MoL, X = SNR, and X = MoL+SNR,
for minimizing the MoL, maximizing the SNR, or jointly
maximizing SNR and minimizing MoL, respectively), and
Y indicates over which parameters the optimization is
conducted (Y = R and Y = P for optimization over the
rotation angles and the row permutations respectively).
The reduced-complexity version of the algorithm (X,Y) is
denoted (X, Y)RC. In Sections 7.1 and 7.2, we restrict our
attention to algorithms which optimize over the rotation
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angles and over the row permutations, respectively; in
Section 7.3, these algorithms are combined to jointly opti-
mize over the rotation angles and the row permutations.
For THP using the CD, the MoL cannot be reduced.

However, algorithms that reduce theMoL of the ADmight
also increase SNRdet as a secondary effect, in which case
THP with CD would also benefit from these algorithms.
However, THP with CD will gain more from algorithms
directly aiming at maximizing SNRdet. Therefore, the for-
mer algorithms will be considered only for THP with AD,
whereas the latter will be applied to THP with CD and to
THP with AD.

7.1 Optimization over rotations
It can be verified from (5), (6), and (11) that when replac-
ing all θn by θn + φ for n = 1, . . . ,NU , neither the
interference pre-subtraction terms νn nor the magnitudes
|un| are affected by the choice of φ. Hence, without loss of
optimality, we choose θ1 = 0 when selecting the rotations.
Below, we present the following rotation optimization

algorithms: the exhaustive-search algorithm (SNR, R,)
which is similar2 to the algorithm from [14]; the tree-
search algorithm (MoL, R) from [17]; and (MoL+SNR,
R), which is a novel extension of (MoL, R). In addi-
tion, the corresponding reduced-complexity algorithms
are derived, by limiting the search space in the tree; this
requires turning (SNR, R) into a tree-search algorithm.

7.1.1 Maximizing the SNR
The selection of θ affects SNRdet only through σ 2

mod,n
with n > 1; as a consequence, the maximization of
SNRdet is equivalent to the minimization of the PoL.
The (SNR, R) algorithm selects θ = (0, θ2, . . . , θNU )

that maximizes SNRdet. For given H, this optimization
involves the computation of SNRdet from (10) for all
QNU−1 possible θ , followed by the selection of the vec-
tor θ which yields the largest SNRdet for a given Etr/N0.
Taking into account that σ 2

mod,n = E
[|(an − νn)mod|2

]
for n > 1 depends on (θ2, . . . , θn), and represents an
expectation over (a1, . . . , an), the computational complex-
ity associated with the maximization of SNRdet becomes
prohibitively large for large NU .

7.1.2 Minimizing themodulo loss
The MoL of the AD from Section 6 decreases when the
condition C(n) is met for a larger number of users. We
can increase |SC |, compared to the case where θ = 0,
by choosing the appropriate θ for a given channel real-
ization. Instead of exhaustively going through all QNU−1

possible vectors θ = (0, θ2, . . . , θN ) for maximizing |SC |,
a more efficient algorithm, referred to as (MoL, R), has
been devised in [17]. The (MoL, R) algorithm finds the
angles (θ2, . . . , θNc), such that C(n) holds for the largest
number (NC) of consecutive user indices n = 1, 2, . . . ,NC ,

with NC ≤ NU . Obviously, maxθ NC ≤ maxθ |SC |, but
the (MoL, R) algorithm has a smaller complexity than the
exhaustive algorithm. The (MoL, R) algorithm is explained
below.
Let us introduce the notion of a suitable n-tuple:

(0,α2, . . . ,αn) is a suitable n-tuple if and only if the selec-
tion (θ1, θ2, . . . , θn) = (0,α2, . . . ,αn) yields condition C(i)
for i = 1, . . . , n (in which case the modulo operation for
the users with consecutive indices 1, ..., n can be omitted).
It is easily verified that the first n − 1 elements of a suit-
able n-tuple form a suitable (n − 1)-tuple; hence, the set
of all suitable n-tuples for n = 1, . . . ,NC can be repre-
sented by a tree. The tree consists of NC levels, with each
node at level n denoting a suitable n-tuple. The children
of a parent node (0,α2, . . . ,αn−1) are the suitable n-tuples
of which the first n − 1 elements equal the elements of
the parent node. Level 1 of the tree contains the root node
representing the 1-tuple (0), which is the parent of all suit-
able 2-tuples. As an example, Fig. 4 shows a tree with three
levels, i.e., NC = 3, along with the corresponding suitable
n-tuples.
In order to determine the children of a parent node

(0,α2, . . . ,αn−1), we have to determine for which θn ∈ 


the vector (0,α2, . . . ,αn−1, θn) is a suitable n-tuple. As
(0,α2, . . . ,αn−1) is a suitable (n − 1)-tuple, the modulo
operation at the TX has no effect for the users with indices
1, . . . , n − 1, so that νn from (6) can be decomposed as
a linear combination of the symbols (a1, . . . , an−1), i.e.,
νn = ∑n−1

i=1 βn,iai, where the coefficients βn,i depend
on (θ1, . . . , θi), on the channel realization, and on the
type (PAM or QAM) of constellation. More specifi-
cally, for QAM, these coefficients can be computed
recursively as:

βn,i =
⎧⎨
⎩

(
Ln,i
Li,i e

jθi − ∑n−1
l=i+1 Ln,le

jθlβl,i
)
e−jθn i = 1, . . . , n − 2

Ln,n−1
Ln−1,n−1

e−j(θn−θn−1) i = n − 1

(13)

The recursion for PAM is obtained by replacing in the
first line of (13) βl,i by �(βl,i). The linear decomposi-
tion of νn allows an efficient verification of whether C(n)

is met: denoting by |νR,n|max and |νI,n|max the maximum
values of |νR,n| and |νI,n| over all possible (a1, . . . , an−1),
the condition C(n) holds when |νR,n|max < 1 (for M-
PAM), or when |νI,n|max < 1 and |νR,n|max < 1 (for
M2-QAM); it can be verified that |νR,n|max = (M −
1)

∑n−1
i=1 |βR,n,i| for M-PAM and |νR,n|max = |νI,n|max =

(M − 1)
∑n−1

i=1
(|βR,n,i| + |βI,n,i|

)
for M2-QAM, where

βR,n,i = �(βn,i) and βI,n,i = �(βn,i) .
The (MoL, R) algorithm from [17] reduces the MoL of

the AD, but disregards the effect of the symbol rotations
on the PoL. The algorithm performs a depth-first search
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Fig. 4 Illustration of a tree representing all suitable n-tuples, with NC = 3

in the tree, until a suitable NC-tuple is found. Two cases
must be distinguished:

• When NC = NU , the search is ended when finding
the first suitable NU-tuple, which is used as vector θ .
In this case, none of the users requires the modulo
operation at the RX.

• When NC < NU , the entire tree must be searched in
order to find out that there exist no suitable n-tuples
with n = NC + 1, after which one of the suitable
NC-tuples is selected. The corresponding θ is
obtained by appending NU − NC zeroes to the
selected suitable NU-tuple. In this case, the modulo
operation at the RX is needed only for the users with
n = NC + 1, . . . ,NU .

7.1.3 Minimizingmodulo loss and power loss
The above (MoL, R) algorithm can be modified into the
(MoL+SNR, R) algorithm, which takes, besides the MoL,
also the PoL into account. The (MoL+SNR, R) algorithm
minimizes the MoL of the AD, but in case several suitable
NC-tuples exist, the one yielding the higher SNRdet (or,
equivalently, the smaller PoL) is selected.
This algorithm finds all suitable NC-tuples and con-

structs the corresponding vectors θ by appendingNU−NC
zeroes if NC < NU ; for each of the resulting θ , SNRdet
is computed according to (10), and the vector θ yield-
ing the largest SNRdet is selected. As a modulo operation
is required for n = NC + 1, . . . ,NU , the evaluation of
the corresponding σ 2

n,mod requires a numerical averaging
over all possible (a1, . . . , an), involving a summation ofMn

(forM-PAM) orM2n (forM2-QAM) terms. The resulting
computational complexity is, however, less than with the
(SNR, R) algorithm, because SNRdet must be computed
only for a number of vectors θ equal to the number of

the suitable NC-tuples, rather than for all QNU−1 possible
vectors θ .

7.1.4 Complexity reduction
The above (MoL, R) and (MoL+SNR, R) algorithms
involve an exhaustive search in the tree of suitable n-
tuples. We obtain novel algorithms with significantly
reduced computational complexity, by restricting the
number of nodes at each level of the tree to L, with L
representing a design parameter. Let us denote by #(n)

the number of suitable n-tuples, or, equivalently, the num-
ber of nodes at level n in the original tree, with n =
1, . . . ,NC ; note that #(1) = 1. Suppose that #(n) ≤ L for
n = 1, . . . , i − 1, but #(i) > L. The reduced-complexity
algorithms keep at level i only the best L nodes, i.e.,
those yielding the smallest L values of |νR,i|max (for the
(MoL,R)RC algorithm) or the largest L values of SNRdet
(for the (MoL + SNR, R)RC algorithm). All children, issu-
ing from the L remaining parent nodes at level i, are
determined, and when the total number of children at
level i + 1 exceeds L, again only the best L are kept. This
procedure is continued until at most L nodes at level NC
are obtained.
A similar complexity reduction can be applied to the

(SNR, R) algorithm, yielding the (SNR, R)RC algorithm.
The set of all QNU−1 vectors θ = (0, θ2, . . . , θNU ) can also
be represented by a tree, where the level n hasQn−1 nodes
(n = 1, . . . ,NU ) and each node at levels 1, . . . ,NU − 1
has exactly Q children. When the number of nodes at
level i exceeds L, the (SNR, R)RC algorithm keeps only the
best L nodes, i.e., those yielding the smallest L values of∑i

n=1
σ 2
mod,n

|Ln,n|2 , for i = 2, . . . ,NU .
The upper bound on the complexity of these algorithms

is proportional to (NU − 1)LQ, instead of exponential in
NU ; in Section 8, we point out that reduced-complexity
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algorithms yield only a small performance loss, caused by
not searching the entire tree.

7.2 Optimization over row permutations
Denoting by P an NU × NU permutation matrix, the
matrix L, which results from the LQ decomposition ofPH,
depends on P. Hence, applying a row permutation to H
(which corresponds to selecting a precoding order for the
users) affects both the value of SNRdet for given Etr/N0
and the fraction ρC of users for which the condition C(n)

holds. In principle, both the maximization of SNRdet and
of ρC for givenH can be achieved by means of an exhaus-
tive search over all possible P. However, the associated
computational complexity becomes prohibitively large for
large NU , because NU ! possible permutation matrices
exist.
Below, we present the (SNR, P) and (MoL, P) algorithms,

which straightforwardly perform a full search over all row
permutations to achieve the maximum value of SNRdet
and NC , respectively. As these algorithms have a high
computational cost, we also consider reduced-complexity
algorithms. The (SNR, P)RC algorithm performs a sorted
LQ decomposition; this algorithm is a straightforward
adaptation from [25], where a sorted QR decomposition
is presented as a low-complexity alternative to the user
ordering in V-BLAST [24], at the expense of only as small
performance loss. As the user ordering algorithms from
literature do not aim at reducing the MoL, the (MoL,P)RC
algorithm and its extension (MoL+SNR,P)RC are entirely
novel.

7.2.1 Maximizing the SNR
When aiming at maximizing SNRdet from (10) for given
H and θ , one has to compute for each row permutation
the quantities σ 2

mod,n and |Ln,n| for all NU users; note
that σ 2

mod,n depends on θ and represents an expectation
over n data symbols (a1, . . . , an), involving a summation
of Mn (M-PAM) or M2n (M2-QAM) terms. To avoid the
numerical complexity associated with the evaluation of
σ 2
mod,n for all NU users, the (SNR,P) algorithm maximizes∑NU
n=1 |Ln,n|−2 instead of SNRdet without a significant per-

formance loss; this optimization does not depend on θ .
In order to avoid the high complexity of the exhaus-

tive search associated with the (SNR, P) algorithm, we
consider instead a suboptimum low-complexity algorithm
which performs a sorted LQ decomposition. This algo-
rithm, referred to as (SNR, P)RC, is outlined in Algorithm 1
and aims at maximizing minn (|Ln,n|). When the first i
rows of PH have been determined, the (SNR, P)RC algo-
rithm selects among the NU − i remaining rows from H
the row for which the projection, on the subspace orthog-
onal to the first i rows of PH, is the smallest, and makes
the selected row the (i+1)th row of PH; the magnitude of
this projection equals Li+1,i+1. The algorithm is initialized

by selecting as the first row of PH the row fromHwith the
smallest magnitude. The algorithm stops when i = NU−1,
at which point the one remaining row from H becomes
the last row from PH. The row permutation of H result-
ing from (SNR, P)RC is such that minn (|Ln,n|) cannot be
further increased by swapping any two consecutive rows
from PH. The complexity of (SNR, P)RC is proportional to
(NU − 1)NU rather than NU !.

7.2.2 Minimizing themodulo loss
For given H and fixed θ , the MoL resulting from the AD
can be minimized by selecting the permutation matrix P
yielding the largest fraction (ρC) of users for which the
condition C(n) is met. For each of the NU ! row permuta-
tions of H, the corresponding ρC is obtained by verifying
for which n ∈ {1, . . . ,NU} the condition C(n) holds.
Checking whether C(n) is met for a given n requires the
evaluation of the interference pre-subtraction term νn for
allMn−1 (forM-PAM) orM2(n−1) (forM2-QAM) possible
(a1, ...., an−1), which involves a high computational com-
plexity when NU is large. Instead, the (MoL, P) algorithm
determines among all NU ! permutations the permutation
which maximizes NC , the number of consecutive user
indices 1, 2, . . . ,NC for which C(n) holds. As explained in
Section 7.1.2, when C(i) is met for i = 1, . . . , n − 1, then
C(n) holds if and only if (M− 1)

∑n−1
i=1 |βR,n,i| < 1 (forM-

PAM) or (M − 1)
∑n−1

i=1
(|βR,n,i| + |βI,n,i|

)
(forM2-QAM).

Hence, checking whether C(n) holds is far less complex
when maximizing the amount of consecutive users NC
instead of the total amount |SC |.
The complexity of (MoL, P), which performs an exhaus-

tive search over all NU ! row permutations of H, can be
avoided by using the algorithm described in Algorithm 2,
and referred to as (MoL, P)RC. The (MoL, P)RC algorithm
consists ofNU −1 steps. During the ith step, we select PiH
yielding the largestNC , from a set ofNU−i+1 row permu-
tations of H; this set contains the matrix Pi−1H, resulting
from the previous step, and the NU − i permutations of
Pi−1H obtained by swapping the ith row from Pi−1H with
a row having a row index larger than i; as these NU − i+ 1
matrices have the first i−1 rows in common, they give rise
to the same elements Lm,n withm ≤ n and n = 1, . . . , i−1
and, therefore, to the same interference pre-subtraction
terms (ν1, . . . , νi−1); as a consequence, NC can never be
lower than in a previous step. The algorithm starts with
i = 1, taking P0 = INU . When during the ith step of Algo-
rithm 2, the largest NC is achieved for more than one of
the possible row permutations, we select the permutation
which maximizes |Li,i|, so that |βR,n,i| and |βI,n,i| are min-
imized; this selection contributes to minimizing |νR,n|max
and |νI,n|max, with n > i. In case NC < i in the ith step,
we stop our search because we cannot further increase
the number of consecutive users for which condition C(n)

holds.
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7.2.3 Trade-off betweenminimizing themodulo loss and
maximizing SNRdet

When more than one permutation achieves the maximal
NC during the i-th step of the (MoL, P)RC algorithm from
the previous section, we selected the permutation which
maximizes |Li,i|, in order to increase the chance that NC
will be larger in the next step. However, this choice tends
to decrease SNRdet (as follows from the numerical results
in Section 8.2.4).
Instead, we consider the (MoL + SNR, P)RC algorithm,

whichmakes a trade-off betweenminimizing theMoL and
maximizing

∑NU
n=1 |Ln,n|−2. More specifically, when more

than one permutation achieves the maximal NC during
the i-th step, we now select the permutation which min-
imizes |Li,i|. This algorithm thus selects in the ith step,
among all permutations achieving the largest NC in that
step, the one that maximizes

∑NU
n=1 |Ln,n|−2.

Algorithm 1 (SNR,P)RC algorithm
Initialization

P =[ pi,j]= 0
ui = hi ∀i = 1, . . . ,NU
S = {u1, . . . ,uNU }
index = (1, 2, . . . ,NU)

for i = 1 to NU do
j = argminm(||um||2) ∀um ∈ S
k = index(j)
pi,k = 1
remove uj from S
remove jth element from index
un = un−projujun ∀un ∈ S

end do

7.3 Joint optimization over rotations and permutations
For a further improvement of the performance of the AD,
a rotation optimization algorithm from Section 7.1 can
be combined with a user ordering optimization algorithm
from Section 7.2.
The rotation angle vectors θ resulting from the (SNR,

R) and (MoL, R) algorithms depend on the considered
row permutation matrix P. The (MoL, P) algorithm yields
a permutation matrix P which depends on the consid-
ered θ , whereas the permutation matrix P resulting from
the (SNR, P) algorithm is independent of θ . Hence, when
envisioning the joint optimization over P and θ involv-
ing (SNR, P), one can perform a consecutive optimization,
where first (SNR, P) is applied, followed by algorithm U,
with U ∈ {(SNR, R), (MoL, R), (MoL+SNR, R)}. In the
case of a joint optimization involving algorithm V, with
V ∈ {(MoL, P), (MoL+SNR, P}), we consider a nested opti-
mization, where V is the outer algorithm, and W, with
W ∈ {(SNR, R), (MoL, R), (MoL+SNR, R)} is used as

Algorithm 2 (MoL,P)RC algorithm
Initialization

P = IN
un = hn ∀i = 1, . . . ,N
S = {u1, . . . ,uNU}

for i = 1 to N do
for k = i to N do

Htemp = PH
swap hk and hi of Htemp
calculate NC,k(Htemp)

end do
if (maxk(NC , k) < i) break
kmax = argmaxk{NC,k}
kmax= argmaxm {um|m ∈ kmax}
uj = 0
remove un from S
swap rows kmax and i of P
un = un−projhkmaxun ∀n=i,. . . ,N

end do

the inner algorithm. The same considerations are valid in
case reduced-complexity algorithms are applied. To the
best of our knowledge, the algorithms performing joint
optimization over P and θ have not been presented in
literature.

8 Numerical results
We assess the performance of the various optimization
algorithms and detectors considered, in terms of their
SNR gain compared to the CD without TX optimization.
When, for a given constellation, a particular configura-
tion X (consisting of optimization algorithm and detector)
and the CD without TX optimization give rise to MIavg =
MIref at Etr/N0 = (Etr/N0)X and Etr/N0 = (Etr/N0)CD,
respectively, the SNR gain (in dB) of configuration X at
MIavg = MIref equals GdB = 10 log10

(
(Etr/N0)CD
(Etr/N0)X

)
. This

means that to obtain MIavg = MIref, the TX power for
configuration X is GdB dB less than for the CD without
optimization.
The SNR gains resulting from the configurations for

THP considered above are displayed in tabular form in
Sections 8.2 to 8.4, allowing a direct comparison of the
various existing and novel configurations. In Section 8.5,
the CD and the AD, both without optimization and with
the best performing optimization, are compared in terms
of the average MI versus γt (terrestrial channel) or γs
(satellite channel), while in Section 8.6, these configura-
tions for THP are compared to LP.

8.1 Full-search versus reduced-complexity optimization
The complexity of the algorithms for optimizing θ is
reduced by limiting the search tree to at most L nodes
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at each level; the resulting complexity is proportional
to LQ. We consider different (L,Q) yielding a fixed LQ
and select the combination obtaining the highest aver-
age (over the range of MI) SNR gain of the AD for
(MoL+SNR,R)RC in the case of 2-PAM; the selected (L,Q)

are shown in Table 1 for LQ = 2, 4, 8, 16, 32. We have
verified (results not shown for conciseness) that, with
increasing LQ, the SNR gain of the AD resulting from
the (MoL+SNR,R) algorithm increases, but the SNR gain
increments get smaller. For terrestrial communication,
we select (L,Q) = (4, 4), because the gain increment is
smaller than 0.1 dB when moving from (L,Q) = (4, 4)
to (L,Q) = (8, 4). For satellite communication, we select
(L,Q) = (1, 8), because the SNR gains for (L,Q) =
(1, 8), (1,16), (1,32) are nearly the same. These selections
are applied to all reduced-complexity algorithms involv-
ing an optimization over θ , and for all constellations.
We have verified that the reduction of the SNR gain,
caused by applying the reduced-complexity optimization
(with (L,Q) = (4, 4) for terrestrial communication and
(L,Q) = (1, 8) for satellite communication) rather than
the full-search optimization (with Q = 4), is limited to
only about 0.6 dB and 0.2 dB for the terrestrial chan-
nel and the satellite channel, respectively, for the algo-
rithms involving an optimization over θ only, in the case
of 2-PAM.
When optimizing over the row permutation, an exhaus-

tive search is avoided by using the reduced-complexity
optimizations.We have verified in the case of 2-PAM that,
for both satellite and terrestrial channels, the loss is lim-
ited to less than 0.25 dB, when replacing the (SNR, P)
and (MoL, P) algorithms by (SNR, P)RC and (MoL, P)RC,
respectively.

8.2 CD and AD performance for 2-PAM
Tables 2 and 3 show the SNR gains pertaining to the
CD and the AD, respectively, for 2-PAM. Results are
given for the case without TX optimization (θ = 0,
P = INu ), and for the reduced-complexity optimiza-
tion algorithms from Sections 7.1.4 and 7.2. For each
category (i.e., optimization over rotations only, opti-
mization over permutation only, joint optimization over
rotations and permutation), the SNR gain of the best
algorithm for the considered MI value is displayed in
italics; the entries in bold refer to the overall best
algorithm for the considered MI. The SNR gains are
discussed below.

Table 1 Best (L,Q) for different LQ

Terrestrial Satellite

LQ 2 4 8 16 32 2 4 8 16 32

(L,Q) (1,2) (1,4) (2,4) (4,4) (8,4) (1,2) (1,4) (1,8) (1,16) (1,32)

8.2.1 CD performance
Table 2 displays the SNR gains for the CD. As the
CD always performs a modulo operation, its MoL can-
not be reduced by any of the optimization algorithms.
Consequently, as far as the optimization over θ only,
over P only and over (P, θ) is concerned, the largest
SNR gains are obtained for (SNR, R)RC, (SNR, P)RC and
((SNR, P), (SNR, R))RC, respectively; for conciseness, the
results for the other algorithms are not shown. Com-
paring (SNR, R)RC and (SNR, P)RC, the former outper-
forms the latter for terrestrial communication, whereas
the opposite holds for satellite communication. The SNR
gains resulting from ((SNR, P), (SNR, R))RC are approxi-
mately the sum of the gains provided by (SNR, R)RC and
(SNR, P)RC individually and are in the range (1.4 dB, 3.2
dB) for terrestrial communication and (0.6 dB, 1.0 dB)
for satellite communication. Compared to the better of
(SNR, R)RC and (SNR, P)RC, the ((SNR, P), (SNR, R))RC
algorithm provides an additional gain ranging from about
0.2 to 0.5 dB.

8.2.2 AD performancewithout optimization
The non-optimized AD already provides a substantial
SNR gain over the non-optimized CD. This gain is in
the range (1.0 dB, 5.1 dB) for terrestrial communication
and (1.0 dB, 6.7 dB) for satellite communication. The
largest gains occur at low MI, where the MoL of the
non-optimized CD is the largest.

8.2.3 AD performancewhen optimizing θ only
When only the rotations are optimized, we observe from
Table 3 that for most values of the MI, (MoL, R)RC per-
forms slightly better than (SNR, R)RC, and that both of
these algorithms are outperformed by (MoL + SNR, R)RC.
Compared to the non-optimized AD, (MoL + SNR, R)RC
provides an additional gain in the range (0.8 dB, 1.7 dB)
for the terrestrial link and (0.8 dB, 1.2 dB) for the satellite
link.
The value of θ affects both ρC and SNRdet. Table 4 shows

E[SNRdet]
Etr/N0

(in dB) and E[ ρC] (averages are over the chan-
nel realizations), for the non-optimized AD and for the
AD with optimization over θ . We observe that (SNR, R)RC
(which maximizes SNRdet) not only provides that largest
SNRdet, but also yields a value of E[ ρC] which is larger
than for the non-optimized case. Similarly, (MoL, R)RC
(which maximizes NC) gives rise to the largest E[ ρC]
and to a value of E[SNRdet]

Etr/N0
which is larger than for the

case without optimization. Hence, the maximization of
one parameter (SNRdet or NC) also increases the other
parameter, so that both parameters benefit from either
maximization; therefore, all three algorithms provide a
SNR gain which is larger than when no optimization is
carried out. The (MoL + SNR, R)RC algorithms achieves
the same E[ ρC] as (MoL, R)RC, and in addition provides
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Table 2 SNR gain (dB) of the CD for 2-PAM

Terrestrial Satellite

MIavg 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9

θ = 0, P = INu 0 0 0 0 0 0 0 0 0 0

(SNR, R)RC 0.34 0.41 0.40 0.34 0.43 0.38 0.46 0.45 0.48 0.52

(SNR, P)RC 1.10 1.33 1.55 1.86 2.81 0.12 0.19 0.21 0.30 0.44

((SNR, P), (SNR, R))RC 1.45 1.78 1.96 2.31 3.22 0.58 0.68 0.71 0.77 1.00

a higher E[SNRdet]
Etr/N0

. This explains the (slight) superiority of
(MoL + SNR, R)RC over both (MoL, R)RC and (SNR, R)RC,
observed in Table 3.

8.2.4 AD performancewhen optimizing P only
When only the row permutation is optimized, Table 3
indicates that (i) for terrestrial communication (SNR, P)RC
is the best algorithm for most values of the MI, whereas
(MoL + SNR, P)RC is the best for small MI, and (ii)
for satellite communication (MoL + SNR, P)RC is the
best algorithm3 for most values of the MI, whereas
(SNR, P)RC is the best only for large MI. Compared to
the non-optimized AD, the better of (SNR, P)RC and
(MoL + SNR, P)RC provides an additional gain in the
range (0.8 dB, 2.4 dB) for the terrestrial link and (0.3 dB,
0.6 dB) for the satellite link.
Table 3 indicates that for some values of the MI,

(SNR, P)RC or (MoL, P)RC perform worse, compared to

the case of no optimization. The explanation follows from
Table 5, which shows E[SNRdet]

Etr/N0
andE[ ρC] for the AD in the

absence of optimization, and for (SNR, P)RC, (MoL, P)RC
and (MoL + SNR, P)RC. We observe that (SNR, P)RC
(which maximizes SNRdet,max) yields the largest value of
E[SNRdet]
Etr/N0

, but the corresponding E[ ρC] is smaller than for
no optimization. Similarly,E[ ρC] is largest for (MoL, P)RC
(which maximizes ρC), but the corresponding E[SNRdet]

Etr/N0
is smaller than for no optimization. Hence, maximizing
SNRdet,max or ρC automatically reduces ρC or SNRdet,
respectively; the resulting performance is a combina-
tion of both effects, which in some cases can be worse
than when no optimization is carried out. The algorithm
(MoL + SNR, P)RC yields a value of E[ ρC] which is only
slightly smaller than for (MoL, P)RC; the corresponding
E[SNRdet]
Etr/N0

is significantly larger than for (MoL, P)RC, and,
for terrestrial communication, even larger than without
optimization.

Table 3 SNR gain (dB) of the AD for 2-PAM

Terrestrial Satellite

MIavg 0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9

θ = 0, P = INu 5.07 2.46 1.64 1.21 1.03 6.65 3.48 2.22 1.50 0.98

(MoL, R)RC 6.77 3.82 2.71 2.05 1.79 7.75 4.61 3.21 2.35 1.65

(SNR, R)RC 6.58 3.67 2.65 2.05 1.79 7.66 4.52 3.12 2.30 1.69

(MoL + SNR, R)RC 6.80 3.84 2.73 2.10 1.82 7.81 4.66 3.29 2.39 1.73

(MoL, P)RC 5.85 2.89 1.74 1.05 0.50 7.18 4.05 2.60 1.74 0.93

(SNR, P)RC 5.38 3.22 2.77 2.72 3.47 6.31 3.21 2.09 1.52 1.24

(MoL + SNR, P)RC 6.00 3.11 2.08 1.49 1.28 7.22 4.03 2.67 1.75 0.99

((SNR, P), (MoL, R))RC 7.51 4.70 3.86 3.54 3.97 7.86 4.71 3.33 2.48 1.96

((MoL, P), (MoL, R))RC 6.98 4.00 2.65 1.74 0.96 7.79 4.68 3.31 2.42 1.62

((MoL + SNR, P), (MoL, R))RC 7.37 4.46 3.16 2.25 1.47 7.94 4.84 3.46 2.49 1.75

((SNR, P), (SNR, R))RC 7.11 4.39 3.70 3.48 4.00 7.70 4.55 3.22 2.46 2.04

((MoL, P), (SNR, R))RC 6.47 3.45 2.32 1.16 1.05 7.88 4.77 3.36 2.42 1.69

((MoL + SNR, P), (SNR, R))RC 6.79 3.89 2.95 2.48 2.49 8.00 4.89 3.49 2.61 1.81

((SNR, P), (MoL + SNR, R))RC 7.41 4.60 3.76 3.43 3.85 7.91 4.71 3.35 2.54 1.96

((MoL, P), (MoL + SNR, R))RC 6.87 3.93 2.56 1.66 0.77 7.83 4.71 3.36 2.46 1.66

((MoL + SNR, P), (MoL + SNR, R))RC 7.37 4.35 3.06 2.21 1.33 7.95 4.86 3.44 2.51 1.72
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Table 4 E[SNRdet]
Etr/N0

(dB) and E[ ρC ] when optimizing rotation
angles θ for 2-PAM

Terrestrial Satellite
E[SNRdet]
Etr/N0

(dB) E[ ρC ]
E[SNRdet]
Etr/N0

(dB) E[ ρC ]

θ = 0 1.14 0.62 − 4.20 0.8

(SNR, R)RC 1.60 0.79 − 3.75 0.91

(MoL, R)RC 1.49 0.84 − 4.08 0.95

(MoL + SNR, R)RC 1.52 0.84 − 3.81 0.95

8.2.5 AD performancewhen optimizing (P, θ)

Let us consider the SNR gains from Table 3, related to
the joint optimization of the row permutation and the
rotation angles.
For terrestrial communication, we observe that the

combined algorithms involving (SNR, P)RC outperform
those involving (MoL, P)RC. For a large range of MI, the
best performance is obtained for ((SNR, P), (MoL, R))RC,
whereas ((SNR, P), (SNR, R))RC slightly outperforms
((SNR, P), (MoL, R))RC at high MI. Compared to the AD
without TX optimization, additional gains in the range
(2.2 dB, 3.0 dB) are achieved; these gains are about 0.5 dB
to 1.1 dB larger than the maximum gains resulting from
the optimization over only P or only θ .
In the case of satellite communication, ((MoL+SNR, P),

(SNR, R))RC slightly outperforms all other optimization
strategies for a large range of MI, whereas ((SNR, P),
(SNR, R))RC performs better for the largest MIs. Com-
pared to the AD without TX optimization, additional
gains in the range (1.0 dB, 1.4 dB) are achieved; these
gains are about 0.2 dB to 0.3 dB larger than the maxi-
mum gains resulting from the optimization over only P
or only θ . However, in case one wants to avoid the nested
algorithms because of their high computational com-
plexity, ((MoL + SNR, P), (SNR, R))RC can be replaced by
((SNR, P), (MoL + SNR, R))RC, giving rise to only a small
reduction in gain, not exceeding 0.2 dB.

8.3 CD and AD performance for 4-PAM
8.3.1 CD performance
Similarly to 2-PAM, for 4-PAM, we need to con-
sider for the CD only (SNR, R)RC, (SNR, P)RC, and

Table 5 E[SNRdet]
Etr/N0

(dB) and E[ ρC ] when optimizing the row
permutation matrix P for 2-PAM

Terrestrial Satellite
E[SNRdet]
Etr/N0

(dB) E[ ρC ]
E[SNRdet]
Etr/N0

(dB) E[ ρC ]

P = INu 1.14 0.62 − 4.20 0.8

(SNR, P)RC 2.66 0.51 − 3.97 0.72

(MoL, P)RC 0.64 0.82 − 4.35 0.94

(MoL + SNR, P)RC 1.54 0.81 − 4.32 0.93

((SNR, P), (SNR, R))RC. The resulting SNR gains are
shown in Table 6. We observe that the gains resulting
from (SNR, R)RC are much smaller than for 2-PAM; this
is because without optimization, the power loss for 4-
PAM is smaller than for 2-PAM (as indicated by the
upper bound [35] on σ 2

mod,n/σ
2
a ). The best algorithm is

((SNR, P), (SNR, R))RC, which only slightly (by less than
0.07 dB) outperforms the (less complex) (SNR, P)RC algo-
rithm. The resulting SNR gains are in the range (1.3 dB,
2.6 dB) for the terrestrial channel and (0.3 dB, 0.5 dB) for
the satellite channel.

8.3.2 AD performancewithout optimization
Table 7 shows the results for the AD. Without opti-
mization, the AD provides a gain compared to the non-
optimized CD, in the range (0.3 dB, 1.8 dB) for terrestrial
communication and (0.2 dB, 2.2 dB) for satellite commu-
nication. Note that these gains are smaller compared to
the case of 2-PAM transmission: with 4-PAM, the inter-
ference pre-subtraction terms have larger peak values,
causing the condition CPAM(n) to hold less frequently.

8.3.3 AD performancewhen optimizing θ only
In the case of terrestrial communication, (MoL, R)RC
yields the largest SNR gain for a large range ofMI, whereas
(SNR, R)RC performs only slightly better for high MI; the
resulting gains compared to the non-optimized AD are in
the range (0.2 dB, 1.0 dB).
For satellite communication, (SNR, R)RC performs best,

yielding gains compared to the non-optimized AD in the
range (0.2 dB, 1.6 dB).

8.3.4 AD performancewhen optimizing P only
For the terrestrial link, the largest SNR gain results
from (SNR, P)RC for a large range of MI, whereas
(MoL + SNR, P)RC performs better at smallMI; compared
to the non-optimized AD, gains in the range (1.2 dB, 2.5
dB) are achieved.
For the satellite link, the largest SNR gains at small,

medium and large MI are obtained for (MoL, P)RC,
(MoL + SNR, P)RC and (SNR, P)RC, respectively; note that
for smallMI, the SNR gains resulting from (MoL, P)RC and
(MoL + SNR, P)RC are nearly the same. Compared to the
non-optimized AD, the gains are in the range (0.3 dB, 1.4
dB).

8.3.5 AD performancewhen optimizing (P, θ)

On the terrestrial channel, ((SNR, P), (MoL, R))RC yields
the largest SNR gain for a large range of MI, but
this algorithm is outperformed by ((MoL + SNR, P),
(MoL + SNR, R))RC for small MI. The gain compared
to the non-optimized AD is in the range (1.8 dB, 2.5
dB); these gains are about 0.2 dB to 1.2 dB larger than
the maximum gains resulting from the optimization over
only P or only θ . When one wants to avoid nested
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Table 6 SNR gain (dB) of the CD for 4-PAM

Terrestrial Satellite

MIavg 0.2 0.6 1 1.4 1.8 0.2 0.6 1 1.4 1.8

P = INu 0 0 0 0 0 0 0 0 0 0

(SNR, R)RC 0.02 0.01 0.05 0.02 0.04 0.08 0.08 0.08 0.09 0.03

(SNR, P)RC 1.25 1.51 1.65 1.89 2.57 0.28 0.30 0.33 0.36 0.40

((SNR, P), (SNR, R))RC 1.28 1.55 1.69 1.91 2.57 0.35 0.37 0.40 0.43 0.47

algorithms because of their high computational complex-
ity, ((SNR, P), (MoL, R))RC can be used also at small MI, at
the expense of a loss of about 0.6 dB.
When using the satellite channel, ((MoL + SNR, P),

(SNR, R))RC gives rise to the largest SNR gain for a
large range of MI, whereas ((SNR, P), (SNR, R))RC per-
forms best for large MI. The gain compared to the non-
optimized AD is in the range (0.6 dB, 3.0 dB); these gains
are about 0.2 dB to 1.5 dB larger than the maximum gains
resulting from the optimization over only P or only θ .
When nested algorithms must be avoided for complex-
ity reasons, ((SNR, P), (SNR, R))RC should be used for the
entire range of MI, at the expense of a loss ranging from
0.2 to 1.5 dB.

8.4 CD and AD performance for 4-QAM
Because of the π/4 angular symmetry of the QAM con-
stellation, optimizing over θ provides only a negligible
gain; therefore, for both the AD and the CD, only the
optimization of the row permutation is considered.
As the CD always performs a modulo operation,

(SNR, P)RC automatically yields the best performance
among all row permutation optimizations considered.
Table 8 shows a resulting SNR gain in the range (1.1 dB,

2.8 dB) for the terrestrial link and (0.2 dB, 0.5 dB) for the
satellite link.
The SNR gains for the AD are displayed in Table 9.

Without optimization, a gain compared to the non-
optimized CD is achieved, in the range (0.6 dB, 2.9 dB)
for terrestrial communication and (0.5 dB, 3.9 dB) for
satellite communication. When optimizing P for the ter-
restrial channel, (SNR, P)RC yields the largest SNR gain
for a wide range of MI, whereas (MoL + SNR, P)RC
has the best performance for small MI. For the satel-
lite channel, (MoL, P)RC performs best for the lower
range of MI, whereas for higher MI either (SNR, P)RC or
(MoL + SNR, P)RC provides the large gain. The best per-
forming algorithms yield additional gains compared to the
non-optimized AD, in the range (1.0 dB, 2.5 dB) for ter-
restrial communication and (0.2 dB, 1.5 dB) for satellite
communication.

8.5 Performance comparison summary for THP
Here, we summarize the performances of the algorithms
considered above. We present the average MI achieved
by the CD and the AD, with and without TX optimiza-
tion, as a function of γt (terrestrial channel) or γs (satellite
channel). In the case of TX optimization, we always select

Table 7 SNR gain (dB) of the AD for 4-PAM

Terrestrial Satellite

MIavg 0.2 0.6 1 1.4 1.8 0.2 0.6 1 1.4 1.8

θ = 0, P = INu 1.84 0.87 0.58 0.38 0.29 2.21 0.97 0.64 0.41 0.21

(MoL, R)RC 2.86 1.38 0.86 0.63 0.44 2.48 1.10 0.72 0.44 0.26

(SNR, R)RC 2.32 1.14 0.72 0.48 0.45 3.84 1.71 1.10 0.71 0.39

(MoL + SNR, R)RC 2.14 1.05 0.67 0.44 0.43 2.48 1.11 0.72 0.44 0.25

(MoL, P)RC 2.70 1.00 0.45 0.07 − 0.29 3.62 1.48 0.85 0.44 0.06

(SNR, P)RC 2.62 2.16 2.07 2.16 2.74 2.09 1.14 0.85 0.69 0.60

(MoL + SNR, P)RC 3.05 1.57 1.11 0.85 0.80 3.61 1.58 0.94 0.54 0.22

((SNR, P), (MoL, R))RC 3.69 2.62 2.37 2.36 2.83 2.11 1.15 0.88 0.69 0.62

((SNR, P), (SNR, R))RC 3.50 2.55 2.33 2.34 2.82 3.63 1.79 1.29 0.98 0.81

((MoL + SNR, P), (SNR, R))RC 3.10 1.83 1.45 1.29 1.24 5.16 2.38 1.47 0.87 0.37

((SNR, P), (MoL + SNR, R))RC 3.47 2.53 2.31 2.32 2.80 2.11 1.15 0.88 0.68 0.62

((MoL, P), (MoL + SNR, R))RC 3.90 1.57 0.77 0.22 − 0.17 4.73 2.11 1.21 0.70 0.23

((MoL + SNR, P), (MoL + SNR, R))RC 4.28 2.11 1.38 0.96 0.80 4.74 2.16 1.27 0.78 0.33
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Table 8 SNR gain (dB) of the CD for 4-QAM

Terrestrial Satellite

MIavg 0.2 0.6 1 1.4 1.8 0.2 0.6 1 1.4 1.8

P = INu 0 0 0 0 0 0 0 0 0 0

(SNR, P)RC 1.10 1.31 1.60 1.93 2.77 0.19 0.26 0.26 0.34 0.50

the RC algorithm providing the largest MI for the consid-
ered value of γs or γt . As indicated in Tables 3 and 9, the
AD in combination with an algorithm involving the novel
(MoL, P)RC or (MoL + SNR, P)RC is often optimum at low
MI (where the MoL of the CD without TX optimization is
large).
Figures 5, 6, and 7pertain to2-PAM, 4-PAM, and 4-QAM,

respectively. The following observations are made.

• For the satellite channel using the CD, TX
optimization provides only a modest gain. The
optimized CD performs worse than the
non-optimized AD, except for large MI where the
former is only marginally better than the latter.

• For the terrestrial channel using the CD, TX
optimization provides a larger gain than on the
satellite channel. The curves for the optimized CD
and the non-optimized AD intersect, with the latter
outperforming the former in the lower range of MI,
where the MoL of the non-optimized CD is large.

• For both types of channel, the best performance is
achieved by the optimized AD; the resulting gain
compared to the non-optimized CD is largest for
2-PAM, because the fraction of the users that can
remove the modulo operation is larger for 2-PAM
than for 4-PAM and 4-QAM.

8.6 Comparison with LP
The LP is not affected by MoL and gives rise to a SNR at
the detector given by:

SNRdet,LP =
(

1
NU

tr
((
HHH)−1))−1 Etr

N0

=
(

1
NU

tr
((
LLH

)−1))−1 Etr
N0

Note that the performance resulting from LP is not
affected by the user ordering nor the constellation rota-
tions. If THP were without PoL, the corresponding SNR
at the detector (10) would become

SNRdet,THP,noPoL =
(

1
NU

tr
((
LdLHd

)−1))−1 Etr
N0

We have SNRdet,LP ≤ SNRdet,THP,noPoL, with equality if
and only if the rows of H are orthogonal. In spite of this
inequality, LP can outperform THP, when the latter is
affected by a large amount of PoL and MoL.
We have included in Figs. 5, 6, and 7 also the average

MI resulting from LP. Comparing the LP with the non-
optimized CD for a given constellation, we observe that at
large MI the non-optimized CD performs better, whereas
the opposite occurs at low MI; this is because the MoL
increases with decreasing MI, favoring LP at low MI. The
crossing point, of the curves for LP and the non-optimized
CD, occurs at largerMI for the satellite channel, compared
to the terrestrial channel: the rows of H for the former
channel tend to be more orthogonal (resulting in smaller
interference), yielding a ratio SNRdet,LP/SNRdet,THP,noPoL
closer to 1.
The optimized AD reduces the MoL and/or increases

SNRdet,THP,noPoL of the THP scheme. On the terrestrial
channel, the optimized AD outperforms LP over the entire
range of MI and for all constellations considered. On the
satellite channel, only for 2-PAM the optimized AD is the
best over the entire range of MI; for 4-PAM and 4-QAM,
LP outperforms the optimized AD for MI < 0.8 and MI
< 1.5, respectively.
Figure 8 compares the different constellations consid-

ered, in terms of the maximum average MI over the LP
and the optimized AD. For a given operating point, it can
be seen from Figs. 5, 6, and 7 whether this maximumMI is
achieved by the LP or by the optimized AD. The following
observations can be made.

Table 9 SNR gain (dB) of the AD for 4-QAM

Terrestrial Satellite

MIavg 0.2 0.6 1 1.4 1.8 0.2 0.6 1 1.4 1.8

P = INu 2.92 1.26 0.95 0.75 0.61 3.88 1.65 1.00 0.74 0.53

(MoL, P)RC 3.62 1.35 0.76 0.30 -0.09 5.33 2.43 1.40 0.89 0.22

(SNR, P)RC 3.31 2.28 2.31 2.41 3.14 3.13 1.47 1.01 0.88 0.85

(MoL + SNR, P)RC 3.95 1.90 1.40 1.12 0.92 5.15 2.37 1.37 0.94 0.48
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Fig. 5 Performance of CD, AD and LP for 2-PAM on terrestrial and
satellite channel

• For the terrestrial channel, the best selection of
constellations is (i) 2-PAM (with optimized AD) for
MI <0.7; (ii) 4-PAM (with optimized AD) for 0.7
< MI <0.9; and (iii) 4-QAM (with optimized AD) for
MI >0.9. In the interval 0.7 < MI <0.9, 4-PAM is
only marginally better than either of 2-PAM and
4-QAM, so that only a small loss (less than 0.5 dB) is
incurred when selecting 2-PAM for MI <0.8 and
4-QAM for MI >0.8 instead. According to Figs. 5, 6,
and 7, the latter selection of constellations achieves a
significant gain of up to about 4 dB, compared to the
better of non-optimized CD and LP.

• For the satellite channel, the best selection of
constellations is (i) 2-PAM (with optimized AD) for
MI <0.6; (ii) 4-QAM (with LP) for 0.6 < MI <1.5;
and (iii) 4-QAM (with optimized AD) for MI >1.5.
According to Figs. 5, 6, and 7, this optimum selection

Fig. 6 Performance of CD, AD and LP for 4-PAM on terrestrial and
satellite channel

Fig. 7 Performance of CD, AD, and LP for 4-QAM on terrestrial and
satellite channel

achieves only a moderate gain (up to about 1 dB) over
the better of non-optimized CD and LP. Considering
the higher complexity of the optimized AD, one
might prefer to always use LP (with 2-PAM for MI
<0.15 and 4-QAM for MI >0.15) instead.

From the above comparison, it follows that the chan-
nel statistics have a major impact on which algorithm
and which constellation are optimum at a given MI: for
the terrestrial channel, the optimized AD (combined with
the proper constellation) provides the best performance
over the entire range of MI, whereas the LP with 4-
QAM performs best for the satellite channel over the
medium range (0.6 < MI <1.5). This different behavior
is attributed to the smaller interference on the satellite
channel.

Fig. 8 Best performance (over LP and optimized AD) for the different
constellations on terrestrial and satellite channel
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9 Conclusions
In this contribution, we consider a MU-MISO communi-
cation system with THP. The receiver uses a CD (always
performing a modulo operation) or an AD (performing
a modulo operation only when needed). We investigate
the effect of reduced-complexity algorithms that select the
symbol rotations at the TX and the ordering of the users,
to reduce theMoL and to increase the SNR at the detector;
several of these algorithms are novel.
Taking the average MI at the detector as a performance

measure, results are presented for a terrestrial wireless
channel and for a multi-beam satellite channel; we con-
sider 2-PAM, 4-PAM, and 4-QAM constellations, since
the PoL and MoL are the largest for small constellation
sizes.
For the CD, the largest MI is obtained when the SNR

at the detector is maximized, by selecting first the user
ordering and then the rotations of the constellations; the
latter step brings a substantial additional gain only for
2-PAM.
For the AD, no single algorithm is optimum for the

entire range of MI; as the MoL is larger for small MI,
the better algorithms are those which reduce the MoL for
small MI and increase the SNR at the detector for large
MI. When optimizing the TX, the gains resulting from
the AD are considerably larger than those from the CD,
especially at small MI (where the MoL of the CD is large);
hence, the AD with TX optimization outperforms the CD
with TX optimization. These gains are larger for 2-PAM
than for 4-PAM and 4-QAM, mainly because the opti-
mization of the constellation rotations has a larger effect
for 2-PAM.
When selecting the best constellation for the optimized

AD and for the LP, it is found that, on the terrestrial
channel, the optimized AD outperforms the LP; com-
pared to the better of LP and non-optimized CD, the
optimized AD achieves a significant gain (up to about
4 dB). In contrast, on the satellite channel, the opti-
mized AD actually performs worse than the LP for the
medium range of MI and achieves only a modest gain
(up to about 1 dB) for small and large MI. Hence, the
application of the optimized AD is quite promising for
wireless terrestrial communication, whereas its useful-
ness for multi-beam satellite communication is rather
limited.
Although the focus of this contribution is onMU-MISO

THP, the concepts are easily extended to SU-MIMO and
MU-MIMO scenarios.

Endnotes
1When condition C(n) holds, it does not matter

whether or not the modulo operation at the TX is active
for the n-th user. Hence, from a practical point of view,

having the modulo operation at the TX active for all NU
users is the simplest choice.

2 The algorithm from [14]maximizes SNRdet for the CD,
with σ 2

mod,n computed as an arithmetical average over a
block of transmitted data, instead of an expectation over
the data. Both approaches yield similar results for long
frames.

3Wemake abstraction of the 0.02 dB higher SNR gain at
MI = 0.3 for (MoL, P)RC compared to (MoL + SNR, P)RC,
which is negligible andmight be caused by limited numer-
ical accuracy.
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