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1. Introduction

In this paper we are interested in Hardy, Poincaré, Sobolev, Rellich and
higher order inequalities of Sobolev—Rellich type in the setting of general ho-
mogeneous groups. Furthermore, we are interested in questions of best con-
stants, their attainability, and sharp expressions for the remainders. As con-
sequences, we define Euler—Hilbert—Sobolev and Sobolev—Lorentz—Zygmund
spaces on homogeneous groups. For a short review in this direction and some
further discussions we refer to recent papers [16-21] as well as to references
therein. In the case of R™ expressions for the remainder terms in Hardy and
Rellich inequalities have been recently analysed in [7,8,11,13].

The obtained results yield new statements already in the Euclidean
setting of R but when we are working with anisotropic differential structures.
Moreover, even in the isotropic situation in R”, the novelty of the obtained
results is also in the arbitrariness of the choice of any homogeneous quasi-
norm, since most of the inequalities are obtained with best constants. In this
situation, the very convenient framework for working with a given dilation
structure is that of homogeneous groups as was initiated in the book [6]
of Folland and Stein. One of the ideas there is a distillation of results of
harmonic analysis depending only on the group and dilation structures, and
we believe that this paper contributes to this direction. Our results hold on
general anisotropic R", including the Heisenberg group and other nilpotent
groups, where not all the Euclidean structures are available and one has
to find alternative ways. Moreover, as we mentioned, they show that some
inequalities are independent on the dilation structure and on the norm one
takes on R™. To the best of our knowledge, all the known results rely on the
fact that the appearing norm is the Euclidean one. In the technical part, the
present paper relies on the extensive use of the Euler operator and this is one
of our main ideas, to use it in proving such inequalities beyond R".

For the convenience of the reader let us summarise the obtained results.
Let G be a homogeneous group of homogeneous dimension @) and let us fix
any homogeneous quasi-norm | - |. Then we prove the following results:

o Let f € C§°(G\{0}) be a real-valued function and let 1 < p < co. Then
we have the following identity:

2
P x .
HQEf dz, (1.1)

p p
ey = [ 1 (£.-55r) |7+ Bes

where I, is given by

p
LP(G)

1
I(hg) = (p— 1) /0 €h+ (1 — €)gl2ede
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and the Euler type operator

d
dlz|

is defined in (2.6). It can be described by the property that if f :
G\{0} — R is differentiable, then E(f) = v f if and only if a function f
is positively homogeneous of order v.

e Using that I, > 0, identity (1.1) implies the generalised LP-Sobolev
inequality

= |-

£ lir@) < 5 IES o). 1<p <00, (1.2)

for all real-valued functions f € C§°(G\{0}). Inequality (1.2) is also
true for complex-valued functions. In the case p = 2 and @ > 3, the
inequality (1.2) for any complex-valued f € C§°(G\{0}) is equivalent
to Hardy’s inequality for any complex-valued g € C§°(G\{0}):

2

E— > - _ -
e Q-2 [ g||L2(G) Q-2

1
]

g

]

where E := |z|R, and R is the radial derivative operator on G [see (2.5)
for the precise expression]. In the case 1 < p < @, the inequality (1.2)
for any complex-valued f € C§°(G\{0}) implies Hardy’s inequality:

£

||

L 3)
L2(G)

1
||

p

=5 (1.4)

IR Al Lr(e) =

Lr(G Q p L?(G)

e For any complex-valued function f € C§°(G\{0}) and any o € R we
have the following weighted identity:

2

1 2 2
) (Q _ a) S
|| L2(G) 2 || L2(G)
1 —2a |
+ HalEf+ @ i (1.5)
|| 2|x| L2(G)

Identity (1.5) implies several different estimates. For example, for o« = 1
we get the following generalised weighted Sobolev inequality:

f

||

2 1

||

. Q>3 1.6
e G Q (1.6)

L?(G)

for all complex-valued functions f € C§°(G\{0}). For every o € R for
which @ —2a # 0, since the last term in (1.5) in non-negative, we obtain

f

||

2
L2(G) |Q 2a|

1
||

Ef ; (L.7)

L*(G)

with sharp constant, see Corollary 3.7.
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e let 1 <p < oo, k€ Nand a € R be such that Q # ap. Then for
any complex-valued function f € C§°(G\{0}) we have weighted higher
order LP-Sobolev type inequality:

f

B

kg

—]Ekf

|z[

(1.8)

e Q- ap L7 (G)
In the case p = 2 an interesting feature is that we also obtain the exact
formula for the remainder which yields the sharpness of the constants as

well. For a € R and Q—2a # 0 we have the higher order Sobolev—Rellich

type inequalities:
9 E
SC=n)
12(G) 1Q — 2a

-
|z[

for all complex-valued functions f € C§°(G\{0}). The constant in the

right-hand side of (1.9) is sharp, and is attained if and only if f = 0.

Moreover, for all £ € N and a € R there is an explicit formula for the

1
||

EF f , (1.9)

L2(G)

remainder:
R _<Q—2a)2’“ Ry
21 e 2 21l L2 g)
k 2k—2m
Q—2a> Q—2« 1
+ — Em 4L me f . (1.10)
n;( 2 |$\a 2|z|« L2(G)

e The semi-normed space (£¥7(G), || - ||gr.r(G)): k € Z, equipped with a
semi-norm || f|| gk (c) := [[E* f||r(c) is a complete space. The norm of
the embedding operator ¢ : (E82(G), || - | ern(@)) — (LP(G), || - |ILr(c))
for k € N satisfies

k
p
lll gt @) 1oy < (Q) L l<p<, (1.11)

where we understand the embedding ¢+ as an embedding of semi-normed
subspace of LP(G)

e Let [E| = (EE*)z. Then the semi-normed space (Hﬁ( )5 - les@))s B €
C, equipped with a semi-norm | f|lms(g) := |HIE| fllz2(c) is a complete
space. The norm of the embedding operator ¢ : (H*(G), || - [lms () —
(L*(G), || - [l 2(g)) satisfies

ﬂ 2 Rep
lelles (6)—r2@) < C (k - 5,’6 0 ;

BecCy, k>#, k€N, (1.12)

where we understand the embedding ¢ as an embedding of semi-normed
subspace of L?(G), and with
I'(k+1) 2k —Ref

C(B,k) = IT(B)L(k — B)| ReB(k — Ref)
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e Let 2 be a bounded open subset of G. If 1 < p < o0, f € E(l)’p(Q)
and Rf = ﬁE f € LP(Q), then we have the following Poincaré type
inequality on Q2 C G:

Rp Rp |l 1
IIpr(mSQIIRfIIme):QHMEf , (1.13)

L (Q)

where R = sup|z|, and Eé’p(Q) is the completion of C§°(Q\{0}) with
€N
respect to the norm

[ lg10(q) = Ifllr@) + IEflLr(@), 1 <p<oo.

e Let 1 < v < oo and max{l,y — 1} < ¢ < oo. Then we have the

continuous embedding
WolLQ’q,Qyu(G) — £ 1 W(G),

00,q,— ¢ ,— =+
=g

00,0~ ¢

(6.3), respectively. In particular, for any R > 0, the inequality

where W(}LQ,q,q;l’u(G) and £ 1 _+(G) are defined in (6.2) and

1

5
‘logllog%H

q ¢« O\
S ﬁ / |$|q_Q dx

- G
(1.14)

holds for all f € W(}LQ7Q7E7H(G), where the embedding constant
ﬁ is sharp and fr = f(Rﬁ)

An interesting observation is that the constants in most of the obtained
inequalities are sharp for any quasi-norm | - |, that is, they do not depend
on the quasi-norm | - |. Therefore, these inequalities are new already in the
Euclidean setting of R™. Moreover, one of the novelty of this paper is the
analysis of the fractional powers of the Euler operators in R™, as well as on
the homogeneous groups. We refer to [23,24] for the applications of such in-
equalities to nonlinear Schrodinger type equations on homogeneous groups,
namely on graded groups. In particular, the authors expressed the best con-
stants of the Sobolev and Gagliardo—Nirenberg inequalities in the variational
form as well as in terms of the ground state solutions of the corresponding
nonlinear subelliptic equations.

In Sect. 2 we briefly recall the main concepts of homogeneous groups
and fix the notation. In Sect. 3 we derive versions of Sobolev type inequalities
on homogeneous groups and discuss their consequences including higher or-
der Sobolev-Rellich inequalities. Euler—Hilbert—Sobolev and Euler-Sobolev
spaces on homogeneous groups are defined in Sect. 4. In Sect. 5 we consider
an analogue of Poincaré inequality on homogeneous groups. Finally, in Sect. 6
we discuss an analogue of the critical Hardy inequality and Sobolev—Lorentz—
Zygmund spaces on homogeneous groups.

/ XB(0,er) ()| f = fr|T + XBe(0,er) (@) f — fe2r|? dz
G

log% 2|2

q—1 =7 1

—Ef

e
log — 2]

log log 7]

eR
i
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2. Euler Operator on Homogeneous Groups

In this section we very briefly recall the necessary notions and fix the notation
for homogeneous groups. We also describe the Euler operator that will play
a crucial role in our analysis.

We work with a family of dilations of a Lie algebra g, which is a family
of linear mappings of the following form

oo

Dy = Exp(Aln)) Zi'
k=0
where A is a diagonalisable linear operator on the Lie algebra g with positive
eigenvalues, and each D) is a morphism of g, that is, a linear mapping from
g to itself satisfying:
VX, Yeg, A>0, [D\X, D,\Y]|=D,\X,Y]
where [X,Y] := XY — Y X is the Lie bracket. Then, a homogeneous group
is a connected simply connected Lie group whose Lie algebra is equipped
with dilations. It induces the dilation structure on the homogeneous group
G which we denote by Dyx or just by Az.
Let dz be the Haar measure on G and let |S| denote the volume of a
measurable set S C G. Then we have

|DA(S)] = \?|S| and /Gf()\x)dx =\¢ /G f(z)dz, (2.1)
where @ is the homogeneous dimension of G:
Q:=TrA.
A homogeneous quasi-norm on G is a continuous non-negative function
G>3xw— |z| €[0,00)
satisfying the following properties
o |27 = |z| for all x € G,

o |\z| = A|z| for all z € G and A > 0,
e |z| =0 if and only if 2 = 0.

The quasi-ball centred at x € G with radius R > 0 can be defined by
B(z,R) :={y€G: |z 'y| < R}.
We also use the notation
B(x,R) :={y € G: |z~ 'y| > R}.

The polar decomposition on homogeneous groups will be very useful for our
analysis, and it can be formulated as follows: there is a (unique) positive
Borel measure o on the unit sphere

p={reG: |z|=1}, (2.2)
such that for all f € L'(G) we have

/«;, f(@)de = /0 h /p Fry)r@=1do(y)dr. (2.3)
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We refer to Folland and Stein [6] for its proof (see also [5, Section 3.1.7] for
a detailed discussion).
From now on, we fix a basis {X1,...,X,} of g such that

AXk = Z/ka

for every k, so that the matrix A can be taken to be A = diag(vy,...,vy).
Then each X} is homogeneous of degree v, and

Q=vi+- - +vn.
The decomposition of expg'(z) in the Lie algebra g defines the vector
e(z) = (e1(x),.. ., en(x))

by the formula

n

expg ' (z) =e(x) -V = Z ej(r)Xj,

j=1
where V = (X1,...,X,). On the other hand, we have the equality
x=expg (e1(x) X1+ +en(2)X,) .

Taking into account the homogeneity and denoting x = ry, y € p, this im-
plies

e(r) = e(ry) = (rei(y),...,r" en(y)).

So one has
@) = L pry) = L plexps (M er(y)Xn + -+ 1 en(y) X))
d\x|x_dr Ty—dr €Xpg (7 "e1ly)Aq mren\Y)An)).
Denoting by
d
= — 2.4
Ri=—, (2.4)
for all x € G this gives the equality
d
_ — 2.
Ja /@) = RS @) (25)

for each homogeneous quasi-norm |z| on a homogeneous group G.
Let us state a relation between R and Euler’s operator:

Lemma 2.1. Define the Euler operator by
E = |z|R. (2.6)
If f : G\{0} — R is differentiable, then
E(f)=vf if and only if f(rz)=r"f(z) (Vr >0,v € R,z #0).

Proof of Lemma 2.1. If a function f is positively homogeneous of order v,
that is, if f(rz) = r¥f(x) holds for all » > 0 and x := py # 0, y € p, then
using (2.5) for such f, it follows that

Ef =vf(z).
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Conversely, let us fix z # 0 and define g(r) := f(rz). Using (2.5), the equality
Ef(rz) = vf(rz) means that

§(r) = - f(ra) = TEf(re) = 2 fra) = Lo(r)

Consequently, g(r) = g(1)r¥, ie. f(rz) = v’ f(z) and thus f is positively
homogeneous of order v. O

We now establish some properties of the Euler operator E.

Lemma 2.2. We have

E*=-QI—-E (2.7)
where 1 and E* are the identity operator and the formal adjoint operator of
E, respectively.

Proof of Lemma 2.2. Let us calculate a formal adjoint operator of
E on C§°(G\{0}). We have

[ @i = [ [ Lrensmaewr
= [ [ stow (@050 + 1 ) sty

- | f@Q+ s,
by integration by parts using formula (2.5). O

We now show that the operator A = EE* is Komatsu-non-negative (see
e.g. [9] or [14]) in L?(G), that is, (—00,0) is included in the resolvent set p(A)
of A and

M >0, YA>0, [(A+A)"2@)—r2@) < MATH
Lemma 2.3. The operator A = EE* is Komatsu-non-negative in L*(G):
(X + A)ilnLQ(G)HL?(G) < )\71,\7/\ > 0. (2.8)

Proof of Lemma 2.3. We start with f € C§°(G\{0}). A direct calculation
shows

1L+ A) fl1226) = AL = E(QL+E)) f]12:
=2 |f 11326 + IEQI+E)f]72c

— 2)\Re/ f(2)QEf + E2fdz. (2.9)
G
Since

e [ 1@Fde=re [ [ f00) 5550w dotwyar
= —Re /Ooo /@W (TQd%f(ry) + QrQ_lf(Ty)) do(y)dr

— —EfI?2 ¢, — QRe /G Ef(0)f(x)dz,
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we have

—QARe/Gf(x)Q]Ef(:v)+E2f(x)dx

= —2)\QRe/ f(@)Ef(z)dx — 2)\Re/ f(@)E2f(x)dx
G G
= 2\ |Ef|I2g) - (2.10)
Combining (2.9) with (2.10), we obtain
O = E(QI+E))flI72e) = A I fllz2e) + 2M 1ES 226
+ QI+ B)f |72 s -
By dropping positive terms, it follows that

IAL = E(QT+E)) fl726) = A /172 »
which implies (2.8). O

Lemma 2.4. For all complex-valued functions f € C5°(G\{0}) we have

HEf||L2(G) = H]E*fHL?(G) : (2.11)
Remark 2.5. The following identity is easy to check from the definition:
A =FEE* =E*E.

Proof of Lemma 2.4. Using the representation of E* in (2.7), we get
||E*f||2Lz(G) = [|(-QI - E)f”i’z(@)
= QIf]2(e) + 2QRe /G f@)Ef@)da
+ ||Ef||2L2(G) - (2.12)
Then we have

2QRe | f(@Ef@)ds = 2QRe [ * [ s 5T e )ar
g
—0 [ [ L(50y)2)doty)ar
Q[+ [ Gseursa

_ /oo/ |F(ry) 2r=do () dr
0 ©
= Q@ flz2(c)- (213)
Combining this with (2.12) we obtain (2.11). O
In (2.11) replacing f by Ef, we get
Corollary 2.6. For all complez-valued functions f € C3°(G\{0}) we have
145120y = B2 2 211
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3. Sobolev Type Inequalities

In this section and in the sequel we adopt all the notation introduced in Sect.
2 concerning homogeneous groups and the operator E.

3.1. Sobolev Type Inequalities
If 1 <p,p* < oo and

1 1 1
L (3.1)
p p n
then the (Euclidean) Sobolev inequality has the form
lgllzr@®ny < CPIIVIll Ly @), (32)

where V is the standard gradient in R”.
In [15] the following Sobolev type inequality with respect to the operator
x - V instead of V has been considered:

I9llzr@ny < C' ()l - Vgl Laggn)- (3:3)

For any A > 0, by substituting g(x) = h(A\x) into (3.3), one readily observes
that p = ¢ is a necessary condition to obtain (3.3).

Let us now show the LP-Sobolev type inequality and its remainder for-
mula on the homogeneous group G.

Theorem 3.1. Let G be a homogeneous group of homogeneous dimension Q
and let | - | be any homogeneous quasi-norm on G.

(i) Then we have
p
1oy < o) IEfll Loy, 1<p<oo, (3.4)

for all complex-valued functions f € C§°(G\{0}), where the constant &
1s sharp and the equality is attained if and only if f = 0.
(ii) Denoting by

p
u=u(z) = —sEf(z), v:=v(2)= f(2),
we have the identity
[0y = 0100, = # [ Bl —uffde. 1<p<oe,  (@35)

for every real-valued functions f € C3°(G\{0}), where

1
L(hg) = (p—1) / €h+ (1 — €)g|P2ede.

(iii) In the case p = 2, the identity (3.5) holds for all complex-valued func-
tions f € C3°(G\{0}) and has the following form

2

2
B0 = (3) 11e) + B + 51 (35

L2(G)
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(iv) In the case p =2 and Q > 3 the inequality (3.4) is equivalent to Hardy’s
inequality for any g € C5°(G\{0}):

2

2 1
<= -
e Q-2 IR9ll 2 02

g 1,
]

El (3.7)

L*(G)

(v) In the case 1 < p < Q the inequality (3.4) yields Hardy’s inequality for
any [ € C5°(G\{0}):

f

J < P
||

R . 3.8
LP(G)_Q*;DH Fllere) (3.8)

Remark 3.2. Let us consider the following Sobolev type inequality for all
1 <p,q<oc:

l9llzr @) < C(P)IEY| La(5)- (3.9)

For any A > 0, substituting g(x) = h(A\x) into (3.9) and using the fact the
Euler operator is a homogeneous operator of order zero, we obtain that p = ¢
is a necessary condition to obtain (3.9).

Remark 3.3. Let us show that Part (ii) implies Part (i). By dropping non-
negative term in the right-hand side of (3.5), we obtain

p
1l o) < o) IEfllpe@, 1<p<oo, (3.10)

for all real-valued functions f € C§°(G\{0}). Consequently, this inequality
holds for all complex-valued functions by using the identity (cf. Davies [3, p.
176])

T -1
VzeC: |zP = </ |cos€)|pd¢9) / |Re(z) cos @ + Im(z) sin 0|” d6),

- _

(3.11)
which implies from the representation z = r(cos ¢ + isin ¢) by some manip-
ulations.

So, the inequality (3.4) is valid with the sharp constant %. We now
claim that this constant is attained only for f = 0. By virtue of (3.11), it is
enough to check it only for real-valued functions f. If the right-hand side of
(3.5) is zero, then we must obtain

p

Q
which implies that E(f) = f% f. Taking into account the property of the
Euler operator in Lemma 2.1 it means that f is positively homogeneous of
order —%, that is, there exists a function h : ¢ — C such that

F@) = el %h (@) , (3.12)

where p is defined by (2.2). In particular, (3.12) means that f can not be
compactly supported unless it is zero.
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So, Remark 3.3 shows that Part (ii), namely (3.5) implies Part (i) of
Theorem 3.1. Thus, for the part on Sobolev type inequality, we only need to
prove Part (ii). Nevertheless, we also give an independent proof of (3.4) for
complex-valued functions without using the formula (3.11), especially since
this calculation will be also useful in proving Part (ii) of Theorem 3.1.

Proof of Theorem 3.1. Introducing polar coordinates (r,y) = (|x\7ﬁ) €

(0,00) x p on G, where the quasi-sphere g is defined in (2.2), and apply-
ing (2.3) and integrating by parts, we get

| @rar= [ / ) ProLdo(y)dr

T - S
_Q/O R/@If(wl £ T 4o 4a

dr

- _Pr e )P 2f(z x)dzx. .
- QR/GIf( P2 f () EF () (3.13)

Here using the Holder’s inequality for zlv + % = 1 one calculates

px:fge 2P 2 F(2)Ef(z)dz
/Glf(:r)l L /Glf( P2 f () Ef (@)d

<t ( / Hf(rf)”f(w)!quy ( / IlEf(w)Ipd:v>;
_Pp
e

(/G |f($)de>1_’1’ IES (@)l ) -

which gives inequality (3.4) in Part (i).
We now prove Part (ii). Applying notations
u:=u(z) = —%]Ef, vi=wo(z) = f(x),

formula (3.13) can be rewritten as

[0l ) = Re [ ol 2omda. (3.14)

G
For any real-valued functions f formula (3.13) becomes
p _
[1s@pds=-5 [ [P @@
G QJs
and (3.14) takes the form
[0l ey = [ foP~vuds. (315)
G

On the other hand, for all LP-integrable real-valued functions v and v we
have
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Jul ) — 012 ) + P /G (lof? — o] ~2vu)da
= [P+ = Dl = plop~2ou)da
/ (v,u)|v —ul?dz, 1 < p < oo,
where
1

v = (=1) [ few+ (1= Oup e
Combining this with (3.15) one obtains

A o /G L(v,u)lo - ulde.

The equality (3.5) is proved.
Now we prove Part (iii). If p = 2, the identity (3.14) becomes

||’U||2L2(G) = Re/ vudz. (3.16)
G
Then we get
2@ ~ lolia) = lullze@ = llolza) ? —Rev
[l 01726y = llullz o]l +2 G(Iv\ Reva)dzx

= /(\u|2 + [v]? — 2Re vT)dx
G

= / lu — v|?de,
G
which implies (3.6).
Now let us show Part (iv). First we show that the inequality (3.4) implies
(3.7). Let g = |z|f. Then we have

IEf ()] g2 N ( d)g(’”y)r @145 (y)d
x = — = r— r o T
He @22 Jo r) v !

d 2
_|oe 2,
| d|z] L2(G)
2 —_— 2
d d
- &] o [ L Lo |t
|2/l 2 () G || dlz| dlx|

(3.17)

Since

o0

—2Re/ g|d|d gdr = —2Re /Mig(ry)rQ_lda(y)dr
G 0

“Re / / & (1gP)r-2do (y)dr
0 ©

\3
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—(Q —2Re/ /|g|2Q3da y)dr

g
THizz(e)
it follows that
g 2 d 2
IBf (@) |72 = (@ —1) || +ll=—g . (3.18)
L2(G) 2] 12(6) d|z| 2@

We see from (3.4) and (3.18) that

2
9

4 g 2 d |?
e = @ QT o, Tl T |
L2 (6) L2 (6) b ZT(e)

which gives (3.7).
Conversely, we assume that (3.7) holds. For f = g/|z| we have

+2Re/ F@EF @)z + B |2 g

Since by (2.13), it follows from (3.7) that

4
1712) < o —ap (IS I22c) — (@ =V If1Fae))

which implies

2 2
= 1F +Efllz2c) = 112
L2(G)

12y < ||Ef||L2(G)

Let us now prove Part (v). We Wlll prove that the inequality (3.4) gives
(3.8). We have

IR(Iz[)llr@) = IEf + fllr@) = |Efllr@) — [ fllze(c)
Finally, by using the inequality (3.4) we have

Q-p
IRz f)llr () = Ifllzr ),

which implies the Hardy inequality (3.8). O

Now we establish weighted LP-Sobolev type inequalities on the homo-
geneous group G.

Theorem 3.4. Let G be a homogeneous group of homogeneous dimension
and let « € R. Then for all complez-valued functions f € C§°(G\{0}), 1 <

p < 00, and any homogeneous quasi-norm | -| on G for ap # Q we have
1
ia < P T . (3.19)
|z LP(G) Q—ap|| |z|* Lr(G)

If ap # Q then the constant ’Qfap‘ is sharp.
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For ap = Q we have

1
% < 0g|g|Ef , (3.20)
|| LP(G) || ® L?(G)

where the constant p is sharp.

Remark 3.5. In [22, Theorem 1.2 and Theorem 7.1], using these inequalities
(3.19) and (3.20) we obtained an extended version of classical Caffarelli-Kohn-
Nirenberg inequalities with respect to ranges of parameters, which are new
in the Euclidean setting of R™, as well as on homogeneous groups. Moreover,
our methods give an improvement by replacing the full gradient by the radial
derivative. In [10, Theorem 3.1], applying Theorem 3.4 the authors proved
Hardy inequalities for the quadratic form of the Laplacian with the Landau
Hamiltonian magnetic field.

Proof of Theorem 3.4. Using integration by parts, for ap # @ we obtain

|f(l,)|p = > r p,r,Qflfocp o r
B */0 /Pf( ) do(y)d

[P

g [ e [ wronr s L dotyyan
[ B,
ol

Ef@If @

|x|a+a p—1)

’ Q—ap

_ p
Q-

By Holder’s inequality, it follows that

e o) ) ([ 7)”

leap ‘ Q@—ap
Which gives (3.19).
Now we show the sharpness of the constant. We need to check the equal-
ity condition in above Holder’s inequality. Let us consider the function
1
r)=—,
g9(z) [

where C' € R,C # 0 and ap # Q. Then by a direct calculation we obtain

which satisfies the equality condition in Holder’s inequality. This gives the
(3.19).
Now let us prove (3.20). Using integration by parts, we have

He o= [7 [ 1sa)re-2asty)ar
©

sharpness of the constant ’ ) L—|in
P

dfc(i:y) do(y)dr

— —p/ logrRe [ |f(ry)[P~2f(ry)
0 ©
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Ix\Q
p—1
/ (o) log el /@)~
p—1)
2| |z

By Holder’s inequality, it follows that

fa)P Ef@lloslel” , \* ([ L@\
[ so ([ B ([ rer)

which gives (3.20).
Now we show the sharpness of the constant. We need to check the equal-
ity condition in above Holder’s inequality. Let us consider the function

h(z) = (loga|)“,
where C € R and C # 0. Then by a direct calculation we obtain

(Eh|>|||1g||> (M) e

which satisfies the equality condition in Holder’s inequality. This gives the
sharpness of the constant p in (3.20). O

ol

Let us consider separately the case p = 2.

Theorem 3.6. Let G be a homogeneous group of homogeneous dimension @

and let | - | be any homogeneous quasi-norm on G. Then for every complex-
valued function f € C3°(G\{0}) we have

1 2 B Q_ )2
/ 2©) (2 “

for any o € R.

2

f

H —2u
E |"‘ 2|fU|

|| R

L2(G)
(3.23)

From (3.23) one can get different equalities and inequalities. For exam-
ple, for @ = 1, we obtain the equality

i 2 B (@_2>2 i 2
|| L2(G) 2 |z| L2(G)
2 2
e 22 21
2] DI P

By dropping the nonnegative last term in (3.23) we 1mmediately get the
following statement:

Corollary 3.7. Let G be a homogeneous group of homogeneous dimension @
and let | -| be any homogeneous quasi-norm on G. Let & € R and @ — 2« # 0.
Then we have

2
2 1@ — 20

1
||

f

L , (3.25)
||

L*(G)
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for all complez-valued functions f € C§°(G\{0}), where the constant in (3.25)
is sharp and the equality is attained if and only if f = 0.

This statement on the constant and the equality follows by the same
argument as that in Remark 3.3. We note a special case of & = 1, then (3.24)
gives the inequality

f

|z

2
2@ @2

1

i . Q>3 (3.26)

L2(G)

with sharp constant.
In the case a = 0, the identity (3.23) recovers Part (iii) of Theorem 3.1.
However, in the proof of Theorem 3.6 we will use Part (iii) of Theorem 3.1.

Proof of Theorem 3.6. For any a € R we note the following equality

ELIS P SN (3.27)

|| x> el

Indeed, the equality (3.27) follows from

1 1
L - Lgrym L
| fa]e ||
and utilising (2.5) and (2.6),
1 d 1 1 1
E— =r =—a—=—-a——71y, r=|z|
|| drre ro ||
Then we obtain
1 2
—_Rf = H]E fo ol
|| L2(G) le|* ol L2(G)
5 __
_ H]Ef +2aRe [ = (f) Lgp | oL
|| L2(G) G |z| || || L2(G)
(3.28)
In (3.6) replacing f by # and using (3.27) we have that
e G o R s
|| L2(G) 2 |$| L2(G) || 2|z L2(G)
(3.29)

Using formula (2.3) for polar coordinates, one obtains

QaRe <|x|a) If :2aRe/ rQ- l/rd (fgly)> ffﬂay)d (y)dr

_a/ /dr (If;;zi |2) o ()dr
f

[l

= —aQ

(3.30)
2@
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Summing up all above we arrive at
Q — 2« 2

1 2 - ( o) >2 f
e =279 |z T 2
|| L2(G) 2 |Z|* || 2 (g 2|z| L2(G)
which implies (3.23). O

3.2. Higher Order Sobolev-Rellich Inequalities

By iterating the established weighted Sobolev inequality (3.19) one obtains
inequalities of higher order. Let us state the following:

Ef +

2
Hl f

g

Corollary 3.8. Let G be a homogeneous group of homogeneous dimension @
and let | - | be any homogeneous quasi-norm on G. Let 1 < p < oo, k € N
and a € R be such that Q # ap. Then for any complex-valued function
f e C3(G\{0}) we have

f

Ed

k Ekf

||

< ‘ P
LP(G) Q—ap

(3.31)

LP(G) '

Remark 3.9. In the abelian case of the Euclidean space G = R", we have
@ = n and taking | - | to be the Euclidean norm, in the special case o = 0
and k = 1, the unweighted Sobolev type inequality (3.31) was obtained in
[15, Theorem 1.1]. In the case k = 2 the inequality (3.31) can be thought of
as a (weighted) Sobolev—Rellich type inequality.

In the case p = 2 an interesting feature is that we also have the exact
formula for the remainder which provides the sharpness of the constants as
well.

Theorem 3.10. Let G be a homogeneous group of homogeneous dimension Q)
and let | - | be any homogeneous quasi-norm on G. Let o € R and k € N be
such that Q # 2a.. Then for all complez-valued functions f € C5°(G\{0}) the
following inequality holds:

e = (a2m)
2@ \Q—2q

[l
The constant in (3.32) is sharp and the equality is attained if and only if
f=0.

Furthermore, for all k € N and o € R, we have

1 2 B <Q N 2a>2k‘ f 2
12(@) 2 L2(®)

|| ||
k 2k—2m
Z -2 1 -2

2 || 2]a|*

1

—_EF 3.32
BC / (3.32)

L2(G)

E* f

2

12c)
(3.33)

m=1

Although we often do not get sharp constants by iterative methods,
since we have the formula (3.33), we can apply it to prove that the iterative
constant is sharp. This may be a general feature of iterating Sobolev—Rellich
type inequalities as the same phenomena was also investigated in R™ by
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Davies and Hinz [4], but they have used very different methods for their
analysis (see also [1,2]).

Proof of Theorem 3.10. Let us iterate (3.23). For any o € R we start with

1 2 0 2 N2 2 0—2a |?
Tl =\l @ (e f+ « f :
Ed L2(G) 2 o] L2(G [ar| | 2|z| L2(G)
(3.34)
Putting Ef instead of f in (3.34) we obtain
2 2 2
1 E
—E2f = (Q — a) 7f
2l Tl \2 1% Wl L2 g)
2
1 -2
| Loy @ 2o (3.35)
|| 2|| L2(G)
Combining (3.35) with (3.34) we get
1 2 4 2
ﬁEzf — (Q _ a) La
|| L2(G) 2 |z L2(G)
2 2
2
+ (Q - a> Bp+ L2
2 [ 20z* "2
1 5, Q—2a_ |
+ || —=Ef+ ——Ef
|| 2|z|* L2(G)
This iteration process implies
2 2k 2
| = (9| L
|| L2(G) 2 | PR
k 2k—2m 2
Q-QO{) H 1 m Q_Za m—1
+ L ETf 4 E L k=1,2,....
2 (%5 FE TR W
By dropping nonnegative terms, we obtain
1 2 _ 90\ 2 2
L ey > <Q O‘) = . (3.36)
|| L2(G) 2 || L2(G)
If Q # 2a, this means
2 2k 2
2 1
S () N — (3.37)
|| L2(G) Q- 2« || L2(G)

which implies (3.32). Now let us show the sharpness of the constant in (3.32).
The equality

1 Q — 1
E™ Em =0
e+ e
can be restated as
-2
E(E™ 1 f) + @ e )

2
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and by Lemma, 2.1 it follows that E™~! f is positively homogeneous of degree

—% + «. Thus, if f is positively homogeneous of degree m — 1 — % + «, then

all the remainder terms vanish. Since this can be approximated by functions
2k

in C§°(G\{0}), the constant (ﬁ) is sharp. Even if it were attained,

then it would be on functions f which are positively homogeneous of degree
m—1— % + «. In this case W% would be positively homogeneous of

degree —%, and these are in L? if and only if they are zero. O

4. Euler-Hilbert—Sobolev Space on Homogeneous Groups

In this section we introduce an Euler—Hilbert—Sobolev space on homogeneous
groups. First let us define the Euler—Sobolev function space by
£h0(G) = TGO} =@, ke, (4.1)
where
1 £llexr () = IE* fll Lo (-

By (4.1), it is easy to see that the higher order Sobolev—Rellich inequality
(3.31) with a = 0 holds for all functions f € £5P(G):

k
p
HNW@S(Q)HWfM@,1<p<W7k€N (4.2)

By taking into account the definition of the Euler-Sobolev function space
(4.1) and higher order Sobolev—Rellich inequality (4.2), we obtain the follow-
ing Proposition 4.1:

Proposition 4.1. Let G be a homogeneous group of homogeneous dimension ()
and let 1 < p < co. Then the semi-normed space (£"P(G), |- || ern(c)), k € Z
is a complete space. The norm of the embedding operator v : (L¥P(G), | -

lerr(@) = (LP(G), || - [[Lr(c)) satisfies

k
p
Muwmkim”s(Q>, keN, (43)
where we understand the embedding 1 as an embedding of semi-normed sub-
space of LP(G).

By using Lemma 2.3 we can define fractional powers of the operator
A = EE* as in [14, Chapter 5] and we denote

IE[f .= A5, peC.

For a brief account of the relevant theory of fractional powers we refer to [5,
App.A].

Theorem 4.2. Let G be a homogeneous group of homogeneous dimension @,
8 € Cy and let k > RTBB be a positive integer. Then for all complex-valued
functions f € C3°(G\{0}) we have

Mo <0 (k-20) (3) s

4.4
L@’ (4.4)



IEOT Sobolev type inequalities Page 21 of 33 10

where
D(k+1) 2k—Ref
IT(B)T(k — B)| ReB(k — Rep)

Proof of Theorem 4.2. By using [14, Proposition 7.2.1, p.176] we obtain

[ IO - o T AT

By Corollary 2.6 and (3.32) with o = 0 it follows that

c( ) 1A= A=Al e,

_ 4 =R Bep
<(C ( ) ||f||L2(G) <622) H.f”L?Qk(G)
Reg
B 4\ *
—c(k-50) () " Wluse.

which combined with (4.6) implies (4.4). O

C(B,k) =

(4.5)

L2(G)

Now we define the Euler-Hilbert—Sobolev function space by
H°(6) = Cr@\o)) ", (47)
where
£ llse) = IEI fll2e)
y (4.7) we obtain the inequality (4.4) for all f € H%(G):
Re
e <0t 2.0 (2) o]

where 8 € C4, k> Rgﬁ, keNand C(k — f,k) is given by (4.5).
By taking into account the definition of the Euler-Hilbert—Sobolev func-
tion space (4.7) and inequality (4.4), we obtain the following Proposition 4.3:

(4.8)

L2(G)’

Proposition 4.3. The semi-normed space (HP, || - ||us), B € C is a complete
space. Moreover, the norm of the embedding operator ¢ : (HP,|| - ||ms) —
(12, |12) satisfies

92 Reg Re
llellms G)—r2(c) < C (k: - §k> (Q> , BeCy, k> TB k €N,
(4.9)

where we understand the embedding v as an embedding of semi-normed sub-
space of L*(G).
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5. Poincaré Type Inequality on G

In this section we establish Poincaré type inequality on the homogeneous
group G. Before stating our results, we introduce some notation. Let Q2 C G
be an open set and let £57(2) be the completion of C§°(2\{0}) with respect
to

[flg1w) = IfllLr@) + 1Efllr@), 1 <p<oo.
Theorem 5.1. Let © be a bounded open subset of G. If 1 <p < oo, f €
2(1),10(9) and Rf = ﬁEf € LP(Q), then we have the following Poincaré type
inequality on Q C G:
R Rp| 1
Iflerier < IR ooy = G |

7 (5.1)
LP(Q)

where R = sup|x|.
€N

In order to prove Theorem 5.1, we first show the following proposition.

Proposition 5.2. Let Q2 C G be an open set. If 1 < p < oo, f € Eé’p(Q) and
Ef € LP(Q), then we have

p
I fllzr) < §\|Ef||m(ﬂ)- (5.2)

Proof of Proposition 5.2. Let ( : R — R be an even, smooth function satis-
fying

||"

e 0

o ((r f Ir] <1,

o ((r lf | = 2.

For A > 0, we set (x(z) := ((Alz]). We have the inequality (5.2) for f €
cg° (G\{O}) by (3.4). There exists some {f;};°, € C5°(2\{0}) such that
fe— fin 2071’((2) as ¢ — oo. Let A > 0. From (3.4) we obtain

63 fellzecey < & (EG) fellzre) + I ES) o)
for all £ > 1. It is easy to see that
Hm Cxfe =G f,
Jim (EG) fe = (EQ) S,
Jm G(ESfe) = G(ES)
in LP(Q). These properties imply that
[Exfllrr@) < % {IIEC) fllzo@) + I E o)} -

SN

Since

sup [E¢|, if A7 <|z| <2X7Y
[(EC) (z)] < {0, otherwise,

we obtain (5.2) in the limit as A — 0. O
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Proof of Theorem 5.1. Since R = sup|z| using Proposition 5.2 we obtain

e
p
I fllzr ) < é”EfHLP(Q)
Rp Rpl|l 1
< DR Ao = | |
Q “ Q |||z Lr(Q)
which gives (5.1). O

6. Sobolev-Lorentz—Zygmund Spaces

In this section, we consider applications of critical Hardy type inequalities to
function spaces. The function spaces below extend some known results in the
abelian case R, see e.g. [12].

We define the Lorentz type spaces by

L|"’Q’P’Q(G) = {f € Llloc(G) : ||fHL‘.‘,Q,pyq(G) < OO} y 0<p,g< oo,

o q 1 v
£z, .. @) = (/G (\x|g|f(x)|> de)

We assume that the homogeneous dimension () and the homogeneous quasi-
norm | - | are fixed. Therefore, we can use the short notation

Lpg(G) := L1.,Qp,q(C)-
The Lorentz—Zygmund spaces on G can be defined by
LP,QJ\(G) = {f € Llloc(G) : Hf”Lp,q,A(G) < OO}, 0<p,g<oo, AER,

\ a 7
Q R 1
= su x| P ol et
£y 0@ = sup (/«; <| | 7€ ”) |9 )

log —
Then we define the Sobolev—Lorentz—Zygmund spaces by

where

]

1
Wle,q,A(G) = {f € Ly (G): mEf € Lp,q,/\(G)}a
endowed with the norm
1
I 121 @ = 1 Iy + | B |
Lp,q,A(G)

and Wi Ly 41 (G) = CSO(G)H'HWlLMM@. The Lorentz-Zygmund spaces in-
volving the double logarithmic weights are introduced by

Lpgnira(@) = {F € Loo(G) : 11, 00, 030 < 0}
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where A1, A2 € R and

[FLp g5, 00 (@)

q 1
a| R R||™ dz \°
= sup ( /| <|m = o If(fc)|> w)

Remark 6.1. The space L, ¢ x, 1, (G) extends the spaces L, 4 A(G) and Ly, 4(G)
in the sence that L, 4 1.0(G) = L, 4 A(G) and L, 4.0,0(G) = L, 4(G).

A1

log log |log

Similarly, the Sobolev-Lorentz-Zygmund spaces WL, , 1, 1,(G) are
defined by

1
WlLP,q)\l’/\z (G) = {f € Lp,q,)\17>\2 (G) : 7]Ef € Lp,q)\l,)\z (G)}’ (61)

||

endowed with the norm

9

prqy/\l sAQ (G)

1
H . ||W1Lp,q,A1,A2(G) = || ' HLp-,q,/\L)\z (©) + H|"[|E

and
WELp.gai 20 (G) = T (@) W rarire @ (6.2)

Now we introduce the Lorentz—Zygmund type spaces £, ,1(G) taking
into account the special behavior of functions,

2’1’7‘17)\(@) = {f S Llloc(G) : Hf”i:p,q,)\(G) < OO}? A€ Ra

where
q 7
f = sup / T log f—fr
[ fll2,.q5(G) sup | | 7 2] | | z |Q
For p = oo we define
11 L] R ) %
se.q.2(G) = SUD og — R ,
Loo.0.(6) R>0 G \ | | |Q

where fr(z) := f(R m)
Moreover, we define the Lorentz—Zygmund type spaces £, 41,1, (G) by

’2P>Q7A1;)\2 (G) = {f € Llloc(G) : ||f||£p,q,A1,A2(G) < OO}’ (63)
where
Q eR|M R||*?
1fll2pq 0,0, @) = sup </@ (Ix P logm log logm

¢ dx

X (XB(O,eR)('T)'f_ fR' +XB"(0,6R)( )lf feQRl)) | ‘Q) ! 3

w = b z € B(0,eR);
XBORW = N0, & ¢ B(0,eR).
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For p = oo we define

Hf“soo,q)\lv)‘Z(G) = ISQL;% (/(G (
¢ dzx

% (Xa0em @If — fa + Xae©er @)f — Len])) W) "

A1 eR A2
log —

||

log it

||

log

Theorem 6.2. Let G be a homogeneous group of homogeneous dimension
and let | - | be any homogeneous quasi-norm on G. Let 1 < v < oo and
max{l,y — 1} < g < co. Then the continuous embedding

W(}LQ’%%y%(G) — £ 1 4 (G)

gy — 4~ g

holds. In particular, for all f € W&LQ’q,q;l7u(G> and for any R > 0 the
following inequality holds

/XB(o,eR)( o)|f — fr|Y + XBe,er) (@) f — fe2r|? dax
G 2|9

‘log ’10g mH log m‘

q q—Q
- (/Gx|

where the embedding constant —15 is sharp and fr(z) == f(R ‘x‘)

q—1 q—

log <

log m

eR
log +—

]

1
||
(6.4)

Remark 6.3. Despite the integrand on the right-hand side of (6.4) has singu-
larities for |z| = R, |z| = eR, and |z| = €*R we do not need to subtract the
boundary value of functions on |z| = eR on the left-hand side.

Remark 6.4. In the abelian case of the Euclidean space G = R", we have
@@ = n and taking | - | to be the Euclidean norm, Theorem 6.2 implies [12,
Theorem 1.2].

In order to prove Theorem 6.2, let us first present the following propo-
sition.

Proposition 6.5. Let G be a homogeneous group of homogeneous dimension
Q and let | - | be any homogeneous quasi-norm on G. Let 1 < v < oo and
max{1l,y—1} < g < oco. Then for all f € C§°(G) and any R > 0 the following
inequality holds

/ |f — frl? dx

B(0,eR) ‘log‘log‘ ‘H ‘log ci| |9

<1 / ]9 @
v =1 \JB(o,er)

q—1 q—

log <

log m

eR
log m

1
]
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Proof of Proposition 6.5. First of all we consider the integrals in (6.5) re-
stricted to B(0, R). Using polar coordinates and integration by parts, we
obtain

/ lf — frl? dx
B(0,R) ‘log‘log %HW log %‘ |z|?
R
:/0 r(log <)( log log < /'f ry) = F(Ry)[*do(y)dr
+1
S

S OR (log (1ogeR)) T / £ (ry) — F(Ry)|tdo(y)dr

_ q f a—
=1, <1og <10g>> Re/|f (ry) — f(Ry)|"?

() = 1) LW g,

where o is the Borel measure on p,q—~v+ 1 > 0, so that the boundary term
at r = R vanishes due to inequalities

R log <t gp  log<® —1  logZ
log <10ge) / dt  log _ log T
r 1

r=R

t log% 710g%
1 /5 dt 1 B-1 Ry

= — —> T g
log% 1t _log% % Rlog%

and

|f(ry) = f(Ry)| < C(R —7)
for 0 < r < R. It follows that

i 1
ry) — f(Ry)|%do(y)dr
|, Tty 0~ St
g [ 1 i ld
= v—1 /o (log(log 67—1_%))7—1 /p |f(ry) — f(Ry)| —_—

q /R 1
Y=1Jo 7" (log <B)* T "7 (log <)~

X

(log(log 1)) %™ (log(log <)) "+*
1709) — £ | LD doy)ar.

By the Holder inequality, we obtain
50 [ e s saowyar

R
/0 r(log <) log log <&
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q—1

g (" L) = SR, o
=51 </0 / r(log <) (log(log <)) ! (y)d>

1
g-1 q— q q
([ (2 ) 2 )
r dr
This implies that
1
/ |f — frl? da
B(0,R) ‘log ‘log o H log £~ ER x|
1
q—1 = q q
1
< 1 / |9~ logﬁ log logﬁ —Ef| dz | .
v —1 \JBo,r) || || ||
(6.6)
Now we consider the integrals in (6.5) restricted on B(0,eR)\B(0, R).
/ lf - fR|q dx
B(0.eR)\B(0,R) ’log‘log <& l1og e22| [o]?
eR
= r f(Ry)|%do(y)dr
fy sy /'f v) = SR o)
r=eR

= —ﬁ |:<log <(log —) >) / |f(ry) — f(Ry)|*do(y )] .
+ﬁ “ <log ((log ?) )) */ |f(ry) — f(Ry)|*do(y)dr
= % I:R (log <(log ?) >) Re/ |f(ry) — f(Ry)|*?

df (ry)
dr

x(f(ry) — f(Ry)) do(y)dr.

Here o is the Borel measure on p,q — v + 1 > 0, so that the boundary term
at r = R vanishes due to inequalities

—1
> (log €R> <<10g eR) — 1> =1-1log o RR
r r r

and
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for R < r < eR. It follows that

eR
A r(log%)(log ((log & / |F(ry) — F(Ry)|*dor(y)dr

731 . (bg ( (1%?) 1))

df(ry) ’ do(y)dr

IN

1
_vil/R Tqu(IOg%)qng = (log <) T
1
X eRN_ (a=1)~ eRN_ y—q
(log((log £*)~1)) (log((log €)~1)) "7
x / Fry) — F(Ry)|o dfgf/)’da@)dr.

By the Holder inequality, we obtain

eR
/R r(log %)(log log /|f (ry) — f(Ry)|?do(y)dr

g—1

eR 7 ry f(Ry)|? Rl
</ J, 7o B oo >>vd”(y)d>

(e (o))

1
a

d q
x‘ fc(l:y) dg(y)dr)
This implies that
/ |f — frl? da o4
Q] T H4-1
B(0.cR)\B(0,R) ‘log‘log‘ ‘H log 2| 7] g
q—1 q— q a
1
X / |21~ logﬁ log loge— — de | .
B(0,eR)\B(0,R) || 7| 2|
(6.7)
The inequalities (6.6) and (6.7) imply (6.5). O

Similarly, one can prove a dual inequality of (6.5) stated as follows.

Proposition 6.6. Let G be a homogeneous group of homogeneous dimension
Q and let | - | be any homogeneous quasi-norm on G. Let 1 < v < oo and
max{1l,y — 1} < g < oo. Then for all f € C§°(G) and for any R > 0, the
following inequality holds
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1

/ |f feR|q dx
50,1 [log [log £ ||" flog 2| 1#1
< _7 / |m|q7Q

v —1 \JBeo,Rr)

Now let us prove (6.4) in Theorem 6.2.

q—1 q—

log log |log

il RIPIL
|| || ]

Proof of Theorem 6.2. Using (6.8) with R replaced by eR, we have

/ |f — fe2rl? dzx
Be(0,eR) ‘logllogl I‘ ‘log er | |z]?

< e
v =1 \JBeo,er)

Then from (6.5) and (6.9), we obtain (6.4) for f € C§°(G).
Now we prove (6.4) for f € Wy L , a1 a— (G). We show first that (6.5)
]

holds for f € W&LQﬂ,q;l,u(G). Let {fmn} C C§°(G) be a sequence such

that f,, — fin WgLg , a1 =2 (G) as m — oo and almost everywhere by
4,1

the definition (6.2). If we define

1

q q
dx .

(6.9)

q—1 q—=

L gy
]

log @ log |log |em—|

|]

Frm(a) = fm(x) = fm( a7 .

‘log ‘log Tl ‘log Tl

then {fr.m }men is a Cauchy sequence in LI(G; dx/|x|?), which is a weighted
Lebesgue space, since the inequality (6.5) holds for f,, — fir € C§°(G).
Consequently, there exists gr € L4(G;dx/|x|?) such that fr.,, — gr in
LY(G;dx/|z|?) as m — oo. From

OB RG]
Cki{xEG“””ﬁ”(|y>*f<||>}

={z € G\{0} : fun(2) # f(2)},

it follows that f,, (R—) — f ( ) that is, almost everywhere we obtain

f@—f@ﬁ)

1 = gR('T)'

eR
‘log ‘log Tl
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That is the inequality (6.5) holds for all f € W(}LQ%% o=~ (G). In a similar
way we obtain inequality (6.9) for all f € W&LQq =1 9=y ~+(G). Since the
inequalities (6.5) and (6.9) hold for all f € WL Q951,95 W(G), we obtain
the inequality (6.4) for f € WolLquvqT_l,%(G).

Now let us prove the sharpness of the constant %5 in (6.4). From (6.4)
for all f € W(}LQ,q’%’%(B(O,R)), one obtains

/ |f ()| dx
B(0,R) ‘log‘logl |H ‘log ci| x|

< Lo ([ e
v —1 \JBo,r)

Therefore, it is enough to show the sharpness of the constant 7 in (6.10).

q—1 q—
1
—Ef

e
log 2]

eR
log — m

|]

¢ \a
log da:) .

(6.10)

As in the abelian case (see [12, Section 3]), we consider a sequence of functions
{fe¢} for large £ € N defined by

y—1

(log(log(éeR)))z, when |z| < %
fe(x) == (log (log %))_: , when § < |z| < %,
(log(log(2€))) T 2(R — |z]), when % <|s| <R

It is easy to see that f, € WolLqu)q;lyu(B(O,R)). Letting fo(r) == fo(x)

with r = |z| > 0, we obtain

J 0, when r < %,

~ _ y=1_1

%fe(r) = —7711"’1 (log (IO%%))  (log<E)7!, when §<r<Z,
—2Z(log(log(2e))) ", when £ <r <R

Denoting by |p| the @ — 1 dimensional surface measure of the unit sphere,
by a direct calculation we have

q—1 qa=" q
1
/ 2|79 logﬁ log log@ —Efe(z)| dz
B(0,R) |z | || ||
q—1 qa—=" q
a-1 el dz
Ip\/ log [log — g o)) ar

) o o)
i (3 ) o)
(5 [ o)
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+ (log(log(2¢)))" ( ) o] / (1og)q1 (log (bg?))mdr

iy (”T‘l) (log(log(log £eR)) — log(log(log 26)) + |/C (6.11)

where
(log(log(2e))) R
Cyq = (Ze)q(log(log(Qe)))V_l/ §177e(57¢") g,
0

By the assumption ¢ —y+1 > 0, we get C, ; < +00. On the other hand, we

see
/ [ fe(x)]? de _ /R [fo(r)]? dr
B(0,R) llog‘log‘ ‘H ‘log eR |$|Q ’10g|10g eR|| |10g eR| r

1

— ¢l (log(log(¢eR)))" /0 o (log (f) - (log <1og if?’))_v dr
+|g3|/ <log>1 (log <log fi))ldr

+ |p| (log(log(2€)))*~* (;)q/RT_l(R_T)q <10g 6:3)1

%
-
X (log (log ej%)) dr

:J“+mmwmm%mwmmﬂmmm+M%mww>

where

CR,qy.q = (log(log(2e)))"! <]2{)q

R —1 —
x/ r YR —r)? <logefi> (log (log(if%)) dr.

The inequality log(log %) > % for all » < R and the assumption ¢ — v >
—1, imply Cg ¢ < +00. Then, by (6.11) and (6.12), we have
R
log bl log ¢
||

/ |x|q7Q i
B(0,R) 7| ||
-1

-/ AR )
B(0,R) llog‘log‘ |H ‘log ‘|x|Q q

as £ — oo, which implies that the constant —%7 in (6.10) is sharp. O

q—1 q— q

1
log —Ef,
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