View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Ghent University Academic Bibliography

Math. Nachr. 286, No. 11-12, 1191 -1207 (2013) / DOI 10.1002/mana.201200095

Scattering for strictly hyperbolic systems with time-dependent
coefficients

Tokio Matsuyama*' and Michael Ruzhansky**>

! Department of Mathematics, Faculty of Science and Engineering, Chuo University, 1-13-27, Kasuga,
Bunkyo-ku, Tokyo 112-8551, Japan

2 Department of Mathematics, Imperial College London, 180 Queen’s gate, London SW7 2AZ, United
Kingdom

Received 4 April 2012, revised 26 December 2012, accepted 22 January 2013
Published online 1 April 2013

Key words Hyperbolic systems, time-dependent coefficients, scattering theory
MSC (2010) 35L05, 35L10

The present paper is devoted to finding conditions on the occurrence of scattering for strictly hyperbolic systems
with time-dependent coefficients whose time-derivatives are in L' in time. More precisely, it will be shown that
the solutions are asymptotically free if the coefficients are stable in the sense that their improper Riemann inte-
grals converge as t — F00, while each nontrivial solution with radially symmetric data is never asymptotically
free provided that the coefficients are not stable as t — *00. As a by-product, wave and scattering operators
can be constructed. An important feature is that assumptions on only one derivative of the coefficients are made
so that the results would be applicable to the asymptotic behaviour of Kirchhoff systems.
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1 Introduction

In this paper we investigate scattering for the Cauchy problem of strictly hyperbolic systems with time-dependent
coefficients. The important feature for these results is that we limit the conditions on taking only one derivative
of the coefficients keeping it in the framework of the study of asymptotic behaviours for Kirchhoff systems. In
[5] the first author gave a sufficient condition on the existence of scattering states for wave equations, and found
a special data for non-existence of scattering states. More precisely, there exists a solution u = wu(t,x) of the
Cauchy problem to strictly hyperbolic equation of second order of the form

OPu—c(t)’Au=0
such that u is not asymptotically free, where we assume that ¢(t) € Lip,,.(R) satisfies

. / 1 .
ggﬂf@c(t) >0, d(t)e L (R), tl}gloo c(t) = croo >0,

and the improper Riemann integrals of ¢(¢) — ¢4 o, do not exist. On the contrary, if the improper Riemann integrals
of ¢(t) — ¢4 exist, then each solution u is asymptotically free. As to the strictly hyperbolic equations of second
order for “bounded domains,” a similar result was obtained in [1]. It should be noted that the results of [5]
are applied to deduce non-existence of scattering states for the Kirchhoff equation (see [6]). In this sense the
behaviour of ¢(t) — ¢ affects the development of scattering theory for wave equations with time-dependent
coefficients as well as for the Kirchhoff equation.

The first order systems often appear in the analysis of equations of orders larger than two, and of coupled
equations of second order (see Examples 1.4-1.5 below). In the present paper we will find conditions on the
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occurrence of scattering for strictly hyperbolic systems with time-dependent coefficients, and as a result, these
observations will provide some generalisations of the results of [5]. We will also construct wave operators and
scattering operators by using an asymptotic integration method, which was developed in [8], so that such an
approach would yield an improvement for the second order equations as well. In hyperbolic systems it is natural
to impose a stability condition on the characteristic roots of the symbol of the differential operator.

Apart from the scattering problem, dispersion and Strichartz-type estimates for hyperbolic systems are also
of great interest. Large hyperbolic systems appear in many applications, for example the Grad systems of gas
dynamics, hyperbolic systems in the Hermite-Grad decomposition of the Fokker-Planck equation, etc. Thus, for
general hyperbolic equations with constant coefficients a comprehensive analysis of dispersive and Strichartz
estimates was carried out in [14]. The dispersion for scalar equations based on the asymptotic integration method
was analysed by the authors in [8], motivated by the higher order Kirchhoff equations. Decay rates of solutions for
time-dependent hyperbolic systems without L'-condition on time-derivatives have been obtained in [15], but in
this case one has to make assumptions on a larger number of derivatives of coefficients, making it non-applicable
to the theory of Kirchhoff equations. Dispersive estimates in these settings are based on the multi-dimensional
version of the van der Corput lemma established in [12, 13]. Optimal dispersion and Strichartz estimates for
hyperbolic systems with time-dependent coefficients will be discussed in [9, 10] and will appear elsewhere, as
well as the applications to Kirchhoff systems of the results obtained there and in the present paper.

Let us consider the Cauchy problem

DU = A(t,D,)U with Dy =—i9, and D, = —i0,, (j=1,...,n), (1.1)
i = +/—1, for t # 0, with Cauchy data
UO,2) =" (fo(x),.... fm_1(x)) € (L*(R™))". (1.2)

The operator A(t, D) is a first order m x m pseudo-differential' system, namely, its symbol A(t, ¢) is assumed
to be of the form

A(ta f) = (ajk' (ta E)):ﬁk:] ’

where functions a;, (¢, ) are positively homogeneous of order one in &, aji (¢, A) = Aa;r(t, &) for A > 0,
& € R"\0, and satisfy

aj(t,/I8]) € Lipy, (R; L*(R™\0))  and a1 (t,&/[¢]) € L' (R; L= (R"\0)) (1.3)
for j,k =1,...,m. We will also assume that D; — A(¢, D,) is a strictly hyperbolic operator:

det(7I — A(t,€)) = 0 has (in 7) real and distinct roots ¢ (¢,&), ..., @m (£, &) (1.4
forallt € Rand £ € R"\0, i.e.,

inf [y (t,6) — oi(t,) > d >0 for j#F. (1.5)

tER, [¢]=1
Notice that each characteristic root ¢; (t, £) is positively homogeneous of order one in £. If we do not care about
the asymptotic behaviour of amplitudes, it is enough to assume that a;; (¢,£/|€|) are of bounded variation in
t. However, the assumption (1.3) on Lipschitz continuity of a;; (¢,£/|¢|) in ¢ assures the existence of limiting

functions. Namely, there exist aﬁ (€), 4,k =1,...,m, such that
a;i (t,€/1€]) — ajj.(¢/1€]) uniformly in § € R"\0 as t — Fo0. (1.6)

Indeed, the first assumption in (1.3) implies that we have
t
ajk (t,€/18]) = a;r (s, §/1€]) + / draji(7,&/[€]) dr,

' We note that it is important to allow A(¢, D, ) to be pseudo-differential (or, rather, it is a time-dependent Fourier multiplier) here since
we want the results to include scalar higher order equations as well, e.g. see Example 1.4.
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and we conclude from the L'-assumption on d;aj, (¢, £/|€|) that there exist the limiting functions aﬁ, (&/]€]) such
that

+oo
aZ,(€/1€]) = a0 (0,€/1€]) + / 0, ayu(r.€/|€]) dr,

which satisfy (1.6). Thus, a question naturally arises, whether or not the solution U (¢, z) of (1.1)-(1.2) is asymp-
totic to some solution of the following hyperbolic systems with constant coefficients as ¢ — +oo:

D,V = AL(D,)V. (1.7)
Here AL (D, ) is an m X m first order pseudo-differential system, with symbol
AL (§) = (aﬁ, (E))Z.lk:l'

Since the characteristic roots depend continuously on the coefficients, it follows from (1.3)—(1.6) that the operators
D,;— AL (D,) are strictly hyperbolic. Indeed, it will be shown in Proposition 2.1 that there exist the limiting phases

0 (€) of ;(t,€) for j =1,...,m:
tligloo w;(t,€) = cpjt (&) uniformly on the sphere |£| = 1. (1.3)

Hence, by using (1.5), we have also

Ifi‘n:fl\wf(f)—sof(ﬁ)l >d>0 for j#k (1.9)

We are now in a position to state our results. For this purpose, let us recall the notion of scattering states. We
say that a solution U (¢, z) of

D,U = A(t, D,)U

is asymptotically free in (L*(R"))", if it is asymptotic to some solutions V. (¢, z) of
D,V = AL (D,)V

such that
WU, -) = Ve, )2 @ym — 0 (t — Fo0).

We shall prove here the following theorem.
Theorem 1.1 Assume (1.3)—(1.5). Then the following assertions hold:

(1) If the improper Riemann integrals

+oo
05O = [ (509 @) ds j=Lom, (1.10)
0
exist for each & € R"\0, then each solution U (t,z) € C'(R; (L*(R" ))m) of (1.1)—(1.2) is asymptotically
free in (L2 (R™ ))m. Moreover, the mappings (the inverse of the wave operators #..)
W U(0,-) — Va(0,)

are well-defined and bounded on ( L*(R" ))m'

(ii) Assume that the initial data U (0, x) are radially symmetric. If the improper Riemann integrals (1.10) of
©;(s,€) — @f(f) diverge for a.e. £ € R"\0, ie., f@li(fﬂ = 00, then non-trivial solutions U(t,x) €
C(R; (L*(R" ))m) of (1.1)~(1.2) are never asymptotically free in (L? (R" ))m.
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Microlocalising, we also have a version of these statements in cones in the frequency space.
There are different sufficient criteria for (1.10) to hold. For example, if A(t,¢/|¢]) € C* (R; (L®(R"\0))" )
and we assume that

t (5 (t,€) — ¢ (€)) = o(1) uniformly on |¢| = 1 as t — Fo0, (1.11)
and
t0pp; (8, €/1€]) € L' (R; L*(R"\0)) for j=1,...,m, (1.12)

then (1.10) follows. Indeed, in this case we have ¢, (t,£/[¢]) € C'(R; L (R™\0)) for all j, and the statement
follows from the trivial identity

t t
A 50505 (s,€) ds = A (£7°(8) — ©i(5,)) ds + t(p;(t,£) — 05 (9))-
Thus, condition (1.10) follows from (1.11)—(1.12).

Next we state a result on the existence of wave operators. Let us consider the Cauchy problems for strictly
hyperbolic systems with constant coefficients

D)Vy=A,(D,)Ve, z€R", +t>0, (1.13)
with Cauchy data

Vi(0,2) =" (fi7 (2),..., fi_1(2)), (1.14)
where A (D, ) are pseudo-differential operators with symbols (aﬁ (€))7"—1- We will assume that the character-
istic roots ¢ (), ...,k (€) of the operators D; — A (D,.) are real and distinct, i.e.,

det(r] — Ay (€)) = (1 — @7 (&) -+ (T — 5 (¢)) forall €&eR"\0, (1.15)

‘s‘zig{g#k!wf(f)—w%(fn >d > 0. (1.16)

Then the following theorem assures the existence of wave operators.

Theorem 1.2 Let ajik (&) be entries of Ay (§) satisfying (1.15)—~(1.16). Suppose that the a;j(t,€), j, k =
1,...,m, are positively homogeneous of order one in &, and satisfy (1.3)—(1.5) in such a way that

a;,(t,&/18) — aﬁ({/\ﬂ) uniformly in £ € R"\0 as t — +o0.

Assume also that the improper Riemann integrals of ¢; (t,§) —<pjj-[ (&) exist for each & € R™\0. Then for each solu-

tion V_(t,z) € C(R; (L*(R™))™) to (1.13)~(1.14), there exists a unique solution U(t,z) € C'(R; (L*(R"))"™)
of

DU = A(t,D,)U
such that

IV_(t) = U®)ll(L2 ey — 0 (¢t — —00).

For a corresponding V. (t,x) the same conclusion with + reversed holds. Moreover, the mappings (wave
operators)

Wy Ve(0,-) — U(0,)
are well-defined and bounded on ( L*(R" ))"”'
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As a consequence of Theorems 1.1-1.2, we can construct scattering operators. More precisely, we have:
Corollary 1.3 Let 7/;] and W_ be as in Theorems 1.1 and 1.2, respectively. Assume that ajk &) = ajp €3]
for 3,k =1,...,m. Then the mapping
S=w"w_ :V_(0,")— V,(0,)

m

defines a scattering operator, and it is bijective and bounded on (L2 (R" ))

In Corollary 1.3, the operator S : V_(0,) — V. (0,-) is bijective and bounded on (L? (R"’))m also without
the assumption a].*k (€) = a;,(§) for j,k = 1,...,m. The reason to impose this condition is to be able to call S
a scattering operator, with a physical meaning, that the initial state V_ (¢, z) and the final state V. (¢, z) obey the
same PDE whereas initial conditions do not matter.

Finally, let us look at some examples of settings to which our theorems apply. We note that although the
equations may be of high order, it is important that we impose conditions only on one time-derivative of the
coefficients. This is of crucial importance to being able to apply the obtained results to the Kirchhoff equations.

Our first example deals with higher order scalar equations.
Example 1.4 Consider the Cauchy problem for the m'™ order strictly hyperbolic equation
L(t,Dy,D,)u=D/"u+ Y  a,;()D;Dlu=0, t#0,
|v]|+j=m
ji<m —1
with Cauchy data
Dfu(z,0) = fi(z) e H"'"FR"), k=0,1,...,m—1, zeR",

where D; = —id; and DY = (—i0,,)"" -+ (—i9,, )" ,i = /=1, forv = (v1,...,v,). We assume that a, ; (t)
belong to Lip,, . (R) and satisfy

a,;(t) e L'(R) forall v,j,

and the symbol L(¢, 7, £) of the operator L(t, D;, D,.) has real roots i (¢,£), . .., pm (t, &) which are uniformly
distinct for £ # 0, i.e.,

L(thv f) = (T — ¥ (tvg)) T (T - Pm (t,f)),

inf [o;(£,€) — pr(£,€)| > d > 0.
g (16 — et )] 2 d >
J#k

The reference equation is

, + j
D"vy + Z a, ; Dy Divy =0,

lv|+ji=m
j<m —1

with afj = lim; 4o a,;(t), and the energy space is H™ ' (R") x --- x L*(R").

The following example deals with coupled second order equations.
Example 1.5 Let us consider the coupled system of Cauchy problems
Otu— ¢y (t)*Au+ Py (t,D,)v =0,
{ O'v — ey () Av + Py(t, D, )u = 0,

for some second order homogeneous differential operators P; (t, D,), P>(t, D,) which may depend on time,
where we assume that

Ck (t) € Liploc(R)7 ‘£|_2P]€ (t7£) € Liploc (R’ LOO(R”\O))} (k -1 2)
ci(t) € L'(R), || Pe(t,€) € L' (R; L (R"\0)) o
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i 2
@@ - @) H AR OR e > 0

ot {e1(t)?ea(t)? — Pi(t,€)Pa(t,€)} > 0.

By taking the Fourier transform in the space variables and introducing the vector

V(&) =" (01(t,€),v2(t,€),v3(t,€),va(t,€)) =T ([€la(t, €), @ (1, €), [€[0(t, ), V(. €))

we obtain the system

0 —i|¢| 0 0
v | et 0 PO 0 .
=i 1 i 0 1 0 el V = iA(t, E)V.
PO 0 ica (8)? €] 0

The four characteristic roots of det(7] — A(¢,£)) = 0 in 7 are given by

P12.0.a(t€) = i\'%\/cl ()2 + ex(t) £ /e (0 — 20212 + 4B1 (6, &) a1, O] -
The reference system is
Otuy — C%iAUi + P +(D;)ve =0,
{ Ovy — ¢ L Avy + Py (D, )us =0,
with the limits

Ch+ = tlifinoo ce(t), [€77 P x(8) = tllgloo 1|72 Py (¢, €)

uniformly in £ € R"\0 for k = 1, 2, and the energy space is (H1 (R™) x L?*(R" ))2
We conclude this section by stating our plan. In Section 2 we will find a representation formula for (1.1)—(1.2).

The proof of Theorem 1.1 will be given in Section 3 and Section 4 separately. In the last section we will prove
Theorem 1.2.

2 Representation formulae via asymptotic integrations

In this section we will derive a representation formula for (1.1) along the method developed in [8]. Let us first
analyse certain basic properties of characteristic roots ¢y (¢, £) of (1.4).

Proposition 2.1 Let the operator D, — A(t, D,) satisfy assumptions (1.4)~(1.5). If the a;;,(t,&/|§|) belong
to Lip,.(R; L>°(R™\0)) for j,k = 1,...,m, then each 0;i(t,€), k = 1,...,m, is positively homogeneous
of order one in &. In addition, if 8ya;i,(t,&/|€|) belong to L' (R; L>°(R"\0)) for j,k = 1,...,m, then we have
also D1, (-, €/1€]) € L' (R; L= (R"\0)). Furthermore, there exist functions @i (€), k = 1,...,m, positively
homogeneous of order one, such that

o (t, &) — @,{i(f) uniformly on |£| = 1 as t — +o0. 2.1
Proof. Let us observe first that ¢y (¢, ) are bounded with respect to ¢t € R, i.e.,
o (1,8)| < Cl¢|, forall ¢€R", teR, k=1,...,m. (2.2)
For this, we use the fact that ¢y (¢, £) are the roots of polynomial L(¢, 7, &) = det(r1 — A(t,€)) of the form

Lt,7,8) =" +a (£, )" "+ + ap (,€)

(© 2013 The Authors. Mathematische Nachrichten published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim. www.mn-journal.com
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with |a; (¢, £)| < M|€J7, for some M > 1, and the proof is elementary (see Proposition 2.3 in [8]). Here we put

ailfl(tvg) o Qg (mf)
ap(t,§) = (=D Y det : B :

i ssi Qipiy (6,8) o ai (8€)
Differentiating (1.4) with respect to ¢, we get

m—1 m

tr§ Zatam it OT Zat<pkt§ I (= t.9).

r#k
Setting 7 = ¢y (¢, £), we obtain

m—1

aﬁpk (t7£) H (@k (tag) ©r (t 5 Z at04771—/ t g)‘)ok (t g) (23)

r#k j=0

The positive homogeneity of order one of 9, (¢, ) is an immediate consequence of (2.3). Now, by using (1.5),
(2.2), and the assumption that |¢| ™/ 0, (-, &) € L'(R; L>(R™\0)) for all j, we conclude that 9,y (-, £/|¢]) €
L'(R; L*°(R"\0)) fork =1,...,m

Finally, setting

400
wﬂ@zm&@+/ Drpn (£, ) dt
0

we get (2.1). The proof is complete. 0

We prepare the next lemma.

Lemma 2.2 ([11] Proposition 6.4.) Assume (1.3)—(1.5). Then there exists a matrix N = N (t,§) positively
homogeneous of order 0 in £ satisfying the following properties:

i) A (L, AR E/E]) = 2(t, &N (L, E), where
2(t,€) = diag (1 (¢, £/I€]), - - - om (8, 6/1€])) 5
Gi) inf |det A (¢,€))| > O;

¢ER"\0,t€R
(i) A (t,€) € Lipyy, (R; (L=(R" \ 0))™") and 8, (t,€) € L' (R; (L= (R"\0))™").
(iv) There exists the uniform limits N * (&) of N (t,€) as t — +oc:

NEE) = . ligl N (t, &) uniformly in £ € R™\0.
In fact, Mizohata considered the case where the symbol of a differential system depends on the space-time
variable (z,t) in Proposition 6.4 of [11]. Hence the corresponding diagonaliser N (¢, z, £) is defined there on a

bounded interval [0, T'|, whereas the present case does not depend on z, so the diagonaliser N (¢, ) is globally
defined on the whole of R.

Let us find a representation formula for solutions to (1.1). Applying the Fourier transform to (1.1), we get the
following ordinary differential system:

D = A(t,&/|¢))|éw, v=T, (2.4)

where U = ﬁ(t, £) stands for the Fourier transform of U (¢, z) in 2 on R™. We proceed with the argument by
following Ascoli [2] and Wintner [16], (cf. Coddington & Levinson [3] and Hartman [4]). Multiplying (2.4) by
N = A (t,€) from Lemma 2.2 and putting A+ v = w, we get

Dyw = D|¢lw + (DN v = (2/¢| + (DN )N 1) w, (2.5)

www.mn-journal.com (© 2013 The Authors. Mathematische Nachrichten published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.
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since
At §/1ED) =
by Lemma 2.2. Let us write solutions of (2.5) by using a solution of
Dy = 7|¢ly. (2.6)
To this end, let ®(¢, ) be the fundamental matrix of (2.6), i.e.,
o(t,¢) = diag (ef Jy or(s&)ds g ] em (5:6) dS) . 2.7
If we perform the Wronskian transform
a(t,€) = (t,€) "' w(t, ),
then system (2.5) reduces to a system
Dia = C(t,€)a,
where C(t, ) is given by
C(t,€) = ®(1,€) (DA (t,€))A(1,6) 7' D(t, ). (2.8)

We note that C(t,€) € L' (R; (L= (R"\0))™"), since D, A (t,€) € L' (R; (L>(R"\0))"™") by Lemma 2.2.
Since w(t, §) = ®(t, £)a( ,€) and N (8, E)v(t, §) = w(t,§), we get

v(t, &) = A (t,6) 7 D(t, a(t, ).
Now let (vg (t,€), ..., vm—1(t,&)) be the fundamental matrix of (2.4). This means, in particular, that
(©0(0,8),-- -, v -1(0,)) =
Then each v; (¢, ) can be represented by
v;(t,€) = A (£, €)' (L, E)a’ (¢,€),
where a’ (¢, €) are the corresponding amplitude functions to v; (¢, £). Since

m—1

Ut.e) =Y v,(t,€f(&),
J=0
we arrive at
m—1
U(t,8) = > N ()7 D(t,E)al (£,6)F;(€).
j=0

Finally, let us find estimates for a’ (¢, £). Recalling that a’ (¢, €) satisfy the system
Dia’ = C(t,&)a’  with  (a”(0,€),...,a" "(0,€)) = A(0,¢),

we can write @’ (¢, £) by the Picard series:

T1

t t
aﬂ'(t,@(ui/ Cn,€in +# [ O &) C(TQ,odTﬁm)aﬂ'(o,o.
0 0

0
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This implies that

la/ (£, €)] < & =17 ez g7 (0, )] 2.9)

where we have used the following fact: Let f(¢) be a locally integrable function on R. Then

y t t T1
el f(r)dr :1+/ f(Tl)dTl+/ f(ﬁ)dn/ flr)dr +---.

By using equations D;a/ = C(t,€)a/, the estimates (2.9), and the fact that C(t,&) € L' (R; (L=(R"\0))""),
we conclude that D;a’ (-, &) € L' (R; (L°°(R™\0))™ ); thus there exist the limits

Jim a’ (t,€) = o, (&) uniformly in & € R™\0.

With the above argument in mind, we can obtain the main result in this section.

Proposition 2.3 Assume (1.3)—~(1.5). Let N (t, &) be the diagonaliser of A(t,&/|€|) constructed in Lemma 2.2,
and ®(t, &) as in (2.7):

(:D(t, é—) — dlag (ei fJ 1 (8,) ds’ . ’ei fJ ©m (5,€) ds) )

Then there exist vector-valued functions a’ (t, &), j = 0,1,...,m — 1, determined by initial value problems
Did (t,€) = C(t,€)d’ (t,€), (a"(0,€),...,a"1(0,€)) = A(0,€),

with  C(t,€) = B(t,€) " (DA (t,€))4 (t,€) " B(t, ) € L' (R; (L= (R"\0))""),
such that the solution U (t, ) of (1.1) is represented by

m—1

Ut.a) = Y 77 A ()7 0.8 (1,9 (9) (). 2.10)

j=0
Here F ~'[] stands for the inverse Fourier transform on R". Moreover, there exists a constant ¢ > 0 such that

I(t, <e¢, j=0,1,...,m—1,
fgﬂg”“( 5)H(Loo(R~\o))m =6 7 m

and the limits
Jim a(t, &) =a'(¢), j=0,1,...,m—1,

exist uniformly in £ € R"\0.
Proposition 2.3 is also known as Levinson’s lemma (see Coddington and Levinson [3]) in the theory of ordinary

differential equations; the new feature here is the additional dependence on & tracing which is crucial for our
analysis.

3 Proof of Theorem 1.1 (i)

We recall the assumption that

+o0
@]ﬂ.t(g) - /U ®; 4 (s,€) ds exists for each £ € R"\0, (3.1

where

D 1(5,8) =i (s,€) — ] (£).
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Writing
t +oo
[ etods=torrero- [ oo
0 t
we have
el i wi(s.8)ds _ gi(9F(©)1+0F () 4 U, (t,€),
where

+o0
U, (t,6) = ¢l (v (©1+07(9)) (exp (—z/ D 1 (s,6) ds) — 1) .
t

Here we note from (3.1) that
U, +(t,&) — Oforeach { € R"\0ast — +oo.
Putting
Do(t,€) = diag (¢7 (O, 7R O),
D, (&) = diag (eie'i“), . ,ei@f(£)> )
U (t,8) = diag (U1, +(t,8), -, U (¢, €)),
we can write (3.2) as
®(t,8) = 2+(t,§) D+ (&) + V4 (t,£) with
Uy (t,&) — Oforeach & € R"\0ast — +oo.
Hence, plugging (3.3) into (2.10) from Proposition 2.3, we find that

Ulta) = Y #4200, D= Ok (OF (9] ()

j=0

£ T (1O~ A7) 91D (OF (O] ()
7=0 )

+3 :J@(g)*lcpi(t,g)/ji(g) (aﬂ'(t,f) fai;(é)) f?(é)} (z)

+Y I A 0O 90 (0T O] @), 120

It can be verified that

m—1

Vit,a)i= Y 7 [Ae(©) 0, DL€k (©)F;(©)| (@)

j=0
satisfy equations (1.7). Thus, by using (3.3) and the following convergences:
N (67— A (6)7Y, ! (t,€) — o (&) uniformly in £ € R™\0 as t — Fo00,
we conclude from Plancherel’s identity and Lebesgue’s dominated convergence theorem that
NU(t,-) = Vet )z @eym — 0 (t — £00).
In conclusion, U (z, t) is asymptotically free. Moreover, the mappings

m—1
~

P U0 = Va(0,) = 30 F7 A7 DOk (OF(9)] ()

are bijective and bounded on (L2 (R )) " _The part (i) of Theorem 1.1 is thus proved.

(© 2013 The Authors. Mathematische Nachrichten published by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.
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4 Proof of Theorem 1.1 (ii)

Observing from representation formulae (2.10) and (3.4) of U(¢t, ) and V4 (¢, x), respectively, we can write, by
using Plancherel’s identity,

m—1 m

U(t.€) = ZZ/ a/) (t,€)e o #1005 F(€) de,

7j=0 k=1

m—1 m

Vo(t6) = ZZ/ ol (€)1 F (¢) de,

7=0 k=1

where ak (t £) and aE . (£) are m-row vector-valued functions satisfying

sup ‘aé,j)(t,g)‘ <C and sup ‘aij)i(f)‘ <C.
tER,EERT\O | cerr\O !

Hence

ol (1LE)F ), al LT, (6) € (L2(R)"

The next lemma is part of the subsequent argument.

Lemma 4.1 Let 9(t,&) be a real-valued function on R x R" which is positively homogeneous of order one
in & and satisfies 9(t,£/|€]) — oo for a.e. & € R"\0 as t — oo. Assume that a function a(t,§) belongs to
L*>(R; L' (R")) and satisfies

sup [a(t, §)] < m([¢]) .1
teR
for some radially symmetric function m(&) = m(|¢|) € L' (R"). Then
1(t) ::/ et &) de — 0 as t — oc.
Proof. Making change of variable £ = pw (p = |¢|, w = £/|¢] € S"71), we get

1= [ ([ e atpondp) dote)
n -1 \Jo

where do(w) is the (n — 1)-dimensional Hausdorff measure. By using the assumption that a(¢, &) belongs to
L>(R; L' (R™)), we see from Fubini’s theorem that a(t, pw)p" ' € L>(R; L' (0, 00)). Since ¥(t,w) — oo for
ae w € S" ! ast — oo, extending the function a by zero to p < 0 and applying Riemann-Lebesgue’s lemma,
we conclude that for a.e. w € S" L,

o0
/ ei’)ﬁ(t'w)a(t,pw)pn_l dp— 0 as t— oo.
0

Moreover, by using (4.1), we have

/ ez’pﬂ(t,w)a(t’pw)pnfl dp‘ < / m(p)pnfl dp e L (Snfl).
0 0

Thus, this estimate together with the previous convergence imply, by using Lebesgue’s dominated convergence
theorem, that I(¢) — 0 as t — oo. This proves the lemma. O

The proof of part (ii) in Theorem 1.1 is reduced to the next lemma provided that (fy(z),..., fi,—1(x)) are
non-trivial and radially symmetric.
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Lemma 4.2 Let ©;(t,&) and gof(g), j =1,...,m, be the phase functions as in (1.5) and (1.9), respectively.
Suppose that

|9, (t, &) — @f(f)ﬂ — 400 fora.e. £ € R"\Oast — +oo, 4.2)
where V;(t,§) = fo ©;(s,€)ds. Let A;(t,€),Bj(t,€) € C(R; L*(R")), j =1,...,m — 1, satisfy
At &) — Ajt(g), B,(t,&) — Bf({) uniformly in § as t — +o0,

with some Aji(f), Bji (€) € L*(R™). Assume also that A;(t,&) and B;(t,€) are bounded by some radially
symmetric functions M;(|€|) and N;(|¢|) from L* (R™);

[Aj (8, )] < M;([€]) and [Bj(t,6)] < N;(E), j=1,...,m—1

Then we have

1/2
m m
i (t, ipE (o)t 2 2

S {000 — Byt )€1} — 3 (4@ e + 1BF O )

j=1 L2 (R0 j=1
ast — Foo.

Proof. Putting

{ 18 _ BL(t,€)e'] o }7
j=1
we can write
[Ka (6,6 =D (1451 +1B;(4,6) + Re He(t,), (4.3)
Jj=1

where

o . - ot —oE (o)t _—
Ho(t€)=2) {e’“’?(""““’*‘“f>}A,,~ (LA G+ O OB, (1, OB (E.6) |
i<k

m

—226'{” (=R O A (t,€) By (8,€) —2) e =2 O A5t €) By (£, €).

i<k
We can check that all the phases in H. (¢, &) are unbounded in ¢. Indeed, it follows from (1.5) and (1.9) that if
J < k, then

lﬁ} (t7€) — U (ta§)| = /() (‘pj (3’5) — Pk (575)) ds| > d‘§||t| — +o09, 4.4

()t - G (©)t] > dléllt] — +oo, @5)

as t — =£oo0. Since @; (t,£) — gpf(f) uniformly in || = 1 as ¢ — o0 by Proposition 2.1, it follows that for any
€ > 0 there exists a number 7' > 0 such that

0 (5,6) —oF (€)= (d—e)lg], j#Kk, |s|>T, €#0.
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Hence,

19,(0,6) — ()] = ] [ (it -et0) as

[ (r(5.6) — £E(©)) ds

T
- ’/0 (5 (5,6) — i () ds (4.6)

— 400 (t — £o0).

T
> (d— et —T|l¢| |/0 (05 (s,€) — 95 (€)) ds

Thus by using Lemma 4.1, (4.2)—(4.6), the fact that ¢; (s, ) — cpf (£) does not change sign for s large enough by
strict hyperbolicity, and the fact that the product of two functions in L? (R") belongs to L' (R"), we get

R~

as t — =$o00. In conclusion, we have

/Rn [ (t,6)| de —>mf /R” (’A‘f(f)f + |B‘7i(§)|2) de (t — +o0),

j=0

respectively. The proof of Lemma 4.2 is complete. O

5 Proof of Theorem 1.2

Let V. = V4 (t, x) be solutions to the Cauchy problems
DV, = Ai(Dg,)Vi, reR", =£t>0,
with Cauchy data

Vﬂ:(oa ‘T) =7 (f(?:(l’), ceey f;l]:il(x))
Let A4 (€) be diagonalisers of A1 (£/€]), i.e.,

N (§)AL(E/IE]) = D (&/1€DA:(E),

where we put

2+(€) = diag (@7 (), .-, i (€)) -

Denoting by €', ..., e" ~! the standard unit vectors in R™, we can write

Vilta) = 3 77 [0 01 (1.0 FE ()] o).
=0

We will find an asymptotic integration for
D,U(t,€) = At OU(t,€),
such that U (£, £) is asymptotic to Vi (¢, €) as ¢ — £o0.

We shall prove the following:
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Proposition 5.1 Assume (1.15)—(1.16). Let A (t,&) be the diagonaliser of A(t,&/|¢|) from Lemma 2.2, and
put

O(t,€) = diag (e Jyer(s:&)ds | gify om (5:8) d) .

Then there exist fundamental matrices W (t,&) of D, (Af(t, &) = Alt, §)l7(t, &) such that
Wa(t,&) = A (8,67 (1, €)(I + Re(t,€))  with
Ri(t,§) — Ouniformlyin £ € R"\0 as t — +o0.

Proof. We prove the case “—”, since the case “+” is similar. The idea of the proof resembles that of Hartman
[4]. Similar to (2.8), we define a matrix C'_ (¢, £) to be

C_(t,6) = ®(t, ) (DpA (1, €))N (£,£) ' B(L,€). (5.1)
For an arbitrarily fixed o € R, let a’ (t,&;0),7=0,...,m — 1, be solutions of the following problems:

Did (t,&0) = C_(t,€)d’ (t,&0), a (0,60)=¢,

wheree/ =7(0,...,1,...,0). Hence a’ (t,&; o) can be written as Picard series:

t t T1
a (t,&0) = (IH/ Cf(ﬁ,é)dﬁ—H’Q/ C,(Thg)dn/ C(TQ,S)dTQ'ﬁ‘"')B‘j

forall ¢t € R and & € R"\0. Then we can estimate
’a]; (t, 5; 0_)’ < efR HC—(S-f)H(LOQ(]Ru \0))m 2 ds < e“ Jr 195 c/V(S-f)H(LOQ(Ru \0))m 2 ds_ (52)

Put 4 4
w (t,§0) = A (6,870, a (t,&0), j=0,1,...,m—1

Then we see from (5.1) that each w’ (t,&; o) satisfies the following equation:
Dyw’ (t,&0) = A(t,E)w’ (t,€0).

It follows from (5.2) that the a’ (t,&; o) exist uniformly in & € R™\0 for all ¢ € R, and hence, we can estimate
Did’ (t.£0)] < |C-(t.O)ll|a’ (t.&0)] < exe 17T a1, 0]

where we denote by || A]| a (standard) matrix norm of matrices A. Since 9,4/ (-, §) € L' (R; (LC’O(]R”\O))’"2 ),
these estimates imply that, for |t| < |o|,
 (t,6,0) e =

t
/ oa_(1,&0)dr (5.3)

o]

<o Je 102 AT oo (2 0yym2 47 / |05 A (s, f)”(LOO(]R” \0))m2 ds.

It

In particular, the family {a‘i (t, & O')}U R is uniformly bounded in o, £ and equi-continuous on every bounded

t-interval. Hence there exists a sequence {o, }7°, such that
jo1] <loa| < -+, oe] — 00 (£ — 00),
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and the limits
al (t,€) = lim al (t,&01)

exist uniformly in £ € R"\0 on every bounded ¢-interval. Moreover, the limits
wl (t,) = lim wl (& 00) = A (1,6) 7 0(t,)al (t,€)

also exist. Hence the a’ (¢, ) are solutions of Dya’ (t,€) = C_(t,€)a’ (t,€), and the w’ (¢, €) are solutions of
D’ (t,€) = A(t, & w’_(¢,£). Putting 0 = oy in (5.3), and letting £ — oo, with ¢ fixed, we see that

c o; N
el

t
|a]_(t,§) 76J| S ¢ (T-f)l‘(,_oc(mn\m),,,l dT/ Ha(ﬁ/‘/(S?f)”(Loo(R” \0))""2 dS (54)

for all t € R. The uniqueness of each a’ (¢, ) is obvious.
Now we can write, by putting 7’ (¢,£) = a/ (t,&) — €/,

w! (t,€) = N (&) 0t &) (e +17(t,€)), (5.5)
where the 7/ (¢, €) satisfy

' (t,€) —> Ouniformly in £ € R"\0 as t — —o0 (5.6)
on account of (5.4). It remains to prove that

W_(t,€) = (w(t,€),...,w" ' (t,9))
is the fundamental matrix for

D,V = A(t, &)V.

Taking the determinant of W_ (¢, ), we have, by using (5.6), A (t,£)~1 — A_(£)~! uniformly in £ € R"\0
(t — —o0) and |det®(¢,&)| = 1, that

|detW_(¢,€)| — |detA"(€)|~" # Ouniformly in £ € R"\0 as t — —oc.
Hence there exists a number ¢, < 0 such that
detW_(t,€) #0 forall ¢ <t.

Since W_(t, ) satisfies D,W_(t,£) = A(t,§)W_(t, &), it follows from Abel-Jacobi formula that

t

detW_(¢,£) = detW_(to, &) exp / trA(s,£)ds #£0

to

forall £ € R™ \ 0 and all ¢ € R. This means that W_(¢, ) is the fundamental matrix for
D,U = A(t, &)U.
This completes the proof of Proposition 5.1. O
Completion of the proof of Theorem 1.2. Let us find a solution U (¢, x) of D;U = A(t, D, )U such that

[Vi(t, ) = U )z geyym — 0 (t — Fo0). (5.7
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Going back to (3.2)—(3.3) in the proof of Theorem 1.1 (i), we have

W (t,€) = Ae(€) ™' Px(t,6)Dx(€)
H (A ()7 = AT (8, )DL (E) + A (1,67 L(LE).

Thus putting

m—1

Ut,€) = > Wil(t,&)D=(€) el [(©),

j=0
we can decompose U (t,€) into three terms:

m—1

U(t,8) =Va(t,§) + > (AN (€7 = Aa(&) ) @s(t, el [(€)
j=0

m—1

+ 3N ()T D(E) e FE(E).

Jj=0
It can be readily seen that this U (¢, £) satisfies
D,U(t,€) = At.U(t.€).

Since A (¢,&) "' =A% (€)™! — O uniformly in £ € R"\Oand U (t,£) — O foreach& € R"\Oast — Foo, we
conclude from Plancherel’s identity and Lebesgue’s dominated convergence theorem that (5.7) is true. Moreover,
the mappings

m—1

Wi Va(0,) — U0,) = 3 [Wa(0,6)D2(&) e/ FF(©)] ()

Jj=0
are bijective and bounded on (L*(R"))". The proof of Theorem 1.2 is finished. O
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