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The Schwarzian Theory - A Wilson Line Perspective
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Abstract

We provide a holographic perspective on correlation functions in Schwarzian
quantum mechanics, as boundary-anchored Wilson line correlators in Jackiw-
Teitelboim gravity. We first study compact groups and identify the diagram-
matic representation of bilocal correlators of the particle-on-a-group model as
Wilson line correlators in its 2d holographic BF description. We generalize to
the Hamiltonian reduction of SL(2,R) and derive the Schwarzian correlation
functions. Out-of-time ordered correlators are determined by crossing Wilson
lines, giving a 6j-symbol, in agreement with 2d CFT results.
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1 Introduction

Exactly solvable quantum systems that exhibit holographic features are very scarce. There-
fore every example one finds should be thoroughly understood. The past few years, it
became clear that one such example is the Sachdev-Ye-Kitaev (SYK) model (and its rela-
tives) [1-14]. These models describe N Majorana fermions interacting through a random
all-to-all 4-point interaction. The model is diagrammatically tractable at large N, and
many features are understood by now. A very interesting regime is that of strong coupling,
where the model is effectively described by Schwarzian quantum mechanics:

S:—C’/dt {f.t}, (1.1)

where {f,t} = % — %J}/—Z denotes the Schwarzian derivative of f. It was immediately
realized that a 2d dilaton gravity theory in AdSy - the Jackiw-Teitelboim (JT) model -
has dynamics described by precisely this same Schwarzian action [15-24], such that the
Schwarzian theory can be used to study a 2d quantum gravity. Motivated by this, using
the structural link of Schwarzian quantum mechanics with 2d Virasoro CFT, the quan-
tum dynamics of the Schwarzian theory was discussed in [25, 26], with the link with the
semi-classical regime in JT gravity explicitly uncovered in [27]. Several avenues towards
Schwarzian correlation functions of bilocal operator insertions exist by now: the 2d Liouville
perspective was explored in [25, 26], a 1d Liouville approach was analyzed in [28, 29], and
a particle on Hy in an infinite (imaginary) magnetic field is explored in [30, 31]. Whereas
each approach has its own value, this does leave open the question of whether these results
can be found directly from Jackiw-Teitelboim gravity. In particular, we would like to know
what is the bulk JT gravity interpretation of the bilocal Schwarzian operators. We will
answer this question using the topological BF formulation of JT gravity. The relation of
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Figure 1. Relation through holography and dimensional reduction of 3d A < 0 gravity, 2d JT
gravity, 2d Liouville CFT and 1d Schwarzian QM.

the Schwarzian with Liouville and JT gravity is depicted in Figure 1.

It was realized soon after in [26, 32|, that the above gravitational story is only the irra-
tional case (in a 2d CFT sense) of a more generic story that includes Wess-Zumino-Witten
(WZW) CFT and Chern-Simons (CS) / BF bulk theories. The analogue of the Schwarzian
model is played by the 1d particle-on-a-group theory (Figure 2). This model also appears
in SYK models with internal symmetries [33-37], as a building block of the supersymmet-
ric theories [38], and in higher spin generalizations [39]. Correlation functions of the 1d



particle-on-a-group theory were determined using the identification of particle-on-a-group
as the dimensional reduction at k — 400 of WZW [26]. This is the rightmost track of Fig-
ure 2. In the first part of this work, we will arrive at these same correlation functions using

Holography
3d Chern-Simons | «——» 2d Wzw
Dim. Red. *‘ i
2d BF Theory |<—» 1d particle on group

Figure 2. The 3d Chern-Simons / 2d WZW holographic relation, which dimensionally reduces to
the 2d BF / 1d particle-on-a-group holography.

holography of the 2d BF theory (using the bottom track in Figure 2). This will provide
a complementary perspective on the previous derivations, and in particular on the out-of-
time ordered (OTO) correlators. The results presented here for BF theory were already
anticipated in [40], where we investigated the particle-on-a-group model as describing the
edge dynamics of 2d Yang-Mills on a disk.

It is well-known that AdSs gravity / Liouville are constrained versions of respectively
SL(2,R) CS / WZW [41-45], generalizing the well-known compact story [46-48]. In this
work, we will exploit the dimensional reduction of this gauge theory perspective on AdSs
gravity and discuss JT gravity / Schwarzian as a constrained version of SL(2,R) BF /
particle-on-a-group. The result is a bulk JT derivation of Schwarzian correlators.

In section 2 we discuss the bulk BF interpretation of correlators in particle-on-a-group.
After a brief discussion on non-compact generalizations in section 3, we generalize to the
Schwarzian / Liouville theories in section 4. We resort to the conventional Hamiltonian
reduction of SL(2,R) to find out how Schwarzian correlators are related to a constrained
SL™(2,R) BF theory. We end in section 5 with some possibilities to pursue in the future,
in particular we make a short detour to higher spin Schwarzian systems, focusing on the
SL(n,R) Hamiltonian reduction. In order to make the presentation self-contained, the ap-
pendices contain some review material on what we need of SL(2,R) representation theory
and the higher spin generalization.

Note Added
A related approach is being developed in [49].

2 Particle-on-a-group Theory

We consider in this section correlators of boundary-anchored Wilson lines in BF theory
with specific boundary conditions and prove a 1:1 relation with bilocal correlators in the
1d particle on a group theory.



Dimensional reduction of 3d Chern-Simons with a boundary results in 2d BF theory
[26] (using the left track in figure 2):

Six, 4] = /Tr(xF)—i-;/dTTr(XAT). (2.1)

Introducing a 1d metric v, along the boundary curve, we impose the boundary condition
X|bdy = C\/VrrAr|bay for some fixed constant C. The bulk is topological, but this is broken
by the boundary condition, and one finds the energy-momentum tensor:

2 68 1 9

Trr(7) = N = ﬁTT(X ) = Ly, (2.2)
setting .- = 1 in the end. Hence the choice of boundary term is crucial. This is manifest
when choosing alternatively e.g. Ar|pgy = 0: this puts H(7) = 0 and destroys the boundary
dynamics. In that case, we are left with the completely topological theory

Six, A] = /Tr(xF). (2.3)

Notice that this is just the e — 0 limit of 2d Yang-Mills theory with boundary conditions
Arlpay = 0 [50, 51].1 Structurally, the theory (2.1) is then very similar to 2d Yang-Mills
(YM) theory, a feature which will become more apparent below. We explore this completely
topological BF-theory and its observables in Appendix A applying traditional techniques.
The observables in Chern-Simons are Wilson lines and this continues to hold after dimen-
sional reduction to BF. As in CS, observables of BF split into topological bulk observables
(knots discussed in Appendix A), and dynamical observables associated with boundary dy-
namics: boundary-anchored Wilson lines. Here we will only be interested in the latter. In
particular we will restrict ourselves to Wilson lines with both endpoints on the boundary:
networks of Wilson lines are left for future work.?

We will mainly be interested in the thermal theory (2.1) defined on a disk. In order
to compute the partition function and the correlation functions, we will employ a slicing
of the theory in intervals (instead of the usual circles employed in e.g. [50-53]). We will
utilize several different descriptions of the same amplitude, as in Figure 3. The left Figure
describes an open channel slicing with identity boundary states that we will explore in
2.1.1. The middle Figure is, due to the topological invariance of the model manifestly the
same, and is an instructive slicing to link with the brane description of [25, 26]. The right
Figure describes a boundary-intrinsic particle-on-a-group perspective that we will discuss
in section 2.2.

'The equivalence is proven in the path integral by integrating out y in the action

Six, Al = g/de\/gTr(XQ) +/Tr(xF), (2.4)

which becomes (2.3) in the limit e — 0.
2Such networks of Wilson lines have natural holographic duals in the particle-on-group and Schwarzian
models, though they are not the bilocal boundary operators we are interested in here.
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Figure 3. Left: disk amplitude in the open channel. Middle: disk amplitude in the crossed channel.
Right: Boundary circle with evolution along the circle.

2.1 Correlation Functions in BF

Let us now calculate boundary anchored Wilson line amplitudes in 2d BF theory, and 2d
YM, with a boundary. This is an extension of the known correlators [50-53].

2.1.1 Open Channel Description

Though 2d YM and BF are distinct theories (the first is quasi-topological and the second
fully topological), quantizing them on a manifold with boundaries requires the same tech-
niques. This is due to the lack of propagating degrees of freedom in two dimensions and
the fact that both theories have an identical Hilbert space structure, determined by the
Peter-Weyl theorem; when quantizing the theory on a circle, the Hilbert space consists of
the irreps whose normalized wavefunctions are the characters xr(g) = (g|R) = Tr R(g).

For the purpose of calculating boundary-anchored Wilson lines, we are interested instead in
quantizing the theory on an interval: the Peter-Weyl theorem now states that the Hilbert
space is spanned by all matrix elements of the unitary irreducible representations of the
group. The same logic was used to write 2d Yang-Mills on a sphere as an open string
theory in [54]. The normalized wavefunctions are given by:

(9| R, aby = Vdim R Rg(g) |, (2.5)

where Rg(g9) = (alg|b) is the matrix element in the representation R. Two conjugate
bases for the Hilbert space of BF theory (or particle-on-a-group) are hence |R, ab) and the
group elements |g). For example, for U(1) these would be the discretized charges |¢) or the
angular coordinate |¢) respectively. The appropriate normalization of the wavefunctions is

deduced from the grand orthogonality theorem:?

- SRR/
dgR, gt = Sadbe 2.
/ 9Rab(9)Real9™) = 3 g SadObe, (2.6)
and orthonormality of the wavefunctions. Note that (2.6) is fixed by the normalization
Rap(1) = 4p which in turn is enforced by the defining property of representation matrices
Raup(1)Rpe(1) = Rge(1).

3We gather some relevant equations in Appendix B.



Both for YM and BF, the Hamiltonian reduces to the Casimir of the algebra, hence
the basis states |R,ab) are also eigenstates of the Hamiltonian. Specifically, for BF the
boundary-supported Hamiltonian propagation factor evaluated in a state |R, ab) is:
Cr
ek
with L the length of the boundary segment propagated over, and Cr the Casimir in the

TH(R) =L (2.7)

irrep R. Note that only the physical boundaries of the 2d manifold come with a boundary
Hamiltonian contribution,* and that the Hamiltonian is independent of the labels a and b.
Likewise, for 2d YM with action

1
S[A] = 2/d2m\/§TrF2, (2.8)
e
the Hamiltonian propagation factor scales with the area A and the coupling e:
TH(R) = eACp. (2.9)

Consider now a disk-shaped surface and divide the circular boundary into two intervals.
Associate a state |g) with the first interval and a state |h) with the second. The situation
is shown on the left of Figure 4. The partition function of this disk is:

Zaisc(9,h) = {gle T |R). (2.10)

The states |g) and |h) in (2.10) can be viewed as boundary states, that can be expanded in
the representation basis using (2.5):

) = Y Vdim R Rpn(g) |R, mn). (2.11)

Rm,n

Let us now demonstrate the correctness of this open channel perspective provided in (2.10)
by rederiving the known 2d YM results [50, 51] from it. Inserting a completeness relation
in (2.10), we obtain:

Zaisk(g:h) = Y (g|R,a,b) (R, a,blh) e = 3~ dim R Rep(g) Rpa(h™") e 0,
R,a,b R,a,b
(2.12)

Denoting the holonomy U = ¢ - h~! along the entire boundary of the disk and using
Xr(U) = Tr R(U) this matches with the calculation of the disk partition function from the
closed channel [50, 51]:
Zagis(U) = _ dim Rxg(U)e ™. (2.13)
R
Alternatively, using the definition of irrep matrices and splitting g as g = ga - gB - go we
can rewrite the disk amplitude as a rectangle amplitude as in the right of Figure 4:

Zyeer(hyga,98,90) = > dim R Rag(94) Ray(98) Ryp(90) Roa (b1 )e A - (2.14)
R,a,b,z,y

4Gluing different patches together results in a net cancellation of the Hamiltonian density on the gluing
curve, such that gluing is consistent with the concept of a boundary Hamiltonian.
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Figure 4. The disk amplitude in the open channel (left). Hilbert space slicings are denoted in red.
Deforming the amplitude (either preserving the area (YM), or the boundary length (BF)) into a
rectangle (right), and identifying the upper and lower boundaries, one arrives at the fundamental
cylinder amplitude.

This can be glued into a cylinder by gluing along the boundaries and using (2.6) as

Zey1(94, 9c) = /dhng 8(h = gB) Zrect(hy 94,98, 90) = Y _ Xr(g9a) Xr(gc) e THI,
R,a,b
(2.15)

Again this matches with the closed channel calculation of the annulus. Reproducing the
disk and the annulus proves by induction (gluing) that the open-channel calculations result
in the correct partition function on a generic 2d manifold [50-53], and thus confirms the
validity of our open-channel approach. Physical boundary segments of 2d YM or BF are
characterized by g = h =1 [40]. The disk partition function becomes:

C C
Zgge =y _ dim Re "¢ =3 " (dim R)? e 7, (2.16)
Rm R

indeed equal to the partition function of a particle on a group manifold [55, 56].

It is useful to look at these same calculations from the perspective of yet another Hilbert
space slicing, this to make contact with the computations performed in [25, 26], where
particle-on-a-group correlators were obtained by dimensionally reducing WZW (see Ap-
pendix C). Consider the “point-defect” slicing of Figure 5 left. The calculation of the
disk amplitude is precisely the same as the above. Now however, the boundary states are
associated with point-like defects. Setting again g = h = 1 identifies these defects as the
dimensional reduction of the vacuum brane inserted in WZW, which is also characterized
by g = h = 1.> The thermal boundary circle of Figure 5 denotes the doubled space ob-

5The boundary state |1) is also closely related to the so-called Q-state in 2d YM, introduced by Gross
and Taylor in [57], and interpreted in [54] as an entanglement brane. Whereas the latter is a state in the
closed (chiral) Hilbert space (i.e. a class function), and is expanded in a basis of irreps as

Q) => dim R |R), (2.17)
R

the former resides in the open Hilbert space, and is expanded as

1) =) Vdim R |R,mm). (2.18)
R,m



tained after performing the doubling trick; before dimensional reduction this was the torus
on which the chiral (effect of the branes) WZW lives. This same observation will turn
out to hold for the JT gravity / Schwarzian: the boundary defects are the dimensional
reduction of ZZ-branes ¢ — oc.

g‘h g‘h

Figure 5. Left: Hilbert space slicing in the point-defect channel, representing propagation between
pointlike defects. Right: Amplitude with a Wilson line inserted.

2.1.2 Wilson Lines

Armed with this open-channel formalism we can now directly calculate generic correlators
of boundary-anchored Wilson lines in 2d YM and BF, in the same manner as was done in
the past for closed Wilson loops in 2d YM. Basically the only tools we need are the disk
amplitudes (2.12), the identification of a Wilson line segment in irrep R with starting point
and endpoint labeled by m respectively n evaluated on group element g as R,,,(g), and
the integral over three representation matrices:

Ri Ry R R1 Ry R
/ ngl,mm<g>Rz,m2n2<g>R3,m3n3<g>=( b 3)( ? 3>. (2.19)

mi1 mo M3 n1 No N3

As an instructive example, consider the diagram with a single Wilson line in the bulk
(Figure 6 left). To compute the amplitude, we separate the disk in two halves, and apply

g g
‘ = J‘df ‘
h h

Figure 6. Left: Disk with a single Wilson line inserted. Red lines are Hilbert space slicings. Right:
Computation done by splitting the disk into two semidisks with the Wilson line in the middle.

our previous computation to both sides:

(e T Wi 1) = [ df (gl 1) Wi (1) (Sl PR (220)




The gluing integral over the intermediate group variable f is then computable by (2.19).
In formulas:

CRr CR
> <9\R1,m1n1>€_T1Cl/df (R, many |f) Ry (f) (f| Ra,mang) e 270" (Ry, many |h)
Rimj,n;

C C
— 3" dim Rydim Ry Ry, (9) Ry, (b )e Tem e T2 7c

Riymin;
X /del,mlnl (f_l)Rmn(f)R2,m2n2 (f) (221)

Setting again g = h = 1, one recovers the particle-on-a-group result [26]:

2
<OR,mn(7-177'2)> =0mn »_ dim Rydim Rye™ TCm e T2Cn, (Rl I R2> . (222)

mi1 m mo
R;,m1,mz2

Again, it is instructive to rephrase this amplitude in the point-defect channel (Figure 5
right). The Wilson line operator has one end on each side of the boundary, in line with
the general idea that local non-chiral CF'T operators map to bilocal operators in particle-
on-a-group on account of the doubling that takes the non-chiral CFT between branes to
the chiral CFT.

A bulk crossing of Wilson lines can be dealt with using methods already developed in
the 2d YM context [51].

(2.23)

%
A) N

On the left, we have drawn some slices of the open channel Hilbert space in the bottom
wedge. Zooming on this bottom wedge only (Figure 7), we can write the wavefunction on
the top edges of this wedge by decomposing the representation matrices as

Rimm(g1 - 92) = Z Rinn(91) Rum (92)- (2.24)

This is repeated for each wedge. Combining the resulting representation matrices with
the R, (g) associated to the Wilson line itself, one needs to integrate products of three
representation matrices on a single group element g;,7 = 1...4, asin (2.19). This procedure
can be suggestively written graphically by explicitly drawing lines associated to the R,
within each wedge, and artificially separating the wedge contributions from the Wilson
line contributions, as in the right of (2.23). These group integrals lead to four 3j-symbols
associated to the four outer vertices (the four big black dots in (2.23)), and four 3j-symbols



Figure 7. Hilbert space slicing within each of the wedges. We are interested in the Hilbert space
description on the final slice, consisting of two connected straight lines.

associated to the internal vertex. The latter still contains a sum over m-labels, resulting
in a 6j-symbol:

Rp R1 Ry _ Z Ry Ry R4 Ry R3 Rp Rs Ry Ra R, Ry Rp
Ry R3 Ry mimamg \T1 M2 ma | \ma mg mp ) \m3 mq ma ) \m1 me mp ’

(2.25)

for each crossing of Wilson lines.

At the beginning of this section 2, we commented that Wilson lines can be freely deformed:
moving Wilson lines through each other, leaves the amplitudes unchanged. Armed with
the specific expressions, we check this explicitly in Appendix A.3.

2.2 Holography in BF

In this section, we will make the link with the particle-on-a-group model more explicit, and
provide another derivation of the correlators directly in this language. Starting with (2.1),
path-integrating over the bulk x forces F' = 0 and hence renders A flat: A = —dgg~"'. This
holds even when Wilson line operators are inserted into the path integral. The Hamiltonian
of the theory lives on the boundary and is completely determined by the choice of boundary
conditions. Choosing x|bay = C'A7|pay, the BF theory reduces to a boundary theory with
particle on group action [26]:

C _ _
Slg] = 2/dTTr(g 19,99 1(979), (2.26)

with coupling C' determined by the choice of boundary conditions and the path integral
over g € LG/G, the right coset of the loop group of G.° As the theory fully reduces to

SAn alternative way to obtain the particle on group action from BF theory is to add a term to the BF
action that enforces a specific boundary condition:

Slx, A] = /Tr(xF) + %/dTTr(XAT)—F %/dT\/ﬁTr(XQ). (2.27)

Path integrating over x entirely results again in (2.26).

10



the boundary particle-on-a-group, this provides an alternative and direct explanation of
the Hilbert space structure as the Peter-Weyl decomposition of an arbitrary function in
L?(@), the group element g being just the dynamical variable of the boundary quantum
mechanical model.

The matrix elements of a Wilson line from boundary point 7; to 7/ in representation
R are:

WRmn (T, Tf) = Pexp{— /: R(A)}mn. (2.28)

The identification of correlators of boundary-anchored Wilson lines in BF as correlators
of bilocals in particle on group can be proven by observing that upon integrating out the
bulk x of BF theory which renders A flat, the path-ordered exponential (2.28) reduces to
a bilocal operator:

WR,mn(TZH Tf) = Rmn(g(Tf)gil(Ti)) = OR,mn(Tia Tf) - (2-29)

These bilocals are precisely the operators whose particle-on-a-group correlators were cal-
culated from WZW correlators in [26].

We can use this dictionary to directly compute correlation functions of the particle-on-
a-group theory, without resorting to the holographic bulk and Wilson line description.
Writing two bilocal operators as:

WRamama = RA(QQ)mAaRA(gl_l)amA,
WRpmpmp = RB(Q4)mBBRB(g§1),BmB, (2.30)

the time-ordered four-point correlator is computed in the particle-on-a-group model as the
thermal trace:

Tr efﬁHRB(§4)mBﬁRB(.@3_1)BmBRA(.@?)mAaRA(gl_l)amA} ) (2’31)

with H the Hamiltonian associated to (2.26). The computation itself involves inserting
complete sets of states and is defered to Appendix D. Instead taking crossing bilocals as

Wemama = Ba(93)maaRa(gr Damas
WRB,mBmB = RB(94)mBBRB(92_1)6mB- (2.32)

the crossed correlator is computed as

Tr | Rp(§4)mp 3R (38)m R (53 ) oms R (07 | - (2:33)

Also this computation is defered to the Appendix D. The results of these computations

match the previous expressions.

11



2.3 Diagrammatic Expansion

The calculations of section 2.1 can be summarized in a set of diagrammatic rules which
can be used to write down any amplitude of an arbitrary number of boundary-anchored
Wilson line insertions in BF.

e The starting point is just the disk on which the Wilson lines are drawn.

e Each region in the disk is assigned an irrep R;, and contributes a weight dim R;.
Assign a m; label to each boundary segment. Eventually these labels R; and m; are
to be summed over.

e Each boundary segment carries a Hamiltonian propagation factor (2.7) proportional
to the length L; of the relevant segment i. Each intersection of an endpoint of a
Wilson line with the boundary has associated with it 3 irreps and 3 labels and is
weighted with the 3j-symbol associated with these labels.

m

) m - eXp{—(TQ - 71)%3}, (2.34)

mi

Ry
R m

_ (B Ra R (2.35)
Ry my ma m

ma

e Each crossing of two Wilson lines is associated with 6 irreps and is weighed with the
appropriate 6j-symbol (2.25)

Ry
R R
R A B R _ {RB R1 R4} (236)

R3
These rules agree with the diagrammatic rules established for the correlators of bilocals
in particle-on-a-group (2.29) in [26], which confirms the full equivalence of BF correlators

and particle-on-a-group correlators through the dictionary (2.29).

Some examples are instructive to clarify the above rules. Using (2.29), the two-point

12



function and four-point function are diagrammatically:

mq

T = <OR7mm(T1,72)>

Mo

C C
= dim R dim Rye~ ™ ¢ e~ (B=m1) % 3 (Rl 1 R2> (Rl R R2> . (2.37)

mi1 mm mi1 mm
R1,R2 mi,msa 1 2 1 2

T1

ms = <ORA,mATTLA (Tla TZ)ORB,mBﬁLB (7-37 7—4)>

mo

E H dim Rie_aT21cR1 e~ 0732CRy —aT43CRy ,—a(B—T14)CRy
R1,R2,R3,Ry @

y Z R1 Rao Rj R Rao R3 Ry Rp Rj3 Ry Rp Rs3 (2.38)
mi1 ma ms mi ma ms me mp M3 mo Mp M3 ) '

mi,m2,m3,ms3
A further example is the expectation value of two crossing Wilson lines, or equivalently
the product of two bilocal operators Or, m m,(T1,73) and Org mygmp (T2, T4), With time-
ordering 7 < 19 < T3 < T4:

mi

= <ORA,mAT71A (Tla 7—3)ORB,mBmB (7'2, 7'4>>

mo ma
msa
_ E H dim Rie—m‘glCRQ 6—0,7'32(333 e—aT43CR4€—a(B—Tl4)CR1 % {gB gl 24}
R1,R2,R3,Ry i A 13 11

y Z Ry Ra Ry R1 Rp Ry Ro Rp Rs3 Rs R4 Ry (2.39)
mi ma mso mi1 mp myq me mp ms ms ma My ’

mi,m2,ms3,maq

13



Schematically writing this out in terms of local operators, using (2.29), we would be com-
puting something like

(010,030,) . (2.40)
L 1

Such a configuration is closely related, but not equal to an out-of-time ordered (OTO)
correlator, which in terms of local operators would be

(01050,0,) . (2.41)

Technically, the only difference is in the exponential damping factors. For OTO correlators,
the thermal circle in the diagram is to be interpreted as the unfolded time contour. Prag-
matically, when going to OTO correlators, care must be taken in the exponential factors
to ensure all of them are damped in Euclidean signature, in the end leading to a specific
Lorentzian OTO correlator after Wick rotation [25, 27]. The diagram is

mi

T1 T4

= <ORA7mAmA (71, TZ)ORB,mBmB (13,74) >OTO

mo my

ms

= Z Hdlm Rie—a‘rmCR?e—a‘l‘ggcRSe—aT42CR4€—a(ﬂ—T41)CR1 « {RB Rl R4}
R1,R2,R3,Rs i Ra I3 Ry

% Z Ry Ry Ro\ [ R: f_%B Ry\ (R Rp R3)\ [ Rs 1_%A Ry (242)
m1,ma,maymg \ L 1A T2 mi mp mq m2 mp M3 m3 M4 My

with notably 730 = L3 and not 793 in the second exponential ensuring proper damping.

All of this demonstrates that the particle-on-a-group diagrams are to be interpreted as
bulk BF Wilson line diagrams, a perspective that is not clear a priori when deriving these
expressions with 2d CFT techniques [26].

3 Interlude: Non-Compact Groups

The above description is readily generalizable to non-compact groups, where one just uses
the 3j- and 6j-symbols of the representations of the group. A new feature is the ap-
pearance of continuous representations, which require the replacement >, — J dR and
dim R — p(R), with p(R) the Plancherel measure of the group. The difficulty, as always,
is to find out which representations actually appear in the Hilbert space.

Irreducible representations of a non-compact group are not all unitary. Only the unitary
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representations appear in the Peter-Weyl decomposition and hence in the Hilbert spaces
of the models. It is particularly interesting at this point to turn the eye towards SL(2,R),
which is closely linked to the gravitational systems. The unitary irreducible representa-
tions of SL(2,R) have all been classified. States are labeled by irreps and eigenvalues of
one generators. Depending on which sl(2,R) generator one diagonalizes, one distinguishes
the elliptic basis (J2), the hyperbolic basis (J°) and the parabolic basis (J* = J! +4.J2).7
One tends to choose the elliptic basis, as J3 is the generator of a compact subgroup such
that its eigenvalue indices m and n are discrete. The unitary irreps along with the range
m of J3 eigenvalues are:

e Principal Continuous Representation Cg, with j = —1/2 4+ is, m € Z.

e Complementary Representation &;, with —1 < j <0, m € Z.

N

e Principal Discrete Representation (highest or lowest weight) th, with £ € 3,

L0 (04 1),

m =

e Trivial Representation j = 0.

Any 9 € L?(G) can be decomposed by the Plancherel formula as

400 +oo Foo 1
v = [ dsstanh(ns) 3 iR pnn@+ Y D0 (045 ) cunftlo)

m,ne” =0 m,n==x/4
(3.1)

where the first term contains the principal continuous representations Cs, and the second
term contains both the lowest and highest weight discrete representation Dét. The com-
plementary continuous representation and trivial representation, despite being unitary, are
not in L?(G), and hence not in the particle-on-a-group or BF Hilbert space.

To obtain gravity, the crux of the matter will be to impose suitable constraints on this
system (the parabolic basis will be most convenient for this), and find out which represen-
tations survive.

4 Schwarzian Theory

In this section we discuss the gravitational analogue of the story of section 2. We start by
recapitulating some of the relevant expressions from 3d / 2d holography before specializing
to 2d / 1d holography. Figure 8 summarizes the relation between the theories relevant for
this section. The discussion of this section relies heavily on how precisely the gravitational
sector is encoded within gauge theory in these models. By identifying the Schwarzian as a
constrained particle on SL(2,R) [17, 39],® we are able to generalize the conclusions of section

"Our convention of algebra generators is given in equation (E.5).

8We will further on make a distinction between SL(2,R) and SL*(2,R) which will be important. The
gravitational model is related to the SL*(2,R) model. Most arguments in fact only deduce the sl(2,R)
algebraic structure, without any need to specify in detail the exponentiated form. We will find that we
need the semigroup SL™(2,R), consisting of all SL(2,R) matrices with only positive entries.
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Holography
3d SL(2,R) CS |¢——— " |2d SL(2,R) WZW
3d Gravity 3| 2dLiouville
A

y v

Dim. Red. 2d SL(2,R) BF |« »|1d particle on SL(2,R)

v

2d JT Gravity |¢——»| 1d Schwarzian

Figure 8. Relation through holography, the Schwarzian limit (dimensional reduction), and Hamil-
tonian reduction of eight theories.

2 and identify boundary-anchored Wilson lines in JT gravity - which is just constrained
SL*(2,R) BF theory [17, 58] - as bilocal operators in the Schwarzian. The 6j-symbols,
associated to crossing Wilson lines in the bulk, appear in Schwarzian OTO correlators
and account for gravitational shockwaves.” Since SL(2,R) BF and by extension SL(2,R)
YM is less understood than their rational cousins, this section serves a double goal: we
provide a Wilson line perspective on Schwarzian correlators by assuming the calculations
of boundary-anchored Wilson lines in constrained SL*(2,R) BF theory are structurally
equivalent to those of their rational cousins, and prove the resulting diagrammatic rules
by explicitly matching with Schwarzian correlators.

4.1 Liouville as Constrained WZW

It is well-known that 3d gravity with negative cosmological constant can be written as
two copies of SL(2,R) CS, or equivalently as a non-chiral SL(2,R) WZW model. Impos-
ing the metric to be asymptotically AdSs constrains the SL(2,R) CS gauge fields. The
result is that the boundary SL(2,R) WZW model is also constrained / gauged, reducing
the symmetry from SL(2,R) Kac-Moody to Virasoro and the action to the Liouville action.

Consider a 2d worldsheet (z,Z) on which one defines five fields (é,vr, Vg, 3, 3) with La-
grangian:

L = 060 + BOyL + BOVR + BB (4.1)

This is the Wakimoto representation of the SL(2,R) WZW model [59]. Integrating out
and 8 through their equations of motion 071, + Be*? = 0, Oyr + Be2? = 0, one retrieves
the standard WZW SL(2,R) Lagrangian for a metric ds? = d¢? + e~ 2?dypdyg [60-62]:

L = 0¢pd¢p + Oydyre 22, (4.2)

Liouville is obtained from SL(2,R) WZW by means of a Drinfeld-Sokolov Hamiltonian
reduction [42, 63-65]. Specifically, to obtain Liouville from SL(2,R) WZW one constrains

In particular, in [27] it was proven that precisely these SLT (2, R) 6j-symbols contain the entire eikonal
gravitational shockwave expression in the semiclassical C' — oo regime.
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one component of the holomorphic Kac-Moody currents J% and one component of the
antiholomorphic currents J¢ as [63]:

I =ivp, JT=—iyu, (4.3)

for some constant g that will turn out to be the Liouville cosmological constant. The
constraints (4.3) emerge in the bulk as the constraints that force the metric to be asymp-
totically AdSs [66]. Imposing these constraints in a proper path integral manner is done
by gauging the parabolic subgroup of SL(2,R) in the gauged WZW model.'?

At the level of the action, the equivalence is readily observed using the Wakimoto for-
mulation of SL(2,R) WZW (4.1). The system (4.1) has conserved Kac-Moody currents:

J~ =8, J~ = Bvh — 2vr0¢ — Oy,
JY = By — 09, T = Byr — 0¢, (4.4)
It =pBvi — 27,00 -0y, Jr=5.

Imposing (4.3) at the level of the action and substituting this in (4.1), one obtains the
Liouville Lagrangian:

L = 0¢dp + pe®. (4.5)

Correlation functions can also be linked to each other, though this requires a bit more
effort [69]. The procedure identifies the parameters of Liouville and WZW as:

R — (4.6)

In what follows we will be interested solely in a particular dimensional reduction of this

story, in which we also take b — 0 or equivalently k — oco.!

4.2 Schwarzian as Constrained Particle-on-a-group

The dimensional reduction of Liouville while taking simultaneously b — 0 results in the
Schwarzian theory [25, 26], dual to JT gravity. Similarly, the dimensional reduction while
taking simultaneously k& — oo of SL(2,R) WZW results in a particle on SL(2,R), dual to
SL(2,R) BF. We are interested here in the embedding of the Schwarzian in SL(2,R) BF.
At the level of the action, this was already examined in [25], where it was demonstrated
that the Schwarzian

L={fr1}, (4.7)

0 Alternatively, one can also start with a chiral SL(2,R) WZW; this is explained in detail in [67, 68]
where the procedure results first in the Virasoro coadjoint orbit action, which in turn is directly related to

the Liouville path integral between branes, producing a single Virasoro character.

'L As a check on (4.6), note that at large k the central charge ¢ = 6k of the constrained SL(2,R) WZW
model matches the Liouville central charge, and that the conformal weight h = P? 4+ ﬁ of the Liouville
states at small b matches the weights h = % + % of the SL(2,R) principal continuous irrep primaries
j= —% + is, upon identification of the Liouville momentum as P = bs.
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can be rewritten through integrating in and out Lagrange multipliers both as the action of
a particle on the SL(2,R) group manifold:!?

1. .
I = §¢2 +~yrvre”?, (4.8)

and as the 1d Liouville model: 1
L= 5(252 — pe®. (4.9)

Here we go deeper, and demonstrate that the perspective of the Schwarzian as constrained
particle on SL(2,R) is powerful enough to allow a full solution of the quantum model. In
the bulk this means we solve quantum JT gravity by writing it as a BF theory.

The first goal is to identify the embedding of the Schwarzian states in the SL(2,R) BF
spectrum. Let us first return thereto to the Liouville / SL(2,R) WZW story. The Hilbert
space of SL(2,R) WZW consists of states |j, mm,nn), with j labeling either a principal
continuous or a discrete irrep of SL(2,R). The labels m and m specify a certain state in
the zero-grade Hilbert space of SL(2,R), generated by J§'. Applying the raising operators
J*,, constructs the entire module, associated with a specific irrep j.

After Hamiltonian reduction, only the principal continuous spectrum survives as nor-
malizable solutions to the constrained sl(2,R) Casimir differential equation.'®> Consider
now the module |k, mm,nn) for fixed k referring to a principal continuous series irrep of
SL(2,R) j = —3 + ik. As shown in [42], the effect of the Drinfeld-Sokolov Hamiltonian
reduction is to map such a module to a single Virasoro Verma module associated with the
same state k: these are states |k, nn) where now k is a Virasoro primary and n and 7 label
Virasoro descendants.

Further taking the double-scaling limit to descend to the 1d theory, requires n =n =0
as descendants are suppressed. Explicitly, to obtain the spectrum of Schwarzian states, we
impose the Hamiltonian reduction constraints (4.3) on the SL(2,R) quantum mechanics
states |j,mm). As explained in Appendix E and [63] this forces us to consider states
of mixed parabolic type, where the labels m,m are continuous eigenvalues of J—,J+
respectively which will henceforth be labeled by Greek letters v, A.... If we set J— = iv
and J+ = —i\, the constraints show that the Schwarzian states |k) are diagonal SL(2,R)
states with v = A = |/

) = [k /) (4.10)
4.3 Correlation Functions in Constrained BF

We proceed by again calculating generic correlators of boundary-anchored Wilson lines in
JT gravity or constrained SL*(2,R) BF. Later on in section 4.4 we identify boundary-
anchored Wilson lines through holography as bilocal operators in the Schwarzian theory.
The match of all amplitudes discussed here with the Schwarzian amplitudes completes
the proof of the dictionary. A subtlety that appears here is that, whereas the algebra is

12Here the phase space is larger compared to the Schwarzian or 1d Liouville.
13This is discussed in more detail in section 4.3.1 and Appendix F.
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indeed s[(2,R), the relevant group structure is in fact the subsemigroup SL*(2,R), where
all entries of the matrix are positive. This difference does not matter for most applications,
but here it is important. Its main effect is the overall normalization of the matrix elements,
which leads to the correct Plancherel measure and density of states. The relevance of the
subsemigroup SLT(2,R) to the gravitational problem first appeared in the work of Ponsot
and Teschner in [70, 71] in the context of the g-deformed 6j-symbols of SL;F(Q,R) as
braiding and fusion matrices of Virasoro CFT. This apparent subtlety of restricting the
SL(2, R)-matrices to only positive entries is important when looking at more “fine-grained”
properties of gravity, as appears elsewhere [58].

4.3.1 Open Channel Description

We present again an open-channel basis description. Representation matrices are matrix
elements Ry, (g) = (k,v|g |k, \) and can be found in the available literature [72, 73]. In
Appendix E we elaborate on the representation theory required to describe Schwarzian
quantum mechanics, and on the parameterization relevant for this work.'* This Appendix
also provides with some of the technical calculations underlying the main story presented
here.

From (4.10), we find the relevant representation matrix elements for constrained SL* (2, R)
as Ry /u(g). If we coordinatize the SL(2, R) group manifold as'®

ds? = d¢? + e 2P drydyr, (4.11)

the SL*(2,R) submanifold is obtained by restricting to the region vz, yg > 0. The matrix
elements of the continuous series SLT(2,R) irreps, evaluated between mixed parabolic
eigenstates, are explicitly given by [63, 73]:

IO o
Renle) = (al g6 ) =+ (2) e Ran(oaet)em (1)

Specifying to the constrained case of interest, we set A = v = /i, and, after stripping off
the dependence on vy, and g, we obtain the Schwarzian constrained matrix element:

Ri(6) = €® Ko (y/1€?). (4.13)

As the metric (4.11) comes with the integration measure d¢dyrdyre 2?, we obtain the
orthogonality relation

+oo +oo
/ mw%mmwh;/M&Mﬂ%MMﬂ%=%QQMM%m
(4.14)

Y There appears to be about as many ways to choose and parameterize the basis and the group element
of SL(2,R) as there are “ways to die in the west”.

'5This is only the Poincaré patch of the full SL(2, R) manifold. The SL* (2, R) manifold is however fully
contained within the Poincaré patch, making this decription complete. This should be contrasted with
global effects in the Hamiltonian reduction that appear when considering SL(2,R) instead, see e.g. [74].
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This relation is the analogue of (2.6), and we identify the analogue of dim & for this non-
compact example as:

|dim k = ksinh 27k | (4.15)

This is the Plancherel measure on SL™(2,R), as explained in Appendix E. The open chan-
nel principal continuous series SL* (2, R) wavefunctions of mixed parabolic type, are the
analogues of (2.5):

(6]k) = VI sinh 277k Ry, (), (4.16)

and are orthogonal with respect to the measure dg = dpe 2?. Note that the density of
states (4.15) differs from the SL(2,R) Plancherel measure p(k) = k tanh(7k), arising from
the fact that the structure is the subsemigroup SL™ (2, R) and not the SL(2, R) group man-
ifold itself (see Appendix E). The observation that this is indeed the analogue of dim k
solidifies by looking back to 2d Liouville, where this role is played by the Spi elements of
the modular S-matrix. For irreps k& of compact Lie groups, Sor reduces to the dimension
dim k of the irrep in the minisuperspace limit, which matches with the & sinh 27k measure
in the non-compact case at hand [25].

The normalized wavefunctions (4.16) can be identified with the Liouville wavefunctions
[75-77]:
Yr(6) = Visinh 27k Ko (\/11e?), (4.17)

now with the flat integration measure d¢. In fact, imposing the constraints directly on the
5[(2,R) Casimir differential equation, one lands on the 1d Liouville eigenvalue problem, i.e.
the Schrédinger equation for a particle in an exponential potential V (¢) = ue??. We give
some more formulas accompanying this discussion in Appendix F.

Knowledge of the wavefunctions and matrix elements is sufficient to calculate the disk am-
plitude of JT gravity. Consider the disk amplitude from Figure 4, where now the boundary
states are characterized by some constrained SL™(2,R) group elements, ¢; and ¢ Iz

Zaisk(di, dp) = (drl e |¢s) . (4.18)

The Hamiltonian is boundary-localized and is the Casimir in the principal continuous
representation of SL(2,R):

G k2
oo

where the constant shift 1/4 of the Casimir was dropped.'® Inserting a complete set of

H(k) (4.19)

states |k) of the constrained theory, we obtain:

Zai(g,h) = / dk (1) (K| s) e~ TH) = / du(B) Ri(65) Bi(6)eTH® (4.20)

where we introduced du(k) = ksinh 2wk dk. For compact groups, we noted that the phys-
ical boundary of BF was characterized by ¢ = h = 1. For JT gravity, we are using mixed

1674 drops out of expectation values when normalized by the partition function Zgjsk.
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parabolic matrix elements. We explain in Appendix E in equation (E.46) that the analo-
gous statement, in the Gauss decomposition of the SL(2,R) group element (E.17), is that
¢ — 00, 7, = €® = —7p to find the identity element. Using the asymptotics of the Bessel
function, we indeed obtain up to some k-independent irrelevant prefactors, Ry(¢) — 1.
As for the compact case in section 2.1.1, there is an analogous description of the disk am-
plitude in the point defect channel of Figure 5. The boundary defect is characterized by
¢ — oo, which is precisely the ZZ-brane boundary conditions, upon again identifying ¢ as
the 1d Liouville field.

From (4.20), the amplitude of the empty disk is:

_BK?

Zdisk = /du(k)e o, (4.21)
indeed matching the known Schwarzian partition function [7, 26, 32].

4.3.2 Wilson Lines

As for compact groups, a Wilson line segment in a rep j of SLT(2,R) with starting point
and endpoint labeled by m respectively n is a matrix element R;,,,. Here we will be
concerned with boundary anchored Wilson lines in a discrete series rep j = £ of SLT(2,R)
since, as we will discuss below, these are the only sensible ones in this theory.

Let us start this discussion with a derivation of the SL* (2, R) mixed parabolic 3j-symbols
when one of the reps is in the principal discrete series and the two other ones are in the
principal continuous series. These appear when we are calculating expectation values of
boundary-anchored Wilson lines in JT gravity, as for example in Figure 6 earlier. They
are obtained using the analogue of equation (2.19):

vy m vy

2
ki1 0 k
/ A9 Ry, 1101 (9) R (9) Ry (9) = ( ! 2) : (4.22)

where dg = d¢dypdyre 2?. For the Schwarzian / JT applications, we consider the case
v; = /1. We are then lead to restrict the Wilson line endpoints on the boundary to J T=0
(J7T is conserved). The SL*(2,R) discrete series matrix element of mixed parabolic type
is a modified Bessel function of the first kind ~ I—; [73]. These are eigenfunctions of the
same differential equation as the Macdonald functions (4.12) and thus also eigenfunctions
of the s[(2,R) Casimir. In particular the J*© = J~ = 0 matrix elements are independent
of vz, and yr and read, up to an irrelevant prefactor:

Rp00(¢) = lim Ry co(¢) = lim e?Ioy_(ee?) = . (4.23)
e—0 e—0

Hence the 3j-symbols that appear in the JT calculation for a Wilson line reaching the
boundary, are obtained from

oo ki 0 ko 2
/ dp e Ry, (¢)Reo0(6) Riy (8) = <\//7 0 \/ﬁ> - (4.24)
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The integral over ¢ can be evaluated using formula (6.576) of [82]:'7

oo (¢ + ik £ ik
/ 06 €% Koy, (/Fie?) Koy (VVfie®?) = LT L2 k) (4.26)

. T(20)

Therefore the 3j-symbols relevant for JT gravity and the Schwarzian are:

ki 0 kg \ | (T(C%iky & ko) 2
(i1 - ()| .

which can immediately be identified with the Schwarzian diagrammatic rule [25] and is to

be compared with (2.35). The same 3j-symbols for SL(2,R) in the parabolic basis were
obtained in the Mathematics literature in [81].

Notice that this construction fails for continuous irrep Wilson lines: the limit (4.23) is
ill-defined for j = —% + ik, because the Macdonald function oscillates erratically near
the origin. As such, the integral (4.24) only converges for j = ¢, and we are restricted
to considering discrete rep Wilson lines as operators in JT gravity. Note that in the
j = ¢ case, the Wilson line operator reduces to the familiar Liouville operators. This
separation of states (continuous irreps) and operators (discrete reps) happens naturally for
the Schwarzian as for its Liouville ancestor [78] by the specific boundary conditions singled
out in the Hamiltonian reduction of s[(2,R). It is instructive to compare at this point to
the minisuperspace computation of the Liouville CFT three-point function. This results in
precisely the same integral (4.26) to be performed. Indeed, the bulk minisuperspace regime
of Liouville yields the wavefunctions

(et
(o) = “2 )

Acknowledging that 7= k sinh 27k = dim k, we see that these only differ by (4.17) by

1
|T(2ik)
a phase factor, which is irrelevant. Matrix elements of constrained SL*(2,R) can directly
be identified with Liouville wavefunctions. We obtain the precise analogue of the relation

(C.16):

2
(k2 /10 /1] Op 00 K1, /1, /12) = +/dim ky /dim ko ( \’;% g 5% ) . (4.28)

We have now acquired the necessary tools to calculate from the ground up generic con-
figurations of Wilson lines in JT gravity i.e. constrained SL*(2,R) BF theory. A single
Wilson line in discrete series irrep ¢ from boundary to boundary is just Ry oo(g). Following
formula (4.24) and the expression for the disk amplitude with a generic boundary (4.20),

'"More general mixed parabolic matrix elements of SL™ (2, R) can be calculated using the integral [79, 80]:

—+oo
/ dz Kok, (V1) I20—1(mx) Kaik, (vox) =
0

1

m25y12ik1 F(Z + ilﬁ + Z]fg) (
2 I

2
PETERET, 1_\(2()2 0+ 1k +Zl€27é+lk1 —Zk2,2£,—7> . (4.25)

The resulting 3j-symbols can be compared to the results of [81].
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each endpoint of a Wilson lines on the boundary will contribute the SL™(2,R) 3j-symbol
(4.27).

What happens on a bulk intersection of two Wilson lines? We would need an analogue
of equation (2.24) to decompose the Hilbert space into two segments. This requires a
more thorough discussion of SL*(2,R) representation theory, and we defer the treatment
to Appendix E. Barring the details, the computation is essentially the same as that of the
compact case, and leads to the appearance of a 6j-symbol at the intersection of crossing
Wilson lines, where the 6j-symbol of SL(2,R) is obtained in the usual manner as an inte-
gral over all labels m; of products of four generic S (2, R) 3j-symbols. The main novelty
is that the latter are written down in the hyperbolic basis of SL™(2,R). The 6j-symbol of
SL(2,R) with 2 discrete and 4 continuous representation labels can be deduced from the
mathematical literature [83]. It also agrees with formula (5.13) in [25], determined from
the 2d Liouville braiding R-matrix:

N|=

{il :2 :1} = (D(£y & iky % k) )T (Uy + iko & ik3)D(£y & iky + ik3)T(0n + iky £ iky))
2 4 R3

X W(kl, ks 01 + iky, b1 — ikyg, by — ko, lo + ikg), (429)
where W(a, 3;a, b, c,d) is the Wilson function [83, 84].8

4.4 Holography in Constrained BF

We proceed as in the compact case of section 2.2 by deriving the boundary Schwarzian
action and bilocal operator vertex, directly from the bulk constrained chiral s[(2,R) BF
action and Wilson lines. The relation between the bulk s[(2, R) BF theory and the bound-
ary Schwarzian was given essentially in [39], which we phrase here in our language. As
before, we start with the BF-action (2.1), and integrating out the bulk y forces the con-
nection A to be flat.

The gravitational boundary conditions gravely influence the resulting boundary dynamics,
restricting the degrees of freedom. Going up one dimension, in chiral s[(2, R) Chern-Simons

in coordinates (7, ¢,r), the gravitational boundary conditions are:'?
T
AZ‘r—mo =iJ" + T(T)ZJ+ - (? (()T) > ’ A2|r—>oo =0, (431)
or
0T(r
A7'|T‘4>OO = A¢|7~_>oo = (1 E) )> . (432)

18Explicitly this is:

_ a+if a—if a+ia a—ia.
T(d a)4F3[a+b a+c 1+a—-d ’1]

W(a, B;a,b,c,d) = T'(a+b)T(a+ )T (d+if)T(d+ ia)

+ (a > d). (4.30)

19For matrix representations of the generators see appendix E.
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Upon dimensional reduction to BF theory, as Ay = x this constrains x|pqy. Integrating
out the bulk y, one writes down the resulting BF boundary action:

1
L=H = TrxA, = 1(), (4.33)

identifying the quantity 7'(7) with both the total energy H in the spacetime, and the
Lagrangian L. The remaining degrees of freedom in the theory are T'(7) and are path-
integrated over. This is the analogue of ¢g(7) for the unconstrained group models.

To rewrite the gravitational Wilson line in terms of this variable 7'(7), we follow the
recent approach of [85], which was done in the 3d / 2d case. A Wilson line in a discrete
representation can be conveniently written in the Borel-Weil representation of the algebra
(E.7). A discrete lowest weight state in representation j, labeled 0, has wavefunction

. 1 ‘
The lowest weight diagonal matrix element of the Wilson line operator in this representation

j, can then be written as

asz(T)(7$26172jI)] L
x%

Oj(71,72) = Wjpoo(T1,72) = /da: 5(z) Pel’ dr|

_ ,Pef:f dT[@z—T(T)(—xQQZ—Qj:c)] L
x2j =0

, (4.35)
where the explicit constrained boundary connection was used. The remaining technical
computation was done in [85], by interpreting this path-ordered exponential as a Hamilto-
nian evolution operator, and then rewriting the latter in a path integral fashion. A field
redefinition allows to write out (4.35) in a more suggestive manner. Upon introducing a
new function f(t), determined as the solution of

{fim}=T(), (4.36)
the result can be written as
1 g1 14
O(1,72) = <(f1fif;2)2> - (4.37)

The field redefinition from the boundary condition T'(7) to f(7) using equation (4.36)
identifies f as the time reparametrization from the Poincaré patch into a generic frame of
reference, due to a time-dependent bulk total energy 7T'(7) in spacetime at time 7. This
field redefinition is only determined up to a SL(2,R) redundancy. Moreover, demanding
no infinite energy configuration 7'(7) < oo implies f’ cannot have sign switches, meaning
either f' > 0 or f' < 0 everywhere. As {f,7} does not change upon f’ — —f’, we choose
to take f’ > 0 everywhere. This identifies the integration space as diff R/SL(2,R). The
Lagrangian (4.33) becomes a Schwarzian derivative of f (4.7), and the Wilson line (4.37)
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becomes the Schwarzian bilocal operator.?’ The nonzero temperature parametrization can
be found by imposing the additional boundary condition T'(7+f) = T'(7), allowing a further
reparametrization f — F = tan %f, and resulting in the integration space diff S'/SL(2,R).

As a check on this computation, for constant 7'(7) = E, representing black hole geometries
in the bulk, the time-ordering P becomes irrelevant, and the matrix exponential (4.35) can
be directly computed using (E.4), with the result:

E
2
2 2 ’
sin (7'12 F)

which is precisely the two-point function on a thermal background with temperature

% = l\/E matching the Hawking temperature of a mass E black hole in JT [18-21].

™ 2

O(11,72) = (4.38)

Summarizing we have re-established that the holographic dual of the constrained SL™ (2, R)
BF is the Schwarzian, but have also proven that Wilson lines in JT gravity are dual to the
bilocal operators in the Schwarzian:

_ (S
Weo0(11,72) = Op(11, 72) Fi-pE) (4.39)

4.5 Diagrammatic Expansion

The calculation of a generic correlators of Wilson lines in JT gravity discussed in section
4.3 can be summarized in a set of diagrammatic rules very similar to those of section 2.3.

e The starting point is just the disk on which the Wilson lines are drawn.

e Each region in the disk is assigned a state k; associated with a principal continuous
series irrep of S (2, R), and contributes a weight dim k; = k; sinh 27k;, which is the
Plancherel measure of SL(2,R). These labels k; are integrated over.

e Each boundary segment carries a Schwarzian Hamiltonian propagation factor efLi%.

Each intersection of a Wilson line with the boundary has associated with it 3 SL*(2,R)

irreps of which one is discrete and the two other are continuous. Such a crossing is

weighted with the Schwarzian 3j-symbol (4.27).

. m Lo (4.40)

20The correct path integration measure over f also follows from the particle-on-a-group path integral,

though we will not explicitly check this here.
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e Each crossing of two Wilson lines is associated with 6 SL(2,R) irreps and is weighed
with the appropriate SL(2,R) 6j-symbol:

b 5 12 oy _ k1 01 ko . (4‘42)
ks Uy ky

These rules agree with the diagrammatic rules for the correlators of bilocals (4.39) in the
Schwarzian theory, which were established from the 2d Liouville CFT perspective in [25],
and extensively analyzed in that work. Onme interesting example to mention here is the
OTO four-point function The expectation value of the product of two bilocal operators
Oy, (11, m2) and Oy, (73, 74), with time-ordering 71 < 7 < 73 < 74 but applied out-of-time
order, is then:

T1 T4

(4.43)

T3 T2

Using the diagrammatic rules, this becomes:

.Sk ki 01 k
CACRALACR || (d“(’ﬁ)e e > {k; f kj}

(o) (3 ™)

T(Cy + iky & ika)\ 2 (T(ls + iky + iks)\ 2
( T 4) < Tt 3) (4.44)

Summarizing, by matching correlators of bilocals in the Schwarzian with correlators of
Wilson lines in the gauge theory formulation of JT gravity, we have confirmed that these
operators are dual.
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5 Concluding Remarks

Boundary-anchored Wilson lines in 2d BF theory were shown to map to bilocal operators
in the particle-on-a-group model. By making explicit the embedding of the Schwarzian in
constrained particle on the SL™ (2, R) manifold or equivalently the embedding of JT gravity
in SL*(2,R) BF, we were able to provide a bulk derivation of correlators in the Schwarzian,
relying heavily on the Hamiltonian reduction formulas. The holographic duals of bilocals
in the Schwarzian are boundary-anchored Wilson lines in JT gravity. OTO-correlation
functions of the particle-on-a-group and Schwarzian were determined in terms of crossing
Wilson lines in the bulk, giving 6j-symbols in the process. For the case of the Schwarzian
/ JT gravity, it was shown in [27] that these contain the entire gravitational shockwave
expansion, including Lyapunov behavior.

Explicitly, we provided a constructive derivation of correlators of boundary-anchored Wil-
son lines in 2d BF and 2d Yang-Mills, first for compact groups and afterwards for SL(2, R).
Since expectation values of boundary-anchored Wilson lines in SL(2,R) YM and BF did
not appear before, matching them with the Schwarzian correlators [25] served a double
purpose: next to establishing the holographic dual of Schwarzian correlators, it also veri-
fies the bulk calculation.

An important aspect of our story is the appearance of the Plancherel measure p(k) =
ksinh(27k) of SL*(2,R). The seeming subtlety of SL(2,R) versus SL*(2,R) is crucial in
obtaining this specific measure. We elaborate on this in [58].

In the process, we explained the structural similarity of 2d YM and BF with boundary
conditions: the only difference is in the Hamiltonian propagation factor, but the Hilbert
space of both theories is identical. Both Hamiltonians are proportional to the Casimir, but
in Yang-Mills the propagation scales with the bulk area A, whereas the BF Hamiltonian
lives on the boundary and propagation hence scales with the boundary length L. BF the-
ory is obtained by taking e — 0 in YM, and choosing specific boundary conditions that
introduce a boundary action.

In [40], it was established that certain classes of boundary anchored Wilson lines in YM
have an interpretation in terms of particle-on-a-group correlators: the mapping is simply
eA; = L; where A; is the area of the bulk region touching the boundary segment i. This
is made explicit by considering wedge-shaped Wilson line configurations in YM [40]. Like-
wise, the Schwarzian correlators have an interpretation as wedge-diagrams in constrained
SL(2,R) Yang-Mills.

We remarked at various points in section 4 that the matrix elements of the constrained
s[(2,R) system are precisely the Liouville wavefunctions, and this means that the resulting
integrations are technically identical. This is a generic feature of the Hamiltonian reduction
where the Casimir operator explicitly turns into the Liouville minisuperspace Hamiltonian,
as reviewed in appendix F. This extends to close cousins of Liouville CFT. E.g. the N =1
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OSp(1]2) Casimir operator was diagonalized in [86], leading to the wavefunctions

U (9) ~ €2 (K1 (%) & Ky (e9)) (5.1)

which can be directly identified with the NV = 1 Liouville minisuperspace wavefunctions
as determined in [87]. These wavefunctions were used in [25] to determine A" = 1 super-
Schwarzian correlators. Hence, the N = 1 Schwarzian correlators can be calculated from
Wilson lines in constrained OSp(1|2) BF.

This holds for 2d Toda CFT as well, for which the Wx-symmetry is the pivotal struc-
ture. This CFT is expected to contain information on the higher spin Schwarzian systems.
E.g. the (Euclidean) higher spin Schwarzian action for the W3 case is given by [39]:

B f/// 4 f// 2 e 4 /e 2 1 f// e
5——0/“(]“‘3(]0/) 7 5(5) _3f’e’>’ o2

in terms of two time reparametrizations f and e. This would be an interesting system to

understand further. In light of our treatment of Hamiltonian reduction, we collect the rel-
evant equations in appendix G to obtain Toda / higher spin Schwarzian from the SL(n,R)
WZW / particle-on-a-group model, with in particular the so-called Whittaker functions
playing role both as wavefunctions of the Toda minisuperspace model, and as SL(n,R)
Casimir eigenfunctions [88].

As mentioned in section 2.2, it is possible to consider more general configurations of
boundary-anchored Wilson than the ones discussed here, by allowing three or more Wil-
son lines to end in a bulk vertex. Small gauge invariance requires that these couple to
the identity, such that a three-vertex comes with an additional 3j-symbol, a four-vertex
comes with a sum over two 3j-symbols etcetera. The net effect is that a three-vertex in the
bulk becomes a 6j-symbol in diagrammatic language, a four-vertex becomes a 9j-symbol
summed over one of the irreps appearing in it i.e. by summing over all intermediate states,
etcetera. This opens up the possibility to investigate networks of Wilson lines in the bulk.
In 3d CS certain such networks consisting of three-vertices were shown to calculate con-
formal blocks in 2d WZW [85, 89, 90, 92], and to be related with the OPE as well as with
bulk reconstruction using HKLL, where one of the Wilson lines connects the vertex to a
local bulk operator [91]. It could be interesting to make explicit the dimensional reduction
of this story.
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A Knots in BF

The Hamiltonian of BF theory has support only on the boundary and hence all interest-
ing dynamics takes place on the boundary. As discussed in the main text, the interesting
observables are boundary-anchored Wilson lines or boundary bilocals. Aside from this dy-
namical sector, there is an interesting set of purely topological knot observables that are
analogous to the knot expectation values in 3d Chern-Simons [46].

In arbitrary dimensions, BF theory is defined as:

S—k/ TrBAF, F=dA+ANAA, (A1)
M

7

where we omitted the boundary term irrelevant for the purely bulk objects considered here.
The interesting bulk operators in this theory are Wilson loops / surfaces associated to both
fields A and B, with Wilson lines of the same type commuting and hence uninteresting.

A.1 Punctures

Specifying to 2d, the BF-path integral has two natural classes of observables:
TrRPeifA, TrRei(P(y), (A.2)

representing respectively Wilson loops and punctures on a 2d region of space. For con-
creteness, we continue with the Abelian case. The generalization to the non-Abelian case
is quantitatively not straightforward (requiring knot-theoretic considerations [46]), but the
canonical structure of the theory should be similar. The expectation values of these oper-
ators calculate their topological linking. Indeed, the path integral with insertions of both

types:
/ [DAD®] e § AciFPW) i [ BF (A.3)

leads to the constraint F(x) = —fd(z — y), an Aharonov-Bohm vortex of magnetic flux
at the location y. This means Wilson lines in A can be freely deformed, as long as no
d-puncture is crossed. Correlators of this kind are determined by the Gauss intersection
number N:

<em§AeiB¢’(y)> = ¢l*PN, (A.4)

It is instructive to analyze the canonical structure of this model, and reproduce the above
topological result from this perspective. Canonical quantization of the 2d BF proceeds in
analogy with that of 3d CS [46], by treating A as a Lagrange multiplier:

L="Tr (CI)@oAl + 01PAg + 1P [A(), Al]) , (A5)

leading to the equal-time canonical algebra:

Af(x), D*(y)| = §6(x — ), (A.6)
with constraint D;®* = 0. Enforcing this constraint on physical wavefunctions, using
o4 (x) = —% leads immediately to what is called the Gauss’ law constraint in EM,

1
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which in 2d leads to wavefunctionals of only the gauge-covariant Wilson lines.

Choose now a disk and fix the coordinates as Ag = A, and A; = Ay in radial quanti-
zation of the theory for convenience (Figure 9 left). Defining Wilson loops and punctures

|Ur>

Figure 9. Left: Disk slicing as concentric circles in the character Hilbert basis. Middle: intersecting
Wilson line operators. Right: State-operator correspondence associating a fixed holonomy state |U))
to a local puncture in the representation R.

as:
Wi = i J5TdoAs(@) |y, — i69(), (A.7)

the canonical algebra (A.6) results in the fundamental “equal-time” exchange algebra:
WaWs = “PWeW,, (A.8)

for a circular Wilson loop that intersects the local operator Ws (Figure 9 middle). In a
radially quantized path integral, this is to be read as the cost of moving one Wilson line
through a puncture. This contour deforming situation is exactly as happens in 2d CFT.
This means that Mg, as a local operator puncture, changes the holonomy eigenvalue of a
state. Indeed, the above algebra implies

WoWs U = 1) = *PWeW, [U = 1) = W5 |U = 1), (A.9)

such that a holonomy eigenstate is obtained as Wy |U = 1) = |U = €’’). We proved this
result for the abelian case, but it seems evident that this will hold in the non-abelian
case as well: Trpe'®W) creates a U-cigenstate using the well-known isomorphism between
holonomies and irreps in group theory [47]:

Uy =e 2, (A.10)

for finite weight vector A and vector of Cartan matrices H, and A = A - H. This is to be
interpreted as a state-operator correspondence of a local irrep A puncture to a holonomy
eigenstate |U)) that represents a tiny circle around the defect (Figure 9 right). The partition
function of BF on a disk with such a holonomy U}, defect in the interior results in the twisted
partition function:

ZdimRXR(UA) e THr (A.11)
R
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using concentric circle slicing of the disk. As discussed further on in appendix C, this is
the k — oo dimensional reduction of the torus path integral x5 of 3d Chern-Simons with
a bulk Wilson line in irrep A inserted along the dimension that is to be reduced, which
is dual to a twisted chiral WZW on the torus boundary. This dimensionally reduces to a
twisted particle-on-a-group whose partition function matches (A.11). This makes explicit
that the puncture in irrep A is the dimensional reduction of a 3d CS Wilson line in irrep A.

A disk with n punctures labeled by A; and boundary holonomy U results in

> xr(@)(dim R [ xr(Us,)e 75, (A.12)
R 7

As an additional feature, multiple punctures allow for non-trivial knots in the bulk of Wil-
son loops encircling the punctures (Figure 10).

Figure 10. Example of a bulk knot with three local e??®(¥:) punctures.

As an example, a disk with two punctures A and holonomy U3 on the outer bound-
ary, is given by:
XR(Un)XR(UN)XR(US) —1hy,
. Al
Z dim R (A-13)

The topological limit Hr — 0 of this formula is the £ — oo limit of the Verlinde formula
of the CFT fusion rules:

Z xR XEOaXRUs) _ iy 5= SurSharSir _ (A.14)
1A2A3 :

dim R k—oo ) SOR

This formula can be inverted, using orthonormality of the character basis, as

XR(Ux )XR(Un,)
dim R

= /dUSNA1A2A3XR<U3)7 (A.15)

which is the Clebsch-Gordan series for the characters.

Equation (A.14) can be seen as the amplitude of the three-holed sphere in BF, which
has no physical boundary and hence no boundary Hamiltonian. Again, this is to be com-
pared with the k — oo limit of a configuration in 3d CS where three Wilson lines along S*
in irreps \; are inserted in the path integral on S? x S!.
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The disk state with two punctures, denoted as |Uy,g),), can be expanded in the com-
plete basis of holonomy eigenstates, which by the state-operator correspondence (A.10),
can be parametrized by the set of all single punctures on the disk:

Unyona) = / AU, (Una Ui} 1Una) (A.16)

The overlap amplitude (Uy,|Ux, ga,) is computed by gluing the two disks together resulting
in a three-holed sphere amplitude:

(Uxs|Unione) = Zs2(A1, A2, A3) = Najagass (A.17)

which by (A.14) is just the fusion coefficient. This is depicted in Figure 11 left. In terms

Ra. :
: i R
A ' " A ' i
: = Np,rors or, = dimInv @R,
R.® ! L or

6

Figure 11. Left: Fusion coefficient as three-holed sphere in BF. Right: Generic n-hole sphere
amplitude gives the number of times the identity appears in the tensor product ®;A\;.

of correlators, applying (1| e~TH to the left of (A.16), allows us to expand a disk with two
punctures into a sum over disks with one puncture (Figure 12):

Zpi1(A1,A2) = /dU/\3 Zg2(A1, A2, A3) Zp1(A3) = /dU)\s Niaidors Zp1(A3), (A.18)

Explicitly, this can also be read off from the formula (A.15). In terms of particle-on-a-group

— E NR]_RzROL

Figure 12. Fusing two ®-punctures into a single one.

path integrals, using (A.18) the twice-punctured disk amplitude decomposes into a sum of
particle-on-a-group amplitudes with twisted boundary conditions:

ZB1 ()‘17 )‘2) = Z N)\1)\2)\3 / [Dg]g(7+/3):U>\3-q(T) e_S[g} : (Alg)
A3

Alternatively, from the BF path integral with two ®-insertions (as in (A.3)), integrating
out ® leads to a locally exact 1-form A. When going around the boundary of the disk, it
picks up a non-trivial holonomy

Try, Pe'd 4 = Uy, = g(7 + B)g(r) 7, (A.20)
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the value of which is precisely determined by the above Clebsch-Gordan decomposition.

The generalization to a disk with n punctures is straightforward: this can again be de-
composed into a sum over disks with one puncture associated with a twisted particle on
group, as:

Zpi(A\, A2,y M) = /dUA Zg2 (A, A2, oy Ay A) Zi (V). (A.21)

This is illustrated in Figure 11 right. The n-point amplitude on the two sphere is just the
number of times the identity appears in the tensor product decomposition ®;R;, or the
dimension of the Chern-Simons Hilbert space on S? x R [46]:

Zg2 (M1, A2, oy Ay) = dim HES = dimInv(A; @ Mg ® ... \y). (A.22)

A.2 Diagrammatic Rules

The inclusion of the possibility of punctures in generic amplitudes adds an extra line to
the diagrammatic rules of section 2.3:

e Within each region of the disk, labeled by irrep R;, each puncture \; contributes a
xXRr; (Ux;)

The denominator stems from the fact that each puncture augments the Euler characteristic
of the disk by one. These rules allows for the calculation of a generic knot configuration in
BF, possibly including boundary-anchored Wilson lines.

Alternatively, one could calculate a given amplitude by stepwise simplifying it using the
appropriate exchange algebra to pull non-Abelian Wilson lines through punctures, and
eventually reducing the multiple punctures to a single puncture as explained above. One is
left with a sum over twisted particle on a group diagrams with possibly boundary-anchored
Wilson lines. The latter can then be calculated explicitly as explained in the main text.

A.3 Wilson Loop Crossings

The canonical algebra of BF (A.6) shows that Wilson loops commute, meaning that they
can be pulled through one another at will, and configurations including extensive crossings
of Wilson lines can be greatly simplified before embarking on the calculation. Some exam-
ples of crossings that can be undone are drawn in Figure 13.

R3 Ry
Ry R2 o Ry R, Q — Ry
_/\
Ra
Ra R
Re™ R, MRy Ry Rs=Ry4 Rz 2

B

Figure 13. Wilson line crossings that can be undone. Left: Double crossing of two lines. Right:
Self-crossing of a single line.
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It is amusing to see these moves explicitly in formulas as properties of 6j-symbols. More
explicitly, undoing one double crossing (Figure 13 left) is achieved by using the identity

. . R4 Ry R3 Ras R Ry
dim R E dim X =0 . A.23
1m - 1m {RB R2 X } {RB R2 X } R3Ry4 ( )

Similarly, a self-crossing of a Wilson line (Figure 13 right) in the bulk can be undone by:

. Ras R Ro
dim X =1. A.24

Furthermore, a single bulk Wilson loop produces just an overall degeneracy factor dim R.
Indeed, the disk amplitude of a bulk Wilson line is obtained by taking the trace in (2.19):

/ngRl (g)XRz (g)XRs (g) = NRleRsa (A'25)
such that

<WR> = Y dim Ry N, gyre 70 = dim RS dim Rye P70 = dim R (1),
Rl,RQ Rl
(A.26)

where we used the identity

Z dim Ry Ng, r,r = dim R dim R;. (A.27)
R>
Thus, Wilson lines in the bulk that do not enclose punctures produce just overall prefactors
in amplitudes and are not interesting observables to consider. For the purpose of complete-
ness, let us mention that such Wilson lines can be calculated from the particle-on-a-group
perspective by taking the coincident limit of both endpoints of a single boundary-anchored
Wilson line.

B Some Elementary Properties of Representation Matrices

We collect some properties we need on integrals of representation matrices Ry,,(g) =
(m|g|n). Schur’s orthogonality relation is given by:

- ORR/
/ngab(g)R'cd(g = Tim R Ot0be: (B.1)
also called the grand orthogonality theorem. The completeness relation
Z dim RRmn(Ql)RWn(gQ_I) =d(g1 — 92), (B.2)
Rmmn

with §(g) defined in the Haar measure, is guaranteed by the Peter-Weyl theorem. These two
properties combined allow us to write a complete normalized set of basis states {|R, mn)},
whose wavefunctions are just the representation matrices:

(g|R,mn) = Vdim R R, (9), (R,mn|g) = Vdim R Ry (971), (B.3)
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with orthonormality (Rj,mi,ni| R2,mo,ne) = 6(R; — R2)d(m1 — ma)d(n1 — ng) and
completeness >_p .. |R,mn) (R,mn| = 1 following from (B.1) and (B.2). Note that

(R,mn|g) = (g|R,mn) implies Rum(9~!) = Rmn(g), implying only unitary representa-
tions are included.

The Kronecker tensor product of two representation matrices, can be expanded in a
Clebsch-Gordan series as:

Rimin, (9)R2mons (9) = (R1,m1| ® (R2, ma| g |R1,n1) @ |Ra,n2)

o Rsmsg R3n3 >
- Z Clel,Rzmchlm,Rznz <R3’m3’ g ‘RS’ n3>

R3,R3,m3,n3

R R,
- Z CR137T137R27R2CR37?137R2712R37“13”3 (g)’ (B'4)

R3,m3,n3

a property well-known for the Wigner D-functions for SU(2). Hence, we can write for the
group integral of three representation matrices (using (B.1)):

/ nglmum (g)RQ,mzm (9)R3,n3m3 (971)

R R -1
= Z CR%I’R2m2CRILn17R2n2/ngmn(g)R3,n3m3(g )

Rm,n
CR3m3 Rans
Rimi,Raomas ~ Riny,Rang

dim Rj
— (_)R27R1+m3(_)R2*R1+n3 <R1 Ry Rj ) <R1 Ry R3> . (B5)

mi ma —msg ny nz2 —ng

We need this property in the main text. The 3j-symbols satisfy the orthogonality property:

dim Ry 3 <R1 F R3> (R1 Ry R3> — O O (B.6)

mime mi1 mo Mms3 miy Mmoo ms3

Throughout this work, we will absorb all minus signs in (B.5) into the definition of the
37-symbols to streamline the notation.

C WZW and Particle-on-a-group

We provide some details on how the particle-on-a-group theory arises from 2d Wess-
Zumino-Witten (WZW) CFT. The appearance of the particle-on-a-group theory from
WZW is ubiquitous. We discuss the k¥ — oo dimensional reduction on a torus of both
a chiral and a non-chiral WZW, resulting in the same theory.

C.1 Non-Chiral WZW
The non-chiral WZW model

k _
Swzw = Ton /dzzTr(g_l(?gg_lag) + kT'wz, (C.1)
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with T'yyz the Wess-Zumino term and ¢(z, z) € G, defined on a torus worldsheet, leads to
the thermal particle-on-a-group model after taking a double scaling limit where one of the
cycles of the torus goes to zero, and the level k& — +o0o keeping their product fixed. This
procedure effectively sets 9,0 — d; and removes the Wess-Zumino term. The action (C.1)
almost trivially reduces to the action of quantum mechanics on the G-manifold.

The WZW partition function is the diagonal modular invariant which contains a sum
over all integrable representations R of §. Taking the double-scaling limit directly in the
growing channel, leads to:

T2

2
Z(r) = Z ‘X§(7)|2 72_>+;>k_>oo Z ‘dim Re2Hr , B=2
R R

because the characters in this channel reduces to the zero-grade sector in the double-scaling
limit [25]. States of WZW are labeled by |R, mm,nn). The double-scaling limit projects on
the zero-grade sector in the closed channel resulting in the particle-on-a-group spectrum
|R,mm). The partition function (C.2) should be read as constructed from this Hilbert
space |R, mm) with unity degeneracy.

Note that correlation functions of local WZW fields reduce in the limit to local particle-on-
a-group operators, and 3d Wilson lines in CS reduce to 2d Wilson lines in BF, both dual to
bilocals. A priori without bulk knowledge, the resulting particle-on-a-group operators need
not be associated with any bulk Wilson line. In the language of the particle-on-a-group
calculation performed in Appendix D, this means that one could consider operators whose
indices are not contracted. These operators are however not invariant under the global G
gauge redundancy and are hence not observables. Instead these operators are G-covariant.
Such operators were studied in the Schwarzian model in [25].

C.2 Coadjoint Orbit
The chiral WZW model (CWZW) associated with an integrable representation A has action:

k - - _
Swzw = g /dtd¢Tr(g L9599~ (0 — 04)9) + kTwz + Tr(A\g 1(8; — 84)g),  (C.3)

where A = X - H, with H the Cartan representation matrices. This is just the Kac-Moody
coadjoint orbit action of the element X.2! It is found as the boundary action of Chern-
Simons with a Wilson line in representation A in the bulk, stretched in the time-direction.
The path integral of this action yields the character x5 in the time-direction. The untwisted
particle-on-a-group action is obtained by dimensional reduction of the vacuum A = 0 coad-
joint orbit along the t-direction.

21This is related to the more familiar Kirillov-Kostant formula for a single character of the group G,
computed as a path-integral on the coadjoint orbit of A by restricting (C.3) to the angular ¢-zero-mode:

Sdwzw — /dtTr(Ag*atg). (C.4)

Additionally a term TrA? could be added, giving the Casimir as Hamiltonian in the character.
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The partition function is the double scaling limit of the vacuum character yo. This is
most conveniently evaluated in the closed channel described above, for which in the double
scaling limit the characters become traces over the zero grade sector only. The vacuum
character decomposes into closed channel characters as:

Xo(it) = Trgho = (0] e~ F ot L) j0) = 38 oy a(ift),  q=e 2™
R

27
. . —BHg _
t—>0—>,k . gR dim R (dlm Re ) , Bt Kl (C.5)

The second equality of the first line illustrates that one should think of the Hilbert space
again as a “closed” sector |R,mm). Ordinarily, this makes no difference, as the brane
boundary states project on the chiral sector anyway. But when inserting operators this
becomes important. We have seen in the main text that the second m label in intermediate
channels cannot be dropped for spinning operator insertions O rMir With M £ M.

For a generic weight A, dimensional reduction of (C.3) to the t-zero-mode, with & [ dt = C
held fixed, leads to:

C _ T
Stwane =~ [ d0Tx(g0,9)° ~ Te(g ™ 0s0). ()

To obtain a finite second term, one is to consider weights scaling as A ~ k — oo, resulting
in a finite A = A [ dt. This particular scaling leads, up to some irrelevant multiplicative
factors, to [50, 51]:

Sxr = Xr(Ur), (C.7)
with R ~ k% and A ~ k!. The holonomy U, is determined from the irrep A by (A.10).
The scaling A ~ k results indeed in a finite holonomy in the double-scaling limit. The
double-scaling limit of the Xcoadjoint orbit hence becomes:

X5 = ZS;RX(—l/T) - ZXR(UA) (dim Re*mﬁ%) ~ (C.8)
R R

Alternatively, as shown in [93], the second term in the action (C.6) can be absorbed into the
first using a new field g that has twisted boundary conditions g(¢ + ) = Uxg(¢), and the
resulting twisted particle-on-a-group computation indeed gives precisely this result (C.8).

A non-chiral WZW model can be decomposed into two chiral WZW models, see e.g. [94].
The classical solution of the equations of motion of (C.1) is given by:

+7 xi) = gL(l‘Jr)g}_zl(xi)v gL/R(xi + 27T) = gL/R(xi)U) (Cg)

for holonomy U € G. The phase space M consists of degrees of freedom contained in grp

g(

and U, and using the association of a irrep A\ with U (A.10), it can be written as

M:ZMA:Z%. (C.10)
A

A
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The non-chiral WZW path integral, is written in phase space as
/ [DgDr,] o~ 17 [ 22 Tx[mgg g5 (3 +(97 )P +hTwz (C.11)
M
Changing field variables from (g, m,) into (9., 9r) as

9=9L9r"s Tg=9r9; O0s9L9r" + O0sgr9pn (C.12)

including an integral over the twist U, one finds the action reduces to a sum of two chiral
WZW models:

> / [Dyr) [Dgr) e SewawloslSewawlorl, (C.13)
oM

with S2ywzwlg] given by (C.3). Note that when considering the non-chiral theory between
branes (take e.g. one vacuum brane and one arbitrary brane), the additional boundary
conditions enforce g7, = gr and fix Uy in terms of the specific boundary state |A). In this
case, the transformation (C.12) then leads to a single chiral WZW model, with phase space
LG\ /G, a perspective made explicit for the Schwarzian theory in [26].

C.3 Branes

The calculations in [26] relating WZW to particle-on-a-group considered non-chiral WZW
between vacuum branes as ancestor of particle-on-a-group (Figure 14). This is by defi-
nition the chiral WZW model described above. In the closed channel, a vacuum brane

T

‘brane0> — <braneo*braneo>

Figure 14. Left: Cylinder amplitude in WZW between vacuum branes |braneg). Right: Double
scaling limit where the circumference of the cylinder T — 0, as k — oo keeping the product fixed
kT ~ C. A local WZW puncture gives a bilocal operator in the dimensionally reduced particle-on-
a~group model.

<brane0‘

is characterized by an initial (or final) state [0) = >, v/Soa|\) with |A) the Tshibashi
state. In the double-scaling limit, the Ishibashi state reduces to a sum over diagonal states
IA) = > -m |A,mm). Crucially, this construction in no way alters the Hilbert space of the
theory which is a local construction independent of any branes.

Changing a single brane boundary state from |0) into |)), leads to the character x5. The
fact that the dimensional reduction of this configuration does not yield a nice thermal par-
tition function (C.8) resonates with the fact that in the Schwarzian theory, other branes
do not give a well-defined 1d thermal system [25, 26].
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Local operators in non-chiral WZW between branes are in the double scaling limit taken
to bilocal operator insertions in the particle-on-a-group model [26]:%?

Oj,mﬁz(Tla 72) = Rj,mm(g('rQ)g_l(Tl))' (C'14)

Correlators of n of these bilocals were calculated as the limit of n-point functions of pri-
mary operators in WZW. Upon expanding the vacuum brane into Ishibashi states, and
introducing complete sets of states between each local WZW insertion, such a computa-
tion is reduced to a number of matrix elements of primary operators. Using group theory,
these three-point functions can then be directly computed in coordinate space as:

(41, m1, m1| Ojmm |72, M2, Ma) = /dg (41, m1,m1|9) Rjmm(g) (glj, ma,m2),  (C.15)

where we introduced a completeness relation. Using expressions (2.5) and (2.19), the
wavefunctions can be written out and the integral performed:??

<j1,m1,m1|0j,mm ‘jg,mg,ﬁm) = y/dim j1y/dim jo (jl J ]2> <j1 J '72) . (C.lﬁ)

mi ™M meo mi M mo

The derivation of this relation provides a faster route towards the 3j-symbol decomposition
(2.35) of particle-on-a-group correlators than the one presented in [25], where a 2d argument
in terms of the Wigner-Eckart theorem was given.

D Correlation Functions in Particle-on-a-group

In the bulk text we have calculated particle-on-a-group correlators using holography. In
[26], these were calculated using the embedding of particle-on-a-group in WZW. In this
appendix we provide details of the third way of calculating these correlation functions: by
means of a direct calculation in particle-on-a-group.

Four-Point Functions

Using that the bilocal operators are of the form:

WRymama = RA(QQ)mAaRA(gfl)amAv
Wrpmpmp = RB(g4)mBﬁRB(g3_l)5va (D'l)

the time-ordered finite-temperature correlator (Figure 15 left) is computed as

Tr |e " Rp(34)mysRB (ﬁgl)ﬁﬁzsRA(92)mAaRA(gfl)amA} ' (D-2)

22 Actually one should think of the higher dimensional local operators as local in ¢ but smeared in ¢,
because only the zero-grade operators survive the double scaling.

23In [26], only spinless operators were considered, effectively restricting all sums to the diagonal sector
m; = m;. We present the general situation here.
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Figure 15. Left: Four-point correlator for the thermal particle-on-a-group model. Right: Four-
point correlator with crossed bilocal operators.

Expanding in coordinate space, one obtains

S [ dos ol 192) Ris(ams {on] T )
a,B

Rp(g5 pmy (931 e 27 1g2) Ra(92)maa (921 € |91) Ra(g7 Y e - (D.3)

Introducing four complete sets of states to compute each of the four matrix elements, from
right to left denoted as |R;, m;m;),i = 1,2, 3,4, one can write

Z dg;dim Rie*T‘lc‘*e*T?’c?’e*TQC2 e 11

o, B,Riymim;
X R4(gl>m4m4R4<g4_1)m4m4RB(94)m3,3R3(g4>m3m3R3(93_1)1713m3RB(93_1),8fn3

X R2(93)m2m2R2(g;l)mngRA(QQ)mAa <92| Rl(g2)m1fn1Rl (gfl)mlmlRA(gfl)amAv
(D.4)

which gives

Z dim Ri67T4C4€*T3C3€*T202€*T1C1

a,B,Rimim;
» Ry Ry Ry Ry Ry Ry Rs Ry Rp Rs Ry Rp
My M1 MA myg M] « ms my4 MpB m3 myg

» Rs Rs Rp Ry R3 Rp R1 Ry Ry R1 Ry Ry
meo M3 MpB mo M3 mi mo M4 mi1 mo «

= Z dim Re 1€~ 1503~ T2C2 = TiCy
Ri1,R2,R3

y Z Ry R Ra Rs Ry Rp Ry R3 Rp Ry Ry Ra (D.5)
— \mg mi ma ) \ms mqg mp ) \ma mzmp) \mi mgma)’ '

1

where we used (B.6) to evaluate several summations, reproducing precisely the time-ordered

four-point correlator.

This procedure can be extended to the OTO (or crossed) computation (Figure 15 right) as

40



we now demonstrate. The crossed correlator is computed in the particle-on-a-group model
as

Tr (& Rp(§1)mp 3R (35)mac R (53 s R (07 e | - (D.6)

The index contractions contain all the information on the topological crossing that happens
in the bulk. Expanding in coordinate space, one obtains

S [ gt e 92) Ris(ahms (on] 1 )
a,B

Ra(g3)maa (gsle 2 |g2) Re(93 ) gmp (92 €7 91) Ra(gr ama- (D.7)

Introducing again four complete sets of states to compute each of the four matrix elements,
from right to left denoted as |R;, m;m;),i = 1,2,3,4, one can write

Z dg;dim Rie_T4C4e_T3C3e_T2C2e_T1C1

a,B,Rim;m;
x R4(91)m4ﬁ14R4(94_1)ﬁz4m4RB(94)mBBR3(94)m3ﬁ13R3(93_1)7"713m3RA(93)mAa
X R2(QS)mgmzR2(92_1)m2m2RB(92_1)6mBR1(92)m1m1R1(91_1)m1m1RA(gl_l)amA;

(D.8)
which can be computed as
Z dim RiefT“C“67T3C367T26267T161
o,B,Riymym;
" R4 R1 Ry Ry R1 Ry Rs R4y Rp Rs R4 Rp
m4 my ma ) \Mmg M1 o m3 my mp ) \m3 my 3
y Rs R3 Ry Ry Rs Rag Ri Ry Rp Ri Ry Rp
mo M3 Ma mo M3 « mi Mo Mp my my
Rp R R
_ . —TyC4 ~T5C3 .~TaCo .~TiC B 111 Ity
delmR,e e i3M3em "2 2¢ II{RAR;»,RQ}
Rimy;
" Ry R1 Ry Rs R4y Rp Ry R3 Ry Ri Ry Rp (D.9)
my my ma ) \'mg mgy mp) \mg mzma) \mi mgmp)’ '

reproducing precisely the crossed four-point correlator.

Higher-Point Functions

For higher-point functions, the above procedure does not manifestly match with the BF
calculation of the main text. But, manipulating the group expressions, we show here that
they do match.

First note that for any group, we can parametrize a group element in a redundant way as
g - a, leading to the equality:

/ dgR1(g - a)Ra(g - ) Rs(g - )" = / dgRy(g)Ra(g)Ra(g)"- (D.10)

41



Hence integrating the l.h.s. of this equation over «, just produces an overall factor
VolG = 1. The right hand side are the basic building blocks of the particle-on-a-group
amplitudes, and hence this shows that particle-on-a-group amplitudes are unaffected by
replacing the group integrals over g;, inserted at each operator insertion i, by g; - o; with a
double integral over g; and «;. In fact we can go even more exotic, and choose several of
the «; identical. All fundamental building blocks are a;-independent, and all such choices
yield the same answer. Choosing these variables wisely around the thermal circle allows
us to obtain formulas that manifestly match with a BF computation.

One can use this trick to rewrite all higher point functions to manifestly match a BF com-
putation. We choose to demonstrate this on two examples of six-point functions which
highlight all essential features (Figures 16 and 17).

A few useful facts are:

(gi-ale”™|g; - a) = (gil e |g;), (D.11)
Wa = Ra (9797 ") = Ra ((gra)(gic) "), (D.12)

both of which simply represent overall G-invariance of the particle-on-a-group model. Using
these two properties, the expressions can be manipulated such that only non-triangular
regions reaching the boundary and interior pieces of Wilson lines feel the presence of these

g1 B o——996 ¢
Rs Rs
K‘ op? | Re
g, B gs @
Ra Rg
SR

g3 B g4 0

;’s.

Figure 16. Left: Particle-on-a-group evaluation. Middle: Choice of group elements that agrees
with the bulk BF computation. Right: Bulk interpretation of the particle-on-a-group computation.

Explicitly, for the case of Figure 16, one rewrites the Rc Wilson line as, with h = o~

We = Rel(gs) - Ro(h) - Re(ga ), (D.13)

Similarly, the upper square region is manipulated as:

(g1-Ble ™ |gg - a) = (g1] e |ge - h) = Z dim R R(g1)anR(h™ " )ecR (95),, -
R,a,b,c
(D.14)

The same happens for the bottom square region. These building blocks manifestly match
the BF ones, with a group element h = a3~! associated with the interior line, to be inte-
grated over in the end. This matches with the BF calculation.

The particle-on-a-group perspective we started with, leads on the other hand to a decom-
position of this calculation using wedge-shaped regions (Figure 16 right). The equivalence
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of the computations we proved above, then leads to an important conclusion: in BF the-
ory, any n-point function diagram is equivalent to a diagram where all lines intersect and
converge in the bulk at a single point. This is related to a property of the bulk calculation
of Wilson line networks, where all bulk Wilson line vertices can be contracted to a single
point (see e.g. [90]).

As a second illustrative example consider the diagram in Figure 17 which contains an
interior region disconnected from the boundary. Following the above logic, three group

Figure 17. Left: Particle-on-a-group evaluation. Right: Choice of group elements that agrees with
the bulk BF computation.

elements appear on the three interior Wilson line sections. Note that these interior group

1 1

elements by = af™', hy = By~ and hy = ya~! multiply to 1, since there is no defect

in the bulk region that could yield a non-trivial holonomy. Integrating over the h; hence
requires a delta-function constraint:

6(h1-ho-h3—1) = Zdim Rxr(h1-hy-h3) = Z dim R R(h1)apR(h2)peR(h3)ca- (D.15)
R R,a,b,c

The building blocks now again manifestly match with the BF calculations. In particular
(D.15) shows how the dim R factors and the necessary group integrals arise for interior
regions. This procedure is readily generalizable to other diagrams.

E Representation Theory of SL*(2,R)

We present the representation theory of SL*(2,R). It is very closely related to that of
SL(2,R) itself, and large parts of it can be found in the available literature [63, 72, 73].

E.1 Subsemigroup SL*(2,R)

The semigroup SLT(2,R) is defined as the set of positive SL(2,R) matrices with the usual
matrix operations:

(ab>’ ad—bc=1, a,b,c,d>0. (E.1)
cd

In spite of the lack of an inverse, hence the name semigroup, it is possible to set up a
meaningful representation theory in the sense that

R(g1 - g2) = R(g1) - R(g2). (E.2)
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It has an action on L?(R") as:**

50) = (g &) = b+ () (B.4)

Due to the positivity of all matrix entries, this operation is internal in Rt and is well-
defined.

The s[(2,R) algebra generators are defined as the traceless matrices:

gt 0—i = 0‘0 ’ JO:} ZO' ’ (E.5)
00 -1 0 2\0 —¢

satisfying the algebra:
[JO,JF] = £iJ=, [JH, 0] =2iJ° (E.6)

Studying the group transformation (E.4) infinitesimally, using g = 1 + i€, J%, leads to the
Borel-Weil realization of the sl(2,R) algebra:

iJ” =8y,
iJ0 = —20, + ],
iJt = —220, + 2jz, (E.7)

satisfying the same relations (E.6). The Casimir associated to this representation j com-
An\ 2 A A4
puted in this realization equals C = (JO) +1 (J+J_ + J_J+> = —j(j +1), and demon-

strates that (E.4) indeed constructs a spin-j representation.
A matrix element in a representation j is defined as the overlap:
+o00o
Ralg) = Galg|it) = [ daiu(@)lg - F(o)). (B8)
0

The continuous representations form a complete set in the sense that:?>

L*(SL*(2,R)) =~ /0 dk ksinh(27k) P, @ Py |, (E.9)

24That this defines a representation is seen by checking the composition rule:

(filgrg21f2) = / dz f(z)(g192 - f2)(=), gi = ( Z) :

= /dl’f1($)g1 : <|b2$+d2|2j f2 a2x+62>

bax + do

= /dxfl(x) bz + d|* fo (Z;UI;) ; 9192 = <Z Z) . (E.3)

*This is the classical b — 0 limit of the Plancherel decomposition of L?(SL{ (2,R)). The latter was
conjectured to hold by Ponsot and Teschner [70, 71], but proven later in the Mathematics literature [95].
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in terms of the (unitary) principal continuous irreps Py, which are the same as those of
SL(2,R). This can be compared to the analogous decomposition (3.1) of the full SL(2,R)
manifold.

The above Plancherel decomposition (E.9) implies that wavefunctions of the particle on
SL™(2,R) model, can be decomposed into these irreps using the complete orthogonal set
of functions:

P (9) = Vdim kRya(g),  dim k = ksinh(27k), (E.10)

in terms of the matrix elements Ry, 44(g).

E.2 Hyperbolic Basis

The matrix elements of the subsemigroup SL (2, R) can be found as a subset of the SL(2, R)
matrix elements when diagonalizing the J° generator. This basis is called the hyperbolic
basis. First let’s discuss SL(2,R). The eigenfunctions (x > 0)

1 15— 1 —1i5—
(x| s) = Eﬂf 12, (s| z) = ECU 12, (E.11)

are a basis on Rt:

tody
/ CF pisg=is’ = 278(s — §'), (E.12)
0 x
+oo . ,
/ ds 257125/ =5712 — 976 (x — ), (E.13)

with parameter s related to the .J%-eigenvalue by (E.7). An analogous basis is constructed
on R™. Defining the four matrix elements

Kﬂ:ﬂ:(!];Sla 52) = <517:l:| g |827:t>) (E14)

linking basis functions in the x < 0 (—) or > 0 (+4) sector with one another, we can
write the matrix elements of SL(2,R) on L?(R) in the hyperbolic basis as a 2 x 2 matrix

K(g) = (gi ?_) . (E.15)

of matrix elements:

This matrix composes under group transformations using matrix multiplication: K(g; -
g2) = K(g1)-K(ga). Specifying now to SL* (2, R), it is obvious from (E.14) that the matrix
elements in the hyperbolic basis of SL*(2,R) are just K, .26 A consistency check is that
for the subsemigroup elements g1, g2 the composition law of SL(2,R) irrep matrices implies
the composition law of SLT(2,R) irrep matrices: K1 (g1-g2) = K+1(g1) - K++(g2). This
matrix element can be explicitly computed by evaluating the defining integral:

K14(g551,82) = (s1]gs2) = / dea™*1 712 (g - a2 12), (E.16)
0

26 Also their g-deformed variants are known, which reduce to these in the classical limit again [95].
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The Gauss decomposition of a generic SL™(2, R) matrix is given by:

R 10 0 1
g:el’yLJ @22¢J0617RJ+ = (7L 1) (eo €¢> <O 71R> 3 YL, YR > 07 (E17)

and provides a complete covering of the SL™ (2, R) manifold. It has corresponding metric

1 _ _
§Tr [(g 1dg)2] =d¢? + e 2dyrdyr, ~i,vr > 0. (E.18)

ds? =
Note here that for g € SL*(2,R), though no inverse exists in the semigroup, ¢! is well-
defined because SL*(2,R) is a subregion of SL(2,R). This is crucial [58], as otherwise the
construction of a SLT(2,R) BF theory would not be valid.

For each of the three constituents of (E.17), one obtains the matrix elements (j = —3 +ik):
Ky (s1,80;0) = ¥ F92095(s) — ), (E.19)
1 T(—is1 +1/2)T(is1 — i52) s,
K )= L 2is1 E.20
++(81732a7L) 2 F(—iSQ + 1/2) YL ; ( )
1 T(isy —is))D(isy +1/2 — 2ik) 5, s
K ; = — 17z E.21
++(8173277R) 2t F(ZSQ+1/2—221€) PYR ( )
The generic matrix element can then be readily computed as
+oo
Ky (s1,82;9) = / dadB Kyt (s1, 0370) Kq (o, B 0) Ky (B, 825 VR)- (E.22)
— 0o

The orthogonal wavefunctions are, following (E.10) obtained as
¢§1$2 (g) = Vksinh 27k K++(51352;g)' (E23)

E.3 Parabolic Matrix Elements and Whittaker Functions

To find parabolic eigenfunctions, we diagonalize the Borel subsemigroup:

h_ = <1 2) =expitJ™, teRT, (E.24)

v

in terms of damped exponentials fj,(z) = e”"*, which indeed diagonalize h_ as

h_ - fju(x) = fju($ +1t) = e_ytfju($)v (E.25)

with J~ = iv. We denote this set {|vz), v € R}:
1 1

<£C| VL> = \/ﬁeiyxv <VL| I‘) - \/%eiyx' (E26)
Likewise, the subsemigroup
1t — +
h, = 01 =expitJ", teRT, (E.27)
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is diagonalized by f;,(z) = |z|* =% with eigenvalue e~** and hence J* = iv. We denote
them as {|vgr), v € R}:

(z| vg) = z¥e s, (vp| z) = 22725, (E.28)

These state vectors are not basis vectors. E.g. (E.26) diagonalizes the operator i%,

which is self-adjoint on R, but not on R*. This is a big difference between SL(2,R) and
SL™(2,R), where in the former case the parabolic eigenfunctions do form a basis. In the
case of SLT(2,R), they do not. JY on the other hand is self-adjoint on R*, and leads to
the hyperbolic basis (E.11) we constructed above. The vectors (E.26) and (E.28) can then
be decomposed in the hyperbolic basis using the Cahen-Mellin integral:

1 c+1i00
e Y = 5 ‘ dsT(s)y?, y > 0. (E.29)
C—100
One finds for the overlap:
1 1 , 1 1 -
(1] 8) :%FGS + i)u%*%, (s| i) :§r( —is+ §)V+“*%, (E.30)
1 1 - - 1 1 . ,
(vR| s) :2—F( —is+ 5t 2ik> yisty =2k (s| vr) :2—F<is +tg - 2ik) yist g2k,
T T

(E.31)

This transition is the same as that linking Minkowski eigenmodes to Rindler modes.?”

Imposing the Schwarzian constraints J— = —iy/l, JT =i/ft on a matrix element Rg(g)
means that the a-index needs to be an eigenvalue of J~ and the b-index needs to be an
eigenvalue of J*. The more general representation matrix elements to consider in the main
text are hence matrix elements of a mized parabolic type, where the ket is taken from (E.28)
and the bra from (E.26):

JY|AR) =i\ |AR), (E.34)
(vp| J~ = (v|iv. (E.35)

Taking the Gauss parametrization (E.17), a matrix element of this type diagonalizes the
upper and lower triangular matrices. The matrix element of the remaining middle Cartan
clement €297 is called the Whittaker function (or coefficient). The elementary basis
functions f, and f) are called the Whittaker vectors in the Mathematics literature. The

2"Mellin transform and inverse:

+oo .
Fla) = \/% /_ dsF(s)z— V2, (E.32)
1 tee is—1/2

which can be checked from (E.12). The Mellin transform maps a function on R™ to a function on the entire
real axis.
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study of such functions on group manifolds goes back to the '60-’70s [96-99].
The overlap between these states is easily found as

1 [®de 5 0 » 1 (A" —
<VL|>\R>:% ) ;ZC (& [ :; ; KQZ]C(Z V)\) (E36)

The full mixed parabolic matrix element is:?®

Rjux(9) = (vel 9(¢, 7L, YR) [ AR) = /d31d32 (vl s) (s1]gls2) (s2| Ar)

== <> e P Ko (2Vve?)e Y IET IR, (E.37)

T 1%

Applying the Schwarzian constraints, this becomes:

1
Rj, savi(9) = (Vg | 9(0, L, vR) [Vig) = ;€¢K2ik (2\/ﬁe¢> e~ VEOLTIR) - (E.38)

An addition theorem can be found by inserting a complete set of intermediate states in the

hyperbolic basis:
+oo

(vl g1 - 92| M) = / ds (L] g1 15) (5] 92 | Ar) . (E.39)

—0oQ
Doing this to split up internal lines in the diagram, we are led to computing integrals of
the type:??

/ dg (vilg|s1) (V)| g|s2) (mzl g |sa) (E.40)

This is the triple Mellin transform of

/ dg (5al g |51) (5] g |52) (5¢] g |53) (E.41)

following (E.29). Doing this integral results in the product of hyperbolic 3j-symbols of
SLT(2,R). The objects that appear at Wilson line endpoints on the boundary are then
parabolic 3j-symbols, defined as the triple Mellin transform of a hyperbolic 3j-symbol:

(kl & E) = /dsadsbdsc (v q) <1/H sp) (mr| sc) <k1 k2 f) . (E.42)
par hyp

v v m Sa Sb Sc
This is the precise meaning of (4.27) in the main text.

When considering diagrams with intersections in the bulk, we can use the addition theorem
(E.39) to split the lines, where intermediate labels are always in the hyperbolic basis. The

28This matches, including all prefactors, with the classical limit b — 0 of the Whittaker function of
Uq(sl(2,R)) ® Ug(sl(2,R)) [100].

2%To deal with splitting up discrete lines in the hyperbolic basis, one can use formulas known from
SL(2,R): upon setting the labels m = n = 0 (as we ought to do for the parabolic endpoints of the Wilson
line), the treatment is exactly the same as the SL(2,R) case discussed in section 7.7.7 in [73]. Transferring
to the hyperbolic basis is done by again performing a Mellin transform on the amplitudes.
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intermediate hyperbolic channel s is integrated over, and hence these do not satisfy the
Liouville constraints (E.34), (E.35). This means that this step is only possible due to our
knowledge on how to embed Liouville / Schwarzian within an SL™ (2, R) system. This pro-
cedure of splitting up internal lines is only required when calculating crossed Wilson lines
(OTO-correlators) and resonates with the fact that also in [25] we need to go outside the
strict 1d theory in order to have a natural understanding on how folded time contours work.

As an example, let’s consider how the 6j-symbol appears. Drawing parabolic labels in
red, and hyperbolic labels in black, the 6j-symbol computation corresponds to the follow-

N/ v
7\

Each of the four g-integrals (each with three matrix elements) leads to a product of one

ing picture:

hyperbolic 3j-symbol (the interior black lines), and one parabolic 3j-symbol (the exterior
red lines). The 6j-symbol computation then only contains the four interior hyperbolic 3j-
symbols and proceeds along the same lines as in the compact case, with the only difference
the continuous hyperbolic labels s that are integrated over (with flat measure):

{RB Ry R4} _ / s, <R1 Ry RA> (Rz Ry RB> (Rg Ry RA) <R4 R, RB) (B
RA Rg RQ S1 S2 SA4 S2 S3 SpB S3 S4 SA S1 S92 SB
Indeed, within the g-deformed theory, Ponsot and Teschner determined the g-deformed
6j-coefficients for the Virasoro case using the integral of four hyperbolic ¢g-deformed 3j-
coefficients [70, 71]. The classical limit of their expressions results in the SL™(2,R) 6;-
symbol recovered here.

Finally, note that matrix elements of the mixed parabolic type do not give unity when
¢ =y = vr = 0, as made explicit in (E.36). In other bases (e.g. as discussed recently

in [101]), this property Ry, (1) = 0y fixes the normalization of the matrix element. The
analogue of the unit group element is played by setting

g= <(1) _01> . (E.45)

Indeed, g transforms an L-eigenstate (E.26) into an R-eigenstate (E.28) and vice versa,
through (E.4), such that mixed parabolic matrix elements of g are diagonal. In Gauss
coordinates (E.17), this element can be written as the locus:

¢ =00, yL=¢€% p=—e (E.46)

This fact is important in the main text for pinpointing precisely how to implement the
vacuum boundary states in the JT amplitudes, and is crucial in obtaining the correct
density of states in regions connected to the outer disk boundary.
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F From the sl(2,R) Casimir to the minisuperspace Liouville Hamiltonian

To the Gauss parametrization (E.17), one can associate the left- and right-regular realiza-
tion of the algebra:

2752 - a’YL’ Z,DI_% = _7]2{6”/12 - 7R8¢ + 62¢a”/L?
. 1 A 1
iD) = —y10,, — 509, Dy = —YRrOqy — 50, (F.1)

Z'bg = —7%8% —vL0g + €2¢67R, Z'ZA)E = Oyp,
with Casimir operator, computed in either realization:
5 N2 L L (A L APt Lo 1 26
€= (D) +5 (DD +DD%) = =102+ 505 — €%0,, 0,5, (F.2)

The s[(2,R) Casimir eigenvalue problem

N 1
Cx(#,VL,YR) = <4 + 32> X(, 7L YR), (F.3)
complemented with the Liouville constraints i0,, = —id,, = i,/it, and upon extracting a

factor e? from the eigenfunction as y = e®1, simplifies to

1
(—4&% + ue”’) s(6) = 50 (0), (F.4)
which is a 1d Liouville equation, with normalizable solution:

hs(¢) = Kais(2/p1e?). (F.5)

The potential and its solution are sketched below (Figure 18). This reduces the s[(2,R)

VAN
VARV

Figure 18. 1d Liouville potential (red), with normalizable solution () superimposed (blue).

system to the 1d Liouville model, where only the continuous sector survives as normalizable
solutions. This construction can be compared to that given in section 4.1 in 2d.

G Representation Theory of SL*(n,R)

The generalization to the Hamiltonian reduction of SL(n,R) is known, and it is useful to
present some of the details. We follow [42, 88] and focus on SL(3,RR). We will make some

20



comments of the general case as we go along. The eight traceless SL(3,R) generators can

be written:

i 00 000

Hi=]0-i0 Hy=10i0 |,
000 00 —i
0—i0 000 00 —i

Jf=1000 JFf=100-i|, Jh=|000 [,
000 000 000
000 000 000

J =1i00 Jy,=1000 Js=1000 (G.1)
000 0i0 i 00

The generators with multiple indices are associated to non-simple roots, and the indexa-
tion refers to how they are created from commutators. All off-diagonal matrices generate
parabolic subgroups of SL(n,R) as

1¢0
010 ],
001

exp{itJ;" } = ete. (G.2)

The Hamiltonian reduction of the positive semisubgroup SL*(n,R) is obtained by fixing
all generators of simple roots J;r = i,/11i, and all remaining ones (in this case only Ji2) to

ZEro:
S =i, Jiy.=0, J7 = =iy (G-3)

The Gauss decomposition can be generalized to this case, as
g= VTG T (G.4)

with h =[], exp{i¢; H;} the Cartan group element, in this case h = exp{i¢ H1 } exp{i¢oHo},
for N — 1 fields ¢;, combined in the vector ¢. These will become the Toda CFT fields.

States in a representation are labeled with the eigenvalue of the Cartan subgroup (in
this case Hy and Hs) on the highest weight state. We denote the labels as j;, combined in
the vector j.

As for the n = 2 case, two different bases are constructed. The R-basis diagonalizes the
Jj matrices, the L-basis diagonalizes the J;” matrices. Matrix elements is the resulting
mixed basis can be computed, and represent a solution to the sl(n, R) Toda minisuperspace
eigenvalue problem, just like the mixed parabolic matrix elements of SL™ (2, R) satisfy the
1d Liouville equation. The simplest way to obtain these wavefunctions is to diagonalize the

operators J;” or J; in the Borel-Weil realization [88, 102], analogous to (E.7). For n = 3,

o1



the coordinate space wavefunctions are given by:

(1, m2, T12| V1 l2g) = e VHITI= VT2 (G.5)
. _9i _9 _— x1 S
(VI p/B2g| ©1,02,010) = (w12 — 21m) W2 20 P2 YRz VTR (GL6)

and the overlap <\ /H1 /12 L‘ VI g/ 12 R> can be computed in principle. In practice, only
the n = 2 case allows a direct evaluation of the integrals. The general matrix element of

interest is then given by

Ry iy (@) = (Viip| | Vi) (G.7)

and is called the Whittaker function. These representation matrices are to be inserted in
the computation in the main text to produce 3j- and eventually 6j-symbols. As earlier,
the group integrals over the VZ] and 'yg"' variables reduce to delta-functions, and the
computation boils down in essence to a Toda calculation:

2
-
/ BBy, Jpi i (D)Vi(D) iy, s () = ( jﬂ ﬁ) , (G.8)

where 1} = eb®) is the Toda vertex operator. This in principle solves the problem. It
remains to be seen whether these expressions can be made more explicit.
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