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Summary

Many fields of science meet alongside each other in the study of inverse problems.
Problems are of interest for mathematicians, engineers as well as applied scien-
tists across various fields. The mathematical analysis of inverse problems holds
its rightful place. Mathematicians are concerned with the questions of existence
and uniqueness of a solution, its regularity, ill-posedness, regularization, numerical
algorithms for gaining an approximate solution, the convergence of the numerical
scheme, error estimates and many others.

The term fractional evolution equations is used for equations evolving in time
containing a fractional derivative. We deal with the equations involving the frac-
tional derivative in time and classic derivatives in space. This kind of equations may
be derived from the continuous time random walk assuming the divergent waiting
time and the finite jump length variance. This results in an equation that follows
power time dependence of the mean square displacement, and it is considered to
be a generalization of Brownian motion. Processes described by the equation don’t
follow Gaussian statistics; therefore, the Fick’s second law fails to describe their
behavior. The non-linear growth of the mean square displacement which follows
the power-law pattern is an attribute of the anomalous diffusion processes, slow-
diffusion as well as sub-ballistic super-diffusion, found in many complex systems.

In our thesis, we are interested in the inverse source problems in the fractional
diffusion/wave equation, particularly, in the reconstruction of the time-dependent
part of the source term which represents the evolution of the source in time. We
study the existence of a solution together with its regularity. Our approach pro-
duces a numerical algorithm of which convergence is also examined, and numerical
experiments are performed. We address uniqueness of the solution in every case.
The problems we are solving differ in the considered equation, boundary conditions
and additional measurement.

Our thesis consists of five chapters. In the first one, the mathematical back-
ground is presented. Subsequent chapters are original work based on four articles
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viii Summary

of which three have been already published, and one has been submitted for pub-
lication, all in well-respected journals. The chapters are organized as follows.

In the first chapter, we provide a mathematical background that serves as a
foundation for understanding of the successive chapters. The introduction contains
a short summary of functional analysis used in the thesis. The basic general and
particular functional spaces and concepts are introduced. In addition, the crucial
theorems including various identities and inequalities are formulated. The central
part of the chapter is focused on the notion of a partial differential equation and
an inverse source problem. The final part is devoted to a concise introduction to
the fractional calculus, the derivation of the fractional diffusion and wave equation,
and the comparison of their solutions with their classical counterparts. We close
the chapter with two preparatory lemmas.

Chapter 2 is devoted to the study of an inverse source problem in a semi-linear
fractional diffusion equation with a non-linearity in the form of an time integral
on the right-hand side of the equation. The interest lies in reconstruction of the
time dependent part of the source term from the integral over-determination. The
weak formulation of the problem is stated and by applying the measurement on the
equation, we gain an additional equation for the solution. The resulting equations
are discretized in time, the existence and uniqueness of the solution along the
time slices is addressed, and a priori estimates are proven. The existence of the
solution is obtained using the Rothe functions which converge to the solution of the
problem. Moreover, the uniqueness of the solution is established. The chapter is
concluded with numerical experiments, also addressing a possibility of noisy data.
The entire chapter is based on the article [119] published in journal Computers and
Mathematics with Applications with impact factor 1.53 in 2016.

In Chapter 3 we study the identification of the time-dependent part of a source
in a fractional wave equation with a nonlinear term on the right hand side of the
equation. The additional measurement is assumed to have the form of an integral
over the part of the domain. The existence and uniqueness of the solution is
obtained using the Rothe method similarly as in Chapter 1. A couple of numerical
experiments is presented at the end of the chapter. The article [I30], published in
the journal Applied Numerical Mathematics, with impact factor 1.087 in year 2016,
served as foundation for this chapter.

Chapter 4 deals with the inverse source problem in a linear fractional wave
equation accompanied with a non-standard boundary condition. The condition
is a fractional analogy of the well-known dynamical boundary condition because
it contains a fractional partial derivative with respect to time. The problem is
discretized, and the uniqueness and existence of a solution is addressed. The im-
portant part is the obtained error estimate. To support the theoretical results
some numerical experiments are performed. This chapter is grounded in the arti-
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cle [I3I] which has been published in the aforementioned journal Computers and
Mathematics with Applications.

The last chapter discusses the reconstruction of the time-dependent source term
in the fractional wave equation where the noninvasive type of measurement is used,
i.e. the measurement is in the form of an integral over a part of the boundary. The
Rothe method is applied to gain the existence of the solution, and the uniqueness is
obtained too. Numerical examples in 2D are provided. The chapter is based on the
article [129], submitted for publication in Journal of Computational and Applied
Mathematics with impact factor 1.357 in 2016.

Our thesis is concluded with the discussion over the results and some possibili-
ties for future work.
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Samenvatting

Veel wetenschapsgebieden ontmoeten elkaar in de studie van inverse problemen.
Deze problemen zijn van belang voor zowel wiskundigen, als ingenieurs en toege-
paste wetenschappers in verschillende onderzoeksdomeinen. De wiskundige ana-
lyse van inverse problemen is een belangrijk onderdeel in hun studie. Wiskundigen
houden zich bezig met belangrijke vragen omtrent het bestaan en uniciteit van een
oplossing, de regulariteit van de oplossing, de slecht-gesteldheid van het vraagstuk,
de ontwikkeling van numerieke algoritmen voor het bekomen van een benaderende
oplossing, de convergentie van de algoritmen en de foutschattingen.

De term fractionele-evolutievergelijkingen wordt gebruikt voor vergelijkingen
die in de tijd evolueren en een fractionele afgeleide bevatten. In dit proefschrift
behandelen we vergelijkingen die een fractionele afgeleide naar de tijd en klassieke
afgeleiden naar de ruimtelijke veranderlijke bevatten. Dit soort van vergelijkingen
kunnen worden afgeleid vertrekkend vanuit een toevalsbeweging in continue tijd,
in de veronderstelling dat de wachttijd divergent is en dat de spronglengte een
eindige variantie heeft. Dit resulteert in een vergelijking die wordt beschouwd als
een veralgemening van de Brownse beweging. Processen die door deze vergelijking
worden beschreven volgen geen normale verdeling en daarom kan Fick’s tweede wet
hun gedrag niet beschrijven.

In dit proefschrift zijn we geinteresseerd in inverse bronproblemen voor zowel de
fractionele diffusie als fractionele golfvergelijking. Meer specifiek, we focussen op
de reconstructie van het tijdsafhankelijke deel van de bronterm dat de evolutie van
de bron weergeeft in de tijd. We bestuderen het bestaan van een oplossing samen
met de regulariteit ervan. Onze aanpak levert een numeriek algoritme op waarvan
de convergentie wordt onderzocht. Numerieke experimenten worden uitgevoerd.
We behandelen ook de uniciteit van de oplossing voor elk van de bestudeerde
problemen. De problemen verschillen op basis van de beschouwde vergelijking, de
randvoorwaarden en de bijkomende meting die nodig is om de onbekende bronterm
te reconstrueren.
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xii Samenvatting

De dissertatie bestaat uit vijf hoofdstukken. In het eerste hoofdstuk wordt de
wiskundige achtergrond gepresenteerd. De andere hoofdstukken bevatten origineel
werk gebaseerd op vier artikels waarvan er al twee zijn gepubliceerd, één is geac-
cepteerd voor publicatie en één is ingediend, dit in hoogstaande tijdschriften. De
hoofdstukken zijn georganiseerd als volgt.

In het eerste hoofdstuk bieden we de wiskundige achtergrond aan die de basis
vormt waarop dit proefschrift is gebaseerd. Deze achtergrond is noodzakelijk om
de volgende hoofdstukken te kunnen begrijpen. Het begin van het hoofdstuk bevat
een kort overzicht van de resultaten uit de functionaalanalyse die in het proefschrift
worden gebruikt. Algemene en specifieke functieruimten en concepten worden ge-
introduceerd. Cruciale stellingen worden vermeld. Ook belangrijke identiteiten en
ongelijkheden worden behandeld. In het midden van het hoofdstuk bespreken we
kort de begrippen partiéle differentiaalvergelijking en invers bronprobleem. Het
laatste deel is gewijd aan een beknopte inleiding op de fractionele calculus, de af-
leiding van de fractionele diffusie- en golfvergelijking en het vergelijken van hun
oplossingen met de oplossingen van hun klassieke tegenhangers. We sluiten het
hoofdstuk af met twee technische lemma’s die de hoeksteen vormen van de analyse
in de volgende hoofdstukken.

Hoofdstuk 2 is gewijd aan de studie van een invers bronprobleem in een semi-
lineaire fractionele diffusievergelijking met een niet-lineariteit in de vorm van een
tijdsintegraal in het rechterlid van de vergelijking. De interesse ligt in de reconstruc-
tie van het tijdsafhankelijke deel van de bronterm op basis van een integraalmeting
over het volledige domein. De zwakke formulering van het probleem wordt op-
gesteld, en door de meting op de vergelijking toe te passen krijgen we een extra
vergelijking waaraan de oplossing moet voldoen. De resulterende vergelijkingen
worden in de tijd gediscretiseerd, het bestaan en de uniciteit van de oplossing op
de verschillende tijdstippen wordt bestudeerd en er worden apriori afschattingen
berekend. Het bestaan van de oplossing wordt verkregen met behulp van zoge-
naamde Rothefuncties die convergeren naar de oplossing van het probleem. Bo-
vendien wordt ook de uniciteit van een oplossing onderzocht. Het hoofdstuk wordt
afgesloten met numerieke experimenten, waarbij ook de invloed van fouten in de
data op de oplossing wordt onderzocht. Dit hoofdstuk is gebaseerd op het artikel
[119] gepubliceerd in het tijdschrift Computers and Mathematics with Applications
(impactfactor 1,53 in 2016).

In Hoofdstuk 3 bestuderen we de identificatie van het tijdsathankelijke deel van
de bron in een fractionele golfvergelijking met niet-lineaire term in het rechterlid.
De extra meting is een integraalmeting over een deel van het domein. Het bestaan
en de uniciteit van de oplossing wordt verkregen met behulp van de Rothemethode.
De analyse is vergelijkbaar met de aanpak gebruikt in Hoofdstuk 2. Aan het einde
van dit hoofdstuk worden een aantal numerieke experimenten gepresenteerd. Het
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artikel [I30] gepubliceerd in het tijdschrift Applied Numerical Mathematics (met
impactfactor 1.087 in jaar 2016) diende als basis voor dit hoofdstuk.

Hoofdstuk 4 behandelt een inverse bronprobleem in een lineaire fractionele golf-
vergelijking vergezeld met een niet-klassieke randvoorwaarde. Deze randconditie is
de fractionele analogie van de bekende dynamische randvoorwaarde omdat deze een
fractionele afgeleide bevat met betrekking tot de tijd. Het probleem is gediscreti-
seerd in de tijd en de uniciteit en het bestaan van een oplossing wordt aangetoond.
De belangrijkste bijdrage in dit hoofdstuk is de verkregen foutschatting. Ter on-
dersteuning van de theoretische resultaten worden enkele numerieke experimenten
uitgevoerd. Dit hoofdstuk is gebaseerd op het artikel [131] dat is geaccepteerd voor
publicatie in het tijdschrift Computers and Mathematics with Applications.

Het laatste hoofdstuk bespreekt de reconstructie van een tijdsafhankelijke bron-
term in de fractionele golfvergelijking waarbij een niet-invasieve meting wordt ge-
bruikt, d.w.z. de meting is in de vorm van integraal over een deel van de rand
van het domein. De Rothemethode wordt opnieuw toegepast om het bestaan van
de oplossing te verkrijgen en de uniciteit wordt ook verkregen. Numerieke expe-
rimenten in een tweedimensionale setting worden gepresenteerd. Het hoofdstuk is
gebaseerd op het artikel [129], ingediend voor publicatie in het tijdschrift Journal
of Computational and Applied Mathematics (impactfactor 1.357 in 2016).

Dit proefschrift wordt afgesloten met de discussie van de resultaten en enkele
mogelijke perspectieven voor toekomstig onderzoek.
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Chapter 1

Mathematical background

In this chapter, we summarize mostly without proofs the relevant theory on which
the later chapters are based, and we give a brief introduction to the fractional
calculus. In the first section, we have compiled same basic definitions from func-
tional analysis, later in the second section, we proceed to the well-known theo-
rems. Section 1.3 deals with the equalities and inequalities used in the proofs
later. Next three sections are devoted to the general notion of partial differen-
tial equations, methods used for their inspection and inverse problems connected
to them. In the last section of this chapter, we introduce the concept of frac-
tional derivative and also some preliminary technical results, which are stated and
proved. For most of the mathematical background that we present here, we refer
to [2, 35, [92] [98], [99] 10T, 107 132, 147].

1.1 Basic definitions

In this section we define the notions of metric space, convergence, normed space,
Banach and Hilbert space.

Definition 1.1.1. A function d : M x M — [0,00), where M is a set is called a
metric if for all x,y,z € M the following is satisfied

(i) d(z,y) >0,
(i) d(z,y) = d(y, x),

(iii) d(xz,y) =0 if and only if v =y,



2 Mathematical background

(iv) d(z,y) < d(z,z)+d(z,y).

A couple (M, d) is called a metric space. From now on, let (M, d) be a metric
space.

Definition 1.1.2. A sequence {z,}>2, C M is called Cauchy, if for every e > 0,
there exists ng € N such that for every n,m > ng, it holds

AT, Tm) < €.

Definition 1.1.3. A sequence {z,}52; C M is said to converge (be convergent)
to x € M, denoted as
Tn — T,

if
lim d(x,,z) =0.

n—oo

Definition 1.1.4. A metric space M is called complete if every Cauchy sequence
converges in M.

Let X be a real linear space.

Definition 1.1.5. A map ||| : X — [0,00) is called a norm if

(1) llz +yll <=l + lyll for all z,y € X,
(it) || Az = || ||| for all z € X, X € R,
(iii) ||z|| = 0 if and only if z = 0.

The couple (X, ||]]) is called a normed linear space. We will denote a normed
linear space only by the set X if it is clear with which norm it is coupled. For
a better clarity, we will denote the norm affiliated to the space X as ||-|| when
necessary. There can be defined a metric as d(x,y) = ||z — y|| in every normed

space. A normed linear space X is called a Banach space if (X, d) with the metric
defined in that way is complete.

Definition 1.1.6. Let H be a real linear space. A function (-,-) : H x H — R is
called an inner product if for every x,y € H

(1) (z,y) = (y,7),
(ii) the mapping x — (x,y) is linear for each y € H,
(i) (x,x) >0,
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(iv) (x,2) =0 if and only if x = 0.
With the above defined inner product, we may associate the norm
1
x| := (z,2)2 .

A Banach space endowed with an inner product and its associated norm is called
a Hilbert space.

1.2 Functional analysis

In this section, we define an bounded linear functional, reflexive Banach space,
weak convergence, compact set, absolute and Lipschitz continuity, weak deriva-
tive, Lebesgue and Sobolev spaces, Bochner integral, spaces involving time, and
convolution. We also state the Eberlein—gmuljan theorem, Hahn-Banach theorem,
Riesz representation theorem, Lax-Milgram theorem, Arzela-Ascoli theorem, Trace
theorem, Lebesgue’s dominated convergence theorem and some other theorem con-
nected to the definitions.

Let X be a Banach space.

Definition 1.2.1. A mapping f : X — R is called a bounded linear functional
on X iff

(i) sup |f(z)] <C,

llzll<1

(i1) f(azx+ By) = af(x) + Bf(y) for every a, 8 € R and z,y € X.
A set of all bounded linear functionals on a space X, endowed with the norm

Il = sup |f(2)],

llzll<1

forms again a Banach space which is called the dual space of X and denoted by
X*. We also introduce the notation (f,z) = f(x) for f € X* and z € X. We
denote a dual space of X* (the second dual of the space X) as X**. There exists
a natural map j : X — X** given by j(z) = 2™ where

(z™, ) = {f,2),

for all f € X*. This mapping is often called the canonical mapping. Here ||z
lz||, in another words j is isometric.
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Definition 1.2.2. If the canonical mapping j : X — X** defined above is surjec-
tive, then X is called reflexive.

Definition 1.2.3. We say that a sequence {x,} C X is weakly convergent (con-
verges weakly) denoted as

Ty — T,

when
(fran) = (f,2)
for every f € X*.

Theorem 1.2.1 (Eberlein—gmuljan theorem). For a Banach space X, the following
is equivalent:

(i) X is reflexive.
(ii) Every bounded sequence {x,} C X contains a weakly convergent subsequence.

Theorem 1.2.2 (Hahn-Banach theorem). LetY be a a linear subspace of a Banach
space X and

f:Y—=R

be a bounded linear functional on'Y. Then there exist a bounded linear extension
f:X—>R

with ||| . = 1flly--

Theorem 1.2.3 (Riesz representation theorem). Let H be a real Hilbert space,
with inner product (-,-). For every x* € H* there exists a unique element x € H
such that

(x*,y) = (x,y) forally € H.
Theorem 1.2.4 (Lax-Milgram theorem). Let H be a real Hilbert space and B :

H x H — R a bilinear mapping, for which there exist constants C1,Csy such that
for every x,y € H, it holds that

(i)

|Bla,yll < Cullz| Iyl
(i)

Co |l|* < Blz, ).
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Assume also f: H — R be a bounded linear functional on H. Then, there exists a
unique r € H such that

Blz,y] = (f,y)
forally € H.

Definition 1.2.4. A subset M of a normed space X is called compact if every
sequence of points in M has a subsequence converging in X to an element of M.
M is called relatively compact if M is compact set.

Definition 1.2.5. Let G be a nonempty bounded open set in R™ and (Y,][ly)
be a Banach space. By C(G,Y) we denote the set of all u : G — Y, which are
continuous.

Then, the set C(G,Y) furnished with the maximum norm defined as

[[ull = max [Ju(z)|y

form a Banach space. In the case when Y = R, we write C(G,R) = C(G).

Theorem 1.2.5 (Arzela-Ascoli theorem). The set M C C(G,Y) is relatively com-
pact iff

(i) the set {u(x) :u € M} is relatively compact in'Y for all x € G,

(ii) for every x € G and every ¢ > 0 there is a 6(¢,x) > 0, independent of
function u, such that

sup |lu(z) —u(y)|ly <& whenever ye€ G and |xv—y| < (e, ).

ueM
Remark 1.2.1. In the case when Y = R, the condition (i) in the theorem above
can be changed to: there exists a constant C' such that for everyu € M and z € G,

lu(z)| < C, compactly written sup sup |u(z)| < co. Since every bounded sequence
ueEM G
in R has a convergent subsequence in R.

Theorem 1.2.6. Let [a,b] be a finite interval of R and f : [a,b] — R. Then f
is absolutely continuous on [a,b] if and only if there exist a Lebesque integrable
function g : [a,b] — R such that

f@) = @)+ [ gty forse fa

Then g = f' a.e. in [a,b].
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Definition 1.2.6. Let n € N, and [a,b] be a finite interval of R. We denote by
ACa,b] the space of all functions f which are absolutely continuous on [a,b] and by
C¥[a, b] the space of all function which are continuously differentiable up to order
ke NUO0. We define

AC™[a,b] = {f S [a,b] = R, f € O™ Ya,b] and FV € AC[a,b]}.

Definition 1.2.7. Let X,Y be Banach spaces. We say that a function f : X —Y
is (global) Lipschitz continuous if there exists a real constant C > 0 such that for
all x1,x5 € X it holds that

1f(21) = f(@2)lly < Cllar — o] x -

Next, let Q@ C R™ and n € N be open and nonempty.

Definition 1.2.8. Let p be a positive real number. The set of all measurable
functions u defined on Q0 with

/ |u(z)|” dr < oo (1.1)
Q

is denoted by LP(QY). In this set, all function that are equal almost everywhere
are identified, so elements of LP(Q2) are precisely the classes of equivalence. For
convenience this distinction is ignored. For measurable function w, it is written

u € LP(Q) if u satisfies , and u =0 if u is equal to 0 almost everywhere in Q.

It is clear that LP()) is a vector space; moreover, furnished with the norm

defined as )
ol oy = ( [ r dx)

for 1 < p < o0, it forms a Banach space. Specially, for p = 2, one can naturally
define a scalar product by

(uw)z/ﬁu(m)v(m)dx. (1.2)

The set L?(Q2) endowed with this scalar product is a Hilbert space.

Definition 1.2.9. A measurable function u defined on  is called essentially
bounded on ) if there exists a constant C

inf sup |u(z)| <C,
AEerQ\A| )
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where A is a set of all subset of Q) that have zero Lebesque measure. Then, the
lowest of such a C is called the essential supremum of u on Q0 and is denoted by
essSUp,eq |u(x)|. Moreover, we denote by L™ () the set of all essentially bounded
functions on ), again we identify all functions that are equal a.e. on ) in the same
way as above.

The set L>°(Q2) with the norm defined as
[l oo () = ess sup [u(z)]
e

forms a Banach space.

In the next theorem, we use the general notation long-established in the measure
and integration theory, see [30]. Let (©2,X, 1) be a measurable space and L!(u) =
LY(Q, %, u).

Theorem 1.2.7 (Lebesgue’s dominated convergence theorem). Suppose fy,, gn, g €
LX), fo — f 6o |fa < Gnr Gn — g ace. and

/ Gndp — / gdp.
Q Q

/fd,u: lim fndp.

Then f € L'(u) and

(In most typical applications of this theorem g, = g € L*(u) for all n.)

Definition 1.2.10. By L} .(Q) we denote the set of all locally integrable func-

loc
tions, thus, all measurable functions u : Q@ — R such that for every compact subset

M of Q
/ |u(z)| de < oo.
M

Definition 1.2.11. For u: Q — R set

supp u := {zx : u(x) # 0}
is called a support of u.

Definition 1.2.12. We denote by C§°(2) a set of all infinitely differentiable func-
tions u : Q2 — R with a compact support in 2.

Definition 1.2.13. Let a = («q,...,q,) where a; are nonnegative integers for
1<t <n. We call o a multi-indezx.
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We denote by z®, with multi-index «, the monomial z* ---x% which has
degree |a| = Y1) ;. Similarly, if D' = 52—, for 1 <i < n, then D* = D ... D"
is a differential operator of order |a.

Definition 1.2.14. Let u € L}, () and o be a multi-index. If there exist a
function v, € L} (Q) satisfying

loc

/Qu(m)Dacp(gc) dx = (—1)‘“‘ /Qva(x)go(x) dx

for every ¢ € C§° (), then we call v, an a-th weak derivative of w.

Definition 1.2.15. Let k € Z§ and 1 < p < co. By WFP(Q) we denote a set
of all functions u : Q@ — R such that for every multi-index o, |a| < k, the weak
derivative D%u € LP ().

The set W#P(Q) equipped with a norm defined as

P

||UHWk,p(Q) = Z ||Dau||1£p(g) if 1<p<oo,
0<|a|<k
HUHW’C»OC(Q) = og\lj\}ék HDau”Loo(Q) if p=o0

forms a Banach space.

Definition 1.2.16. By Wg’p(Q) we denote the closure of C§°(Q) in WHP(Q).

Spaces WkP(Q) and W(f’p(ﬂ) endowed with the above norms are called Sobolev
spaces. For p = 2, we denote H*(Q) = Wk2(Q) and H(Q) = Wém(Q). Spaces
H*(Q) and HF(Q) equipped with the scalar product similarly defined as in
are Hilbert spaces.

Theorem 1.2.8 (Trace theorem). Let Q C R™ be open, bounded, with Lipschitz

boundary 0Q. Ifu € WHP(Q), 1 < p < oo, then there exists bounded linear operator
T : WHP(Q) — LP(0Q) such that

(i) Tu = ulpq for all u € WHP(Q) N C(Q),
(i1) HTU‘”LP({)Q) <C ”uHWl,P(Q): with C' = C(p, ).

We call Tu the trace of u on Of).
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Let (I,%,p) be a space with o-finite and complete measure, where ¥ is a
o—algebra of measurable sets on I, and p : ¥ — [0,00) is a measure. Let X
be a Banach space and f : I — X. We call f simple if there exist a finite col-
lection of disjoint sets with finite measure M, .., M € ¥ and z1, ...,z such that
f= Zle X, %i. We define the integral of simple function f as [ f = [, fdu :=
Sk w(My)z;. Tt holds I/ £l < [Ifll, where the integral on the right hand
side (r.h.s.) is the Lebesgue integral of the simple function ||f| : I — [0,00).
We call f measurable if there exists a sequence of simple functions {fx} such
that fi(t) — f(t) for a.e. t € I. Function f is called integrable if there exist
a sequence of simple functions {fx} such that fi(t) — f(¢) for a.e. ¢t € I and
J; Ife = fll dpe — 0. We define the Bochner integral for an integrable function f
as f] fd,u = limg 00 f] fkd,u.

Theorem 1.2.9. The measurable function f : I — X is (Bochner) integrable if and
only if || f|| is (Lebesgue) integrable. If f is integrable then it holds || [ f|| < [IIf]-

Theorem 1.2.10. Let f : I — X be an integrable function and Y be a Banach
space. If A: X — Y is a linear, continuous operator, then Af : I —'Y is integrable

and [ Af = A([ ).

Definition 1.2.17. Let 1 < p < oco. The space LP ((0,T),X) consists of all
measurable functions w : [0,T] — X such that

D=

T
T
[l Lo 0.1y, ) = (/0 lw (@)% dt) <oo if 1<p<oo,

and

lwll o (0,7,x) = esssup [[w(t) | x < oo.
t€[0,T)

Definition 1.2.18. The space C ([0,T], X) is a space of all continuous functions
w:[0,T] = X such that

= t < 0.
lwlleo,71,x) te[a)fl(“] [w(®)]x < oo

Assuming X to be a Banach space, the spaces L? ((0,7"), X) and C ([0,7T], X)
equipped with the norms from the above definitions are also Banach spaces.

Definition 1.2.19. For w € L' ((0,T), X), we define v € L' ((0,T),X) to be a
weak derivative of w, writing
w =,

if for all test functions ¢ € C§°(0,T), it holds that

/Oso(t)w(t)dt=—/0 o(t)u(t) dt.
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Definition 1.2.20. We define the Sobolev space WP((0,T), X), for 1 < p < oo,
as a space of all w € LP((0,T),X) such that the weak derivative w' exists and
belongs to L? ((0,T), X).

The space W1P((0,T), X) furnished with the norm defined as

1
P

T
lwllwr o), x) = (/0 (lho@1% + ' ®l%) dt) <oo if 1<p<oo

and

Hw||wl=<>c((0,T),X) = etSS[OSljl‘? (||w(t)||§< + ||w'(f)\|§<) <oo if p=oo
€10,

is a Banach space. In case when p = 2, we write H1((0,7), X) = W2((0,7), X).
Theorem 1.2.11. Let 1 < p < co and w € WHP((0,T), X). Then, the following

1S true

(i) w € C([0,T],X) (it might be necessary to redefined it on the set of zero
measure),

(1) w(t) = w(s) + /t w'(r) dr for every s,t € [0,T], s < t,

(i) it holds that
”wHC([O,T],X) <C(T) ||wHW1"’((0,T)7X) :

Definition 1.2.21. Let u,v : R™ — R, n € N. We define a convolution of u and
vatz € R? as

(ukv)(z) == / u(z — y)oly)dy,

if the integral on the right hand side exists.
Notice that for functions u,v : [0, 00] — R, which we additionally define to be

zero outside their definition domain, the integration limits in the definition of the
convolution reduce so that we obtain

(ukv)(z) = /Oﬂ? u(z —y)v(y)dy for z € R,

we call the convolution on the positive half-line also the Laplace convolution.
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1.3 Equalities and inequalities

Theorem 1.3.1 (Young’s inequality). Let 1 < p,q < oo, % +2=1anda,beR

then it holds

1

q
ab < ea? 4+ C.b?

for C. = (gp)_%q_l.

Theorem 1.3.2 (Holder’s inequality). Let 1 < p,q < oo, with %—i—% =1 and
uwe LP(Q), v e LI(Q), then it holds

/Q () ()] do < Jull e 10l oo -

Theorem 1.3.3 (Discrete Holder’s inequality). Let 1 < p,q < oo, with % + % =1
and a = (ay,...,an),b = (by,...,b,) € R™ then it holds that

1 1
>lai < (Xt ) (L)
i=1 i=1 i=1
Theorem 1.3.4 (Cauchy-Schwarz inequality). Let x,y € H, then it holds

[ )] <l ]l -

Theorem 1.3.5 (Gronwall’s inequality (integral form)). Let u(t) be a nonnegative,
summable function on [0,T]| which satisfies the integral inequality

u(t) < Cp 4+ Cy /Ot u(s) ds

for a.e. t, where C1,Cy > 0. Then
u(t) < Cq (1 + Cote®?)
for a.e. t €10,T7.
Theorem 1.3.6 (Gronwall’s inequality (discrete form)). Let {a;}, {B;} be se-

quences of nonnegative real numbers and C > 0. Let
n—1

i=1

for n € N. Then,

n—1
an < B, +¢e"¢ ZCBi
i=1
for n € N.
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Theorem 1.3.7 (Abel’s summation). Let {u;} be a subset of a Hilbert space, then

n

n
23" (i s — wim) = [lunl® = ol + 3 i — wia |2
=1

=1

for n € N.

In the following theorem, we use the standard notation V = (821 yeees %ﬂ) for
n 9%y

the gradient operator, Au =3 ; 5. for the Laplace operator applied on u, and
v denotes the outer normal unit vector on the boundary 0f2.

Theorem 1.3.8 (Green’s identity). Let u,v € C?(Q), then it holds that

/Q Vu(z) - Vo(z) dz = — /Q (@) Av(x) dz + / (@) Vu(z) - vds.

o0

Notice that the identity is valid also for functions from appropriate Sobolev
spaces.

Theorem 1.3.9 (Friedrichs’s inequality). Let 2 be a bounded domain with Lips-
chitz boundary. Let T C 9%, |T'| # 0. Then for u € W12(Q2), we have that

n 2 %
ully.2 (g sc(/F |u(x)|2d5+/ﬂz dx)
=1

Theorem 1.3.10 (Young’s inequality for convolutions). Let 1 < p,q,r < oo such
that

ou
5‘;@-

11 1
—-==+1
p g T

and u € LP(R™), v € LY(R™), n € N. It holds that

[[u kvl

Lr@r) < ||u||Lp(JRn) HU”Lq(R")'

1.4 Partial differential equations

Many natural phenomena, which are interesting and important to understand,
predict and control, can be described by equations containing physical quanti-
ties and their rate of change in space or time (partial derivative). Such processes
can be found in various fields of science such as physics, chemistry, finance, biol-
ogy, etc. From the enormous number of them we name for instance electromag-
netism [56], viscoelasticity [2I], deformation of solid bodies [126], heat transfer
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[32], wave propagation [I], chemical kinetics [62], option pricing [14], fluid mechan-
ics [12], etc. Equations containing partial derivatives of quantities are called partial
dif ferential equations (PDEs). The solution to those equations is not a number
as to algebraic equations but a function.

There does not exist the uniform mathematical definition of a partial differential
equation containing all the possible cases for such an equation. In general, we can
say that a partial differential equation is an equation involving an unknown function
u dependent on two or more variables and containing one or more partial derivatives
of u. The following definition covers what we said above.

Definition 1.4.1. Let Q be an open subset of R™, n € N, and x = (z1,...,2,) € Q,
next, let’s have an unknown function u :  — R that satisfies the following formula

F(z1,...,2n,u(z), D'u(z),. .., Dku(x)) =0, for zef (1.3)
where k > 1, D' is a vector containing all i-th order partial derivatives of v and
F:QxRxR"x.. . xR"  xR" 5 R

We call a k-th order partial dif ferential equation and w is called a solution
of partial dif ferential equation .

To find a solution of a partial differential equation means to find all functions «
satisfying the equation, or, if we fail to find an explicit prescription, then proving
the existence and other properties of the solution.

Evolution equations

In the case when a natural phenomenon that we model with a partial differential
equation evolves in time, the variable which represent the time is denoted by t,
and it is assumed to be bigger or equal to zero. When considered, the final time is
denoted as T'. The variable representing space and spatial domain are then denoted
by x and €2, respectively, with I' = 9€). In literature, this kind of equations are
called evolution equations. Likely, the most known examples are the heat equation

Oou—Au=f (1.4)

and the wave equation

One of possible approaches to evolution equations is the change of perspective.
Instead of looking for the value of solution in point (x,t), we may look for the “state”
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I'x(0,T)

XV

Figure 1.1: Space-time domain

of the system at every time ¢. Thus, in place of searching u : Q x (0,7) — R, we
rather look for mapping
u:(0,T) = X,

where
t — u(t),

and X is a functional space, usually one of the Sobolev spaces. This change of
perspective will naturally be reflected in the mathematical analysis of a problem.
Above we have already defined spaces involving time which will take a role in the
analysis. This approach also allows to consider regularity different for space and
for time.

Boundary and initial conditions

Often boundary conditions are accompanying an equation. These are conditions
prescribing values which the solution of the equation should hold on the boundary of
Q. Those conditions restricts the number of allowed solutions. The most standard
boundary conditions are

(i) the Dirichlet boundary condition
u(z) =a(z) on T,
(ii) the Neumann boundary condition

—Vu(z) -v=>b(z) on T,
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(iii) the Robin boundary condition
Au(z) + AoVu(z) - v =c(x) on T,

where a, b, ¢ are some functions, v is an outer normal vector to the boundary I', and
A1, A2 # 0 are real numbers. It is clear that by the Dirichlet boundary condition, we
prescribe a value of physical quantity on the boundary, which might be judged as
slightly artificial from the physical point of view. The Neumann boundary condition
seems to be more natural as it can be interpreted as the flux of a quantity coming
from the domain to outside.

Besides the standard boundary conditions, there exists quite a big variety of
others. For instance, there exists nonlinear version of all above boundary condi-
tions. The nonlinear version for the Neumann boundary condition has form

flz,u,Vu) =0 on T,

where f is a real-valued continuous function, for example

Vu(z) v =d(z)\/1+ |Vul? on T,

which is also known as the capillary boundary condition, see [I1]. Other type of
boundary condition may contain non-local terms such as an integral over the whole
domain, for example

—Vu~1/:au+ﬁ+/Kudx on T,
Q

see [118].

In the situation when we consider an evolution equation the boundary condition
for t = 0 is called an initial boundary condition and is prescribed separately from
the rest of the boundary. There can exist also boundary conditions which contain a
time-derivative of a solution. This kind of boundary conditions is called dynamical
boundary conditions, for instance

—Oyu(x,t) — Vu(z,t) - v =d(z,t) on T x (0,7),
that can be used to model a membrane that is vibrating on the part of the boundary

[40].

Well-posed problem

At first, one is naturally motivated to solve the problem for partial differential
equation by finding an explicit formula for a solution which obeys boundary and
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initial conditions, if provided. Unfortunately, that is usually not an easy task.
Therefore, the notion of well-posedness is introduced as it ‘captures many of the
desirable features of what it means to solve a PDE’[35].

We say that a problem is well — posed in the Hadamard sense if:

(i) the problem has a solution,
(ii) this solution is unique,

(iii) solution is continuously dependent on the data.

If one or more of the above conditions are not fulfilled, then we say that a problem
is ill — posed. Notice that this informal definition is very general and might be
applied for various problems not only the one for partial differential equations.

Very basic example of the well-posed problem is the integration of a function.
On the other hand the differentiation is ill-posed problem as only a “small change”
in data can produce a “big change” in the result.

Classical and weak solution

In the upper section, we have mentioned a solution to a PDE, but we have not
said what we precisely expect from a solution. Let’s take the equation for
example. It seems unnecessary to ask the solution of that equation to be smooth.
It should be satisfying that all spatial and temporal derivatives mentioned in the
equation exist and are continuous. This solution is then called a classical solution.

Finding the classical solution can not be always achieved. For example, when we
study PDEs modeling formation and propagation of shock waves it is reasonable to
allow solutions that are not continuously differentiable or continuous. This brings
us to the notion of a weak solution and weak formulation.

Let’s firstly illustrate these notions on an example. Assume the simple Poisson
equation
— Au(z) = f(x) for ze€Q, (1.6)

for some function f € C'(2), and let u(z) = 0 on the boundary I'. Then a classical
solution of that PDE would be a function u € C(Q)NC?(1) satisfying and the
boundary condition © = 0 on I". If we now assume such a solution, multiply
with a function ¢ € C§°(Q2) and integrate the whole equality over €2, we obtain

—/Au(m)g@(m)dx:/f(x)cp(x)dx for ¢ e C°(Q). (1.7)
Q Q
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Notice that although we assume the classical solution, the equation above and the
boundary condition make sense also for u € Hg(2) N H?(Q). If we now apply the
Green identity, Theorem [T.3.8 we gain

/Vu(x)~Vgo(x) dz = / f(@)p(x)de for ¢ e C5°(Q), (1.8)
Q Q

since ¢ is vanishing on I', the boundary integral from the Green identity also
vanishes. Ni, we can see that satisfactory condition for the integrals in the equation
to exist is u,p € Hi(Q) and f € L?(Q). Thus, we can abandon the notion
of the classical solution. Let f € L?(Q), we say that the function u € H}(2) is a
weak solution of (1.6) if the equation holds for all p € Hg(Q). We call the
equation a weak or variational formulation of (L.6). Functions ¢ € C§° ()
are called test functions.

It is immediately clear that every classical solution is also a weak solution and
it can be proven that every weak solution which has sufficient regularity is also a
classical solution.

In general, we obtain the weak formulation of PDE if we follow the next steps
[107]:

1. Multiply the PDE by a test function;
2. Integrate over €;
3. Use the Green identity;

4. Involve boundary conditions, either by choosing proper function spaces or by
substituting into the boundary integral appearing after application of Green’s
theorem.

Choosing the function space for the solution and for the test functions is highly
dependent on the equation and the boundary conditions, and varies on a case-
by-case basis. The evolution equations undergo the similar process to obtain the
weak formulation, with the additional requirement, that the equation should hold
in almost all (a.a.) ¢t € (0,T), and additional assumptions on the initial conditions
are needed.

1.5 Methods for solving PDEs

In this section, we briefly describe methods which we later use for proving the
existence of solution of PDE and for computing the numerical approximation of
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Figure 1.2: Time discretization

the solution. To prove the uniqueness of solution a typical approach is used, which
consist of assuming at least two solutions of a problem and then proving that those
two solutions are equal to each other.

1.5.1 Rothe’s Method

To prove the existence of the solution of evolution PDE, we use a method proposed
by Rothe [106], and later adopted and evolved by Ladyzhenskaya [70} [71], Rektorys
[102], Kacur [57] and many others. The good description of the method can also
be found in [107]. In this section, we briefly describe this method, which we later
use on specific problems.

The first step of the method consists of the time discretization. Assuming n
to be an integer, we divide the domain © x [0,T] into equidistant layers by the
planes t = i1, ¢ = 1,...,n, see Figure We introduce the equidistant (for the
simplicity of notation) time-partitioning of the interval [0,7] by the step 7 = %,
for any n € N. The notation ¢; = it is used for ¢ = 1, ...,n. For any function z, we
write

z; = z(t;), 0z; = M

T
We apply this discretization on the variational formulation of our problem by re-
placing the time derivative of the solution u in the formulation by du; and all
the time dependent functions z(t) by z;. By this we gain an elliptic equation ap-
proximating our problem at time ¢;, also called the discretized equation. Then we

proceed in the following steps:
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(a)

(b)

Figure 1.3: Rothe’s functions

Solving elliptic problem.

Applying the time discretization on the variational formulation leaves us with
an elliptic problem on the every time line ¢;. The existence and uniqueness of
the problem are usually tackled by the Lax-Milgram theorem, see Theorem
or by the theory of monotone operators for nonlinear PDEs.

A priori estimates for wu;.

One derives a priori estimates from the discretized variational formulation
by choosing a suitable test function and by using proper inequalities. Those
estimates, often called also the energy estimates serve later for proving the
convergence.

Introduction and convergence of the Rothe functions.
We define the Rothe functions (see Figure in the following manner as
the mappings w,, Uy, @y, : [0,7] — L?(Q2) with

s Ug, t=20
Ugp -
" ui—1 + (t —ti—1)0u;, te€ (tim,t], 1<i<n,

t=20
Up @t Ho; . (1.9)
Us s te(ti—lati]a ]-Slgn?
tel0
'L~Ln t—= Yo, [ ’T] .
Up(t —7), te€(tis,ti], 2<i<mn,

Then thanks to a priori estimates, we are able to prove the convergence of
subsequences of above functions to a function in appropriate spaces.




20 Mathematical background

(d) Convergence of the approximation scheme.
Using the above functions, we are able to rewrite the discretized equation for
the whole time-interval and prove its convergence to the variational formula-
tion.

(e) Regularity of the solution.
With the help of a priori estimates, we can sometimes prove better quality
of the weak solution or that the weak solution is also the classical solution.

There are two advantages of this method: besides getting the existence of the
solution it also proposes an interesting algorithm for obtaining the numerical ap-
proximation, consisting of calculating the numerical solution on every time layer.

The important lemma addressing the convergence of the Rothe functions can
be found in [57, Lemma 1.3.13]. We also state it here.

Lemma 1.5.1. Let V| Y be reflexive Banach spaces and let the imbedding V — Y
be compact. If the estimates

J

hold for all n > ng > 0 then there exist u € C(I,Y)NL>®(I,V) with % € L*(1,Y)
(u is differentiable a.e. in I) and a subsequence {un, }ren Of {tn}nen such that

2

ds < C, |[u,(t)[| <C foralltel
%

duy,(s)
ds

Up, — u in C(1,Y),

Un,, (B) = w(t),  upn, (t) = u(t) inV foralltel,

and i d
Un, w oo
— — in L*(1,Y).
dt a " (1,Y)
Moreover, if
dun, (t
‘ un (t) <C foralln>ng and a.e. t €1,
dat |y

then % € L>®(1,Y) and u: I =Y is Lipschitz continuous, i.e.

lu(t) —u@)|y <Clte—t| forallt,t' € 1.

1.5.2 Finite element method

To get the numerical solution at time ¢; from the elliptic problems mentioned in the
previous section, the finite element method (FEM) will be applied. The method was
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developed by engineers in the aircraft industry circa in the middle of the previous
century. Since then ;the method was applied to solve various problems in the variety
of scientific domains. The method was also intensively studied by mathematicians,
therefore, there exists extensive literature about it; we may mention for example
[15], 221, [41], [63], 90, [148], which is just a small selection.

The main idea of the method is quite straightforward, but there are details
which may be complicated or extensive to write. The FEM is based on the division
of the spatial domain into finite elements and approximating the solution of the
problem by the finite set of basis functions. Then the original variational formu-
lation problem transforms into a discrete problem where just the finite number of
unknown coefficients is sought.

Assume H to be a Hilbert space and V its (closed) subspace. Let consider a
general linear variational problem

a(u,v) =blv) Vovev, (1.10)
where v € V' is an unknown, a is a bilinear form
a:VxV =R,

satisfying the assumptions from the Lax-Milgram theorem and b is a bounded
linear functional
b: V=R

Let V}, be a finite-dimensional subspace of V. Then we discretize the variational
problem (1.10) in the following way: we look for uj, € Vj, C V such that

a(up,v) =b(v) VoveV,. (1.11)

This formulation is often called the Galerkin approximation problem or discrete
problem. Thanks to the assumptions on a and b, the existence and uniqueness of
the solution to the discrete variational problem is guaranteed by the Lax-Milgram
theorem.

To understand better the relation between u and uy, let’s subtract the two above
formulations from each other, so, we obtain

alu —up,v) =0 Vve,.

The relation is often called Galerkin orthogonality or orthogonality property. The
equality may be simply interpreted when we assume a to be symmetric. Then
(,-)a = a(-,-) defines an inner product on V, with an induced norm defined by
|lv]|, = v/a(v,v). Hence, the function uy, is an orthogonal projection of u onto the
space V},. The following theorem estimates the error between u and uy, in the space

V.
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Theorem 1.5.1 (Céa). Suppose that u solves the variational problem . Then
for the discrete problem we have

min
u—uplly, < Ehu vlly s
where C1 and Cy are the same constants as in Theorem[1.2./}.

Thus, the above theorem says that approximation error depends directly on the
choice of the space V} but not on the choice of the basis functions of V,.

Let {¢:}YY, be a basis in the discrete space V. We may assume

N
Up = ZUj¢j7
=1

and substituting this together with v = ¢; for i = 1,..., N into (1.11]) gives us

N
3" Usalgy, ¢0) =b(¢)  i=1,.., N,
j=1

Introducing the notation

Ai’ = a(¢'7¢i)7 ’L7.] = 17"'7N7
b= (o). (12

we may rewrite this into
AU = b, (1.13)

where the matrix A = (A;;); j=1,..n, b= (b1,..,by) and U = (U1, ...,Un). Then to
find the approximate solution u; means to find the solution U to the linear system
of equations ([1.13). The matrix A is called the stif fness matriz, its invertibility is
assured by assuming the property (i¢) in the Lax-Milgram theorem for the bilinear
form a.

In fact, the method of discretization we describe above is called in general the
Galerkin method. In the method, the space V;, may be chosen in many ways. If we
choose V}, to be the space of piecewise polynomial functions, then we talk about the
finite element method. The following example shows one of the simplest choices
for such a space.

Example 1.5.1. Assume Q = (0,1) and choose n points x; in this interval such
that 0 = zg < 1 < ... < Ty, < Tpy1 = 1. Then we define

V= {v:[0,1] = R:v e C([0,1]),
v|[zi, xi41] is linear for i =0,...,n, and v(0) = v(1) = 0}.
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Notice that in the above example the domain € is divided into the smaller
subdomains. This is a common approach. To define V}, the domain 2 is divided
into a finite set of cells T, = {T'} so that Q@ = Upep, T. The cells are typically
intervals, triangles, quadrilaterals, tetrahedral or another simple polygonal shape.
The division of the domain has its own rules, which is a separate topic, and we will
omit it here. When we have the partitioning of the domain, then we define a local
function space V on each cell T. The cell T with the space V and a set of rules which
describe the functions in Vis called a finite element. The function in V}, then can
be locally represented in terms of the local function space V. Next step is to patch
those spaces together with help of so-called local-to-global mapping. Finally, the
global function space V}, is defined as a set of functions on 2 satisfying that for
every v € V;, it holds v|pr€ Vr for all T in T}, and some natural pairing conditions
for the local-to-global mapping. This is a very dense description of how the spaces
V}, are constructed; however, we will omit details due to their extensiveness. One
may find them in every book mentioned in the beginning of this section.

FEM solvers

The FEM was developed as an efficient way how to calculate the numerical solution
to the PDEs with the help of computers. Since fifties there have been implemented
many software packages on many platforms. Among the well established ones we
can find for example deal.Il, DUNE, FEniCS Project, FreeFem++, GetFEM++,
ADINA, COMSOL Multiphysics, and many others.

The FEniCS Project software will be used in our numerical experiments later in
our thesis. The FeniCS Project is an open-source computing platform for solving
PDEs with high-level Python and C++ interfaces. It consists of a collection of
components such as DOLFIN, FFC, FIAT, Instant, UFC, UFL, etc. each covering
a certain area and together forming a robust tool. For further information visit the
website of the project: www.fenicsproject.org or see [6, 61 [73].

1.6 Inverse problems in PDEs

The notion of inverse problems covers a set of various problems coming from a
variety of science fields. Considering a partial differential equation with all nec-
essary additional conditions, one is naturally interest in the problem of finding a
solution of the PDE, we call this a direct problem. In the case when the PDE itself
is unknown, then we talk about an inverse problem. Those kind of problems arise
in fields as optics, radar acoustics, signal processing, medical imaging, computer
vision, geophysics, oceanography, astronomy, machine learning, etc.
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Example 1.6.1 (The inverse problem of gravimetry). Let u be a gravitational field,
which can be measured by the gravitational force Vu and is generated by the mass
distribution f. This field is a solution of the Poisson equation

—Au=f

in R3, where lim| o0 u(z) = 0, we also assume f to be zero outside a bounded
domain 2. The inverse problem in gravimetry is to find the function f given the
gravitational force Vu on I' which is a part of the boundary 02. The problem is
fundamental for gravitational navigation.

Example 1.6.2 (The inverse conductivity problem). Assume the conductivity
equation for electric potential u

—div(cVu) =0 in Q,

with the boundary condition
u=gg in o9,

where ¢ is a scalar function. The inverse conductivity problem is to find the func-
tion ¢ given go on the boundary 02. The problem is a mathematical foundation
to electrical impedance tomography, mine and rock detention, and the search for
underground water.

Example 1.6.3 (Tomography). The inverse problem is to find function f given

the integrals
¥

For a comprehensive summary of inverse problems in PDEs, we refer to [99],
[51].

over a family of manifolds.

1.6.1 Inverse source problems

An interesting type of the inverse problem in the PDEs is finding a source term
function or one of its components. By the source we usually understand the right
side of a differential equation. Inverse gravimetry is a classical example of an inverse
source problem. In the evolution equation the source function F' is often assumed
to have a specific shape, for example

Fz,t) = f(x)h(t)
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or
F(:L‘,t) = f(a:)h(a:,t) —l—g(.’L‘,t),

where usually only one component is sought. In the first case, the function f could
be interpreted as the location of the source in space, and the function h might
describe the evolution of the source in the time.

In the inverse source problem, we are interested in finding a couple consisting
of a solution of the equation and a source function. To identify both functions,
it is necessary to have some additional information, so-called measurement. The
measurement can take several forms. For finding a solely space-dependent part
of the source one uses usually a space-dependent measurement, such as a state of
system at the final time

u(z, T) = M(x), z€Q.

In case when we are interested in the reconstruction of a time-dependent part of the
source, we use a time-dependent measurement too. One may consider two types
of measurement: integral and point. In the integral measurement the solution
is measured with the help of a sensor which makes a certain averaging over the
domain. This can be mathematically represented by an integral

/ w(z)u(z,t)de =m(t), te€[0,T]
Q

or

/BQ w(@)ule, 0)dS = m(t), te[0,T].

The function w is usually assumed to have a compact support in €2, respectively,
in I'. That means we measure only through subdomain of ), respectively, I". The
measurement over the part of the boundary is called also non-invasive, since it does
not require information from inside the domain. Another type of the measurement
is a point measurement. The function is measured in the specific point zg € €, so
we have

u(zo,t) =m(t), tel0,T].

There exist several approaches for solving the inverse source problems. The ap-
proaches differ for different type of measurement and also whether time-dependent
or space-dependent is sought. We will be interested in the recovery of the time-
dependent part of the source. A very common tool used for proving the existence
and uniqueness of the problem is the Banach fixed point theorem, e.g. [133], 138].
We will use a method based on the application of the measurement on the equa-
tion and then on the elimination of the function in which we are interested. This
provides us one more equation that defines the problem and change the inverse
problem to a direct one.
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1.7 Fractional derivative

In this section, we will give a brief introduction to the fractional derivative and
fractional calculus. One can find a comprehensive summary for example in [28] 58]

89, 198].

The history of fractional calculus goes back to the 17th century; to the period
when Newton and Leibniz were developing the foundation for the differential and
integral calculus. Leibniz was the first who introduced in his correspondence with
Newton the symbol

d’ﬂ

@)
for the n — th derivative of function f at a point x, with the implicit assumption
that the n in the symbol belongs to N. But Newton asked Leibniz the following
question

n

1
“What does f(x) mean if n = 3 27 (1695)

m’ﬂ
to which Leibniz carefully replied:

“This is an apparent paradoz from which, one day,
useful consequences will be drawn...”

Form this time on, the concept of fractional derivative was usually ignored or taken
purely as a mathematical toy. This is suggested also by the fact that the first book,
by Oldham and Spanier [93], devoted exclusively to the subject of fractional calculus
was published in 1974.

Since then, however, a plethora of applications of fractional calculus appeared
in various fields of science such as material theory [83] [120], viscoelastic materials
[38, 112], anomalous processes [20], [84], [145], transport processes [10} 13|, 52, ©6],
fluid flow phenomena [26], earthquakes [64} 68|, solute transport [95] 1T4], chemistry
[29, 47], wave propagation [36] [42] 43| [TT5], signal theory [7}, 3], image processing
[8, 24], biology [76], relaxation of polymers [39], electromagnetic theory [33] [34],
thermodynamics [23] [121], mechanics [104] [105], astrophysics [72], finance [59, [69]

[R2], [137], control theory [18] [88], @7, [125], chaos and fractals [94] [144] [146], human
behavior [5, 123] and many more.

The fractional calculus is based on the idea of generalizing of the derivative
of order n € N to the derivative of order a € R. The name “fractional calculus”
itself is a one of misnomers since it deals with integrals and derivatives of arbitrary
order not just fractional one. There are some expectations from such a generalized
differential operator D®. Among the basic ones belongs additivity of the derivative

D*DP = D5
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then the restriction of the fractional operator on the natural numbers should coin-
cide with the classical derivative, so

Da:dx—a for a € N,

and, of course, we expect
D=1 fora=0.
The next question is how to construct such an operator. The motivation comes
from the basic integration, as the inverse operation to the differentiation, and the
definition of the fractional integral. Let’s assume that [a,b] is a finite interval of

the real line R, o € RT and
n=|al+1,

with |-] being the floor function. We define

r@) = | " fat,

for f € L'(a,b), then we know that F is differentiable and F’ = f a.e. in [a,b]. By
simple repetition of the above integration, we get

/:.../:2 F(t)dty--- dt, = (n_ll)!/:(x—T)"_lf(T)dT = I"f(2).

Now, we want to replace n € N for o € Rar. The factorial in the denominator of
the definition is replaced by its generalization, the Gamma function, defined as

I'(z) ::/ r*ledx, z€C,
0
thus by replacing, we get that

I20) = g [ o= ) o,
for & > 0 and we additionally define
=1
We call I$ f a fractional integral of function f.

Lemma 1.7.1. Let f € L[a,b] and o > 0. Then integral I f(x) ezists for almost
every x € [a,b]. Moreover, the function I f itself is also an element of L'|a,b].
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Property 1.7.1. Let f € L'[a,b] and o, 3 > 0. The following properties hold:

ICI8f = 10tP = [P0 a.e. on [a,bl,
D'INf=f forn € N,
Drf =D "f forn,m € Nym > n.

Example 1.7.1. Let [a,b] be a finite interval of the real line, y(t) = (t — a)?~1,
and o, 5 > 0 then

(Lgy)(x) = 1“(1;(?5)(”3 — a)Pte-l, (1.14)

With the definition of the fractional integral one may proceed to the definition
of fractional derivative. The definition combines the classical derivative and the
fractional integral. There are two ways how to do it. We can either first use the
fractional integration and than derivation or otherwise. Those approaches bring
two slightly different results.

Definition 1.7.1. We define the Riemann-Liouville fractional derivative of order

a>0 as

(D2y)(z) :== (D™ I'y)(z) = ﬁ <dci> /: (zigi)nﬂdt’ T > a.
(1.15)

Definition 1.7.2. The Caputo fractional derivative of order o > 0 is defined as

1 y"(t)

(“Dgy)(z) := (I7~*D"y)(x) = —— /”” = t)a—"“dt’ >a.  (1.16)

If & = m € Ny, then “ D%y and D%y coincide with the classical derivative of ,

in particular
(Doy)(z) = (“Day)(x) = y(=).

Theorem 1.7.1. Let a > 0. If y € AC™[a,b] then the fractional derivatives D%y
and © D%y exist almost everywhere on [a,b]. Moreover, to following relation holds

n—1 (k) a
©D2)a) = (D)) = X ety
k=0

(x —a)k—. (1.17)

We address the additivity of Riemann-Liouville fractional derivative in the next
theorem. The additivity property is slightly more complicated; therefore, we state
only the basic property for the Riemann-Liouville derivative. For more details look
in [58].
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Property 1.7.2. Assume o, 3 > 0. Moreover let ¢ € L'[a,b] and f = I31P¢,
then
DeDBf = DoFhy,

The existence of the function ¢ is crucial, otherwise it could happen that
DSDEf = DED2 f # DB f or DDSf # DEDSf = D4 F.

Example 1.7.2. Let y(t) = (t —a)?~%, B> 0 then

G) (x—a)’ 1 ifa—pB¢N

o L' —a)
(Day)(x) = ora—pfeNanda—p>n,
0, ifB=a-34,7€{0,...,n—1},
r
F(ﬁ(ﬁ)a)(x—a)ﬂal, ifBeENand f>n+1
C na _ -
(" Dgy)(z) = or B¢ N and 8 > n,
0, if Be€{1,....,n},
(1.18)
in particular, notice the main difference in the fractional derivative of a constant
1
D) (z) = =—=—(z —a)™ %,
(D)) = =gy~ ) o

(°D21)(x) = 0.
r'(s

Figure shows the function F(B(—)a) (- —a)?=1 for various values of o and B.

There are some basic differences between the Riemann-Liouville and the Caputo
definition of fractional derivative. As we may see in the above example, the Caputo
fractional derivative of constant is zero, what we would expect from a derivative, on
the contrary, the Riemann-Liouville fractional derivative of a constant is a power
function with a negative real exponent. The relation between both definition is
given by . We can see that the definitions coincide if

y(a) =y'(a) =--- =y V(a) =0.
Assume basic fractional differential equations
(Day)(t) = f(1), (“Dgy)(t) = f (1),

for t € (0,T) and o > 0. We face different situations when we want to define the
initial conditions for those equations. For the first equation the initial conditions
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Figure 1.4: Function F(Fﬂ(fzx) (x—a)?~*~! from Example , for @ = 0 and various
values of o and 3
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can be set in the terms of the fractional integrals as
(I5~)(0) = bo, (DI~ y)(0) = by, ..., (D" 1177 Y)(0) = b1

Although, this is a mathematically correct way there seems to be no proper phys-
ical background for it. The derivative of a fractional integral does not have any
known physical interpretation, therefore its use as the initial conditions is rather
to be avoided. On the other hand, the initial conditions for the second equation,
containing the Caputo fractional derivative, can be set in the form of the classical
derivative as

y(0) = bo, D'y(0) = by, ..., D" 'y(0) = by 1.

It is one of the reasons why the Caputo fractional derivative occurs more in the
evolutionary fractional differential equations.

The Caputo fractional derivative can be also rewritten as a convolution with a
positive definite kernel. If we define

tnfa
I'(n—a)’
we see that g, o € L} _(R), and then the definition of the Caputo fractional

loc
derivative can be rewritten as

DY) = (gn-axy™) (©).

where * stands for the convolution on the positive half-line, i.e.

gn—a(t) = t> 0,

(k *v)(t) :/0 k(t — s)v(s) ds. (1.20)

We define the partial Caputo fractional derivative of order o € (0,2) for the
function v defined on (0,7) x R? as

1),
2),

)

(glfa * aﬂ))(t), a € (07
Ofu(t) == 4 (ga—a * Ouv)(t), a€ (1
dpo(t), a=1.

The above definition is also used for v € H((0,T), H) or v € H?((0,T), H), where
H is a Hilbert space, and the Bochner integral is used in the convolution.

Continuous time random walk

The derivation of the fractional diffusion equation is explained for instance in [3}, 86].
The fractional diffusion equation was derived there using the continuous time ran-
dom walk (CTRW) that can be considered to be a generalization of the Brownian
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motion, from which a classical diffusion equation may be derived. The derivation
below is taken from [86].

In the Brownian walk the particle is assumed to jump in the constant discrete
time step of length At to one of its nearest neighbor positions in the square lattice
(in 2D case) with the lattice distance Az. The diffusion equation is then derived
from the master equation [86].

In the CTRW model, the so-called jump probability density function (PDF)
¥ (zx,t) is assumed. From this PDF the length of a given jump and the time between
two jumps is possible to derive. The jump length PDF is given by

A(z) = / (),

and the waiting time PDF is obtained as

w(t) = /_wa,t) da.

Types of the CTRW processes can be characterized by the jump length variance
and the characteristic waiting time defined by

oo
»? = / Az)z®dz and T = [ w(t)tdt,

— 00

respectively. Assuming the jump length and waiting time to be independent ran-
dom variable, the jump PDF takes the decoupled form

U(x,1) = A(@)w(t).
Assuming this, the CTRW process is given by the equation
n(x,t) = / / n(x’  t)(x — 't —t')dt’ da’ + 5(x)d(t), (1.21)
—o00 J0
where n(x,t) is a PDF of just having arrived at position z at time ¢, and é(x)
is chosen to be an initial condition of the random walk. The equation (1.21)) is

formally equivalent to the generalized master equation [3]. One is then interested
in the PDF of being in = at the time ¢ which can be described by

W(x,t) = /Ot n(z, )Pt —t')dt. (1.22)

where ®(t) is a probability of no jump in the interval (0,¢) given by

O(t)=1- /Otw(t')dt’.
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So, W(z,t) is then a PDF of arriving at the position  at the time ¢’ and not having
moved since. Applying the Fourier transformation on (1.22)) in the x—direction and
the Laplace transformation [25] in the ¢—direction brings

1—w(s) Wy(k)

Wiks) = — =72 Y(k,s)’

(1.23)

where W(k,s) is a transformed W (z,t), with the new variables k£ and s corre-
sponding to x and ¢, respectively, and Wy (k) is the Fourier transform of the initial
condition.

In the situation that the characteristic waiting time 7" is divergent and the
jump length variance X2 is finite, one of the possibilities is to consider a long-tailed
waiting time PDF in the form

w(t) ~ A, (Z)HQ ,

t

where 0 < o < 1, A, is a constant, 7 is a scale with the dimension [7] = s
Next, we consider a Gaussian jump length PDF in the form

1 x?
AMz) = mexp <—402> )

where the scale o has the dimension [0] = ¢m?. The corresponding Laplace trans-
formation of w(t) is of the shape

w(s) ~ 1= (s7)%,
and the Fourier transformation of A(x) takes the form
k) ~1—0%k* + 0O (k*),

the concrete details are not of the interest here. Assuming this, the equation ([1.23))
becomes
Wo(k)/s

Wk ) = T Rosor2

in the (k,s) — (0,0) diffusion limit, where K, is the so-called generalized diffu-
sion constant. Applying the Fourier differentiation theorem and Laplace fractional
integration theorem [28| 58] on the above algebraic relation give

2

o 0
W (z,t) — Wo(x) = I I(Q@I/V(x,t)7
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which contains the fractional integral on the right hand side, and after its differen-
tiation with respect to time the fractional diffusion equation is derived

0 1— 0?
The above equation may be rewritten as
o ta 82
DgW (z,t) - Wo(z) = Kam—5W(z,1),

«
02

where we can see that the initial condition decays with negative power law, in the
contrary to the exponential law decay in the classical diffusion. The equation may
be rewritten also in terms of the Caputo fractional derivative

I(l-a)

0?
C o _
DgW (z,t) = Koé—am2 W(x,t). (1.25)

It can be calculated that the mean square displacement, denoted by (z2(t)), is not
linearly dependent on ¢, but it follows the power-law

@0 = Fra!

(03
)

where the generalized diffusion constant is given by K, = ¢2/7%, with the two

scales 7, o leading to the dimension [K,]| = cm?s™?.

To conclude, the time fractional derivative appears in the diffusion equation
after assuming that the characteristic waiting time diverges and that the waiting
time distribution has asymptotic behavior. On the other side considering the finite
T and, for instance, Poisson waiting time PDF would lead the classical diffusion
equation. Also the limit o — 1 in leads to the Fick law as expected [86].

The fractional wave equation, the equation (1.25) for 1 < a < 2, is closely
studied for example in [85] [87, [113],[136]. In [87, [136], the additive two state process
was combined with an asymptotic power-law waiting time distribution resulting in
the fractional wave equation, with the mean square displacement (x2(t)) ~ t°.
With the limit o — 1 the equation reduces to the Brownian motion, with (x2(¢)) ~
t, and with o — 2 the wave equation is obtained, with (z2(t)) ~ ¢2.

Numerical comparison of solution for various values of «

The comparison of the solution of a simple partial fractional differential equation
containing the Caputo fractional derivative in time for various orders of fractional
derivative is made in [4]. In the article, they study the equation in form

Ofu=b*Au, 0<z<L, t>0, (1.26)
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where a € (0, 2] is assumed together with the boundary and initial conditions
u(0,t) =u(L,t) =0, t>0
u(z,0) = f(z), 0<z<IL,
Ou(x,0) =0, 0<z<L, forl<a<2

The solution of this problem is obtained using the sine transformation and the
Laplace transformation [25]. The explicit formula for the solution is given by

2 o
u(t,x) := I Z Eo(—b*a*nt™) sin(anx) /0 f(s)sin(ans) ds, (1.27)
1

where a = 7, and E, is a special function called Mittag-Leffler function defined in

the complex plane by the power series

St Z’I’L
E ::E _—
8 n:or(ﬂn 0’ B8>0,z€C,

where E1(—2) = e=* and Fy(—2%) = cosz. So, for a = 1,2, the formula ((1.27)
represents the solution of the diffusion and the wave equation. Taking the initial

condition in the form
x, x € [0,1],
) = 1.28
/(@) {2—3:, x € (1,2], (1.28)

and b = 1, we depict the solution using the formula for various values of «
in Figure On the pictures we can see that for a = 5 we get the slow diffusion
behavior and for a = % the solution exhibits the diffusion-wave behavior. For the
details and more numerical examples, see [4].

Technical lemmas

We now prove the crucial technical lemma which will play a central role in the
proofs in the following chapters.

Lemma 1.7.2. Let H be a real Hilbert space with a scalar product (-,-); and the
corresponding norm ||-|| ;. Assume T > 0, g € L*(0,T), ¢ € Lb°¢(0,T), ¢ <
0, g>0. Ifv:[0,T] — H such that ve H*((0,T), H) then

3 3

[ (Gueowe) @ = 4 (oxll) ©+4 [ o0l @
§

02 [t a

Vv

Y

for any £ € [0,T].
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7
>,

Z -.. —
..-~‘\

Figure 1.5: The approximate solution of ((1.26) for various values of a with the
initial condition (1.28), L = 2,b = 1, the solution is calculated from (1.27) using
the first ten terms in the sum
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Proof. Zacher [142, Lemma 2.3.2], [141], 143] has proved the following identity

(G0 000)) =5 (b l0lly) )+ B ool +

%/0 (=K ()] Ilo(t) — v(t — 8)[%, ds  ae. t € (0,T),

which is valid for any k € H%'(]0,T]) and each v € L%([0,T], H). Now, we replace
k by gn(s) := min{n, g(s)}. Thanks to the properties of g, it holds that

gn(8) <0, gu(s) = g(s)  ae in[0,7T].

Integration in time implies that

13
/0 (90 % B10) (8) + g (£)0(0), v(8)) y dt

‘/d
N /0 (dt (gn*v)(t)vv(t))Hdt )
(onx ) ©+ 3 [ O o

v

Due to v(0) € H and d,v € L?((0,T), H), we see that

v(t) = v(0) —1—/0 0sv(s) ds

— 0@l < O, + / 10.0(s) ds|

IN

00l + \/i\//o 195v(s)II7 ds < C.
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We successively deduce

dt

13
/0 ((gn  000) (1), 0())

13

< / (g ¢ 000) (8) | [10(2) [ it
13

< / (gn # 1000]1 1) () [0(D)]] 7 dt

13 13
g\/ / (gn*|atv|H>2<t>dt\/ / lo(t)|7; dt
13 £ 3
< / gnoe)d# / 1850 (1)1 dt\/ / lo(t)|3 dt
13 £ 13
< / g(t)dﬁ / 10w (t)]1 5 dt\/ / lo()|7 dt,

using the Cauchy inequality and Young’s inequality for convolution. Applying the
Lebesgue dominated theorem, we may pass to the limit n — oo in ([1.29) to get

£
/0 (g% 00) (8) + 0(0)g(t), v(t))y  dt

3
= ( (gkwv)(t),v(t) ] dt
0 H

€
: (g* Ioli) 0+ [ a0 (o)l a

o) / lo()I1% dt,
0

which concludes the proof. O

v

Y

The next technical lemma is a discrete analogy of Lemma It plays a
central role by establishing a priori estimates in the Rothe method further in this
dissertation. Before we state the lemma, we define the discrete convolution by

(K % v), ZK*H LULT, (1.30)

where 7 is the time step. Note that by this definition we avoid blow up problems
if K has a singularity at t = 0. Then we can calculate a difference for the discrete
convolution as follows
K %), — (K %), !
§ (I(>I<’U)Z = ( )Z ( )171 = Klvi + Z(SK’H»lfk:vaa ) > 1, (1.31)

T
k=1
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as
(K %wv),:=0

and we consider the sum to vanish per definition if, the upper bound of the sum is

less than the lower bound.

Lemma 1.7.3. Let {v;}ien and {K;}ien be sequences of real numbers. Assume
that the sequence decreases, i.e. K; < K;_1 for anyi. Then

26 (K xv);v; > 6 (K*v*), + Kjv7,  i€N (1.32)
Proof. We successively deduce that

§ (K x0v%), + K;v}

i—1
<4 (K * 1)2)2. + K;v? — Z O0Kiv1-k (v; — vk)Q T
k=1
1—1
E3D g +Z§Kl+1 Wbt 4+ K? = 3 0K (v — o)
k=1 k=1
i—1
= (K, + K;)vi + Z 0K 11k [vi — (v; — vk)Q] T
=l i—1
= (K; + K;)v? + 2v; Zé‘Kz#lkakT — v} ZéKz#lfkT
k=1 k=1
i—1
= (Kl —+ Kl) 1)1-2 —+ Q”UZ' Z(SKi+17kva — (Kz — Kl)’l)iz
k=1
i—1
= 2K1Ui2 + 2v; Z 5Ki+1_k’UkT

k=1

26 (K %), v;
O

Summing up the inequality (1.32) for i = 1,..., 7, j € N, and multiplying by 7,
we get that

J J J
ZZé(K*v)ivﬂZZ(S(K*UQ)iT+ZKiUfT, JjEN,
i=1 i=1 '
which can be rewritten as
J
23 5 (K *v),vir > (K %0°) ZK%, jeN. (1.33)
i=1
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Mathematical background




Chapter 2

An inverse source problem in a
semilinear time-fractional
diffusion equation

This chapter is based on the article [I19], which has been already published in
Computers and Mathematics with Applications.

2.1 Introduction

Let Q C R d € N, be a bounded domain with a Lipschitz boundary T, cf. [67].
Consider a linear second order differential operator in the divergence form with
space and time dependent coefficients

L(z,t)u = V-(—A(z,t)Vu— bz, t)u) + c(t)u,
Az,t) = (aij(0); 20 a
b(x,1) (b1(x,1t), ..., ba(z,t))

We deal with a partial differential equation (PDE) with a fractional derivative in
time

(91-p % Owu(z)) (t) + Lz, t)u(x,t) = h(t) f(z) + /0 F(z,s,u(z,s))ds, (2.1)

41
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for x € Q, t € (0,T), where g1_p denotes the Riemann-Liouville kernel
+—B

glfﬁ(t):m, t>0,0<ﬂ<1,

and % stands for the convolution on the positive half-line defined by ((1.20). Thus,
the convolution term in (2.1)) is the Caputo fractional derivative of order 8 € (0, 1).

The governing PDE ([2.1) is accompanied by the following initial and boundary
conditions

u(z,0) = wo(x), x €€,
(—A(x,t)Vu(x,t) —b(x,t)u(x,t) voo= g(a:,t), ((L‘,t) el'x (07T)a
(2.2)
where the symbol v denotes the outer normal vector assigned to the boundary T'.

The integral term in the r.h.s. of models memory effects with applications
e.g. in elastoplasticity [103] or in the theory of reactive contaminant transport m
The solvability of forward fractional diffusion equations have been studied e.g.
[109, 141]. The Inverse Source Problem ISP studled in this chapter consists of

finding a couple (u(z,t), h(t)) obeying (2.1), (2.2) and

/ u(z,t)dz = m(t), t €1[0,T]. (2.3)
Q

Determination of an unknown source is one of hot topics in inverse problems
(IPs). There are many papers studying ISPs in parabolic or hyperbolic settings.
If the source exclusively depends on the space variable, one needs an additional

space measurement (e.g. solution at the final time), cf. [I7], 44, [48], 50] (5, [99]

[100], 108, [122] 127, 139]. For the solely time-dependent source a supplementary
time-dependent measurement is needed, cf. [45, 46, [49, @9, 117]. This means

that both kinds of ISPs need totally different additional data. ISPs for fractional
diffusion equations become more popular in the last years. The recovery of a
time dependent source in a fractional diffusion equation has been studied in [54]
[109] 135]. Determination of a space dependent function in a fractional diffusion
equation has been addressed in [53] [60], [124] [140]. The uniqueness of a solution to
the inverse Cauchy problem for a fractional differential equation in a Banach space
has been studied in [65]. The global existence in time of an ISP for a fractional
integrodifferential equation by means of a fixed point method has been considered
in [138].

The added value of this chapter relies on the global (in time) solvability of
the ISP (2.1), (2:2), (2.3), and in the proposition of an interesting approximation
scheme. We reformulate the ISP into an appropriate direct (non-local) formulation.
We propose an variational technique based on elimination of h from by ,
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which turns out to be possible for a sufficiently smooth solution. Then we prove
the well-posedness of the problem. The proposed numerical scheme is based on
a semi-discretization in time by Rothe’s method, see the section [[.5.1} We show
the existence of approximations at each time step of the time partitioning, and we
derive suitable stability results. The convergence of approximations towards the
exact solution is investigated in Theorem [2.3.1]in suitable function spaces. Finally,
we present a numerical example supporting the obtained convergence results.

2.2 Uniqueness

Denote by (-,-) the standard inner product of L*(Q) and |-|| its induced norm.
When working at the boundary I', we use a similar notation, namely (-, -)p, L*(T)
and ||-||p. In what follows C, ¢ and C; denote generic positive constants depending
only on the given data, where ¢ is a small one and C. = C (%) is a large one.
Different values of those constants in the same discussion are allowed.

We associate a bilinear form £ with the differential operator L as follows

(Lu,gp):ﬁ(u,(p)Jr(g,go)F, V@GHl(Q)a

B L(t) (u(t), 9) = (AW Vut) + bE)u(t), Vo) + c(t) (u(t), ¢) -

Throughout the chapter we assume that

(a) aiyj,bi:ﬁx[O,T]%R, |aw|+|bl|§C, i,jil,...,d,
(b) 0<ect)<C, vt € (0,7,
() L) (y9) > Co Ve, Vo € H'(Q), vt € [0,7).
(2.4)

Integrating (2.1]) over 2, applying the Green theorem and taking into account (2.3))
we obtain

(g1-p % m') (&) + c(t)m(t) = h(t) (f,1) = (9(t), D)y +/0 (F(s,u(s)),1) ds. (MP)

Assuming that (f,1) # 0 we have

(g1-p % m') (t)+c(t)m(t)+(g(t),1)r—/ (F(s,u(s)),1) ds
h(t) = T 0 . (2.5)

The variational formulation of (2.1) and (2.2) reads as
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(915 ) (£),9) + L(1) (u(t). ¢)
B0 (f.0) + ( | Fsu)as <P> (9.0 (P)

for any ¢ € H'(Q), a.a. t € [0,7] and u(0) = ug. The relations (P) and (MP)
represent the variational formulation of (2.1)), (2.2]) and (2.3).

Now, we are in a position to state uniqueness of solution to the ISP (P), (MP).

Theorem 2.2.1 (uniqueness). Let f,ug € L*(Q), [, f # 0, m € C'([0,T)),
F be a global Lipschitz continuous function in all variables. Assume and
g € C([0,T], L*(T)).

Then there exists at most one solution (u, h) to the problem (@, (@ obeying
uw e C([0,T],L*()) N L> ((0,T), H(Q)) with dyu € L* ((0,T), L*(Q)) and h €
c([0, 7).

Proof. Suppose that (u;, h;), for ¢ = 1,2 solve (]ED, (MP), and that they obey
u; € C([0,7],L*()) N L> ((0,T), H(Q)) with dyu; € L? ((0,T),L*(Q)), h; €

C([0,T]). Set u = u; —uz and h = h; — hy. Subtracting the corresponding
variational formulations from each other, we obtain that

((91-p % Opu) (1), ) + L(1) (u(t), ) =
00 o)+ ([ ) = Pl dsg) - 20
and .
0=nh(t)(f1)+ (/0 [F(s,u1(s)) — F(s,uz(s))] ds, 1) . (2.7)
We set ¢ = u(t) in and integrate in time over (0,¢). Taking into account
, up =0 and (g1-g * dyu) (t) = 0 (91—p * u) (t), we obtain
& 3
| @sxn) @.uv) e+ [ £0) (ult),u(e) a
0 0

S s (F(s,us(s)) = Fs,ui(s)),1) ds
(7, 1)

+/:§ (/Ot [F(s,u1(s)) — F(s,us(s))] ds,u(t)) dt.

(f, u(t)) dt

The lower bound for the left hand side (Lh.s.) can be obtained from Lemma [1.7.2]
and ([2.4)
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3
/ (8 (15 % u) (¢ dt—l—/ L(t u(t)) dit
0
¢
> gl%/ lu()[* dt + Co | [|Vu(®)|® dt.
0 0

The upper bound of the r.h.s. can be achieved using the Cauchy and Young’s
inequalities in a standard way

/05 S (F(s,us(s )(ff)(s,ul(s)),l) ds Foult) d
+/Of </Ot [F(s,u1(s)) — F(s,uz(s))] ds,u(t)> dt

13
gs/ lu(®)| dt—l—C//Hu 2 ds dt.
0

Assembling these estimates we arrive at

£ &t
(25 -) / I at-+Co [ I9u@F at < . [ [ ute) P asar
0 0 0

Fixing a sufficiently small positive ¢ and applying the Gronwall lemma [9], we
conclude that v = 0 a.e. in Q x (0,7). Finally, the relation (2.7) ensures that
h =0 ae. in (0,T). O

2.3 Time discretization

Rothe [106] introduced a simple time-discretization method for parabolic problems.
By now it grew up to a powerful technique for solving both linear and nonlinear
evolutionary (scalar or vectorial) equations, cf. e.g. [57, 102, 116]. Using a simple
discretization in time (backward Euler), a time-dependent problem is approximated
by a sequence of elliptic problems, which have to be solved successively with increas-
ing t;. Solutions of these steady-state settings approximate the transient solution
at the points of the time partitioning. The advantage of Rothe’s method is twofold:
next to the existence and possible uniqueness of a solution to the original problem,
also a numerical algorithm is contained in this approach.

For ease of explanation, we consider an equidistant time-partitioning of the time
frame [0, 7] with a step 7 = T'/n, for any n € N. We use the notation ¢; = i7 and
for any function z we write

Zi — Zi—1

Zi = Z(ti)7 521' = (28)

T
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We remind the reader the definition ([1.30) defining the discretized convolution

K*U ZKZ+1 kUET,

and also it holds

K %v), — (K % v), =
(S(K*U)Z = ( )1 ( )171 = Klvi + E (SKiJrl,k’UkT, ) > 1. (29)
T
k=1

Similarly, we may write

§ (K %v); = Kivg + Y 0op K17 = Kjvg + (K % 0v);,  i>1.  (2.10)
k=1
Consider a system with unknowns (u;, h;) for ¢ = 1,...,n. At time ¢; we approxi-
mate (]ED by

((g1-p * 0u), o) +Li (uiy ) = hi (f, )+ (Z F(ty, uk—1)T, w) —(9i:9)r (DPi)
k=1
and by
(g1—pxm ) + cimy; = hy ( (ZF th, Uk—1)T, 1> — (95, Dp. (DMP3)

Please note that (DMP3)) and (DP3i) are linear in u; and h;, respectively, and both
relations are decoupled. Thus for a given i € {1,...,n}, we first determine h; from
(DMP4)) and then we solve (DPi)). Afterwards, we increase i to i + 1. The pseudo
algorithm for computing the solution reads as

Require: Q. L, f, F,g,m
14+ 1
2: while 1 <n do
3 h; < Solve: (DMPj3
4: u; < Solve: (DP3
5
6

14 1+1
s return {hy,ur}, ..., {hn, un}

In the next lemma, we prove the existence and uniqueness of the solution along
every time line. Decoupling the equations in the system at every time step enables
the effective application of the Lax-Milgram lemma on the elliptic problem and
gaining the result.
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Lemma 2.3.1. Let f,uo € L*(2), [, f # 0, m € C*([0,T]), F be a global Lipschitz
continuous function in all variables. Assume and g € C([0,T], L*(T")). Then
for each i € {1, n}, there exists a unique couple (ui, h;) € HY(Q) x R solving

and
Proof. Resolving (DMP4) for h;, we get

(915 ), + ey + (9 D = (S Fltius)r 1)
e 70

if up_1 € L?(Q) for 0 < k <. The relation (DPd) can be rewritten as

eER (211

91-5(7) (ui, 0) + L (uisp) = hi (f, ) + <ZF(tk7Uk—1)Ta<P> = (9i,P)r

k=1
i—1
= " g1-p(tioksr) Bur, @) T+ g1-p(7) (wio1, ).
k=1

The Lh.s. represents an elliptic, continuous and bilinear form in H'(Q) x H(Q). If
Ugy - .., ui—1 € L?(2), then the r.h.s. is a linear bounded functional on H(f2). The
existence and uniqueness of u; € H'() follows from the the Lax-Milgram lemma

24 O

Energy estimates

Now, we start with a basic energy estimate for u; and h;. Additionally, we introduce
the following notation

(o5 % 1ul®). =S g sltyeao) el

k=1

Lemma 2.3.2. Let the assumptions of Lemma be fulfilled. Then there exist
positive constants C' and 1o such that for any 0 < 7 < 19, we have that

(i) mas (915 % ) +291 S8 Il 7+ 3 Il oy 7 < €.

i=1

3 o
(1) max |h| <C
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Proof. Starting from (2.11]), we see that

1—1
|h|<C+CZ||F (tr )7 < C+CY flugl T (2.12)
k=1 k=0

Set ¢ = u;7 in (DPi) and sum the result up for i = 1,...,j to have

-
I Mb'
A

J
((g1-p k Ou), us) T+ > Li (wius) 7

i=1

J
th fauz T+Z(2Ftk7uk 1 Tuz)
i=1 =1 \k=1

(giyui)p 7. (2.13)

~.
Il M .
_

Using (2.10) and Lemma [1.7.3] we see that

Z ((g1-p % 6u); ,u;) T

IV

v

Y

V

v

i=1 o=l
J
(91 Jul®) + 5D g1t sl szgl () (o, u) 7
=1
) Zj J
(g1-p 5 l®) + 5D gr-alt) il =D g1t ol Jusl|
J i=1 i=1
2
3 (osk lul?) + (3 - Zm 5(t:) lluil* 7 = C- Zm ot
(g1-plul?) + (3 —¢ Zgl ~ata) luil* 7 - €.

2 91—
5 (ot )j+(—e)2g1 o) 7+ 2220 Zuuzn rC.

where, in the last step, we estimated from below a part of the second term and
gained a suitable estimate for the sum of |ju;||> without the weight function. Next,
by ellipticity assumption, we may write

J J
D Li(uiu) T > Co Y ||Vl 7

i=1 i=1
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The first term on the r.h.s. of (2.13) can be readily estimated using the Cauchy
and Young’s inequalities and taking into account (2.12)

i ; ;
D hilfou)7| < EZHuiIIQTJrCEthT
- i (2.14)
< EZHuz” T+ C: JrCEZZH“kH -2
1=1 k=0

For the second term on the r.h.s. of (2.13)), we again apply the Cauchy and Young’s
inequalities to get

ZJ: (Zl:F th, Uk—1)T ul)

i=1 \k=1

J

<&:Z||ul|| 74 C. + C. ZHukH 2

i=1 k=0

The last term of (2.13)) can be handled similarly involving the Cauchy and Young
inequalities and the trace theorem

J
Z guuz

Putting all estimates together we arrive at

1 g1 J
2(g1_5*||u||2)j+<—e)zgl st 7+ (21 <) S

J

+(Co—e) ann 7<Ce +OEZZ||uk||

=1 k=0

<EZHUZ||FT+O <EZ\|UZ|| T+€Z||Vuz|| 7+ C..

=1

Fixing a sufficiently small 0 < ¢ < 1 and using Grénwall’s argument, we get for
0 <71 <719 that

(o5 1ul). +Zgl (t:) i) T+Z||uznm>v<c

This together with (2.12)) imply
|hi| < C.

O

We shall need a compatibility condition, i.e. we assume that (2.1) is fulfilled at
t=0,i.e. (]ED holds true for ¢ = 0. Therefore we may also put ¢t = 0 in (MP)),

L(0) (uo, ) = ho (f,0) = (90, P)p, Ve € H'(Q) (2.15)
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which allows us to define hq as follows

como + (9o, 1)

ho="""151)

(2.16)

We adopt the following notation

J
(gr-m % 10ul) = D= g1t as) ] 7

k=1

Lemma 2.3.3. Let the assumptions of Lemma[2.3.1] be fulfilled. Moreover, assume

[2.18), (2.19), wo € H'(), g € C1((0,7], L(T), m € CX([0.T)), e € L=(0,T)
and Oza; j,0:b; € L>®(Q x (0,T)) for all i, = 1,...,d. Then there exist positive
constants C and 1y such that for any 0 < 7 < 79 we have

(i) mas (915 % 6u]*) +Zg1 (k) 9] T+Z||5Uz||H1(Q)T<C

(i) |0h;] SC’—i—C’t;B foranyi=1,...,n

Proof. Subtract (2.16)) from (2.11) for ¢ = 1, divide the result by 7 to get

She — hy —ho  mider + codma + gi1—p(T)m/ (1) + (891, ) — (F(7,u0),1)
1= = .
T (£, 1)
Thus, we have |6hy| < C + Ct;"”
Now, applying the J-operation on (2.11f) for i > 2, we deduce that
1

6h; = 71 (0(cimi) + 0 (gr-pxm"); + (6gi, 1) - (F(ti,ui-1),1))

1 2
71y (mbes  cimadmi ot gup(b)m'(0) + 3 dmign (e )7

k=1
+ (893 Dp = (Fltsyui1),1) ).

©
[ =
=

That is why the following relation holds true
10hs] < Ct;P +C + Clluia|l,  Vi>1. (2.17)
Clearly
ZiW; — Zi—Wi—1 = 2 (W; —wi—1) + (2 — Zi—1) Wi—1.
Therefore
6 (Li (us,p)) = Li (dui, ) + (6L); (ui-1, ),
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where
(0L); (u, ) = (0A;Vu + 0bju, Vo) + dc; (u, ¢) , Yu,p € HY(Q).
Taking a difference of , we get
(6 (g1—p *0u),, ) + Li (0ui, ) + (6L),; (ui—1,9) =
Shi (f, ) + (F(ti,ui-1), ) = (0gi,0)p - (2.18)
This difference can be taken for 4 > 2. When i = 1 we subtract from
2-18

for i = 1 (please note that (g1_p % du), = 0). Set ¢ = du;7 in (2.18) and sum the
result up for i =1,...,j to obtain

J J
Z (g1-p * 0u), 5ul T+Z£ (dug, du;) T Z((M)i (wij—1,0u;) T
i=1

=1 =1

J J
= Z Shi (f,0u;) T+ Y (Fti,wio1),0ui) =Y (695, 6ui)p 7. (2.19)
i=1 =1

=1

Using Lemma we see that

J J
3" (8 (15 % 0w), 5ui)72%<gl_@*|\6u||2) %Z 2 lowll T

=1
J J
g1-p(T
> o1-stt) ouil* i{§l§jwmwr

i=1

»MH

2
> § (015 % 10ul) +

The ellipticity assumption yields
J J
> Li (Bui, 6ui) T > Co Y [ Vous | 7.
i=1 i=1
We involve Lemma and uy € H*(Q) to get
J
Z (0L£); (i1, 0us) 7| < CZ i1l g 0wl oy 7 < EZ i 10y T+
i=1 i=1 i=1

The first term on the r.h.s. of (2.19) can be readily estimated using the Cauchy
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and Young’s inequalities and taking into account (2.17)

J

> Shi (f,0u)T

i=1

J
OZ |6k | || 6ws|| 7

I/\.

]
OZ g1-p(ts) + 1+ [[uia|]) [|6us]| 7
=1

<EZgl (t:) | 0us|? THZH&LZH T+ C..

i=1

For the second term on the r.h.s. of (2.19)), we again apply the Cauchy and Young’s
inequalities to get

J

Z (F(ti,ui_1),5ui) T

=1

J
<ed |lou|Pr+ Ce.

i=1

The last term of (2.19)) can be handled similarly involving the Cauchy and Young’s
inequalities and the trace theorem

j
Z 0gi, 0U;)p T

< EZ||6UZHI‘T+C < EZH(SUIHHl @7+ Ce

i=1 i=1

Collecting all estimates above, we may write

;(gl_g*||au||2)j+(—s)2g1 o) i

g1-5(T) 2 g 2
+ (4 — 5) Z [[6u;]|” 7+ (Co — €) Z IVou;||” 7 < Ce.

i=1 i=1
Fixing a sufficiently small 0 < ¢ < 1, we obtain that

(o125 % ll90”). +291 S0 Wl 7+ 3 Wl 7 < C:

=1

This together with (2.17)) imply

|6hi| < Cgi-p(ti) + C + C Juima|| < Ot + C.
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Rothes’ functions and existence theorem

Now, let us introduce the following piecewise linear Rothe’s functions in time
Upy Un, Uy, 2 [0, T] — L?(Q)

up, t=20
Uy o T .
wi—1 + (t —ti—1)0u;, te (tim,t], 1<i<n,

Un (2.20)

_ 05 t=0
t— .
u;, t€ (tifl,ti], 1<t <n,

. UQ, t € [0,7]
Uy = T .
ﬂn(t—7’)7 te(ti_l,tiL 2<i<n.

Analogously, we define hy,, by, Fr, Ly, G, 915, and m’,,. Now, we can rewrite

(DPi) and (DMP4) on the whole time frame as (for t € (¢;_1,%;])

((mn * atun) (ti), 90) + Ln(t) (@n(t), )

—lt) (fr0) + ( / iFn<s,an<s>>ds,so) @.(0).9)r (DP)

and

(G175, % /) (t:) = ha(t) (f, 1)+ (/O Fu(s.ia(s)) ds, 1) —(9,(®),1)p . (DMP)

We are in a position to prove the existence of a variational solution to (]ED and
(MP)). We do so by showing the convergence of the Rothe functions and also by

showing the convergence of the (DP), (DMP) to (P), (MP).

Theorem 2.3.1 (existence of a solution). Let f € L*(Q), up € H'(Q), [, f #0,
m € C*([0,T)), and g € C'([0,T],L*(T)). Suppose that F is a global Lipschitz

continuous function in all variables. Assume , , , Orc € L*[0,T]
and Oa; j,0:b; € L>®(Q x (0,T)) for alli,j=1,...,d.

Then there exists a solution (u,h) to @), obeying u € C ([0,T], H*(2))
with Opu € L* ((0,T), HY(Q)), h € C([0,T7).

Proof. The estimate from Lemma (44) implies for t € (¢;_1,t;] that

|h! ()] = |6hi| < Ct;P +C < Ct P+ C.
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Therefore
t+e t+e
|hn(t +€) — ho(t)| = B (x)dz| < C (277 +1) dz
t
t 1=6 _41-8
< C’( +€)1 5 +s:(9(51*ﬁ),

which yields the equi-continuity of the sequence {h,, }. Lemma also guarantees
the equi-boundedness of {h, }. By means of the Arzela-Ascoli theorem [1.2.5] we
get compactness of h, in C([0,T]).

Lemma

2.3.3

says that || ()|l g1 (o) +

T
Oriy, - < C'. Due to the com-
H(Q)

pact embedding H'(Q2) € L?()), we may invoke Lemma to claim the existence
of u e C([0,T],L*(2)) N L> ((0,T), H'()), which is time-differentiable a.e. in
[0,7], and a subsequence of {u,}nen (denoted by the same symbol again) such

that
Up —> U in  C([0,T],L*%)) , (2.21a)
U () — u(t) in HY(Q), vtelo,T], (2.21b)
Up(t) — u(t) in HYQ), Vt € [0, 7], (2.21c)
Oy, — Osu in  L%((0,7),L*(Q)). (2.21d)

Reflexivity of the space L? ((0,T), H*(£2)) together with Lemma 3| also give

Dy, — Oy, in L?((0,T), H' (Q))
and
t
u(t) — u(s) :/ Opu(z)dz =
() = w33 0y < VIE= sl fy 10 31y d= < CV/JE =51,

Taking into account uo € H' (), we get u € C ([0, 7], H*(2)). Further, it holds

r 2
[ ol =o).
0
We are allowed to write for ¢ € (¢;_1, ;]

|(g1=5,, x m'y) (t:;) — (G1=5,, *x m'n) (1)
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ti
G1-5, (ti — s)m/n(s)ds

/0 (915, (ti —s) — 15, (t — 5)) m/n(s)ds

ti t
sc/“glﬂ< )d&+0/|ﬁ:%@rﬁﬁ—ﬁ?%@—$|®~
t

_|_

The pointwise convergence g1 g, — g1—p and m’, — m’ in (0,7) and the Lebesgue
dominated theorem yield

(915, *m'y) (t;) = (g1—pkm') (t) for n — oc.

Based on the considerations above, we may pass to the limit n — oo in (DMP)) to
arrive at (MP)). The process is straightforward, therefore we omit further details.

It remains to show that the couple (u, h) also obey (]ED We successively deduce
that

H (@15, * Orun) (t:) — (T1=5,, * Orun) (1) H

/tti 15, (ti — $)Jyun(s) ds
/0 t (75, (ti — ) — G5, (t — 5)) Dyun(s) ds
< [ - 9 1o o

[ 1t )~ 7, 9] .

<

+

The first term on the r.h.s. can be estimated as follows

A”m@A ) [Brtn(s)]| ds

t;
< \// Gip,(t \// 15, (ti —s) ||(9tun(5)||2 ds
t

< m\// G125, (ti — 5) | 0vun ()| ds
0
< C\ri-b. (Lemma

Using the Lebesgue dominated theorem, we find that

n—0o0

¢
lim / lg1=5,,(ti — ) — g1=5,,(t — 5)| [|0sun(s)|| ds = 0.
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By the Cauchy, Holder and Young’s inequalities, we have

13
/0 ([71=5,, — 91-5] * (Drun, @) (t) dt

3 3 3
</ |91ﬂn—91ﬂ|dt\/ [ 102 dt\/ [ el ar<clel.
0 0 0

The pointwise convergence gi—5, — g1—p in (0,7") and the Lebesgue dominated
theorem imply that

lim =0.
n— o0

§
/0 ([71=5,, — 91-8] * (Orun, ) () dt

Using
0 (91— * un) (t) = (91-p * Orup) (t) + glfﬁ(t)un(O),

we see that

£ 13
/ (9125 % (Brum, ) (1) dt = (g1 % (1 9)) (€) — (. ) / g1_s(t) dt.
0 0

Passing to the limit for n — oo and taking into account (2.21a)), we obtain

3 3
lim [ (g1-p * (Grun, ¢)) (t) dt =(91_5*(u,<ﬂ))(£)—/0 g1-5(t) dt (uo, ¢)

n—oo 5
_ / (15 % (Deu, ©)) (£) dt

13
:/0 ((91-p * Opu) (1), ) dt.

In order to check that (u, h) solve (]ED, we start from , which we integrate in
time over (0,£). Then (based on considerations above) we may pass to the limit
n — 0o to get

13
/0 (915 % 0ru) (£), ) + £(1) (ult), )] dt

- /05 [h(t) (f, o) + </OtF(s,u(s))ds,g0> = (g(t),go)r] dt. (2.22)

Differentiation with respect to & brings us to the desired result.
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The convergences of Rothe’s functions towards the weak solution (P)-(MP) (as
stated in the proof of Theorem have been shown for a subsequence. Note
that taking into account Theorem [2.2.1] we see that the whole sequence of Rothe’s
functions converge against the weak solution.

Remark 1. Section[2.7 addressed the uniqueness and Section 2.3 showed the exis-
tence of a solution to the inverse source problem —. We would like to point
out that the same technique can be applied for solving a direct problem —
if h(t) is known.

2.4 Numerical Experiments

In this section, we test the above-mentioned numerical scheme to approximate the
solution of (]E)— , which is based on (DPz)) and (DMP4). Numerical results are
presented and discussed.

2.4.1 Exact data

We consider problem ([P)-(MP) for Q = (0.5,3), T = 3 and 3 = 0.5 with

L (uv 90) = (VU, v‘p) )
f(z) =sinz,

w2
F(z,t,u) = —4tuexp (1 - ) ,

sin® x
along with the initial and boundary conditions

up(x) = 2sinz,
9(0.5,t) = (t*+2)cos 3,
g(3,t) = (t* +2)cos3,

where the time-dependent measurement is

1
m(t) = <cos 5 ~cos 3) (t*+2).
One can easily verify that functions
u(z,t) = (t* +2) sinz

and
8

3\/#%+t2—exp(1f(t2f2)2)+e*3+2

h(t) =
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solve the given problem.

To get a solution of , the domain 2 is uniformly divided into 50 subin-
tervals. The solution u; is calculated using a finite element method with Lagrange
polynomials of the second order used as basis functions. Calculations were made
several times for various values of 7. The algorithm was implemented in Python
using the FEniCS Project.

Fig. (a), (b) show a numerical approximation of functions h and w(7T') for
7 = 0.01 together with exact h and u(T), respectively. Fig. (c), (d) display
relative error of & and wu in time, respectively, for 7 = 0.01, which shows that the
numerical accuracy is fair. Please note that the reconstruction of u is more accurate
then the reconstruction of h.

Maximal relative errors in time of A and u for different values of 7 are depicted
in Fig. (e), (f), respectively. The linear regression lines plotted through data
points are given by 0.395291og,, 7 —0.71487 for the error of h and 0.99983 log,, 7 —
0.47112 for the error of wu.

2.4.2 Noisy data

As the measured data usually contain some amount of noise, the question of dealing
with noisy data is interesting. The algorithm we proposed in the theoretical part
works with the first derivative of the measurement m. When dealing with real
data, the continuous derivative can hardly be expected due to the present noise.
Using for example the finite difference in such a situation for an approximation of
the derivative is practically useless as it might just enlarge the noise, and the result
is often unusable [19]. To avoid this it is necessary to use some kind of “smoothing
or filtering” of noisy data. In [91] there is a mollification used on this purpose,
minimization of an appropriate functional was used in [I9]. We use the nonlinear
least square method to get a sufficiently smooth function approximating the noisy
data, and afterwards we deal with this smooth approximation in our algorithm.

We consider the same example as in Section The noisy measurement has
the following form
me(t) = m(t) + edmmaz, (2.23)

where € is a small parameter, § is the Gaussian distributed noise with the mean and
standard deviation equal to 0 and 1, respectively, and 1,4, is @ maximal value of
m on the interval [0,T]. First, we look for a function m,,, that approximates m
and has the form

Mapp(t) = at? + 7. (2.24)

We use then the function mgp, as the measurement in our algorithm. All other
settings from the previous experiment remain the same. The exact, noisy and
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Figure 2.1: The results of the reconstruction algorithm. In (a)-(d) 7 = 0.01.
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approximated data computed with the nonlinear least square method can be seen
on Fig. The reconstruction of h and u(T) is presented in Fig (a), (b),
(c

respectively. Finally, the relative errors in time are depicted in Fig. ), (d).
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Chapter 3

Recognition of a
time-dependent source in a
time-fractional wave equation

The content of this chapter is based on the article [I30], which has been already
published in the journal: Applied Numerical Mathematics.

3.1 Introduction

Consider a partial differential equation (PDE) with a fractional derivative in time ¢

(92 % Ouu(z)) (t) — Au(z, 1)
= h(t)f(x) + F(z,t,u(z,t)), xeQ, te(0,7), (3.1)
where 2 C R? is a bounded domain with a Lipschitz boundary T', T > 0, and g2
is the Riemann-Liouville kernel given by
ti=r
O —
20 =1y

We supplement the governing PDE (3.1)) with the following initial and boundary
conditions

t>0,1<pg<2

u(z,0) =wug(z), x €,
Opu(z,0) = wo(x), x €8, (3.2)
—Vu(z,t) v =g(x,t), (z,t) e T x (0,T),

63
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where the symbol v denotes the outer normal vector assigned to the boundary T'.

The Inverse Source Problem ISP studled in this chapter consists of finding a

couple (u(z,t), h(t)) obeying (3.1), (3.2) and
/Qu(x,t)w(x) dz = m(t), t e 0,7, (3.3)

where the weight function w is just a space-dependent function. Usually w is chosen
to be a function with compact support in 2, and then this type of measurement
represents the weighted average of u on a subdomain of 2.

The fractional wave equation is used for example to model the propagation
of diffusive waves in viscoelastics solids [77, BI]. The uniqueness and existence
of a solution to the direct Cauchy problem for a fractional diffusion-wave equa-
tion has been studied in [I10]. In [80], a fundamental solution of Cauchy problem
is expressed using the Laplace transform. More about the direct fractional wave
problem can be found in [75] [78, [79]. The recovery of a time dependent source in
a fractional integrodifferential wave equation by means of the Banach fixed point
theorem has been studied in [I33] [138]. In [I3§], the time dependent source is
reconstructed using a time trace at point zo € Q. In [I33], two measurements in
the form of integral over the subdomain were used to identify the time- dependent
source and convolution kernel. In both articles zero Dirichlet boundary condition
is considered. To the best of the our knowledge, there are no articles considering
the Neumann boundary condition in the problem of time-dependent source iden-
tification in the fractional wave equation. Moreover, we design also a numerical
scheme for reconstruction.

The aim of this chapter is to prove the uniqueness and global existence of the
weak solution of the ISP.

The chapter is organized as follows. In the second section, we introduce vari-
ational formulation of the ISP. In Section 3 we suggest a numerical scheme based
on the Rothe method of in time semi-discretization. We prove the existence of
the approximate solutions along the time slices and prove some a priori estimates.
Convergence of the Rothe functions towards the solution of the ISP is shown in
Section 4. In the last section, we present a numerical experiment to support our
result.
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3.2 Uniqueness

Multiplying (3.1) by the function w, integrating over 2, applying the Green theorem
and using (3.3), we obtain

(92-5 % m") (t) + (Vu(t), Vw) = h(t) (f,w) = (9(t),w)p + (F(t, u(t)),w). (MP2)
Assuming (f,w) # 0, we get

(g2—p % m") (t) + (Vu(t), Vw) + (9(t), w)p — (F(t, u(t)), w)
(f,w) '

Similarly multiplying (3.1) by a function ¢ € H'(Q) and using Green’s theorem,
we obtain the variational formulation of (3.1) and (3.2), which reads as

((92-p % Ouu) (), ) +(Vu(t), Vi) = h(t) (f, ) +(F (¢t u?)), ») = (9(t), ¢)p» (P2)

for any ¢ € H'(Q), a.a. t € [0,T] and u(0) = ug, ;u(0) = vy. The relations (P2))
and (MP2) represent the variational formulation of the ISP (3.1, (3.2) and (3.3)).

The next theorem deals with the uniqueness of the solution in the appropriate
spaces.

Theorem 3.2.1 (uniqueness). Let f,vo € L*(Q),up,w € H'(Q), [, fw # 0,
m € C*([0,T]), F be a global Lipschitz continuous function in all variables and
g € C([0,T),L3(T")). Then there exists at most one solution (u,h) to the ,
obeying u € C ([0, T], HY(Q)), dyu € C ([0,T),L*()) N L2 ((0,T), H'(Q))
with yu € L? ((0,T), L*()) and h € C([0,T]).

h(t) = (3.4)

Proof. Assume that there exists two solutions (u1, k1), (ug, ha) of the (P2)), (MP2)
obeying assumptions from the theorem. Set u = u; — uy and h = hy — he. Then
the pair (u, h) solves the following problem

(Vu(t), Vw) = h(t) (f,w) + (F(t,ui(t)) = F(t,uz(t)),w), (3.5)

and

((g92-5 * D) (1), ) + (Vu(t), V)
= h(t) (f,) + (F(t,ur(t)) — F(t,uz(t), ), (3.6)
for every o € H*(Q2), a.a. t € [0,T] and u(0) = 0, d;u(0) = 0. Let take ¢ = dyu(t)
and integrate the relation (3.6]) over the interval (0,¢), where £ € (0,7]. By using

the fact that du = 0, we get (ga—_p * Ouw) (t) = O (g2—p * Opu) (t) and together
with assumption that [, fw # 0, we obtain from (3.5) and (3.6) that
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3
| @ a5 000 (). 00u(0) a4 5 (@)

/5 (Vu(t), Vw) — (F(t, ui(t) — F(t,uz(t)),w)
0 (f,w)

3
+ / (F(t, w1 () — F(t us(t)), deut)) dt.
0

To gain the lower bound of the 1.h.s. we use Lemma

(f; Opu(t)) dt
(3.7)

3
| @ a0 (). 00u(0) a4 5 (@)

S 92-5(T)

& 1
> [9pu(t)||* dt + 3 [Vu(@)|”.
0

Using the Cauchy and Young inequalities together with the Lipschitz continuity of
F, we acquire the upper bound of the r.h.s. in (3.7)

/E (Vu(t), Vw) — (F(t,ui (1) — F(t, us(t)), w)
0 (f7UJ)
13

(F(t,ui(t)) — F(t,uz(s)), dpu(t)) dt

< / o ac . [ (ol + 190 a

Combination of the both estimates gives us

<gz s(T )/ 19,u(t) dt+%|lvu(§)||2

<o [ (Hu(t)||2 + VUl ar.

(f, Opu(t)) dt

We choose a fixed, sufficiently small e. By the estimate |[u(¢)|?> < fo [0pu(t)||? dt,
we get

4
[l + IVu(©)l* < ¢ / (lute))® + ||Vu<t>||2) dt
Now, we can apply Gronwall’s lemma and obtain estimate
lu(@)I* + I Vu(©)I* <o, (3.8)

which hold for £ € [0,T]. It follows directly from (3.8)) that v = 0 a.e. in [0,7] x Q.
Moreover, using this together with the Lipschitz continuity of F'in (3.5)), it is easily
seen that h = 0 a.e. in [0,T]. So, we get u; = uy and hy = ho. O
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3.3 Time discretization

We introduce the equidistant time-partitioning of the interval [0,7] by the step
T = %, for any n € N. We use notation t; = i1, for i = 1,...,n, and z;, §z; for any
function z defined in the previous chapter (see (2.8))) as the value at the point t;
and an ¢-th difference, respectively, moreover we write

522‘ _ (SZz — (521;1
! T

On the :—th time-layer, we approximate the solution of , by (i, h;)
that solves

((92-5 % 0%u),, 0) + (Vui, Vo) = hi (f,0) + (F(ti,wim1), ) = (9i»)p, (DPi)
for ¢ € HY(Q), with dug := vg and

(g2—p *xm"), + (Vui_1,Vw) = h; (f,w) + (F(t;, ui—1),w) — (gi>w)p.  (DMP4)

To compute the solution of those equations for given i, we first find h; from

(DMP4) and then calculate u; from (DP4)). Afterward, we increase i to i + 1.

Following lemma deals with the existence and uniqueness of the solution (u;, h;)
on every time-layer.

Lemma 3.3.1. Let f,vo € L*(2), up,w € HY(Q), [, fw # 0, m € C*([0,T]),
g € C([0,T], L3(T)) and F be a global Lipschitz continuous function in all variables.
Then for each i € {1,...,n}, there exists a unique couple (u;, h;) € H'(Q) x R
solving (DPi]) and (DMPi)) for every ¢ € H'(Q).

Proof. The requirement on f and w that fQ fw # 0 gives us

(ga—p *m"), + (Vui—1, Vw) + (gi,w)p — (F(ti, ui—1),w)
(f,w)
The equation (DPi) can be written as

h; = eER. (3.9

1

;92—5(7_) (ui7 50) + (vuia VCP) = hz (fa QD) + (F(tla ui—l)a 90) - (gia ‘P)F

i1
1
- E 92-p(tiy1-r) (up, ) T+ ;92—6(7) (wi-1,¢) + g2-5(7) (Sui—1,) . (3.10)
=1

The expression on the Lh.s. is a bilinear, elliptic, bounded form defined on H(Q) x
HY(Q). Ifug,...,u;—1,v9 € L*(R), then the r.h.s. can be seen as a linear, bounded
functional on H'(f). The Lax-Milgram lemma implies the existence of the
unique solution in H*(Q) of . O
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The next goal is to establish some estimates of u;, h; in appropriate norms.

Lemma 3.3.2. Under the assumptions of Lemma if moreover it holds that
geCt ([07 T), L? (F)), then there exist positive constants C (independent of n) such
that

(i) max (g2-p % 0u]*) +292 5 (t3) 9w | T+Znau@|| r

0<i<n

2 2
+ max lwill 772 ) + Z [V (ui —ui—1)|” < C,

ji hi| < C.
(i) max |hi] < C

Proof. We start by estimating h; from (3.9)
|hil < C(L+ [[Vuia || + [F (i ui-)[) < C (1 + [[Vugoa || + lui—a ). (3.11)

Now, setting ¢ = du;7 in the relation (DP4)), we get that

((g2-p % 52u)i ,0uT) + (Vug, Vou,)
= h; (f,0u;T) + (F(ti, wiz1),0uiT) — (g4, 0uiT)p . (3.12)

We sum equations up over i = 1,...,5, 7 € {1,...,n} and use the relation ([2.10)
to obtain

J J
Z (5 (g2—p * du), ,5ui) T+ Z (Vu, Vu; — V1)
i=1

=1

<.

= hi (f, 0u;) T+Z (tiyui—1),0u;) T
-1 (3.13)

.
<.l

- (gi, 0uy;) T+Zgzg i) (vo, 0ug) 7.

=1

)
-

i

To gain the lower bound of the Lh.s., we use Lemma [I.7.3] and Abel’s summation
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(Theorem [1.3.7) in the following way
J

J
Z ((5 (g2—p * 0u), , 5ui) Z (Vug, Vu; — V1)

i=1 i=1
1 J
2226(92-ﬁ*||5u|| ).7+5 Zgz o(t:) w7
1 |
R an Vuia | (3.14)
=1

> (oo B*Haun) 292 ot 6wal* 7

go—
2 5 chsuzn T+7ng|| ~C+x an Va2

=1 11

To estimate the first term of the r.h.s. of (3.13), we use Cauchy’s and Young’s
inequality

J
Z i (fsouwi) T O Z|h| T+€Z||5UZH T
i=1

Jj—1
<SCe+CYy (Jual® + [ Vual? T+EZH6UzH 7. (3.15)
=0 i=1

The second term can be estimated by employing Cauchy’s and Young’s inequality
together with Lipschitz’s continuity of F’

J
< O+ fuial]) 6wl 7
I y (3.16)
Cot Co Y Nuialr+e Y w7,
1=1 =1

J

Z (F(ti,ui,l)ﬁui) T

IN

We can rewrite third term as follows

j—1

J
Z i, OU)p T = Z (0gi, ui)p 7+ (95, w5)r — (91, uo)p
i=1 i=1

1=

then we apply the same inequalities as in the previous estimate and the trace
theorem to obtain the upper bound of this term
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J
Z gzaauz

j—1
< 3 logillp Mualle 7 + gl sl + gl ol
=1 i1
< Cet O fuillpr+ e gl (3.17)
;L_:l
< Cor O (sl + 1Vusl®)r + (P + 19 ).
i=1

For the last term in (3.13), we get estimate

J j

S gapts) (o, 0u) 7| <D gas(ts) llvoll 6wl 7

= =1 (3.18)
< C. +€Zgg s(t:) | 0ug||® 7.

Putting estimates (3.12)-(3.18) together, using the inequality
J
luy|* < € (1 + ||5Ui||27>
i=1

and choosing sufficiently small € give us

(02-5 % l6ul*) +ZQ2 St Il 7+ 3 6l 7+ gl

i=1

j—1
+||VUJH +ZHVU1 V1| <C<1+Z lwl” + (| Vg ]|* )7 ) (3.19)

i=1 i=1

Finally, we use Grénwall’s lemma to obtain

(025 5 l6u*) +292 (t) w7

J J
1
Y 18wl g + 90507 4 5 D Vs = Vusa > <€, (3:20)

i=1 i=1
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and thereby from (3.11)), we get that
|hi| < C.
O

In the next lemma, we will need to assume a so called compatibility condition
at time ¢ = 0 (i.e. the initial condition obeys the boundary conditions and the
equation (3.1))), i.e. we assume that

(VUO, v@) = hO (f7 QO) + (F(()?uO)z 90) - (907 QO)F ’ V()O € Hl(Q)’ (32]‘)

which enables us to define hq as follows

(VUO, vw) =+ (go,w)r B (F(Oa uO)aw)
(f,w)
Lemma 3.3.3. Under the assumptions of Lemma 1}, if moreover vg € H (),

m € C3([0,T]), g € C*([0,T],L*(I)), and (-) holds, then there exist positive
constants C (independent of n) such that

ho = (3.22)

(i) gax (g2 % 0], +292 s(t) [|0%u)” T+Zua2ul|| T

+ max [|6u; 310y + Z |Véu; — Vou;_1||* < C,

0<i<n —
(i) [6hs| < C'(1+ ga—p(ti)) -

Proof. Subtracting (3.22) from h; and dividing by 7, we obtain

oy = (gz_woma' + (591, w)p — + (Flta,u0) - F(o,uo»w)) :

(fiw

and consequently
[6h1] < C(1+ ga—s(t1)- (3.23)

Further, for ¢ > 2

) 1
Shi 7o) (92ﬁ(ti)m6/ + (925 % 0m"); + (Vou; 1, Vw)

1
+ (69, w)p — p (F(ti,ui—1) — F(ti—1,ui—2),w) >7




72 Recognition of a time-dependent source in a time-fractional wave equation

which can be estimated as
|0hi| < C (14 ga—p(t;) + |[Voui—1|| + [[6ui—1]]) - (3.24)
Next, we subtract relations (3.21) and (DP4)) for ¢ = 1 from each other to get
(6 (ga—p *k 0%u), , @) T+ (Vouy, Vi) 7
=0y (f,) T+ (F(t1,u0) — F(0,u0), ) = (691, )p 75 (3.25)

where (g2 % du), = 0, according to the definition. We also take the difference of
(DPi)) for ¢ > 2 to find

(6 (g92—p % 52“)1' o) T+ (Vou;, Vo) 7
=0h; (f, )7+ (F(ti,ui—1) — F(ti—1,ui—2),¢) — (6gi,)p T

We set ¢ = 6%up in (3.25) and ¢ = 62u; in (3.26). By summing up (3.25) and

(3.26) for i =2,....4,j € {1,...,n}, we obtain that

(3.26)

J J
D7 (0 (92-p k%), 6%us) T+ Y (Vous, Vo2u;) 7
=1

i=1

oh; (f7 52”1’) T+ (F(tl,uo) - F(O,UO), (52’11,1)

|
VM“‘

o
Il
N

(3.27)
+

-

Il
o

J
(F(ts,ui—1) — F(ti—1,ui—2) ),8° ;) Z 8gi,6° Uz
i=1

K3

We estimate first term of the Lh.s. in (3.27) using Lemma [1.7.3]

J
(5 (g2 % 8%0), . 0%u) 7

=1
1< 1
> 5 K (gg_ﬂ * ||52u”2)i7 +3 3 go-s(ti) || 6%uil|* 7
=1 ) i=1
> 1 5 Ly 5
> 5 (oot %)+ 5 D0 aamstho) 67w+

=1

9” ZH(SQulH 7. (3.28)

The second term of the Lh.s in (3.27) can be rewritten as
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J
> (Vui, Véu; — Véu; 1)
i=1

1 J
=3 (|v5uj||2 = IVuoll® + > IVou; - wui_u?) . (3.29)

=1

In the following estimations of terms on the r.h.s. of (3.27), we always use com-
bination of Cauchy’s and Young’s inequalities. Applying them on the first term

together with estimates (3.23)), (3.24]) gives
J

> 6hi (f,0%u;) T

i=1

]
Z 1+ gop(ts) + | VOous1 || + |6uis ) ||0%ui]| 7

] J
< +€Z ||(52U1H T"_Ez,ngﬁ(ti) H(S2’LLZ'||2T (330)
i=1 i=1
J
+Ce Y (V8 | + [|6ui—1 |* )7,
i=1

To estimate the terms containing F', we use the Lipschitz continuity to obtain

(F(tl, Uo) - F(O, Uo), 52’&1) + Z (F(ti, ’Uﬂ'_l) - F(ti_l, ui_g), 62’&1)

=2

J
<CY (A + (10w ) || 0% 7
=1

= j
<O A o P r+e 3 |07
=1 =1

The last term in (3.27) is rewritten and estimated using the trace theorem in the
following way

(3.31)

-1
= (695, 6uj)p — (691, v0)p — (0°gis1, 0us) . 7

Il
A

J
Z 69175 uz
i=1 N ;

<C.+e (||(suj||2 + ||v5uj\|2) +C (||m||2 + ||V§ul-||2) . (3.32)

i=1
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Getting all estimates together, using inequality [|du;|* < C (1 +37, ||52uiH2 T)
and choosing a sufficiently small €, we obtain

J J
(s 18%00%) 43 a0 [P+ 3 [0l 7+ Do
i=1 =1

J j—1
+ 3 IVou; — Vou_q|* < € (1 +)° ||5uj||§p(m T) . (3.33)

i=1 i=1

Finally, employing Gronwall’s argument, we get

J J
(g2 % 15%ul”) + D" gampte) 0%l r 3 0% + 160 s
i=1 i=1

J
+> I Vou; — Vou|* < C,
=1

and consequently
|0hi] < C (1 + ga—p(ti)) -

O

In the same way as in Section [2.3] we introduce piecewise linear interpolations
in time wuy,, Up, Uy : [0,T] — L*(2). Moreover, we define the linear interpolations
for the difference of u; as v, 7, : [0,T] — L*(Q)

Vo, t=20
Up 1t 5 )
Oug_1 4 (t —ti—1)0%u;, te (tim1,t], 1<i<mn,

(3.34)

_ vg, t=0
Up it — .
dui, te€ (tim1,ti], 1<i<n,

also known as Rothe’s functions. Analogously, we define h,,, hy,, Fr, G, Go— 5, and

m” .. The goal is to prove that the corresponding above defined Rothe’s functions
converge to the solution (u, h). We rewrite (DP7) and (DMP4)) for the whole time
frame in terms of Rothe’s functions

(7225, * Owvn) (t:), ) + (VU,(t), Vo)
=hn(t) (f, ) + (Fn(t, in(t))ds, ¢) — (G,(t),¢)r, (DP)

and




3.3. Time discretization 75

(T3, * M) (ti) + (Vi (t), Vw)
= hn(t) (f,w) + (Fu(t,in(t)),w) = (9,(t),w)p, (DMP)
for t € (ti—1,t;]-
Theorem 3.3.1 (existence of a solution). Let f € L?(Q2), ug,vo,w € HY(Q),

Jo fw # 0, m e C3([0,T]), and g € C*([0,T], L*(")). Suppose that F is a global
Lipschitz continuous function in all variables and holds true.

Then there exists a solution (u, h) to , obeying u € C ([0,T], H'())
with dyu € C ([0,T),L*(Q)) N L= ((0,T), H()), duu € L? ((0,T),L*()) and
h e C([0,T]).

Proof. From Lemma estimate (iz), we obtain
h, ()| = |ohi] < Ct;7 + C < CtF + C,

for t € (t;—1,t;], which leads to

t+e

[hn(t+€) = hp(t)] = Rl (s)ds

(t+e)2=h 125
2-p

This implies the equi-continuity of the sequence {h,}. The estimate (u) in Lemma

[3-3.2] brings the equi-boundedness of {h,,}. The Arzela-Ascoli theorem gives
us compactness of {h,} in C([0,T]).

t+e
< C/ (s"7+1) ds
t t

+eC=0 (7).

<C

From Lemma and Lemma [3.3.3] we get moreover the following estimate

2 2
ax, [T ()1 () + max [0sun (D))" < C.
This together with compact embedding H*(Q2) € L?(f2) and Lemma gives us
the existence of a function uw € C ([0,T], L3(2)) N L*> ((0,T), H*(2)) with d,u €
L> ((0,T), L*(£2)) and the subsequences of {uy}nen and {u, }nen (for simplicity
of notation denoted by the same symbol) such that

Up — U, in  C([0,T],L%(2)) (3.35a)
wn () — u(t), in HYQ), Vvtelo,T] (3.35b)
p () — u(t), in  H(Q), Vt € (0,77 (3.35¢)
Optiy, — Ou, in  L2((0,T Q). (3.35d)

(
In addition, the reflexivity of L2 ((0,T), H*(2)) and Lemma “ 3.3.3| yield
((

Oyupn — Oyu, in L? (0,7) H1 )
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and then
u(t) —u(s) = / Opu(r) dr =

T
[u(t) = w()ll g1y < VIE = SI\//O 10ru(r) 71 gy dr < CV/Jt = s].

With the fact that ug € H'(Q2), we get v € C ([0,T], H*(2)). Similarly, we get an
estimate for sequences {vp, }nen, {Un}nen, utilizing Lemma

T
w70y + [ om0 @t <.

tel0,T

which with the same argument as above gives us existence of v € C ([0, T, L*(2))N
L= ((0,T),H* () with d,v € L* ((0,T), L*(2)) and the subsequences of {v;, }nen
and {7, }nen (again denoted by the same symbol) such that

Up — 0, in  C([0,T], L*(2)) (3.36a)
v (t) = v(t), in HYQ), Vtelo,T] (3.36b)
Ty () — v(t), in  HY(Q), Vt € [0, T) (3.36¢)
Oyvy,, — v, in L2 ((O,T ) (3.36d)

Since v,, = Oyuy, the relation between u and v is established after passing to the
limit for n — oo in the identity

waﬂ—wwﬂ=A(MS%@d& for ¢ € L3(Q),

and obtaining

(wt) = w9) = [ W) )ds  for pe L)

It is immediately clear that v(¢) = dyu(t) a.e. in [0, T]

It remains to prove that the pair (u, h) obeys (MP2] , . P2) for every ¢ € H ().
First, it holds that

Anm@—mwww=owy




3.3. Time discretization 77

Further,
(723, % 7n) (1) = (G5, % ") (8)]
[ m - ) a

/ (G2=5,(t: — 5) — Ga=p, (t — 5)) My (s) ds

< [ g - as ¢ [ g, ) - - 9

<

As g2—p,, — 92—p in (0,T) pointwise, the Lebesgue dominated theorem gives

(@275, % m"n) (ti) = (925 % m") (¢).

With this we can pass to the limit in (DMP)), for n — oo, to obtain (MP2).
Next, we deduce for t € (t;—1, t;]

£
| (@5, 5000, (8 = (75, 0 010,) 0. 9)

</
0

3

t;
/ 55, (i — 5) (ron(s), ) ds| dt
t

(G253, (ti — 5) — Ga—p,(t — 5)) (Dyvn(s), ) ds
// F2=5 (ti = 5) [19rvn (3|l [l o] ds dt

//|92 5.t — 8) — G55, (t — 9)| [1Brwa(9)]| o] dsdt.

dit

(3.37)

The first term in (3.37) is estimated using Holder’s inequality and Lemma as
follows

& rts
/ / 955, (t: — 5) | 0on(s)]| o] dsdt
0 t

3 ti ti
<llel | \/ | m- \/ | Bt = ) 10w (s)1P st

<ol [ \/ [ 7 ) o)1 asar
<C el V7.

The upper bound for the second term in (3.37) is obtained by switching the order
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of integration and using Holder’s inequality

/ / (7275, (t — 5) — 525, (t — )| [0wn ()] | ol] ds

<H<p||/ / |72=5,,(t —G=5,,(t — )| |0rvn(s)|| dtds
< el / |9eva(s)] / (95, (t — 5) — 55, (t — s)| dtds
) 3 ¢ 2
< el / 18,0n(s)])? ds / / (75, (ti — ) — G55, (t— )| dt | ds
0 0 s
<yl

Due to the pointwise convergence go—5, — g2 in (0,7) and the Lebesgue’s
dominated convergence theorem, we get that

=0.

lim
n— oo

£
/0 (G55, % Oun) (1) — (T3, * Brvn) (1), )

Next, an application of the Cauchy, Hélder and Young inequalities yields

3
‘ / ([2=5,, = 92-5] % (Orvn. 9)) (1) dt

¢
/ 525, (t) — g2-s(t |dt\// 190 (1) dt\//o lell* dt < C gl

Again, using Lebesgue’s dominated convergence theorem brings us to

lim
n—oo

3
/o ([72=5,, — 92-8] * (Byvn, ©)) (t) dt| =

Thanks to

£
/O (g5 % (Bron. ) (1) dt

¢ ¢ , &
S/O gz—ﬁ(t)dt\//o 10¢vn (1)l dt\//o lell” d

< ClOwnll 20,1y, 020 el
we can see the estimated integral as the linear bounded functional on the space
L?((0,T),L*(R)), and using (3.36d)), we arrive to
§ 13
i [ (g2 @roa, ) (01t = [ (g2 (0uv. ) ().
0

n—oo 0
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Now, integrating in time over (0,¢) and passing to the limit n — oo, we get

13 3
(/ «m_ﬂ*@ﬂouxw>dt+/”(Vu@»Vw)m
0 0 (338)

13 £ £
=Afwxﬂwwﬂ+A(F@u@»wdv1£<mmwkda

using above estimates, convergences and relations. Differentiation of (3.38) with
respect to £ yields (P2), which concludes the proof.

O

In the proof in Theorem [3.3.1} we proved that the subsequence of the Rothe
functions converges to the solution of the problem. Theorem [3.2.1|implies that the
whole sequence converges to the solution. Moreover, it can be seen from the proof
that u(-) is also Lipschitz continuous with respect to the norm in H'().

3.4 Numerical Experiments

3.4.1 Exact data

We present two numerical experiments based on the algorithm presented above.
Experiments differ in the function w. While in the first experiment, we set w = 1,
in the second one we choose w to be a function with compact support in Q. We
consider 1D model with the domain 2 = (1.6;4.5), T = 3 and 8 = 1.3. Further

f(z) =cosz,
u?
F(z,t,u) = —4tuexp <1 -— ) ,
cos? x
and we set initial and boundary conditions

ug(x) = 2cosz,

vo(z) =0,
g(1.6,t) = (t* +2)sin 1.6,
g(4.5,t) = —(t3 +2)sin4.5.

As mentioned in the beginning of section, firstly, we consider the additional mea-
surement in form

m(t) = /Qu(amt)wl(x) dz = (sin4.5 — sin 1.6) (¢* +2),
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where wy (z) = 1. In the second case, we use
m(t) = / w(z, t)we(z) dz = 2 (— cos4 — cos 2 + sin4 — sin 2) (¢* +2)
Q
where

1—(z—-3)2, Jz—-3|<1,
JR LR
0, |z — 3| > 1.

In both cases, it is easy to verify that functions

u(z,t) = (t* +2) cosz

6
2-8B-pr2-25)

solve the given problem.

We use Python and the FEniCS Project [73] for the implementation of algo-
rithm. The domain w is divided in to 50 sub-intervals, and solution u; is found by
using the Lagrange basis functions of order 2. We calculated numerical solution
for several values of 7.

h(t) = B3P 43 —t(tP 4 2)exp (1 — (2 +2)%) + 2

Starting with wq, on the Fig. (a), (b) we can see the exact solution and
numerical approximation of h and u(T'), respectively. Relative errors of h and u
developing in time are showed of Fig. [3.1] (c), (d), respectively. Decay of relative
errors for decreasing 7 is depicted on Fig. (e), (f). Fig. shows the same for
wz. The linear regression lines plotted through data points in Fig. are given
by 0.2665log, 7 — 4.1607 for the error of h and 1.02591og, +0.3968 for the error of
u. In Fig. the lines are given by 0.6012log, 7 — 1.5274 for the error of h and
1.0158log 7 — 0.2128 for the error of wu.

3.4.2 Noisy data

The proposed algorithm make use of a second derivative of the measurement, which
seems to be a major limitation. We use the nonlinear least square method on the
noisy data to obtain a function in a specific shape which is smooth enough to use
in the algorithm.

Again as in Chapter [3] we model noisy measurement in our experiment by
adding the scaled Gaussian distributed noise, with the mean and standard deviation
equal to 0 and 1, respectively, to the exact measurement m, so that the noisy
measurement takes the form , where scaling € will take values 0.05,0.1,0.15.
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Figure 3.1: The results of the reconstruction algorithm for 7 = 0.015625 and w;
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As mention above our ‘smoothing’ consists of using the nonlinear least square
method on m, in order to find function in the form (2.24), and then we use it in
the algorithm instead of exact measurement m.

In the experiment, we use the same setting as in Section [3.4.1] with function
wy and corresponding measurement. Results can be seen on Fig. The exact
measurement together with noisy data and approximation of noisy data is shown
on Fig. [3.3[ (a). Comparison of exact and approximated solution can be seen on
Fig. [3.3| (b), (c), and on Fig. [3.3|(d), (e) we see the relative error of that solution.
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Chapter 4

A source identification problem
in a time-fractional wave
equation with a dynamical
boundary condition

This chapter is based on the article [I31], which was published in the journal
Computers and Mathematics with Applications.

4.1 Introduction

Let Q C R? be bounded with the Lipschitz boundary I and 7' > 0, we study the
equation

(927[3 * 8ttu(w)) (t) - Au($7t) = h(t)f($)> UAS Q? te (Oa T)’ (41)

The equation (4.1 is accompanied with the following initial and boundary condi-
tions

u(z,0) = wup(x), x €,
815U(£E,0) = Uo(l’), S Q,
u(z,t) = 0, (z,t) €eT'p x (0,T),
— (g2—p * Opu(x)) (t) — Vu(z,t) - v = o(z,t), (x,t) € Ty x (O,T)(7 |
4.2

85
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where we assume I'p NIy =0, Tp Uy =T, [I'p| > 0, and v is a outer normal
vector on I'. The boundary condition we consider on the part of the boundary 'y
is called the dynamical boundary condition.

The inverse source problem (ISP) we are interested in here consists of finding the
couple (u, h). It is necessary to possess an additional measurement to accomplish
this in the following form

/Qu(x,t)w(x) dz = m(t), t e 0,7, (4.3)

where the function w is solely space dependent. Frequently, it is assumed, w is
with compact support in 2, then the measurement (4.3)) can be interpreted as the
weighted average over the sub-domain of 2 [99].

The equation (4.1)) without the source term is studied in [113], where authors
derived explicit expression for solution through the corresponding Green’s functions
in terms of Fox functions and provided probabilistic interpretation of the equation

in one-dimensional case. The equation without the source term is also studied in
[85], 87].

The hyperbolic equation accompanied with the dynamical boundary condition
for 1D space can model a viscoelastic rod with a mass attached to its free tip, see
[16]. According [40] such a boundary condition can also occur in modeling a flexible
membrane with boundary affected by vibration only in a region. In [37] the dynam-
ical boundary condition is derived including the influence of the heavy frame in the
modeling of small vertical oscillation of flexible membrane. The direct problem for
the fractional diffusion equation with the dynamical boundary condition was stud-
ied in [66]. The dynamical boundary condition in containing the fractional
derivative is a generalization of the dynamical boundary condition containing the
classical derivative as in [128]. The boundary condition with a convolution term
containing the solution can be found in [74].

The chapter is organized as follows. In the second section, we introduce some
notation used in the chapter and state the variational formulation of our problem.
We reformulate our problem into a direct one by applying the measurement on
the equation and gaining the second equation for the couple (u,h). In the
third section, the uniqueness of the inverse problem is addressed in the appropriate
spaces. In the fourth section, the time discretization is introduced, the existence
of the solutions along each of the slices is shown, and the a priori estimates are
proven. We then define the Rothe functions and state the existence theorem in
which we prove the convergence of those functions to the solution of our problem.
The error estimate is presented in the fifth section. In the last part, we present a
couple of numerical experiments. The solution is calculated for various values of
time step and different measurement functions. We also present calculation with a
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possible treatment of the noisy data.

4.2 Reformulation of problem

Next we introduce the functional space
V={p: Q=R p=00nTp, |l + Vel + |A¢g| + Ve v, <oo}.

The space V' furnished with the norm |[|-|[y, that is induced by the scalar product
(0. )y =(0,¢) +(Vo, V) + (A¢, AY) + (Vo - v, VY - )1 is a Hilbert space.

We proceed to the reformulation of the problem. Multiplying (4.1) by w and
integrating over the domain 2, we get

(g2-p xm") (t) — (Au(t),w) = h(t) (f,w) (MP)

which is called the measured equation or measured problem. If (f,w) # 0, we may
eliminate the time-dependent source and get

(g2-5 % m") () — (Au(t),w)
(f;w) '

Similarly, we multiply (4.1) by —Aep, where ¢ € V', and use the Green theorem to
obtain

h(t) = (4.4)

(92— * 0sVu) (t), V) — ((g2—p * Opeu) (1), Vo - V)FN + (Au(t), Ap)
=h(t)((VF,Ve) = (f,Ve -v)p). (45)

Since ¢ € V, we cannot say anything about V¢ - v on I'p; therefore, the second
term on the right hand side might not be properly defined. Hence, we assume
f =0 on I', which can be interpreted as the restriction of the source location on
a interior part of the domain. Using this and the boundary condition on I'y, we
gain the variational formulation for the strong solution

((92-p % 0uVu) (1), V) + (Vull) - v, Vo - V) + (Au(l), Ap)
=h(t) (V, V) = (a(t), Ve -v)p . (P)

We are looking for the couple (u, k) solving the coupled relations (P) and (MP) for
any ¢ € V,a.a. t €[0,T] and u(0) = ug, u(0) = vo.
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4.3 Uniqueness

With this we may proceed to the uniqueness theorem.

Theorem 4.3.1 (uniqueness). Let [[p| > 0, f € H}(Q),uq € V,v9,w € L*(Q),
(f,w) # 0, m € C?([0,T]), F be a global Lipschitz continuous function in all
variables and o € C([0,T], L>(Ty)). Then there exists at most one solution (u,h)
to the @, obeying u € C ([0,T),V), dyu € C ([0, T], L*(Q)) N L*((0,T),V)
with Oyu € L? ((0,T), H' () and h € C([0,T]).

Proof. Let assume that (u1,hq), (uz2, he) are two solution of the (]E), (MP)), such
that they obey the presumptions from the theorem. Define v = u; — us and
h = hy — hgy, which are then a solution of the slightly different problem

= (Au(t),w) = h(t) (f,w), (4.6)
and
((92-p % 0 Vu) (1), Vo) + (Vu(t) - v, Vo - v)r 4 (Au(t), Ap)
=h(t)(Vf, V), (47)

for every ¢ € V, a.a. ¢t € [0,T] and u(0) = 0, d;u(0) = 0. Since (f,w) # 0, we
may eliminate h from (4.6) and substitute to (4.7). Next, we set ¢ = dyu(t) and
integrate over (0,&), for £ € (0,7}, to obtain

3
| @ a5 %090 (0. 0,9u(t) dt+ 5 V(@) vIE, e+ 5 |Au(©)

_ [ _(Aut)w) .
_/0 Fw) (VHOVu®) di, (48)

where for the first term on the 1.h.s we used the relationship

(92— * Opru) (t) = Op (g2—p * Oru) (1),

as 0;u(0) = 0. The Lh.s. of (4.8 can be estimated using Lemma [1.7.2] and r.h.s.
of (4.8) is estimated using the Cauchy and Young inequalities so that we gain

_s(T) (¢ 1 L
922()/0 19, Vu(t)||* dt + 5 [IVu(©) g+ 3 | Au(g)]?

3 3
gs/ 10, Vu(t)|? dt+C’s/ |Au()|)? dt.  (4.9)
0 0
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Choosing an appropriate € > 0, we get that

£ 13
/ 10V u(|? dt + [Vale) - Il + [ Au@)|? < C / | Au(t)]? dt.
0 0
2 ¢ 2
Due to the estimate ||Vu(€)]|” < / |10:Vu(t)||” dt, we obtain that
0

3
IVa(€)* + IVu(€) - vIp, + Au(@)] < C/O 1Au(t)||* dt.

Finally, we apply the Gronwall lemma and get
IVu@©)|* + [Vu(©) - v, + | Au@)* <0, (4.10)

which holds for any ¢ € [0, 7. Since |I'p| > 0, we may use the Friedrichs inequality,
Theorem [1.3.9} [lu(t)|| < C'||Vu(t)|, which implies that v = 0 a.e. in Q x [0,T].
Furthermore, we can conclude from (4.6) that h =0 a.e. in [0, 7. O

4.4 Existence

Let divide the interval [0, 7] by the step 7 = %, for any n € N. We introduce
t; = ir, for i = 1,...,n, and for any function z we define z;, 6z;, 622; as in the
previous chapters. Using this notation, we may define the approximate solution
along the time slice (u;, h;) as the solution of discretized equation of (P)) and (MP).
We get a system of equations

((ga—p * 52Vu)i Vo) + (Vui v, Vo -v)p 4 (Aug, Ap)
=hi(Vf, V)= (0i,Vo- V), (DPi

for all ¢ € V', with u(0) = ug, 9,u(0) = vy, and
(92—/3 * m//)i - (Aui—hw) =h; (fa (.d) ) (DMPI)

fori e {1,...,n} with n e N.

The next lemma deals with the existence of the solution of the above coupled
equations for every 1.

Lemma 4.4.1. Let ug € V, vg € HY(Q), f € H}(Q), w € L*(Q), (f,w) # 0,
m € C?([0,T)]), o € C([0,T],L?(Ty)). Then for each i € {1,...,n} there erists a
unique couple (u;, h;) € V x R solving and for every o € V.




90 A fractional wave equation with a dynamical boundary condition

Proof. Since we assume (f,w) # 0, we can eliminate h; from (DMPi) to obtain

(g2—p *xm"), — (Au;—1,w)
(f,w) '

When w;—; € V, then h; € R. We can rewrite (DPi)) for ¢ = 1 into

h; =

1
~92-6(7) (Vur, Vo) + (Vur - v, Voo - v)p 4 (Auy, Ap)

=hi (Vf,Ve) = (01, Vo V) + %92—5(7) (Vuo, Vo) + g2—5(7) (Vuo, Vo) .
(4.11)

The Lh.s. of this equation can be understood as a bounded bilinear form on V" and
it also holds

1
—g2-4(7) (Vu1, Vur) + (Vuq - v, Vg - I/)FN + (Auy, Auy) > C(7) ||u1||%/ .
pu

Moreover, the r.h.s. can be seen as the linear bounded functional on V. Therefore,
according the Lax-Milgram theorem [1.2.4] there exist a unique u; € V solving
(A.11). The similar as above can be done for the rest of i € {1,...,n}.

O

Lemma 4.4.2. Under the assumptions of Lemma if moreover it holds that
o € CY([0,T),L3(Ty)), then there ezists a positive constant C (independent of n)
such that

n n
@) guax, (g2 ¥ IV8%), + 3 0n-(8) 19001+ 3 ol 7
1= 1=
n
2 2 2
+ max [|[Va; vl + max Au ]+ A - Auis|

i=1
n
+Z ||Vu1 UV — Vui_1 . I/H2 < C,

=1
ji | < C.
(@) max |hi| < C

(4.12)
Proof. We set ¢ = du;7 in (DPi) and sum it up for 1 <i < j, j € {1,...,n}, to get
J

J J
((gg,lg * 62Vu)i ,V&ui) T+ Z (Vu; - v, Vou; - I/)FN T+ Z (Aug, Adu;) T

i=1 i=1 i=1
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J J
Z hi (Vf,Vu;) T — Z (04, Vou; -v)p 7. (4.13)
i=1

=1

For the first term on the Lh.s. in (4.13), we use (2.10)) to rewrite it and Lemma
to estimate the lower bound in the following manner

J
Z ((g2-p % 52Vu)i ,Vou;) 7
=1

J J
- Z g2—p(t:) (Vouo, Vou;) 7+ Y (8(ga—p * 6Vu), , Viu;) 7
i=1

> Zgg 5(t;) (Voug, Vou;) T
=
+§Z5(ngﬁ*||V6u|| ).7+5 Zgz 5(t:) [ Vous | 7
J = 1 9

> 3 gamp(t) (Vo Vo) 7+ 5 (2= [ V80,

+2 Zgz () | Vous > + L2222 f’ Z||V5u1|| o (4.14)

On the second and third term on the Lh.s. in , we apply Theorem The
Cauchy and Young inequalities are used on the first term on the r.h.s in (4.14) and
on the first term on the r.h.s in , coming from the use of ; they are also
used on the second term on the r.h.s in (£.13), after rewriting it as

J j—1
- Z (04, Vou; - v)p 7= Z (60it1, Vu; - v)p, 7 — (05, Vu; -v)p
i=1 i=1

+ (o1, Vug - l/)FN )

By realizing the above steps, we acquire

1
5(92 5% [|[Voul| ) 292 5(t:) || Vou || 7 2280 ﬁ ZHV&%H T

1 2
+5 IV - vllp +5 ||AUJ|| +5 ZHA% Auiy |42 ZHVUZ v—Vu_i vl

zl 11
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Jj—1
0<1+0 S r+C > IV - u||FNT+sZHv5u,H T+el|Vu vl

=1 =1 =1
D SO

Next, we may estimate h; from (DMPi|) by
hil < C(1+ [[Auial]),

then if we choose the appropriate ¢ > 0, we are prepared to use the discrete
Gronwall lemma and obtain

5 (92 IV8u) + 292/3 ) IVou,|? 7

[ 1 2, 1 ! 2
y 2200 vaam ro 3 IV vl 1w 5 S A — Au
i=1 i—

1 J
+ §Z||Vuz ~V—Vui_1 'V||2 < C.

Since we have I'p = 0 and |'p| > 0, we can use the Friedrich inequality to estimate

J J
> loui?r < €Y (IVou|* .
i=1 =1

With this we arrive to the estimate (i) from the lemma and consequently also to
(id). O
For the next lemma, we need to additionally define hg from (MP) as

(Aug,w)
(fiw) ~

and assume that the following compatibility condition holds

ho = —

(Vug - v,V -v)p + (Aug, Ap) = ho (Vf, V) — (00, Ve - v)p, . (415)

for every ¢ € V.
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Lemma 4.4.3. Under the assumptions of Lemma if moreover vy € V,
m € C3([0,T)), o € C%(0,T), L*3(T'y)) and holds, then there exists a positive
constant C' (independent of n) such that

(9) IMX(WB*HVﬁM|)+§:mz9 98+ 3 62l

0<i<
=1

+ max |[Vou, - vl + nax (| Adu||? +Z||A5ul Adu;_+|?
=1

—I-Z IVou; - v — Vou;_q - 1/||2 <C,

(i) 160 < C (11 gas(ts).
(4.16)

Proof. First we estimate the difference of the h;, for i = 1, we get

go—p(t1)miT

|6h1] < ()

< Cga—p(t1),

and for i > 2, we see that

|0hi| < C

go—p(ti)mg + (g2—p * om”), — (0Au;_1,w) ‘
(f,w)
< C(L+ gop(ts) + | Adu;—1]]) .

Next, we make the difference of two consecutive discretized equations (DPi)

(6 (ga—p * 52Vu)i Vo) T+ (Véu,; v,V V)p, T+ (Adu;, Ap) T
=6h; (Vf,Vo)T —(60:, Vo -V)p T

We set ¢ = §%u; and sum those equations up for 1 <1i < j, j € {1,...,n}, to obtain

J j
Z (6 (92_5 * 62VU)Z ) vazuz) T+ Z (V(;ul ‘v, V52ui . V)FN T
i=1 i=1
J j j
+ 3 (Doui, AP w) T =Y 0hi (VF,V8ui) 7= (d04, Vo u; - v). T
=1 i=1

i=1

Terms are estimated analogously as in Lemma [£.4.2] except the first term on the
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r.h.s., which is estimated in following way

J

J
CZ |6h| || V6% us|| 7

> 6hi (Vf,V&u;) 7 <
i=1 =1
J
< O (L gampts) + [ Aduia)) | V0% ] 7
i=1
j J
< Cote) | VEul r+CY gaslti)T
=1 i=1
j J
e ) g0 p(t) [VOus|* 7+ C Y Aduia P
=1 =1

using Cauchy and Young inequalities. Choosing an appropriate € > 0, using the
Gronwall lemma and Friedrich inequality bring us to the results in the lemma. O

In the next step, we define piecewise constant or linear interpolations in time as

Upy Up, U 2 [0,T) = V and v,, T, : [0,T] = V with prescription (2.20)) and (3.34)),
respectively. With those definitions, we may rewrite (DPi)) and (DMP1i) into

((72=5,, * Vo) (t:), Vo) + (Vn(t) - v, Vo - v+ (AT (1), Ap)
= hn(t) (Vf, V) = (@n(t), Vo V), (DP)

and
(G253, % m"n) (ti) + (At (t),w) = ha(t) (f,0), (DMP)

respectively, for ¢ € (t;_1,1;].

In the following theorem, we prove the convergence of the above sequences of
functions to the function w in the appropriate spaces and the convergence of the

and (DMP) to the (P) and (MP)), respectively.

Theorem 4.4.1 (existence of a solution). Let f € H}(Q), w € L*(Q), ug,vo € V,
(f,w) # 0, m € C3([0,T]), o € C%([0,T],L*(T'y)) and suppose that holds
true.

Then there ezists a solution (u,h) to the (B), (MP) obeying u € C ([0,T],V)
with dyu € C ([0, T], H*(2)) N L> ((0,T),V), duu € L* ((0,T), H'(Q)) and h €
C([0,77).

Proof. First, we will prove the uniform equi-continuity of the sequence {h,,}, using
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Lemma [4.4.3| (i7) we obtain

n(8) = ha(5)] = |1 () e | < c/ 12911 d
t2 B _ g2-8 0
< B
s U5 +eC=Ce*" +e),

for s,t € [0,7], s < t, such that [t —s| < &, where C is independent from n.
Lemma (i3) gives us the equi-boundedness of {h,}. Using the Arzela-Ascoli
theorem we get the convergence of subsequence of {h,} in C([0,T]) to some
h € C([0,T]). For the sequences {u,} and {u,} the estimate

2
s [7,(0) [ + mase (o, (1)) < €

is obtained from Lemma and Lemma [£.4.3] According to the compact em-
bedding V' € L?(f2), we can use Lemma [1.5.1, which brings us the existence of u
belonging to C ([0, 7], L*(2)) N L> ((0,T), V) with dyu € L> ((0,T), L*(2)) and
the subsequence of {u,}, {@,} (indexed again by n) such that

Up — U, in  C ([0,T],L*()) (4.17a)
un(t) = u(t), in V, Vte(0,T) (4.17Db)
Up(t) — ul(t), in V, vte(0,T) (4.17¢)
Oyuy, — Oyu, in  L2((0,7),L3(2)). (4.17d)

Since the space L? ((0,T), V) is reflexive from the estimate (i) from Lemma [4.4.3]
we obtain

Oy, — Oru, in L*((0,7),V),

and consequently

T
[ut) —u(s)lly < VIt - SI\//0 10pu(r)|37 dr < Cv/Jt = s|.

Since ug € V, we obtain u € C([0,7],V). Similarly, as above form Lemma [.4.3|
we obtain the estimate

T
mas [0, (0 + [ 0, (0] dt < C.
0

te[0,T]

which implies existence of v € C ([0,T],L*(€2)) N L> ((0,T),V) together with
dw € L*((0,T),L*(2)) to which a subsequence of {v,}, {U,} (indexed again by
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n) converges in following way

U =, in  C([0,T],L*()) (4.18a)
v (t) = v(t), in V, Vte(0,T) (4.18b)
T, (t) — v(t), in V, Vte(0,T) (4.18¢)
Opvn, — Opv, in  L2((0,7),L*(2)). (4.18d)

Furthermore, the estimate fOT ||8tvn(t)|\z,1(m dt < C from Lemma and the
reflexivity of the space L? ((0,T), H'(f2)) give

Oy, — Oy, in L? ((O,T), HI(Q)) ,

and then

T
[o(8) = v($)l 1) < VIE = SI\//O 10e0(r) 1771y dr < C/It — 5.

So by assuming vy € H'(£2), we get v € C ([0, 7], H*(2)). There is a connection
between u and v which we can see after we pass the limit n — oo in

(n () — w0 0) = / (Oa(s) @) ds  for € IA(Q),
and get .
(ult) — o, ) = / (v(s),p)ds  for ¢ € L3(Q).

So, it holds v(t) = dyu(t) a.e. in [0,T].

The next step is to show that the couple (u,h) solves (MP)) and (P]) for all
¢ € V. Hence, we need to proof the convergence of (DMP) and (DP) to (MP)) and
(]ED respectively. We start with ( , first, we may estlmate

|(72=5,, * m""n) (t:) — (72=5,, % m") (t)|
[ a5 - (9 as| + (gwm—s>—gwn<t—s>)m"n<s>ds\

<c / 5, (t —s)ds + C / 19575, (t: — 5) — 527, (t — )| ds.
t

<

From the pointwise convergence of go_5, to g2_p in (0,7) and the Lebesgue dom-
inated convergence theorem, we obtain convergence

(@275, % m"n) (ti) = (925 % m") (¢).
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Furthermore, the estimate maxo<i<y [|Adu;||> < C from Lemma m (1) yields

/0 |Adiy (1) — AT, (1) dt = O (7).

from the same lemma part (i7), we obtain the similar fact that

T P
/O oo (t) — ha(1)] dt = O (7).

With the above arguments and convergences, we may proceed to the next step.
Before passing to the limit, we integrate the whole equality (DMP)) over (0, &), for
& € (0,T]. Next, we pass to the limit n — oo and differentiate, which bring us to

(MP) for a.a. ¢ € [0,T].

We advance with limiting to the equality (DP). The most interesting part is
the first term on the Lh.s.; to pass the limit the following estimate is needed

¢
/0 ((72=5,, % 0:Vvn) (t:) — (925, * 0: V) (t), Vi) dt

< /(j /ttz 92—p,(ti — 8) (0:Vun(s), Vi) ds|dt
5 t(gz G2-5,(ti — s) — Ga—p,, (t — 5)) (8:Vn(s), V) ds| dt

/ / Tt~ 9) 1050 V] ds
t [ [ -9 55, Ol 10T m 96 asat

The first term in the inequality above may be estimated using Holder’s inequality
and Lemma {4.3] as follows

/ / G2—p,,(ti = 8) [|0: Vv (s)|| [Vl dsdt

<ivel [ \// R ROE \// T, (= ) [V () ds s

< |Vl vr2- / \// T35, (ti = ) 0.V (s)||* ds dt
< OVl VT2,

(4.19)
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The second term is estimated in the following manner
13 t

[ [ 5,09~ g3, - ] 090 V6] dsat

& €
< Vel / / (9575, (t: — 5) — 535, (t — )| [0 Vvn(s)|] dtds

e”® 3
< vyl / 10: V0 (5)] / (G55, (t — 5) — 5o, (t — )| dtds

0 s
2

¢ ¢ [ r¢
SIleOH\//O 10: V0, (s)|| ds /O</ |92—Bn(ti_3)_g2—ﬂn(t_5)|dt) ds

<C|Vell,

(4.20)
where switching the order of integration was done, the Holder inequality and esti-
mate form Lemma were used. Since ga_5, — g2 in (0,7) poitnwise with
the above estimates we obtain

¢
lgn / ((92—Bn S atvvn) (tz) - (gQ—Bn S 6'th”) (t)7 VSO) dt| = 07
n—oo | /g

by applying the Lebesgue dominated convergence theorem. Next, with the use of
the Cauchy, Holder and Young inequalities, we get

§
/o ([ﬂn - 92_5] * (0:Vup, Vap)) (t)dt

¢ ¢ ¢
S/O |92=5,,(t) — g2-5(1)] dt\// 10,V vu ()] dt\// IVel® dt < OVl
0 0

which allows us to use the Lebesgue convergence theorem to gain

lim
n— 00

¢
/0 ([72=5,, — 92-5] * (8:Vv,, V) (t) dt| = 0.

Last estimate necessary for passing to the limit is

£
/0 (g2 % (9:V0m, Vi) ()l

13 13 £
< / gzﬁ(t)dt\/ / 10, Vo ()12 dt\/ / IVl dt.
0 0 0
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We consider the estimated integral as a linear bounded functional on the space
L?((0,T),H'(9)), using the weak convergence of d;v,, to d;v in that space brings
us

¢ 3
lim [ (g1-p % (9:Vvn, Vo)) (1) dt:/o (91-8 % (0: Vv, Vo)) (t) dt.

n—oo 0

In the final step, we integrate in time over (0,¢), for ¢ € (0,7, with the
above estimates and convergences we pass to the limit n — oo to obtain

13 13 £
/'«m_ﬁ*aﬁhO@LV¢wﬁ+/ ama>»«Vw-kadvg/<AuumAwwﬂ
0 0 0
£ £
:/ h(t) (Vf, V) dt —/ (o(t), V- U)FN dt.
0 0

Differentiation with respect to £ gives us (]ED O

n
Note that the estimate Zgg,g(ti) ||V62uiH2 7 < C is essential for proving the

i=1
convergence of the Rothe function to the solution.

4.5 Error estimate

Theorem 4.5.1 (error estimate). Under the assumptions of Theorem then
there ezists a positive constant C (independent of n) such that

T
/ In(t) = B ()| dt < C7>P (4.21)
0
and

IVa(t) - v — V() - vIIE,, + [Au(t) = Au ()]

T
+/ 10: Vu(t) — an(t)\|2 dt < Cr* P, (4.22)
0
Proof. First, we state an estimate for some differences of Rothe’s functions

/\m%@—Amwww+/|m%m—Ammww
0 0
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T T
+/ [Vun(t) — Vo, (t)|? dt+/ ||Vun(t)ou—Vﬂn(t)~y\|1%N dt
0 0

T
+/ low(t) — 7 (D)2 dt < Cr2.
0

We also remind that 7,, = d;u,, a.e. in (0,7). It holds for the convolution kernel
g2—p that

Hg%ﬂ - mnHLl(o,T) <Crh

Above estimates will be used through the whole proof; we will also assume 7 small
enough. Next, from the equations (MP)) and (DMP)), we calculate

/£ In(t) = B ()| at
0
(ga—p km") (t) — (g2=5,, * m"n) (t:) — (Au(t) — Aty (), w)

SAS F,w)

¢ 2
SC’(/O |(g2—p % (m" —m’,)) (t)|” dt

2
dt

¢ 2
# [ V(s — ) ) @ at
: — LT — 2
+ /O (G55, % 7) () — (G5, % 77) (1) dt
13
+/0 | Au(t) — Adin ()] dt)

<c(ggm@w¢wmﬂ—mwﬂé@m

2 —7 |I?
=+ H92—ﬂ - QZ—BnHLl(o,T) Hm "||L2(0,T)
2

+/O§ (/ttigz_ﬂn(ti—s)ds> dt
+/05 (/Ot |92=5,,(ti = 5) — G2=5,,(t — 5)| ds>2dt

13
+/0 | Au(t) — Adin ()] dt)

¢
<c (Tz 4 (2-8)2 +/ | Au(t) — At (8] dt)
0
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3
<C (T<2—6)2 +/ | Au(t) — Adiy (£)]| dt) ,
0

where we used

/Ot |mn(t1 —5) —G2-p,(t — s)| ds
:/Otit1 (mn(t—s)—mn(ti—s)> ds
[ (@ - g, - 9) ds
< [ @ - o) -7 - ) ds+c/ G, (¢ — ) ds

tz 1
<C/ (ti1 —s)' (ti+1_5)5d8+0/ G2—p,(t—s)ds
ti—1

2 N G+ + Ot — i) P
SCT -,

for t € (t;—1,t;]. We can estimate
1Au(t) — A (t)]|* dt

13
<C [ ||Au(t) = Aun (8| dt + 0/ | A (t) — Adi (2)||* dt
0

13
<C (72 +/ [ Au(t) — Auy, ()] dt) ,
0
so finally we get

/ | (t) dt<C< (2-5)2 / | Au(t) — Ay, ()] dt>. (4.23)

Subtracting from (]ED, we obtain
((92-p % 01 Vu) (t) — (9275, * Vrvn) (t:), V)
+ (Vu(t) v = Va,(t) - v, Vo - v)p  + (Au(t) — A, (t), Ap)
= (A(t) = ha(t) (Vf, V) = (0(t) = Tn(t), Vo v)p (4.24)

choosing ¢ = J¢(u(t) — u,(t)) and integrating the whole equation over (0,&), £ €
(0,77, we get
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/O 5 (925 % 00 V) (1) — (G55, % VOwn) (), V(Ds(ult) — un(t)))) dt
+ /0 *(Vult) v — Van(t) - v, VO (u(t) — un(t))) - V), dt
+ /05 (Au(t) — ATiy (1), ADy (ult) — un(t)))) dt
= /0g (h(t) = B (1) (V £,V (Oe(u(t) — un(t))) dt
- /0£ (o(t) = 7n(t), V(Oe(u(t) — un(t))) - v)p, dt.

(4.25)

The third term on the L.h.s of can be rewritten as
13
/O (Au(t) — A (1), Ay (u(t) — un (1)) dt
13
- / (Du(t) — D (£), M@ (u(t) — un(£))))
13
+/ (Aun,(t) — AT, (1), A0 (u(t) — un(t)))) dt
0

3
= 5 180©) = Ay I + [ (ua6) = ATy (1), A1 (u(t) = (1) .

Next, we can estimate by Lemma [£.4.3]

3
S/O [Aun(t) = At ()] [|AG: (u(t) — un ()] dt < 7. (4.26)

We can estimate the second term on the L.h.s. and the second term on the r.h.s. of
(4.25) in a similar manner. The first term on the Lh.s. in (4.25) may be rewritten
as

3
/O (92— * 0uVu) (t) — (92=5,, % VOwn) (t:), 0 Vu(t) — 8;Vu,(t)) dt
3
= /0 ((g2—p * 0 Vu) (t) — (g2—p % VOrvy,) (t), 0:Vu(t) — 0:Vu,(t)) dt

3
+ /0 ((9275 * Vatvn) (t) - (ﬂn S vatvn) (t), 8tVu(t) — 8tVun(t)) dt
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§
+ /O ((72=3,, * Vo) (t) — (G2=5,, * VOrvn) (t:), 0, Vu(t) — 8, Vun(t)) dt.
(4.27)

Here, the first term in (4.27)) can be rewritten and then estimated by using Lemma
.2l as

¢
/0 ((92—p % 01 V) (t) — (g2—p * VOyy) (1), 0:Vu(t) — 0, Vuy,(t)) dt

€
= /0 (01 (92— * (0t Vu — Vuy,)) (t), 0:Vu(t) — Vo, (t)) dt
13
+/0 (92— % (01 Vu — 0:Vuy,)) (t), Vo, (t) — 8; Vu,(t)) dt
3
e / 10,V u(t) - Vou(t)]> dat
€

+/0 (92— *(0¢: Vu — 0t Vvy,)) (1), Vup(t) — 0;Vu,(t)) dt,

where the second term is estimated as

13
/0 ((92-8 (01 Vu — 0, Vvy,)) (t), Vo, (t) — 8;Vu,(t)) dt

1
2

£ 5 2 £ 9
< ( / (92— %0V — 6,Y0,)) (1) dt) ( / IV 0n(t) — 8 Vun (1) dt)

< C7.

The upper bound of the second term in (4.27)) is obtained by using Young’s in-
equality for convolutions in the following way

3
/0 ((gQ*B * Vatvn) (t) - (mn S vatvn) (t), 8tVu(t) - 8tVun(t)) dt
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§
= /0 (((92-p — 92=5,,) * VOwvn,) (1), 8 Vu(t) — 0;Vu,(t)) dt
¢ 2
< Cc [ (- = 755, Vo) ()
+e /g 0, Vu(t) — 8, Vun (t)|* dt
0

P 2 2
< Ce |25 = 25, | 1 (o) 1VOe0nl T2 (0,1, 2202y

¢
+5/ [Voru(t) — Vo, ()] dt
0

13
+e/ [V (t) — Vouu, (t)||* dt
0

3
< Cr® P2 e [T [9B) - T, ()]
0

We get the estimate for the last term in (4.27) similarly as estimates (4.19), (4.20)
in the proof of Theorem {.4.1]

13
/O ((72=5,, * Vn) (t) — (925, * VOvn) (t:), 0:Vu(t) — 9 Vu, (1)) dt

- /§ </: 955, (ti — 9) 10:Vun(s)]| ds

0
t
/ (925, (ti — 5) = G2=5,,(t — 5)[ O Vn(s)]| d8> 10V u(t) — 9 Vun(t)]| dt
0
t

2

13 f
<c. | ( [ Tt 1070 ds) dat
0 t
2

&, ot
+C. ( |72=5,,(ti — 5) — G2=5,,(t — )| |10 Vvn(s)|| ds) dt
0

+

0
€
+€/ 10, Vu(t) — 0,V (¢)||* dt
0
13 13
< (28 +e/ IV Ou(t) — Vo (8)]? dt + e/ Von(t) — Vopun ()| dt
0 0

3
<Ol 4 e/ IVOu(t) — Vo, ()||° dt.
0

The first term on the r.h.s of (4.25) is estimated from above as

¢
/0 (h(t) = B (1)) (V£, V(01 (u(t) — un(t)))) dt
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<c. / Ih(t) di e / IV 0ru(t) = Vo (O] dt
te / V0 (t) — Vo (1) dt

% dt.

13 13
< Cr@P2 4 cs/ | Au(t) — Aun (8| dt + e/ [VOyu(t) — YV, (t)
0 0

With the above estimates and choosing an appropriate € > 0, we arrive at

¢
/0 10:Vu(t) = Voo () dt+[|Vu(€) - v = Vg (€) - vlp, + | Au() — Au, (€]

<cC (Tw + /Og 1Au(t) — Aun(0)] dt) ,

finally, applying the Grénwall lemma, we get

13
/0 10:Vu(t) — Ton ()] dt + [[Vu(E) - — Vun(€) - v|2.

+ | Au(E) — Au, (6)]* < O 5.

4.6 Numerical Experiments

We present here a couple of numerical experiments. The first two calculate the
solution from the exact measurement. They differ in the measurement function.
More concrete, we take two different choices for the function w, which will represent
either measurement trough the whole domain or just trough its part. The second
experiment is a possible approach to the noisy measurement.

We use the algorithm arising from the time discretization. The solution couple
(u;, h;) on the i—th time layer is calculated from (DMP1i) and (DP4i)), in this order,
and then we move to the next time level.

In the experiment, we assume x € Q = (0,7), T =3 and 8 = 1.3, T'p = {7},
I'n = {0}, next

f(z) =sinz,
accompanying boundary and initial conditions take the form
ug(z) = sinz,
vo(z) = 0,

o(0,t) = 3 —t2+5.
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The first measurement is given by
my(t) = / u(x, t)wy (z)de = 12t — 4,
Q

where
w1 (.’II, y) =54

in the second we assume

ma(t) = /Qu(x,t)wg(x) dz =6t — 2,

with

1, z€[0,%],
wo(x,y) = .
2(2,9) {O, otherwise.

One can easily calculate that

u(z,t) = (t* —t*+5)sina, A
_ 6 3-8 _
B 1 B} G ) L C W) o)

are the exact solution of the problem given by above data.

2P 43 2 +5

The algorithm is implemented in Python, where we use the finite element library
DOLFIN from the FEniCS Project [73]. The domain is divided into 50 cells and
we use Lagrange basis functions of order 2. To avoid numerical complications we
formulate the problem as the mixed one defining the new unknown v = Vu.

4.6.1 Exact data

For both measurements, we calculate the solution for a couple of time steps 7. On
the Fig. (a)-(e) we see the reconstruction of h for 7 = 0.015625, the evolution
of relative errors and the decay of relative errors for decreasing 7 for w;. The
interpolating lines in (d) and (e) take the shape 1.0103logaT — 0.5738 for error of
uw and 0.6871log, 7 — 1.9117 for h. The same is depicted on Fig. for we. The
interpolating lines in (d) and (e) take shape 0.9952logo7T — 0.5145 for error of w and
0.69421og, 7 — 1.7849 for h. The relative errors depicted in Figures [4.2(d), (e)
are calculated as

max [ttezact (t) = app(t) ||L2(Q)

error, = ,

méiX ||eract (t> ||L2 (€9))
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for the relative error of v and

\/ Jo Nhewact(t) = happ(t)] dt
\/foT |Pezact (t)|2 dt

errory =

)

for the relative error of h.

We assumed S = 1.3 in the calculations. Theorem implies that error? <
C7%7 and error? < Ct°%7. The slopes of the interpolation lines in the error decay
pictures should correspond to @ The reason is that the errors from the theorem
are squared. The denominators in the calculated errors influence just the intercept
value in the interpolation line. Then, according the calculations for wy, it should
hold that

2 .
ltezact(t) = tapp (D 2q) < T2,
and
T
/ |hezact(t) — happ(t)|2 dt < 013742
0

which agree with the error estimate form Theorem since 729206 gnd 713742
is smaller then 797 for small 7.

4.6.2 Noisy data

The noisy measurement for this calculation is modeled as previously. We apply the
least square method on m.(t) to obtain a function in the form

Mapp(t) = at® +bt* + ct +d,

which approximate m.(¢) and is smooth enough to be used in the algorithm.

We can see the original function m, the noisy measurement m.(t) and its ap-
proximation on the Fig. (a). The reconstruction of the source term for several
values of € can be seen on the Fig. (b). We see the corresponding relative error
in time for h and w on the Fig. , (d).
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Chapter 5

Identification of a source in a
fractional wave equation from
a boundary measurement

This chapter is based on the article [I29], which has been already submitted to
Journal of Computational and Applied Mathematics for publication.

5.1 Introduction

In this article, we are interested in the following fractional wave equation accom-
panied with standard initial condition and the Neumann boundary condition

(927ﬁ * Opu()) (t) — Au(z,t) = h(t)f(z)+ F(x,t), z€Q,te(0,T),
u(z,0) = wo(x), z €,
Ou(z,0) = wo(x), x €,

—Vu(z,t) v = 7(z,t), (z,t) e T'x (0,T),

(5.1)
where 0 C R? is bounded with the Lipschitz boundary I', T > 0 and go_g is the
Riemann-Liouville kernel.

The Inverse Source Problem (ISP) we are interested in here consists of identi-
fying a couple (u(z,t), h(t)) obeying (5.1) and

/Fu(x,t)w(x)ds =m(t), t € 0,77, (5.2)

111
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where w is a solely space-dependent function, many times chosen to have a compact
support in I'. This type of measurement is often called non-invasive as opposed to
the measurements which take place inside the considered domain.

In Chapter [3, we have dealt with the similar equation but the measurement
was taken over a subset of 2. The added value of this chapter relies on using the
non-invasive measurement in the form of the integral over the part of the boundary.
The approach, we take, will demand the estimates for the Laplacian of v on the
boundary, which was not necessary in Chapter [3]

This chapter is organized as follows. In the short second section, we reformulate
our problem. In the third section we introduce the time-discretization, prove some
useful a priori estimates, introduce the Rothe functions and at the end prove the
existence of a solution. The last section deals with the uniqueness of the solution
in appropriate spaces.

5.2 Reformulation of the problem

Without the loss of generality, we may assume that F' = 0 and v = 0. This follows
from the superposition principle, which is valid for all linear systems. Then the
solution of (5.1) can be written as u = v + w, where

(g2—p * Oyv(x)) (t) — Av(z,t) = F(z,t), rzeQ, te(0,7),
v(z,0) = wuo(z), z €, (5.3)
Ow(z,0) = wvo(x), x €, '
—Vou(z,t)- v = ~(x,t), (z,t) e ' x (0,T),
and
(92— * Opw(x)) (t) — Aw(z,t) = h(t)f(x), reQ, te(0,T),
w(z,0) = 0, x € Q,
Oyw(z,0) = 0, x € Q,
—Vuw(z,t)-v = 0, (z,t) e I'x (0,T).
(5.4)

Thus, instead of (u,h) the new couple (w, h) has to be found and measurement
needs to be modified to

/ w(z, w(z)dS = m(t) — / o(z, w(@)dS = (),  te[0,T].  (5.5)
T

r

From now on, we will denote the new sought couple (w, k) and the measurement
function m again by (u, h) and m, respectively.
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Next, we reformulate our problem into two coupled equations using the mea-
surement and the variational formulation of (5.4]). Taking the first equation of ([5.4))
and multiplying it by w and integrating over the boundary I we get

(92— % m") (t) — (Au(t),w)p = h(t) (f,w)r - (MP)
if we assume that (f,w)p # 0, we may eliminate A in the following manner

(g2-p % m") () — (Au(t),w)r
(f, W)r .

By multiplying the first equation of (5.4) by » € H'(Q) integrating over € and
using the Green theorem, we obtain the weak formulation, thus, it holds

((92-p % Oru) (t), @) + (Vu(t), V) = h(t) (f, ¢) (P)

for any ¢ € H'(Q), a.a. t € [0,T]. Hence, in the reformulated inverse source
problem, we are interested in finding a couple (u, h) which solves the equations (P])

and (MP) with «(0) = 0, d;u(0) = 0.

h(t) = (5.6)

5.3 Existence

We divide the interval [0, 7] into n equidistant pieces, for n € N, and define a time
step as 7 = %, for i = 1,...,n, then for any function z we define notation for the
value at point ¢; and the first and second difference as in the previous chapters.

We approximate the solution of (]EI), (MP)) on the i—th time-layer, for i > 1, by
(u;, h;) which solves

((g2-5 % 8%u), ) + (Vus, Vo) = hi (f, ), (DPi)
for p € H'(Q), with dug := 0 and
(g %), — (B, )y = B (. );.. (DMP)

Next, we define set
V={p: Q= R;lell + Vel + |Ap] + [VAp[ < oo}

1
which equipped with the norm |||y, = (||<,0||2 +IVel? + 1Agl® + VAR is
Hilbert space compactly embedded in L?(Q). Since there occurs Au; in (DMP3)),
we need to control it on the boundary which leads us in looking for the solution in

the space V. Following lemma handles the existence of the unique couple (u;, h;)
on every time slice.
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Lemma 5.3.1. Let f € H(Q), w € L*(T), (f,w)p #0 and m € C*([0,T)). Then
for each i € {1,...,n}, there exists a unique couple (u;, h;) € V xR solving
and for every p € HY(Q).

Proof. Assuming (f,w)r # 0 and u; € V, we can write

(92— * m“)i — (Aui_1,w)p
(f7 W)r

The equation (DP3) can be rewritten such that all u;’s with & < ¢ — 1 are placed
on the right hand side of the equation, so we get

h; = cR.

i—1
%g%ﬁ(ﬂ (i, 0) + (Vui, Vo) = hi (f,0) = > ga—p(tiv1—r) (6%ur, ) 7
k=1

202 () (1,9 + 92-5() Gui1,9). (5.1

When w1, ...,u;_1 € L*(), then, with the assumptions on f, uy and vg, the r.h.s.
of the equation can be seen as a linear bounded functional on H!(£2), moreover,
the Lh.s. of the equation is a bounded bilinear form

Blus, o] = g2 5(r) (s 9) + (Vui, V)

on H'(Q) x HY(Q) with Blp, ] > C H(pHiIl(Q)' Using the Lax-Milgram lemma
iteratively, we can conclude that there exist unique u; € H'(f2) solving (DP3).
Now, we want to prove that u; € V. Looking again at the equation (DP4), the
term (Vu;, V) can be understood as a realization of a linear bounded functional on
H'(Q). From the Hahn-Banach theorem there exists an extension of that functional
on L?(2) with the same norm. The Riesz theorem says that this extension can be
represented uniquely by a function from L?()), we denote this function as —Au,.
We may write

— (Aui, ) = hi (f,0) = ((92-5 % 0%u) ) , (5.8)
for every ¢ € L?(Q), so,

—Au; = hif — (ga—p * 6%u), € L*(Q),

and using the assumptions of the lemma and applying the gradient on this equality
leads to
— VAu; = hiVf = (925 % V&°u), € L*(Q). (5.9)

O
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Now, we can work properly with (u;, h;). Our next aim is to gain some estimates
of them.

Lemma 5.3.2. Under the assumptions of Lemma [5.3.1) there exists a positive
constant C' (independent of n) such that

(925 o)) +Zg2 5 (t:) 10w T+Z||5uzu L o1

—&—ZHVW V| <CZh2 (5.10)

for every j €1,...n, n € N.

Proof. Let ¢ = 0u; in (DP4)), using the equality (2.10) we get that
(6 (ga—p *k 0u), , 6u;) + (Vui, Vou;) = hy (f, 0ug) .

Multiplying the equality by 7 and summing it up for ¢ = 1...j, we obtain

J J J
Z ((5 (ggfﬁ k 5“’)1 R §ul) T4+ Z (Vu“ Vu; — Vui,l) = Z h; (f7 6’11,2) T. (5.11)
i=1 i—

i=1

Next, we use Lemma for the first term on the Lh.s. of (5.11) and the Abel
summation [I.3.7 for the second term. Moreover, the Young inequality is used on
the r.h.s. in (5.11), hence, we get

1 2 1 d 2 92—
Lo 10u1%) 35 gaste B+ 220 S 74 L
i=1 i=1
1 J ) J J )
52 IVu; — Vu;—1]] SCEthT—I—EZH(SU,Z‘H T.
i1 i=1 i=1

Choosing suitable € > 0, we derive

(g2 loul*). +292 o (ts) 19wl T+Z||6uzu ™+ [V

=1

J J
+ Z ||Vuz - Vui_lHQ S CZhZQT
i=1 i=1
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Lemma 5.3.3. Under the assumptions of Lemma there exists a positive
constant C' (independent of n) such that

(0251 96u]*) +Zgz S 90l + 3 Vo P+ g

=1
+Z||Auz Au 4| <C’Zh2

for every j €1,...,n, n € N.

Proof. To gain the estimate from the lemma we start with the equation (5.8]) from
the proof of Lemma We set ¢ = —Adu;, which is justified since u; € V', for
0<i<y,

((92 5% R ) —Aéul) (Aug, Adu;) = h; (f, —Aduy) .
This can be rewritten as
(6 (g2—p * Vou), , Vou;) + (Au;, Adu;) = h; (V f, Vou,),
multiplying by 7 and summing up for 1 <i < j, we get
J J J
Z (5 (g2—p % Vou), , Véui) T+ Z (Auy, Adu;) T = Z h; (Vf,Véu;) .
i=1 i=1 i=1

This can be estimated in the similar way as in the previous lemma, with the help of
Lemma the Abel summation, the Cauchy and Young inequalities, we obtain
that

(025 %1 96u]*). +Zgz 0 19807+ 3 9507 +

i=1
J J
+ Z |Au; — A |® < R+ Vo) 7,
i=1 i=1 i=1
the estimate from the lemma is acquired by choosing an appropriate € > 0. O

Lemma 5.3.4. Under the assumptions of Lemma 1, if moreover f € H*(Q)
and Vf-v =0 on I' then there exists a positive constant C (independent of n)
such that
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(52 ¢ 1 800”) +Zgz 6 180w+ 3 8007+ [ 30

=1

J J
+ Z ||VAUZ - VAui_lHQ S CZ hzzT,

=1 i=1

for every j €1,...,n, ne€N.

Proof. Starting from (5.9), we multiply the equality by —VdAu;, integrate over
the domain €2 and get

((92-p * V6?u), , —=VoAw;) + (VAu;, VoAu;) = h; (Vf, —VAu;) .

The equalities for 1 < i < j, 7 € 1,...,n, are multiplied by 7 and summed up to
obtain

J J J

> ((92-p % Vo?u),, —VoAu) 7+ > (VAw;, VoAu;) 7= > hi (Vf,~V5Au;)T.
i=1 i=1 i=1

(5.12)
Next, the first term on the L.h.s. of is rewritten using the Green theorem and
, then Lemma is applied. For the second term on the l.h.s. the Abel
summation is used. For the r.h.s of the equality (5.12), first the Green theorem is
applied, and then the Cauchy and Young inequality are used to acquire

(g2 % o2l +Zgz 0 P+ 3 o7+ 9

i=1

J J
+ Z IVAw; = VAu; [P < CY hir+e ) |[dAu;|* 7, (5.13)

i=1 i=1 i=1
choosing the appropriate ¢ > 0 leads us to the estimate from the lemma. O

The next lemma aggregates the results of Lemma [5.3.2] Lemma and
Lemma [5.34] in to the final estimate.

Lemma 5.3.5. Under the assumptions of Lemma there exists a positive
constants C (independent of n) such that
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() max (g2-5% 5ul”), +292 () ousl” T+Z||6uz|| r

0<4

2 2
+ a0 + Z Vi = Vi | + max (gH *[[Voul*).

+Zgz 5(t:) | Voug||® T+Z||v5ul|| 7+ max 1A g

i=1

2
+§||Aui—Auz«_1|| + uax. (gg_ﬁ*mauu) +292 s(ts) [ Adwi]|* 7

- Z |AGw > 7+ " IVAu; — VAu; 1 ||* < C.
i=1
(i) max |h |<C

0<i<n

Proof. Starting from the equation (DMP4i)), we can estimate
hil = C (1 + [[Aui—1llp) < C (A + [[Avia || + [[VAu—1]) , (5.14)

where the inequality comes from the trace theorem. By summing all estimates from

Lemma Lemma up and using (5.14)), we are prepared to use the discrete
Gronwall lemma to obtain the inequality (¢) and consequently also (7). O

In following set of a priori estimates, we will work with a difference of the
discretized equations; therefore, we additionally need to define

ho = 0. (5.15)

Lemma 5.3.6. Under the assumptions of Lemma there exists a positive
constant C' (independent of n) such that

(g2 % [5%]*). +Zgz s(t:) [[6%us " T+ZH5%H T
i=1

J
+ 116ujl1 3 0y + Z IV6u; — Vou;_1||* < C [0k ||0%ui| ,

i=1 i=1

for every j€1,...n, neN.

Proof. Subtracting equation (DPi)) for ¢« — 1 from the one for ¢ and dividing by 7
gives us

(0 (92—p % 6°u),, @) + (Véu;, Vo) = 6hs (f, ).
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Notice that for i = 1 the above difference is the equation itself as (g2 * 6°u), = 0,
up = 0 and hg = 0. We set ¢ = §%u;7 and sum up equations for 1 < i < j. By using
Lemma the Abel summation and Cauchy inequality, we gain the estimate
from the lemma for j € {1,...,n}. O

Lemma 5.3.7. Under the assumptions of Lemma there exists a positive
constant C' (independent of n) such that

(gz,ﬁ*uva?uu) +Zg2 s(t) || Vo2u T—i—ZHV&QuZH 7

=1
J
+ || Adu;||* + Z [AGu; — Adu;—1||* < C " [6ha| || Vo> 7
=1 =1

for every j €1,...n, n€N.

Proof. Similarly as in the previous lemma, we make an difference, now, for Aw;,

using we get that
(5 (9275 * 52U)i ) <P) — (Adug, ) = 5h;i (f, ) .

Setting ¢ = —A§?u,;7, using the Green theorem and summing up for 1 < i < j, we
obtain

J J J
> (0 (g2-p % VO?u), , Vus) 7+ > (Adu;, AdPus) 7= 5hi (Vf, V5 u;) 7
i=1 i=1 i=1

Using Lemma the Abel summation and Cauchy inequality leads us to the
estimate in the lemma.

O

Lemma 5.3.8. Under the assumptions of Lemma there exists a positive
constant C' (independent of n) such that

J J
(s % [80%0]%) + 3 gnmott [A0%0 P + 3 0%+
=1

i=1

J J
I VASu|* + ) [VASu; — VASu; 1| < C Y [6hi || A%us| 7,

=1 i=1

for every j €1,...,n, n € N.
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Proof. First, we make an difference from to get
6 (g2—p % V52u)i — VAdu; =6h;Vf,
then we multiply by —VA§?u;7 and integrate over  to obtain
(0 (92—p * VO?u),, VAG w;) T + (VASu;, VAS w;) T = 6h; (Vf, VA u;) 7

Using the Green theorem for the first term on the Lh.s. and for the term on the
r.h.s, and then summing up for 1 < i < j we get

J

J J
> (6 (g2-p % AS%u),, APw) 7+ (VAGu;, VAS w;) 7= 6hi (Af, Ad%u;) 7
i=1 i=1

We acquire the estimate from the lemma by the same manner as we did in the last
step of the proof of Lemma [5.3.7] O

Lemma 5.3.9. Under the assumptions of Lemma if moreover it holds that
m € C3([0,T)), then there ezists a positive constant C (independent of n) such that

(1)  max (gg B*H(;?un) +ZgQ 5(t |52u1| T+Z||52u2|| T

0<i<n

+ max H5u1||H1(Q +Z||V6ul Véui_1||” + Jnax (92 5% || Vo2l )

i=1

+292 a(t HV(SQuZH T+Z|‘V62“z” T+ max ||A6u1||H1(Q
+ max (g2s % [ 20%]"), +Zga (t:) || A0% | T+ZHA52UZH r

+ 1 Adu; = Adui || Fi gy < C

(i0) [0hi] < C 1+ g p(ts).
(5.16)

Proof. First, we estimate the difference of h;. We get from (5.15) and (DMP3)

d (92—6 * m”)i - (Aéui—lvw)r = 6hz (f7w)1" 5

eliminating dh; from it and estimating the absolute value of it using the trace
theorem and (2.10)) gives us

0hi] < C (g2-p(ti)mg + (92-p * [0m”]); + | Adui—1]ly)
< C(1+ga-p(ti) + |Adu—1 || + [[VASu;—+ ) -
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Next, we sum all the results from Lemma to Lemma [5.3.8| up, and on the
r.h.s we can use the above estimate and the Young inequality to obtain

Z [0hs] ([|6%wil| + [ VO*ul| + [|A0%us][) =

=1
+[|a0%ui] )7
J
<D go-p(t) ([|0%us ] + [ VE%ul| + | A0 [) 7
=1

=1

J
<0 gas +€Zgg slts) (162w + [ 0%u]* + || ad%wi]|) =
+Ce Z(l—I—HA(Sul 1P+ IV A6 ]*) 7

J
e 3 ([l6%u]* + (| Vo2l + | Ad%ui]|) =

1=

—

Now, we choose the appropriate € > 0 on the r.h.s and move the terms to the l.h.s,
then we are prepared to use the discrete Gronwall lemma to get (i), consequently,
we obtain also (7). O

Next step is to introduce functions which helps us to define the approximate
solution on the whole time frame. We define them as ty,, Uy, 4y, : [0,7] — V and
Un, Ty, ¢ [0,T] = V with the prescription defined in the previous chapters, assuming
ug = 0, vg = 0. In the similar way we also define functions hn,ﬁn,mn,wn. As
we told before, with those definitions we can extend the discretized solution to the
whole interval [0, 77, so we rewrite (DP4) and (DMP4)) to

(9275, * Orvn) (1), @) + (VUn(t), Vo) = hn(t) (f, ) , (DP)

and o B
(G2=5, kM) (t:) + (At (1), w)p = ha(t) (f,w)p, (DMP)
for t € (t;—1,t;]. With the above definition and all the estimates we have, we may

proceed to the existence theorem. We will prove that the subsequences of Rothe
functions converge to a functions v and h, and that and (DMP) converge to
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[P) and (MP), respectively, so the functions u and h are then a solution of our
problem.

Theorem 5.3.1 (existence of a solution). Letw € L*(T"), f € H?(Q) with Vf-v =
0onT, (f,w)p #0 and m € C3([0,T)).

Then there exists a solution (u,h) to the (B, obeying u € C ([0,T],V)
with dyu € C ([0,T],L*(Q)) N L*((0,T),V), duyu € L?((0,T), H*(2)), duAu €
L?((0,T),L*(Q)) and h € C([0,T]).

Proof. Based on the estimate (i:) of Lemma [5.3.9] we get
|h.(8)] = |ohi| < Cti P +Cc <t P 4 C,
for t € (t;—1,t;]. Then for ¢, s € [0,T], such that |t — s| < ¢, for € > 0, it holds

/t|h;(r)| dr /t (r'=f +1) dr

| ’ |t2—ﬁ _ 32—/3|
2-p

which means that sequence {h,,} is uniform equi-continuous. The equi-boundedness

of the sequence is obtained from the estimate (i7) of Lemma [5.3.5] The Arzela-

Ascoli theorem gives us the existence of h € C(]0,T]) to which the subsequence
{hn,} (from now on denoted as {h,}) converges in C(]0,T]).

From Lemma i), we obtain the estimate of the Rothe functions wu,,, u,

() — ha(s)] < <c

+eC =02 +¢),

_ 2 2
<
a0l + s 100 < €,
since V. € L*(Q2), we can use Lemma [1.5.1] which says that there exist u €
C ([0,7],L*(2)) N L>((0,T), V) such that dyu € L?((0,T),L*(Q)) and subse-
quences {un, }ren, {TUn, }ren (from now on indexed by n, for the sake of simplicity)
for which it holds

Up —> U, in  C (0,77, L*()) (5.17a)
un (t) = u(t), in V, vtel0,T] (5.17b)
Up(t) — ult), in V, vtel0,T] (5.17¢)
Oru,, — Oru, in  L?((0,7),L*(9)). (5.17d)

Moreover, for d;u we have the estimate max;c(o 7 [|Oru(t)[ly, < C also from
Lemma [5.3.9(i). The estimate gives us the boundedness of du in the reflexive
space L? ((0,T), V). Therefore, for a subsequence of {0;u,,}, we get that

O, — Opu in  L*((0,T),V),
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and, consequently,

u(t) —u(s) = / Opu(r)dr

1 T : 1
= fJu() — u(s)lly < It — s </ Joru(r)lly dr> <Clt—sl?,
0
so we have v € C ([0,T], V).
Furthermore, from Lemma [5.3.9(¢) we gain

T
— 2 2
N <
0SieT on @l /o 1B D" < &

using the Lemma we are obtaining v € C ([0,T], L*()) N L*>((0,T),V)
with d,v € L? ((0,T), L*(2)) and subsequences {vy, }ren, {Un, }ren (from now on
indexed by m) such that

Up =V, in  C([0,T],L*()) (5.18a)
v (t) = v(t), in V, Vtel0,T] (5.18b)
Tu(t) —o(t), in V, Vtel0,T] (5.18c¢)
Opvy, — Oy, in  L?((0,T),L*(2)). (5.18d)

To see the connection between u and v, we start with the equality

(n(8) — w0 0) = / (Ua(s), @) ds,  for g€ L3(9),

since Oy, = Uy, by passing the limit for n — oo it is obtained

W) =uo.) = [ (a)hp)ds,  for e I3@)

From this we see that v(t) = d;u(t) in L?(2) for a.a. t € [0, 7).

Next, from Lemma [5.3.9| (i) we have the estimate >, ||A52ui||2 7 < C that
can be rewritten as

T
/|mwmmﬁmga
0

and that together with the reflexivity of L? ((0,T), L*(€2)) imply the weak conver-
gence of a subsequence of {Adyv,} (indexed again by n) to z € L2 ((0,T), L*(2)).
Since it holds that

/ (Adyua(t), ) dt = / (Brvn(t). Ag) dt,
0 0
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for every ¢ € C§°(R2), by passing to the limit n — oo we obtain

T T T
%;MW@M=A(MwA@&=A(NM®th

for all ¢ € C§°(Q2), so Adyu =z € L* ((0,T), L*(£2)). Analogously we get similar
result for Vo, u.

The rest of the proof will consist of proving the convergence of (DMP) and

. ) to (| and (]ED respectively. First,

|(g2=5,, % m"%) () = (m wm") (1)
/1t G5, (ti — s)m" (s )d8‘+‘/0 (92=5,,(ti — s) — Ga—p,,(t — s)) m"(s)ds

<C/ 925, (t; —s)ds+C/ |gg B )—gg,gn(t—s)|ds.

<

As 52-3,, —+ 92— in (0,T) pointwise, the Lebesgue dominated theorem gives
(G2=5,, xm"n) (t:i) = (925 x m") (¢).

Next, notice that since maxo<;<p ||A6ui||ip(ﬂ) < C, we get

| 1830 - 20,0l dt < [ 18,0) - AT O] 0 At = O 7).
0 0

Thanks to Lemma [5.3.9] (ii), it also holds that

T —
/0 |hn(t) = B ()] dt = O (7).

We next integrate (DMP)) for £ € [0,7], and, thanks to the above facts and the
convergences we got, we can pass to the limit n — co. Then by the differentiation

with respect to £ we obtain (MP]).

The problematic term in is the first one on the Lh.s., several estimates
need to be done to be able to pass the limit, we start with

£
| (@550 0 = (@75, 5010, (0. 0)
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< /0§ /tti 92—5,,(ti — 5) (Orvn(s), @) ds|dt
"'/06 /Ot (92=5,,(ti — ) — 92—, (t — 5)) (Drvn(s), ) ds| dt

<[ / T 01— ) [0 ()] ] s
t [ [ 0= 9) 555, a0l el asar.

(5.19)

We use Hélder’s inequality and Lemma for the first term on the r.h.s. to get

[ #a - lome el asa
t; ti 2
<ol / 77, = 5) sy [ 55,0 5) 100, (9" dsa

13 t;

< Il v [ \/ | 5,0 5) 0w (o) s
0 0

< C ] V7P,

The second term in ([5.19) is estimated after switching the order of integration and
using Holder’s inequality, as follows

//|92 5t — 8) — 555, (t — 9)| [|Bwn(s)]| o] ds dt
<H<P||/ / 95, — 5) — 535, (¢ — )| 1o (5)] s
<H90||/ (| O¢vn (5) H/ |gz Bnt —5)—Ga—p3 Bn t—s|dtds

swn\//o 9r0a ()] ds / (/ 55, (t — ) — 5575, s)|dt>2ds

< Cllell-

The fact that gz—5, — g2—p in (0,7") pointwise enables using of Lebesgue’s con-
vergence theorem and brings

lim
n— oo

3
/0 ((92=3,, % Owvn) (t:) — (92=5,, * Ovn) (1), ¢) dt| = 0.

Next, we apply the Cauchy, Holder and Young inequalities to get
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13
/0 ([72=5,, — 92-8] * (Orvn, ©)) (t) dt

3 ¢ ¢
S/0 925, (t) — g2-5(1)] dt\//o 190 (1)) dt\//o lell* dt < C gl (5.20)

and by using Lebesgue’s convergence theorem, we acquire

lim =0.
n—oo

£
/O (555, — 9o_5] % (Brvn, ) (B) dt

Furthermore,

§ § 2 ¢ 2
< / gzﬁ(t)dt\/ / 10w (®)] dt\/ / ol at

< Cldwonll 20,1y, 22 00 2l

£
/0 (g % (Orvn, ) (1) dt

which means that the estimated term can be seen as the linear bounded functional
on L? ((0,T),L*(R)), and using (5.18d), we arrive to

£ 13
lim [ (g2 % Orvn. ) (1) dt = / (g5 % (00, ) (1) dt.

n—oo 0

In the last step we integrate over (0, ) and pass to the limit n — oo to obtain
§

13 13
/ (925 % Buet) (1), ) dt + / (Vu(t), V) dt = / ht) (f0) dt,  (5.21)
0

0 0

where we used the estimates, convergences and relations above. Differentiation of
the equality (5.21)) with respect to & brings (P). O

5.4 Uniqueness

In this section we will prove the uniqueness of the solution in the appropriate
spaces.

Theorem 5.4.1 (uniqueness). Let f € H?(Q) with Vf-v = 0 on T, w €
LA(T), (f,w)p # 0, m € C?*([0,T]). Then there exists at most o ne solutzon
(u,h) to @), which obeys uw € C ([0,T],V), du € C([0,T Q) N
L?((0,7), H'(Q)) ,0,Au € L*((0,T), L*(Q)), Ouu 6 L2 ((0,T), H*( )) 8ttAu €
L?((0,T),L*(Q)) and h € C([0,T]).
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Proof. We prove this in the classical way by contradiction. Let there be two so-
lutions (u1,h1), (u2, he) of the (P), (MP) belonging to the spaces written in the
theorem. We define v = u; — us and h = hy — ho which then obey

(Au(t),w)p = h(t) (f,w)p, (5.22)
and
((92-p * Onu) (1), ) + (Vu(t), Vi) = h(t) (f,¢) (5.23)
for every ¢ € H*(Q), a.a. t € [0,7] and u(0) = 0, ;u(0) = 0. We can eliminate h
from and using the trace theorem estimate as
(Dut),w);
0 <| e

We put ¢ = dyu(t) in (5.23)), integrate over (0,&) with & € (0,77, and for the first
term on the Lh.s. we use the relationship (go—g * dyu) (t) = 0y (92—p * Opu) (t),
which is true since d;u = 0, to obtain that

3 1 9 3
| @t i) (0. 00a(0) e+ 5 Vi) = [ o) (£, 00u(e) a
0 0

Using Lemma the Cauchy, the Young inequalities and choosing the appro-
priate € lead us to the estimate

3
/H@tu(t |7 dt + [|[Vu(§) <C/ |h(t)
0

similar to the one in the Lemma Thanks to the assumption from the theo-
rem, we may use the Green identity (Vu(t), Vo) = (Au(t), ¢) in (5.23)), then in a
comparable manner as in Lemma [5.3.3] and [5.3.4] we derive that

< C([[Au@®l + [VAu@)]) -

§
/||6tVu(t dt + | Au(e) <c/ Ih(t)
0

and c

/ 18: Au(t)]]? dt + [V Au(©)]? < c/ Ih(t)
Summing the last three estimates up and using estimate ||u(¢)|* < fo |Opu(t)|]* dt,
we obtain

3
(@I + V(€)1 + | Au(@) |+ VAu(€) |* < C/O (IIAU(t)II2 + IIVAU(t)IIQ) d

The Gronwall’s argument is applied to get
()1 + [IVu(©)[* + |Au(@)[* + IVAu(E©)]* <0, (5.24)

which is true for any £ € [0,7]. This imply that © = 0 a.e. in Q x [0,7T], and then
also h =0 a.e. in [0, T]. O
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5.5 Numerical Experiments

In the section two numerical experiments are presented. The first one is a demon-
stration of the algorithm arising from the above time discretization. On the i—th
time layer h; is calculated from and u; from , then we move to the
next time level. In the second experiment we propose a way how to deal with the
data containig some percentage of noise.

Both experiments have the following setting. We assume (z,y) € Q = (0,7) X
(0,7), T =3 and § = 1.3, next

f(x,y) = cosz + cosy,

and the equation is accompanied with the initial and boundary condition

5(cosz + cosy),
0,
0

UO(xay)
’U()(Jj,y)
—Vu(z,y,t)-v =

The measurement function takes form
m(t) = / u(e,y, Ol y)ds = (5 +1) (=262 +5),
r
where

_ |l .
sy =f o WogISEr=0
0, otherwise.

It can be easily showed that the functions

u(z,y,t) = (t3 —2t2 4 5) (cosx + cosy),
6

4
_ 3-8 _

"W = @pe-sre-a @ AreE-p)
are the solution of the inverse problem with the above settings. We implement the
algorithm in Python using the finite element library DOLFIN from the FEniCS
Project [73]. The domain is divided into 50 cells in each z— and y— direction. In
each time step the Lagrange basis function are used which leads to the system with
10201 degrees of freedom.

2B 43 _ o2 45

5.5.1 Exact data

Using the above setting, we calculate the approximate solution for several values of
time step 7. On Fig. a) the reconstruction of h is depicted. The development
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of relative error of h and u in time can be seen on Fig. [5.1(b) and (c), respectively.
The decay of maximal relative error of h and u for various values of 7 is shown on
Fig. [.1{d) and (e), respectively. The graph of the solid line in (d) and (e) is given
by 0.9899 log, 7 + 0.1965 for the error of h and 1.0121log, 7 + 0.6473 for the error
of u, respectively.

5.5.2 Noisy data
In this experiment, we model a noisy measurement in the following way
me(t) = m(t) + edMmumaz,

where ¢ is the Gaussian distributed noise with mean and standard deviation equal
to 0 and 1, respectively, m,,q; is the maximum value of measurement m and ¢ is
a scale representing the amount of the noise.

Since our algorithm requires the continuous second derivative of the measure-
ment, we need to apply some kind of smoothing on the data. We use the least
square method to obtain a function of the form

Mapp(t) = at® +bt> +ct +d

which is smooth enough. This function is then used instead of m in the algorithm.
We use the same setting as in the previous experiment. On the Fig. b) we can
see reconstruction of source term for the several various amount of noise and on
the Fig. 5.2c) and (d) the corresponding relative error in time can be seen for h
and u, respectively.
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Figure 5.1: The results of the reconstruction algorithm 7 = 0.015625
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Figure 5.2: The results of the reconstruction algorithm for the noisy data and
various amount of noise




132 Identification of a source from a boundary measurement




Chapter 6

Conclusion

In this thesis, we were studying several inverse source problems for the time-
fractional PDEs. The order of the fractional derivative ranged between zero and
two, which corresponds to the fractional diffusion-wave equation. On a simple ex-
ample, it has been illustrated that for the order between zero and one the solution
displays the slow-diffusion behavior while for the order between one and two the
behavior of the solution carries signs both of the diffusion and the wave trans-
port. The equations themselves can be derived as a generalization of the Brownian
motion.

In the first chapter, we provided the necessary mathematical background re-
quired for good understanding of the later chapters. At the end of the chapter,
two important lemmas have been formulated and proved, enabling the convenient
estimation of the integrals and sums containing the fractional derivative and its
discretized version.

The second chapter addressed the inverse problem of determining a solely time-
dependent source for a fractional diffusion equation with a nonlinear term on the
right hand side. The well-posedness of the solution was studied; the uniqueness
and the existence of the solution were established.

The next three chapters dealt with the recognition of the time-dependent part
of the source term in the fractional wave equation. Firstly, the nonlinear term
on the right hand side was considered. The measurement was in the form of the
integral over the domain which can be restricted to the integral over a subdomain.
Secondly, we assumed the dynamical boundary conditions; those conditions are
often used to gain more physically corresponding models. The considered mea-
surement is in the form of the integral over the subdomain. With the fractional
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derivative in the boundary condition, we needed to follow a different approach to
the weak formulation where a test function was chosen in the form of the Laplacian
of a function from the suitable space which contains functions properly defined on
the boundary. Lastly, we assumed the noninvasive measurement in the form of
a boundary integral. Assuming this kind of a measurement caused complications
in a priori estimates since the controllability of the Laplacian on the boundary is
required. In all cases the uniqueness of the solution was addressed and the exis-
tence of the solution was proved using the Rothe method. We performed simple
numerical experiments to illustrate the algorithm and the convergence of the algo-
rithm for the decreasing time-step in each case. The treatment of the noisy data
was suggested and performed for all cases. The error estimate was calculated in
the case of the dynamical boundary conditions. The interesting results is that the
rate of the convergence was shown to be dependent on the order of the fractional
derivative.

The unsolved problem, which might be of a future interest and research, is the
identification of the time-dependent part of the source term in the fractional dif-
fusion equation considering the boundary measurement. This problem was partly
solved in [134] where the uniqueness of the solution was addressed and Tikhonov
regularization was used for the calculation of the approximate solution. However,
the existence of the solution was not proved, yet, and it remains an open question.
The main issue in this case is the estimation of the Laplacian of a solution on the
boundary of the domain that is not possible to handle in the same way as for the
fractional wave equation case.

Other possibility of future research might be equations containing a so-called
distributed order fractional derivative [I11] where the term with the fractional
derivative is multiplied by the weight function and integrated over the order of the
fractional derivative. Such an equation is used to model decelerating anomalous
diffusion and ultra slow diffusive processes.

Among another naturally rising questions are the reconstruction of the space-
dependent part of a source and the reconstruction of a source in equations contain-
ing fractional derivatives in a space direction. In our thesis we also presented simple
numerical experiments. An interesting question to ponder could be the quality of
the reconstruction for different shapes of the domain and for different treatments
of the noise.
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