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To passively reduce vibrations in mechanical systems, a linear mass spring damper system, called
a tuned mass damper (TMD), is locally added. A TMD is only capable of mitigating vibrations
at a single frequency. If this frequency shifts, the linear TMD will fail to reduce vibrations sig-
nificantly. TMDs with a nonlinear connecting stiffness, so-called nonlinear energy sinks (NES),
absorb vibrations through targeted energy transfer (TET). Not only is the performance more ro-
bust w.r.t detuning, a single NES is capable of reducing vibrations of several frequencies through
resonance capture cascade (RCC). Typically, performance of a NES is investigated by means of
many numeric simulations for different parameters of the coupled system. Here, algebraic perfor-
mance measures are derived, which quantifies TET and RCC performance without simulations.
These measures will investigate the efficiency of a NES having a bistable stiffness, which numeri-
cal simulations in literature have hinted to have an increased performance over a monostable NES.

Keywords: passive vibration control, nonlinear energy sink, targeted energy transfer, bi-stable
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1. Introduction

For free vibrating linear lumped MDOF mechanical systems, a single nonlinear energy sink (NES)
has the ability to act as a robust TMD both for single and multi-modal vibrations [1]. If these vibra-
tions are single frequency, the mechanism behind this vibration mitigating is called targeted energy
transfer (TET). For multi-modal vibrations, a NES can engage in so-called resonance capture cas-
cade (RCC), where the NES mitigates the modal vibrations of the mechanical system sequentially,
from high to low frequency. This is in sharp contrast with a linear TMD, which is only capable of
absorbing a single frequency. In order to have a well-tuned NES, its performance should be assessed.
As the mechanical system and NES yield nonlinear dynamic equations, typically numerical exam-
ples are simulated, and performance measures are derived from the result. This is time consuming
if the NES performances needs to be investigated for many different parameters. The performance
of a NES was defined algebraically in [4] for a monostable NES of qubic power. For given coeffi-
cients of the mechanical system and NES, the following performance can be assessed, without any
numerical dynamic simulations; the energy dissipated during TET and the pumping time. The en-
ergy dissipated during TET expression the fraction of initial energy dissipated during TET, while a
residual amount of vibration energy is damped very slowly. The pumping time is how long targeted
energy transfer persists for a single modal frequency. Here, a cascading time is defined, the time
how long the NES takes to mitigate all the modes partaking in RCC. These measures were derived
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by simplifying the nonlinear dynamics with semi-analytic techniques, yielding so-called approximate
slow flow dynamics. In [2], numerical simulations show an increased performance of a bi-stable NES
w.r.t. a monostable NES. Here, the framework of the algebraic performance measures is expanded to
bistable NESs, by having a connecting stiffness with a cubic nonlinearity and a negative linear part.
The system possess 3 equilibria, 1 unstable and 2 stable. The performance for vibrations around all
equilibria will be investigated. Practically, the NES will always initially be in its stable equilibrium.
First, the slow flow dynamics are derived in section 2 and 3, followed by the tuning procedure and
definition of the algebraic performance measures in section 4. Finally, the measures are compared to
numerical simulations, both for single and multi-modal vibrating system.

2. System dynamics

The considered mechanical system is a linear lumped MDOF with physical coordinate vector
x ∈ Rn. A NES is connected to coordinate x`. Modal decoupling to modal coordinates q ∈ Rn

results in n eigenfrequencies ωi and the eigenvector matrix, E = [e1 e2 . . . en] ∈ Rn×n. The
modal dynamics are{

Mq q̈ + Cq q̇ +Kqq +mnae∗(`)
T ẍna = ETF

mnaẍna + cna(ẋna − ẋ`) + kna(xna − x`)3 − klin(xna − x`) = 0
(1)

with e∗(`) ∈ Rn×1 the `-th row of E, Mq the modal mass, Cq the modal damping and Kq the modal
stiffness matrix. The bistable behavior is introduced by the negative linear part (−klin, with klin ∈
R+). To simplify the analysis, it is assumed that the system vibrates with a single vibration mode i :
x(t) =

∑n
k=1 ekqk(t) = eiqi(t). The physical coordinate x` = ei(`)qi is reintroduced:{

ẍ` + ελẋ` + ω2
i x` + εẍna = 0

εẍna + ελna(ẋna − ẋ`) + εΩω4
i (xna − x`)3 − εκω2

i (xna − x`) = 0
(2)

with

ελ =
cq,i
mq,i

ω2
i =

kq,i
mq,i

ε =
mnae

2
i (`)

mq,i

κ =
klin

mnaω2
i

λna =
cna
mna

Ω =
kna

mnaω4
i

The n+ 1 DOF problem is reduced to a 2DOF problem because of the single mode assumption. Due
to the bi-stable behavior, the system has 3 equilibrium points. The first one, x∗,1 = {x∗`,1;x∗na,1} =

{0, 0}, is unstable, while the other two x∗2,3 =
{
x∗,2,3` ;x∗,2,3na

}
=
{

0,± 1
ωi

√
κ
Ω

}
are stable, shown

through linearization. The vibrations around the two stable fixed points will be investigated, ∆x` = x`
and ∆xna = xna ∓ 1

ωi

√
κ
Ω

:


∆ẍ` + ελ∆ẋ` + ω2

i ∆x` + ε∆ẍna = 0

ε∆ẍna + ελna(∆ẋna −∆ẋ`) + εΩω4
i

(
∆xna −∆x` ±

1

ωi

√
κ

Ω

)3

− εκω2
i

(
∆xna −∆x` ±

1

ωi

√
κ

Ω

)
= 0

(3)
The differential equation in (3) does not allow an exact analytic solution. Therefor, semi-analytic
techniques are used in the next section yielding an approximate solution.

3. Semi-analytic reduction

A change of variables is performed, u = ∆xl + ε∆xna, the center of mass of modal/absorber
system (3), and v = ∆xl − ∆xna, the relative absorber movement. (3) is rewritten in the new
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coordinates where the terms beyond O(ε2) are omitted and εü = −εω2
i u + O(ε2).

ü+ ω2
i u+ ε

(
λu̇+ ω2

i (v − u)
)

+O(ε2) = 0

ε(v̈ + ω2
i v)+εω2

i (u− v) + ελnav̇ + εΩω4
i

(
v ± 1

ωi

√
κ

Ω

)3

− εκω2
i

(
v ± 1

ωi

√
κ

Ω

)
+O(ε2) = 0

(4)
The followed steps are taken to simplify the dynamics; 1) the variables u and v are complexified as
ϕ(t)eiωit = u̇+ iωiu and ϕna(t)eiωit = v̇ + iωiv, 2) regular perturbation theory is applied, expanding
both complexified variables in a major O(ε0) and minor contribution O(ε): ϕ = ϕ0 + εϕ1 and
ϕna = ϕna0 + εϕna1, 3) the dynamics are analyzed as if they depend on two separate time scales, a
fast T0 = t and slow T1 = εt time scale, u(t) = u(T0, T1), v(t) = v(T0, T1). This way, d/dt is a total
derivate, d

dt
= ∂

∂T0
+ ε ∂

∂T1
. These three operations on (4) result in:

∂ϕ0

∂T0

+ ε
∂ϕ0

∂T1

+ ε
∂ϕ1

∂T0

+ ελ
ϕ0

2
+ ε

ω2
i

2iωi

(
ϕna0 − ϕ0

)
+
(
ελ
ϕ̄0

2
− ε ω

2
i

2iωi

(
ϕ̄na0 − ϕ̄0

))
e−2iωit = 0

ε

(
∂ϕna0

∂T0

)
+ ε

ω2
i

2iωi

(
ϕ0 − ϕna0

)
+ ελna

ϕna0

2
− εκω2

i

2iωi
ϕna0

+
(
− ε ω

2
i

2iωi

(
ϕ̄0 − ϕ̄na0

)
+ ελna

ϕ̄na0

2
+
εκω2

i

2iωi
ϕ̄na0

)
e−2iωit ∓ εκω2

i

ωi

√
κ

Ω
e−iωit

+ εω4
i Ω

∑
k1+k2+k3=3

(
3

k1, k2, k3

)
ϕk1naϕ̄

k2
na

(2iωi)k1+k2

(
± 1

ωi

√
κ

Ω

)k3
ei(k1−k2−1)ωit = 0

(5)
with the bar sign denoting a complex conjugate and the last term being the multinomial expansion for
power 3. To ensure the assumption of harmonic vibration and to remove secular terms, the oscillating
terms in (5) are omitted. The multinomial expansion are kept for {k1, k2, k3} = {2, 1, 0} and {1, 0, 2},
as this yields no oscillations. The next step is collecting (5) according to powers of ε in (6).

∂ϕ0

∂T0

= 0 ⇒ ϕ0(T1)

∂ϕ0

∂T1

+
∂ϕ1

∂T0

+
λϕ0

2
+
ω2
iϕna0

2iωi
− ω2

iϕ0

2iωi
= 0

∂ϕna0

∂T0

+
λnaϕna0

2
+
ω2
iϕ0

2iωi
− ω2

i (1 + κ)ϕna0

2iωi

+
ω4
i Ω

iω3
i

(
3

8
|ϕna0|2ϕna0 +

3

2
ϕna0

κ

Ω

)
= 0

(6)



∂ϕ0

ωi∂T1

= −ξϕ0

2
+
iΦna0

2
− iϕ0

2

0 = −i(1− 2κ) + ξna
2

Φna0 +
iϕ0

2
+

3iΩ

8
(|Φna0|2Φna0)

(7)

In the first equation of (6) it is seen that ϕ0, the major contribution to ϕ, only varies over the slow
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Figure 1: The SIM for vibrations around x∗,2,3 (a), the SIM for vibrations around x∗,1 (b)
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time scale T1. The other two equation feature both the derivatives in T0 and T1 and are coupled in
ϕ0, ϕ1 and ϕna0. It is proven in [3] that both ϕna0 and ϕ1 evolve towards a steady state as T0 → ∞;
limT0→∞ ϕna0 = Φna0 and limT0→∞ ϕ1 = Φ1; so that the dynamics of (6) can be written in steady
state form of T0, solely changing on the slow time scale T1, yielding (7), with ξ = λ

ωi
and ξna =

λna

ωi
. The complex variables are written in polar notation; ϕ0(T1) = R0(T1)eiδ0(T1) and Φna0(T1) =

Rna(T1)eiδna(T1), R0, Rna, δ0, δna ∈ R. Then splitting (7) in real and imaginary parts yields after
some calculations (8). By introducing the energy-like variables E0 = R2

0 and Ena = R2
naand their

dimensionless energy-like variables Z0 = ΩR2
0 = Ω|ϕ0|2 and Zna = ΩR2

na = Ω|Φna0|2 (9) is
obtained which describes the dynamics of the slow flow, the first stating that Z0 always decreases,
and the second a showing a static relation, a slow invariant manifold (SIM) relating Zna and Z0. For
several κ, the SIM is plotted on Figure 1a.

∂R2
0

∂T1

= −ξR2
0 − ξnaR2

na

R2
0 = −

[
ξ2
na +

(
1− 2κ− 3Ω

4
R2
na

)2
]
R2
na

(8)

∂Z0

∂T1

= −λZ0 − λnaZna

Z0 =

[
ξ2
na +

(
1− 2κ− 3

4
Zna

)2
]
Zna

(9)

The SIM has two extrema as long as ξna < 1−2κ√
3

:


Z±na =

8(1− 2κ)

9
± 4

9

√
(1− 2κ)2 − 3ξ2

na

Z±0 =

[
ξ2
na +

(
1− 2κ− 3

4
Z∓na

)2
]
Z∓na

(10)

The performance of the system vibrating around x∗1 will also be considered as a comparison.
Also, in the multi-modal case, there will be resonance cascading, and only for the first mode in
the cascade, the initial resting position is x∗,2,3. For the modes lower than the first cascades mode,
the vibrations are around x∗,1, and therefor the SIM around this point for these modes should be
considered, derived by defining u = xl + εxna and v = xl − xna at the start of this session:

Z0 =

[
ξ2
na +

(
1 + κ− 3

4
Zna

)2
]
Zna (11)

Examples of the SIM in (11) is found on Figure 1b. Notice the now the Z+
0 increases in function of κ

instead of decreasing as on Figure 1a.

4. Tuning and Performance measures

Both tuning and performance measures depend on the initial conditions. Although the tuning and
performance is based on the formulas of the previous section, from the slow flow of the single mode
vibrating systems, the tuning and performance is easily extended to multi-modal vibrating systems
by considering the initial modal conditions ẋ(0) =

∑n
k=1 ẋ

[k](0) =
∑n

k=1 ekq̇k(0), with ẋ[k](0) =
ekq̇k(0) ∈ Rn the hypothetical initial speed as if only mode k is present. The initial displacements can
similarly be expressed as x[k](0) = ekqk(0) ∈ Rn.
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4.1 Tuning

To tune the NES for single-modal systems, the nonlinear coefficient has to be chosen such that
Z0(0) ≥ Z+

0 , otherwise no TET occurs. [4]

kna ≥
mnaω

4
iZ

+
0

u̇2(0) + ω2
i u

2(0)
(12)

In the multi-modal case, the mode i which initiates the RCC has to be chosen. The initial conditions
in (12) then corresponds to the modal initial conditions of mode i, x[i](0) and ẋ[i](0).

4.2 Performance

4.2.1 Energy dissipation

If TET is initiated, it will persist until the minimum of the SIM, visualised on Figure 1a and Figure
1b, is reached. Only a fraction of the energy has been dissipated during TET, being:

ETET = 1− Z−0
Z0(0)

= 1− E−0
E0(0)

(13)

4.2.2 Pumping and cascading time

From the slow flow dynamics and SIMs, (8) & (11), the following integral can found

I(Zna) =
27

32
Z2
na − 3Zna(1 +K) +

(
(1 +K)2 + ξ2

na

)
ln(Zna) = C − ωiξnaT1 (14)

with K = {−2κ, κ} depending on the resting point, −2κ for x∗,2,3 and κ for x∗,1. From this relation,
the time between two states of Zna can be calculated. If TET is initiated, the SIM will be descended
from Zna(0) until Z+

na. The duration of TET, called pumping time, is then:

εTpump =
1

2πξna

(
I(Zna(0))− I(Z+

na)
)

(15)

with Tpump relative to the period of the modal frequency, with Tpump
ωi

2π
the time in seconds. By

considering each modal initial condition separately, a pumping time can be calculated for each mode
partaking in the cascade. The total time for resonance capture is simply the sum of all of these
pumping times:

Tcascade =
i∑

k=1

Tpump,k ·
ωk
2π

(16)

For the mode initiating the RCC, Tpump should be determined for its correct initial resting position,
either x∗,1 or x∗,2,3. For all lower frequency modes, the Tpump is determined for vibrations around
x∗,1.

5. Simulation and validation of Performance

The measures derived in the previous section are only valuable if they hold their merit in actual
numerical simulations. Both the single mode and multi mode cases are simulated. It will be seen that
both for single and multi-modal systems, a tuned bi-stable NES vibrating around its stable equilibrium
mitigate vibrations a lot faster than either the monostable cubic power NES or the bi-stable NES
in around the unstable equilibrium. Before numerical simulations, the performance is assessed in
function of κ, negative linear part of the NES. On Figure 2d, the energy dissipation in function of κ
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Figure 2: The MDOF (a) and SDOF (b) system used in section 5 and the pumping time for x∗,1 (blue)
and x∗,2,3 (black) (c) and the dissipated energy during TET for x∗,1 (blue) and x∗,2,3 (black) (d)

Table 1: Numerical values of single-mode system Figure 2b.

Coefficient Value
m [kg] 1
k [N

m
] 4π2

mna [kg] 0.02
cna [Ns

m
] 0.0065

κ Z+
0 k3 klin ETET Tpmp

0 0.2020 743 0 0.986 22.6
−0.1, x∗,1 0.1047 988 −0.079 0.988 27.38
−0.1, x∗,2,3 0.34670 381 −0.079 0.978 14.4

is shown for a perfectly tuned NES, Z(0) = Z+
0 . For vibration around x∗,1 the energy increases as

κ increases, while the opposite holds for x∗,2,3. On Figure 2c, the pumping time in function of κ is
shown for a perfectly tuned NES. For vibration around x∗,1 the pumping time increases as κ increases,
while the opposite holds for x∗,2,3. While for vibrations x∗,1 more energy will be dissipated, it will
be slower and while x∗,2,3 is faster, it will dissipate less energy. This will be validated in numerical
simulation as well.

5.1 Single-mode vibrations

A NES is connected to a single mass-spring-damper, see Figure 2b, with parameters found on
Table 1. The NES is tuned for such that Z0(0) = Z+

0 for an initial speed of ẋ(0) = 0.1 m
s

, with
the coefficients, energy dissipation and pumping time also found on the same table. The system is
numerically simulated with the main system’s and NES’s vibration shown on Figure 3a. The pre-
dicted pumping time is clearly seen in the main system’s vibration as approximately the moment the
vibration stop decreasing rapidly, indicating TET has ceded. For lower predicted energy dissipation,
the residual vibration energy is clearly higher. To compare the slow flow dynamics (9) or (11) with
the actual numeric simulations, simulations of the slow flow are overlayed with the Hilbert transform
of the actual dynamics on Figure 3b. A good accordance is found, showing that the simplified slow
flow dynamics are representative for the actual dynamics.

Table 2: Numerical values for MDOF and absorber system, Fig.2a.

Coefficient Value
mk [kg] 1
kk [N

m
] 1

mna [kg] 0.06
cna [Ns

m
] 0.0108

κ kp klin Tpmp,3 Tpmp,2 Tpmp,1 Tcas
0 74.1 0 21.8 140 1066 1227

−0.1, x∗,1 98.2 −0.0195 26.5 158 806 991
−0.1, x∗,2,3 38.4 −0.0195 13.6 57.1 331 402
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Figure 3: Main system vibration (a) for κ = 0 (black), κ = −0.1 and x∗,2,3 (red) and κ = −0.1 and
x∗,1(blue). Comparison slow flow (dotted) and simulation (full) (b).

.

5.2 Multi-modal vibrations

On the 3DOF system on Figure 2a, a NES is connected to x2. The NES is tuned in order to
start cascading at mode 3. This way, all modes will engage in the cascade and will be dissipated.
The coefficients, pumping time of each mode and cascading time are given in Table 2 for an initial
speed of ẋ1 = 0.1 m

s
, such that ẋ[3]

2 = −0.046 is used for tuning. The bi-stable NES is predicted to
cascade faster (for both unstable and stable equilibria) then the cubic NES. Numerical simulations of
the bi-stable NES initially in its stable resting point show that the cascading time is a good predictor
for when the vibrations of the main system Figure. 4a stops decreasing significantly, with the cas-
cading time highlighted with a line. The NES vibrations, Figure 4b, illustrate the resonance cascade,
it starts vibrating with the 3rd mode first, then cascades to mode 2 and finally mode 1, and stops
vibrating significantly after the cascading time. The cascade is better seen by looking at the wavelet
transforms 4c and 4d, which reveals the change of frequency of the NES vibration over time. The
wavelet transform show the jump in modal frequencies the NES vibrates with. Each mode vibrates
approximately as long as the calculated pumping time for each mode. Although the cascading time is
only approximately predicts the actual cascading time, it is a suitable measure of the cascading speed.

6. Conclusion

The performance of a bi-stable NES in mitigating vibrations of a mechanical system was investi-
gated, for the bi-stable NES in both stable and unstable equilibrium. The derived measures allowed
to asses the energy dissipated and the duration of TET for a single mode and the duration of RCC for
multiple modes. By comparing these measures with numerical simulation, it was shown that these
algebraic measure hold their merit. It was shown with the performance measures and validated with
the simulations that a bi-stable NES initialized in its stable equilibrium, is faster then when initialized
in its unstable equilibrium or a NES with cubic nonlinearity.
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