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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 

A new generation of smaller and more efficient biaxial fatigue testing machines has arrived on the market. Using 
electrical motors these machines are not able to achieve the higher loads their hydraulic counterparts can, and 
therefore the cruciform specimen needs to be optimized. Following the authors previous work, several different 
optimal specimens’ configurations were produced, using the base material sheet thickness as the main design 
variable. Every design variable was optimized in order to produce the highest stress level on the specimen center, 
while the stress distribution is still uniform on a 1 mm radius of the specimen center. Also it was guaranteed that the 
stress level on the specimen arms was always considerably lower, in order to achieve failure at the specimen center. 
In this paper traditional criteria like Findley, Brown-Miller, Fatemi-Socie, Smith, Watson e Topper (SWT), Liu I 
and Chu were considered to determine crack initiation direction for several loads in this biaxial in-plane specimens. 
In order to understand the fatigue propagation behavior, the stress intensity factors for mode I and mode II was 
determined for different cracks introduced on the geometry. Several crack and loading parameters were studied, 
including the starting crack length and angle, and different loading paths. Several biaxial loads were applied to the 
model, including 30º, 45º, 60º, 90º and 180º out-of-phase angles.  
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1. Introduction 

The understanding of biaxial fatigue behavior of materials is very important. Especially when considering out-of-
phase loading effects, as Cláudio et al. (2014) have demonstrated. As time passes the price of testing equipment tend 
to decrease and new and more efficient machines are available, in order to test different and more complex loading 
cases. Freitas et al. (2013) have developed a new testing machine, capable of applying complex biaxial loading 
paths, closer to the ones applied to automotive and aeronautical structures. Unfortunately the maximum loading 
capabilities of these machines tend to be more limited, and an optimization of the test specimens has to be pursued in 
order to obtain high stress levels on the specimen using lower loads. R. Baptista et al. (2015) have developed optimal 
geometries for different specimen thickness commercially available. These specimens were developed considering 
the optimal fatigue crack initiation conditions, high stress levels on the specimen center and uniform strain 
distribution, but how will they behave once the crack as initiated the fatigue propagation process? 

In this paper the author set out to answer this question, and to determine the influence of out-of-phase loading on 
the fatigue behavior. To achieve this goal one must firstly determine the initial crack initiation direction, and 
secondly determine the fatigue crack propagation direction, as a function of out-of-phase loading. Claudio et al. 
(2014) and Babaei et al. (2015), have demonstrated that critical plane parameters, like SWT or Fatemi-Socie and 
many others are ready to be applied to estimate crack initiation direction, unfortunately several material parameters 
must be experimentally determined. These authors have used out-of-phase loading paths, with loading phase 
differences to study the material fatigue behaviors, but Misak et al. (2013) has also used more complex loading 
paths, as star paths and other examples. Once the crack has initiated the crack propagation problem is more complex 
due to the fact that there are two loads in different directions applied to the specimen. Therefore an equivalent 
parameter must be used to take into account both crack opening modes. Gotoh et al. (2015) have simulated using 
finite elements the crack propagation, under non-proportional conditions, of a simple crack normal to the principal 
loading direction. Misak et al. (2014), (2013) have also studied the influence of non-proportional loading path using 
the J integral parameter to determine the fatigue crack propagation life of the specimens. Plank et al. (1999) and 
Singh et al. (1987) have also studied the influence of non-proportional loading on the fatigue crack propagation 
direction using different approaches. A review of different methods has been done by Zerres et al. (2014), allowing 
the development of this paper. 

 

2. Material and Methods 

2.1. Cruciform Specimen Design 

R. Baptista et al. (2015) have developed the specimens that were studied in this paper. The specimen is based on 
a cruciform configuration, Fig. 1, and eleven optimal configurations were obtained, considering the Renard Series of 
preferred numbers one configuration was optimized for each sheet thickness available from 1 to 10 mm. The results 
presented in this paper are focused on the 2 mm thickness specimen, but can be reproduced for any configuration. 
The specimens were developed for fatigue crack initiation studies, therefore feature a corner elliptical fillet between 
the specimen arms, in order to reduce the stress concentration, and to obtain higher stress level on the specimen 
center. The specimen also features a reduced center thickness, using a revolved spline that increases the stress level 
on the specimen center and increases the strain distribution uniformity, allowing for the necessary conditions for the 
fatigue crack initiation to occur on the specimen center. 
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Fig. 1. Cruciform Specimen. 

2.2. Loading 

Biaxial in-plane fatigue loading is characterized by two different loads (F1 and F2) applied to each of the 
specimen arms. The loads are applied in perpendicular directions and therefore will be the two main loading 
directions. Considering that the specimen thickness is small, the material will be subjected to plane stress conditions, 
and therefore the specimen arms are also the principal directions of the resulting stress distribution and in this case 
loading is always proportional, Socie and Marquis (2000). 

The load cases presented above in this work are unitary, according to eq. (1) where  is the phase shift.  

𝐹𝐹1 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) ;  𝐹𝐹2 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 +  𝛿𝛿) (1) 

The applied loads can then be in-phase (fig. 2 a)) when =0, becoming the relation between F1 and F2 constant. 
In order to introduce an out-of-phase loading path, one can simple introduce a phase shift between the loads. Fig. 2 
c) represents a 30º shift and the load ratio is no longer constant, with the load path being represented by an ellipse. 
Fig. 2 d) and e) show the applied loads for a 45º and 60º phase shift. When the phase reaches 90º the loading path is 
represented by a circle, Fig. 2 f). And when the load is fully reversed, Fig. 2 b), the phase angle is 180º and F1 and 
F2 have always different signs. 

2.3. Fatigue Crack Initiation 

In order to study the fatigue crack propagation as a function the out-of-phase loading paths, one must determine 
the fatigue crack initiation direction. This is a necessary step, as the considered specimens do not feature crack 
initiation notch and the direction of the initial crack is not known. 

Therefore it is necessary to consider critical plane models to determine the plane, and therefore the direction, 
where the crack will initiate. In this paper several criteria were considered, including the Findley (1), Brown-Miller 
parameter (3), the Fatemi-Socie parameter (4), Smith, Watson e Topper (SWT) (5), Liu I parameter (6) and the Chu 
(7). 
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a)  b)  

c)  d)  

e)  f)  

Fig. 2. In-phase and out-of-phase loading applied. a) In-Phase loading, b) Phase angle 180º, c) Phase angle 30º, d) Phase angle 45º, e) Phase angle 
60º, f) Phase angle 90º 

𝑚𝑚𝑚𝑚𝑚𝑚𝛽𝛽(𝜏𝜏𝑎𝑎 + 𝑘𝑘𝜎𝜎𝑛𝑛,𝑚𝑚𝑎𝑎𝑚𝑚)  (2) 

𝑚𝑚𝑚𝑚𝑚𝑚𝛽𝛽 (
∆𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚

2 + 𝑆𝑆∆𝜀𝜀𝑛𝑛) (3) 

𝑚𝑚𝑚𝑚𝑚𝑚𝛽𝛽 (
∆𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚

2 (1 + 𝑘𝑘 𝜎𝜎𝑛𝑛,𝑚𝑚𝑚𝑚𝑚𝑚
𝜎𝜎𝑦𝑦

)) (4) 

𝑚𝑚𝑚𝑚𝑚𝑚𝛽𝛽 (𝜎𝜎𝑛𝑛
∆𝜀𝜀1
2 ) (5)

∆𝑊𝑊 = (∆𝜎𝜎𝑛𝑛∆𝜀𝜀𝑛𝑛)𝑚𝑚𝑎𝑎𝑚𝑚 + (∆𝜏𝜏∆𝛾𝛾) (6)

∆𝑊𝑊 = (𝜏𝜏𝑛𝑛,𝑚𝑚𝑎𝑎𝑚𝑚
∆𝛾𝛾
2 + 𝜎𝜎𝑛𝑛,𝑚𝑚𝑎𝑎𝑚𝑚

∆𝜀𝜀
2 ) (7)

Where  is the normal stress, 𝜀𝜀 the normal strain, 𝜏𝜏 the shear stress, 𝛾𝛾 the shear strain, and S and  are material 
parameters. The maximum are in a specific plane with a 𝛽𝛽 angle.  
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Fig. 3. Small crack modeled in the specimen center. 

2.4. Fatigue Crack Propagation 

Once the crack initiation direction is established, crack propagation can be studied. In order to achieve this goal a 
small crack was modeled on the specimen, Fig.3. This small crack can be used to calculate the Stress Intensity 
Factors (8) for the crack opening mode I and II, throughout the loading path. This step is very important because the 
crack will open and close as the loads on both specimen arms vary. Different initiation direction angles were 
considered in order to account for the different results obtained in the previous step. 

𝐾𝐾𝐼𝐼,𝐼𝐼𝐼𝐼 = 𝑌𝑌𝐼𝐼,𝐼𝐼𝐼𝐼𝜎𝜎√𝜋𝜋𝜋𝜋  (8) 

In order to account for the Stress Intensity Factor variation throughout the cycle several authors have developed 
different parameters to calculate an equivalent value for the Stress Intensity Factor, taking into account both crack 
opening modes. The J integral (9) can be used to calculate one value to assess the fatigue crack propagation under 
biaxial loading. 

𝐽𝐽 = 𝐾𝐾𝐼𝐼2

𝐸𝐸 + 𝐾𝐾𝐼𝐼𝐼𝐼2

𝐸𝐸  (9) 

Mattheij et al. developed a parameter considering that the crack propagation direction is the one that maximizes 
the equivalent value of (10) over the  angle: 

𝐾𝐾𝑒𝑒𝑒𝑒 =
4√2𝐾𝐾𝐼𝐼𝐼𝐼3 (𝐾𝐾𝐼𝐼+3√𝐾𝐾𝐼𝐼2+8𝐾𝐾𝐼𝐼𝐼𝐼2 )

(𝐾𝐾𝐼𝐼2+12𝐾𝐾𝐼𝐼𝐼𝐼2−𝐾𝐾𝐼𝐼√𝐾𝐾𝐼𝐼2+8𝐾𝐾𝐼𝐼𝐼𝐼2 )
3
2
  (10) 

All these methods were used in order to predict the crack propagation direction as a function of the different non-
proportional paths applied. 

3. Numerical Calculations and Results 

3.1. Fatigue Crack Initiation 

Equations (2) to (7) were applied in order to determine the Findley, Brown and Miller, Fatemi-Socie, SWT, Liu I 
and Chu parameters. As critical plane methods it is also possible to determine the fatigue crack initiation direction, 
for each method. Fig. 4, shows the evolution of these parameters as the angle of initiation β, see Fig. 3, varying from 
-90 º to 90 º for a phase shift of 30º.  

Table 1 summarizes the obtained parameters for the phase shift loading considered in this work. All the criteria 
do not provide results for the in-phase load case because the shear stress that act at the specimen plane is always 
zero for all 𝛽𝛽 angles. This leads that for all the criteria the parameter provided is constant, independent of 𝛽𝛽, or even 
null in the case of parameters that depend on shear. 

β Load F2 

Load F1 

2a 
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small crack was modeled on the specimen, Fig.3. This small crack can be used to calculate the Stress Intensity 
Factors (8) for the crack opening mode I and II, throughout the loading path. This step is very important because the 
crack will open and close as the loads on both specimen arms vary. Different initiation direction angles were 
considered in order to account for the different results obtained in the previous step. 

𝐾𝐾𝐼𝐼,𝐼𝐼𝐼𝐼 = 𝑌𝑌𝐼𝐼,𝐼𝐼𝐼𝐼𝜎𝜎√𝜋𝜋𝜋𝜋  (8) 

In order to account for the Stress Intensity Factor variation throughout the cycle several authors have developed 
different parameters to calculate an equivalent value for the Stress Intensity Factor, taking into account both crack 
opening modes. The J integral (9) can be used to calculate one value to assess the fatigue crack propagation under 
biaxial loading. 

𝐽𝐽 = 𝐾𝐾𝐼𝐼2

𝐸𝐸 + 𝐾𝐾𝐼𝐼𝐼𝐼2

𝐸𝐸  (9) 

Mattheij et al. developed a parameter considering that the crack propagation direction is the one that maximizes 
the equivalent value of (10) over the  angle: 

𝐾𝐾𝑒𝑒𝑒𝑒 =
4√2𝐾𝐾𝐼𝐼𝐼𝐼3 (𝐾𝐾𝐼𝐼+3√𝐾𝐾𝐼𝐼2+8𝐾𝐾𝐼𝐼𝐼𝐼2 )

(𝐾𝐾𝐼𝐼2+12𝐾𝐾𝐼𝐼𝐼𝐼2−𝐾𝐾𝐼𝐼√𝐾𝐾𝐼𝐼2+8𝐾𝐾𝐼𝐼𝐼𝐼2 )
3
2
  (10) 

All these methods were used in order to predict the crack propagation direction as a function of the different non-
proportional paths applied. 

3. Numerical Calculations and Results 

3.1. Fatigue Crack Initiation 

Equations (2) to (7) were applied in order to determine the Findley, Brown and Miller, Fatemi-Socie, SWT, Liu I 
and Chu parameters. As critical plane methods it is also possible to determine the fatigue crack initiation direction, 
for each method. Fig. 4, shows the evolution of these parameters as the angle of initiation β, see Fig. 3, varying from 
-90 º to 90 º for a phase shift of 30º.  

Table 1 summarizes the obtained parameters for the phase shift loading considered in this work. All the criteria 
do not provide results for the in-phase load case because the shear stress that act at the specimen plane is always 
zero for all 𝛽𝛽 angles. This leads that for all the criteria the parameter provided is constant, independent of 𝛽𝛽, or even 
null in the case of parameters that depend on shear. 
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c)  d)   

e)  f)  
Fig. 4. Fatigue crack initiation criterions for different parameters and crack initiation angles, for a phase 30º. a) Findley, b) Brown-Miller, c) 

Fatemi-Socie, d) SWT, e) Liu I, f) Chu 

For out-of-phase loadings it was possible to assess that loading paths have a small influence on the determined 
fatigue crack initiation direction angle β. Findley, Brown-Miller and Fatemi-Socie parameters depend also on 
material properties (k and S) which were considered as = 0.2 and  = 0.2, representative of AISI303 stainless steel, 
Reis et al. (2009), but, a small change of these parameters only has influence on the load case with δ=180º, which 
may change slightly de crack initiation angle. As one can see for the out-of-phase load cases studied the predicted 
fatigue initiation angle is always 45º for the Findley, Brown-Miller, Fatemi-Socie, Lui I, Liu II and Chu models, and 
90º for the SWT and Liu I models. 

Table 1. Fatigue crack initiation predicted angles by several criteria (β angle in [º]). 

 Findley Brown-Miller Fatemi-Socie SWT Liu I Chu 
δ=0º - - - - - - 
δ=180º -51/51 -51/51 -45/45 -90/0/90 -90/0/90 -45/45 
δ=30º -45/45 -45/45 -45/45 -90/0/90 -90/0/90 -45/45 
δ=45º -45/45 -45/45 -45/45 -90/0/90 -90/0/90 -45/45 
δ=60º -45/45 -45/45 -45/45 -90/0/90 -90/0/90 -45/45 
δ=90º -45/45 -45/45 -45/45 -90/0/90 -90/0/90 -45/45 
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3.2. Fatigue Crack Propagation 

Using equations (9) and (10) for a fully reversed cycle (phase shift 180º) and for a 30º phase shift loading, Fig. 5 
a) to f) show that the crack behaviour depends on the initial crack angle β. Although the individual values of KI and 
KII are not represented, it is clear that when the equivalent value of Keq or J tends to zero, the crack is closed. 

 

a)  b)  

c)  d)  

e)  f)  

Fig. 5. Fatigue crack propagation equivalent parameters variations in one cycle. a) applied loads in a fully reversed cycle, c) Keq using equation 
(9) for a fully reversed cycle, e) J integral for a fully reversed cycle, b) applied loads in a 30º phase shift cycle, d) Keq using equation (9) in a 30º 

phase shift cycle, f) J integral in a 30º phase shift cycle 

As one can see in Fig. 5 for a crack perpendicular to the loading direction 1 (β=0º), as the Load 1 reaches 
negative values the crack is closed, but as the β angle increases the crack will be open, even for negative values of 
Load 1. 

In order to compare the influence of the out-of-phase loading path applied, the ∆𝐾𝐾𝑒𝑒𝑒𝑒 = 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚  was 
calculated for all the phase shift angles considered. Table 2 summarizes the obtained results. As one can see as δ 
increases ∆𝐾𝐾𝑒𝑒𝑒𝑒 also increases. For a 30º phase shift angle, the maximum ∆𝐾𝐾𝑒𝑒𝑒𝑒 occurs for a β angle of 0º, for a 45º 
phase shift angle, the maximum ∆𝐾𝐾𝑒𝑒𝑒𝑒 occurs for a β angle of 15º, for a 60º, 90º and 180º phase shift angle the 
maximum ∆𝐾𝐾𝑒𝑒𝑒𝑒 occurs for a β angle of 30º. 

β β 

β β 
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Table 2. ∆𝐾𝐾𝑒𝑒𝑒𝑒 Equivalent Stress Intensity Factor range [MPamm1/2] and Fatigue crack propagation angle. 

β (crack propagation angle) δ=0º δ=180º δ=30º δ=45º δ=60º δ=90º 
0º 44.4 85.2 48.0 52.4 57.4 67.9 
15º 44.4 99.1 47.5 52.6 59.1 74.1 
30º 44.4 108.8 45.4 51.0 60.3 78.0 
45º 44.4 96.1 42.9 44.9 52.9 67.7 
Maximun β angle - 30º 0º 15º 30º 30º 

Calculating the J integral range (∆𝐽𝐽 ), the maximum value will always occur for a β angle of 0º (crack 
perpendicular to the loading direction 1) and this value is not dependent on the non-proportional loading phase shift 
angle. 

4. Conclusions 

In this paper the authors present a preliminary work to better understand the fatigue crack initiation and 
propagation in biaxial in-plane loadings. Using previously optimized cruciform specimen geometries, and different 
loading paths, a full map of principal stresses ranges was used to predict the fatigue crack initiation direction using 
critical plane methods. It was possible to conclude that none of the methods can predict crack initiation direction for 
δ=0º (in-phase loadings) and for out-of-phase loadings lead to inconsistent results between different criteria.  

Finally equivalent values of J Integral and Stress Intensity Factor were calculated through the fatigue cycle, and it 
was verified that only the second parameter can be used to determine the fatigue crack propagation direction as a 
function of the non-proportional loading path. 
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