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gluons and two massive quarks, where one of the quarks is off shell and the remaining
particles are on shell. These currents are gauge-dependent and can be used as ingredients
in the unitarity-based approach to computing one-loop amplitudes. The validity of BCFW
recursion relations is well known to depend on the so-called boundary behavior of the
currents as the momentum shift parameter goes to infinity. With off-shell currents, a new
potential problem arises, namely unphysical poles that depend on the choice of gauge.
We identify conditions under which boundary terms are absent and unphysical poles are
avoided, so that there is a natural recursion relation. In particular, we are able to choose
a gauge in which we construct a valid shift for currents with at least n — 3 gluons of the
same helicity. We derive an analytic formula in the case where all gluons have the same
helicity. As by-products, we prove the vanishing boundary behavior of general off-shell
objects in Feynman gauge, and we find a compact generalization of Berends-Giele gluon
currents with a generic reference spinor.
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1 Introduction

Scattering amplitudes in gauge theories rapidly become difficult to compute as the number

of external legs increases. The difficulty is encountered especially when seeking analytic

expressions. However, recent advances involving on-shell techniques have enabled the dis-

covery of many new formulas for amplitudes. Notably, the BCFW construction generates

tree-level amplitudes efficiently and compactly through recursion relations, via the Cauchy

residue theorem.



The phrase “on-shell technique” refers to methods of computing scattering amplitudes
in which certain propagators are taken to their on-shell limits, and amplitudes are then
constructed from knowledge of the corresponding factorization properties. The key is that
these factorization limits are calculated in terms of amplitudes of lower complexity, i.e.
fewer legs or loops.

It is interesting to study amplitudes (or rather, currents) in which one or more legs
is continued off shell, since they carry even more information than on-shell amplitudes.
For example, the Berends-Giele recursion relation among gluon currents in Yang-Mills
theory [1] is not only computationally powerful for numerical results, but was also the
crucial stepping stone to establishing the first formulas for gluon amplitudes with arbitrary
numbers of legs, in certain helicity configurations [1, 2]. It is still possible to consider
the limits in which internal propagators go on-shell and apply the BCFW construction to
find recursion relations [3]. Compared to the recursion relations for on-shell amplitudes,
the ones for currents require committing to a gauge choice, and summing over all internal
polarization states, including unphysical polarizations.

In this paper, we seek compact analytic forms for currents of n — 2 gluons and two
massive quarks, where one of the quarks is off shell and the remaining particles are on
shell. These currents are key ingredients of an on-shell method of computing 1-loop am-
plitudes with external massive fermions [4]. Such amplitudes are of particular interest in
the context of LHC searches for new physics, where production of top quarks plays a large
role in both signals and backgrounds. Massive fermion currents can be computed with
the off-shell Berends-Giele recursion [1]. In [5], this was used to give a compact result in
the case where all gluons have the same helicity, with a particular gauge choice relative
to the massive spinors.

We study the validity of the BCFW construction [6, 7] for these massive fermion
currents. The construction begins by shifting the momenta of a pair of on-shell external
legs by +2zq and —zq respectively, where z is a complex variable and ¢ is obtained by
requiring that both legs remain on shell after the shift. Then, the residue theorem produces
a recursion relation from poles in z taking values where propagators go on shell. The
construction breaks down if there are poles from other sources. In Yang-Mills theory, the
only other possible source is a “boundary term,” from a nonvanishing limit as z is taken
to infinity.! For off-shell currents, there is another problematic source of poles, which
we call “unphysical poles.” They are due to the dependence on gauge choice, and they
spoil the recursion relation, since we have no information about how to calculate their
residues independently.

We identify conditions under which the boundary terms and unphysical poles vanish
for massive fermion currents, so that the BCFW construction produces a recursion relation.
We then proceed to solve the recursion relation in the particular case where all gluons have
equal helicities. Compared to the more compact result of [5], our formula also requires all
gluons to use the same reference spinor but preserves the genericity of its value.

HIf the theory is sufficiently well understood, it is possible to include a boundary term explicitly at each
step of the recursion [3, 8-11].



Our analysis of boundary terms is based on grouping Feynman diagrams conveniently
and applying the Ward identity and inductive arguments. The argument establishes the
absence of boundary terms for general off-shell objects in Feynman gauge, provided that
there are two on-shell gluons available to construct the momentum shift.

In our study of unphysical poles, we use off-shell gluon currents of the type originally
derived by Berends and Giele [1]. We are motivated to generalize the currents in which
one gluon has opposite helicity to all the others, by taking its reference spinor to be
arbitrary. When the opposite-helicity gluon is color-adjacent to the off-shell leg, we find a
very compact form for the current. When it is centrally located among the other gluons,
we prove that the current is, in fact, independent of the arbitrary reference spinor.

This paper is organized as follows. The remainder of this introduction contains details
of our conventions and notation. Section 2 reviews the BCFW construction of recursion
relations in the context of massive fermion currents and describes the origin of boundary
terms and unphysical poles. Section 3 derives sufficient conditions for good boundary
behavior; section 4 derives sufficient conditions for the absence of unphysical poles. Section
5 presents sample results from our recursion relations. In particular, we find a closed form
for n-point currents in which all gluons have the same helicity. Section 6 is a summary
with proposals for future work. Appendix A works out a technical point in the proof of
section 3, namely the use of Ward identities in Feynman gauge. Appendix B presents a
generalization of Berends-Giele currents with one gluon of opposite helicity, in which the
choice of reference spinor is relaxed. Appendix C contains a fully non-recursive formula as
an alternative to the n-point current given in section 5, and outlines its derivation.

For reference, analytic formulas for on-shell amplitudes of gluons with massive quarks
may be found in [12-20], all of which use BCFW recursion relations, sometimes in combi-
nation with SUSY Ward identities or Berends-Giele recursion.

1.1 Conventions and notation

Momenta of gluons are directed outward, while momenta of fermions are directed inward.
We will be considering color-ordered amplitudes and off-shell currents with one massive
fermion line, for example, i.J (15, 20:39,4g, - - ,ng), where the star means that the indi-
cated leg is considered off-shell, while the remaining legs are on-shell. We do not include
the propagator for the off-shell leg in our definition. For this current, the quark line has
its arrow pointing from leg 2 to leg 1. When the quark line matrices are read against the
arrow, then the gluon indices are contracted in reverse numerical order. In slightly different

notation, we can write

i (12?,2@333,4;4, . nZ") = |nhn .. ghaghs|9), (1.1)

where the round bracket |2) can be equal to either |2) or |2], depending on its spin. This
notation emphasizes the fact that the current is a spinorial object. For example, to obtain
the corresponding amplitude, one should first put p; on shell and then contract the current
with either [1] or (1.



Our color-ordered Feynman rules use the following gluon vertices:
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The polarization vector for a gluon of momentum p is, depending on helicity [21-25],
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where n, is an arbitrary but fixed “reference” momentum satisfying ng = 0 and either

(1.4)

(npp) # 0 or [nyp] # 0, so that the denominator is nonzero. The null reference momenta
are chosen independently for each gluon. The set of reference momenta is what we refer to
as the gauge choice for a particular calculation, within the Feynman gauge used through-
out the spinor-helicity formalism. Any current we construct with a specific gauge choice
is expected to fit into a larger calculation, such as the one-loop computations of [4], in
which all external legs are on-shell, so that ultimately, after being combined with other
ingredients computed in the same gauge, no trace of the gauge choice remains. Therefore
the reference spinors can be chosen to maximize computational convenience. We delay the
choice as far as possible, so that convenience can be evaluated later in the full context of
a larger calculation.

The spinors for the massive fermions satisfy the Dirac equation. We do not require
any further details of their definitions, so any of various conventions (e.g. [23, 26]) can be
used. The massless limit is smooth.

We use the Lorentz vector P;; to denote the sum of color-adjacent momenta in in-
creasing cyclic order, between and including legs ¢ and j.

2 The recursive construction

We choose to apply the momentum shift to a pair of gluons, since they are always on-shell
in this context. The shift denoted by [kl) shifts the momenta of gluons labeled by k and !
as follows:

By =1k), |Kl=Ik -z, [D=+zk, |[]=11, (2.1)
or
Dk = Pk — 24, D =p+ 2q, (2.2)

with the complex-valued shift vector

¢ = 5 (kb (23)



The BCFW construction is to apply the residue theorem on i.J(z)/z to recover the
current as

1J(z=0) =— Res ZJ(Z)) 2.4
e=0=-3 (4 (2.4

To obtain recursion relations among currents, we must have no pole at infinity. This
is assured if J(z) goes to zero in the limit z — oo, which we call good boundary behavior.

The remaining poles can have two possible origins, due to their construction from
Feynman rules: (1) the vanishing of a propagator, or (2) the vanishing of the denominator
of a polarization vector, when written as in (1.4).

The first type of pole, from a vanishing propagator, is familiar from the recursion
relation for on-shell amplitudes. The corresponding residues are easy to evaluate as the
product of two currents or amplitudes with fewer legs, since the vanishing of the propagator
is an on-shell condition.

The second type of pole will be called an unphysical pole. In an on-shell amplitude, the
reference spinor in such a pole could be freely chosen to eliminate the z dependence in the
denominator, but now with a quark line off-shell, we must fix all reference spinors from the
start, and they play an explicit role. These unphysical poles are problematic, since their
location has no natural physical meaning, and we have no independent way of computing
their residues. Thus, we will find conditions on the currents and shift that prevent the
appearance of unphysical poles.

With good boundary behavior and no unphysical poles, there will be a recursion rela-
tion that takes the schematic form

. i
iJn(z=0) Z Zka+1 an k+1(2), (2.5)

k sZpoles

where the i.J are currents and amplitudes with fewer legs; the hat denotes their evaluation at
shifted momentum values; P is the momentum flowing between them which goes on-shell at
the pole z; and the second sum is over internal helicities. Of course, the propagator acquires
a mass if it is fermionic. If all of the off-shell legs belong to just one of the two currents on
the right-hand side, then the other is replaced by a shifted on-shell amplitude, iM (2).

3 Boundary behavior

In this section, we study the behavior as z — oo of the fermionic current i.J ( ,39, 4,

Q7
..,ng> under the [kl) shift (2.1), where k& and [ represent any of the gluons. We will

conclude that the boundary term vanishes in the helicity cases (k,,1f), (k;,1;) and thus

(k:;, l;r) as well, for a generic gauge choice. In fact, our argument is much more general,
since none of the unshifted gluons need to be on shell. Moreover, the number of fermion

lines is not crucial either.

3.1 Choice of shift: helicities and polarizations

Consider the superficial boundary behavior of individual Feynman diagrams, following the
flow of the additional momentum zq. Without the polarization vectors, the diagrams where



the zg momentum goes only through 3-gluon vertices and gluon propagators behaves the
worst — as O(z). If zq runs through a 4-gluon vertex or through a fermion line, then such
a diagram already behaves as O(1) or better. Now, if we contract the vector indices for
the [kl)-shifted gluons with their polarization vectors,

w1 [*R) oo L {nwlyMK] = 2(ngly*]
- V2 [ngk] — z[ngl] V2 (nik) (3.1)
éﬁ:_gjwwm+4mww> w1 (] '

V2 [l T VR () + 2 (k)

we see that for a generic gauge choice the off-shell current superficially has O (%) behavior
in the (k;, 1) case, O(z) in the (k;,1;) and (k1) cases, and O(2%) in the (k1) case.
Note that this behavior can be altered by special gauge choices, i.e. if np, =1 or n; = k,
then é’,i_ and €], lose their 2z dependence instead of being O (%)

The helicity case (k:g_ ,l;) is thus safe automatically, for a generic gauge choice. In
subsection 3.4, we will discuss boundary behavior for a special gauge choice that will be
needed in the following sections.

In the remainder of this section, we will prove that in a generic gauge (where ny # 1),
the off-shell current with helicities (k:;, l;) also vanishes at infinity, at least as O (%) To
do that, let us multiply this current by the z-independent factor —ﬂ[nll], so that only
the numerator, [ny|7”|l), remains contracted with the I-th gluon’s Lorentz index v. The
resulting expression depends only linearly on [n;], which is a 2-dimensional massless spinor
and thus can be expressed as a linear combination of any two independent spinors of the

same kind:

[ru| = al] + Blnl- (3:2)
Therefore it is enough to show that we get O (%) behavior for the two special cases n; =1
and n; = ng. Let us examine them one by one.

3.2 Like-helicity shift, first term

The first term in (3.2) yields [I|y*|]) = 2[*, making it possible to use the Ward identity,
which diagrammatically can be expressed as follows:

Zy . . —g . . + . .
3 n 3 n 3 n
| 2 L] [ 2 1—1 2—1 1
+ A . NI . . )
341 n 3 n+1
2 1 2 1

(3.3)
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Figure 1. A generic gluon tree diagram with only 3-point vertices.

Each diagram on the right-hand side of (3.3) is supposed to have an appropriate gauge
group generator contracted with the leg to which the momentum [ is added, but that is
irrelevant for the discussion of z — oo behavior. For any leg that is initially on shell, such
as the k-th gluon, the corresponding right-hand-side term should naturally vanish, because
the resulting leg would go off shell and thus would be left out when extracting the on-shell
pole residue according to the standard LSZ procedure.

Now consider what the Feynman rules tell us about the diagrams on the right-hand
side. In case there are off-shell gluons, if a diagram has the zg momentum going from
the k-th gluon to another through 3-gluon vertices, it must now behave no worse than
O (é)‘ Indeed, it still has é’,:_ ~ 0 (%) on the k-th leg, and in addition to that the gluon
propagator on the off-shell leg is now O (%) as well. If zg runs through a 4-gluon vertex or
through a fermion line and ends up still on a gluon leg, then such a diagram will behave
at most as O (Z%) A new ingredient here is the diagrams that have z¢ momentum flowing
through 3-point vertices to an off-shell fermion leg, but it is easy to see that they will also
behave like O (%) or better. In sum, applying the Ward identity in this way reduces the
maximal superficial power of z at infinity by two.

There is one technical caveat about this argument: strictly speaking, the Ward iden-
tity (3.3) is valid for a ghostless gauge, whereas in Feynman gauge it is necessary to
introduce some extra terms on the right-hand side. We address this issue carefully in
appendix A and find that the argument still holds in Feynman gauge.

3.3 Like-helicity shift, second term

Now we consider the case n; = np = n. It turns out to be possible to deduce some inter-
esting facts about the boundary behavior of an off-shell current simply from the Feynman
rules.

3.3.1 Gluon trees, leading power of z

We start with the leading O(z) diagrams, in which the zg momentum flows only through
3-gluon vertices and gluon propagators, which thus behave as O(z) at most. Let us look
closely at the part of such a diagram that is directly adjacent to the zg momentum flow,
i.e. just a gluon tree with all but the k-th and [-th legs off-shell and their propagators
amputated, keeping in mind that any of the off-shell legs can be extended by any sort of
z-independent tree, including a fermion line. A tree with n legs will have (n — 2) vertices
~ O(z), (n — 3) internal propagators ~ O (1) and (n — 2) free indices. The highest power
of z will be accumulated if we pick up z¢* from each vertex, a z[n|y”|k) term from the I-th
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Figure 2. A generic diagram with zq flowing through the fermion line and only 3-point gluon
vertices.

gluon’s polarization vector, and another [n|y*|k) coming from the k-th gluon: n vectors
in total. Apart from that, vertices and propagator numerators can only offer various
combinations of metric tensors, and the fact that there are only (n — 2) free indices means
that at least one contraction will take place among those vectors. But any such contraction

eliminates a power of z, since

So the leading O(z) term vanishes and we are left only with O(1) at most.

3.3.2 Fermion line insertion, leading power of z

Similarly, the leading O(1) term vanishes for the diagrams in which zq flows through the
fermion line. To see this, consider once again only the terms directly adjacent to the zgq
momentum flow, i.e. the relevant part of the fermion line and mostly off-shell gluon trees
on both of its sides.

The leading power of z in a generic diagram with n gluons will now be attained by
accumulating (n — 1) powers of 2¢® from 3-gluon vertices and the numerators of fermion
propagators. As before, [n|y*|k) and z[n|y”|k) will come from the k-th and [-th gluons
respectively, so in total we have (n + 1) vectors with only (n — 2) free indices to attribute
to them. Note that the relevant part of the fermion line consists of an odd number of -
matrices and thus can always be expressed as a linear combination of eight basic matrices
{’y“}izo U {y#45 ;?izo just by using the standard formula:

Y = gy — g+ g iy (3.4)

The free index of the v or v#7° can either be left free as an off-shell gluon index (leaving
us with only (n — 3) free indices left for (n + 1) vectors) or be contracted with one of the
(n + 1) vectors. So the number of free indices is smaller than the number of vectors at
least by two. The difference with the previous case is that now we have not only metric
tensors to do the index-contraction work, but also the totally antisymmetric tensor coming
from (3.4). So, lowering the number of free vector indices by two can be achieved by
either dotting one vector to another, in which case we get zero just as in the gluon-tree
case; or by contracting three vectors to one antisymmetric tensor constructing terms like
Exup - 2q" - [n|Y*|k) - z[n|y”|k), all of which vanish due to the fact that we have copies of
only two vectors in the leading O(z) term. Thus all diagrams with zg momentum flow
through a fermion line necessarily vanish at z — oo.
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Figure 3. Diagrams for the amplitude of 2 gluon and 1 fermion line.

3.3.3 Gluon trees, next-to-leading power of z

What is left to consider is the possible O(1) contribution from gluon trees. To begin
with, calculate the simplest gluon tree, i.e. a single 3-gluon vertex contracted with the two
polarization vectors as given in (3.1):

k l
\TJ =&l <9uu(if —Dx+ g2+ k) — gru(2k + i)u> €
N =g Ok 2D + (Ealal(th ] (k) +0 (1) (39)
— —W (2(kl)[In] + 2(1k)[In]) + O (i) ~0 (i) .

Here the O(z) terms vanish trivially in accord with our previous considerations, but we
see from the Fierz identity that the O(1) term is canceled as well. At four legs these
cancellations continue to take place, but start to involve O(1) diagrams with a single

quartic vertex insertion, for instance:

k Az k Ak A2
1
K C e Ko=) e
A i A l A1 ]

Evidently, such an intricate cancellation cannot be deduced by examining Feynman
diagrams separately. Let us look again at the 3-gluon vertex (3.5) from another point of
view. Attaching a gluon propagator to the off-shell line obviously does not change the
power of z, and the resulting off-shell 3-gluon current is a Lorentz vector. If we contract
it with a simple fermion line, we obtain the first diagram in figure 3, which is a part of
a scattering amplitude — a gauge invariant object that is well established to behave as
O (1) for the (kg ;1) shift.

Moreover, the second diagram in figure 3 has zg momentum flow through its fermion
line, so according to our previous discussion it is of order O (%) by itself. Thus we can
conclude that the first one is O (%) as well. We obtained it by contracting the initial
off-shell current vector with a correctly defined fermion line. The freedom of choosing the
on-shell fermion momenta and helicities spans the whole Minkowski space. Therefore, the

vector must have the same boundary behavior.
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Figure 4. Contracting a gluon off-shell current with fermion lines.

. i [

Figure 5. Diagrams for 4 x {¢G7} — ¢rg; with zg momentum flow through fermion propagators.
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Figure 6. Diagrams for 4 x {¢q} — girdi, that can be reduced to the case of smaller number of
gluon legs.

Along the same lines, we can now prove a very general statement: An n-gluon off-shell
current with only two shifted like-helicity legs on shell behaves as O (%) The current has
a free Lorentz index for each off-shell leg, so it is actually a tensor of rank (n — 2). If
we contract every index with its own fermion line (independent of z), we will obtain an
expression corresponding to a scalar amplitude (figure 4) which we know behaves as a
whole as O (1) under the (k,,1;) shift. The freedom of choice of fermion momenta and
helicities guarantees that if the contracted expression vanishes at z — oo, then the initial
tensor is bound to vanish too.

Of course, we will still lack some diagrams to build the full amplitude, but the lacking
terms will in fact be those for which we have already proven the good behavior at z — oo.
Indeed, the result resembles an amplitude for a process where (n — 2) (distinct) quark-
antiquark pairs go to 2 gluons, so it should contain not only the diagrams which are given
by the right-hand side of figure 4, but also those where some fermion lines have multiple
fermion vertices and thus have fermion propagator insertions in them. Some of them look
like the diagrams which are shown in figure 5, i.e. have zq flow through at least one of

those fermion lines and thus vanish at z — oco.

,10,



Others, however, may look like the diagrams shown in figure 6, i. e. contain some
fermion lines connected to the shifted gluons only through their connection to other fermion
lines. These diagrams can be reduced to the case of a smaller number of off-shell legs in
the initial gluon current. Thus, we can construct an inductive argument, for which we have
already verified the base case of n = 3, to see that all the diagrams that we need to add
to the contracted n-gluon current to form an amplitude behave as O (%) and the current
itself is therefore bound to be O (%)

By the way, this inductive proof did not use the weaker O(1) statement of section
3.3.1, though we relied heavily on the O (%) statement of section 3.3.2. To conclude, let us
recall the steps of our argument:

1. Any diagram with zg momentum flow through at least one fermion propagator be-

haves well.

2. The boundary behavior of the diagrams with zg momentum flow strictly through
gluon propagators is the same as that of a gluon-only off-shell current.

3. Any off-shell current with 3 gluon legs vanishes as z — oo due to the cancellation
which ensures the good behavior of the amplitude ¢ — §g.

4. Any off-shell current with n gluon legs vanishes as z — oo to ensure the good behavior
of the amplitude (n—2) x {¢q} — §g, provided the good behavior of the (n—1)-gluon
current and the diagrams with fermion propagator insertions.

3.4 Mixed-helicity shift in special gauges

For a generic gauge, the boundary behavior of individual Feynman diagrams under the [kl)

%) in the mixed-helicity case (k,, 1} ). But in the following section,

we will find that in order to avoid unphysical poles we need to use special gauge choices

shift is automatically O (

ng = p; or n; = pr. Such gauges eliminate the z-dependence from one of the polarization
vector denominators and thus turn the superficial behavior into O(1). However, we can
easily rephrase our power-counting arguments from the sections 3.3.1 and 3.3.2 for the
mixed-helicity case and find that the leading power of z must always involve at least one
contraction of two of the following three vectors: zq*, [ng|y*|k) and (n;|7”|l], with either
Juv OF €xupp. Either by imposing ny = p; or n; = pg, we can guarantee that any such
contraction will give zero and thus ensure vanishing of the boundary term.

It is worth noting that if we take ni = p; and n; = pp simultaneously, the superficial
boundary behavior is worsened by two powers of z, and the argument will in general be
invalid. Suppose that we first impose n; = pg and have nj unfixed. Then we will be
guaranteed to have no pole at infinity, but might still have an unphysical pole at zp =
[ngk]/[nkl]. Now if we take ny = p;, we can see that the pole z; goes smoothly to infinity.
In this way the unphysical pole and the boundary term can be traded one for another, and
the problem is to find gauges in which neither survives.

— 11 —



4 Avoiding unphysical poles

In this section, we address the question of unphysical poles, i.e. the poles that come from
polarization vectors (3.1) instead of propagators. We construct explicit recursive proofs of
the vanishing of the unphysical poles for the following currents:

1. [34)-shifted i.J (15,2@3;,21;,5;, . .,n;) with ng =ng = -+ = nyp;
2. [43)-shifted iJ (15,262,3;,219_,59_, .. .,n;) with ng =ns = -+ = ny, = ps;
3. [34)-shifted i.J (15, 53,485, .. .,ng—) With ng = 115 = -+ = Ny, = P4 -

It is straightforward to prove analogous statements for the currents with the opposite

—

quark off shell or for flipped helicity assignments. For example, i.J(1g, 0135 (n—1) g
n ) has no unphysical poles under the [n—1|n)-shift if n3 = --- = n,_1 = p,. One can also
make a simultaneous flip of all gluon helicities trivially.

In short, the good gauge choices are:
e in the all-minus case, put all reference momenta equal to each other: n; = ¢;

e in the one-plus cases, put reference momenta of negative-helicity gluons equal to the
momentum of the positive-helicity gluon: n_ = p,.

Note that in the one-plus case with the positive-helicity gluon in central position the
unphysical poles vanish for a matrix-valued current |n~...574737| with both fermions off
shell, i. e. lacking spinors on both sides of the quark line. In fact, there is strong evidence
(see the numerical results in the following section) that it will continue to be true for
such one-plus currents |n~ ... (m+1)"m™(m—1)"...37| irrespective of the position of the
positive-helicity gluon with respect to the fermions.

In each case, our recursive argument is based on the following expansion [1]. Consider
constructing the n-particle current with one fermion line by attaching the n-th gluon to
the corresponding (n—1)-particle current. Due to color-ordering, it can be coupled directly
to the off-shell quark, to the (n—1)-th gluon, or to some more complicated gluon tree. If
we focus our attention on those gluon trees that include the n-th gluon and attach to the
quark line as a whole, we can expand the current according to the number of legs in such
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trees, as shown pictorially in equation (4.1).

i 5 j.--n—l
3 Tl_g %‘i\,\
2 1 2
i ...n—3 n—2
3
_|_
2 1
4 5 4 5

4.1 All-minus currents

Let us prove that for the [34)-shifted all-minus current i.J (1 20 39 ,4g N O ) the
residue at the unphysical pole z3 = [n33]/[n34] vanishes when we make all the gluon
reference momenta equal: ng =n4 =--- =n, =q.

Now if we already know that the residue at the unphysical pole z3 = [¢3]/[¢4] vanishes
for all the corresponding off-shell currents with fewer legs, then only the last two diagrams
n (4.1) remain to be calculated. That can easily be done just by using color-ordered
Feynman rules, where we make use of the Berends-Giele formula [1] for currents of like-

helicity gluons, which in our conventions is given by

(|7 P1nld]
V2[q1][12]. .. [n—1 n][ng]

iJH1T,27, ..., ) = — (4.2)
Evaluating the sum at the pole z3 = 0, defined by [qg] = 0, and performing some manipula-
tions using a Schouten identity between the two contributions, we find the residue of (4.1)
at the unphysical pole:

s 5 n | i BIPsldllal e — m)2)
[43] + = BI2/d[34][45] .. . [n—1 n)[ng]

(4.3)



It becomes obvious that (4.3) vanishes due to the presence of the on-shell spinor |2) next
to (po —m).

To conclude the proof, we do not even need to calculate the base of the recursion
separately, because all the preceding formulas were general enough be valid for i.J (12—2, 20,

A~ ~

3;,4*) as well. Indeed, in that case the last two diagrams in (4.1) turn out to be the
usual Feynman diagrams with the Berends-Giele current representing just the polarization
vector of the shifted 4th gluon.

4.2 Currents with a single positive-helicity gluon in extreme position

91%g %9
rename n3 = ¢q. Consider the same expansion (4.1). As in the previous case, for a recursive

For the [43)-shifted current i.J (15, 20 3t 4-.57, ... ,n;) we put ng = --- = n, = p3 and

proof of the vanishing of the residue at z3 = —(¢3)/(¢4) we only need to calculate the
last two diagrams in (4.1). We use the following formula for the one-plus Berends-Giele
current:

. _ S (17" Prnl1] (1 PP (2q)
iJHAT 27, nT) = Van2)23) .. [n—1 nl[nl] {; PP, + <21>(1q>}’
(4.4)

in which we retain dependence on the reference momentum n, = g of the positive-helicity

gluon. This generalization is discussed in appendix B. It turns out that relaxing one
reference momentum results in only one extra term in (4.4), which subsequently generates
the pole for i.J(3%,4~,...,n7) at (3¢) = 0.

Using the currents (4.2) and (4.4), we see again that the residue at z3 vanishes due to
the presence of the on-shell spinor |2) next to (yo —m):
im 5 -5

A~ A~

)3t ne 3" n —i[3](49) (g Ps.n[3][3| (P2 — m)|2)

(43) + T (q[203](43)[34][45] . . . [n—1 0] [n3]

1* 2 1*

(4.5)

This evaluation is valid as well for i.J (16, 2Q, 3;, 21;), thus ensuring the base of the
recursive argument.

4.3 Currents with a single positive-helicity gluon in next-to-extreme position

In this section we consider a matrix-valued [34)-shifted current i.J (15’2*69’39_’21;’59_’

;) with the positive-helicity gluon separated from the fermion line by one negative-

helicity gluon. We put ng = ns = -+ = n,, = pg and ng = ¢. In expansion (4.1), we now

LN

need to examine the last three terms. More specifically, we need to examine only their
g-dependent parts, since these are the ones that can have the unphysical pole at <q21> = 0.

The very last diagram in (4.1) contains the gluon current i.J (3_, 4t 57, ... ,n_) , for
which we do not know a simple analytic formula. Fortunately, according to the induc-
tive argument outlined in appendix B, it does not depend on ¢, so that diagram cannot
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contribute to the residue at (g4) = 0. We are thus left with the other two diagrams. As
before,

L Gt s ) (pzf__ﬁf;’;“_”:nz (\4]<3y +13) [4|). (4.6)

2*
1*

We use the formula
i7 (19:2.37.47) = M{ (10614 ) 41 L2 () 31418 )

(n4d) (p2—p3)?

+%(zf3—ﬂ4) + [g‘ﬁ] (141 (nal I a) - <Z§>> (Ins](31+13) ns1) }

(4.7)
which is derived simply from Feynman rules, to evaluate the third-to-last diagram in ex-

pansion (4.1):

3~ _ .
n i o . Vo= —patm
=—— 3 J(57,6,...,n
/( )(Pz —p3 —pa)? —m?

V2(q4)[43]

*
2 1*

{(|4] (llolal) Ll } (11631 + 13)141).

(4.8)
After using the formulas (4.2) and (4.4) for the Berends-Giele currents and substituting
7 (39)
= |4 4.9

in the residue of the unphysical pole, we can combine the g-dependent terms of (4.6)
and (4.8) into one term with the following spinor matrix in the middle:

Po—P3—pPatm Yo —Pz+m Yo—P3—Pat+m Yo —Pz+m

— — 4 — — — — + — = 0.

(p2 —P3 —pa)? —m? *" (p2—Dp3)? —m?  (p2—Dp3—Dpa)? —m?  (p2—P3)? —m?
(4.10)
Having established the induction, we turn back to i.J (15, 2*Q, 35, 21;, 5g_> and see that

its expansion (4.1) contains precisely the three diagrams that we have just examined in a

more general case. This provides the base of our inductive argument for ./ (15, 2*Q, 3,45

9779
5;,...,71;).
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Our numerical results (see below) indicate that the statement about the matrix-valued
one-plus currents might be true irrespective of the position of the positive-helicity gluon
as long as it is separated from the fermion by at least one negative-helicity gluon. Un-
fortunately, it remains a challenge to show it. Here, we used an explicit formula for
1J (1* 039 ,49) to evaluate one of the diagrams. To prove the vanishing of the un-

physical pole for iJ (1* 1 26:3g - (m—1),, m*, (m+1),,... ,n;) in the same manner,
one would need to have an explicit formula either for iJ ( 2Q, 3g s (m—l);, mj) or
for iJ ( 25, my, (m+1) 7, ... n;)

5 Results for currents

In this section, we apply the constructions established in the previous section to compute
massive fermion currents from recursion relations. First, we list 3- and 4-point currents as a
starting point. Next, we give a closed-form expression for currents with an arbitrary number
of gluons if their helicities are all alike. A fully non-recursive version and its derivation are
given in appendix C. Finally, we state our numerical results for shifts producing recursion
relations in the case of one gluon of opposite helicity.

5.1 3-point and 4-point currents

For completeness, we begin by listing the 3- and 4-point currents, which are straightforward
to derive from Feynman rules, with full freedom of the choice of reference spinors.

i (15,2537 ) = _i|n3]<?il;3’,]3> na| (5.1a)
z’J( 2Q,3+> W (5.1b)

J( Q’QQ’gg ’49) - [n33]i[n44] { <3‘;’3] (’4> [??,4‘2’3) [n3‘ - ’714] <4‘1’n3]<3‘

o+ m4) nans) (3] + m|n41<43>[n31> - [314] ([n43](rn31<3\ +13)[na

+ D] (Jmad ]+ () ) + 720 g - m)) }|2>.

(5.2)
& ( 2Q’ 39 ’49) = m{ <|”4]<4|+|4> [”4‘)(]92—;;% (|n3]<3|+|3> [n3|)
+[314][ n32n4] (3 =) + [n34] (In4]<4|+|4>[n4y) + [n43] (|n3]<3|+|3> [n3|>} }

(5.3)
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Figure 7. BCFW derivation of i.J (157 20:34: 44,1, ;)

i (15.2.37.47 ) = W{(4}<n4|+|n4>[4|)%(\nmumngo

[n34](na3) ngd] (n43)
S B+ gy (M0l al) = G (1nsl(3]+13) o) }
(5.4)
) . _ 1 Po—ps+m
i (152,347 ) = W{(nmuwnu)(2]93;27712(\3]<n3|+|n3>[3|)
(n34)[na3] 34) [r43]
Siabias B+ g (Imal @l ) = S (13]0ma] + ) ) }
(5.5)
5.2 Closed form for all-minus currents
For n > 5, we compute the all-minus current 7.J (12‘?, 20,3445 g) by doing a [34)

shift and setting all reference momenta equal to an arbitrary null vector ¢. Since we have
established the absence of boundary terms and unphysical poles in the preceding sections,
the BCFW expansion is given as follows:

_ _ _ Yo — P35+ A A
J( 5:20:37 q,...,ng) :zJ( L (2-3)0,4,,5, ,.‘.,ng)wM(-(2—3)Q,2Q,3g) (5.6)
+<;,Z:f) [zJ( 520:35 (4+5)q,6q,...,n;) miM( (4+5)q,4g,5q>

+I§1J(1* 120,35, (P4k)g,(k+1)g,...,n;>%iM(—(ﬁ4,k)iL Ag7557“_7kg>}

See figure 7. Because we are working with off-shell currents, the sum over interme-

diate gluon polarization states (h, iL) must now include the unphysical polarization state
combinations (L, T), (T, L), which vanished automatically in the on-shell case due to the
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Ward identity. This subtlety was first treated in a similar context in [3]. Specifically, the

numerator of the Feynman propagator is decomposed as

_ ot -+ L_T T _L
—9uw =€,€, TE, 6, FE4E, FE,E),
where
L T du
E pr— k 6 = ——.
poo TR e kn

(5.7)

(5.8)

It is clear that the gluon amplitude in the third line of (5.6) (the second line of figure 7)
vanishes identically, due to the form of the all-minus Berends-Giele current (4.2) contracted

with any of the polarization vectors. The three-point gluon amplitude in the second line
of (5.6) (the last diagram of the first line of figure 7) vanishes as well. Therefore the only

contribution that is left is the single term in the first line, involving a fermionic propagator.

The general expression for an n-point all-minus current can then be written as

—1

n (n—1)"...4737 = —
) ) = R e w2l T

p2— P p1)2—m?

X{(Iq]<nl+\n>[q\)( P () )

L1
[n—1 n]

ﬂ2 _ﬁ3,n—2 +m
(p2—Psn2)?>—m

Yo—Psatm
(p2—P3,4)*—m?

Po—p3+m
(p2—p3)?—m?

where the shifted momenta are defined recursively by

( = (k| _Aﬁ&k—l“‘;]
(ko — Ps s |k +1]
k] = |k] — 2|k +1]

k+1) = |k+1) + 2| k)

\
with k = 3,4,...,n — 2, and the initial values

(3[2(3]
(3[2[4]

29 =0, z3 =

[[Qn] (Iq]<n|+|n> [q\) +q n—1]<yq]<{_\1|+|,;_\1>[q|)
5 (’qKn/—\Q‘—i—\n/—\Q)[q‘) ‘..

(la)@I+[2)(g])
(Ia)(31+13)1al) 12),

Pose = o — 2 ([l 1 L+ 611,

(5.9)

(5.10)

(5.11)

We have verified this formula numerically through n = 6 by comparison with sums of

Feynman diagrams.
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The massless version (m = 0) was found in [1] for one helicity choice of the on-shell
spinor, namely .J (12—), 25, g+ >Ny | in our reversed fermion momentum convention, so
that |2) = |2). In our calculation, rather than take the massless limit of (5.9), it would
be more effective to return to the recursion relation as given in the nonvanishing first line
of (5.6), so that the propagators can be replaced by simple spinor products at each step of
the recursion. Recovering the compact form of [1] is not immediate for general n, however,
because we preserve a form of the current in which the quark spinor |2) is an explicit factor
at the right of the expression, free to take either helicity value. This is important, because
the shift of the quark momentum means that the full internal helicity sum occurs at each
stage of our recursion.

It is possible to solve the recursion exactly and write the shifted spinors for (5.9) in a
fully closed form. We write this non-recursive form and outline its derivation in appendix C.

5.3 Numerical results

Beyond the case of all gluons having the same helicity, we have found valid shifts nu-
merically through n = 6 in the case of one gluon of opposite helicity to the others (the
“one-plus” case or its parity conjugate). A sufficient condition for a valid shift is to take
the reference momenta of all the negative-helicity gluons equal to the momentum of the
positive-helicity gluon: n_ = py.

For the choice of shifted gluons, we have identified two valid possibilities:

e Shift the two gluons closest to the on-shell fermion; if they both have negative helici-
ties, choose the shift so that the unphysical pole would come from the gluon adjacent
to the on-shell fermion. (These shifts are all valid in the all-minus case as well.)

e In the case with the plus-helicity gluon in central position shift the plus-gluon along
with the any of the adjacent minus-gluons irrespective of their position with respect
to the fermions. The unphysical poles then vanish, even with both fermions off-shell.

To be more precise, we found that for i.J (12—2, *Q, 39_,4;, Dg s 6;) in gauge nz = ng =
neg = p4 not only [34) shift produces no unphysical poles (as we have proved in section 4.3),
but [54) as well. Similarly, i.J (15, 013944 5;, 6;) in gauge n3z = n4 = ng = p; suffers
from no unphysical poles both under [65) and [45) shifts.

In the 6-point case we also have currents with two plus and two minus helicities, but

unfortunately we were unable to find a good gauge choice for them.

6 Summary and discussion

We have studied currents of n — 2 gluons of “mostly-minus” helicity and a massive quark-
antiquark pair, where the antiquark is off shell. Because of the off-shellness of the antiquark,
the choice of reference spinors plays an important role.

BCFW-type recursion relations are obtained under the following conditions, which
ensure the absence of a boundary term and unphysical poles. The reference spinors of
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the negative-helicity gluons are all chosen to be equal. If there is a single positive-helicity
gluon, its momentum is taken to be the reference spinor of the negative-helicity gluons.

e In the case where all gluons have negative helicity, we have obtained both a recursive
and a closed form for the current derived from recursion relations.

e In the case where one gluon has positive helicity, and it is color-adjacent to the quark
or antiquark, we have proven the validity of the recursion relation, but we do not
have a closed form.

e In the case where one gluon has positive helicity, and it is color-adjacent to two other
gluons, we have found numerical evidence for the validity of the recursion relation
in general, but were able to prove it only for the simplest configuration, with the
positive gluon in next-to-extreme position.

In Yang-Mills theory, an on-shell alternative to the BCFW construction is the MHV
diagram expansion [27], in which maximally helicity violating (MHV) amplitudes play the
role of interaction vertices, with a suitable on-shell prescription for the intermediate legs.
For off-shell currents, there is apparently no sensible expansion in MHV diagrams when
the off-shell leg carries color charge, such as the Berends-Giele currents for gluons.

One might consider applying a BCFW shift to the massive fermion pair, but this con-
struction fails off-shell. With a conventional definition of massive spinors [23, 26] in terms
of a single reference vector, good boundary behavior is evident, but there are unavoidable,
complicated unphysical poles, due to y/z-dependence of the denominators of the massive
spinors. Even with both fermions on shell, the only shift known to be valid is quite special-
ized: each of the two massive fermion spinors has its reference vector constructed in terms
of the other [19]. This choice is not well suited for repeated application in an analytic
recursion relation, because it is undesirable to keep track of the data of internal legs. One
would like the choice of reference spinor to be fixed once for all. Nevertheless, we looked at
extending this construction off-shell. There is no z-dependence in the denominators, but
when either of the on-shell massive spinors are stripped off, the miraculous cancellation
reducing the boundary behavior from O(1) to O(1/z) no longer takes place.

In the course of studying boundary behavior in section 3, we have proven the good
boundary behavior of general off-shell objects in Feynman gauge, as long as they contain at
least two on-shell gluons that can be shifted. This meshes with a similar argument of [28]
in the light-cone gauge ¢-A = 0 specified by the BCEFW-shift vector ¢, (2.3). Thus we could
see that it is not the boundary behaviour that hinders the BCFW recursion off shell, but
the unphysical poles, coming from the polarization vectors.

Several questions arise for future exploration. Is there any choice of shift and reference
spinors that eliminates boundary terms and unphysical poles for more general helicity
configurations? If so, can the recursion relation be solved neatly? Do some shifts give more
compact results than others? Is there a neat solution for the current with a single gluon
of opposite helicity, for which we have already proved the existence of recursion relations?
In cases where unphysical poles are present: is there any way to understand them, so
that their residues could be incorporated explicitly in the recursion relation? Regarding

— 20 —



the generalized Berends-Giele currents of appendix B: can the current with one opposite-
helicity gluon in a central position be written in a compact form, manifestly independent
of the generic reference spinor? Further results addressing these questions would certainly
illuminate our understanding of the BCFW construction and its applicability to gauge-
dependent objects.

Acknowledgments

We would like to thank Z. Bern, R. S. Isermann and E. Mirabella for helpful conversations.
This work is supported in part by the Agence Nationale de la Recherche under grant number
ANR-09-CEXC-009-01, and by the Research Executive Agency (REA) of the European
Union under the Grant Agreement number PITN-GA-2010-264564 (LHCPhenoNet).

A Ward identity argument in Feynman gauge

In section 3.2, we used the Ward identity (3.3) to reduce the maximal superficial power of
z at infinity by two, but we omitted some extra terms that are present in Feynman gauge.
In this appendix, we fill in this gap in our argument.

The supplementary terms we need to consider are due to the fact that the Noether
current of the global gauge transformation receives additional contributions from the gauge-
fixing and ghost parts of the effective Lagrangian. (Note that in the generalized axial gauge
the gauge-fixing term o (n“AZ)2 contains no derivatives and thus does not contribute to
the Noether current.) At tree level, however, the ghost part of the current does not produce
any non-vanishing diagrams, unless we consider a Green’s function with external ghost legs,
which is not the case. Thus the only non-trivial ingredient that we should worry about in
Feynman gauge is the gauge-fixing contribution to the Noether current.

To derive the Ward identities, we consider an infinitesimal global gauge transformation,

a a abc b pAc
A;L — A;L - gf « A;u (Al)

which leaves invariant the R¢-gauge-fixing Lagrangian:

1
Le = —— (9,A%)?. (A.2)
2€
The latter generates the following contribution to the Noether gauge current:
oL g
J — 3 abc g _ 4 abcAbua A A3

Taking a derivative gives
0, I (@) = % Fobe AV (2)8,0, A (z),

so we retrieve the following momentum-space operator:

~ ~ y 4 )
LJg (1) = _%f et / (;iﬂ];vapflc”(p)x‘ldp (I —p). (A.4)
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This operator is to be inserted instead of the [-th leg and combined with the remaining
(n — 1) legs of the off-shell current:

k,u,a DV, C
l_p>P’d

ig bed d4p A, VP : : A
_ : : . 5
¢ | ety —

Note that in (A.5) only the k-th leg is considered propagator-amputated, and we spell
out its contraction with the polarization vector &} explicitly. In the following we specialize
to the Feynman gauge £ = 1 and once again neglect all color information. Since (A.4) has
two gluon legs and already contains one power of g, then in order to construct a tree level
contribution of order O(g"~?2) from an object with (n+1) external legs we need to contract
two of them together without any interaction insertions. Thus the other (n — 1) legs must
form a normal connected tree level diagram of order O(¢g"~3). An extra disconnected piece
will naturally produce a §-function which will annihilate the integration in (A.5).

We cannot contract together the two legs coming from (A.4), because that would
produce 6 (p + Z—p) = 0. Moreover, if both directly contracted legs are not in (A.4), say
the i-th and j-th, then we will get 64 (p; +p;) = 0. Obviously, we cannot contract directly
a fermion with a gluon either. Thus we are left only with the options of connecting one of
the two legs (A.4) with any of the remaining gluon legs — either the shifted one k or any
of the unshifted legs.

Contraction of the first leg of (A.4) with the on-shell gluon & vanishes immediately
due to the transversality of the polarization vector &}, whereas connecting the other leg
to k results in p= k+1:

B ]2;’# Ao l_pvp T
k+1 p,v
k—1
&'’
3 n
2 1
[ k+1 ];:—i—l:y_
k—1
. somer N e 1
= 2m)* oW1 —p+ k)& (k+1), - (k+1)” =0 <Z) :
3 n
2 1
] i (A.6)
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so that the only remaining element dependent on z is éZ— =0 (%) Now if we take an
arbitrary unshifted gluon leg with momentum p; and Lorentz index A and contract it with
the leg p from (A.4), we get

B Aj7)\ Ao p,AI/ 7
]C,,U, l_p7p
g’ |
3 n
2 1
[k I+pj,p ]
gy | z —i 1
= @m) 10+ py) — L - b o <>
J p? J k£ 3 n (l+pj)2 2
2 1

(A.7)
In the second line we have written out the propagator of the (f — p) leg, making both
z-dependent legs propagator-amputated, so that the diagram in the brackets is a standard
O(z) and the overall expression obviously vanishes at infinity.
The last remaining type of contribution is not so straightforward. Connecting an off-
shell gluon leg to the (f —p) leg makes p equal to I+ p; and thus produces two more powers
of z in the numerator:

'Aj’)\ Ao Z_p’p y
k, pv
g’ |
3 n
2 1
l%vu Z+p],lj
7 _Zg)\ 7 N v —1
= 2m)*W (I —p+pj)—F2(1 +py)° - el +py) —.
p; 3 n (l+pj)
2 1
i (A.8)

Fortunately, what we can see on the right-hand side apart from other O(1) factors is
just what we started with — a BCFW-shifted off-shell current with both shifted legs
propagator-amputated and contracted with the polarization vector ég_ on one side and
with the momentum (i + p;) on the other. The main difference is that it has one gluon leg
less than before and the momentum of the missing gluon is now added to the [-th leg.

So we started with a superficially O(z) object with (n — 4) unshifted gluons on the
left-hand side of (3.3), and we have managed to see that the right-hand side of the Ward
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identity gives us O(%) contributions plus (n—4) superficially O(z) objects of the same type,
but with (n — 5) unshifted gluons. In the same fashion we can apply the Ward identity
repeatedly until there are no unshifted gluons left, which proves that the initial object was
indeed O(1).

In this way we have verified that the Ward identity argument is still valid in Feynman
gauge.

B Berends-Giele one-minus currents with a general reference spinor

Berends and Giele [1] found a well-known recursion relation for multi-gluon currents. The
explicit solutions they gave for currents with a single negative-helicity gluon require that
it is color-adjacent to the off-shell leg, with a specific choice of reference momenta. In this
appendix, we relax these conditions, for use in the proofs of section 4.

The Berends-Giele solution for the current ¢.J#(17,2%,3%,... n") assumed that the
reference vectors ns,...,n, for the positive-helicity gluons were all equal to the momen-
tum p1, and that the reference vector ny was equal to ps. Under these conditions, all
the polarization vectors are proportional to A\; and hence mutually orthogonal, and the
Berends-Giele recursion simplifies considerably. The orthogonality of polarization vectors
is maintained even if we relax the second condition. Keeping no = ng = -+ = n,, = p1,
but taking ni; = ¢, we find the following compact result:

. ) (20 (PPl
i ’2+""’"+)_ﬂ<12><23>-~<n1><[21H1q1+7;, PP >'<B'1)

If the negative-helicity gluon is not color-adjacent to the off-shell line, we have a current
of the form iJ#(1%,2%,...,m™,...,n™). If we choose reference vectors n; = ng = -+ =
Nm—1 = Nyl = * -+ = Ny, = Py, and n,, = ¢, we find by an inductive argument that the
current is independent of q. The base case with n = 3 can be evaluated explicitly as

2y Prsl2) [13]
V2 (12) (23) [12] [23]

As in the all-plus case, all polarization vectors are proportional to A, and hence orthogonal,

iJH(11,27,3T) =

(B.2)

giving the same simplified recursion (equation (5.47) of [1]), which does not contain the four-
point vertex. According to the inductive assumption, it is enough to consider only the two
contributions shown in figure 8. Using the result (B.1), we see that the ¢g-dependent terms
from the two diagrams combine into a ¢-independent contribution thanks to the Schouten
identity. It would be interesting to find a compact form for this current, preferably one
that is manifestly independent of q.

C All-minus formula

In this appendix, we present the shifted spinors for the current with all negative-helicity
gluons, equation (5.9), in a fully closed, non-recursive form. The shifted momenta are
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Figure 8. Berends-Giele derivation of g-independence of gluon current with a positive-helicity
gluon in central position.

written as follows, in terms of shift parameters z; and new massless spinors |tx], both
defined below.

k1]
k] = | ]m
- k+1 k
k+1)=> i (1= (C.1)
=3 i=j
Pos = Pok = 2 (b 100+ 1) +11).

The shift parameter is given by

[tr|K]
2= ———. C.2
T Tk + 1] (©-2)
The spinor |tg] is given by
k k
[te| = Hyj Gll+> | TT ] lwsl. (C.3)
j=4 \i=j+1
Here we use the shorthand ¥, for the propagator denominator:
yr = (p2 — Py i)* — m?; (C4)
the spinor [wg| takes the following values for k = 3,4,
[ws| =0, [wa] = m*(34]; (C.5)
for k > 5,
[wi| = [ug| + [vkl, (C.6)
where these elementary spinors [ug| and [vg| are calculated as follows:
(ip+1=k—1)
pt+1
[u| = —m? Z Z (—m?)” H yj ¢ (312] H [P(ij_1+2),zj 'lf(z‘ﬁl)] ., (C.7)
p=0 pik—2 jesih=2 j=1
i1...ip i1...ip (10:1)

— 25 —



(ipy1=k—1)

[£59] p+1
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The sum is over all possible ordered pair lists Rzlklp, defined by

R;lzp ={i1,01 +1; dg,io+1; ... 5 dp,ip+ 1}, (C.9)
where i1 >4, i, < k, 1j41 > i; + 2; and the complement sets

Si,k

11...0p

= {i,i+1,... k} \ R™" (C.10)

11.0p "

Finally, the products of prmatrices in (C.7) and (C.8) must be ordered by the ascending
numbering of the gluon momenta.

C.1 Derivation

We now describe the derivation of the non-recursive formula (C.1).

The expressions for |k] and |k/—|:> follow directly from the recursions in (5.10), given
the expression in (C.1) for zj in terms of the new massless spinor |t;]. It remains to justify
this expression and the definitions of |tx], |ux], |vk].

Our derivation proceeds by induction on k. We take k = 5 as the base case. Here,
even though the sets R*3 = 43 = (), formula (C.7) already starts to produce a non-zero
spinor [us| = —m?(3|2|/5.4/5| from the index p = 0, thanks to the boundary conditions
i90 = 1 and ip41 = 4. We have verified with a direct computation that this value produces
the correct expression in (5.9).

Assuming the validity of the formulas (C.2)—(C.8) for zx, [t/ , [uk|, [vk|, we now demon-
strate their validity for & — k+ 1. By the BCFW construction, in which only the first line
of equation (5.6) survives, zp41 is obtained from z; by making the following replacements
of momenta, with the [34) shift:

(2 —» 2-3
[3) — [4)
3] = 14
4 55 (C.11)
5 — 6

k — k+1

We denote the results of the replacement (C.11) on [t|, [uk|, [vk| by [ti|, [uy],[v,]. We
now show that [tx1|, defined by

k+1 k k+1
[teaal = — B2t =~ 12148 | [Tws ) @AR2-31+>_ | TI v ) Wily.  (C12)
j=5 j=4 \i=j+2
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will once again satisfy the formulas (C.2)—(C.8). The prefactor —(3|2|4] conveniently re-
produces the formulas for [ux| and [vx| and drops out of the ratio defining zj1.

Applying the relation —(3|2|4](4]2—3| = y4(3|2| + m?(3[4| to the first term in (C.12),
we find

k+1 k41 k41
—(3]2/4] Hyj @2-31= | [Tw | G20+ []v | lwal (C.13)
j=4 j=5
The second term in (C.12) contains [w}| = [u}] + [v}]. For the [v}| term, we have
(ip+1=kK)
pt1
= (312[4][v ——m4 Z Z (—m2)p H Yj { (3[2/4] 4\5|} H (ij-1+2),i; 'ﬂ(iﬁlﬂ
p=0 RGI'.“..; jesflv’j;.; (m 4)
ip 1=k
[£5°] e
=+m' Y > ) I v p GRBrasl [T [Poivens, von]
p=0 RO.k—1 S6k 1 j=1
i1..ip i--ip (i0=4)
o (ip+1=k)
[ 2 ] P+1
=-m? 30 30 ) I w6l JT [Pesas - du]
p=1 gii-1 jeshi j=1
i1 ip i1 ip =)
(C.14)
where at the last step we included \3+4|5| into the ordered product, so the last sum goes
over only the pair sets of the form R;ll’ ={4,5} U Rik 11
For the [u}| term, we start with
— (3[2[4][uy|
(ip+1=kK)
p+1
= —m? Z S (=m*)” I v {-B214]@2-3]} H [ (i5-1+2); " P(i;+1) | »
R5 k—1 ESS k—1
i1-ip JE94y ip (10 2)

(C.15)
where the hat over J(;,_, y2);, indicates only that the ordered product of yf’s starts with
|4+5...|. We then apply the relation —(3[2/4](4|2—3|4+5+ -] = ya(3|2]34+4+5 +

| +m?2(3|4|5 +- - - | to separate the terms in (C.15) into two types: those starting with
(3]12]34+4+5...| and those starting with (3]|4]5...|. Both can be easily incorporated into
the ordered products just by shifting i, giving
; 1=k
[E55] lrt )
SCERITAESSTED DD DIR A CUS L § 78 SCEIN | (R RSTRoe
0 k k
PO R IS (io=1)
ip1=F
[%] (Zp;gj—l )
—m’ Z Z (=m?) ! H vi ¢ 3l4| H [P(irﬁ?)’ij 'ﬂ(iﬁl)} g
p=0 p5.k—1 jegihel J j=1
i]...1p 7 - ’Lp

(i0=3)
(C.16)
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where we have added {4} to S;ll’k:pl = {4} U §>* ! by hand in order to include yy into the

i1...0p

coefficient of the first term. The last term in (C.15) is precisely [vjt1].

Summing (C.14) and (C.16), we obtain

— (3214)[wh] =[] + o] = horal. (C.17)

Finally, plugging (C.13) and (C.17) into (C.12) we retrieve

k41 k+1 [ k+1
—(31214)[z ] = | [ s | G3I21+ IT v ) (wl, (C.18)
j=4 j=4 \i=j+1

which is exactly our formula for [z41].
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