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Abstract

Primary rainbow (Debye series, p=2) of a common liquid droplet, i.e., wa-
ter drop, has a smooth Airy rainbow structure, and the superimposed high
frequency ripple structures are mostly generated by interference of refrac-
tion (p=2) and reflection (p=0). In this work, the primary rainbow (p=2)
of a particle with high refractive index (1.547< n <2) is found to have rip-
ples. This is because the primary rainbow transits from 2-rays rainbow to
3-rays rainbow. A third refraction light with higher incident angle emerges
at the same angle of the classical Airy rainbow, and its interference with the
refractions around Descartes ray gives birth to the high frequency ripples.
Characteristics of this refraction ripples, i.e., angular frequency, are inves-
tigated, and implications of this special ripple for particle measurement are
also pointed out. This refraction ripple is not observed in other higher order
rainbows.

Keywords: Rainbow, Scattering, Debye series, Ripple, Droplet, Refractive
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1. Introduction

Rainbows, as one of the most fantastic meteorological phenomena, have
always drawn attention. The formation of rainbows in nature, i.e., from
airborne water droplets, has been extensively studied and understood [1, 2,
3, 4, 5, 6, 7, 8]. The elucidation of the rainbows’ mystery have accompa-
nied the development of optics theories, e.g., geometrical optics, wave optics,
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electromagnetic optics and quantum optics, and rainbow also serves as a
touchstone for them. According to geometrical optics, rainbows of a trans-
parent spherical particle are caused by refraction with one internal reflection
at the particle inner surface and appears at the angle of minimum devia-
tion from the direction of incidence. The light intensity of the rainbow is
enhanced by the interference of the outgoing waves. The light field of out-
going wave has a cubic wavefront and generates the smooth Airy rainbow
structure, which can be modeled by Airy theory and consequently is called
Airy rainbow. The Airy rainbow structure is characterized by a main peak
which is followed by supernumerary arcs with decreasing intensities. Accord-
ing to the Lorenz-Mie scattering theory, the second order (p = 2) of Debye
series decomposition of Mie scattering corresponds to it [9, 10], and is called
primary rainbow. Its interference with the direct reflection at the outer sur-
face results in ripple structures, which we call reflection ripples in this work,
and they together mainly account for the field of light scattering around the
primary rainbow angle. In some special cases, other higher orders can have
comparable amplitude as the primary rainbow and thus multiple orders of
rainbows mix [11], for instance, the primary and fifth orders of rainbow of
ethanol (n = 1.36). Studies on droplets of the above common liquids with
refractive index ranging from 1 to

√
2, conclude that the primary rainbow is

smooth and that superimposed ripples are mainly caused by the interference
between light scattering of different Debye orders [11].

Moreover, the rainbow phenomenon has been utilized to develop power-
ful techniques for the experimental diagnostic of droplets and sprays. S-
ince probably the first demonstration of standard rainbow refractometry
for droplet refractive index measurement [12], the global rainbow technique
[13], one-dimensional rainbow refractometry [14, 15], phase rainbow refrac-
tometry [16, 17] and multi-wavelength rainbow imaging [18, 19] have been
sequentially proposed. Rainbow refractometry has been applied to char-
acterize a wide range of droplets, including water [20, 21, 22, 23], alkanes
[24, 25, 26, 27, 28, 29, 30], kerosene [31], ethanol [32, 14], monoethanolamine
[33, 34], diethyl ether [35] and suspensions [36, 37], and flow jets [38, 39] or
optical fibers [40] as well. The inversion of rainbow signals for these droplets
(1 < n <

√
2) were usually performed based on fast rainbow computation,

i.e. Airy theory [41, 42] or Nussenzveig’s complex angular momentum (CAM)
theory [1, 43, 44], since Lorenz-Mie theory or Debye series is computation
consuming. Ouattara et al. [37] studied the rainbow of suspension drops
with a low relative refractive index (n ≈ 1.001− 1.20) for sizing and mixture
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fraction measurement.
However, rainbow behaviors of high refractive index particles have been

rarely investigated. In this work, we find that the primary rainbow of a
particle with high refractive index (1.5467< n <2) has refraction ripples, even
without interference with the reflected light field. We describe the formation
mechanism and present implications for particle measurement techniques in
detail below.

2. Analysis

Figure 1: Ray trajectories of the refraction (p = 2) and reflection (p = 0) light of a particle
with high refractive index at the primary rainbow with geometrical optics.

Fig. 1 schematically illustrates the ray trajectories of the light scattering
at the primary rainbow angle according to the geometrical optics, the scat-
tering angle (θ) of primary rainbow (p = 2) depends on the incident angle
(θ1, θ1′) and refraction angle (θ2, θ2′), which is determined by Snell’s law

θ2 = arcsin

(
sin θ1
n

)
. (1)
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The relationship between the incident and scattering angles varies with parti-
cle refractive index (n). According to ray trajectory analysis with geometrical
optics [1], for a particle of high refractive index with value ranging from

√
2

to 2, there are two possible relationships

θ = π − 2 (2θ2 − θ1) , θ1 < θ1A, (2)

θ = π + 2 (2θ2′ − θ1′) , θ1′ > θ1A, (3)

where the critical incident angle (θ1A) is

2θ2A − θ1A = 0. (4)

Eq. 4 means that the light refracted out of the droplet has 180◦ angle. Note
that Eq. 2 also holds for the classical water rainbow with refractive index
1 < n <

√
2.
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Figure 2: Incident and scattering angles of primary rainbows of particles with different
refractive indices.

Fig. 2 shows the scattering angle of Debye (p = 2) term with one internal
refraction versus incident angle. The scattering angle of a light ray first
decreases from 180◦ to a minimum, and then increases, but remains smaller
than 180◦ when 1 < n <

√
2. This minimum deviation angle is a global one

and defined as the Airy rainbow position of a particle of this kind.

θrg = 4 arccos

(
1

n

√
4− n2

3

)
− 2 arcsin

(√
n2 − 1

3

)
. (5)
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This ray is noted as Descartes ray, with the corresponding incident angle of

cos (θ1,rg) =

√
n2 − 1

3
. (6)

However, as the refractive index increases to
√

2, the scattering angle can
reach 180◦ which is actually a turning point, as shown in Fig. 2. After
that, the emerging angle is governed by Eq. 3, and it reverses and decreases
with incident angle, down to the rainbow angle at the refractive index (n0 =√

6
√

3− 8 ≈ 1.5467) [1]. However, the deflection angle, which is given by 2,
continue increasing. Hence, the definition that the primary rainbow locates
at the minimum deflection angle, as governed by Eq. 5, still holds. The
rainbow angle is the minimum of the first stationary point of the outgoing
angle versus incident angle. It is worth mentioning that the scattering angle
continues to decrease and becomes smaller than the former minimum, as
evidenced by the curve of n = 1.60 in Fig. 2. According to Nussenzveig’s
notation [1], which was also used by Laven [6], the rainbow can be classified
into 2-rays rainbow region for 1 < n <

√
2 and 3-rays rainbow region for

1.5467 < n < 2 using the criterion of the ray number passing rainbow angle,
with the intermediate zone being the transition region. While for n > 2,
there is no turning point, and thus no 2-rays rainbow [1].

3. Results

A representative primary rainbow of a 100 µm particle with refractive in-
dex n of 1.55 is calculated with Debye series (p = 2) and plotted in Fig. 3(a).
Its main peak and first supernumerary resemble these of the classical Airy
rainbow of a water drop, as shown in the inset of Fig. 3(a), and decreases
in amplitude but increases in frequency with angular position. However, it
is surprising that instead of a smooth Airy rainbow structure, ripples super-
imposed on Airy peaks are observed in Fig. 3(a). The ripples have lower
amplitudes and higher frequencies than these of Airy peaks. For a particle
with low refractive index, ripples are generated as a result of the interference
of external reflection with the smooth Airy rainbow. This explanation is ob-
viously not applicable to this case which has no reflection. As deduced from
Fig. 2 and illustrated in Fig. 1, the primary rainbow in Fig. 3 is a 3-ray
rainbow. The first two refractions around Descartes ray with small incident
angle are governed by Eq. 2, and similar to the 2-ray rainbow of water.
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Figure 3: Rainbow light behaviors of a particle with n=1.55 and d=100 µm, under 532
nm laser illumination. (a) Airy rainbow and its comparison with that of Airy theory and
Debye series (p = 0, 2). (b) Refraction ripples of Airy rainbow and its comparison with
reflection ripples. (c) Angular frequencies of rainbow ripples.

Similarly, the light of this part also has a cubic wavefront and generates a
smooth rainbow as water, and can be modeled by the Airy theory (please
refer to Eq. 21 in [2] for details), as shown in Fig. 3(a). It shows that the
smooth rainbow computed by Airy theory penetrates through the ripples on
the primary rainbow with Debye series (p = 2). The discrepancy between
the light scattering computed by Debye series (p = 2) and Airy theory, that
is, the ripples, suggests that there is another refraction light. As shown in
Fig. 1, it is the refraction light that passes through point B, and noted as the
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third refraction hereinafter. This coincides with the above analysis of 3-ray
rainbow. Analogously, the ripples are interference patterns of this classical
smooth Airy rainbow (the first two refractions) with the third refraction light
wave, that is parallel to the Descartes ray with a larger incident angle, as
illustrated in Fig. 1 and Fig. 2. The scattering angle of the third refrac-
tion drops quickly with the incident angle, and therefore the light intensity
is much weaker than the former two. Hence, the ripples generated by the
interference between the refractions have much lower amplitudes compared
with the Airy peaks, and are named refraction ripples thereafter, in order to
distinguish from reflection ripples. It is also noticed that the refraction rip-
ples are also observed in the transition region when refractive index is a little
smaller than the lower limit (n0 = 1.5467) evaluated from geometrical optics,
but its amplitude reduces rapidly to invisible. This is because the outgoing
light is a wave and expands to interfere with the former two refractions in
the far field.

The light scattering of two Debye orders (p = 0, 2), which dominates or
even is nearly the same as Mie scattering at the primary rainbow angle since
other light scattering processes are negligibly small, is also plotted in Fig.
3(a). A comparison with the primary rainbow (p = 2) shows the ripples are
modified. This is because the external reflection (p = 0) interferes with the
smooth Airy rainbow and generates the classical reflection ripples as in the
water rainbow, which can be retrieved by subtracting the primary rainbow
(p = 2) [16], as shown in Fig. 3(b). Similarly, the refraction and the mixed
refraction and reflection ripples are respectively yielded by subtracting the
Airy rainbow computed with Airy theory from these with orders of (p = 2)
and (p = 0, 2) of Debye series, and are plotted in Fig. 3(b), where the
modulation and difference are clearly visualized. The angular spacing of
reflection ripples is larger than that of refraction ripples because the reflection
glare point M is closer to the Descartes ray point K than the third refraction
glare point B, as shown in Fig. 1. Fig. 3(c) is the spectra of primary
rainbow (p = 2) and standard rainbow (p = 0, 2) in Fig. 3(b), and angular
frequency peaks corresponding to reflection and refraction ripples are clearly
observed. The interference between the external reflection and the outer
(third) refraction is negligible since both amplitudes are small. Thus, the
high frequency fringes are still dominated by the refraction ripples, although
influenced and modulated by the lower frequency reflection ripples.

Similar to interferometric particle imaging (IPI) [45], the angular spacing
of the refraction ripple peaks is inversely proportional to the distance of the
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two parallel light rays. As shown in Fig. 1, the distance is

LKB = 0.5D (sin θ1 + sin θ1′) . (7)

Analogous to Young’s double slit interference, the ripple spacing is

Φ =
2λ

D (sin θ1 + sin θ1′)
. (8)

Then the theoretical angular frequency of refraction ripple can be obtained.
Primary rainbows of droplets with refractive indices spanning from 1.55 to

1.70 and diameters ranging from 20 µm to 200 µm are computed with Debye
series (p = 2), and the refraction ripple frequencies around their rainbow an-
gles are evaluated using Fourier transform, as shown in Fig. 4. The reflection
ripple frequency has been intensively studied and thus not duplicated here.
We can see that the frequency almost linearly increasing with the droplet
size from about 0.5 degree−1 at 20 µm to over 5 degree−1 at 200 µm, and the
linearity indicates that it can be used for size measurement. Note that only
several sparse diameters are computed in Fig. 4, while other light phenome-
na, e.g., morphology dependent resonance (MDR), might dominate the light
scattering at some particular droplet diameter if we scan the whole diameter
range. For a given droplet size, the refraction ripple frequency slightly de-
creases (the angular spacing slightly increases) with refractive index, and the
variation with respect to the mean (1.625) of the studied refractive indices
is within 5%. Although the rainbow angular position strongly depends on
droplet refractive index, while the frequencies of refraction ripples exhibit a
week dependence on it. A comparison shows that the spacings agree with
the theoretical predictions by Eq. 8, collaboratively proving the correctness
of the explanation of refraction ripple formation.

High order rainbows, i.e., the secondary (p = 3) and third (p = 4) rain-
bows, of the above high refractive index particles are also exploited with
Debye series, and they turn out to be smooth and no ripple is observed. A
comparison with these computed by Airy theory shows that they agrees well
with each other, especially in the first main peak region. This implies that
the formation of high order rainbows are the same for both high refractive
index particles and ordinary ones, and that they are 2-ray rainbows.

The special feature of Airy rainbow (p = 2) of high refractive index
(1.5467 < n < 2) particles has practical implications for measurements with
rainbow refractometry. In the recording, the light from all scattering process-
es is captured by the sensor, including reflection and refraction ripples, and
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Figure 4: Angular frequencies of refraction ripples of particles with different high refractive
indices and sizes.

very limited approaches can be applied to suppress one of them or separate
them [18, 46]. Then in the inversion process of standard rainbow refractom-
etry, neither Airy theory nor complex angular momentum theory (Eq. 4.35
in [1]) can accurately inverse the particle refractive index and diameter si-
multaneously, because theoretically they do not model the refraction ripples
in primary rainbow. Thus, Debye series (p = 0, 2) and Mie scattering should
be used [47], which are computationally intensive. New models are to be
developed to achieve high accuracy and fast computation, and one possible
approach is to extend the complex angular momentum theory to high refrac-
tive index particles. With regard to phase rainbow refractometry for droplet
evaporation/condensation measurement [16, 17], the phases of the refraction
ripples in primary rainbow and classical reflection ripple structures vary with
droplet diameter, and thus two phase shifts will exist. Moreover, the two rip-
ples interfere and overlap, making the phase of the real superimposed ripples
present a more complicated behavior. The relationship in [16, 17] only de-
scribes the reflection ripples while a new relationship is to be derived for the
refraction ripples. As for global rainbow technique, its signal summarizes
hundreds and even thousands of polydisperse particles, and smooths both
reflection and refraction ripples since both are high frequency, low amplitude
and random phase, yielding a smooth Airy rainbow as in previous studies
[13, 32]. Thus, the current fast computation algorithm, i.e. Airy and CAM
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theories, can be applied for accurate inversion. For particle holography at
off-axis primary rainbow angle [48, 49], three systems of holographic rings
will be observed, and consequently, three glare points (two refraction and
one reflection points) will be reconstructed, as in direct glare point imaging.

4. Conclusions

In conclusion, primary rainbow (p = 2) of high refractive index particle
(1.5467 < n < 2) transits from classical 2-rays rainbow to 3-rays rainbow,
and is found to have refraction ripples superimposed on the smooth Airy rain-
bow structure. This refraction ripples results from the interference between
a third refraction with the classical smooth Airy rainbow. The refraction
ripple frequency linearly increases with particle diameter and can be used
for particle measurement. This extra ripple structures also imply that spe-
cial attention should be paid to rainbow theory when applying it to inverse
particle parameters of this kind.
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