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Abstract

A grain-scale three-dimensional model for the analysis of fatigue intergranular degra-
dation in polycrystalline materials is presented. The material microstructure is explic-
itly represented through Voronoi tessellations, of either convex or non-convex do-
mains, and the mechanics of individual grains is modelled using a boundary integral
formulation. The intergranular interfaces degrade under the action of cyclic loads and
their behaviour is represented employing a cohesive zone model embodying a local
irreversible damage parameter that evolves according to high-cycle continuum dam-
age laws. The model is based on the use of a damage decomposition into static and
cyclic contributions, an envelope load representation and a cycle jump strategy. The
consistence between the cyclic damage and the action of the external loads, which
contribute to the damage due to the redistribution of intergranular tractions between
subsequent cycle jumps, is assessed at each solution step, so to capture the onset of
macro-failure when the external actions cannot be equilibrated anymore by the crit-
ically damaged interfaces. Several numerical tests are reported to illustrate the po-
tential of the developed method, which may find application in multiscale modelling
of fatigue material degradation as well as in the design of micro-electro-mechanical
devices (MEMS).
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1. Introduction

Materials fatigue degradation is a common cause of structural failure in several
applications in the automotive, aerospace, maritime and oil industries [} [2| 3] [4] 5.
The design of engineering components subjected to cyclic loads has been traditionally
based on phenomenological semi-empirical tools, such as the Wholer o-N curves [6]],
Basquin’s power laws [[7]] or Goodman-type diagrams [8]. More recently, the analysis
of fatigue induced cracks initiation and propagation has been addressed employing
continuum damage mechanics [[9] or fracture mechanics [10,[11}4]] approaches, within
the framework of safe-life, fail-safe or damage-tolerance design methodologies.

The above tools have been and are currently used in the analysis and design of
macroscopic mechanical components subjected to cyclic loads. However, the last few
decades have seen a surge of interest in the study and modelling of materials at the mi-
cro/nano scales [12, (13| [14]. Remarkable interest has been attracted by investigations
at the meso-scale, with the explicit representation of the heterogeneous constituents
of materials often assumed as homogeneous at the macro-scale; outstanding examples
are provided either by the micro-mechanical studies on fibre-reinforced composites
(15l [16,[17], with the explicit representation of individual laminae or even fibres, ma-
trix and related interfaces, or by the analysis of polycrystalline aggregates, with the
direct account of individual grains and intergranular interfaces [18}[13].

The trend towards computational micro-mechanics has different motivations. From
a macroscopic point of view, it is driven by the scientific interest for better under-
standing of materials behaviour, beyond their phenomenological representation, and
the consequential technological drive towards the improvement of materials perfor-
mances by chemical pathways, as for example in the case of grain-boundary engi-
neering [[19]], or by topological/morphological control of the microstructure, as in the
manufacturing of foam and lattice materials [[20] [21]]. From an inherently microscopic
point of view, such interest is often related to the rapid development and widespread
use of micro-electro-mechanical systems (MEMS), today routinely employed and well

established in several engineering applications as transducers, gears and mechanical
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linkages [22]]. In any case, the rapid development of computational micro-mechanics
has certainly benefitted from the development of experimental techniques for mate-
rials characterisation [23][24] and from the current affordability of high performance
computing (HPC) [25].

In the sketched background, the study of materials damage and failure micro-
mechanisms has assumed particular importance, as it allows the enhanced under-
standing of damage nucleation across length scales in engineering applications [[26]
and it may find direct application in the design of MEMS [27, 28] [29]30]]. In this study,
we focus on modelling of degradation and failure in polycrystalline aggregates sub-
jected to cyclic loads. Polycrystalline materials, either metals or ceramics, are widely
employed in a diverse range of engineering applications. Polycrystalline silicon, or
polysilicon, is routinely used for the production of MEMS components, which are
often subjected to cyclic loads [31} 32} 33].

The microstructure of polycrystalline materials is characterised by the shape and
crystallographic orientation of the grains and by the physical and chemical prop-
erties of the intergranular interfaces, which play an important role in their micro-
mechanics. Several computational techniques have been developed for the analysis
of polycrystalline materials at the micro-scale and for the study of their mechanical,
damage and failure behaviour [34, [35]]. In particular, grain-scale models have been
developed for material homogenisation [36l37]], quasi-static failure [38}[39] and stress
corrosion cracking [40} 41} 42] [43]]. Also the progressive fatigue degradation of poly-
crystalline aggregates subjected to cyclic loads has been addressed in the literature.
Manonukul and Dunne [44] and Cheong et al. [45] have developed crystal plasticity
finite element frameworks with fatigue crack initiation criteria based on the accumu-
lation of slip to quantify fatigue damage and crack initiation in low and/or high-cycle
fatigue of polycrystalline aggregates. A review of the grain-scale, or microstructure-
sensitive, computational models for fatigue in polycrystalline or poly-phase materi-
als can be found e.g. in Refs. [13| 46]]. Several of such studies are often devoted to
microstructures in which the accumulation of plastic slip is the dominant mechanism
triggering the initiation of fatigue cracks at the grain scale. On the other hand, Jalalah-

madi et al.[28] have developed a Voronoi finite element model (VFEM) for the analysis
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of fatigue damage and failure in MEMS; they employed a stress reversal based quasi-
brittle damage evolution law suitable for fine-grain metal microstructures with highly
confined plasticity, to model intergranular crack initiation and propagation stages
and used it to investigate the effects of microstructure randomness on the fatigue of
MEMS. The approach was extended to three-dimensional aggregates by Bomidi et al.
[47].

In this work, a three-dimensional (3D) grain-scale boundary integral formulation
for the analysis of polycrystalline aggregates under cyclic loading is proposed. Only
intergranular fatigue degradation is considered here: the formulation is then suitable
for aggregates/conditions in which plastic slip is absent or highly confined and then
negligible [48][49][50]. Such conditions are often met in fine-grain MEMS applications
[47]. The method is based on a grain-boundary integral approach previously devel-
oped and applied for computational material homogenisation [51} [52], quasi-static
intergranular and transgranular degradation and failure [53] 54| 55| 56| 57, [58] [59],
hydrogen assisted stress corrosion cracking [60] and multiscale analysis of damage
initiation, evolution, coalescence and fracture of polycrystalline components [[61}[62]].
The formulation is based on a boundary integral representation of the mechanics of
the individual grains, coupled with a cohesive zone model of the progressive degra-
dation of the intergranular interfaces. In this work, to model fatigue degradation, the
intergranular damage is decomposed into a contribution induced by the cyclic loads
and a contribution from the quasi-static action of the applied loads, as it is often done
in high-cycle fatigue analysis. This damage decomposition is used in conjunction with
an envelope load representation of the external cyclic actions and a cycle jump strat-
egy that, due to the practical unfeasibility of cycle-by-cycle analysis of high-cycle
problems, is adopted to render the computation amenable. The formulation offers
the advantage of expressing the micro-mechanical problem in terms of intergranu-
lar displacements and tractions only, which are then directly used in the expression
of the traction-separation laws. Moreover, since only the discretisation of the grain
boundaries is required, the methodology offers a simplification of the data prepa-
ration stage and a reduction of the number of degrees of freedom required by the

micro-mechanical analysis, with resulting computational benefits.
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The paper is organised as follows. The details about the generation of the analysed
artificial polycrystalline morphologies are given in Section[2| where also a strategy for
the generation of non-convex aggregates is described. The grain-boundary formula-
tion is described in Section [3| where the employed boundary integral equations, the
interface laws embodying fatigue degradation laws and the system solution are ad-
dressed. In particular, the description of the strategy used to model the intergranular
degradation is described in Section|[3.3] where the damage evolution decomposition is
described and discussed on the background of the approaches used in the literature to
address fatigue degradation; the envelope load approach and the cycle jump strategy
are discussed in Section[3.4] Section[d]reports on the numerical tests performed using
the developed method. Some discussion about the obtained results and an outline of

possible further developments is given in Section 5] before the Conclusions.

2. Generation and meshing of artificial crystal aggregates

The first essential item of the proposed framework is a suitable artificial repre-
sentation of polycrystalline microstructures. In this study, the fatigue behaviour of
crystal aggregates contained within the volume ¥, bounded by the surface Z = 97,
is considered. The polycrystalline aggregates are modelled employing a multi-region
boundary element formulation [63], in which each different region represents an in-
dividual grain, with its own specific crystallographic properties and orientation in
space.

Several different techniques have been used in the literature to represent polycrys-
talline aggregates, with resulting representations varying from the most schematic,
see e.g. Ref.[64]], to the most realistic, see e.g. Ref.[65] where the microstructure
representation is based on 3D X-ray diffraction contrast tomography. In this work,
the analysed morphologies are generated through Voronoi [37 [66]] or more general
Laguerre [67, 68| [69] tessellations of the analysed domain ¥". Such algorithms are
relatively simple, yet mathematically well defined, space filling geometric subdivi-
sions of the considered volume that provide suitable first-order approximations of

real polycrystalline microstructures. Each Voronoi/Laguerre cell, which an individ-
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ual grain g, is a convex polyhedron with the boundary SY comprised of the union of
flat convex polygonal faces FY withn =1,..., N Jf and N Jf denoting the number of
faces of g. The tessellations can be practically built using open source software pack-
ages such as Voro++ (http://math.1bl.gov/voro++/) [70] or Neper
(http://neper.sourceforge.net) [66]. In this study, Neper has been
employed; however, what follows can be applied also if other software packages are
adopted for generating the domain tessellations.

In several studies, generally concerned with material homogenisation, the consid-
ered polycrystalline domains ¥ have typically cubic or prismatic shape and contain
a certain number of grains that are subsequently analysed with the aim of identifying
some representative volume elements (RVEs), see Fig.. Cubic or prismatic boxes,
and in general convex domains, can be straightforwardly generated with available
software packages, which often provide methods for cutting grains or aggregates.
However, the cutting operation, by its own nature, is not generally suitable for the
generation of non-convex domain. With the aim of considering either convex or non-
convex polycrystalline components, we have developed a dedicated technique for the
tessellation of non-convex domains, similar to that used in Ref.[47]]. The method is

described next.

Figure 1: Tessellations of cubic or prismatic domains are often used in homogenisation studies to identify

representative volume elements for polycrystalline materials.
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The non-convex domain ¥/, bounded by the surface 8 = 07/, is considered; ¥
can be enclosed within the parallelepiped bounding box %. The tessellation of ¥ is
articulated in the following different stages, as illustrated in Fig.(2). a) Seeds gener-
ation: initially, a certain number of seeds, with their associated weights if Laguerre
tessellations are employed, is scattered within the box %, so to achieve the target
grains density. In the generation, for reducing the number of small geometrical en-
tities, namely short edges and small faces, which would induce subsequent excessive
mesh refinements, an additional hardcore condition is enforced as in Ref.[55]]; b) Seeds
selection: the seeds within the boundary surface %, which can have an implicit or
parametric representation, are selected, while the seeds within % but outside # are
removed; ¢) Seeds mirroring: the surviving seeds closer to the surface % are mirrored
with respect to 4 itself. Specifically, the distance between the generic point P and #
is computed, then identifying the projection point Q) € %; the mirrored point P’ is
then generated as P’ = P + 2 P(Q). The mirroring process creates outside %, but still
within €, a new set of points that have the purpose of inducing, by the very definition
of Voronoi tessellation, a set of intergranular interfaces whose envelope will mimic
the surface 4 itself. Particular care must be used during this stage in proximity of
regions of % with high curvatures. d) Volume tessellation: the bounding box €, which
contains 7, is tessellated using the available generators, using both the seeds inside
and outside Z. The available software packages are suitable for performing the tes-
sellation of €, due to its convex prismatic shape; however, as mentioned, the specific
placement of the mirrored seeds will induce interfaces tangent to Z itself, see Fig.;
e) Grain removal: as the tessellation is completed, there will be grains within ¢ lying
almost entirely outside %; to complete the generation of the intended non-convex
polycrystalline domain such grains must then be removed.

Once a polycrystalline morphology of ¥ is obtained, a suitable mesh must be
generated, to discretise the micro-mechanics equations. A specific feature of the pro-
posed formulation is that only the boundary of the grains, and not their interior vol-
ume, must be meshed, which induces a reduction in the order of the solving system.
This aspect, in conjunction with the fact that the grains faces F¢ are a collection of

convex flat polygons, allows a remarkable simplification of the data preparation for
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Figure 2: Schematic representation of the procedure employed for the generation of the tessellation of non-
convex domains: a) Seeds generation and selection; b) Seeds mirroring with respect to the non-convex

domain walls; ¢) Tessellation; d) Grain removal and resultant polycrystalline morphology.
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the computational treatment of the problem. The meshing is performed following the
procedure proposed in Ref.[55]: each polygonal face F¢ is subdivided into a collection
of non-overlapping triangular and quadrangular, continuous and semi-discontinuous
elements. The use of semi-discontinuous elements in proximity of the edges of the
grains is motivated by the will of avoiding the complexities induced by the collocation
of nodes on regions with a non unique definition of the surface normal vector, which
would require special treatment within the framework of boundary element formu-
lations, see e.g. [[711[72]. The mesh size is selected so that the average element length
l¢ is considerably smaller than the cohesive zone size L., which can be estimated in

terms of the material fracture toughness and the interface strength [[73} 74} 75} [53 [54].

3. The polycrystalline grain-boundary formulation

In this Section, the grain boundary formulation developed for high-cycle fatigue
in polycrystalline aggregates is presented and described. As mentioned above, only
intergranular degradation is considered. The polycrystalline aggregate is modelled
using a multi-region boundary element formulation [[63] [76, 51]] in which each grain
is represented as a 3D generally anisotropic linear elastic crystal, with its own crystal-
lographic features and space orientation, while the intergranular interfaces are mod-
elled as non-linear cohesive regions [54} 55 57] that, under the action of cyclic load-
ing, can witness the nucleation, development and coalescence of micro-damage up
to the evolution into frictional micro-cracks. This modelling strategy is suitable for
aggregates and/or operational conditions in which the material evolution is mainly
localised at the intergranular interfaces, while it is assumed that the grains interior
does not undergo significant deformation, degradation or phase changes. A similar
approach has been proposed in Ref.[47] for polysilicon aggregates with highly con-
fined plasticity.

In the presentation that follows, the final compact general form of the solving
system for the overall aggregate is given first. The specific items entering the for-
mulation, namely the boundary element matrix terms related to the bulk grains, the

cohesive laws related to the intergranular interfaces and the fatigue degradation laws,
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are described in the subsequent sections, so that the readers familiar with a specific
item can focus on the details of interest with an idea of their collocation within the

overall framework.

3.1. Grain-boundary polycrystalline system

Considering an artificial aggregate consisting of N, grains contained within the
volume ¥ bounded by the surface 4, after the meshing and discretisation process and
application of boundary and intergranular interface conditions, the general compact

form of the system of equations for the polycrystalline aggregate reads

A- X _ C-Y(\) )
I[X,d* (N)] 0 ’
with
Al 0 0 c' o 0
0 A? ... 0 o C? ... 0
a=| T e= T e
0 0o .- AN 0 0O -.- CNs

In Eq.(1) the vector X contains the unknown components of grain-boundary nodal
displacements u; and tractions t;, which are the primary variables of the formulations;
by contrast, Y (\) contains the known components of nodal displacements and trac-
tions, which depend on the load factor A. In Eq., the matrix blocks A* and C*,
associated with the k-th grain, stem from the matrices produced by the application of
the boundary element method to the grain k, with A* containing columns associated
with the unknown degrees of freedom and C* collecting columns corresponding to
the known displacement and traction components. The matrix block I [X,d* (N)]
implements the interface equations, where d* is the vector collecting components dj,
expressing the local total interface degradation at the generic interface node pair k&
and N is the parameter counting the number of loading cycles.

For the solution of the polycrystalline high-cycle fatigue problem, Eq.(1) must be
suitably used, as discussed in Section in the framework of a strategy comprised

of several ingredients, namely: i) a damage decomposition into quasi-static damage d;

10
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and cyclic damage d;; contributions, Section [3.3.1} ii) an envelope load representation
of the applied cyclic loads; iii) a cycle jump strategy for the actual simulation of high-
cycle fatigue problems.

Key items of the formulation are then the rules for the evolution of the quasi-static
damage d? and those for evolution of the cyclic damage d}. As it will be described
in Section the solution of Eq.(1) will provide the necessary information for the
update of the quasi-static contribution, while the description of the cyclic degradation
will require the introduction of additional suitable laws. In this work, as discussed in
Section[3.3.3] it is assumed that intergranular interfaces degrade, under cyclic loading,
according to a generic law of the form

od*
ON

:lI’(X7[[X]]7d*77T)ﬂ 3)

where the operator [-] returns the range of a quantity over a load cycle and 7 ex-
presses the dependence on generic material parameters.
Before entering into the details of interfaces modelling strategy, the origin of the

terms entering Eq.(2) is considered in Section 3.2}

3.2. Bulk grains modelling
The matrix blocks A9 and CY9, with g = 1, ..., N, appearing in Eq.(1}{2) stem, as
mentioned above, by the boundary element processing of the generic grain g occupy-

ing the volume #; bounded by the surface
Ny
%y =07, = | Fi, @
n=1

where FJ is the generic n-th face of the grain g. The key item of the formulation is

the integral representation of the grain boundary displacement field [76 [63]],

N? NY
FEn© + Y Ty masin) =3 [ i€ mimasm.
n=1 n n=1 n
@)

with ¢, j = 1,2, 3, which can be written for each boundary nodal point belonging to
the grain g. Eq. expresses the displacement components aj‘f at the generic bound-

ary collocation point € € %, in terms of the displacements i (1) and tractions t~Jg (n)

11
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over the boundary %, itself, with n € %, being the generic boundary spanning in-
tegration point. The over-tilde = denotes quantities expressed with respect to local
reference systems defined over each grain’s face F¢, thus varying as the integration
point spans the grain’s boundary, see e.g. Refs.[51] [54] and Fig.. ﬁi]g-(é,n) and
TZ—JQ (&,7m) are combinations of the components of the 3D anisotropic fundamental so-
Jutions of the grain material, computed as in Ref.[77] and briefly recalled in[Appendix|
@ 'cvi‘g (&) are free terms arising from the boundary limiting procedure and depend on

the smoothness of the boundary %, at the collocation point &, see e.g. [63].

Grain volume 7, F

®

Figure 3: Each grain g within the aggregate is a Voronoi polyhedron bounded by flat polygonal faces F3;

a local reference system {€1, €2, €3} is set over each face, to simplify the expression of the interface

equations.

For the computational solution of the polycrystalline problem, Eq.(5) is applied
for each grain g within the context of the boundary element method, according to the

following scheme:

« Each grain face FJ is subdivided into a collection of non-overlapping boundary

elements, as briefly recalled in Section and detailed in Ref.[55];

« The grain boundary displacement and traction fields are expressed through
shape functions N; (11, 112), defined over each element in a local 2D (surface)
coordinate system (7)1, 72), and nodal values of boundary displacements U

and tractions T'9, expressed in the mentioned face-local reference systems;

12
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« Eq.(5) is collocated at each grain boundary node and it is numerically integrated,
taking into account the approximation of the boundary fields in terms of shape

functions and nodal values, as detailed in Ref.[55]].
For each grain g the above scheme leads to the system
HY .U =G -T9, (6)

expressed in terms of 3 X INJ nodal values of displacements UY and 3 x NJ nodal
values of tractions fg, if Ng is the number of nodes associated with the grain g. The
matrices HY and G¥ stem from the boundary integration of the kernels ijg and (Zg
respectively. Particular care must be used in the numerical integration of the elements
containing the collocation point, as they give rise to singular integrals, see e.g. [76[63]].

The application of the boundary conditions on the grain faces lying on the external

walls of the aggregate transforms system (6) into
AY-X9=C9-YY (7)

where the vectors X9 and Y9 collect respectively unknown and prescribed values of
grain-boundary displacements and tractions, while the matrices A9 and CY collect
columns from HY and GY corresponding to the above unknown and prescribed de-

grees of freedom [63]. The terms A9, X9, CY and Y9 are exactly those appearing in

Egs.(1}2).

3.3. Intergranular interfaces modelling

The matrix block I [ X, d* (N)] in Eq.(1) implements the equations modelling the
constitutive behaviour and progressive degradation of the intergranular interfaces. In
this work, such interfaces are modelled using extrinsic cohesive traction-separation
laws and the term d* collects the components dj, expressing the irreversible total
damage accumulated at the k-th interface pair [54] 55]]. The use of cohesive laws for
modelling fatigue degradation has been particularly explored in the composite ma-
terials community, see e.g. the review in Ref.[5], as their use is particularly suitable

for tracking delamination in laminate configurations or lap joints. On the other hand,

13
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while cohesive laws have also been used for fatigue crack initiation in crystals [[78][79],
other mechanisms related to slip accumulation within a grain are generally active in
this class of materials [13]]. In this work, attention is restricted to models for crys-
tal aggregates in which the degradation processes are confined at the intergranular
interfaces, see e.g. [47] and references therein.

In such cases, cyclic loads generally induce material degradation through nu-
cleation, evolution and coalescence of micro-cracks and voids at the interfaces. In
general, damage is accumulated at each loading cycle and several works have been
devoted to the analysis of damage evolution on a cycle-by-cycle basis, resorting to
loading-unloading hysteresis models [80} [81]]. However, while such approaches are
suitable for low-cycle applications, cycle-by-cycle analyses would be unfeasible in
high-cycle applications, where the number of cycles to failure may overcome Ny =
10°.

In high-cycle fatigue problems, the progressive degradation is usually expressed,
in a macroscopic phenomenological framework, as a function of the number of load-
ing cycles N and of load and material parameters, e.g. load amplitude and/or range, fa-
tigue activation threshold, etc. Broadly speaking, two different families of approaches
can be identified in the literature: those based on continuum damage mechanics (CDM)
[9,182] and those based on fracture mechanics (FM) [4]. CDM methods are based on
the definition of a damage parameter, intended as a stiffness and/or strength reduc-
tion factor, whose evolution is directly expressed in terms of the number of cycles and
loading and material parameters. On the other hand, FM approaches usually relate
the crack growth rate da/dN to the range of fracture mechanics parameters, such as
AK, AG or AJ, through the well known Paris’ law [[10] [11]] or its variants. These
different approaches reflect sometimes a different focus, with CDM approaches ad-
dressed at the study of damage and crack initiation problems, in a safe-life design
perspective, and FM approaches used for the analysis of crack propagation problems,
within damage-tolerance design contexts.

More recently, a class of models based on cohesive zone modelling (CZM) has been
developed for studying high-cycle fatigue in composite laminates [83 [84, [85] [86]]. In

these studies, cohesive traction-separation laws embodying irreversible damage pa-

14
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rameters are employed to model the effect of materials fatigue degradation. The dam-
age variables evolve with the loading cycles according to specific evolution rules that
may be stated either in a purely CDM framework [[83] [85] or in a purely FM frame-
work [87], but also within the context of hybrid formulations based on the Paris’ law,

thus providing a link between CDM and FM [86][88].

3.3.1. Intergranular damage decomposition

In this study, we propose a CDM-based cohesive grain-boundary integral formu-
lation for high-cycle intergranular fatigue in polycrystalline aggregates.

In CZM models for high-cycle fatigue, the total damage is usually decomposed
into damage induced by quasi-static overloads and damage induced by cyclic loads
(831861 871 [88]), so that the damage rate can be expressed as

od*  od:  od:
ON ON  ON’

®)

where the differentiation is intended with respect to the number of load cycles N,
considered as a continuous and differentiable time-like variable. Eq.(8) can also be

expressed in discrete terms as
Ad" = Ad; + Ad}, )

where Ad? and Ad} are the quasi-static and cyclic contributions to the total damage
d* over a cycle jump AN. It is important to distinguish, here and in the subsequent
sections, between the total damage and its quasi-static and cyclic contributions.

The decomposition given in Eq.(8) is assumed for the generic damage rate intro-
duced in Eq.(3) and it will be used in conjunction with the envelope load approach and
cycle jump strategy, both described in Section for the solution of the high-cycle
fatigue problem.

3.3.2. Intergranular degradation under quasi-static loading
The rules for the determination of the quasi-static contribution Ad? to the total
damage are given in this section. The contribution Ad} after a cycles jump AN is

determined once a static solution of Eq.(1) is available.

15



Let us consider the interface .#%* between two contiguous grains; a generic region
% € .7 may be pristine, damaged or failed/cracked. Let P® and P? denote a couple
of homologous inter-granular points, belonging to the two contiguous grains a and
b respectively. If the interface is locally in a pristine status, in the current loading
conditions, then no relative displacements are allowed and the physical intergranular
continuity requires

sagt = — (ﬁf + ﬂf) =0 displacements continuity

(10)

ia

(2

Il
~
o

tractions equilibrium,

fori =1,2,3.

Due to the external cyclic loading, each initially pristine interface experiences a
local load cycle, in terms of intergranular tractions t® = tb. For such a reason, local
intergranular damage nucleates and/or evolves at the interface, according to the CDM
laws that will be discussed in Section[3.3.3] When intergranular damage d* arises at an
interface, the continuity requirements expressed by Eqs.(10) are relaxed, and relative
displacements between grain surfaces become possible. To model such a situation,

Egs.(10) are replaced by a cohesive model of the form

t = f(6u,d) (11)

where t7 = [ts, tn} collects the local tangential and normal traction components
ts = \/tf +tZ and t,, = t3, while suT = [dis, d1,] with §i, = /duf + 0ug
and 61, = dtg. The local total damage d* € [0, 1] accounts for the amount of local

intergranular degradation. In this study, the cohesive law in Eq.(11) is assumed of the

form
t=K (d*) o, (12)
with
1—d* = 0
K (d*) =T, ous 7 (13)
d* 0 L
Sugy

where T is the local intergranular cohesive strength, dul and duS” are the local crit-
ical displacement openings in pure mode I and pure mode II, respectively, and « is a

= constant weighting mode I and mode II [53| 54]. Eqs.(12}]{13) have been used in Refs.
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(53154, 55] to study progressive damage and failure evolving under the action of quasi-
static loads. They express a cohesive law isotropic with respect to the directions of
sliding over the contact surface and with uncoupled opening and sliding modes. They
allow to model mixed-mode loading and can capture local loading, unloading and
reloading: during loading, the quasi-static damage at the interface increases under
external driving forces; in unloading and reloading the damage is constant and the
interface behaves elastically, with the tractions decreasing in case of unloading or in-
creasing in the case of reloading, up to the maximum allowed value before re-entering
a loading stage.

It important to realise that the damage d* appearing in Eqs.(11{13) is the total
damage, while the method for determining the quasi-static contribution is given next.
At a generic solution step, identified by the number of cycles N, the total damage
d*(N) is accumulated at the generic intergranular region. As the number of load
cycles increases from N to N + AN, the damage evolves and spreads within the
polycrystalline aggregate and the overall microstructure becomes more compliant. As
a consequence, when Eq.(1) is solved at N + AN, due to the redistribution of internal
stresses and intergranular tractions, further damage evolution can be promoted by
the quasi-static overloads associated to the external loads.

In this study it is assumed that local quasi-static damage evolution is triggered

when the effective opening displacement d, defined by

iin \> o ( Ois 2] %
- l<6un> o (m” | 1

overcomes the local quasi-static damage d (N ), accumulated so far at the considered

interfacial region. At each solution step, the computation of d is possible as both d
and d1, are available as direct solution of the polycrystalline system given in Eq.(1),
while /3 is a cohesive constant weighting mode I and mode II. The interfaces where
d > d experience thus local loading, with further increase of the quasi-static damage

contribution d} obtainable from
d5(N + AN) = max{d(N + AN),d;(N)} € [0,1]. (15)

It is worth noting that the need to assess Eq.(15) requires the storage of the current
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value of static damage for each interface pair.

In the above scenario, an already damaged interface, modelled by Egs.(L1}{13), may
develop additional damage under the action of quasi-static overloads. However, a
different potential situation may arise at some interfaces, especially during the initial
cycles of relatively high loads, i.e. loads able to induce intergranular tractions close to
the cohesive interfacial strength Tj. It may happen that a pristine interface, modelled
by the continuity conditions Egs.(10), experiences a level of tractions high enough to

directly initiate quasi-static damage. This situation is met when the condition

te = [<E,,,>2 + (i is>2

holds at a pristine interface, where . is an effective traction, ts = \/1?12 + 1?22 is the

1
2

> Ty, (16)

tangential traction component, £, = 3 is the normal traction component and (-)
denote the Macauley’s brackets. If Eq.(16) is met at an interface, Eqs.(10) are dropped
and the extrinsic cohesive laws given in Eqs.(12]{13) are introduced, with an initially
small guess value of intergranular damage d? then subjected to iteration, as further
specified in Section[3.4]

The local intergranular value of total damage d* increases monotonically between
0 and 1. When the critical condition d* = 1 isreached, intergranular failure is reached
and the cohesive laws no longer apply. At this point, frictional contact is introduced
to model the micro-cracks, whose surfaces may separate, slip or stick. Upon failure,

the cohesive-frictional laws proposed in Ref.[54] are employed.

3.3.3. Intergranular degradation under cyclic loading

The rules for updating the cyclic components d of damage are discussed in this
section. In this work, the intergranular degradation is framed in a continuum damage
mechanics background [89,[90,[911[91(921[93]. In particular, according to Xiao et al. [92]],
and especially to Jalalahmadi et al. [28] and Bomidi et al. [47], who also studied fa-
tigue degradation in polycrystalline microstructures with confined plasticity, the law

employed to express the fatigue damage rate, at a generic interface pair, is assumed
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as

N~ |o(l—d (17)

where d* is the current fotal locally accumulated damage, o, is a material param-

| = va

eter referred to as resistance stress, m is a material parameter to be experimentally
identified and [# ] represents the range of a cyclic intergranular traction responsible
for fatigue degradation, i.e. an effective intergranular traction range, which should be
suitably identified. Bomidi et al. [47] suggest that it should be determined according
to the considered loading conditions and in their work they selected the components
of stress normal to the local intergranular interfaces, which here would correspond
to [, ]. In the present framework, it is reasonable to assume, in principle, a more
general dependence, taking also into account the influence of the tangental tractions

on the fatigue degradation. The effective range may be then defined as

111 = \JTE 12 +7- T4 ]2 (18)

where 7 is an effective range weight parameter to be suitably identified for the con-
sidered material and load conditions.

Since the amplitude of a generic traction [t] = tmaz — tmin = tmaz (1 — R),
where t,,4, and ¢,,;, are the maximum and minimum values over a load cycle and
R = tmin/tmaz Eq. can be expressed for the overall aggregate, collecting the

components of cyclic damage for all the interface pairs, in the general functional form

od;
ON

‘IIC (XaRa d*vﬂ-)a (19)

where it has been considered that the tractions are a subset of the unknown vector
X in Eq.(1) and R is representative of the load ranges over the individual interfaces.
In other words, since the amplitude can be expressed in terms of the maximum of a
variable over a load cycle and, as it will be discussed next, in an envelope load repre-
sentation the maxima of the intergranular tractions are a direct output of a solution
step, Eq.(19) can be directly expressed in terms of the solution X of the boundary
value problem. Eq.(19) will be used in the discussion that follows, where it will be

explained how such evolution rule plays the role of updating damage in a cycle jump.

19



365

370

375

380

390

3.4. Fatigue solution algorithm

The overall procedure for the analysis of polycrystalline aggregates undergoing
high-cycle fatigue intergranular degradation is described here.

Since in high-cycle fatigue problems the explicit simulation of individual cycles is
computationally too expensive or unfeasible, the damage decomposition in Eq.(8) is
often employed in conjunction with an envelope load representation [82}[83] 85} [87] [88]]
and a cycle jump strategy [941[86] 28 [87]).

The envelope load representation consists in loading the system considering only
the envelope of the load cycles maxima, see e.g. Refs.[84] [5]], based on the consid-
eration that most cyclic damage is induced during the loading phase of each cycle
[82].

On the other hand, in the cycle jump strategy the system is assessed at discrete
cycles intervals { N1, Na, ..., Ni, ...}, with N1 = N + ANy, and it is assumed that
between Ny and Ny the system is subjected to the cyclic action of ANy cycles.
If the problem solution at Ny, is known, the system is sampled at Ny 1, after AN},
cycles during which it has experienced cyclic degradation. At Ny, it will then be
more compliant and the quasi-static damage evolution rules are assessed.

In other words, the specimen is alternately loaded by quasi-static and cyclic steps:
in a quasi-static step, at a generic Ny, the structure is subjected to the maximum
value of load corresponding to N}, (envelope load, either force or displacement), and
the damage d} is evolved according to the quasi-static cohesive damage rules, upon
numerical solution of the underlying structural finite/boundary element problem; in
a cyclic step, between Ny, and N1, cyclic damage d7 is evolved according to rate
laws formulated on the basis of different principles [82, 83| 86 28] 47| [88]. It is worth
noting that, during a cyclic step, the fatigue degradation evolved over AN}, cycles is
estimated employing evolution laws depending on the total damage accumulated so
far, so that the accumulation of damage is inherently coupled. A schematic diagram
of the adopted solution strategy is shown in Fig.(4).

It has been observed that, in high-cycle envelope-load cycle-jump strategies, the
quasi-static step allows the redistribution of stresses/strains, following the progres-

sive material degradation, by fulfilling the equilibrium equations through the system
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Figure 4: Schematic diagram of the adopted solution strategy.
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solution, while the cycles jump plays the role of a simplified one-point Newton-Cotes

»s quadrature: in this strategy, an accuracy control can be introduced by limiting the
amount of damage Ad} that can be accumulated at each interface pair k£ during a
generic cycles jump, which in turn limits the number of cycles AN that can be ap-
plied during a cyclic loading step [94][86]. On the other hand, more refined iterative
quadrature schemes [83}[85] can be used to enhance the accuracy of the extrapolated

w  fatigue damage in a cycle jump. In this work, for the integration of the polycrystalline
fatigue problem, we employ a strategy similar to that used by Robinson et al.[83]]. An
in-depth critical review on the features of the different formulations used for fatigue
delamination in composite laminates may be found Ref.[5]].

The details about the numerical integration of the problem are now discussed.
Considering the form of the cohesive laws in Eq.(12), the system in Eq.(I) can be
rewritten

Md*(N)]- X =F()\). (20)
The previous equation must be coupled with the evolution law in Eq.(8) that, consid-
ering Eq.(19), can be rewritten

od*  od:
ON  ON

4. (X,R,d", 7). (1)

Since an explicit expression for the quasi-static damage rate is not available, it is con-
venient to integrate the previous equation over a generic cycle jump Ny — Niy1 =

N + AN, following a procedure similar to that discussed in Ref.[83]], obtaining

Ad* = Ad; + / . (X,R,d",m)dN, (22)
AN,
where Ad? can be computed using the rules given in Section and W, can be
s integrated using the explicit expression in Eq.(17). It is worth noting that, since X
and d* explicitly enter the rate laws, the coupled Eq.(20) and Eq.(22) must be solved
iteratively over a cycle jump. In this work, an implicit backward Euler scheme is used
in the incremental/iterative solution procedure.
Since the matrix M [d* (N)] is highly sparse, Eq.(20) is solved using PARDISO
m (http://www.pardiso-project.org/)[95196197]. In the solution of Eq.(20),
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which stems from a boundary element collocation procedure, higher computational
efficiency could be attained using Krylov iterative solvers in conjunction with special
matrix representations, obtained for example using fast multipoles [98] or hierarchical

matrices [[99} 100} [101]).

4. Numerical tests

In this section, the developed formulation is applied to the study of intergranular
degradation of pseudo and fully 3D polycrystalline components under cyclic loading.
All tests have been performed on CINECA’s Marconi’s HPC infrastructure, on single

nodes with 36 cores and 128 GB RAM.

4.1. Pseudo-3D components

Pseudo-3D polycrystalline specimens with external shape as shown in Fig.(5) are
first considered. The external geometry is completely identified by a = 28.0 pm,
b=a/2 =14.0pm, ¢ = 3a/10 = 8.4pm and d = a/10 = 2.8 pm, the thickness
th = 0.7 pm and by considering that the curved walls have parabolic curvature.

The grains are generated extruding a 2D tessellation in the thickness direction,
from which the adjective pseudo-3D, but no restriction is enforced on the crystallo-
graphic orientation of the individual grains. Five different tessellations have been
generated using the procedure described in Section [2| starting from an initial pris-
matic a X b X th box containing IN; = 500 original seeds. After seeds selection,
mirroring and grains removal, the different specimens contained a number of grains
336 < N, < 368, corresponding to an average grain size d, = 1 pm [102].

Polysilicon is considered as material: the bulk grains present cubic material sym-
metry with elastic constants ¢;; = 166 GPa, c;3 = 64 GPa, cqyy = 79.6 GPa, ac-
cording to Ref.[102]. The intergranular interfaces are fully characterised by the prop-
erties summarised in Table [1} which have been estimated as follows. The value of
the intergranular cohesive strength 7 is closely related to the bulk material macro-
scopic strength, as shown in previous works [54] 55, [57] and the value Ty, = 550

MPa has been selected by considering the static strength of polysilicon as reported in
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Refs.[102] [47]]. The value of the critical displacement jump duS" for mode I has been
estimated by considering the relationship between the work of separation G, the frac-
ture toughness K and the elastic constants £ and v of the bulk material [54], which

reads
(1-v?) K3

. (23)

1
G[ = §T05uff =

In this work, E = 163 GPa and v = 0.22 are the elastic constants of bulk polysilicon,
estimated by computing the Hashin-Shtrikman bounds [[103] of a random polycrys-
talline aggregate of grains with the single crystals properties c11, ¢12 and c44 as given
above; K; = 0.94 MPay/m is the fracture toughness for polysilicon consistent with
values reported in Ref.[37]]. The values of the shear critical displacement Ju$" and of
the constants « and 3 are selected considering Gy = Gy, as done in Ref.[54]. Even-
tually, o, and m are taken from Ref.[47]], while ~y is selected so as to give the same
relative weight between normal and sliding tractions in the definition of the effective
range, Eq.(18), as that assigned in the definition of the static effective traction, Eq.(16).

The specimens are subjected to the boundary conditions represented in Fig.(5):
they are clamped on the left-hand side, w = 0, and can be subjected to generic dis-
placements w = w or tractions ¢ = & on the right-hand side. It is worth recalling

that, being the envelope load strategy employed in this formulation, only the maxi-

Table 1: Intergranular properties for the simulated polycrystalline components.

Property Component Value
Interface strength To 550 MPa
1
Cohesive law constants
V2
oulr 1.89-1072 pm

Critical displacements jumps

ous” (8% /) busr

S

Cyclic damage rate resistance stress oy 2668 MPa
Cyclic damage rate exponent m 8.93
Effective range weight parameter, see Eq.(18 5 (B/a)?
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Figure 5: Geometry and boundary conditions for the simulated pseudo-3D polycrystalline components.
Five different polycrystalline tessellations of the shown geometry are considered. The specimens are
clamped on the left side and are subjected to either displacement or traction boundary conditions on the

right side. The remaining external surfaces are traction-free.

mum value of the enforced field, either displacement or traction, is taken into account
in the identification of the boundary conditions and no load cycle is ever explicitly
simulated. In other words, if the generic boundary condition f = f is enforced in the
boundary value problem, this corresponds to enforcing a cyclic load with amplitude
[f] = (1 — R) f, with R suitably selected for the considered cyclic load, e.g. R = —1
for a fully reversed load.

In order to calibrate the high-cycle tests, in terms of applied cyclic load, the poly-
crystalline components are first subjected to progressive quasi-static loading: Fig.(6)
shows the average applied stress versus nominal strains for quasi-static loading in
displacement control. The obtained results show that all the morphologies exhibit
very similar stress-strain behaviour as well as failure strain and stress: in this sense
it is meaningful to refer to the component, almost irrespective of the underlying poly-
crystalline morphology, at least for the considered number of grains. It is worth high-
lighting that here the focus is not on the statistical computational homogenisation
of polycrystalline aggregates. An in-depth investigation about the determination of
representative volume elements for polycrystalline materials, using the baseline in-

tegral formulation employed here, has been performed in Refs.[54] 55 [56], where it
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Figure 6: Average applied stress versus nominal strain for the five morphologies under progressive quasi-
static loading in displacement control: all the morphologies exhibit similar stress-strain behaviour and

strain and stress at failure.

was shown that few hundred grains are sufficient to attain representative aggregates
for materials with levels of single-crystal anisotropy as those considered in this study,
which is the reason why the stress-strain curves appear close to each other. The curves
shown in Fig.(6) are then employed to set the boundaries for the high-cycle tests in
terms of applied cyclic stress: referring to Fig.(5), the applied cyclic amplitude can be
expressed as [t] = (1 — R) o, with ¢ < o5, where o, is the quasi-static failure
stress.

Fig.(7p) shows the average damage versus the total number of cycles for the five
different morphologies subjected to fully reversed cyclic stress &. Fig.), on the
other hand, shows the relative weight of the accumulated quasi-static and cyclic con-
tributions upon failure for morphology A. It is noted that, as & decreases, resulting in
higher cycle fatigue conditions, the cumulative cyclic damage contribution becomes
predominant upon failure, while the quasi-static contribution is predominant when &
is closer to the static failure strength, as it appears physically consistent.

The average total damage is defined as

=2 [ @) dS (@), (24)
s Js,

where the integral of the local damage d* (x) is computed over all the intergranular

interfaces Sy. It is shown how the amplitude of the applied load affects the fatigue life
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Table 2: Computed maximum and minimum numbers of cycles for the analysed morphologies at different

load levels.

T 250 MPa 200 MPa 150 MPa 100 MPa

Noin 130 4108 103581 5816070
Nnax 337 6232 142440 7585490
AN 207 2124 38859 1769420

of the component: the components subjected to lower amplitudes survive consider-
ably longer than those loaded with higher values. It is also shown how, in all the tests,
the components failure is reached for values of average total damage that may appear
relatively low: however, this is due to the averaging process, that is also extended over
interfaces that experience little or no damage, as those located in the sections closer
to the larger lateral sides. However, as shown in Fig.(8a), which shows the damage
patterns for four of the analysed morphologies under the action of & = 100 MPa, it
is actually true that failure is triggered when a relatively low level of local damage is
reached in critical locations: this is a consequence of the brittleness of the analysed
specimens and of the specific loading conditions, namely load control, which trigger
failure as soon as the residual fracture energy of the damaged interfaces is overcome
by the stored strain energy during a quasi-static load step. Such considerations agree
with those reported in Ref.[47], who observed that damage initiation and failure ac-
tually coincided in their study, in which the same material as that considered here
was analysed. Fig.(8), on the other hand, shows the crack configuration at the last
computed cycle jump for four of the analysed tessellations, which are anyway repre-
sentative of the behaviour found in all the specimens.

Eventually, Fig.(9) shows the G- N curve for the analysed components: as expected,
as the amplitude of the applied load increases, the number of cycles to failure de-
creases. Table[2|reports the maximum and minimum numbers of cycles for the anal-
ysed morphologies at different load levels: it can be noted as the scatter of fatigue life
increase when the level of applied load decreases, i.e. when conditions of high-cycle

fatigue are met.
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Figure 7: Plots of average damage versus number of cycles for the considered morphologies subjected to
fully reversed cyclic load at different levels of load amplitude: a) Average total damage versus number
of cycles for the five different morphologies; b) Cyclic and quasi-static average damage contributions for

morphology A.

4.2. Fully 3D components

Five different fully 3D non-convex morphologies are considered in this section.
The morphologies have been generated within the non-convex bounding surface %,
obtained by revolution of the parabolic profile 7(z) around the z axis, as shown in
Fig.(10a). One of the resulting tessellations is shown in Fig.(10b); the tessellations
contain a number of grains 436 < N, < 482, corresponding to an average grain size

dy = 1pm [102]. The specimens are clamped at the bottom end and are loaded by

spatially uniform tractions directed along z and acting on the top end.
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Figure 8: Damage (a) and crack (b) patterns at the last computed cycle jump before failure for the pseudo-

3D morphologies A-D under the action of @ = 100 MPa (the amplitude for fully reversed cycles is then

200 MPa); the shown behaviour is representative of that of all the morphologies.
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Figure 9: 5-N curves for the analysed pseudo-3D polycrystalline components.

Before simulating the cyclic loading, the 3D specimens are analysed under the
action of progressive quasi-static loads, analogously to what has been done for the
pseudo-3D case, in order to identify appropriate values for the range of the applied
cyclic tractions &.

Fig.(11p) reports the plot of the average damage, as defined in Eq.(24), versus the
number of load cycles for the analysed morphologies. Five different morphologies are
first analysed under the action of a cyclic load & = 100 MPa (then amplitude 200 MPa)
and it is found that the five aggregates show comparable behaviour in terms of total
damage versus number of cycles. However, it is worth noting that, as already observed
in the pseudo-3D case, a certain level of fatigue life scatter is present: in this case, for
the considered morphologies at & = 100 MPa, N,,;,, = 74671 and N, 4, = 444901.
A thorough investigation and statistical characterisation of the fatigue life scatter is
beyond the scope of the present paper: however, interested readers are referred to
Refs.[28] [47]], where a Weibull probability analysis of fatigue life of polycrystalline
specimen is presented. The aggregate A is then tested at different values of & and
similar conclusions as those for the pseudo-3D tests can be drawn. Fig.(11p), on the

other hand, reports the relative weight of quasi-static and cyclic damage contributions
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Figure 10: Geometry (a) and tessellation (b) for the simulated fully 3D polycrystalline components. Five
different polycrystalline tessellations of the shown geometry are considered. The specimens are clamped
at the bottom (z = 0) end and are subjected to cyclic uniform fully reversed (R = —1) tractions directed

along z and acting over top end (z = h = 10.6 pm). The remaining external surfaces are traction-free.

and similar conclusions as those for the pseudo-3D case can be drawn.

Fig.(12) shows the damage and crack patterns at the last computed cycle jump
for three of the analysed morphologies under the action of & = 100 MPa. Similar
conclusions as those drawn for the previously considered pseudo-3D tests hold.

Eventually, Fig.(13) shows the 5-N curve for the morphology A, which appears

consistent with physical expectations.

5. Discussion

A microstructural model for high-cycle fatigue degradation in polycrystalline ag-
gregates has been proposed in this work. The distinguishing feature of the framework
is that it is based on a boundary integral representation of the mechanical problem
for the individual crystals, which allow to formulate the overall problem in terms of
intergranular variables, i.e. displacement jumps and tractions, thus allowing a) a par-

ticularly effective expression of the intergranular cohesive traction-separation laws,
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Figure 11: Plots of average damage versus number of cycles for the considered morphologies subjected to
fully reversed cyclic load: a) Average total damage versus number of cycles: all the five morphologies have
been tested for a load amplitude & = 100 MPa, which shows a good level of reproducibility; morphology
A has then been tested at different levels of load amplitude, as shown; b) Cyclic and quasi-static average
damage contributions for morphology A at different levels of load amplitude; the cyclic contribution weight

increases as the level of load amplitude decreases, as seen also in the pseudo-3D case.

b) a relative reduction in the number of DoFs with respect to volume discretisation
methods (also when crystal plasticity is considered for the grains, [52]) and c) a rela-
tive simplification in input data preparation.

Several directions of further development can be identified for the proposed frame-
work, from the formulation of specific cohesive laws for the analysis of low-cycle fa-

tigue problems [[80, [81] to the inclusion of slip-accumulation mechanisms within the
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Figure 12: Damage (a) and crack (b) patterns at the last computed cycle jump before failure for the fully 3D
morphologies A, B and C under the action of & = 100 MPa (the amplitude for fully reversed cycles is then
200 MPa).
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Figure 13: - curve for the analysed fully 3D polycrystalline morphology A.

bulk grains in a crystal plasticity context [44] [45] [52]. An interesting development
could be addressed at the formulation of an extended tool for analysis of materials
operating under the action of cyclic loads in aggressive environments [104]. More-
over, for the effective study of damage nucleation at the macro-scale, the developed
microstructural model could be embedded within a concurrent multi-scale computa-
tional framework [61} [62]], which would allow linking the nucleation and evolution
of material damage at the grain-scale with the failure of engineering components
under the action of cyclic loads. Due to the likely high computational costs, such de-
velopments would greatly benefit from suitable computational acceleration schemes,
within the context of the boundary element method [105] [106]].

Within the limits of its assumptions, the developed method provides a cross-
benchmarking tool for other numerical techniques. As observed by McDowell and
Dunne [13]], the development of methods for the analysis of materials at the mi-
crostructural level is assuming increasing importance as it allows the assessment of
the influence of features such as grain size, grain-size distribution, grain-boundary
quality, impurity segregation, etc. on the initiation and evolution of the damaging
processes up to the transition of damage to the application macro-scale. Since the

mentioned microscopic features are often directly related to the manufacturing pro-
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cesses, microstructural analyses may inform potential production routes for the at-
tainment of optimal materials in terms of selected macro-properties, e.g. fatigue life.
Additionally, models at the micro-scale can find direct applications in the analysis
and design of MEMS, today routinely used in the fabrication of sensors, actuators,
linkages, etc.

The predictive capabilities of similar models would greatly benefit from enhanced
experimental material characterisation at the micro-scale, with enhanced assessment
of those micro and nano-features that directly affect the behaviour of bulk grains and
interfaces. For such purposes, also the employment of computational modelling at
even lower scales, such as molecular mechanics, is a valuable tool, as it would support
improved material characterisation of crystal lattices and grain boundaries, including
impurity segregation.

However, the ability of perfectly simulating the behaviour of a specific aggregate
should not be considered as the ultimate goal of similar formulations. Such target,
if ever attainable, would be of limited interest with respect to the ability of inferring
statistical information on the influence of selected micro-features on the aggregate

mechanics, in which lies the strength of these microstructural models.

6. Conclusions

A grain-scale formulation for high-cycle fatigue degradation in polycrystalline
aggregates has been proposed in this study. The model is based on a boundary inte-
gral representation of the aggregate micro-mechanics. The intergranular behaviour
is modelled through cohesive interfaces whose high-cycle degradation is represented
by continuum damage mechanics laws. High-cycle simulations are performed resort-
ing to both an envelope-load and cycle-jump strategies. The method has been used
for simulating the progressive degradation of microstructural polycrystalline compo-
nents under cyclic loads and the obtained results are qualitatively sound and in line
with those obtained in similar studies. The developed formulation is an alternative
numerical tool for the study of fatigue damage and crack initiation in polycrystalline

materials and MEMS.
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Appendix A. Anisotropic Green’s functions

The kernels U/, (€, 1) and T};(§, 1) in Eq. are given by

oGY
4
where i, j, k,p,q = 1,2,3, n(n) = {n;(n)} is the unit outward vector normal to the
boundary at the point 17 and ij(ﬁ ,m) are the 3D anisotropic Green’s functions for
the grain g, obtained as the solution of the differential system
826’2

. . ‘7 c . — =
Cikjl 877k:a77l (sv 71) + 511” 5(17 E) 0 (AZ)

where £ and 7) are the collocation and observation points, respectively, c;;; is the
anisotropic fourth-order elasticity tensor, d,; is the Kronecker delta and 6(n — §) is
the Dirac delta function. Using the Fourier transform with respect to 7 to Eq.(A.2)
and following in Ref.[77], the Green’s functions ij (&,7m) and their derivatives can

be obtained in terms of spherical harmonics as follows

oNGY, 1 ¢

(r) = PHO) D Gl e YE(P), (A3)
ar{* ol ori) 4T+ ZEZE ‘ m;é jiar,az.a0) 1L

wherer =n — & r = /1T, ¥ = 7/r; I = a1 + @z + a3 denotes the order of
derivation and £ is the set of positive even (odd) integers when I is even (odd). P/ (0)
is the ¢-th associated Legendre polynomials of degree I evaluated at 0 and Y™ () is
the spherical harmonic of order £ and degree m. The coefficients éf}?{al,ag,%) of the

series are computed by means of the following integral over the unit sphere S;:
G lanomy = [ (€)@ € G @V (OIS, (A9

being éw(ﬁ) = [cikjlgkfl]_l and Ye’” the complex conjugate of Y. The interested

readers are referred to Ref.[77] for further details.
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