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Abstract
We study the spreading of correlations and other physical quantities in quantum latticemodels with
interactions or hopping decaying like r α− with the distance r. Our focus is on exponents α between 0
and 6,where the interplay of long- and short-range features gives rise to a complex phenomenology
and interesting physical effects, andwhich is also the relevant range for experimental realizations with
cold atoms, ions, ormolecules.We present analytical and numerical results, providing a
comprehensive picture of spatio-temporal propagation. Lieb–Robinson-type bounds are extended to
strongly long-range interactions where α is smaller than the lattice dimension, andwe report
particularly sharp bounds that are capable of reproducing regimeswith soundcone aswell as
supersonic dynamics. Complementary lower bounds prove that faster-than-soundcone propagation
occurs for 2α < in any spatial dimension, although cone-like features are shown to also occur in that
regime.Our results provide guidance for optimizing experimental efforts to harness long-range
interactions in a variety of quantum information and signaling tasks.

1. Introduction

Traditionally, the study of latticemodels has focused onHamiltonians where interactions and/or hopping is
restricted to a few neighboring sites. Only recently there has been a surge of interest in long-range interacting
systemswhere interaction strengths or hopping amplitudes decay like a power law r α− at large distances r . This
interest was triggered on the experimental side by progress in the control of ultra-cold atoms,molecules, and
ions, which led to the realization of a variety of long-range systems. Examples includemagnetic atoms [1], polar
molecules [2], trapped ions [3–6], Rydberg atoms [7], and others. On the theoretical side, intriguing physical
effects and properties have been predicted for long-range interacting quantum systems, including
nonequivalent statistical ensembles and negative response functions [8, 9], equilibration time scales that diverge
with system size [10–12], prethermalization [13, 14], and others.

In this article we study the propagation in time and space of various physical quantities, and this is another
topicwhere long-range interactions lead to peculiar behavior. A number of papers devoted to this topic have
appeared in the past two years, reporting results on the spreading of correlations, information, or entanglement
[15–21]. In short-range systems, all these quantities are known to propagate approximately within a soundcone,
reminiscent of the lightcone in relativistic theories, with only exponentially small effects outside the cone. This
behavior is termed quasilocality andwas rigorously proved by Lieb andRobinson for a class of short-range
interacting latticemodels [22]. In the presence of long-range interactions this picture is altered significantly: the
concept of a group velocity breaks down, and the spreading of correlations, information, or entanglementmay
speed up dramatically. This, in turn, has a bearing on all kinds of dynamical properties, and onemight hope to
harness long-range interactions for fast information transmission, improved quantum state transfer, or other
applications.
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Much of our understanding of propagation in long-range systems comes from analytical or numerical
studies ofmodel systems, where for example correlations or entanglement between lattice sites i and j are
calculated as functions of time t and spatial separation d i j( , ). Typical examples of such results, similar to some
of those in [15–21], are shown infigure 1 for a number of differentmodels, physical quantities, and exponents α.
For largerα (figure 1 right), the behavior is reminiscent of the short-range case, with only small effects outside a
cone-shaped region. For smallα (figure 1 left), correlations propagate faster than anyfinite group velocity would
permit, and aremostly confined to a regionwith power law-shaped boundaries. For intermediate α (figure 1
center), a crossover from cone-like to faster-than-cone behavior is observed.While these three regimes seem to
be typical and occur inmany of themodels studied, notable exceptions (some of whichwill be discussed further
below) do occur and lead to amore complicated overall picture.

Besidesmodel calculations, Lieb–Robinson-type bounds have contributed significantly to our
understanding of propagation in long-range interactingmodels. Thefirst result of this kind

O t O C O O
A B e

d A B
( ), (0)

( 1)

[ ( , ) 1]
, (1)A B A B

v t⎡⎣ ⎤⎦ ⩽ ∥ ∥∥ ∥ −
+ α

valid for exponents α larger than the lattice dimensionD, was reported byHastings andKoma [23].Here,
A B, Λ⊂ are non-overlapping regions of the latticeΛ, and O (0)A and O (0)B are observables supported only on
the subspaces of theHilbert space corresponding toA andB, respectively. ·∥ ∥denotes the operator norm, and
d A B( , ) is the graph-theoretic distance betweenA andB 4. The relevance of the bound (1) lies in the fact that a
number of physically interesting quantities, like equal-time correlation functions, can be related to the operator
normof the commutator on the left-hand side of (1), so that similar bounds hold also for these physical
quantities [24, 25]. For anyα, a contour plot of the bound equation (1) looks qualitatively like the plot infigure 1
(left), althoughwith logarithmic contour lines instead of power laws. This implies that, while correct as a bound
for all Dα > , the shape of the propagation front (figure 1 center and right) is not correctly reproduced by (1) for
intermediate or large values ofα. Another bound put forward in [26] improves the situation for the case of large
α, but turns out to beweaker than (1) for smaller values 5. Summarizing the situation, the existing Lieb–
Robinson-type bounds struggle to reproduce the transition from cone-like to faster-than-cone propagation for
intermediate α as infigure 1 (center) 6. For smallα, no bounds have been published so far.

In this article we prove general bounds, complemented bymodel calculations, that help to establish a
comprehensive and consistent picture of the various kinds of propagation behavior that occur in long-range
interacting latticemodels.We extend Lieb–Robinson-type bounds to strong long-range interactions where

Dα < . This is complemented bymodel calculations showing that, even in the regime Dα < of strong long-
range interactions, cone-like propagationmay be a dominant feature.We also prove that faster-than-cone
propagation can occur for all 2α < in any spatial dimension, and this answers a question put forward in [28].
For intermediate exponents α, we advocate the use of a Lieb–Robinson-type bound in the formof amatrix

Figure 1.Propagation patterns as a function of distance d i j( , )δ = and time t for different long-range exponents α. To highlight the
generality of the phenomenawe discuss in this article, we use differentmodels and physical quantities as examples. Left: for a long-
range Ising chainwith α=1.2, we show the probability to detect a signal sent through a quantum channel from site 0 to δ [15]. The
green line is a guide to the eye and shows a power law t1.7δ ∝ . Center: connected equal-time correlations between lattice sites 0 and δ
in a long-range field theory in one spatial dimensionwith α=4 [21]. After an initial cone-like spreading, a cross-over to power law-
shaped contours is observed. The green dashed curve is a guide to the eye. Right: the spreading of entanglement as captured by the
mutual information between two lattice sites separated by a distance δ in the long-range hoppingmodel (13)with α=8, starting from
a staggered initial state (see text). Entanglement is sharply confined to the interior of a cone.

4
The graph-theoretic distance is the number of edges along the shortest path connecting the two regions.

5
See appendix A.3 for amore detailed discussion of the bound in [26].

6
We could not compare the tightness of thematrix exponential boundwith that of the bound in [27], as several of the constants occurring in

that boundwere not specified.
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exponential, which is tight enough to capture the transition from a cone-like to a faster-than-cone propagation
as infigure 1 (center), and is also computationally efficient.

2. Lieb–Robinson bounds for Dα <

For deriving analytical results in the regime Dα < , an understanding of the time scales of the dynamics turns
out to be crucial. The presence of strong long-range interactions is known inmany cases to cause a scaling of the
relevant time scales with system size [10, 11, 14, 29–31]. For long-range quantum latticemodels the fastest time
scale N qT ∝ − was found to shrink like a power lawwith increasing system sizeN, where q is a positive
exponent [30, 31]. This observationmakes clear why previous attempts to derive a Lieb–Robinson-type bound
for Dα < failed: in the large-N limit the dynamics becomes increasingly faster, and hence propagation is not
bounded by anyfinite quantity. Considering evolution in rescaled time tN qτ = can resolve this problem and
allows us to obtain afinite bound in the thermodynamic limit.

On an arbitraryD-dimensional latticeΛwithN sites we consider theHilbert space

(2)
i

N

i
1

ℋ = ⊗ ℋ
=

withfinite-dimensional localHilbert spaces iℋ . Onℋ a genericHamiltonian

H h (3)
X

X∑=
Λ⊂

with n-body interactions is defined, with localHamiltonian terms hX compactly supported on thefinite subsets
X Λ⊂ . TheHamiltonian is required to satisfy the following two conditions.

(i) Boundedness

h
d i j[1 ( , )]

(4)
X i j

X

,

∑ λ∥ ∥ ⩽
+ α

∋

with a finite constant 0λ > . This condition, also used in [23], is a generalization of the definition of power
law-decaying interactions, and it reduces to the usual definition in the case of pair interactions, i.e., whenX
consists only of the two elements i and j.

(ii) Reproducibility

d i k d k j

p

d i j

1

[1 ( , )] [1 ( , )] [1 ( , )]
(5)

k

N ∑
+ +

⩽
+Λ

Λ
α α α

∈

forfinite p 0> , with

d i j
1 sup

1

[1 ( , )]
. (6)

i j i{ }

N ∑=
+Λ

Λ Λ
α

∈ ∈ ⧹

The lattice-dependent factorNΛ is the same that is frequently used tomake a long-rangeHamiltonian extensive
[10, 32], butwe use it here for a different purpose. Asymptotically for large regular lattices, onefinds [10]

c N D

c N D

c D

for 0 ,

ln for ,

for ,

(7)

D
1

1

2

3

⎧
⎨⎪

⎩⎪
N

α
α
α

∼
⩽ <
=
>

Λ

α −

withα-dependent positive constants c1, c2, and c3. Equation (5) is amodified version of one of the requirements
for the proof in [23], but due to themodification by the factorNΛ the condition is satisfied for a larger class of
models, including regularD-dimensional lattices with power law-decaying interactionswith arbitrary positive
exponents α [33]. For the above described settingwe derive in appendix A.2 the Lieb–Robinson-type bound

O O C O O
A B e

p d A B
( ), (0)

( 1)

[ ( , ) 1]
(8)A B A B

v⎡⎣ ⎤⎦Nτ ⩽ ∥ ∥∥ ∥ −
+Λ

τ

α

in rescaled time

t . (9)Nτ = Λ

This bound reproduces qualitative features of supersonic propagation (as infigure 1 left), and also accounts for
the system-size dependence of the time scale of propagation for exponents Dα < .While the bound ensures
well-defined dynamics in rescaled time τ in the thermodynamic limit, it describes a speed-up in physical time t of
the propagationwith increasing lattice size, as illustrated infigure 2.

3

New J. Phys. 17 (2015) 063021 D-MStorch et al



3.Matrix exponential bounds for intermediateα

For long-rangemodels with intermediate exponents, in the range 3 6α< < or even a bit larger, one observes an
interplay of cone-like and supersonic propagation (figure 1 center). This is themost relevant regime for
experimental realizations of long-range interactions bymeans of cold atoms ormolecules, but a theoretical
description of the shape of the propagation front turns out to be challenging. Existing bounds [26] are discussed
in appendix A.3.Here we report bounds that capture the features of the propagation front as observed in long-
rangemodels with intermediate exponents, showing a clear and sharp crossover from cone-like to supersonic
propagation.

As in section 2, our setting is aD-dimensional latticeΛ consisting ofN sites and aHilbert space (2) with
finite-dimensional localHilbert spaces.We consider a genericHamiltonianwith pair interactions

H h
1

2
, (10)

k l

N

kl∑=
≠

where the pair interactions hkl are bounded operators supported on lattice sites k and l only. As observablesOA

andOBwe consider bounded operators that are supported on single sites A i{ }= and B j{ }= . In this setting, we
prove in appendix A.1 a bound in the formof anN×Nmatrix exponential,

( )O t O O O J t( ), (0) 2 exp [2 ] , (11)i j i j i j i j, ,
⎡⎣ ⎤⎦ κ δ⩽ ∥ ∥∥ ∥ −

where J is the interactionmatrix with elements

J h (12)k l kl, = ∥ ∥

and Jsupn k n k,∑κ = Λ∈ . In one-dimensional homogeneous latticemodels the interactionmatrix J is of Toeplitz

type and thus (11) can be evaluated in N( )2O time using the Levinson algorithm [34]. For translationally
invariant one-dimensional systems, J is a circulantmatrix, which permits an analytical solution of (11) bymeans
of Fourier transformation.

Figure 2.Bound (8) in physical (not rescaled) time t forα=1/2 and lattice sizes N 102= , 103, and 104 (from left to right), illustrating
the speed-up of the propagationwith increasing lattice size. For simplicity all constants in (8) are set to unity.

Figure 3. Spacetime plots of thematrix exponential bound (11) for several values ofα in a one-dimensional systemwith L=201 lattice
sites and periodic boundary conditions. Left: forα=1.2 the bound recovers a propagation front with a shape similar to the one of the
Isingmodel infigure 1 (left). Center: for intermediate α=4 a transition from soundcone to supersonic dynamics is being heralded.
Right: the two regimes of soundcone-like and supersonic dynamics are fully exposed for α=8.

4
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The bound (11) is tighter than the bounds in [23, 25, 26], and the crossover from cone-like to supersonic
propagation is nicely captured (see figure 3). Due to its form as amatrix exponential, the bound is less explicit
than others, and asymptotic properties are not easily read off. But since the calculation of amatrix exponential
scales polynomially in thematrix dimensionN (like N( )3O or even faster [35]) the bound can easily be evaluated
for large lattices up to (10 )4O on a desktop computer. This is orders ofmagnitude larger than the sizes that can be
treated by exact diagonalization, and covers the system sizes that can be reached for examplewith state-of-the-
art ion trap based quantum simulators of spin systems [36]. Different fromother bounds of Lieb–Robinson-
type, ourmatrix exponential bound is computed for the exact type of interactionmatrix realized in a specific
experimental setup. This improves the sharpness of the bound, and canmake it a useful tool for investigating all
kinds of propagation phenomena in latticemodels of intermediate system size.

4. Long-range hopping for smallα

The bounds discussed in sections 2 and 3 are valid for arbitrary initial states, and therefore itmaywell happen
that propagation for a givenmodel and some, or evenmost, initial states is significantly slower thanwhat the
bound suggests. Indeed, linear (cone-like) propagationwas observed inmodel calculations even formoderately
large exponents likeα=3 [15–19]. But, as we show in the following, such cone-like propagation can, for suitably
chosen initial states, even persist into the strongly long-range regime D0 α< < . In this and the next sectionwe
analyze free fermions on a one-dimensional lattice with long-range hopping, which is arguably the simplest
model to illustrate cone-like propagation in long-rangemodels and to explain the observation on the basis of
dispersion relations and density of states.While strictly speaking such a long-range hoppingmodel does not
meet the conditions under which Lieb–Robinson bounds have been proved, it proves helpful for understanding
the conditions underwhich cone-like propagationmay ormay not be observed in other long-range interacting
models.

4.1. Long-range hoppingmodel
Consider a free fermionic hoppingmodel in one-dimensionwith periodic boundary conditions

( )H d c c c c
1

2
, (13)

j

N

l

N

l j j l j l j

1 1

1
† †∑∑= − +α

= =

−
−

+ +

where c j
†, cj are fermionic creation and annihilation operators at site j.We choose long-range hopping rates

dl∝ α− , where

d
l l N

N l l N
if 2,
if 2, (14)l

⎧⎨⎩=
⩽

− >

is the shortest distance between two sites on a chainwith periodic boundary conditions. A Fourier
transformation brings theHamiltonian into diagonal form

H k a a( ) (15)
k

k k
†∑ϵ=

with

c
N

a
1

e . (16)j

k

kj
k

i∑=

and dispersion relation

k
kl

d
( )

cos ( )
, (17)

l

N

l1

1

∑ϵ = − α
=

−

where k m N2π= with m N1 ,...,= .

4.2. Propagation from staggered initial state
Wechoose a staggered initial state 1010 ...∣ 〉 in position space, i.e., initially every second site is occupied. For
simplicity of notationwe assume the numberN of lattice sites to be even. A straightforward calculation, similar
to that in [37], yields

n t
N

t k( )
1

2

( 1)

2
cos [ ( )] (18)j

j

n

N

1

∑ Δ= − −

=
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for the time-dependence of the occupation number at lattice site j, where

k k k
k l

d
( ) ( ) ( ) 2

cos [ (2 1)]
(19)

l

N

l1

2

2 1
∑Δ ϵ π ϵ≔ + − = −

α
= −

and k m N2π= with m N1 ,...,= . Infigure 4 (left) the time evolution of the occupation number n t( )j〈 〉 is
plotted for different values ofα, showing that the time it takes to relax to the equilibrium value of 1 2 increases
dramatically for smallα (note the logarithmic timescale). Thismay seem counterintuitive, as a longer interaction
rangemay naively be expected to lead to faster propagation. The effect can be understood from figure 4 (right),
showing the spectrumof the frequenciesΔ in the cosine terms of equation (18). Asα decreases, themajority of
these frequencies lie within a small window around zero, implying very slow dephasing of the cosine terms.

Amore refined picture of the propagation behavior can be obtained by studying the spreading of
correlations. Starting again from a staggered initial state, a straightforward calculation similar to that in [37, 38],
and similar to the one leading to (18), yields

c t c t
N

( ) ( )
1

2

( 1)

2
e e . (20)j j

j

k

t k k k†
,0

i [ ( ) ( )] i∑δ= − −
δ δ

δ
ϵ π ϵ δ

+

+
+ − −

Figure 5 (bottom) shows contour plots in the t( , )δ -plane of the absolute values of the correlations (20) for
different values ofα. For allα shown, a cone-like propagation front is clearly visible, even in the case of

D3 4α = < . Two properties of the cone can be observed to change upon variation of the exponentα: (i) the
boundary of the cone is rather sharp for largerα (likeα=3), whereas correlations ‘leak’ into the exterior of the
cone for smallerα (likeα=3/4). (ii) The velocity of propagation, corresponding to the inverse slope of the cone,
decreases with decreasing α (see figure 6 (left)), confirming the counterintuitive observations offigure 4 (left).
Wewill argue in section 4.4 that some of these features can be understood on the basis of the dispersion relation
(17) and the density of states of the long-range hoppingmodel.

Figure 4. Left: time dependence of the occupation number of site j for different α, starting from a staggered initial state. Right:Δ as a
function of k. The system size isN=200 in both plots.

Figure 5.Contour plots in the t( , )δ -plane, showing correlations (20) between sites 0 and δ in the fermionic long-range hopping
model forN=200 lattice sites and various values ofα, starting from a staggered initial state.
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4.3.Dispersion and group velocity
In the limit of large system size the dispersion relation takes the form

( ) ( )k( ) Li e Li e , (21)k ki i⎡⎣ ⎤⎦ϵ = − +α α
−

where Liα is the polylogarithm [39], and this function is plotted infigure 7 (left). For α=3 the dispersion ϵ is a
smooth function of k, while it shows a cusp at k=0 for α=2, and a divergence at k=0 forα= 1. Correspondingly,
the derivative k( )ϵ′ as shown infigure 7 (right) is discontinuous at k=0 forα= 2, and diverges at k= 0 forα=1.
More generally we can analyze ϵ′ in the vicinity of k=0 by considering the difference quotient between the
zeroth and thefirstmode

N

N

N l N

d

N l N

d N
l

(2 ) (0)

2 (1 0) 2
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2

(2 ) 4
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1 2
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∑ ∑

ϵ π ϵ
π π

π

π
π π

−
−

= −

⩾ =

α

α
α

=

−

=

−

=

−

In the large-N limit we approximate the sumby an integral

N
l l

N
N N

4
d

2

(3 )
( 2) 1 . (23)

N

1

2
2 3 2⎡⎣ ⎤⎦∫π π

α
=

−
− ∼α α α− − −

This implies that, for 2α < , the derivative ϵ′diverges at k=0 in the limit of infinite system size. Interpreting
(0)ϵ′ as a group velocity, we infer thatwe have afinite group velocity only for 2α > , whereas the concept of a

group velocity breaks down for 2α < 7. This finding can help us to understand figure 5: for 2α > afinite group
velocity restricts the propagation to the interior of a cone, whichmakes this cone appear rather sharp. For 2α < ,
although a cone is still visible, larger (and, in fact, arbitrarily large) propagation velocitiesmay occur and are
responsible for the ‘leaking’ of correlations outside the cone.

Figure 6. Left: dominant velocity of propagation, as read off from the inverse slope of the striking cones in figure 5, plotted as a
function of the exponent α. Right: density of states (25) for α=1, 2 and∞.

Figure 7.Dispersion relation (21) (left) and its derivative k( )ϵ′ (right) for the long-range fermionic hoppingmodel (13)with
exponents α=1, 2, and 3.

7
The same conclusions about dispersion relations and group velocities also hold for long-range interactingXX andXXZ spinmodels when

restricting the dynamics to the singlemagnon sector, as the dispersion relations of thesemodels are essentially identical to (17).

7
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The threshold valueα= 2 for supersonic propagation (i.e., propagation not bounded by anyfinite group
velocity) is also found in a different context, by very differentmethods. In [15] it was proved that information
can be transferred supersonically through a quantum channel with finite localHilbert space dimension for any

D 1α < + , while no such proof exists for D 1α > + 8, but this result requires themeasuring of observables
supported on semi-infinite sublattices, which is not themost physical scenario. In appendix Bwe use techniques
similar to those in [15], but apply them to amodel with translationally invariant interactions, to prove that
supersonic transmission through a quantum channel can occur for any 2α < , also formeasurements
performed on single lattice sites. This result can be seen as complementary to the experimental observations in
[28], where supersonic propagation of correlationswas observed for exponents up to 1.19α ≈ in a one-
dimensional lattice.

4.4.Density of states and typical propagation velocities
Fromfigure 5 and the discussion in section 4.3we have seen that, while supersonic propagation can occur for

2α < , cone-like propagation is observed for these values ofα at least for some initial states. In this sectionwe
argue that the qualitative features of the observed behavior can be understood on the basis of the density of states

v v
k

k( )
1

2

d

d
d (24)

0

2 ⎛
⎝⎜

⎞
⎠⎟∫ρ

π
δ ϵ= −

π

in the large system limit. Equation (24) can be rewritten as
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d
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2
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2

2 0

1

0

∫∑ρ
π

δ ϵ= −
π −

where the sum is taken over all roots k0 of the argument of the delta function. The polylogarithms that appear in
the dispersion relation (21) can be analytically evaluated for certain integer values ofα, yielding

v

v

v v

v

( )
1

1

1
for 1,

1

2
( ) ( ) for 2,

1

4
for ,

(26)

2

2

⎧

⎨

⎪⎪⎪

⎩

⎪⎪⎪

ρ
π

α

Θ π Θ π α

α

=

+
=

− + =

−
→ ∞

whereΘ is theHeaviside step function. For those three values ofα, the density of states is plotted infigure 6
(right), but other cases can be evaluated numerically (not shown in the figure). Again, as for the group velocity in
figure 7 and the classical information capacity in appendix B, wefind a threshold value ofα= 2, as explained in
the following.

For 2α < , the density of states ρ is nonzero for all v, implying that propagation is not bounded by anyfinite
maximumvelocity. Themaximumof ρ, however, is at v= 0 for all 2α < , and this gives an indication that slow
propagationwith a small velocity is favored, although larger velocities do occur (as infigure 5 (left and center)).
Themaximumat v= 0becomesmore sharply peakedwhenα approached zero, explaining the vanishing of the
inverse slope of the cone infigure 5 in that limit, as shown infigure 6 (left).

For 2α ⩾ , the density of states ρ is nonzero only on a finite interval v v[ , ]max max− + , where vmax depends on
α. For 2α > the density of states diverges, and therefore takes on itsmaximum, at vmax± . This implies that the
maximumvelocity is favored, although smaller velocities also occur (as infigure 5 (right)).

5. Conclusions

In this paper we have studied, from several different perspectives, the nonequilibriumdynamics of lattice
models with long-range interactions or long-range hopping, and in particular the propagation in space and time
of correlations and other physical quantities. The focus of ourwork is on the competition between linear, cone-
like propagation and faster-than-linear, supersonic propagation.We illustrate this competition in two regimes,
both relevant for experimental realizations of long-rangemany-body systems in cold atoms, ions, ormolecules:

(i) For small exponents 2α < we prove that supersonic propagation can occur. At the same time, in such
systems cone-like spreading can be the dominant formof propagation, with supersonic effects appearing
only as small corrections (as infigure 5 (center)).

8
Formodels with infinite dimensional localHilbert spaces iℋ , supersonic propagation can occur also inmodels with nearest-neighbor

interactions, although this appears to happen only under rather specific circumstances [40].
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(ii) For intermediate exponents (roughly between 3 and 8), propagation is observed to be linear initially, with
supersonic effects setting in at larger times and distances (as infigures 1 (center) and 3 (right)).

To explain these observations, we providemodel calculations as well as general bounds that provide a
comprehensive and consistent picture of the various shapes of propagation fronts that can occur. Two of our
results are Lieb–Robinson-type bounds, valid for large classes ofmodels with long-range interactions. Thefirst is
a bound formodels with exponents α smaller than the lattice dimensionD, a regime for which hitherto no such
bounds existed. Key to deriving the bound is the insight that for Dα < the propagation speed in general scales
asymptotically like a power lawwith the system size, and ameaningful bound therefore has to be derived in
rescaled time τ as defined in (9). In physical time t, the bound then describes the increase of the propagation
speedwith increasing lattice size, as illustrated in figure 2. The second Lieb–Robinson-type boundwe report is
essentially a cheat, as we stop half way through the derivation of a ‘conventional’ Lieb–Robinson bound.
Specializing this result to single-site observables andHamiltonianswith pair interactions only, we obtain an
expression that can be evaluated numerically in an efficient way, easily reaching system sizes of (10 )4O . This
bound (11) is sharp enough to capture cone-like aswell as supersonic behavior. In experimental studies of
propagation in long-range interacting latticemodels [28, 41], the currently feasible lattice sizes are small and
measured data can be compared to results from exact diagonalization.However, experimental work on systems
of larger size is in progress, and exact diagonalizationwill not be feasible in that case.We expect that thematrix
exponential bound (11) can provide guidance and sanity checkswhen analyzing the results of such experiments.

In the second half of the paperwe complemented the boundswith results of one of the simplest long-range
quantummodels, namely a fermionic long-range hoppingmodel in one-dimension.We observed that cone-like
propagation fronts can be a dominant feature also for small values ofα, andwe explain the opening angle of such
a cone, as well as the interplay of cone-like and supersonic features, on the basis of the dispersion relation
combinedwith the density of states. These results indicate that it will depend crucially on the k-modes occupied
whether cone-like or supersonic propagation is dominant.We expect that such an improved understanding can
provide guidance for optimizing experimental efforts to harness long-range interactions in a variety of quantum
information and signaling tasks.
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AppendixA. Lieb–Robinson bounds

A.1. Derivation of thematrix exponential bound
As in section 2, we consider aD-dimensional latticeΛ consisting ofN sites, aHilbert space (2) consisting of
finite-dimensional localHilbert spaces, and a genericHamiltonianwith pair interactions (10). LetOA andOB be
two bounded linear operators compactly supported on subsets A B, Λ⊂ with A B∩ = ∅. Under these
conditions, similar to the derivation of equation (2.12) of [25], one can derive the upper bound

O t O O O
t

n
a( ), (0) 2

(2 )

!
. (A.1)A B A B

n

n

n

1

⎡⎣ ⎤⎦ ∑⩽ ∥ ∥∥ ∥
=

∞

For pair interactions, and considering observablesOA andOB supported on single lattice sites only (i.e., A i{ }=
and B j{ }= ), the coefficients an are upper bounded by

( )a J J J J... , (A.2)n
n

k k

i k k k k j
n n

i j
,...,

, , ,
,

n

n

1 1

1 1 2 1∑κ κ⩽ =
−

−

where J is the interactionmatrix with elements J hk l kl, = ∥ ∥and Jsupq k q k,∑κ = Λ∈ . Then (A.1) can bewritten

as

O t O

O O

t

n
J J t

( ), (0)

2

(2 )

!
exp (2 ) , (A.3)

A B

A B n

n
n

i j

i j i j

1 ,

, ,

⎡⎣ ⎤⎦ ⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∑ κ

κ δ
∥ ∥∥ ∥

⩽ = −
=

∞

which proves (11).
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For translationally invariant one-dimensional lattices, J is a circulantmatrix and can be diagonalized by
means of Fourier transformation. For the example of power law interactions h d k l( , )kl ∝ α− , the diagonal
elements of the Fourier-transformedmatrix J are given by

k
nk

n N
( )

cos( ) e

2( 2)
(A.4)

n

N ikN

N

1

( 1) 2 2

if even

∑ϵ = +α α
=

⌊ − ⌋

  

with k m N2π= , m N0 ⩽ < . Using these eigenvalues, J can be exponentiated in the diagonal basis, followed
by an inverse Fourier transformation to evaluate the Lieb–Robinson bound (11).

We envisage the bound (11) to be particularly useful forfinite systems of intermediate size where thematrix
exponential can be computed numerically with reasonable effort. However, since (11) is sharper than the
bounds in [23, 25], a thermodynamic limit will exist (at least) under the same conditions required in those
proofs, and in particular forD-dimensional regular lattices with power law interactions and exponents Dα > .

A.2. Lieb–Robinson bounds in rescaled time
As in section 3, we consider aD-dimensional latticeΛ consisting ofN sites, aHilbert space (2)withfinite-
dimensional localHilbert spaces, and a genericHamiltonianHwith n-body interactions (3).We require thatH
satisfies conditions (4) and (5). For the proof of a Lieb–Robinson-type bound, we follow the general strategy of
[25], augmentedwith theNΛ-rescaling taken from [33].

As a shorthandwe introduce

t O t O( ) ( ), . (A.5)A B
⎡⎣ ⎤⎦χ =

for the commutator on the left-hand side of (8). Differentiating with respect to t yields

t t I t O t I t O( ) i ( ), ( ) i ( ), ( ), , (A.6)A A A B
⎡⎣ ⎤⎦ ⎡⎣ ⎡⎣ ⎤⎦⎤⎦χ χ′ = +

where I hA Z Z A Z:
∑= ∩ ≠∅ is the set of localHamiltonian terms that have non-zero overlapwithA. Using the

boundedness ofOA(t) we apply lemmaA.1 of [25] to the norm-preserving first termof (A.6), yielding

t O h s O s( ) (0) 2 ( ), d . (A.7)A

Z Z A

t

Z B

:
0

⎡⎣ ⎤⎦∫∑χ χ∥ ∥ − ∥ ∥ ⩽ ∥ ∥
∩ ≠∅

Nextwe define

C A t
t

O
( , ) sup

( )
, (A.8)O

O A
B

A A

χ≔ ∥ ∥
∥ ∥∈

where A is the set of observables compactly supported onA.Making use of this definition, (A.7) can be
rewritten as

C A t C t
h C Z s s

( , ) (0, )

2
( , )d . (A.9)

O O

Z Z A

t

Z O

:
0

B B

B∫∑
−

⩽ ∥ ∥
∩ ≠∅

Equation (A.9) can be applied recursively to show that

C A t O
t

n
a( , ) 2

(2 )

!
(A.10)O B

n

n

n

1

B ∑⩽ ∥ ∥
=

∞

with coefficients

a h Z... ( ), (A.11)n
Z

Z A
Z

Z Z
Z

Z Z
l

n

Z B n

1n

n n

l

1

1

2

2 1 1

∑ ∑ ∑ ∏ δ= ∥ ∥

∩ ∩ ∩
Λ Λ Λ⊂
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⊂
≠∅

⊂
≠∅

=
−

where

Z
Z B

( )
0 if ,
1 otherwise. (A.12)

B

⎧⎨⎩
∩

δ = ≠ ∅

Under the conditions (4) and (5) these coefficients can be bounded by

a
p

d A B(1 ( , ))
. (A.13)n

n n

n

1

N

λ
⩽

+Λ
α

−
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Inserting (A.13) into (A.10) and using the definition (9) of rescaled time τ, one obtains

C A t
O A B

p d A B
p( , )

2

(1 ( , ))
(exp [2 ] 1), (A.14)O

B
B λ τ⩽

∥ ∥
+

−α

and this implies the bound

O O
O O A B

p d A B
p( ),

2

(1 ( , ))
(exp [2 ] 1) (A.15)A B

A B⎡⎣ ⎤⎦Nτ λ τ⩽
∥ ∥∥ ∥

+
−Λ α

in rescaled time τ, valid for power law interactionswith exponents 0α > .

A.3.Discussion of the bound in [12]
In [26] a Lieb–Robinson-type boundwas derivedwhose functional form consists of a linear (cone-like) and a
faster-than-linear (supersonic) contribution. This bound is amajor improvement over that in [23] in the regime
of largeα, where the former becomesmore andmore similar to a nearest-neighbor bound, as it should.Here we
scrutinize the applicability of the bound in [26] for describing the cone-like and supersonic features of long-
rangemodels with intermediate exponentsα (roughly in the range 3 8α⩽ ⩽ ).

The bound in [26] is derived forHamiltonians

H h
1

2
(A.16)

i j

ij∑=
≠

with two-body interactions hij satisfying

h
d i j

1

( , )
(A.17)ij∥ ∥ ⩽ α

onD-dimensional regular cubic lattices. For exponents 1α ⩾ a bound of the form

A t B

A B
T T

[ ( ), ]

2
(A.18)1 2⩽ +

is obtained, whereA andB are observables on lattice sites that are a distance δ apart, and

T c
e

e
T c

e1
,

1

[(1 ) ]
, (A.19)

v t v t

1 1 2 2

1 2

μ δ
= − = −

−μδ α

with c1
1λ= − , v e21

2λ= , c ( 9 )D
2

1λ= − , v 2 9D
2

2λ= , d i k( , )
k

∑λ = α− , and 0 1μ< < .T1 has the same

functional form as the classic Lieb–Robinson bound forHamiltonianswithfinite-range interactions [22], which
is known to produce a linear, cone-shaped causal region.T2 has the functional formof the bound originally
derived byHastings andKoma [23]. Both,T1 andT2 contain the free parameter μ, which determines, among
other things, the slope of the linear soundcone. So the ‘velocity’ associatedwith the cone can be tuned to an
arbitrary value, irrespectively of the physical behavior of themodel studied.

Based on (A.18) and (A.19), the sharpest bound

B t c
e

e
c

e
( , ) min

1 1

[(1 ) ]
(A.20)

v t v t

1 2

1 2⎛
⎝⎜

⎞
⎠⎟δ

μ δ
= − + −

−μ μδ α

is obtained byminimizing, separately for each value of δ and t, over the free parameter μ. From the contour plots
ofB infigure A1 it becomes clear that the ‘linearity’ ofT1 can be deceiving, as a linear, cone-like regime is not

Figure A1.Contour plots of the bound (A.20) in one spatial dimension for α=6/5 (left), 4 (center), and 8 (right). Even forα=8 there
is at best a hint of a linear regime. See thematrix exponential bound infigure 3 for comparison.
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particularly prominent, not even for larger exponents like 8α = . Of course it is always possible to construct a
linear-looking bound byweakeningB, but this would be unrelated to the physical behavior of the class ofmodels
studied.

Another,more sophisticated bound has recently been put forward in [27], but the formof the propagation
front has not yet been analyzed and discussed (beyond the long-distance asymptotics).

Appendix B. Information capacity of the long-range Isingmodel

In this appendixwe prove that supersonic transmission through a quantum channel can occur for any 2α < ,
also formeasurements performed on single lattice sites. Like for the study of the group velocity of the long-range
hoppingmodel in section 4.3, wefind a threshold value of 2α = belowwhich propagation becomes supersonic.
The proof uses techniques from [15] and applies them to a slightlymore involvedmodel for which supersonic
propagation is found to occur also for single-sitemeasurements.

We consider a finite one-dimensional lattice N{1 ,..., }Λ = consisting ofN sites. To implement a quantum
channel, we encode a signal on site 1, andmeasure the effect of that encoding after a time time at siteN. On this
lattice we define an IsingHamiltonianwith arbitrary couplings,

H J . (B.1)
i j

ij i
z

j
z∑ σ σ=

<

Defining the sublattices A {1}= , B N{ }= , and S A B( )∪Λ= ⧹ , theHamiltonian can be rewritten as

H H H H H (B.2)AS AB SB SS= + + +

with

H J , (B.3)XY

i X j Y

ij i
z

j
z∑∑ σ σ≔

∈ ∈

where X Y A S B, { , , }∈ . As an initial state we choose

(0) (B.4)
s S

s s N N1 1ρ = ↓ ↓ ⊗ ↓ ↓ ⊗ + +
∈

with i
z

i iσ ∣ ↑ 〉 = ∣ ↑ 〉 , i
z

i iσ ∣ ↓ 〉 = −∣ ↓ 〉 , and ( ) 2j j j∣ + 〉 = ∣ ↑ 〉 + ∣ ↓ 〉 . Initially all the spins are

pointing down, except the one at B N{ }= .
A binary quantum channel is implemented by starting the time evolution either with (0)ρ (sending a ‘0’), or

startingwithU U(0)A A
†ρ (sending a ‘1’), whereUA is a unitary supported onA only. The classical information

capacityCt can be bounded frombelowby the probability to detect, bymeasuring according to a positive
operator valuedmeasure Bπ , a signal atB after a time t,

{ } { }C p N TTr [ (0)] Tr [ (0)] , (B.5)t t t B t Bρ π ρ π⩾ = −

with

N [ (0)] Tr e (0)e , (B.6)t B
Ht Hti i⎡⎣ ⎤⎦ρ ρ≔ Λ⧹

−

T U U[ (0)] Tr e (0) e . (B.7)t B
Ht

A A
Hti † i⎡⎣ ⎤⎦ρ ρ≔ Λ⧹

−

In the followingwe compute a lower bound on the right-hand side of (B.5), and study this bound as a function of
the channel length, i.e., the distance betweenA andB.

We choose B N Nπ = ∣ + 〉 〈 + ∣andUA 1 1= ∣ ↑ 〉 〈 ↓ ∣, where the latter is a spin flip operator on thefirst
lattice site. For the time-evolved density operator in (B.6) wefind

t( ) e e e e (B.8)H t H t H t H ti i i iAB AS SS SBρ = − − − −

t J t J

e e e e

exp i exp i .

s

N

s s N N
H t H t H t H t

s

N

s s
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N

rN N
z

N N

r

N

rN N
z

1

1
i i i i

1

1

1

1

1

1

SB SS AS AB

⎪

⎪

⎪

⎪

⎡
⎣⎢

⎤
⎦⎥

⎧
⎨
⎩

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎫
⎬
⎭

∑ ∑σ σ

× ⊗ ↓ ↓ ⊗ + +

= ⊗ ↓ ↓ + + −

=

−

=

−

=

−

=

−

All the exponentials not supported onB add up to zero since the initial state prepared on BΛ⧹ is an
eigenstate of the IsingHamiltonian. Taking the trace gives
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{ }N t J JTr [ (0)]
1

2
1 cos 2 . (B.9)t B
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rN N1
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⎪
⎪

⎧
⎨
⎩

⎡
⎣
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⎝
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⎞
⎠
⎟⎟

⎤
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⎫
⎬
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∈

A similar calculation shows that

{ }T t J JTr [ (0)]
1

2
1 cos 2 . (B.10)t B

r S

rN N1

⎪
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⎪
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The probability of detecting a signal inB at some time t 0> is then given by

p t J J t J J
1

2
cos 2 cos 2 (B.11)t
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rN N

r S

rN N1 1
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( )t J tJsin 2 sin 2 . (B.12)
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⎠
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∈

Toderive a nontrivial (nonzero) lower bound on pt, we target the regime before oscillatory behavior in (B.12)
sets in. Using the inequality

x
x

xsin
2

for 0 2 (B.13)
π

π⩾ ⩽ ⩽

and assuming power law interactions J i jij = ∣ − ∣ α− , we obtain

p
t
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t
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( 1)

4 1
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, (B.14)t

r

N
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=

−

valid for times

t
r4

1
. (B.15)

r

N

1

2

∑π⩽ α
=

−

Interpreting the sum in (B.14) as an upper Riemann sum,we have

N r r

r

r

1

( )

1 d

( 1)
. (B.16)

r

N

r

N N

2

1

1

2

0

2∫∑ ∑
−

= >
+α α α

=

−

=

− −

Thenwe can bound pt by

p
t

N N
p

16

( 1)

1

( 1)
1

1

( 1)
. (B.17)t t

2

2 1

⎛
⎝⎜

⎞
⎠⎟π α

>
− −

−
−

≕α α−

For 1α > and largeN the second term in the square bracket in (B.17) ismuch smaller than 1, andwe obtain

p
t

N

16

( 1)

1

( 1)
(B.18)

t

2

2π α
∼

− − α

for the large-N asymptotic behavior of the bound p
t
. In our setting, N 1δ = − is the distance between the

regionsA andB. To determine the shape of a contour line at which p
t
is equal to some constant ϵ, we set

p
t

, (B.19)
t

2

ϵ
δ

= ∝ α

andwe can read off that

t (B.20)2δ ∝ α

along any of those contour lines. Equation (B.20) describes faster-than-linear (supersonic) growth of δ for
2α < . It is straightforward to extend the above calculation tomore general initial conditions as well as to lattices

of arbitrary dimension.
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