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ABSTRACT
The fluid-structure interaction mechanisms involved in the

development of narrowband and broadband vortex-induced vi-
brations of long flexible structures placed in non-uniform cur-
rents are investigated by means of direct numerical simulation.
We consider a tensioned beam of aspect ratio200, free to move
in both the in-line and cross-flow directions, and immersed in
a sheared flow at Reynolds number330. Both narrowband and
broadband multi-frequency vibrations may develop, depending
on the velocity profile of the sheared oncoming current.

Narrowband vibrations occur when lock-in, i.e. the synchro-
nization between vortex shedding and structure oscillations, is
limited to a single location along the span, within the high cur-
rent velocity region; thus, well-defined lock-in versus non-lock-
in regions are noted along the span. In contrast, we show that
broadband responses, where both high and low structural wave-
lengths are excited, are characterized by several isolated regions
of lock-in, distributed along the length. The phenomenon of dis-
tributed lock-in impacts the synchronization of the in-line and
cross-flow vibrations, and the properties of the fluid-structure en-
ergy transfer, as function of time and space.

∗Addressall correspondence to this author.

INTRODUCTION

Vortex shedding in the wake of a riser or cable subject to
a cross-flow current induces unsteady fluid forces on the struc-
ture, resulting in structural vibrations and stresses that can cause
fatigue damage.

The case of a rigid circular cylinder free to move, or forced
to oscillate within a uniform current, has served as a canonical
problem to investigate VIV mechanisms (Bearman, 1984; On-
goren & Rockwell, 1988; Sarpkaya, 2004; Williamson & Go-
vardhan, 2004; Carberryet al., 2005; Prasanth & Mittal, 2008;
Bearman, 2011). Large amplitude oscillations occur when the
frequency of vortex formation is relatively close to a natural fre-
quency of the structure; then the frequency of vortex shedding
can be entrained and become equal to the frequency of the struc-
tural vibration. This condition of wake-body resonance is re-
ferred to aslock-in.

The increased complexity of the VIV phenomenon in the
case of slender flexible bodies immersed in sheared currents,
has been highlighted in recent experimental and numerical works
(Trim et al., 2005; Lie & Kaasen, 2006; Lucoret al., 2006; Van-
diver et al., 2009; Bourguetet al., 2011a). Mono-frequency as
well as multi-frequency structural responses have been reported
in this context (Chaplinet al., 2005; Bourguetet al., 2011b). The
occurrence of multi-frequency vibrations may significantly im-
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pact the fatigue life of the structures. However, previous studies
werelimited to narrowband vibrations and the case of broadband
responses, where both high and low structural wavenumbers are
excited, still remains to be investigated.

We address this problem of broadband response using de-
tailed numerical simulation results. The objective is to ana-
lyze the fluid-structure interaction mechanisms associated with
broadband VIV in non-uniform current, with an emphasis on the
lock-in phenomenon and its impact on the energy transfer be-
tween the flow and the body.

The physical model and numerical method are briefly de-
scribed in a first section. The structural vibrations are analyzed
in a second section. Lock-in and fluid-structure energy transfer
are examined in a third section. The main findings of this study
are summarized in a fourth section.

PHYSICAL MODEL AND NUMERICAL METHOD
The flow past a flexible cylinder of circular cross-section

is predicted using direct numerical simulation of the three-
dimensional incompressible Navier-Stokes equations. The cylin-
der is submitted to a cross-flow which is parallel to the globalx
axis and sheared along the globalz axis. Two types of sheared
profiles, linear and exponential, are used as shown in Fig. 1. In
both cases, the ratio between the maximum and minimum on-
coming flow velocities is set to 3.67. In the following, all physi-
cal variables are non-dimensionalized using the cylinder diame-
terD and the maximum inflow velocityU , which occurs atz= 0.
The Reynolds number (Re) based onD andU is equal to 330.

The cylinder aspect ratio isL/D = 200, whereL is the cylin-
der length in its equilibrium position in quiescent fluid. It is
pinned at both ends, while it is free to move in both the in-line
(x) and cross-flow (y) directions. The cylinder mass ratio, de-
fined asm= ρc/ρ f D2, whereρc is the cylinder mass per unit
length andρ f the fluid density, is set to 6. The constant ten-
sion, bending stiffness and damping of the structure are desig-
nated byT, EI andK, respectively. The in-line and cross-flow
displacements of the cylinder are denoted byζx andζy. The sec-
tional drag and lift coefficients are defined asCx = 2Fx/ρ f DU2

andCy = 2Fy/ρ f DU2, whereFx andFy are the in-line and cross-
flow dimensional fluid forces. The structural dynamics are gov-
erned by a tensioned beam model, expressed as follows in non-
dimensional form (Evangelinos & Karniadakis, 1999):

∂ 2ζ
∂ t2 −ω2

c
∂ 2ζ
∂z2 +ω2

b
∂ 4ζ
∂z4 +

K
m

∂ζ
∂ t

=
1
2

C
m
, (1)

where ζ = [ζx,ζy]
T and C = [Cx,Cy]

T . t denotes the non-
dimensional time variable.ωc andωb, the cable and beam phase
velocities defined asω2

c =T/mandω2
b =EI/m, are set to similar

values in both cases,(ωc,ωb) = (4.55,9.09) in the linear profile

case and(ωc,ωb) = (5,10) in the exponential profile case. The
structural damping is set equal to zero (K= 0) to allow maxi-
mum amplitude oscillations. These structural parameters lead to
vibrations involving high structural wavenumbers, which are rep-
resentative of configurations encountered in the context of ocean
engineering (Trimet al., 2005).

The parallelized codeNektar, based on the spectral/hpel-
ement method (Karniadakis & Sherwin, 1999), is used to solve
the coupled fluid-structure system. A boundary-fitted coordinate
formulation is used to take into account the cylinder unsteady
deformation. The version of the code employs a hybrid scheme
with Fourier expansion in the spanwise (z) direction and Jacobi-
Galerkin formulation in the (x,y) planes. Validation studies of
the numerical method have been reported in previous works con-
cerning similar physical configurations (Newman & Karniadakis,
1997; Evangelinos & Karniadakis, 1999; Bourguetet al., 2011a).
The present simulations involve approximately 0.6×109 degrees
of freedom. The results reported in this study are based on time
series of more than 300 convective time units, collected after the
initial transient dies out.

NARROWBAND VERSUS BROADBAND MULTI-
FREQUENCY RESPONSES

The typical structural vibrations observed in the cases of lin-
ear and exponential shear profiles are illustrated in Fig. 2(a) and
(b), respectively. Selected time series of the cylinder cross-flow
displacement are presented. In both cases, the response is a mix-
ture of standing and traveling wave patterns. The amplitude of
oscillation in the case of exponential shear is approximately half
the amplitude observed in the linear shear case, in both the in-
line and cross-flow directions (Fig. 3). In these plots, only the
deviations of the in-line motion from its mean value,ζ̃x, are con-
sidered. In the case of linear shear, the underlying standing wave
component leads to the formation of cells along the span corre-
sponding to alternating ‘nodes’ (minima of the response enve-
lope) and ‘anti-nodes’ (maxima of the response envelope). Such
cellular patterns are not observed in the exponential shear case,
due to a change in the nature of the responses, as shown in the
following.

The response power spectral densities (PSD) are plotted in
Fig. 4. Both cases exhibit multi-frequency vibrations but the
structural responses differ by the excited frequency bandwidth
and the range of excited wavenumbers: three main frequencies
are excited along the span within a narrow band in the case of
linear shear while a broadband response is observed in the ex-
ponential shear case. Through spatio-temporal spectral analy-
sis, each excited frequency can be related to the corresponding
excited structural wavenumber. In the case of narrowband re-
sponse, only high wavenumbers, corresponding to three adjacent
sine Fourier modes, are excited. In the case of broadband vibra-
tions, both high- and low-wavenumber responses are noted. The
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FIGURE 1. INSTANTANEOUS ISO-SURFACES OF SPANWISE VORTICITY DOWNSTREAM OF THE CYLINDER: (a) LINEAR VELOCITY
PROFILE (ωz=±0.3) AND (b) EXPONENTIAL VELOCITY PROFILE (ωz=±0.15). PART OF THE COMPUTATIONAL DOMAIN IS SHOWN.
ARROWS REPRESENT THE SHEAR ONCOMING FLOW.

in-line responses also exhibit a clear narrowband or broadband
character, depending on the oncoming flow velocity profile.

The in-line and cross-flow vibrations are non-linearly cou-
pled by the fluid forces. The phase difference between the in-
line and cross-flow displacements controls the shape and orien-
tation of the beam trajectories in the plane perpendicular to the

span. The instantaneous phases of the in-line and cross-flow dis-
placements (φx andφy respectively) are determined by means of
the Hilbert transform. Adopting an approach similar to Huera-
Huarte & Bearman (2009), the phase differenceΦxy is quantified
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FIGURE 2. TEMPORAL EVOLUTION OF CROSS-FLOW DIS-
PLACEMENT ALONG THE CYLINDER SPAN, IN THE CASES OF
(a) LINEAR AND (b) EXPONENTIAL VELOCITY PROFILES.

as follows:

Φxy = [pφx−qφy, mod 360o], (2)
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FIGURE 3. RMS VALUE OF (a) IN-LINE DISPLACEMENT
FLUCTUATION AND (b) CROSS-FLOW DISPLACEMENT ALONG
THE CYLINDER SPAN.

wherep andq are two integer numbers defining the level of syn-
chronization studied. As generally observed in this context, a ra-
tio of 2 can be established between in-line and cross-flow excited
frequencies; hence the couple(p,q) = (1,2) is chosen here. Val-
ues ofΦxy in the range 0o−180o (180o−360o respectively) cor-
respond to ‘figure eight’ orbits, where the beam moves upstream
(downstream respectively) when reaching the cross-flow oscilla-
tion maxima. These two types of trajectories are referred to as
‘counter-clockwise’ and ‘clockwise’, respectively (Dahlet al.,
2007).

The histograms ofΦxy issued from the entire response time
series are plotted along the span in Fig. 5, for both velocity pro-
files. In the linear shear case, a predominant trajectory can be
identified at each spanwise location (Fig. 5(a)). In this case, due
to the pronounced standing wave character of the vibrations near
z= 0, transitions can be noted between counter-clockwise and
clockwise trajectories near the nodes of the in-line response. In
the region where purer traveling waves develop, the phase differ-
ence exhibits a well-defined, nearly-linear drift towards higher
angles, asz increases. Counter-clockwise orbits dominate the
synchronization pattern in the high velocity region. Significant
differences can be noted in the case of broadband responses
(Fig. 5(b)). Despite noisier histograms, it appears thatΦxy re-
mains generally lower than 180o; hence, the in-line and cross-
flow vibrations appear to be locked to a specific phase difference
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FIGURE 4. SPANWISE EVOLUTION OF CROSS-FLOW DIS-
PLACEMENT PSD, IN THE CASES OF (a) LINEAR AND (b) EX-
PONENTIAL VELOCITY PROFILES.

range and no drift can be identified along the beam.

Φxy (o)
z

0 100 200 300
0

20

40

60

80

100

120

140

160

180 Weight

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

Φxy (o)

z

0 100 200 300
0

20

40

60

80

100

120

140

160

180 Weight

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

FIGURE 5. HISTOGRAM OF IN-LINE/CROSS-FLOW MOTION
PHASE DIFFERENCE ALONG THE CYLINDER SPAN, IN THE
CASES OF (a) LINEAR AND (b) EXPONENTIAL VELOCITY PRO-
FILES.

DISTRIBUTED LOCK-IN AND FLUID-STRUCTURE EN-
ERGY TRANSFER

For long flexible structures, the lock-in condition is defined
to exist at each spanwise location where the local vortex shed-
ding frequency is synchronized with a cross-flow vibration fre-
quency; otherwise, the condition is referred to as non-lock-in. A
spanwise region which envelopes all the adjacent locked-in loca-
tions is referred to as a lock-in region. The PSD of the cross-flow
component of the flow velocity in the wake is used to identify the
vortex shedding frequency along the span (Fig. 6).

In the case of linear shear (narrowband responses), a single
lock-in region is found, located within the high current veloc-
ity, while over the rest of the span vortex shedding and cylinder
vibrations are not synchronized.

In contrast, the case of exponential shear (broadband re-
sponses) exhibits a totally different behavior: the lock-in con-
dition is not contained within a single region. Instead, lock-
in is distributedover several isolated regions along the entire
length of the body, and is not limited only to the high current
velocity region. However, despite this difference, the lock-in
phenomenon remains a locally mono-frequency event, viz. vor-
tex shedding occurs principally at a single frequency at a given
spanwise location. This was first noted in the case of narrow-
band multi-frequency vibrations (Bourguetet al., 2011a). In the
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narrowband case, the lock-in condition is generally established
at the locally predominant vibration frequency. For broadband
responses, the spanwise evolution of the lock-in frequency is
driven by the Strouhal relation.

The wake patterns are composed of spanwise cells of con-
stant vortex shedding frequency that induce an oblique orienta-
tion of the vortex rows as they form, as well as vortex splittings
between adjacent cells (Fig. 1). The vortex splittings are nec-
essary to ensure the continuity of the vortex filaments while the
vortex shedding frequency is discontinuous.

A comparison between the spanwise location of the lock-
in region (Fig. 6(a)) and the in-line/cross-flow synchronization
pattern (Fig. 5(a)) in the case of narrowband responses shows
that the lock-in condition is preferentially established through
counter-clockwise orbits, as also noted in a previous work (Bour-
guetet al., 2011c).

The fluid force coefficient in phase with the cylinder velocity
is used to quantify the energy transfer between the fluid and the
structure (Newman & Karniadakis, 1997). A frequency decom-
position of the force coefficient in phase with velocity including
both the in-line and cross-flow contributions is plotted in Fig. 7
for each velocity profile. In these plots the predominant vibration
frequencies are indicated by vertical dashed lines.

Positive energy transfer from the fluid to the structure, i.e.
reinforcing structural vibration, occurs locally under the lock-in
condition. As a consequence, the case of narrowband responses
(Fig. 7(a)) exhibits a well-defined spanwise pattern composed of
a zone of structure excitation located in the high current velocity
area, and a zone of vibration damping located in the low current
velocity side.

In contrast, several excitation and damping regions are al-
ternating along the span in the case of broadband responses
(Fig. 7(b)). It can be noted that these short regions of excitation,
each with a different frequency and a spanwise extent which can
be smaller than 5% of the cylinder length, lead to significant re-
sponses.

SUMMARY
The multi-frequency vortex-induced vibrations of a long

tensioned beam in sheared current have been predicted by means
of direct numerical simulation. Two profiles of oncoming flow
velocity, a linearly varying profile and an exponentially varying
profile, have been considered. In both cases the structural re-
sponses are mixtures of standing and traveling wave patterns.
In the case of linear shear, the excited frequencies and spa-
tial wavenumbers are concentrated within a narrow range, while
broadband responses, involving both high and low structural
wavenumbers, are identified in the exponential shear case.

The narrowband or broadband nature of the response im-
pacts the spanwise pattern of wake-body synchronization. A sin-
gle lock-in region is located on the high velocity side for the
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FIGURE 6. PSDOF THE TEMPORAL EVOLUTION OF CROSS-
FLOW COMPONENT OF FLOW VELOCITY ALONG A SPANWISE
LINE IN THE WAKE, IN THE CASES OF (a) LINEAR AND (b) EX-
PONENTIAL VELOCITY PROFILES. DASHED LINES INDICATE
PREDOMINANT FREQUENCIES OF STRUCTURE VIBRATION.
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FIGURE 7. FREQUENCY DECOMPOSITION OF THE FORCE
COEFFICIENT IN PHASE WITH THE CYLINDER VELOCITY
FOR THE (a) LINEAR AND (b) EXPONENTIAL SHEAR CASES.
DASHED LINES INDICATE PREDOMINANT FREQUENCIES OF
STRUCTURE VIBRATION.

narrowband vibrations, while in the case of broadband responses
the lock-in condition is distributed along the length of the body.
The distribution of lock-in over several locations along the span
brings changes to the synchronization between in-line and cross-
flow responses: the phase drift between the two motions ob-
served in the narrowband response is not observed for broadband
response.

Hence, for narrowband response, a clear distinction between
a single lock-in region contained within the high current velocity
region, and a non-lock-in region over the rest of the span can
be made. In the case of broadband response, alternating short
regions of lock-in and non-lock-in are distributed over the span
of the structure; each isolated lock-in region is characterized by
a different frequency.
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