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a b s t r a c t

We present a rigorous solution to the problem of scattering of a semi-infinite planar
array of dipoles, i.e., infinite in one direction and semi-infinite in the other direction,
thus presenting an edge truncation, when illuminated by a plane wave. Such an
arrangement represents the canonical problem to investigate the diffraction occurring
at the edge-truncation of a planar array. By applying the Wiener–Hopf technique to
the Z-transformed system of equations derived from the electric field integral equation,
we provide rigorous close form expressions for the dipoles’ currents. We find that such
currents are represented as the superposition of the infinite array solution plus a pertur-
bation, which comprises both edge diffraction and bound surface waves excited by the
edge truncation. Furthermore, we provide an analytical approximation for the double-
infinite sum involved in the calculation which drastically reduces the computational
effort of this approach and also provides physically-meaningful asymptotics for the
diffracted currents.
©2019 TheAuthors. Published by Elsevier B.V. This is an open access article under the CCBY

license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The study of the scattering of electromagnetic waves has remained a topic of interest for both physics and engineering
communities since the past century. Following the original work of Sommerfeld, who introduced the first theory of
diffraction [1], researchers have developed extended theories based on geometrical optics to account for such effects [2,3].
These provide accurate solutions for complex scatterers in terms of closed-form solutions of canonical problems.
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Throughout the development of frequency selective surfaces in the past decade and the subsequent emergence of
metasurfaces [4,5], physical optics has allowed for the solution of these periodic problems using the so-called local
periodicity approximation to reduce the analysis to a single unit cell with periodic boundary conditions [6,7]. This
approximation, although valid in some cases, cannot completely reproduce the behavior of real systems that are finite.
It is therefore important to understand the effect that the introduction of truncations have in the response of periodic
arrays.

The first studies of scattering arising from array edge truncations dealt with the field radiated by semi-infinite phased
arrays, in which the phase and amplitude of the array dipoles were imposed as sources [8–10]. These studies lead to
important insights into the radiation and scattering produced by the so called ‘‘truncated Floquet waves’’ and associated
diffracted waves at the edge of a semi-infinite array, mainly finding that the field generated by an array-edge truncation
possesses several properties analogous to those of the field diffracted by an edge of a half plane [1]. The array-edge
diffracted field possesses many spatial harmonics, similarly to the field generated by a periodic grating, however the
spatial harmonics of the array-edge diffracted wave have all the same algebraic spreading factor [8,9]. Further studies
also explored the scattering of truncated strip arrays [11], and also the double scattering process due to the presence of a
truncated ground plane under the truncated array [12]. In [13,14] a method of moments for the currents on a semi-infinite
array was constructed using full-domain current basis functions arising from the scattering of edge-truncated array [8,9].

The scattering by large but finite arrays has only been explored using the Method of Moments for the solution of the
integral equation involved [15–18]. It was shown that the fields scattered by the truncations can, even in the case of
normal incidence, launch surface waves that have greater in-plane momentum than a grazing plane wave, and therefore
cannot be excited in an infinite array [19,20]. This is of great importance in various cases, for example when the excitation
frequency and wavenumber of the diffracted wave at an array edge is involved in extraordinary optical transmission, in
which the collective behavior of the array is responsible for a large resonant transmission through arrayed subwavelength
apertures [17,21]. Although some of the previously mentioned studies were able to separate the total diffracted field on
the scatterers from that found in the infinite periodic array, they were not able to identify the different contributions to
those fields. The effect of these surface waves on finite arrays has been studied in the literature in the context of frequency
selective surfaces [22–24].

The existence of surface or leaky waves supported by patterned metallic surfaces, which have been known since the
1940s by the microwave community [25], and the ability to control their radiation have an important role in the design
of new generations of antennas [26–29], which take advantage of the high degree of control that metasurfaces allow on
their propagation and radiation properties [30–32].

In this paper we provide a rigorous solution to the problem of the scattering of a plane wave that impinges obliquely on
a semi-infinite array of dipolar metallic patches using the Wiener–Hopf technique [33,34]. Due to the discrete nature of the
problem the Wiener–Hopf method is implemented in the Z-transformed spectral domain for an infinite linear system of
equations derived from the electric field integral equation. This technique was previously utilized by some of the authors
for the solution of the scattering of a semi-infinite array of metallic strips illuminated by a plane wave [35]. However
the semi-infinite planar array of dipoles here considered is periodic in two directions and it has the capability to support
bound surface waves that are here specifically investigated. Here we restrict our analysis to the case of a single metallic
dipole in each array unit cell, however the obtained description of the wave mechanisms induced by the array-truncation
is general, and the same approach could be applied to more general types of truncated planar periodic structures. We
need to mention that though the Wiener–Hopf technique applied to the rigorous solution in the Z-transformed domain
for discrete current distributions in periodic arrayed structured is rather unusual, there have been important previous
contributions [35–43].

2. Integral equation formulation

Let us consider the problem of an arbitrary polarized wave impinging on the semi-infinite planar array of rectangular
metallic patches (perfect conducting) whose geometry is depicted in Fig. 1. In the following, a harmonic time dependence
ejωt is assumed and suppressed throughout the paper. The incident electric field on the plane of the array is written as
Ei

= Ei
0e

−j(kx0x+ky0y) where kx0 = k0 sin θ cosφ and ky0 = k0 sin θ sinφ, where k0 = ω/c is the free space wavenumber and
c is the speed of light. The metallic patches are assumed to be perfectly conducting and of negligible thickness. In this
case, the tangential component of the electric field on their surface will be zero, leading to the equation

ẑ ×
(
Ei(x, y) + Esc(x, y)

)
= 0. (1)

In the previous equation, Esc(r) represents the electric field scattered by the array due to the impinging plane wave,
whose in-plane component can be written in terms of the electric current flowing on the dipoles as

Esc
t (x, y) =

∫
∞

−∞

∫
∞

−∞

gJ(x − x′, y − y′) · jsc(x′, y′)dx′dy′ (2)

where gJ(x − x′, y − y′) is the dyadic Green’s function that relates the value of the electric field at (x, y) to that of the
surface current at (x′, y′). It can be obtained from the discontinuity of the tangential component of the magnetic field,
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Fig. 1. (a) Top view of the semi-infinite array of polarizable metallic dipoles of length l and width w placed in a rectangular lattice with spacings
dx and dy along the x and y directions, respectively. (b) Perspective view of the semi-infinite array, truncated at x = 0, with incident plane wave.

which can be expressed in terms of the rotational of the electric field via Maxwell’s equations. If one substitutes (2) into
(1), the result is an integral equation for the currents on the surface of the dipoles jsc(x, y).

Thanks to the periodicity along the y direction, the problem can be reduced to the analysis of a single strip by
introducing the 1-D periodic Green’s function such that

Esc
t (x, y) =

∫
∞

−∞

∫ dy/2

−dy/2
gper
J (x − x′, y − y′) · jsc(x′, y′)dx′dy′ (3)

where

gper
J (x − x′, y − y′) =

∞∑
m=−∞

gJ(x − x′, y − y′
+ mdy)ejky0mdy (4)

Following the reasoning of the Method of Moments (MoM) [44], we will expand the unknown current distribution on
each dipole in terms of known functions. We will restrict the following to the use of a single basis function which means
a current of the form of jscn (x, y) = inbn(x, y) where bn(x, y) is chosen as

bn(x, y) = b(x − xcn, y − ycn)ŷ =

√
1 −

( 2(y−ycn)
l

)2√
1 −

( 2(x−xcn)
w

)2 ŷ (5)

for (x, y) on the surface of the dipole and zero elsewhere, where xcn and ycn are the coordinates of the center of the dipole
in the nth unit cell. This first order approximation reproduces the right edge behavior and has been shown to give accurate
results at frequencies below the second resonance of the narrow metallic patches [45,46]. This is due to the fact that the
square-root reproduces well the behavior of the currents in the proximity of an edge of negligible thickness, leading to a
null or to a singularity when the currents are perpendicular or parallel to the edge respectively as shown in Fig. 2.

When the expression for jscn (x, y) is introduced into (3) and then into (1), one can obtain a system of equations for
the unknowns in by multiplying the resulting expression by the complex conjugate of the basis function associated with
the dipole in the mth unit cell, b∗

m(x, y), and integrating over the surface occupied by such (i.e. Galerkin’s version of the
MoM [44]) leading to

∞∑
n=0

km−nin = vm (6)

where

km−n =

∫
ηm

∫
ηn

b∗

m(x, y) · gper
J (x − x′, y − y′) · bn(x′, y′) dxdy dx′dy′ (7)

with ηm representing the surface of the mth dipole and where

vm = −

∫
ηm

b∗

m(x, y) · Ei(x, y) dxdy = Ve−jkx0md (8)

Due to the fact that the basis functions are non-zero only on the dipoles, the integration domain ηn corresponds to the
surface of the nth dipole of the one dimensional semi-infinite chain to which we have reduced the problem. In addition,
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Fig. 2. Current distribution along the ŷ direction of the basis function proposed in Eq. (5). The current diverges at both x = xcn ± w/2 and vanishes
at both y = ycn ± l/2 to account for the field distributions in the vicinity of the edges parallel and perpendicular to the direction of the electric
current on thin metal patches as shown in [46].

note that the value of km−n depends on the relative distance between the mth and the nth dipoles and such it has been
denoted in terms of the difference between the indexes.

The value of km−n is obtained in the spectral domain by applying the Fourier transform to the basis functions and the
Green’s function as

km−n = −
ζdy
4πk0

∞∑
q=−∞

∫
∞

−∞

dkxB(kx, kyq)B∗(kx, kyq)
k20 − k2yq√

k20 − k2x − k2yq
e−jkx(m−n)dx (9)

where ζ =
√

µ0/ϵ0 is the wave impedance of the medium surrounding the array, where kyq =
2πq
dy

+ ky0 and where
B(kx, ky) represents the Fourier transform of the basis function b(x, y) introduced in (5) given by

B(kx, kyq) =
1
dy

∫
∞

−∞

∫ dy/2

−dy/2
b(x − xcn, y − ycn)ej(kxx+kyqy)dxdy =

π2w

2kyqdy
J1

(
kyql
2

)
(10)

in terms of the first order Bessel function of the first kind J1 (·).
It is important to emphasize that the system of equations shown in Eq. (6) has an infinite number of unknowns (n varies

from 0 to ∞). In contrast to introducing a second truncation at a large value of n, we are going to use the Z-transform to
solve this system of an infinite number of equations exactly.

A route to solve this problem is to make use of the Z-transform of the successions kn, in and vn, as the LHS of Eq. (6)
is just the convolution of kn and in. The Z-transform of a succession fn is defined as

F (z) =

∞∑
n=−∞

fnz−n (11)

while the inverse Z-transform can be obtained using the expression

fn =
1

2π j

∫
C
F (z)zn−1dz (12)

where C denotes a closed counter-clockwise path following the unit circle in the complex z plane. By denoting the
Z-transforms of kn, in as K (z) and I(z) respectively we obtain the following equation in the transformed coordinate z

K (z)I+(z) = V
O−(z)
O−(zγ )

z
z − zγ

(13)

where zγ = e−jkx0dx , where V was defined in (8) and where the notation I+(z) indicates that the function is analytical for
|z| > 1 due to the fact that in = 0 if n < 0 (as naturally follows from (11)). The function O−(z) is an unknown function
with no poles inside the unit circle due to the complex exponential on the RHS of (6) which produces a single pole in the
z plane at z = zγ .
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Fig. 3. Plot of the phase of K (z) for the case of ky0 = 0, dx = 0.3λ, dy = 0.5λ, l = 0.3λ and w = 0.05λ. The solid line represents the unit circle. The
presence of zeros on the second and third quadrant is apparent due to the 2π phase shift around them.

Fig. 4. Plot of K (k′
x) for the case of ky0 = 0, dx = 0.3λ, dy = 0.5λ, l = 0.3λ and w = 0.05λ using the aforementioned conformal transformation.

The value of K (z) can be obtained following (11)

K (z) = −
ζdy
4πk0

∞∑
n=−∞

z−n
∞∑

q=−∞

∫
∞

−∞

dkxB(kx, kyq)B∗(k∗

x , kyq) ·
k20 − k2yq√

k20 − k2x − k2yq
e−jkxnd (14)

By using the conformal mapping z = e−jk′xdx and the Poisson formula
∑

∞

n=−∞
e−j(kx−k′x)ndx =

2π
dx

∑
∞

p=−∞
δ(kx−k′

x−
2πp
dx

),
(14) can be written as

K (z) = −
ζdy
2dxk0

∞∑
p=−∞

∞∑
q=−∞

B
(
k′

x +
2πp
dx

, kyq

)
B∗

(
k

′
∗

x +
2πp
dx

, kyq

)
·

k20 − k2yq√
k20 −

(
k′
x +

2πp
dx

)2
− k2yq

⏐⏐⏐⏐⏐
k′x=

j
dx

lnz

(15)

In Fig. 3, the function K (z) is shown for values of |z| < 1.25 in the complex plane obtained from Eq. (15). The branch
cuts produced by the square root function accompanied with the singularities associated with the branch points, which
will be notated zb corresponds, in the space of kx shown in Fig. 4, to k′

x =

√
k20 − k2y0, located on the real axis (in the lossless

case). In the presence of losses, the branches will remain either inside or outside the unit circle. Similarly, in Fig. 4 the
values of the function are shown using the conformal mapping introduced earlier in the space of the variable k′

x. The
additional branch points due to the terms of the sum with m, n ̸= 0 are, at frequencies lower than the first diffraction
edge, located at purely imaginary values of k′

x, and are mapped onto real values of z with either very small or very large
moduli. Thanks to the periodicity of the function in the k′

x plane, only a couple of Riemann sheets (top and bottom) are
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found in the z plane. This is on contrast to the many pairs of Riemann sheets that one would found in the k′
x plane, further

justifying the reason of performing the Wiener–Hopf technique in the z-domain.
As a new feature with respect to the problem of the scattering by a semi infinite array of strips [35], we find that

for the current array problem the function K (z) presents a zero near the branch point. This is due to the fact that two
dimensional arrays of dipoles (or slots) support the propagation of surface waves, which are self-supported modes of
the system and therefore correspond to zeros of the determinant of the problem [18]. The position of the four points of
interest (zsw , 1/zsw zb and 1/zb) have been highlighted in Fig. 3.

3. Wiener–Hopf approach

The problems introduced by the presence of the unknown function O−(z) can be avoided by making use of the
factorization of K (z) using the Wiener–Hopf technique, as shown in [35]. If one factorizes K (z) = K+(z)K−(z), then (13)
is reorganized as

z − zγ
z

K+(z)I+(z) =
O−(z)
O−(zγ )

V
K−(z)

(16)

where the factorization is achieved by performing the following integral, which can be derived from applying the sum
splitting formula to the logarithm of K (z) [33]

K+(z) = exp
[

1
2π j

∮
C1

lnK (s)
s − z

ds
]

(17)

where C1 represents the path following the unit circle in the counter-clockwise direction, which has deformed to leave
outside the pole at s = z. This is a rather complicated integration path, and therefore an alternative expression has been
obtained by regularizing the integrand at s = z such that the integral can be performed along the unit circle as

K+(z) = exp

[
1

2π j

∮
C

1
2 (1 +

z
s )lnK (s) − lnK (z)

s − z
ds

]
(18)

Then, according to Liouville’s theorem, if a function is bound and analytic everywhere on the complex plane then it
is a constant. In the problem studied here, the limit |z| → ∞ corresponds with Im k′

x → +∞, for which the function
K (z) decays to zero given that its only dependence on k′

x is contained in the square root denominator, and therefore also
K+(z) and the LHS of (16). This constant can be easily obtained by evaluating the RHS of (16) at z = zγ , obtaining the
Z-transformed current as

I+(z) = I(z) =
V

K+(z)K−(zγ )
z

z − zγ
(19)

from which the value of in can be obtained through the inverse Z-transform as

in =
V
2π j

1
K−(zγ )

∮
C

1
K+(z)

zn

z − zγ
dz (20)

where C corresponds to an integration path around the unit circle as shown in Fig. 5.
From Figs. 3 and 4 and Eq. (20), one can see that the currents on the each dipole will have three contributions

in = i∞n + idn + iswn (21)

which arise from the different poles and branch cuts found inside the unit circle, shown in Fig. 5. The total current on the
dipoles has been found to be given by the sum of those found in the non-truncated array plus a surface wave contribution
(associated with the pole zsw) plus the currents generated by the continuous spectrum of the edge-diffraction, which
mathematically correspond to

i∞n = V
e−jkx0ndx

K (zγ )
(22)

iswn =
V
2π j

1
K−(zγ )

∮
Csw

1
K+(z)

zn

z − zγ
dz =

V
2π j

e−jkswx0 ndx

K−(zγ )
lim

z→zsw

1
K+(z)

z − zsw
z − zγ

(23)

and

idn =
V
2π j

1
K−(zγ )

∮
Cb

1
K+(z)

zn

z − zγ
dz (24)

Eqs. (15) to (23) constitute the closed-form solution of the diffraction current by a semi-infinite array of dipoles under
plane-wave illumination. This solution, although exact within the single basis function approximation, suffers from the
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Fig. 5. Unit circle of integration C in the z-domain to perform the inverse Z-transform (20). The C integration path in (20) is deformed onto three
integration paths around the singularities leading to three distinct wave species: (1) the contour around the pole zsw corresponds to the current iswn
associated to the surface wave; (2) the contour around the branch cut represents the continuous spectrum of the diffracted current idn that will be
asymptotically evaluated in the last part of this paper; and (3) the contour around the pole zγ provides the current i∞n pertaining to the infinite
array (without truncation) due to plane wave excitation. The branch cut locus has been modified as a straight line to simplify the calculation of the
contour integral since this is associated to a steepest descent path as shown in [35].

Fig. 6. Map of the position of the zeros of K (z) (zsw) for different values of the normalized frequency dx/λ for a fix value of dy = 4/3dx , l = dx ,
w = dx/30 and α = 0 found using the iterative zero search algorithm in [52].

need to calculate numerically integrals of slowly convergent two dimensional infinite series as shown in (18) and (15). In
addition, the position of the poles corresponding to the existence of surface waves need to be found numerically for each
set of parameters as they move as shown in Fig. 6, requiring an additional number of evaluations of the integrand. Several
methods have been proposed to reduce the computational effort needed to compute the two-dimensional infinite series,
which appears in the solution of the infinite two-dimensional periodic array of dipoles [47]. However, the most effective
has been shown to be the calculation of the matrix elements in the spatial domain, which in addition to the advantages
from using the Ewald’s method [48–50] for the computation of the two-dimensional periodic Green’s function leads to
the calculation of finite-domain integrals [17,51].

To facilitate the numerical calculation of the contribution of the currents arising from diffraction, it is convenient to
introduce the change of variable z = zbe−s2 such that the integral in (24) becomes

idn = −
V
π j

zn+1
b

K (zγ )

∫
∞

−∞

[
K+(zγ )

K+(zbe−s2 )

]
s e−(n+1)s2

zbe−s2 − zγ
ds = −

V
π j

zn+1
b

K (zγ )

∫
∞

−∞

Fn(s)ds (25)

where the integrand is calculated on each side of the branch cut for s < 0 and s > 0 respectively. As shown in [35], this
expression is also more suitable for asymptotic analysis.
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Fig. 7. Map of the amplitude and phase of the exact and approximated K (z) function for points on the unit circle. The zeros are introduced into
the approximation by applying a zero-search algorithm to the exact form.

4. Approximate factorization

To avoid the computational effort required to calculate the function K+(z) using Eq. (18), we propose an approximate
factorization K (z) ≈ K+

app(z)K
−
app(z) based on the main term of Eq. (15) given, when the array supports a surface wave

with wavevector kswx such that zsw = e−jkswx dx , by

K+

app(z) = A
(

D
√
1 − zb/z

+ C
)

z − zsw
zb − zsw

zb − zappsw

z − zappsw
(26)

K−

app(z) = A
(

D
√
1 − zbz

+ C
)

1/z − zsw
1/zb − zsw

1/zb − zappsw

1/z − zappsw
(27)

where the constants A, C and D are given by

A =

⎛⎝ D√
1 − z2b

+ C

⎞⎠−1/2

(28)

D = lim
z→zb

K (z)
√
1 − zb/z = −

ζ
√
jdy

2
√
2dxkbk0

B(kb, ky0)B∗(k∗

b, ky0)(k
2
0 − k2y0) (29)

and

C = lim
z→zb

K (z) −
D

√
1 − zb/z

= −
ζdy
2dxk0

∑
p̸=0

∑
q̸=0

B
(
kb +

2πp
dx

, kyq

)
· B∗

(
k∗

b +
2πp
dx

, kyq

)
·

k20 − k2yq√
k20 −

(
kb +

2πp
dx

)2
− k2yq

(30)

These expressions have been obtained by studying the limit of K (k′
x) when k′

x approaches kb =

√
k20 − k2y0, whose

behavior is dominated by the p = q = 0 element of the series in (15), and whose branch cut is preserved by the
approximation. The remaining terms vary slowly in the neighborhood of the branch point kb and can be therefore
approximated as a constant (C) as shown in (26) and (27). In the limit, the proposed approximated function reproduces
the behavior of the original K (z) function and allows for the analytical asymptotic study of the diffracted currents. It
should be mentioned that the first two factors in (26) and (27) are completely analogous to the expansion presented
in [35], and the two additional factors have been introduced to account for the existence of surface waves at z = zsw ,
which can be added without impacting the behavior of the functions for |z| → ∞ by removing the non-physical zero
at zappsw = zb/(1 − (D/C)2). The value of zsw , however, needs to be obtained using the exact expression for K (z) using an
iterative procedure based on [52]. In Fig. 7 we map the values of the modulus and phase of the exact and approximated
K (z) functions given by (15) and (26) respectively for points on the unit circle, showing an excellent agreement. There,
the presence of the branch points z = zb and z = 1/zb and the zeros z = zsw and z = 1/zsw of the K (z) functions can
be observed. In addition, to show the validity of the approximation for its use on the calculation of (25), the value of the
exact and approximated integrands for the first dipole are shown in Fig. 8.
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Fig. 8. Map of the modulus and phase of the exact and approximated integrand Fn(s) in (25) and F app
n (s) in (32), making use of the exact and

approximated factorizations of K (z).

Fig. 9. Plot of K+
res(z) for |z| ≤ 1.5 for the case of dx = 0.3λ, dy = 0.4λ, l = 0.3λ and w = 0.01λ computed numerically. In this case, the array does

not support any surface wave and the terms associated with them are removed from the approximation.

Note that for the cases in which the chosen geometrical parameters do not lead to the existence of a surface wave
solution (such as small dipole lengths with respect to the periodicity), the formulas presented in [35] should be used
instead, making use of the constants here presented. This just means to remove the factors including zsw and zappsw .
Under these circumstances the diffracted currents are those arising from the fields diffracted by the truncation. In this
case, we have checked the validity of the approximation through the calculation of K+

res(z) = K+(z)/K+
app(z) (such that

Kres(z) = K (z)/Kapp(z)), given analogously to (18) by

K+

res(z) = exp

[
1

2π j

∮
C

1
2 (1 +

z
s )lnKres(s) − lnKres(z)

s − z
ds

]
(31)

In Fig. 9, the real and imaginary parts of the function K+
res(z), obtained using (31), have been plotted. The integral was

performed numerically by introducing small losses in the system so that the branch points were located slightly inside
and outside of the unit circle, removing numerical instabilities. In addition, due to the different locations of the branch
cuts of the expressions (15) and (26), the definition of the branch cut of the term m, n = 0 in (15) was modified so that
it became radial.

As the reader can see, the real part is very close to one everywhere with the exception of where those additional
branch cuts are found, but still the correction is smaller than ten percent. The imaginary part is also found to be very
close to zero, with very small deviations near the branch cut.

This approximate factorization has been shown to be very accurate in the proximity of the branch cut, as shown later
in the results section, regardless of the existence of surface waves, and allows for a vast reduction in the computation
time needed for the calculation of the branch contribution, idn, in terms of the diffracted fields.
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5. Asymptotic evaluation of the diffracted currents

Among the different contributions to the total current, that representing the diffracted current is the most computa-
tionally demanding, as it requires the integration of the function K+(z), which is itself calculated through the integral of a
very slowly convergent function, as mentioned earlier. It is therefore convenient to obtain an asymptotic approximation
for idn, which is obtained thanks to the approximated factorization presented in the previous section. The approximate
form of the diffracted current is hence given by

idn ≈ −
V
π j

zn+1
b

K (zγ )

∫
∞

−∞

[
K+
app(zγ )

K+
app(zbe−s2 )

]
s e−(n+1)s2

zbe−s2 − zγ
ds = −

V
π j

zn+1
b

K (zγ )

∫
∞

−∞

F app
n (s)ds (32)

Thanks to the exponential decay of the integrand, the value of the integral is dominated by small values of s. The factor
involving the function K+

app(z) is approximated as

K+
app(zγ )

K+
app(zbe−s2 )

≈ jsD−1

(
D√

1 − zb/zγ
+ C

)
zγ − zsw
zb − zsw

zb − zappsw

zγ − zappsw
(33)

which then reduces to the following integral

idn ≈ −
V
π

zn+1
b

K (zγ )D

(
D√

1 − zb/zγ
+ C

)
zγ − zsw
zb − zsw

zb − zappsw

zγ − zappsw

∫
∞

−∞

s2 e−(n+1)s2

zbe−s2 − zγ
ds (34)

When poles are not in the ‘‘vicinity’’ (in the asymptotic sense) of the branch point in the z domain (poles not close to
the saddle point at s = 0 in the s domain, this integral is accurately evaluated in a non-uniform asymptotic fashion as
in [35] leading to

idn ≈
e−j

√
k20−k2y0(n+1)dx

(n + 1)3/2
Rd

zb − zγ
, (35)

where

Rd
= −

V
2
√

πDK (zγ )

(
D√

1 − zb/zγ
+ C

)
zγ − zsw
zb − zsw

zb − zappsw

zγ − zappsw
. (36)

The asymptotic expression (35) for the diffracted current reveals that it corresponds to the current induced by an edge-
diffracted wave which has a cylindrical wavefront with an amplitude spreading (unlike the infinite-array and surface-wave
currents which have no spreading) that decays as 1/(n + 1)3/2 from the truncation of the array at x = 0.

6. Illustrative examples

In this section we explore the physics behind the excitation of the diffracted field and, in some cases, the conversion
of free space radiation into surface-bound propagative waves along the array surface.

Let us start by considering the case of small metallic patches compared to the periodicity. This system does not support
long wavelength (when compared to the periodicity) propagation of surface modes as these appear at frequencies near
their resonance and therefore the only contributions arise from the diffracted fields and the solution of the infinite periodic
problem, i.e., in = i∞n + idn which are calculated using the exact Eqs. (22) and (25). The calculated total normalized current
for the first 30 elements along the x direction are shown in Fig. 10. The current obtained by the Wiener–Hopf method is
compared to that obtained from a method of moments solution of the scattering by a finite-by-infinite array, i.e., the array
is finite along the x direction with 2000 unit cells, enough for the diffracted fields to decay so that edge-induced diffracted
fields do not interact with each other. These two solutions are in excellent agreement, and show the small magnitude of
the diffracted currents, about three orders of magnitude smaller than the currents in infinite array. In addition, we show
the validity of the solution obtained using the approximated factorization, which leads to an accurate semi-analytical
solution calculated via (32) in contrast to the very computationally expensive numerical factorization using (18), needed
for the computation of (25).

In a second example we increase the length of the metallic patches and reduce their spacing along the x direction in
terms of the wavelength, so that the coupling between the dipoles is increased, leading to the existence of self-supported
current solutions that propagate along the array. These modal solutions can be computed by finding the zeros of the
determinant of the matrix of the linear system of equations obtained for the scattering by an infinite two-dimensional
array of dipoles, which is actually proportional to the K (z) function as it can by shown by direct comparison with [18]
and [53]. These solutions are characterized by their in-plane wavevector (kswx0 , kswy0 ) at each frequency. In Fig. 11 the value
of the determinant of the scattering problem by a double infinite periodic array of dipoles is shown for different in-plane
wavevector in dB scale. The minima (in blue) correspond to the in-plane wavevectors of the surface waves supported by



38 M. Camacho, A.P. Hibbins, F. Capolino et al. / Wave Motion 89 (2019) 28–42

Fig. 10. Total current in obtained with the discrete Wiener–Hopf method normalized to i∞n on the first 30 dipoles away from the x = 0 truncation
of a semi-infinite array with dx = 0.125λ, dy = 0.125λ, l = 0.05λ and w = 0.0125λ. The current in is calculated via (25). In this case the arrays does
not support surface waves, hence iswn = 0. The result is in excellent agreement with that obtained from a method of moment for the scattering by a
finite-by-infinite array with by a 2000 unit cells in the x direction. Red circles represent the currents obtained using the approximated factorization
presented in Section 4 with an excellent agreement.

Fig. 11. Isofrequency map of the determinant of the system of equations arising from the solution of the scattering by a doubly infinite periodic
array of dipoles for the case of dx = 0.3λ, dy = 0.5λ, l = 0.4λ and w = 0.05λ.

the array at this wavelength while the maxima (in yellow) represent the light cone, due to the divergence of the periodic
Green’s function at grazing incidence [53]. When the light circle is large enough that it crosses the Brillouin zone boundary,
this divergence can be noticed in the frequency-dependent transmission coefficient through the array as a sharp null. This
is commonly known as the Wood’s anomaly, and is responsible for the well-known extraordinary transmission effect at
microwave frequencies [54].

Thanks to the introduction of a truncation parallel to the y direction, the scattered fields present a continuous spectrum
in kx and a discrete spectrum in ky direction. Surface waves satisfy kswx0 > k0 and kswy0 = ky0 which means that one could,
by tilting the angle of incidence on the y− z plane excite all the surface waves with the same in-plane wavevector as the
impinging wave along the y direction shown in Fig. 11. This means that, one can access all spectral components defined
by the line kswy0 = ky0, regardless of the value of kswx0 , in contrast to the non-truncated problem, for which one cannot
access the non-visible range defined by kswx0 > k0 when k0 < π/dx. Thanks to the symmetry of the system presented here,
this isofrequency map is symmetric with respect to the kswx0 = 0 and kswy0 = 0 planes. This symmetry means that, in the z
plane, both zsw and 1/zsw are zeros of K (z).

At normal incidence (ky0 = 0), two modes are symmetrically found with kswx0 ≈ ±1.35k0, which correspond to two
poles in the Z-plane (one being the inverse of the other). In the absence of losses will be located on the unit circle as shown
in Fig. 12. Therefore, one could assume that both surface waves could be excited by the diffracted fields due to Eq. (23),
but actually only one of those two waves correspond to a physical solution of the problem, as the truncation cannot excite
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Fig. 12. Map of the magnitude of K (z) for the case of ky0 = 0, dx = 0.3λ, dy = 0.5λ, l = 0.λ and w = 0.05λ. The solid line represents the unit circle.

Fig. 13. Total current in obtained with the discrete Wiener–Hopf method, and the two current contributions idn , and iswn in (21), normalized to i∞n ,
on the first 30 dipoles away from the x = 0 truncation of a semi-infinite array with dx = 0.3λ, dy = 0.5λ, l = 0.3λ and w = 0.05λ. Currents in , iswn ,
and idn are calculated via (21), (23), and (25), respectively. The current solution obtained from a method of moments for a finite-by-infinite array
of 2000 cells in the x direction is also included for comparison. The black dash-dotted line represents the analytical asymptotic approximation of
the diffracted currents id,asn calculated via (35), whereas the green-dashed line represents the exact idn calculated via (25) . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

a wave that propagates energy towards the edge itself (i.e. with a x component of the group velocity that is negative).
Mathematically this can be proved by introducing small losses into the system, which make the two poles displace, one
towards the inner part of the circle and the other towards the outer part, therefore not contributing to the closed path
integral of (20).

In Fig. 13, we show the Wiener–Hopf solution of the scattering by the truncation for the case of normal incidence
shown in previous figures, in which the array supports a pair of symmetric surface waves, although the truncation is
only able to excite the surface wave that propagates towards the positive x direction. By comparing the Figs. 10 and
13, the currents introduced by the excitation of the surface wave have large magnitude, more than half of that of the
currents in the infinite array. These surface wave currents are responsible for long-range effects, decaying only due to
small losses (loss tangent of 10−6) that were introduced to make the validation against the 2000 cell finite-by-infinite
method of moments feasible. Due to the large amplitude of the surface wave, the diffracted currents constitute a second
order perturbation to the periodic solution. Nonetheless, they can be very accurately calculated using the analytical
approximated factorization, and also by using the analytical asymptotics as shown in the figure. The exact currents in,
iswn , and idn and the asymptotic diffracted currents id,asn are calculated using (21), (23), (25), and (35), respectively.

We have also explored the dependence of the excited currents on the angle of incidence when the impinging
wavevector is parallel to the x-z plane. When ky0 is kept as a constant, the function K (z) does not vary with the angle of
incidence as shown in Eq. (15) and therefore only the value of V and zγ will vary with the angle. In Fig. 14 we show the
total normalized currents excited on the dipoles for θ = 0 and θ = π/4 with φ = 0 and φ = π . The figure shows
a large enhancement of the surface currents as the x component of the impinging wavevector has the same sign of
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Fig. 14. Normalized total current in obtained with the discrete Wiener–Hopf method for the same semi-infinite array as in Fig. 13, for different
angles of incidence on the x − z plane.

that of the surface wave, these being in magnitude more than twice those expected for the infinite array. In contrast,
when the impinging wavevector points along the negative x direction, the excited surface wave currents do not present a
large variation with respect to normal incidence. Due to the resonant nature of the surface waves, this large variation of
amplitude with the spectral component of the diffracted fields that matches that of the surface waves is to be expected.

7. Conclusions

We have presented a rigorous analysis of the scattering by a semi-infinite array of dipoles using the Wiener–Hopf
technique in the Z-transformed domain due to the discrete nature of the planar current distribution. This method provides
us with a physical insight into the currents on the semi-infinite array upon plane wave excitation, by providing an
exact representation based on the single assumption that the current shape on each array elements is fixed, i.e., each
array element responds to the field as a dipolar current with prescribed shape. The total current on the array is exactly
represented in terms of three wave species, the one that would exist on the infinite array without any truncation plus
two other wave contributions that arise from the array-truncation: the continuous spectrum forming the diffracted fields
arising from the edge truncation of the array and algebraically decaying with the edge distance and the excited surface
wave propagating along the array surface, also excited by the array edge-truncation, that propagates along the whole semi-
infinite array. This paper constitutes the first fully-theoretical prediction with closed form formulas rigorously obtained for
a semi-infinite array of metallic dipoles, not based on full-wave numerical solutions. Note that the wave species obtained
in this paper are also have also a physical meaning when the array has a finite width L = Ndx, with N the total number or
unit cells in the x direction, as long as the two array-edges are ‘‘far away’’ from each other, since diffracted waves decay
algebraically away from the two edges. Here with ‘‘far away’’ we mean that (λ/L)3/2 ≪ 1 because the algebraic decay is
in the form of 1/(ndx)3/2, with the array edge at x = 0, so that the current diffracted by one edge is negligible at the other
edge. An outcome of this method is that the interaction of surface waves at the two array-edges could also be studied.
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