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ABSTRACT

Because of its simplicity, the shock response spectrum has become widely used as a means

of describing the shock responses and fragilities of structures and equipment. This paper

focuses on the drawbacks of using the shock response spectrum for defining equipment

shock tolerance. A cantilever beam with a tip mass was used to model a hypothetical piece

of equipment subjected to strong ground motion such as that caused by an explosion. The

exact solution from a detailed modal analysis shows that multiple modes of response were

excited. Contributions from higher modes can be more predominant than that from the

fundamental mode. Assuming the total response of equipment is predominantly in the first

mode can lead to significant error. Current shock spectrum procedures for equipment

fragility assessment are inadequate, not only because of the physical limitations of shake

table tests, but also because of the lack of a reliable analytical model.

Keywords
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Introduction

A shock response spectrum (SRS) is the envelope of the maximum response amplitudes of an en-

semble of damped single-degree-of-freedom (SDOF) oscillators subjected to a specified support

excitation over a frequency range. The construction of an SRS is depicted in Fig. 1. Because of its

simplicity, SRS has become widely employed as a means of describing the shock responses and fra-

gilities of structures [1–9] and equipment [10–15].

This paper focuses on the drawbacks of using SRS for defining equipment shock tolerance.

Several papers have already pointed out the shortcomings of using a design response spectrum,

such as multi-dimensional motion and the combinatorial methodologies for the inclusion of
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higher modes [16,17] and nonlinear responses [18]. This paper

illustrates that strong ground motion of short duration, such as

that caused by an explosion, will excite multiple vibrational

modes in equipment. Assuming that the total response of the

equipment is predominantly in the first mode can lead to signif-

icant error. Current shock spectrum procedures for equipment

fragility assessment are inadequate, not only because of the

physical limitations of shake table tests, but also because of the

lack of a reliable analytical model.

Equipment Fragility

Electronic equipment and system components are routinely

subjected to shock and vibration testing in order to identify

design flaws and functional weaknesses. Sometimes the tests are

also conducted in extreme temperature environments. Response

spectra based on known earthquake accelerograms or specified

vibration time-histories are useful for dynamic characterizations

such as resonance, damping, fatigue endurance, etc. Shock test-

ing, in contrast, involves a high magnitude of stress, accelera-

tion, or displacement for a short duration. The waveforms of

shock pulses are commonly specified as half-sine or sawtooth.

Many shock test specifications exist, including military (MIL-

STD-202G [19]), regulatory (ISO 16750-3 [20]), and automo-

tive industry standards (SAE J1455 [21]), as well as those pro-

vided by the equipment manufacturers. The waveform, peak

acceleration, duration, and initial velocity change of the shock

pulses are specified in these standards.

A fragility spectrum displays equipment’s capacity to resist

transient support motion in terms of motion amplitude versus

frequency. Therefore, it is essentially an envelope of response

spectra at which equipment failure occurs. Equipment failure is

usually defined as mechanical damage or loss of function,

including intermittent electrical contacts, touching and shorting

of electrical parts, seal damage, optical misalignment, cracking

and rupturing in components, structural deformation, and fail-

ure. A typical accelerogram resulting from an explosion [22],

known as “pyrotechnic shock” or “pyroshock,” is shown in

Fig. 2(a), and its associated SRS shown in Fig. 2(b). In general,

damage due to short-duration pulses is a function of the initial

velocity change, whereas that due to long-duration pulses is a

function of the peak acceleration and waveform. Method 516.6

in the military standard MIL-STD-810G [23] provides detailed

descriptions of fragility test and shock evaluation procedures.

Expressing equipment fragility in terms of SRSs greatly simpli-

fies the design of equipment shock isolation. However, the

applicability of a design shock spectrum is often questionable.

The approach commonly employed to determine equip-

ment fragility is to physically test a piece of equipment on a

shake table with a certain intensity and frequency. Failure

modes of equipment may be related to amplitudes and frequen-

cies of the motions at various locations on the equipment. An

“Equipment Fragility and Protection Procedure” was developed

by Wilcoski et al. [11] to determine whether equipment is vul-

nerable to prescribed support motions. The purpose of the pro-

cedure is to determine the levels of motion at which equipment

fails across a broad frequency range.

FIG. 1 Shock response spectrum (SRS). FIG. 2 (a) Pyrotechnic shock accelerogram. (b) SRS of the pyroshocks [22].
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During the development of the procedure, fragility data

were gathered based on shake table tests. In these tests, a ran-

dom signal is passed through high- and low-pass filters to drive

the shake table. This process creates a random motion, with the

energy of the motion concentrated within a narrow frequency

band, and the center frequency moves at a given sweep rate

(e.g., the center frequency is doubled every 5 s). The intensity of

the base motion is progressively increased until failure occurs.

The frequency range of the shake table motion is physically lim-

ited to about 3000Hz. Fortunately, equipment is vulnerable to

low-frequency amplitudes and is unlikely to fail at very high fre-

quencies. For instance, a desktop computer was subjected to a

series of shake table tests in the vertical direction [11]. The

time-history of support motion in a typical test and the failure

data are shown in Fig. 3. The fragility data collected from all the

tests are presented in Fig. 4 in terms of the support spectral

velocity amplitudes. The resulting plot is also known as the

“fragility spectrum.” A fragility spectrum may be used to

develop methods of protecting equipment, through either

strengthening or isolation of the equipment. However, for

shock-induced base motion, equipment modal responses associ-

ated with higher modes might be significant, as is illustrated in

an example later in this paper.

Limitations of the Shock Spectrum

Approach

The use of SRSs for equipment fragility assessment is oversim-

plified and has several inherent sources of error. The most im-

portant source of error is that an SRS does not correspond to a

unique input time-history. An infinite number of different base

motions can generate a given SRS. These different base motions

could vary greatly in duration, frequency content, and ampli-

tude. The main assumption behind the SRS approach to equip-

ment fragility is that equipment failure is independent of the

input waveform. All input base motions corresponding to the

SRS are assumed to result in the same failure mode. The possi-

bility of a single item of equipment possessing multiple failure

modes is generally not considered. In reality, equipment fragil-

ity spectra are valid only for frequencies close to the natural fre-

quencies at which the equipment was actually tested.

Extrapolating equipment fragility based on existing databases

of, for example, shipboard testing data [24] to the shock envi-

ronment resulting from an explosion is questionable but rou-

tinely done. The validity of this extrapolation has not been

verified. Equipment qualification methods are often based on ei-

ther response spectra or the power spectral density of support

accelerations, which does not provide information on the spe-

cific frequency of motion that caused failure. Further, a base

motion is generally three-dimensional, and the peak response

amplitude might be quite different from that of unidirectional

base motion.

Years of earthquake engineering research have shown that

all earthquake response spectra display similar characteristics.

Approximate upper bound response spectra may be constructed

based only on the peak displacement, velocity, and acceleration

of the oscillator base. Kiger et al. [25] have shown that in-

structure SRSs can be bounded by multiplying the peak in-

structure displacement, velocity, and acceleration by factors of

1.2, 1.5, and 2.0, respectively. SRSs generated via this technique

are assumed to give an upper bound on the response of an oscil-

lator, with 5 % to 10 % of critical damping, located near the cen-

ter of a buried facility. Approximate SRSs generated via this

approach are assumed to represent the upper bound of the actual

SRSs, independent of the precise form of the input motion.

Fragility Spectrum of Ideal

Equipment

To illustrate the limitations of using an SRS for fragility assess-

ment, a cantilever beam carrying a tip mass having both transla-

tional and rotary inertia was used as “ideal” equipment and was

FIG. 3 Shaker table vertical motion time history with desktop computer

failure data [11].

FIG. 4 Fragility spectrum of the desktop computer [11].
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subjected to a series of simulated shock tests. The equipment

response was assumed to be linearly elastic. The mass density,

cross-sectional area, Young’s modulus, moment of inertia, and

length of the beam are denoted by q, A, E, I, and L, respectively.

These parameters were assumed constant along the beam. The

mass and the radius of gyration of the tip mass are denoted by

m and r, respectively. This simple equipment model is shown in

Fig. 5. Exact solutions of the structural response u(x,t) can be

obtained via modal analysis if the support motion can be

expressed in terms of a simple analytical function.

The equation of motion and the initial and boundary con-

ditions for this structural system subjected to a support motion

are derived herein. The support motion is prescribed as an

acceleration time-history €ugðtÞ. The relative displacement of the

beam with respect to the support is denoted by u(x,t). From

Fig. 5, the total beam deflection is

yðx; tÞ ¼ uðx; tÞ þ ugðtÞ(1)

where:

u(x,t)¼ beam deflection with respect to the support, and

ug(t)¼ support movement.

GOVERNING EQUATION

The transverse vibration problem of elastic beams has been

investigated extensively in numerous textbooks with different

boundary and initial conditions. Equations 2 through 12

essentially follow results presented in Refs 26, 27 through 28.

The equation of motion for a differential beam element is

� @V
@x

dx ¼ qAdx
@2y
@t2
¼ qAdx

@2

@t2
uþ ug
� �

(2)

The shear force in the beam V is usually expressed as the

moment gradient.

V ¼ @M
@x

(3)

The beam moment-curvature relation is

M ¼ EI
@2u
@x2

(4)

Substituting Eqs 3 and 4 into Eq 2 yields

� EI
@4u
@x4
¼ qA

@2ug
@t2
þ qA

@2u
@t2

(5)

or, alternatively,

@4u
@x4
þ qA

EI
@2u
@t2
¼ � qA

EI

@2ug
@t2

(6)

The initial conditions are assumed to be at rest.

y x; 0ð Þ ¼ 0 0 � x � Lð Þ(7)

@y
@t

x; 0ð Þ ¼ 0 0 � x � Lð Þ(8)

The boundary conditions at the fixed end are

uð0; tÞ ¼ 0 t � 0ð Þ(9)

@u
@x

0; tð Þ ¼ 0 t � 0ð Þ(10)

The boundary conditions at the end attached to the tip mass are

EI
@2u
@x2

L; tð Þ ¼ �mr2
@2

@t2
@u
@x

L; tð Þ
� �

t � 0ð Þ(11)

EI
@3u
@x3
¼ m

@2y
@t2

L; tð Þ t � 0ð Þ(12)

where Eqs 11 and 12 represent the moment and shear equilib-

rium conditions at the tip mass, respectively. The solution to

the governing equations obtained via the method of separation

of variables is also well known, namely, Eqs 13 through 47,

except that the author converted the equations into a non-

dimensional form (e.g., Eqs 13 through 15).

CLOSED-FORM SOLUTION

Let a ¼ u
L

(13)

FIG. 5 Cantilever beam carrying a tip mass with translational and rotary

inertia.
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b ¼
ug
L

(14)

n ¼ x
L

(15)

Equation 6 can be rewritten as

@4a

@n4
þ qAL4

EI
@2a
@t2
¼ qAL4

EI
@2b
@t2

(16)

in which the negative sign of the support motion is dropped.

Introduce

T ¼ L2
ffiffiffiffiffiffiffi
qA
EI

r
(17)

w ¼ t
T

(18)

Equation 16 can be written in the dimensionless form

@4a

@n4
þ @2a

@w2 ¼
@2b

@w2(19)

with the corresponding initial and boundary conditions

a n; 0ð Þ ¼ 0 ð0 � n � 1Þ(20)

@a
@w

n; 0ð Þ ¼ 0 ð0 � n � 1Þ(21)

a 0; wð Þ ¼ 0 w � 0ð Þ(22)

@a
@n

0; wð Þ ¼ 0 w � 0ð Þ(23)

@2a

@n2
1; wð Þ ¼ � mr2

qAL3
@3a

@n@w2 1; wð Þ
� �

w � 0ð Þ(24)

@3a

@n3
1; wð Þ ¼ m

qAL
@2a

@w2 1; wð Þ þ @
2b

@w2 wð Þ
� �

w � 0ð Þ(25)

The natural frequencies and mode shapes can be obtained from

the homogeneous part of Eq 19.

@4a

@n4
þ @2a

@w2 ¼ 0(26)

Solving it via the method of separation of variables,

a n; wð Þ ¼ / nð Þh wð Þ(27)

and using

/0 ¼ d/
dn

and _h ¼ dh
dw

(28)

Eq. 26 can be written as

/IV

/
þ

€h
h
¼ 0(29)

and both terms must be constants; that is,

/IV

/
¼ �

€h
h
¼ k4(30)

The solution of / takes the following form:

/ ¼ Af1 þ Bf2 þ Cf3 þ Df4(31)

where:

f1 ¼ cosh knþ cos kn(32)

f2 ¼ sinh kn� sin kn(33)

f3 ¼ cosh kn� cos kn(34)

f4 ¼ sinh knþ sin kn(35)

Given that f1ð0Þ ¼ 2 and f2ð0Þ ¼ f3ð0Þ ¼ f4ð0Þ ¼ 0; Eqs 22 and

31 yield /ð0Þ ¼ 2A ¼ 0; and Eqs 23 and 28 yield /0ð0Þ
¼ 2kD ¼ 0: Therefore, A¼D¼ 0.

Let

fið1Þ ¼ Fi i ¼ 1; 2; 3; 4(36)

m
qAL

¼ k1(37)

r
L

� �2
¼ k2(38)

Then Eqs 24, 28, and 31 yield

/00ð1Þh ¼ �k1 k2/0ð1Þ€h(39)

or

B F4 � k1k2k
3F3

� �
þ C F1 � k1k2k

3F4
� �

¼ 0(40)

and Eqs 25, 28, and 31 yield

/000ð1Þh ¼ k1/ð1Þ €h(41)

or

B F1 þ k1kF2ð Þ þ C F2 þ k1kF3ð Þ ¼ 0(42)

Equations 40 and 42 give relative values of B and C.

C
B
¼ � F4 � k1k2k

3F3
F1 � k1k2k

3F4
¼ � F1 þ k1kF2

F2 þ k1kF3
¼ c(43)

A “characteristic equation” can be written as

F2þ k1kF3ð Þ F4� k1k2k
3F3

� �
� F1þ k1kF2ð Þ F1� k1k2k

3F4
� �

¼ 0
(44)

and each root of Eq 44, ki ; is called a “characteristic value.”
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For each ki ; there is a corresponding ratio, given by Eq 43,

ci ¼
Ci

Bi
(45)

which is used to determine the relative coefficients in the ith

mode shape given by Eq 31.

From Eqs 16 and 30, it can be found that the solution of h

yields the natural circular frequencies xn, which are related to

the characteristic values kn by

x2
n ¼

k4nEI
qAL4

(46)

and the natural cyclic frequencies can be expressed as

fn ¼
k2n
2pT

(47)

in which n denotes the mode number.

If the structural response under support motion is linearly

elastic, the total beam deflection y(x,t) can be expressed as the

sum of modal contributions.

MODAL EQUATIONS OF MOTION BY HAMILTON’S

PRINCIPLE

Because of the orthogonality of vibration modes, each modal

equation of motion can be solved separately as that for an

SDOF system. Based on the principle of linear superposition,

the total response of the system can be expressed as the sum of

modal contributions. Equations 48 through 76 are the contribu-

tion of the author. The beam deflection u(x,t) can be expressed

in terms of relative modal amplitudes qi and shapes gi as

u x ; tð Þ ¼
X1
i¼1

qi tð Þgi xð Þ(48)

and then

y x ; tð Þ ¼
X1
i¼1

qi tð Þgi xð Þ þ ug tð Þ(49)

The kinetic energy of the system is

X ¼ 1
2

ðL
0
qA

@y
@t

	 
2

dx þ 1
2
m

@y
@t

	 
2

x¼L
þ 1
2
mr2

@2y
@x@t

	 
2

x¼L
(50)

and the strain energy of the system is

U ¼ 1
2

ðL
0
EI

@2u
@x2

	 
2

dx(51)

Applying Hamilton’s principle,

ðt2
t1

d X� Uð Þdt ¼ 0(52)

where

dX ¼
ðL
0
qA _yd _ydx þm _yLd _yL þmr2 _u0Ld _u0L(53)

dU ¼
ðL
0
EI u00 du00dx(54)

Using the expressions

_y ¼
X1
i¼1

_qigi þ _ug(55)

d _y ¼ d _u ¼
X1
i¼1

d _qigi(56)

_yL ¼ _uL þ _ug ¼
X1
i¼1

_qigi Lð Þ þ _ug(57)

d _yL ¼ d _uL ¼
X1
i¼1

d _qigi Lð Þ(58)

u0 ¼
X1
i¼1

qig
0
i(59)

_u0 ¼
X1
i¼1

_qig
0
i(60)

_u0L ¼
X1
i¼1

_qig
0
i Lð Þ(61)

d _u0L ¼
X1
i¼1

d _qig
0
i Lð Þ(62)

u00 ¼
X1
i¼1

qig
00
i(63)

du00 ¼
X1
i¼1

dqig
00
i(64)

Eq. 52 can be written as

ðt2
t1

� ðL
0
qA

X
_qgþ _ug

� � X
d _qg

� �
dx

þm
X

_qg Lð Þ þ _ug
� � X

d _qg Lð Þ
� �

þmr2
X

_qg0 Lð Þ
� � X

d _qg0 Lð Þ
� �

�
ðL
0
EI

X
qg00

� � X
dqg00

� �
dx

�
dt ¼ 0(65)

ðL
0
qA

X
_qgþ _ug

� � X
d _qg

� �
dx

¼
X1
i¼1

X1
j¼1

_qid _qj

ðL
0
qAgigjdx þ _ug

X1
i¼1

d _qi

ðL
0
qAgidx(66)
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m
X

_qg Lð Þ þ _ug
� � X

d _qg Lð Þ
� �

¼ m
X1
i¼1

X1
j¼1

_qid _qjgi Lð Þgj Lð Þ þm _ug
X1
i¼1

d _qigi Lð Þ(67)

mr2
X

_qg0 Lð Þ
� � X

d _qg0 Lð Þ
� �

¼ mr2
X1
i¼1

X1
j¼1

_qid _qjg
0
i Lð Þg0j Lð Þ

(68)

ðL
0
EI

X
qg00

� � X
dqg00

� �
dx ¼

X1
i¼1

X1
j¼1

qidqj

ðL
0
EIg0i g

0
jdx

(69)

Integrating Eq 65 by parts and using Eqs 66 through 69,

X1
i¼1

X1
j¼1

ðL
0
qAgigjdx _qidqj

��t2
t1
�
ðt2
t1

€qidqj

ðL
0
qAgigjdxdt

	 


þ
X1
i¼1

_ug

ðL
0
qAgidxdqijt2t1�

ðt2
t1

€ugdqi

ðL
0
qAgidxdt

	 


þm
X1
i¼1

X1
j¼1

gi Lð Þgj Lð Þ _qi dqj
���t2
t1
�
ðt2
t1

€qi dqj gi Lð Þgj Lð Þdt
	 


þm
X1
i¼1

_uggi Lð Þdqi
��t2
t1
�
ðt2
t1

€ugdqigi Lð Þdt
	 


þmr2
X1
i¼1

X1
j¼1

g0i Lð Þg0j Lð Þ _qidqj
���t2
t1
�
ðt2
t1

€qidqjg
0
i Lð Þg0j Lð Þdt

	 


�
X1
i¼1

X1
j¼1

qidqj

ðL
0
EI g00i g

00
j dx ¼ 0

(70)

Rearranging terms yields

X1
i¼1

X1
j¼1

ðt2
t1

�
€qi

ðL
0
qAgi gjdx þmgi Lð Þgj Lð Þ þmr2 g0i Lð Þg0j Lð Þ

� �

þ qi

ðL
0
EI g00i g00j dx


dqjdt

¼ �
X1
i¼1

ðt2
t1

€ug

ðL
0
qA gidx þmgi Lð Þ

� �
dqidt

(71)

It can be shown based on the orthogonality of mode shapes that

ðL
0
qAgi gjdx þmgi Lð Þgj Lð Þ þmr2 g0i Lð Þg0j Lð Þ ¼ dij(72)

where dij ¼ 1 if i¼ j and dij ¼ 0 if i 6¼ j.

Furthermore,

ðL
0
EI g00i g00j dx ¼ 0 for i 6¼ j

¼ EI
L3

k4i for i ¼ j

(73)

Substituting Eqs 72 and 73 into Eq 71,

ðt2
t1

X1
i¼1

€qi þ
EI
L3

k4i qi þ €ug

ðL
0
qAgi dx þmgi Lð Þ

� �	 

dqidt ¼ 0

(74)

Because dqi are arbitrary variations, it is necessary that

€qi þ
EI
L3

k4i qi ¼ �€ug

ðL
0
qAgi dx þmgi Lð Þ

� �
(75)

for all values of i. Equation 75 is the equation of motion for

mode i, and its non-dimensional form can be expressed as

€hi þ
k4i
T

hi ¼ �€b
ð1
0
/idnþ k1/i 1ð Þ

� �
(76)

in which the sum of the terms in the bracket is the “effective

modal mass.”

Numerical Simulation of Fragility

Experiment

The shock response of a hypothetical piece of equipment is

assumed to be “perfectly” represented by the cantilever beam

with a tip mass model. The parameters of the model are given

in Table 1. Based on Eqs 17, 37, and 38, the characteristic period

of the system, T¼ 0.02 s, along with k1¼ 1 and k2¼ 0.0025, is

used for this example. The characteristic curve (i.e., the plot of

Eq 44) of this system is shown in Fig. 6. The roots of this curve

are the characteristic values of the free-vibration equation

(Eq 26), and the corresponding characteristic functions

(obtained from Eqs 31 and 43) are the free-vibration mode

shapes. Although there are infinite numbers of natural vibration

modes existing in this system, only the first seven modes are

retained for a modal analysis. The characteristic values of these

modes are identified in Fig. 6, and the associated modal proper-

ties are given in Table 2. The normalized shapes of the first

seven modes are shown in Fig. 7. The accuracy of the character-

istic values and mode shapes deteriorates with higher modes,

TABLE 1 Parameters of a cantilever beam with a tip mass model.

Model Parameter Value

Length L, in. 36

Cross-sectional area A, in.2 10

Mass density q, lb/ft3 12.5

Tip mass m, lb 2.6

Radius of gyration r, in. 1.8

Young’s modulus E, psi 4 000 000

Moment of inertia I, in.4 2.36
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but the contributions from higher modes are relatively

insignificant.

The base acceleration expression can be derived from Eq 14

as

€ug tð Þ ¼
d2ug
dt2
¼ L

T2
€b wð Þ(77)

A unit triangular pulse with duration td and no rise time was

used to simulate the support motion (or base acceleration)

caused by an explosion. Mathematically, the base acceleration

can be expressed as

€b wð Þ ¼ 1� w
td
T

� �(78)

Let a2 ¼ k4

T
and K ¼

ð1
0
/idnþ k1/i 1ð Þ(79)

The exact solution to Eq 76 can be expressed as

FIG. 6

Characteristic curve.

FIG. 7

Mode shapes of the cantilever

beam with a tip mass.

TABLE 2 Modal properties.

Mode
Number

Characteristic
Value

Cyclic
Frequency fn, Hz

Effective
Mass

1 1.247 12.37 0.976

2 3.928 122.78 0.471

3 6.577 344.23 0.254

4 8.832 620.74 0.186

5 11.417 1037.28 0.162

6 14.355 1639.82 0.135

7 17.414 2413.17 0.057
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h wð Þ ¼ K
a2

cos awð Þ � K

a3
td
T

� � sin awð Þ � K
a2

1� w
td
T

� �
0
B@

1
CA

0 � w � td
T

(80)

Free vibration ensues at the end of the triangular pulse. In the

example, the pulse duration is varied as td/T¼ 0.1, 0.5, 1, 2, and

5, as shown in Fig. 8. A frequency domain analysis of the time

histories of pulses reveals that the shorter the pulse duration,

the broader the frequency contents. However, the energy level is

lower for shorter pulses. The equipment response is assumed to

be represented accurately by the first seven modes, covering a

response frequency range between 0 and 2500 Hz.

The effects of the pulse duration on the equipment

response parameters, such as the tip mass displacement, base

shear, and base moment, were evaluated for the various td/T.

The multiple-degree-of-freedom (i.e., seven modes) shock

responses are compared to the SDOF (i.e., first mode only)

responses in Table 3. The differences are also given as percen-

tages of error therein. There is no difference in the tip mass dis-

placements; however, the maximum base shear and base

moment of the multiple-degree-of-freedom responses will

always exceed the responses of a simple oscillator. The errors

introduced by ignoring the higher modes are as high as 43 % in

base shear and 14 % in base moment. Note that the shorter the

shock duration, the greater the error. A typical time history of

the base shear and the corresponding Fourier spectrum are

shown in Figs. 9(a) and 9(b), respectively. The spectrum shows

significant responses at 85, 870, and 2435Hz, even though

responses from lower modes are also present. A typical time

history of the base moment and the corresponding power den-

sity spectrum are shown in Figs. 10(a) and 10(b), respectively.

Although there is power spectral density at the fundamental fre-

quency of 12 Hz, most of the structural response is associated

with 85Hz. There is also a minor response at 870Hz. Equip-

ment failure may be related to peak displacement, shear,

moment, or strains at given locations on a component. The base

acceleration pulse amplitude can be adjusted until a failure

occurs. The fragility spectrum can subsequently be established.

The fragility spectrum thus depends upon the base acceleration

pulse duration.

It is common practice to use the fundamental frequency of

a multiple-degree-of-freedom system and enter the “design”

SRS for a given support motion to determine the peak structural

response of the system. The contributions from higher modes

are generally ignored. Let us assume the beam in the above

example would fail under a base shear of 50 lb. If the SDOF

beam were subjected to a peak base acceleration triangular pulse

of 230 g with a 2-ms duration, the “design” SRS (see Fig. 1)

would show a peak response at a frequency of 12.37 Hz. The

maximum base shear and base moment induced would be 31 lb

and 87 ft lb, respectively. Had the “real” beam been subjected to

shaker table testing, the fragility spectrum would have shown

peak responses at frequencies of 12, 85, 870, and 2435Hz. The

maximum base shear and base moment induced would have

FIG. 8

Base acceleration pulses.
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been 54 lb and 101 ft lb, respectively. So, the SDOF model would

indicate no failure, whereas the real beam would have failed in

the shaker table test. Thus, assuming that the total response of

the equipment is predominantly in the first mode can lead to

significant error.

Conclusions

This study points out the shortcomings of the SRS approach to

characterizing equipment shock fragility.

(1) SRS-based fragility spectra are not unique. Even for
equipment that can be modeled closely by a simple
spring-mass oscillator, different base excitations gener-
ally produce different fragility spectra.

(2) Assuming the total response of an equipment is predom-
inantly in the first mode can lead to significant error. In
order to rigorously quantify the errors due to ignoring
responses from higher modes, the exact solution to the
transverse vibration problem of a cantilever beam with a
tip mass having rotary inertia was presented in the shock
response analyses.

In conclusion, this study has revealed the inadequacy of the

SRS for characterizing the shock fragility of equipment. A more

rigorous analytical approach for assessing equipment fragility is

needed.

FIG. 9 (a) Base shear time history for td/T¼0.5. (b) Fourier spectrum of

base shear time history for td/T¼0.5.

FIG. 10 (a) Base moment time history for td/T¼ 5. (b) Power spectrum of

base moment time history for td/T¼ 5.

TABLE 3 Effect of pulse duration on structural response.

Tip Displacement, in. Base Shear, lb Base Moment, ft lb

td /T Seven Modes First Mode Seven Modes First Mode Percent Difference Seven Modes First Mode Percent Difference

0.1 0.11 0.11 54 31 43 101 87 14

0.5 0.31 0.31 120 88 27 264 245 7

1 0.36 0.36 140 102 27 305 283 7

2 0.38 0.38 149 109 27 325 305 6

5 0.40 0.40 152 114 25 338 318 6
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