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Joint Asymptotics for Estimating the
Fractal Indices of Bivariate Gaussian
Processes®

Yuzhen Zhou' and Yimin Xiao?

! University of Nebraska-Lincoln e-mail: yuzhenzhou@unl .edu

2 Michigan State University e-mail: xiao@stt.msu.edu

Abstract: Multivariate (or vector-valued) processes are important for mod-
eling multiple variables. The fractal indices of the components of the under-
lying multivariate process play a key role in characterizing the dependence
structures and statistical properties of the multivariate process.

In this paper, under the infill asymptotics framework, we establish joint
asymptotic results for the increment-based estimators of bivariate fractal
indices. Our main results quantitatively describe the effect of the cross-
dependence structure on the performance of the estimators.

Keywords and phrases: Fractal Indices, Bivariate Gaussian Process, Bi-
variate Matérn Field, Joint Asymptotics.

1. Introduction

The fractal index of a stochastic process is useful for measuring the rough-
ness of its sample paths (e.g., it determines the Hausdorff dimension of the
trajectories of the process), and it is an important parameter in geostatistical
models. The problem of estimating the fractal index of a real-valued Gaus-
sian or non-Gaussian process has attracted the attention of many authors in
past decades. Hall and Wood [21] studied the asymptotic properties of the box-
counting estimator of the fractal index. Constantine and Hall [11] constructed
estimators of the effective fractal dimension based on the variogram. Kent and
Wood [25] developed increment-based estimators for stationary Gaussian pro-
cesses on R, which can achieve improved performance under infill asymptotics
(namely, asymptotic properties of statistical procedures as the sampling points
grow dense in a fixed domain, see, e.g., [8, 12]). Chan and Wood [6, 7] extended
the method to a class of stationary Gaussian random fields defined on R? and
their transformations, which are non-Gaussian in general. Zhu and Stein [42] ex-
panded the work of Chan and Wood [6] by considering the fractional Brownian
surface. More recently, Coeurjolly [10] introduced a new class of consistent esti-
mators of the fractal dimension of locally self-similar Gaussian processes on R
using sample quantiles and derived the almost sure convergence and asymptotic
normality for these estimators. Bardet and Surgailis [5] provided estimators of
the fractal index based on increment ratios for several classes of real-valued
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processes with rough sample paths, including Gaussian processes, and studied
their asymptotic properties. Loh [29] constructed estimators from irregularly
spaced data on R? with d = 1 or 2 via higher-order quadratic variations. We
refer to [20] and the references therein for further information on various types
of estimators and their assessments.

In recent years, multivariate (or vector-valued) Gaussian processes and ran-
dom fields have become popular in modeling multivariate spatial datasets (see,
e.g., [17, 36]). Several classes of multivariate spatial models were introduced in
[4, 13, 14, 19, 26, 30, 33]. Two of the challenges in multivariate modeling are to
specify the cross-dependence structures and to quantify the effect of the cross-
dependence on the estimation and prediction performance. We refer to [18] for an
excellent review of the recent developments in multivariate covariance functions.
They also raised many open questions and called for theoretical development
of estimation and prediction methodology in the multivariate context. To the
best of our knowledge, only a few authors have worked in this direction; see,
for example, [16, 28, 31, 34, 41]. While with respect to focusing on estimating
the fractal indices of a multivariate Gaussian process, we are only aware of the
work by Amblard and Coeurjolly [3], in which they constructed estimators for
the fractal indices of a class of multivariate fractional Brownian motions using
discrete filtering techniques and studied their joint asymptotic distribution. By
estimating the fractal index of each component separately, they found that the
quality of these estimates was almost independent of the cross correlation of the
multivariate fractional Brownian motion.

In this work, we consider a class of bivariate stationary Gaussian processes
X 2 {(Xi(t),X2(t))",t € R} (the operator (-)" means the transpose of a
vector or a matrix) and study the joint asymptotic properties of the estimators
for the fractal indices of the components X; and X5 under the infill asymptotics
framework. Our main purpose is to clarify the effect of cross covariance on the
performance of the joint estimators.

More specifically, we assume that X has mean EX(¢) = 0 and matrix-valued

covariance function
o= ey oat ) (&)

where Cy;(t) := E[X;(s)X;(s+1)], i = 1,2. Further, we assume that the follow-
ing conditions are satisfied
Cui(t) = of —cnlt|* +o([t]*),
Caa(t) = 05 — caalt|*2* + o([t]*22), (1.2)
Cra(t) = Can(t) = poroa(1 — caa[t|**2 + o[t|**2)),
where aq1, ags € (0,2), 01,02 > 0, |p| € (0,1) and ¢11, o2, c12 > 0 are constants.

Under the assumption (1.2), in order for (1.1) to be a valid covariance function,
it is necessary to impose some restrictions on the parameters (a1, aag, @12). In
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this paper, we assume

a11 + o2
72 < 12, Or
(1.3)
11 + Qg 2 2 2 9
— = a1g and  cigp o705 < C11C22.

This is a mild assumption. See Appendix A for justification.

Henceforth, we refer to (1.2) and (1.3) as Condition (A1). Under the as-
sumption (1.2), it is well known (see, e.g., [2], Theorem 8.4.1) that the fractal
dimensions of the trajectories of each component X; and Xy are given by

a1

dim GrX;([0,1]) =2 — a8

and
e5))

dim GrX,([0,1]) =2 — 5 A,

respectively. Above, for ¢ € {1,2}, GrX,([0,1]) = {(¢, X;(¢)) : t € [0,1]} is
the trajectory (or graph set) of the real-valued process X; = {X;(t),t € R}
over the interval [0,1]. A bivariate stationary Gaussian process X with matrix-
valued covariance function (1.1) that satisfies Condition (A1) has richer fractal
properties. For example, we consider the trajectory of X on [0, 1], which is
GrX([0,1]) = {(t, X1(t), X2(t))T : t €[0,1]} C R3. For notational convenience,
we further assume that ay; < age (otherwise we may relabel the components of
X). Then, we can apply Theorem 2.1 in [37] to show that, with probability 1,

2 —
dim GrX([0,1]) = min{ + g a117 3_ Qa1 ;Lom }
o
. 22 _ (1.4)
[ emean if a1+ a2 > 2,
= 3_%, if a1+ age <2

This result shows that the indices a1 and 9o determine the fractal dimension
of the trajectory of the bivariate Gaussian process X. Furthermore, one can
characterize many other fractal properties of X explicitly in terms of these
indices. See [38] for a recent overview. Hence, analogous to the univariate case, it
is natural to call (a1, aes) the fractal indices of X. For the reader’s convenience,
we include a proof of (1.4) in Appendix B.

Although the parameters a1 and asgs can be estimated separately from ob-
servations of the coordinate processes X; and Xs, (1.4) suggests that, in doing
S0, one might miss some important information about the structures of the bi-
variate process X. For example, although the estimator of dim GrX([0,1]) can
be obtained by plugging the estimators of a1; and awgg into (1.4), say (11, daz),
we cannot evaluate the estimation efficiency without the joint asymptotic prop-
erties of (&1, &ag). Hence, it is necessary to study these estimators jointly and
to quantify the effect of the cross-covariance on their performance.

In this paper, we consider the increment-based estimators of a1 and aso,
denoted by &11 and dos, respectively, and study the bias, mean square error
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matrix and joint asymptotic distribution under the infill asymptotics framework.
The main results are given in Theorems 3.3 ~ 3.5. In particular, we prove that
Vnéqy and /négy are asymptotically uncorrelated if (aq; + @22)/2 < aja,
while they are asymptotically correlated if (a1 + @22)/2 = ag2. Our results
are applicable to a wide class of bivariate Gaussian processes, including the
bivariate Matérn model introduced by Gneiting, Kleiber and Schlather [19], the
bivariate powered exponential model and bivariate Cauchy model of Moreva
and Schlather [30], and a class of bivariate models introduced by Du and Ma
[14].

This paper raises several open questions. First, the method of joint asymp-
totics developed in this paper and the recent work by Loh [29] on constructing
estimators for the univariate fractal index given irregularly spaced data make
it possible to study the joint asymptotics in estimating bivariate fractal indices
when data are observed irregularly on R2. This problem is interesting from
both theoretical and application viewpoints, but it appears to be challenging.
Second, the work by Ruiz-Medina and Porcu [34], which established conditions
for the equivalence of Gaussian measures of multivariate random fields, makes
it promising to generalize the consistency and asymptotic normality results of
maximum likelihood estimators for a univariate random field to the case of mul-
tivariate Gaussian fields. The existing results in the univariate case were estab-
lished under the assumption that the smoothness parameter is known (see, e.g.,
[15, 23, 40]). It would be interesting to study whether the asymptotic properties
hold in either the univariate or multivariate case while plugging in estimators
of the smooth parameters.

The rest of this paper is organized as follows. We follow Chan and Wood
[6] and Kent and Wood [25] and formulate the increment-based estimators for
(11, are2) in Section 2. In Section 3, we state the main results of the joint asymp-
totics of the bivariate estimators. An application to the non-smooth bivariate
Matérn processes is given in Section 4. In Section 5, we present a simulation
study on the efficiency of the estimators. The proofs of our main results are
given in Section 6. Finally, some auxiliary results and their proofs are included
in the Appendix.

We end the introduction with some notation. Z* denotes the set of all positive
integers, and B(R) is the collection of all Borel sets on R. For any real-valued
sequences {a, }22 ¢, {bn}22 4, an ~ b, means lim,_, by/a, = 1, a, 2 b, means
that there exists a constant ¢ > 0 such that a,, > cb,, for all n sufficiently large
and a, < b, means a, 2 b, and b, 2 a,. Similar notation is used for functions
of continuous variables.

An unspecified positive and finite constant will be denoted by Cy. More
specific constants are numbered as Cy, Co,. ...

2. The increment-based estimators

Assume that the values of the bivariate process X are observed regularly on
an interval I, say I = [0,1]. More specifically, we have n pairs of observations



Y. Zhou and Y. Xiao/Joint Asymptotics for Bivariate Fractal Indices 5

(X(1/n),...,X(1))". By applying the increment-based method introduced by
Kent and Wood [25] for estimating the fractal index of a real-valued locally
self-similar Gaussian process (see also [6, 7] for further development), we can
estimate the fractal indices (ai1, @22) of X. Our emphasis is on studying the
joint asymptotic properties of the estimators. In particular, we study the effect
of cross-covariance on their joint performance.

Let m > 2 be a fixed integer. For each component X;, i = 1,2 and integer
u € {1,...,m}, we define the dilated filtered discretized process with second
difference (see, e.g., [25]),

Yo (7) =nF (Xl-(j ;u) 72Xi(%> JrXi(j;:u)) ,7=1,...,n.

Denote by a—1 = 1,a9 = —2,a1 = 1. Y}}!; can be rewritten as

1 .
w g j+ku
Yn,z‘(]) =n? Z asz'( - >

k=—1

As in Kent and Wood [25], one can verify that, under (1.2), Y;}*;(j) is a Gaussian

random variable with mean 0, and its variance converges to c¢;;(8 — 2% T1)yii

(this follows from (3.2) below). Let Z2 ,(j) := (Y,%;(j))? and define
77U 1 . U -
j=1

For ¢ = 1,2, it follows from [25] that, under certain regularity conditions on the
covariance function Cy;(t), we have
Zt 5 G,
where 2 represents convergence in probability and C; = c;;(8 — 2% *1). Hence,
IHZ::J 5 aiilnu+1InC;, i=1,2,

where In represents natural logarithm. Consequently, the fractal indices a;; (i =

1,2) can be estimated by linear regression of In Zﬁj’i onlnuforu=1,...,m.
In this paper, we employ Chan and Wood [6]’s linear estimators for c;; based
on In Zﬁ’i, that is,
m
i =Y Lu;WmZ}, (2.2)
u=1
where {L,;,u = 1,...,m} (i = 1,2) are finite sequences of real numbers such
that
m m
L,; =0 and Z Lyilnu=1. (2.3)
u=1 u=1
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Both the ordinary least squares and generalized least squares estimators intro-
duced by Kend and Wood [25] are examples of the above estimators. We remark
that due to the first condition in (2.3), the estimators &;; (i = 1,2) defined in
(2.2) can be computed from the observed values (X(1/n),...,X(1))" and do
not depend on the unknown indices ay;.

3. Joint asymptotic properties

Fori=1,2, let
Zoi=(Zps . Z0)7
and denote
Zn = (Z;zr,u ZZ,Q)T~

Under the infill asymptotics framework, we first study the asymptotic properties
of Z, in Section 3.1. In Section 3.2, the joint asymptotic properties of the
estimators (411, Gg22) | are obtained.

3.1. Variance of Z,, and asymptotic normality

First, given u,v =1,...,m, we consider the covariance matrix of (¥};';, Y,ZQ)T.
For i = 1,2, it follows from Kent and Wood [25] that the marginal covariance
function for Y, and Y, is

oU% (h) := E[Y"

n,it n,i

OV (e+ D)
1
— —Ci; Z ajak|h + kv — ju|0(m 2 o'gj;i(h), (31)
Jrk=-1

as n — co. In particular, we derive that the variance of Y,!';(¢) satisfies

o,%:(0) = Cyu™, as n — oo, (3.2)

n,it

where C; = ¢;;(8 — 2% t1).
Under the assumption (1.2), the cross covariance between Y,'; and Y/, can
be derived as follows.

onia(h) = E[Y,' 1 (0)Y, (£ + h)]

1 .
a1 +a h+kv—
—n 1145 22 Z ajakCu( + kv ]u)

, n
Jh=—1 - (3.3)
{ 0, if % < 019,

1 ; a1 ta
—po102C12 Y oy ajak|h + kv — ju|*2,if SH5E2 = agy

1

= 0012(h)-
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Therefore, if (11 +0a22)/2 < a2, the covariance matrix of (Y, (), Y,y ((+h)) "

satisfies
Y (0) ) ( og4,(0) 0 )
Var .l — 0,11 . , as m — 00.
( Yn,2(€ + h) 0 00,22 (0)

If (011 + @22) /2 = a2, the covariance matrix of (Y, (€),Y,?5(¢ 4 h))" satisfies
Y, (0) ) ( oy41(0)  o§ys(h)

var ( Fl) ) (o) ot
( Yol +h) ogia(h)  06%2(0)

We adapt the method of derivation in Section 3 of Kent and Wood [25] to
find the covariance matrix of the random vector Z,. Using the fact that if
U, v) ~ N(( g ), ( ; § >> is a bivariate normal random vector, then
cov(U?,V?) = 262, we obtain

cov(Zy ;(0), Zyy ;€ + h)) = 2(0p%;(h)%, 4,5 =1,2;

), as n — oo.

n,ij
hence,
uv o, 77U 7V 1 — |h‘ uv 2
nyij COV(Zn,iaZn,j) = n Z 1- o X Q(Un,ij(h)) .
h=—n+1
Denote by ®,,;; = ( ggj)gjvzl the covariance matrix of Z, ; and Zn,j- Then,

the covariance matrix of Z,, can be written as

<§n 11 q)n 12
o, = o 12
< P01 P20

To study the asymptotic properties of ®,, and Z,, we impose an additional
regularity condition on the fourth derivative of the functions Cj;(¢) in (1.1)
around the origin, which is analogous to the condition (A4) in [25] and will be
called Condition (A2):

4 crian! _ _
O =~ g™ o™ ),
4 Co20099! Qoo — Qoo —
Coa(0) = = — it~ ot ™),
4 4 crooo! L -
O3 (1) = C5P () = —poroy 2|24 o[t 1274,
(alg 4)

Above, for any a > 0, a!/(a —4)! = a(a — 1)(a — 2)(a — 3).
For i,j = 1,2, let ¢35, = 2220:700(0333'(11))2, which is convergent, ®¢ ;; =
(085 )uv=1, and let

B, = ®011 Po12
Poo1 Pooe /)
The following theorems describe the asymptotic properties of the random
vector Z,,.
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Theorem 3.1. If Conditions (Al) and (A2) hold, then

n®,, — ®g, asn — oo. (3.4)
Moreover, if (a1 + a22)/2 < @12, then ®g12 = P21 = 0.
Theorem 3.2. If Conditions (A1) and (A2) hold, then

nY2%(Zy — E[Zn]) L Nom (0, ®), asn — oo,

where Nopm, (0, @) is the (2m)-dimensional normal distribution with mean 0 and
covariance matriz ®g.

Remark 3.1. Theorem 3.2 extends Theorem 2 in Kent and Wood [25] to the
bivariate case, and shows that \/ﬁzn,l and \/ﬁZM are asymptotically indepen-
dent when (a11 + a92)/2 < ai2. The proofs of Theorems 3.1 and 3.2 are given
in Appendix D.

Remark 3.2. The class of matrix-valued covariance functions whose properties
around the origin satisfy (Al) and (A2) is large, including such significant
examples as the bivariate Matérn model of Gneiting, Kleiber and Schlather
[19], the bivariate powered exponential model and bivariate Cauchy model of
Moreva and Schlather [30], the bivariate Wendland-Gneiting covariance function
of Daley, Procu and Bevilacqua [13] and a class of bivariate models introduced
by Du and Ma [14], such as Example 3. Since the matrix-valued covariance
functions in these references have explicit closed forms, Conditions (A1) and
(A2) can be verified directly by using Taylor’s expansion or L'Hospital’s rule.

Remark 3.3. Another way to verify Conditions (A1) and (A2) is to make use
of the spectral representation of Cj;:

Ciyt) = /R cos(t€) Fiy (de),

where Fj; is the spectral measure of C;. Writing

Ciy(0) — Cygt) = / (1 — cos(t€))Fy; (de),

one can see that Condition (A1) may follow from an Abelian-type theorem and
the tail behavior of the spectral measure Fj; at infinity (see, for example, [32]).

To verify Condition (A2), we may assume that Fj; has a density function
fi;(§) which decays faster than certain polynomial rate as |{| — co. A change
of variable yields that for ¢ # 0,

Cij(0) = Ci(t) = %/R (1 - COSE) f”(g) de.

Then we can differentiate C;;(t) as follows:

/ 1 1 ,
Ci,(t) = tj/R(l—cosf) fzg(%) df-l—;/R(l—cosg) f”(g)t%
Ci;(0) = Cy(t 1 ,
:-()t()-&-t/}R(l—coszf)fij(f)f2 .
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Consequently, the asymptotic behavior of C};(t) as t — 0 can be derived from
(A1) and another application of the Abelian-type theorem in [32] to the second

integral. Iterating this procedure three more times, we can verify Condition
(A2).

3.2. Asymptotic properties of (&1, Giaz) "

This section contains the main results of this paper. We make a stronger as-
sumption by specifying the remainder terms in Assumption (1.2). Suppose that
for some constants 11, B22, B12 > 0,

Onn(t) = o7 — enftfor + (e +50),
Cas(t) = 03 — cpo|t]®22 + O(|t]*22F22), (3.5)
Cl2(t) =Co (t) = p0102(1 — 612|t‘a12 + O(|t|a12+ﬂl2‘)),

We label the three conditions in (3.5), together with (1.3), as Condition (A3).

Let & = (11, Goz) | be the estimators of the fractal indices o = (aq1, ag2) ',
as defined in (2.2). The theorems below establish the asymptotic properties
of &, including the bias, mean square error matrix and their joint asymptotic
distribution.

Theorem 3.3 (Bias). Assume Conditions (A2) and (A3) hold. Then, for the
estimators Gy, 1 = 1,2, we have

E[ds —a;] =0(n™) +O(n 7%), i=1,2.

Theorem 3.4 (Mean square error matrix). Assume (A2) and (A3) hold. If
(11 + @92)/2 = aqa, then

E[(&-a)(G-a)']

[ O(n™Y)) O™ O(n=¥BBn)y  O(n="(Br1,B22))
= ( O(n—l) O(n_l) >+ ( O(n—w(511,522)) O(n_“/’(ﬁmﬁm)) > (3.6)

Here and below, 1 (x1,xs) := min{l + 21,1 + xo, 21 + 22 }.
If (a1 + a92)/2 < aqa, then

El(&-a)(a-a)']

O(n! o(n~t O(n—%B11,11) O(n—¥(B11,B22)
- ( 0(57,_1)) O((n_l)) ) ( Ogn—w(ﬁn,ﬁzz); Ogn—w(ﬁmﬁzz); ) (3.7)

Remark 3.4. The constants (11, f22 and B2 from (3.5) appear in both the bias
and mean square error matrix (Theorems 3.3 and 3.4) because the remainder
terms O(|t|*#*5#) in the covariance function are ignored in the estimation pro-
cedure, which might strongly affect the efficiency of the estimators (see, e.g.,
[25]). The statistical performance of the estimators (A1, dao) ' can be signifi-
cantly improved if more detailed information on the remainder term is available.
In Section 4, we show that this is indeed the case when X is a nonsmooth bi-
variate Matérn process.



Y. Zhou and Y. Xiao/Joint Asymptotics for Bivariate Fractal Indices 10

Finally, we study the asymptotic distribution of & by applying multivariate
delta methods (see, e.g., [3, 27]). By (2.1), (3.1), and (3.5), we have

EZy = El(Y,13(0))*] = 7ui(1 + O(n™ ")), (3-8)

where 7,; = ¢;;(8 — 2% 1)y, Let
L; = (Lu/ﬁ,z‘, ceey Lm,i/Tm,i)Tv 1=1,2.
The following theorem provides the joint asymptotic distribution of .

Theorem 3.5 (Asymptotic distribution). Assume (A2) and (A3) hold with
B11, B2z > 1/2. Then, /n(& — a) follows the asymptotic properties below.

N C:Vn —an ) d, 0 EI‘I)O,HEl Ef‘i’o,u;z .
Qg — Q22 0 )7\ Lj®p21Li LJ®g2Lo
Specifically, if (a1 + ag2)/2 < aqa, then \/ndy1 and /ndas are asymptotically
independent.

Remark 3.5. The current estimation procedure and asymptotic properties are
derived for nonsmooth bivariate Gaussian models, that is, the smoothness pa-
rameters ay; € (0,2) for ¢ = 1,2. If the sample function of the component X;
is almost surely differentiable, then the corresponding index «y; > 2 in (1.2).
In this case, one may extend the idea of Kent and Wood [24] and consider the
covariance functions with the following local properties

q
Cui(t) =0f =Y byst™ —en]t|™ + o([t]*),
k=1
q .
Coa(t) = 05 — > byt — conlt|*? + o([t|**?),
k=1

a
Cia(t) = Ca1(t) = poio2 (1 = bigpt¥ — crolt]™2 + O(|t|al2))a
k=1

where ¢ is a positive integer and «;; € (2¢,2¢ + 2). Then, the gth derivative
process X(@) := (XYI),Xéq))T would satisfy Condition (A1) with smoothness
parameters (a1 — 24, aga — 2q) '. Thus, the framework proposed in our paper
can be extended to smooth bivariate Gaussian fields via estimating the fractal
indices of their derivative processes.

4. An example: nonsmooth bivariate Matérn processes on R

The Matérn correlation function M (h|v,a) on RY | where a > 0, > 0 are scale
and smoothness parameters, is widely used to model covariance structures in
spatial statistics. It is defined as
21—u
M(h|v,a) :=

v N
Coy ) alhl), bRy,
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where K, is a modified Bessel function of the second kind. Recently, Gneit-
ing, Kleiber and Schlather [19] introduced the full bivariate Matérn field X =
{(X1(s), X2(s)) T, s € RN}, which is an R2-valued Gaussian random field on

RY with zero mean and matrix-valued covariance function:

_( Cu(h) Cia(h)
Clh) = < Ca1(h)  Ca2(h) > ’ (4-1)

where C;;(h) := E[X;(s+ h) j( )] are specified by
Ci1(h) = o1 M (h|v11, a11),
Caz(h) = 05 M (h|vaz, az),

Clg(h) = 021 (h) = ,00'10'2M(h|V12,a12).

A necessary and sufficient condition for C(h) in (4.1) to be valid is given by
[19]. We assume that the parameters v;j;, a;;, 04, (1,7 = 1,2) and p satisfy the
condition in Theorem 3 of [19], as well as our condition (1.3).

To apply the results in Section 3, we focus on the case of N = 1 and 0 <
V1,90 < 1. Then, X = {(X;(s),X2(s))T, s € R} is a stationary bivariate
Gaussian process with nonsmooth sample functions. For simplicity, we call X a
bivariate Matérn process.

Recall that the Matérn correlation function has the following asymptotic
expansion at h = 0,

M(h|v,a) =1 —bi|h|* 4 bo|h|* + O(|h*T?"), as |h| =0, (4.2

)
where b; and by are explicit constants depending only on v and a (Eq. (4.2)
follows from (9.6.2) and (9.6.10) in [1]). Therefore, (A3) is satisfied with §;; =
2—uy;j for i, j = 1,2. Moreover, one can check that the regularity condition (A2)
regarding the fourth derivatives of the covariance function is also satisfied (see
the proof in Appendix C).
According to (4.2) and the fact that Z;k:fl ajar|k — j|* = 0, we have

1 .
0) = B = Y ajenc( B2
jk=—1
1
=—bioy > ajaplk — P u 4 0(n7?). (4.3)
jk=—1

Observe that, unlike (3.8), the constants 8;; = 2 — v;; do not appear in (4.3)
because the related terms sum to 0. Consequently, we can prove the following
results, which are stronger than what can be obtained by directly applying

Theorems 3.3 ~ 3.5 to bivariate Matérn processes. Their proofs are modifications
of those of Theorems 3.3 ~ 3.5 in Section 6 and will be omitted.

Proposition 4.1 (Bias). For the bivariate Matérn process X with 0 < v11, 92 <
1, the bias of U;; is

E[ﬁ“ - Vii} = O(?’L_l), 1= 1,2.
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For the next proposition, we write v = (v11,100) " and U = (D11, P92) "

Proposition 4.2 (Mean square error matrix). For the bivariate Matérn process
X with 0 < vy1,109 < 1, Zf (1/11 + 1/22)/2 = V19, then

E[(& - )& —v)]" = < 8?2?3 822:1; ) ;

if (111 + v22)/2 < v12, we have

Bl - - = (5 A ).

Proposition 4.3 (Asymptotic distribution). For the bivariate Matérn process
X with 0 < V11,02 < 1,

D11 — v d 0 qu‘I’o nn qu‘I’O 121
- =N N s Rl s R _
\/ﬁ ( Voo — V22 ) (( 0 ) < L;(I)()721L1 L;@(LQQLQ

Specifically, if (111 + ve2)/2 < 112, /ni11 and \/niqy are asymptotically inde-
pendent.

5. Simulation Study

In this section, we simulate data from a nonsmooth bivariate Matérn process
and illustrate that when (111 + v22)/2 = v19, the decay rates of the bias and
mean square error matrix for 17 and o9 are n~!. Then, we compare with the
case when (v11 + v92)/2 < v19.

We take v17 = 0.2, voo = 0.7, v1o = 0.45, p = 0.5, a% = O'% = 1 and
a11 = age = a1z = 1. We simulated the corresponding bivariate Matérn process
on regular grids within the interval [0, 1], where the length of the grid was set
to 1/n with n = 200,210, 220, ...,1000. For each n, we used generalized least
squares (abbr. GLS) to obtain the estimators of the fractal indices, say (711,
92) (see, e.g., [25]). Here, we fixed the number of dilations to m = 50. The
weight matrix €; = (wj"”);",—; of the GLS estimator with a Matérn covariance
function is given by

_ _ 1 . g
Wil = 2 Z:Z ;L:;(Zj,k;:—l ajak|h -t + kv — Ju|2yn)2
i (n—2u+1)(n—2v+1) (22;16271 ajap|k — j|2ii)2uviip2vii )

which can be approximated by plugging in the ordinary least squares estimators
of v;;,i = 1, 2. To evaluate the efficiency of the estimators, we repeated the above
procedure 1000 times independently.

The 95% confidence intervals for (v11,192)" with varying n are shown in
FIG 1 (a). FIG 1 (c¢) and (e) show how the bias, marginal variances and cross
covariance decrease when n increases from 200 to 1000. By fitting the natural
logarithm of the absolute value of the bias, marginal variances and absolute
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values of the cross covariance with respect to Inn, we find the power of the
decay rate for each is very close to —1. This is consistent with the conclusions
in Proposition 4.1 and Proposition 4.2 when (v11 + v22)/2 = vqa.

Further, we show how the decay rate changes if (111 +122)/2 < v12. Fixing all
previously assigned parameters but setting 145 to 0.6, we rerun the simulation
and repeat the estimation procedures. The results are shown on the right side
of FIG 1, where we can see that the results are mostly the same, but the cross
covariance decays much faster than n~!. Indeed, the power of the decay rate is
approximately —1.5, which is consistent with the conclusion in Proposition 4.2.

6. Proof of the main results

To prove Theorems 3.3 ~ 3.5, we make use of the following key lemma.

Lemma 6.1. Foru =1,...,m andi = 1,2, let T}}, = (Z;f’i - EZ,%’Z»)/EZT%.
Then, for any k € ZT, there exist positive and finite constants C3 and Cy (which
may depend on u and k) such that for alln > 1 and £ > 0,

E[|n(1+ T2 )" T2, > €] < Cg e Cr6vm,

The proof of Lemma 6.1 is given at the end of this section. Now, we proceed
to prove our main theorems.

Proof of Theorem 3.3. Recall that Ty, = (Z4, —EZ4,)/EZY ;. Then,
Gii =Y Luy;m(1+T¢,)+ Y L.;InEZY,. (6.1)
u=1 u=1

Tt follows from (3.8) that
EZY, = ou"(0) = C;u®* (1 + O(n~ ")),

n,it

Hence, using the conditions on L, ; in (2.3), we conclude
> LuimEZY; = oi; + O(n™7). (6.2)
u=1

Next, we estimate the first sum in (6.1). By Taylor’s expansion, we obtain

1
(T#,i)Q + Rz,ia

In(1+7T5,;) =T, — B

where RY . is the residual term. Hence,

1 1
Elin(1+T,)] = B[ T, — 5 (Th)? + Ris| = —SE(T3)? + ERy .
By Theorem 3.1, it is easy to verify that
E(TY,)> =0(n™"). (6.3)
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Fic 1. Confidence intervals, absolute value of the bias, marginal variances and absolute value
of the cross covariance for (D11, 022) with varying n. The plots on the left side (i.e., a, c,
e) show the results for (V11 + v22)/2 = vi2, whereas those on the right side (i.e., b, d, f)
correspond to the situation where (V11 + v22)/2 < v12.
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Using the fact that if [T*,] <& < 1/2, then |RY ;| < &(T}%;)?, we have
B[Ry 15 1T ] < €] < €B[(T )% T <€l =0(n™), (6.4)

where the last equality follows from (6.3). On the other hand, by applying
Lemma 6.1, the Cauchy-Schwarz inequality and (6.3), we obtain

E“RZJ’ |T#,i| > €]
SBlIIn(1 + T )|+ [T+ 3 (T [T > € = 0™, (65)
By combining (6.3), (6.4) and (6.5), we obtain
Elln(1+T¢,)] =0(n™). (6.6)
This, together with (6.1) and (6.2), proves Theorem 3.3. O
Proof of Theorem 3.4. For i = 1,2, we expand E[(dii - ozii)Q] as follows.

B[ — 00)?] = 305 Lyl B [(1n(1 +T%) +IEZY, — aylnu)

u=1v=1

x (In(1+17y,)+mEZ ; — a lnv)}

=3 LuiloE[In(1+T¥,) In(1+ T} )]

u=1v=1

+ 3> LuiLuE[In(1+ T )] (nEZ},; — ayiInv)

u=1v=1
m m

+> > Luilvi(MEZ;; — ainu)E[In(1 + T, )]

u=1v=1

+ Z Z Ly gL ( In EZ;L‘J — ay; In u) ( In EZ:L’J — oy In ’U)

u=1v=1

14104 HI+1V. (6.7)
By (6.2) and (6.6), we have
IT=0(n'Pu), T=0m"1P), IV=0(n ). (6.8)

To bound the first term Iin (6.7), we take £ = 1/2 and decompose the probability
space into the union of the following four disjoint events, {|T} ;| < &, [T} ;| < £},
UT5l > & T < &6 T < & T 1 > & and {|T37] > & [T 5[ > &}

i). For the event {|T,);| < &, |T}7;| < &}, we use the elementary inequality
[In(1 + )| < 2]z| for all |x| < £ to derive

|In(1+ T, ) In(1+ T3 )| < 4T Ty ;|
It follows from the Cauchy-Schwarz inequality and Theorem 3.1 that
E[In(1+ T3 ) In(1+ Ty ) |Th < &[Th | <€) =0(n™h).
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ii). By Lemma 6.1, we have

E[|In(1+ T3 ) n(L+ T )[; 1T > & |T5 ] < €]
<In2E[In(1+T¥)l; |Ty| > ¢
— O(nil).

iii). As in ii), we have
Elln(1+T5;) In(1+ T ); [T < &[T, 5] > €]
<I2E[In(1+T7 ) [T > ¢
— o(n),
iv). By Lemma 6.1 and the Cauchy-Schwarz inequality, we have
E[[In(1+ T ) In(L+ T3 )|; [Tl > € |T] > €]
< E[(1+T2); [T, > g]\/E m2(1+ T2 ,); |T¢,| > €]
=o(n™).
By combining i)-(iv) above, we see that

I=0(n1). (6.9)

By (6.8) and (6.9), we have
E[(d“ - O‘ii)z] — O(n—l) + O(n_%ii).

Next, we study the cross term E [(dn —aq1)(Gaz —agg)] , which can be written
as

E[(é11 — a11)(Gaz — a22)]
= Z Z LuaLy2E[In(1+ T ) In(1 + T} ,)]

u=1lv=1
m m

+ Z Z Lu71Lv,2E[ln(1 + T#)l)] (In EZ;;Q — aa Inw)

u=1v=1

+ 3> LuiLya(ImEZY, — anlnw) B[In(1 4+ T ,)]

u=1v=1

+ Z Z Lu71Lv_,2(ln EZ;‘,1 — a1 1n u) (ln EZ;J%2 — g9 In v)

u=1v=1

ST+ I+ I+ IV. (6.10)
Applying similar arguments as used in evaluating E[(d” — a“—)Q], we obtain
IM=0(m1P2) Ml=0(n"1"7 1) 1IV=0(n Frrhz) (6.11)

In order to bound the term I, we distinguish two cases.
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1). If (11 + a92)/2 = a2, then by a similar argument as that for proving
(6.9) (using Lemma 6.1 and Theorem 3.1) and the fact that ®¢ 12 # 0, we
have

ZZ Ly1Ly E[In(1+ T ) In(1+1T2,)] = O(n™).

This, together with (6.10) and (6.11), implies

E[(a11 — a11)(G22 — az)]
= O + O(n~1 1) 4 O(n~1=F22) 4 O(n~Fn—F=2),

2). If (@11 + a22)/2 < aq2, then by an argument similar to that for proving
(6.9) and the fact that ®¢12 = 0, we obtain

SN LuaLooE[In(1+ T ) In(1+ T ,)] = o(n™?).
u=1lv=1

Consequently,

E[(d11 — o11)(Ga22 — aiz2))]
=o(n Y + 0 17P) 4 O(n~17P22) 4 O(n=Pu—F),

Therefore, we have proved (3.6) and (3.7). O
Proof of Theorem 3.5. Recall (3.8) for EZ%, and denote

mn,t
T
T=(T115 s T, 1, T1,2, -+, Tm,2) -

Since B;; > 1/2 for i = 1,2, we have v/n(EZ,, — ) — 0 as n — co. By Theorem
3.2 and Slutsky’s theorem, we conclude that

n?(Z,, — 7) 4, Now (0, @), as n — co.

Define a mapping f : R*™ — R2 ¥x £ (211,...,Tm.1,T12,- -, Tm2) € R*™,

= ( i Lyilna,, i Ly2In CCu,Q)T
u=1 u=1

Hence, it is easy to verify that f(-) is continuously differentiable, & = f(Z,,) and
a = (7). By applying the multivariate delta method [27, Theorem 8.22], we
conclude that

V(e —a) S N0, vE(T) T B VE(T)),

where vf(7) = (L], L])T. O
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Proof of Lemma 6.1. By Holder’s inequality, we have
u k u

6.12
< B[ (14 7)) Pr( T > €). o

First, we establish an upper bound for Pr(|7},| > §). By (3.1), we see that

the covariance matrix of the random vector Y, ; = (Y;%;(1),...,Y;(n NT s
Yo = (0050 = k)= Let Ay = dlag()\“)J 1 be the diagonal matrix
whose diagonal entries are the eigenvalues of 3, ;, and let U = (Uy,...,U,)",

where Uj %N(O,l), j=1,...,n. Then, we have

_ 1 1
Z4 ==Y, Yo, L _UTA,,U.

Since nEZY; = E(UTA,, ;U) = trace(Ay;), we apply the Hanson and Wright
inequality [22] to the tail probability of the quadratic forms to obtain

Pr (|4, > &) = Pr(JUT A, ;U — trace(A,, ;)| > trace(A, ;)€)

<exp { — min (CBgtrﬁff( ni) e (trTf(Aﬁ;) )2> } (6.13)
n,illp

where ||A, ;||2 and ||A, ;||F are the ¢ norm and Frobenius norm of A, ;, re-
spectively, and C5, Cg are positive constants independent of A,, ;, n and &.
Note that

1Anillf = trace(A] ) = trace(22) = D (04 (7 — k),

and
uu u 2 = uu (g 2
¢n,u - Var(Zn zz) = ﬁ Z (On,ii(] - k)) .

By Theorem 3.1, we have

n
2

By combining the above with the facts that [|A, il|2 < || Ay il|F and trace(A, ;) /n =

EZ;fZ — Cu®" as n — oo, we have

1An,ilF =

n,i ’“n(bOn

trace(An,i) _ \ftrace( ni) /10, > % (U )2/,

A [Anill2/ v~
and

trace(A,, ;))?

(trace(An,i))” = u?i (gg%) ", as n — oo,

1A 1%
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Hence, when n — oo, (6.13) decays exponentially with rate \/n. Consequently,
when n is sufficiently large,

Pr(|T,| > €) < e~ Coutr (6850 evn, (6.14)
Next, we prove E[ln%(l + T#Z)] is bounded by Cyn. It is easy to see that
B[ (1+1,)] < 221 (E k2, + ln%(EZ;L‘ﬂ-)).

For any fixed k € Z+, there exists ¢ > 1 such that In?* z < 22,Vz > ¢;. Using
the fact that EZ} ; — C; u®* and n®,, — ®( as n — oo, we obtain that for all
sufficiently large n,

(1n2k Zu

7117

Zy > ) <E(ZY )7 = (BZY,)? + Var(Z) ;) < v

Therefore, the problem is reduced to proving E(1n2k ZY Z“ <c¢k) <Con. Tt

n, 79
is sufficient to show

E(In* 2! ;

’ﬂl7

Let U2

: 2
in = Miny<;<, U7, Then,

Z )\J 2U2 trace( “ Z) Ur2n1n Z C ua” Ur%nn £ C Ur2n1n' (615)

where the second inequality holds for sufﬁcicntly large n.
Let f,(z) be the density function of U2, , that is Vz > 0,

min’

n

o= o )

Tt is easy to verify that f,(x) < n/v/2mz. It follows from (6.15) that

E(In* ZY; <1/C]

% TL\/i 1
= In?*(Cx) fr(z)dz < / 2 In?* ydy = Cyn,
/On(x)f(x)x_moy v ydy = Con

for all sufficiently large n. Therefore, we have proven

Z', <1) <E[n** (CUZ,); Us,

mln) min

E[In®* (1 +T )] < Con. (6.16)
By (6.12), (6.14) and (6.16), we obtain that when n is large,
E[|In(1+ T#z)|ka T2, | > €] < Conl/2e=Cs8Vn < Cre=Cotv,

where C7, Cg and Cy are independent of n and £ and Cy < Cs. O
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7. Appendix

A. Remark on Condition (Al). Let Fy1, Fay and Fip be the corresponding spec-
tral measures of Cy1(-), C22(-) and Ci2(+). By (1.2) and the Tauberian Theorem
(see, e.g., [35]), we have that as  — oo,

Fi'(.Z‘,OO) ~ OZ(O) — C”(l/l‘) ~ a‘j|1‘|7&ij, i,j = 1,2,

where ¢;; = ¢;; for i = 1,2 and ¢15 = ¢12p0103.

According to Cramer’s theorem ([9], [36], and [39] p.315), a necessary and
sufficient condition for the matrix (1.1) to be a valid covariance function for
X(t) is

(F12(B))? < F11(B)Fy»(B), VB < B(R).

Hence, it is necessary to assume the following conditions on the parameters o;;,
¢ij, 0; (i =1,2) and p:

Q11 + Qa2
72 < 19, Or
(7.1)
Q11 + Qg 2 92 2 9
— =a1a and ciyp o705 < C11C09.

This shows that (1.3) is only slightly stronger than (7.1) in the second case,
which guarantees that the bivariate process X is not degenerate and satisfies
(7.2) below. O

B. Proof of (1.4). In order to apply Theorem 2.1 in [37] to prove (1.4), it is
sufficient to verify that there is a constant ¢ > 0 such that

detCov(X(s) — X(t)) > c|s — ¢|*11He22 (7.2)

for all s,t € [0,1] with sufficiently small |s — t|. Here, detCov(§) denotes the
determinant of the covariance matrix of the random vector . Under Condition
(A1), we see that for i = 1,2,
E[(Xi(s) — X;(t))%] = 2C;;(0) — 2Cyi(s — t) ~ 2cy|s —
E[(X1(s) = X1(1))(X2(s) = Xa2(t))] = 2C12(0) — 2C12(s — t)

~ 2¢12p01 03| — |12

Qg
)

as |s — t| — 0. Consequently,
detCov(X(s) — X(t)) ~ 4 criconls — |1 722 — 4 ¢} p°otos|s — t[>*12.

This implies (7.2) and hence proves (1.4). O

C. Checking the condition (A2) for the bivariate Matérn process. Without loss
of generality, assume that a = 1 and M, (h) := M(h|v,1). Denote by k, =
21=v/T'(v), which satisfies x,4+1 = (2v)"'k,. Recall that the derivative of the
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Bessel function of the second kind K, satisfies the following recurrence formula
(see, e.g., [1], Section 9.6)

K}(2) = ~Ksa(2) + 2K ()

and for £ € ZT U {0}, when £ < v < £+ 1, we have the following expansion for
M()

?
= 3" b;h% — bR 4 o(|t2H2),

where by, ..., by are constants and b = T'(1 —v)/(22*T(1 + v)) (see, e.g., [35], p
32). Hence,

M;(h) = sgn(h) (kv |h|" Ky (|]) + s bV K (A])

= 2v - sgn(h)|h| ™ (M, (h) = My41(h))

= —2vb-sgn(h)|A|* " + o(|R* ),

where sgn(h) is the sign function. Similarly,
My (h) = (2v = D)sgn(h)|h| =" M;,(h) — 2v - sgn(h)|h| ="M (h)
= —2v(2v — )b - sgn® (M) A* 7% + o(|n]*7?),
M (h) = (2v — 2)sgn(h) A~ My (h) — 2v - sgn(h)[A] = M} (h),
= —20(2 — 1)(20 — 2)b - sgnd () B2~ + o( B[ 2),

M (h) = (2v — g+ V)sgu(h)|h|~* M= (h) — 20 - sgu(h) b~ MY (h)
b(2v)!
o™t

When ¢ = 4, the nonsmooth bivariate Matérn field X satisfies the regularity
condition (A2). O

D. Proof of Theorems 3.1 ~ 3.2. To prove Theorem 3.1 and Theorem 3.2, we
make use of the following lemma.

Lemma 7.1. If Conditions (A1) and (A2) hold, then as |h| — oo,

955:(h) = O(|h

n(h) R[>~ + of|h[* 7).

@i~ uniformly for n > |h|,i=1,2 (7.3)

and

@11t

opia(h) =n""2 “*12Q(|h|*27) = O(|h|

O111+u22 4

) (7.4)

uniformly for n > |h|.

We postpone the proof of Lemma 7.1 to the end of this section.
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Proof of Theorem 3.1. Let

_m uv. 2
iy { (15 @ w1l <
, otherwise.

By (3.1) and (3.3), for any fixed h, we have d;";;(h) — o¢;(h) as n — oo. By
Lemma 7.1, we know

a5 (h) < Colh

. aiitag;—8
n,ij )

with the power ai; 4+ aj; — 8 < —4. Therefore, 3,2 d’.(h) is bounded by
a summable series, and (3.4) can be concluded by the dominated convergence

theorem. O

Proof of Theorem 3.2. The argument in the following generalizes Kent and Wood
[24]’s method to the bivariate case. According to the Cramér-Wold theorem, it
is equivalent to prove that for Yy = (Y11, «, Ym,1, V1,25« - s Ym,2) | € R*™,

2y (Zy — B[Zn]) S N0, ®oy), as n — oo,
Let Yi = (’Yl,iv cee 77m,i)T,i = 1,2 and
I, = diag("le, . ,'le,"sz, . ,'72T)T_

n times n times

Therefore, T'), is a (2mn) X (2mn) matrix including n copies of v, and =, on
the diagonal. Let

Yoi() = (Vaa(a) - YasO) hi=1.2,j=1,....m,
and
W, = (Y, .(1),.... Y, 1(n), Y, 5(1),.... Y 5(n) "
Therefore, W, is a (2mn)-dimensional vector. Then, we have
S, 2n'2~"(Z, —EZ,) =n"Y} (W] T, W, —E(W]T,W,)).

Denote by V,, = E(W,W,) the covariance matrix of W, and by V}/Q,
the Cholesky factor of V,,, i.e., the lower triangular matrix satisfying V,, =

V:/Z(V}Lm)T. Denote by A, = diag(\, ;)™ the diagonal matrix whose di-

=1
agonal entries are eigenvalues of anl/z(V}/Q)TI‘nV,l/z. Then, for a (2mn)-
dimensional vector €, = (€1, .. .,627,1,1771)—r of i.i.d. standard normal random

variables, we obtain

1 1 1
nTEWIT,W, L el (n 3 (V) T, Vi)e, £ ieIAnen.
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Therefore, for V6 < minlgjggmn)\;é, the cumulant generating function S, is
given by
1 2mn
Ea6) £ B = =3 (In(1 = O 5) +On )
j=1

To obtain the limit of k,(#) as n — oo, we first prove

2mn
trace(A}) = Z /\fw- — 0, as n — oo. (7.5)
j=1
For 1 SilaiQ S 271 Sjl?jQ S’I’l,l S klakQ Sm7 let

51 = (il — l)mn + (jl - 1)m + kl,
ly = (ig — l)mn + (j2 - 1)m + k.

The (41, ¢) entry of W, is
Vo (b1, 6) = E[Y, (71)Y52 ()] = okt (j2 — j1)-
Therefore,

1
trace(AL) = n—gtrace((VnI‘n)4)

2mn

16

- 5 Z (Vnrn)(gla62)(Vnrn)(€2363)(Vnrn)(£3764)(Vnrn)(£47€1)
n l1,....04=1
16 < L . .
=3 > > Vkria Vo Vs Vearia An (K1, - kasin, . ia),  (7.6)

kike (: N\ _koks ;2 o _kska [ N\ _kakr [: -

= Y ok (o =)ol (s — G2)onit (Ga — Ja)oktfs (Ga — 1)
J1se-0,Ja=1

Letting h; = jiy1 — Ji, i = 1,2, 3, we have
An(kl,...,k4,i1,...,i4)
n
ki1k kok ksk kak
= Y onla (h)onfs (ha)oksts (hs)okif (hy+ ho + hs).
J1se-yJa=1

Given fixed hi, ho and hg, the cardinality of the set

#{(jl?"'aj4) | 1§]177J4§n}§n
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Hence,

A, K1y kayin, ooy ig)]
Sno 3D ol (ol (h)oshs (ha)o it (b + by + ha)|

n,1112 n,1213 n,1314 n 1,411
[Pl |hz2|,|hs|<n—1

Further, by Lemma 7.1, we have

|An(]{11,... k‘4,i1,...,i4)|

Sipip Sirgrirgl
+ L 4
<Con I | E 2

r=1h,=—n+1

1MT+ i 1ipg1 4
<OQTL H E 2

r=1h,=—o0

=0(n). (7.7

The last equality holds since v , /2 + ., i,,, /2 —4 < —2. By (7.6) and (7.7),
we have

trace(A2) = O(n™1) = 0, as n — co.

Now, we are ready to prove the asymptotic normality of S,,. By applying Taylor’s
expansion to In(1 — 0\, ;) at § = 0, we obtain

2 2mn 3 2mn 94 2mn

ZA%J"_*Z)‘ Z( _en,jAn,) 4)‘ij7

j=1
where 0, ; is between 0 and 0.
Let us first consider the term szn A2 ;/2. Since

an
2
= Z An. ftrace(AZ) ftrace((VnI‘n)2)

m n

9 2

kike (: 2

E Z Z Z ’7k17i17k27i2( nzlzg(]Q_.]l)) )
2=1k1,k2=1j1,j2=1

and

2 m
T _ ki k
YRy = D D i Vi,

i1,i2=1 k1,ka=1

:% Z Z Z rykl’”ryk?vl?( nznz(]?*]l))Qa

i1,i2=1k1,ka=1 j1,j2=1
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it follows from Theorem 3.1 that

2mn

Z)\ = ®,)y — v ®oy, as n — 0. (7.8)

Secondly, by (7.5), we have

1

2mn I
maxlgjggmnp\n’ﬂ < <Z )\i’j> — 0, as n — oo, (79)

=1

which implies

2mn 2mn
Z )\ < max1<j<2mn|)\n j| Z )\ —) 0, as n — oo. (710)
Jj=1

Thirdly, note that ¢ := supn>1maxi<j<omn |An ;| is positive and finite by (7.9).
If we restrict attention to [0] < (28)~!, we have (1 — 6, ;A\, ;)~* < 16; hence,
for 0 € (—(26)71,(26)7 1Y),

2mn
D> (1= OnjAng) AL = 0, as n — 0. (7.11)
j=1
Therefore, by (7.8),(7.10) and (7.11), for V8 € (—(26)~1,(26)71), we have
92
kn(0) — EVTQO%

which leads to
Sp =02y (Zp — BZp) S N(0,7T ®0y), as n — .
This proves Theorem 3.2. O

Finally, we prove Lemma 7.1.

Proof of Lemma 7.1. (7.3) comes directly from the proof of Theorem 1 in Kent
and Wood [25]. We only need to prove (7.4). To this end, we expand Ci2((h +
kv — ju)/n) in a Taylor series about h/n to the fourth order to obtain

1 )
wo a1p+agy h+ kv — ju
opia(h) =n""2 Z a;arCha (n )

Gk=—1

o611+0¢22 & ! j’u,) (r) h
= Z Z aja,xC C; (n>

r=0j,k=—1

SR - —Juw)?t @ (P
Z“J“k AlnA Cia T

Jik=—1
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aiita (kv — ju)* h;
— 2 Z a0k 0§§)< J) (7.12)

J,k=—1

where hy. lies between h and h + kv — ju. Since |kv — ju| < v+ v < 2m,
hy; < 2|h| for all |[h| > 2m. By applying Condition (A2) to the last terms in
(7.12), we derive that

a11ta2o a11+a22 —4
2

< Gl

o2 (h)] < Colh|*27% - n

for all |h| > 2m and all n > |h|. This concludes the proof. O
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