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Module ]
STUDY GUIDE

MAXWELL'S PREDICTIONS

INTROBUCTION

With this module, you will reach a milestone in your study of electromagnetic
phenomena. From past modules, you now have (at your fingertips, hopefully!)
the same basic laws of electromagnetism that Maxwell collected together in the
nineteenth century. However, as powerful as these laws were, Maxwell found
that there was a basic flaw - a logical inconsistency - in the one known as
Ampere's law. He was able to deduce (in advance of any direct experimental
test) precisely the correction that was needed. With this correction, the
addition of what is called the "displacement-current" term to Ampere's law,

it follows that a changing electric field gives rise to a magnetic field, just
as a changing magnetic field gives rise to an electric field according to
Faraday's law.

After he had predicted this mutual relationship, Maxwell was able to go on

and predict that the right combination of oscillating electric and magnetic
fields could 1iterally kick itself through empty space. This is the pheno-
menon that we now call electromagnetic waves - which include, along with TV
and radio waves, the sunlight that we receive across 93 000 000 miles of space
without any significant loss of intensity other than that which necessarily
follows from its spreading out in all directions. ‘

The development of the theory of electromagnetic waves from the basic Taws of
electricity and magnetism that you have studied in past modules is one of the
most beautiful in physics, and at the same time one of the most mathematically
difficult that you will meet in this course. Thus if the arguments at times
seem long - bear with it! - the total module is fairly short.
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PREREQUISITES

Before you begin this module,
you should be able to:

Location of
Prerequisite Content

*State and apply Ampéré's law (needed forQObjectives
1 through 3 of this module

*State and interpret Gauss' law (needed for
Objectives 2 and 3 of this module

*State Faraday's law, and apply it to calculate the
emf induced around a closed path (needed for
Objectives 2 and 3 of this module)

*Describe a simple form of electrical oscillator
(needed for Objective 3 of this module)

*Use and interpret mathematical descriptions of one-
dimensional waves (needed for Objective 3 of this
module)

*Calculate partial derivatives of functions of two
variables (needed for Objective 3 of this module)

Ampére's Law
Module

Flux and Gauss' Law
Module

Ampére's Law
Module

Inductance
Module

Traveling Waves
Module

Partial Derivatives
Review

LEARNING OBJECTIVES

After you have mastered the content of this module, you will be able to:

1. Displacement current - Use Ampere's law (including the displacement current)
to find the B field produced by a changing E field, or vice versa.

2. Maxwell's equations - State Maxwell's equations in vacuum (i.e., in the presence
of charges and currents, but with no dielectrics or magnetic materials),

and indicate the physical significance of each.

3. Electromagnetic waves - For a plane electromagnetic wave, use information
about E or B at given times or places, the direction the wave moves, the
frequency, and/or the wavelength to determine other information in this 1ist;
also, write down mathematical expressions for the components of E and B, and
show that your expressions satisfy the appropriate simplified differential

form of Maxwell's equations.
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TEXT: Frederick J. Bueche, Introduction to Physics for Scientists and Engineers
(McGraw-Hi11, New York, 1975), second edition

SUGGESTED STUDY PROCEDURE

Read the General Comments on the following pages of this study guide along with
Sections 28.1 through 28.5 and 29.1. Optional: Read Sections 28.6 through 28.8.

When you compare Maxwell's equations (28.1) with the same equations in General
Comment 2, you will find slight differences of notation: )q - g, d¢ - df, and

J/J « d > i, Also note that in the absence of a dielectric, in the last term

of Eq. (28.1d), € becomes just e,. Youwill find that the derivation of the
simplified differential form of Maxwell's equations, Eqs. (28.6) and (28.7), is
quite similar to that given in General Comment 3, between Eqs. (9) and (15); take
your pick!

Study the Problems with Solutions and work the Assigned Problems. Then take the
Practice Test, and work some Additional Problems if necessary, before trying a
Mastery Test.

BUECHE
Objective Readings Problems with Solutions Assigned Additional
Number Problems Problems
Study Guide Text Study Guide (Chap. 28)
1 General Comment 1; A I11us.2 D, E Quest.d 4
Secs. 28,1, 28.2 28.1 thru 9
2 General Comment 2; B F
Eqs. (28.1) in
Sec. 28.2
3 General Comment 3;  C I1us. G, H, I Probs. 1,
Secs. 28.3 thru 28.2 2, 4 thru
28.5,.29.1 9, 12, 14

31 11us. = Illustration(s). Quest. = Question(s).
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TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New
York, 1970; revised printing, 1974)

SUGGESTED STUDY PROCEDURE

Read the General Comments on the following pages of this study guide, along with
Sections 34-4 through 34-6 and 35-1 through 35-3.

You will find that Maxwell's equations stated in Table 34-2 %n p. 636 are exactly
the same as in General Comment 2, except that we have used dA (instead of dS) for
the element of area. Your text gives a complete and accurate derivation of the
simplified differential form of Maxwell's equations, Egs. (35-4) and (35-8).
However, the discussion is rather involved; you should find the corresponding
derivation between Eqs. (9) and (15) of General Comment 3 easier to follow. When
reading the derivation in your text, note that E means Ey and B means B,.

Study the Problems with Solutions and work the Assigned Problems. Then take the

Practice Test, and work some Additional Problems if necessary, before trying a
Mastery Test. '

HALLIDAY AND RESNICK

Objective Readings Problems with Solutions Assigned Additional
Number Problems Problems
Study Guide Text Study Guide
1 General Comment 1; A Chap. 34, D, E Chap. 34, Probs.
Secs. 34-4, 34-5 Ex.2 4, 5 19 thru 28;

Quest.d 6 thru
11

2 General Comment 2; B F
Sec. 34-6

3 General Comment 3; o G, H, I Chap. 35, Probs.
Secs. 35-1 thru 1, 5 thru 9;
35-3 Quest. 2

8x. = Example(s). Quest. = Question(s).
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TEXT: Francis Weston Sears and Mark W. Zemansky, University Physics (Addison-
Wesley, Reading, Mass., 1970), fourth edition

SUGGESTED STUDY PROCEDURE

Read the General Comments on the following pages of this study guide, along with
Sections 36-8 and 36-9. Optional: Read Sections 32-8, 36-1, 36-2, 36-5, and 36-7.

Section 36-8 of your text is devoted to a derivation of the simplified Maxwell's
equations, Egs. (36-17) through (36-19), which is more detailed than the derivation
given in General Comment 3 between Egs. (9) and (18), but equivalent to it. You
will probably find you do not need to read both these derivations; take your choice!
In your text's derivation, note that H means HZ and E means Ey.

Your text uses the auxilliary quantities B and B; in the absence of dielectric and
magnetic materials (which will be the casg in this_modyle), these are simply
proportional to the more familiar fields B and E: A = B/up and D = egE. In Section
36-9 and in the optional readings, you will also encounter the polarization

P =D - ¢of and the magnetization M = B/ug - H; but these vanish when there are no
dielectric or magnetic materials, and so need not concern you. Maxwell's equations
given 1in Egs. (%6-2%) through (36-23) reduce to those of General Comment 2, when
the conditions P = M = 0 are used, along with the identifications of H and D above
and the notation changes Qf » g, Ic » 1, and ds - df. Some other notation changes
you will encounter are yp » egdg, ¢ + ¢g, and Ip > i4.

Study Problems A to C and work Problems D to I. Take the Practice Test before
trying a Mastery Test.

SEARS AND ZEMANSKY

Objective Readings Problems with Solutions Assigned Problems
Number Study Guide Study Guide

1 General Comment 1 A ' D, E

2 General Comment 2; B F

Egs. (36-20) thru
(36-23) in Sec. 36-9

3 General Comment 3; C G, Hy, I
Sec. 36-8 :
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TEXT: Richard T. Weidner and Robert L. Sells, Elementary Classical Physics
(Al1yn and Bacon, Boston, 1973), second edition, Vol. 2

SUGGESTED STUDY PROCEDURE

Read the General Comments on the following pages of this study guide, along with
Sections 35-1 through 35-3.

Your text gives a ver% nice and direct demonstration in Section 35-3 that a travel-
ing pulse of crossed E and B fields is a solution of Maxwell's equations. However,
it does not derive the differential form of Maxwell's equations for plane waves;

if you want to see more discussion of this topic than is found in General Comment 3,
refer to one of the texts 1isted under Additional Learning Materials below. The
first page of Section 35-1 in your text and General Comment 1 in this study guide
give alternate versions of the argument for the displacement-current term in
Ampere's law; take your choice! When reading your text's discussion, note that
there is no reason for the hemispherical surface in Figure 35-2 to touch the edge

of the plate; this is just an accident of the drawing.

Study the Problems with Solutions before working Problems D through I. Then take
the Practice Test, and work Problem 35-1 if necessary, before taking a Mastery Test.

WEIDNER AND SELLS

Objective Readings Problems with Solutions Assigned Additional
Number Problems Problems
Study Guide Text Study Guide
1 General Comment 1; A Ex.2 35-1 D, E
Sec. 35-1
2 General Comment 2; B F
Sec. 35-2
3 General Comment 3; C G, H, I 35-1
Sec. 35-3

Ay, = Example.
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GENERAL COMMENTS

1. The Consistency Argument for the "Displacement Current"

Let us calculate the magnetic field around the long wire in Figure 1. It is a
little different from the long wires you have seen in this course before: there
is a capacitor in the middle of it. But this does not, of course, preclude a
pulse of current for a short time, as the capacitor charges up - or a pulsating
back-and-forth current for an indefinite period of time.

We first construct a circle of radius r, such as C]. The current through the
surface S1 bounded by C1 is just 10; and thus Ampere's law yields

“010 = d{] B . df = 27rB(r) or B(r) = u010. (1)

Figure 1

L
Bl 077! z
- poi
B = 2nr

We are not at all surprised, of course, when a repetition of this calculation
using C2 and 52 yields the same result. But we are in for a rude shock when we

try C3 and S3; there is no current through 53; therefore the original form of
Ampere's law yields

0= ¢c3 B - df = 2mB(r) or B(r) =0 at Cy! (2)

When we.get down to C4, its surface again cuts through a current 10, and once
again we get the result (1).

Is this possible? Can B really suddenly drop to zero just when we get opposite
the gap of the capacitor? It hardly seems so; we must have somehow missed some-
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thing when we used 53. The most obvious thing that we did not use was the flux
(or E field) in the space between the capacitor plates - and clearly this flux is
related to the current 10 in the wire. Since the electric field of a capacitor
1ies mostly between the plates, and the charge resides mostly on the inner surfaces
of the plates, Gauss' law applied to a closed surface containing the upper plate
yields

q = ¢ ¢S E °‘ dR = 0% (3)

Since 10 is just the derivative of q,
io = dq/dt = €q d¢E/dt. (4)
Wonderful - this solves our problem!! If we define the "total" current by
i

totE'i+'id, - (5)

where i, = e, d¢p/dt, and use this instead of just i in Ampére's law:
Fo B -l = uglypy = upli * 1), (6)

then it does not matter which of the circles C] through C4 we use - we always
find, consistently, that

B(r) = ugiq/2nr! (7)

If we happen to use a surface that intersects the wire, then we pick up i = 10

and i, vanishes (E = 0 outside the capacitor); if we use a surface that passes
through the capacitor gap, we pick up id = 10 and i vanishes. (There is no "true"
current between the capacitor plates.) For historical reasons, 1d is called the
"displacement current."”

You may wonder how it is that we (or Maxwell, for that matter) can get away with
making changes like this to an equation, such as Ampere's law, which was based

on experimental observation. The reason is that the added term T4 was too small
to be observed in the phenomena studied up to Maxwell's time. On the other hand,
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it is absolutely essential to the now-familiar phenomenon of electromagnetic waves!

2. Maxwell's Equations

Here we record, for reference, the integral form of Maxwell's equations in empty
space - i.e., where there are no dielectric or magnetic materials.

Gauss' Taw for electricity: €0 4% E . dS = qg(inside S). (8a)
Gauss' law for magnetism: e B . dS=0. (8b)
de
Faraday's law: $c E.df-= '_EE‘ (8c)
N N ) d¢E
Ampere's law: ¢h B.df = ol * wosg gt - (8d)

In the Tast two, ¢ means the flux through any surface bounded by the curve C,
and i is the current through such & surface.

Your first reaction may be that Gauss' law for magnetism is new to you; but really
it is not! In regions where there are no electric charges, the right-hand side of
Eq. (8a) is zero, and Gauss' law for electricity becomes just the statement that
the electric flux through any closed surface is zero - or, equivalently, that in
such regions electric field 1ines never end. You tacitly used the corresponding
property of magnetic fields when you calculated, say, the field B inside a toroid
by using Ampere's law: you assumed the flux was constant around the toroid - that
field lines did not abruptly end. This is just the content of Eq. (8b). The
difference between the right-hand sides of Eqs. (8a) and (8b) arises from the fact
that (as far as we know) no magnetic "charges" exist anywhere.

3. Plane Electromagnetic Waves

Undoubtedly, electromagnetic waves are a difficult phenomenon to comprehend properly.
This difficulty start% with the problem of visualizing just exactly what is going

on: There are E and B fields oscillating throughout three-dimensional space, and
these oscillations somehow travel through space - difficult enough to visualize in
3-space, let alone describe by diagrams on a flat sheet of paper!

Nonetheless, the diagrams in Figures 2, 3, and 4, contrived for this purpose by
various people, may help to explain what is going on. The first diagram,

Figure 2, shows a pulse of constant amplitude traveling along the x axis with
velocity €. It can, in fact, be shown that an electric field pulse traveling
along as in that diagram must be accompanied by a magnetic fie%d pulse, according
to Maxwell's equations - and vice-versa! That is, a pulse of E and B fields
together is a valid solution to Maxwell's equations. To the extent that we have
confidence that those equations are correct, they predict the existence of such
pulses as an observable phenomenon.
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Y Figure 3

Figure 2

f Successive "snapshots" of
a plane sinusoidal electro-
magnetic wave advancing toward
you. This is,a representation oP
of the £ and B fields in a .
plane through point P; the Figure 4*
oscillation of their strengths '
is indicated by variation in

\\ the densities of field lines. ¢/

*This diagram was taken from Fundamentals of Physics, by David Halliday and Robert
Resnick (Wiley, New York, 1970; revised, 1974}, with permission of the publisher.
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If we now imagine a series of such pulses traveling along one after another, we
have a wave train. In fact, the most easily produced electromagnetic waves are

a kind of wave train known as a sinusoidal wave. Since it is even harder to draw
pictures of wave trains than of individual pulses, it is customary to draw only
the field vectors for points on the axis along the direction of propagation; such
a diagram for a sinusoidal plane wave is shown in Figure 3. (You will now see why
this is called a sinusoidal wave.) The term "plane wave" refers to the fact that
the E and B fields are the same throughout any one plane perpendicular to the axis
of propagation (the x axis in Figure 3).

Another view of a plane sinu&oida] electromagnetic wave is shown in Figure 4.
Here you are looking at the E and B fields in a plane parallel to the yz plane.
The y axis points up in this picture, and the z axis points to your left; the
wave is advancing toward you, along the positive x axis. Of course, there is
nothing special about the x axis as far as an electromagnetic wave is concerned;
the waves shown in the pictures could just as well be traveling along the y or z
axis, or in some arbitrary direction. However, there are several characteristics
of the waves shown that are required by Maxwell's equations to be true of any
plane electromagnetic wave: -

(1) Electromagnetic waves in vacuum always travel with the speed of light
c = %.00 x 108 m/s.
(2) The

and B fields are in phase, i.e., their maxima occur at the same
place.

(3) Electromagnetic waves are transyerse, and furthermore E is perpendicular
to B. Also, the directiong of E, %, and ¢ form a right-handed set.
In terms of unit vectors, E x 8 = C.

When we come to a quantitative treatment of electromagnetic waves, we are
immediately faced with the second part of the complexity of understanding these
waves. You probably feel, justifiably, that the various Maxwell's equations that
have served so well in solving problems up to this point are complicated enough

to apply. However, using them directly on electromagnetic waves becomes much
harder. In actual fact, when people deal with electromagnetic waves, they custom-
arily use an apparently different, but mathematically equivalent, set of equations
known as the "differential form" of Maxwell's equations - that is, a set of equa-
tions expressed in terms of derivatives. Sad to say, proving the equivalence is

a very involved piece of work; and furthermore, these Tatter equations are too
cumbersome to write down in their generality without using notation with which

you are not likely to be familiar!

But the good news is that much of this complexity (though not all of it!) goes
away if you look just for solutions of a very particular form, namely, plane
waves traveling along, say, the x coordinate axis. Explicitly, let us look for
solutions in which the fields are of the forms

Bx.= By = Ex = EZ =0 everywhere,

o
n

. Bz(x, t) and Ey = Ey(x, t) (i.e., no dependence on y or z). (9)
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First, we note that the first two of Maxwell's equations, Gauss' laws for E and
B, are immediately satisfied by such fields: the flux lines are continuous, as
you can see by drawing a sketch of them, and as they are required to be in the
absence of charges.

Our next step is to cast the second two of Maxwell's equations in the absence of
charges,

$E . dl
$ 8 « di = equy(de/dt)  (Ampére's), (10)

-d¢B/dt (Faraday's),

into their differential form for the simplified case of fields satisfying Eq. (9).
Applying, first, Faraday's law to the upper rectangle in Figure 5, remembering
that E, = 0 by Eq. (9) above, we get

Ey(x + AX, t) Ay - Ey(x, t) Ay = -[aBz(x, t)/at] Ax Ay. (11)
Y
Figure 5 £:}
ey
x§ Ethx

You will notice that BZ has been evaluated at the left edge of the rectangle,
whereas its average value is needed for exact equality; however, Eq. (11) will
become exact when we take the 1imit ax ~ 0 below. Also, note that the time
derivative is a partial derivative, since BZ depends on x as well as t. The
left-hand side can be simplified by setting

Ey(x + AX, t) = Ey(x, t) + [aEy(x, t)/ax] ax, (12)

which also is allowable because of the 1imit ax - 0 to be taken below. Thus,
Faraday's law reduces to

Ey(x, t) + [aEy(x, t)/ax] ax Ay - E (x, t) Ay = -[aBz(x, t)/ot] ax ay.(13)

Y

Canceling a term, dividing by Ax Ay, and taking the limit ax - 0 to validate
the approximations above yields the simplified differential form of Faraday's
law, valid under the conditions (9):

[Simplified differential form
aEy(x, t)/ax = -3B,(x, t)/at. of Faraday's law in empty space.] (14)
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In exactly the same way, applying Ampére's law (with i = 0) to the lower rec-
tangle in Figure 5 yields

2B (x, t)/3x = - 3E (x, t)/ot]. [Simplified differential (15)
z( )/ “080[ y( )/3t] form of Ampere's law
in empty space.]

Another important equation can be obtained by differentiating the first of these
equations with respect to x and the second with respect to t; this makes the
right-hand side of Eq. (14) just the negative of the left-hand side of Eq. (15).
They can then be combined to yield

2 2 2 2 .
3 Ey(x, t)/ax" = uoao[a Ey(x, t)/at"]. [Wave equation for Ey_] (16)

Expressions of the form

Ey(x, t) = E sin(kx *# wt), [wave traveling in the +x direction.] (17)

satisfy the above wave equation, as you can readily check by direct substitution,
provided k2 = uoeowz. This expression should look familiar to you, from the
module Traveling Waves;.and, hopefully, you will remember that the speed of such

a wave is given by v = w/k. (If you do not remember the argument leading to

this result, you should really look it up.) Since the speed of an electromagnetic
wave is usually denoted by ¢, we have

c = wk= V]/uoeo. (18)

This fundamental relationship between the speed of electromagnetic waves and

the constants occuring in the equations of basic electromagnetism (since then
verified experimentally to a high degree of accuracy) was one of the very
impressive successes of Maxwell's theory. '

Combining Eqs. (14) and (15) the other way around (this is left as a problem)
yields an equation of the same form as Eq. (16) except that Ey is replaced by B, .
That 1is, BZ satisfies the same differential equation as Ey, and it can thus be

expressed in a similar form:

B, =B, sin(k“x + w’t + ¢). (19)

(The phase constant ¢ is necessary because we do not yet know the phase relation
between Ey and BZ.) Substituting Eqs. (17) and (19) into Eq. (14) yields

KE cos(kx * wt) = Im‘Bm cos(k“x + w't + ¢). (20)
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This will be satisfied for all values of x and t if and only if

k = k%, w” = w, ¢ =0, B, = $(k/w)Em = ;Em/c. (21)

Thus we have verified the claim [No. (2) on p. 8] that the E and B fields are in
phase (¢ = 0). The * sign in the Tast of Egs. (21) is just what we need for the
right-hand property noted above [No. (3)]; and we have also found another charac-
teristic property of electromagnetic waves:

(4) e[ =cl[B|.

Since you will be using expressions of the form of Eq. (17) in working the prob-
lems of this module, we close these comments by recalling the relations among

k, w, the wavelength A, the frequency f, and the wave speed c¢ that you learned
in the module Traveling Waves:

A= 2n/k; w = 2nf; c = w/k = Af. (22)

If you cannot recall how these relations are obtained, refer to Traveling Waves
to refresh your memory.

ADDITIONAL LEARNING MATERIALS

Auxilliary Reading

Stanley Williams, Kenneth Brownstein, and Robert Gray, Student Study Guide
with Programmed Problems to Accompany Fundamentals of Physics and Physics,
Parts I and II by David Halliday and Robert Resnick (Wiley, New York, 1970).
Objective 1: Section 33-4;
Objective 2: Section 33-5;
Objective 3: Sections 34-1 and 34-2.

Varjous Texts

Frederick J. Bueche, Introduction to Physics for Scientists and Engineers (McGraw-
Hi11, New York, 1975), second edition: Sections 28.1 through 28.5 and 29.1.

David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, New York, 1970;
revised printing, 1974): Sections 34-4 through 34-6 and 35-1 through 35-3.

Francis Weston Sears and Mark W. Zemansky, University Physics (Addison-Wesley,
Reading, Mass., 1970), fourth edition: Sections 32-8 and 36-7 through 36-9.

Richard T. Weidner and Robert L. Sells, Elementary Classical Physics (Allyn and
Bacon, Boston, 1973), second edition, Vol. 2: Sections 35-1 through 35-3.

Your attention is especially directed to Section 35-1 of Weidner and Sells for an
alternate presertation of the arguments for the displacement-current term, and to
Section 35-3 of the same text for a demonstration that a moving pulse of crossed
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T and B fields is a solution to Maxwell's equations. Also, Section 28.4 of Bueche

seems to give the most straightforward derivation of the simplified differential
form of Maxwell's equations.

PROBLEM SET WITH SOLUTIONS

Some Facts You May Wish to Use While Working These Problems

1

= 3.00 x 108 mws. ar x 1077 Wb/A m. e, = 8.9 x 107 2 2N nl.

Ho
For fields satisfying BX =B

Ex = Ez = 0 everywhere, and B, = Bz(x, t) and

Ey = Ey(x, t) (no dependence on y or z), Maxwell's equations simplify to the
conditions

a;y/ax -3B, /3t (Faraday's)

and

8B, /3x = -eopo(a;y/at) (Ampere's).

A(1). A long cylindrical conducting rod with radius a is centered on the x axis
as in Figure 6. A narrow saw cut is made in the rod at x = b. An increasing
current iy = At (with A > 0) flows in the rod toward the right; by some
ingenious means, it is arranged that this current is uniformly distributed
over the cross section of the rod. At t = 0, there is no charge on the cut
faces near x = b,

(a) Find the magnitude of the total charge on these faces, as a function
of time.

(b) Use Gauss' law to find E in the gap at x = b as a function of time.
(c) Sketch or describe the magnetic lines of force for r < a, where r is
the distance from the x axis.

éd) Use Ampere's law to find B(r) in the gap for r < a.

e) Compare with what you get for B(r) in the rod for r < a.

a \T:—___ Eﬂ‘ = _Efffg\
— === = ::"------:-I—’x
I x=b
Figure 6 Figure 7
Solution
(a) Since i, = At = da/dt, and q(0) = 0, we must have q = /i, = (1/2)At2.

(b) Applying Gauss' 1aw to a closed surface enclosing the 1eft hand face of the
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cut yields q = €0 = aonazE. Therefore E = ——9—7 = {1/2 Atz.
sona sowa

(c) See Figure 7: the current is assumed to be into the paper and increasing.
This diagram is valid both inside the rod and in the gap.
(d) Apply Ampere's law, ¢ B.dl-= uo(i + 1d), to a circular path of radius r in
the diagram. In the gap, i = 0 and ig= so(dQE/dt) = eonrz(dE/dt).= Atrz/az.
We thus get 2mrB = uOAtrz/az; and
(]/Z)UOAtY‘

na’ .
(e) Inside the rod, 4 = 0, and through a circular path of rad1us r the current i
will be (area of path/cross-sectional area of rod) x ] = (r /a ) 1° So applying

Ampére's law to such a path yields 27nrB = uo(rzlaz)i]; and the field is again
(1/2)u0Atr

Ta

B(2). Identify the Maxwell equation that is equivalent to or includes:
(a) Electric 1ines of force end only on electric charges.
(b) The displacement current.
(c) Under static conditions, there cannot be any charge inside a conductor.
(d) A changing electric field must be accompanied by a magnetic field.
(e) The net magnetic flux through a closed surface is always zero.
(f) A changing magnetic field must be accompanied by an electric field.
(g) Magnetic flux lines have no ends.
(h) The net electric flux through a closed surface is proportional to the
total charge inside.
(i) An electric charge is always accompanied by an electric field.
(j) There are no true magnetic poles.
(k) An electric current is always accompanied by a magnetic field.
(1) Coulomb's law, if the equation for the electric force is assumed.
(m) The electrostatic field is conservative.

Solution

(1) ey b B+ dS=gq (insideS)  (Gauss' Law).
(2) ¢ B-dS=0 (Gauss' Law for Magnetism).
(3) H E-dl
(4) ¢ B dl

-deg/dt (Faraday's Law).

“01 + uoso(déE/dt) (Ampere’s Law).
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Maxwell's Predictions

In terms of the equation numbers above: (a)

(e)
(1)

1Y}

(2); (f)

(1)5 (m)

a conservative

1

(3).

(3); (g) =
[In regard to (m),

(2)5 (h) = (1);

= (1); (b) =
(1) = (1); @

(4
)

);

(c) =
(2);

14

(1)5 (d) = (4);
(k) = (4);

dig back in your memory to recall that

force can be defined by the requirement that ¢ F.d =

C(3). The plane electromagnetic wave from a distant radio station produces a

vertical magnetic field with amplitude BO'

north of you, and transmits on a frequency fs'
(a) How should you orient your coordinate system to make use of the
simplified differential form of Maxwell's equations (SDME) derived in this

module?
(b) With respect to this coordinate system, write expression(s) for the
components of the magnetic field as a function of x, y, z, and t.

(c) Use the SDME to obtain a wave equation for the nonzero component of B.
What information does this wave equation give you regarding the parameters
in your expression(s) in part (b)?
(d) Which components of E must be zero?
(e) Apply the SDME to your expression(s) in part (b) to obtain expression(s)

for the derivatives of the nonzero component of E.

The radio station is directly

(f) Write a suitable expression for this component, and show that it
satisfies your expression(s) in part (e).

Solution

(a) The x axis should point either away from or toward the station;
it point south, so that the wave travels in the +x direction.

point up or aown, so that

(b) B

=B =
y

0;

BZ

=B

0

lies along it;

sin(kx - wt).

or sin(kx - wt + ¢), etc.]
(c) D1fferent1at1ng the simplified form of Faraday's law with respect to t yields
8 E /ax 3t = -9 B /Btz, and d1fferent1at1ng the simplified Ampere's law with

respect to x y1e1ds o B /Bx = -gglp ) E /3t 3x.
both these equations; we can thus comb1ne them to obtain 3 B /Bx
I[f the expression for BZ

2 .
-k B0 sin
or k/w =

(kx - wt) = -wzsouoBo sin{kx - wt);
egHg (=

0

2

1/¢).

let us make

The z axis should
let us make it point up.
Then the y axis must point east, for a right-handed coordinate system.

2

[Of course, we could also use cos(kx - wt),

The term 32E /3x 3t occurs in

= 2 2
- Eouo 3 Bz/at .

in part (b) is substituted into th1s equation, we get

this requires that k2

- 2
w 50]-10:
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(d) Ex = EZ = 0, in order to make E X § = 2.

(e) Direct differentiation and the SDME yield aEy/Bx = -BBZ/dt = +uB, cos(kx - wt)
and 3E /ot = -(l/uoeo)(aBy/ax) = —(k/uoso)B0 cos(kx - wt),

(f) Fy = cB0 sin(kx - wt). This satisfies the first equation above because

ck = c(w/c) = w and cw = c(ck) = 2k = k/eqhg -

Prob1lems

D(1). A parallel-plate capacitor with circular plates 20.0 cm in diameter is
being charged as in Figure 8. The displacement current density throughout
the region is uniform, into the paper in the diagram, and has a value of
20.0 A/m2.

(a) Calculate the magnetic field strength B at a distance R = 5.0 cm from
the axis of symmetry of the region.
(b) Calculate dE/dt in this region.

d-&@ B, Bf______
’\‘F'/ /'

x x
-

E is intox
X X paper x
X XX XX

= = — -

X x SOUPCC >
yx xx > 'c\H'ernrti:; & a b
g XX potential
Figure 8 , Figure 9 Figure 10

E(1). The capacitor in Figure 9 consisting of two circular plates with area
A = 0.100 m* is connected to a source of potential V = Vpax sin wt, where
Vmax = 200 V and w = 100 rad/s. The maximum value of the éisp1acement
current is ig = 8.9 x 107® A. Neglect "fringing" of the electric field
at the edges of the plates.
(a) What is the maximum value of the current i?
(b) What is the maximum value of dog/dt, where & is the electric flux
through the region between the plates?
(c) What is the separation d between the plates?
(d) Find the maximum value of the magnitude of § between the plates at a
distance R = 0.100 m from the center.

F(2). Name and state the four Maxwell equations in vacuum.

G(3). Under what conditions do the following expressions satisfy Maxwell's
equations? (A, a, and b are constants.)
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(a) ;y Ab(x - at), = A(x - at).

B
_ax - at) ? - (x - at)
(b) Ey = fe R BZ Abe .

H(3). (a) Write an equation for the electric field component of a sinusoidal
electromagnetic plane wave traveling in the negative x direction, having
an amplitude of 1.40 V/m and a wavelength of 600 m.
(b) What is the frequency of this wave?
(c) How far apart are two points where the E fields are 60° out of phase?
(d) Find the amplitude of the magnetic field component of this wave.

I(3). The B field in Figure 10 at a given instant of time is independent of y and z,
but points in the positive z direction and has a magnitude that increases
linearly from zero to By hetween x = a and x = b, What do Maxwell's
equations tell you about E, for a < x < b?

Solutions

D(1). (a) B = (1/2)u0R x (displacement-current density) = 6.3 X 10'7 T.
" (b) dE/dt = 2.20 x 10" 2 V/m s.

E(1). (a) 8.9 x 10" A, (b) 1.00 x 10° v m/s. (c) 2.00 mm. (d) 5.6 x 10”12 T.

[Did you get too large a value for (d)? If so, check that you used the correct
displacement current.]
F(2). (a)(1) Gauss' law for electricity:

€0¢§ E . dS =gq (inside S).

(2) Gauss' law for magnetism:

¢ B+ &S = 0.

(3) Faraday's law of induction:

$o E - df = -dog/dt.

(4) Ampere's law (corrected):
¢t B . df = ol * uoeo(déE/dt).

In (3) and (4), ® means the flux through any surface bounded by the curve C, and
i is the current through such a surface.

G(3). (a) The simplified Maxwell's equations yield

Ab = +aA and A = +e.n.aAb.

0o

These will be satisfied if b = a = T7ej; =
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(b) In the same way, Maxwell's equations will be satisfied if

b=1/a-= Veouo = 1/c.

H(3). (a) Take the y axis along E; then Ey E, sin(kx + wt + ¢) in genera]
though we can usual]y assume ¢ = 0. E, = 1.40 V/m k =2n/x =1.,05 x 107 /m, and
w = ck = 3. 14 X 10 /s.

(b) f = 5.0 x 10° Hz.
(c) A 100 m.
(d) B

= E /c= 4.7 x 1079

T.

I(3). The graph Figure 10 tells us the value of 3B /ax SO we refer to the simplified
form of Ampere's law. This tells us that aEy/at 2(aB /ax) = -C BO/(b - a)
for a < x < b; that is, E is increasing with time in the n egat1ve y direction.

PRACTICE TEST

Some Facts You May Wish to Use While Working These Problems
= 3.00 x 108 m/s. an x 107 Wb/Am. ey = 8.9 x 10712 ¢Z/N n?,

)
For fields satisfying Bx = By
Ey = Ey(x, t) (no dependence on
conditions

E, =E, =0 everywhere, and Bz = Bz(x, t) and
y z), Maxwell's equations simplify to the

aEy/ax -‘aBz/at (Faraday's)

and

3B,/ 8x -eouo(aEy/at) (Ampere's).

1. A parallel-plate capacitor has _sguare plates 1.00 m on a side, as in Figure 11.
There is a charging current i = 2,00 A flowing into the capacitor.
(a) What is the displacement current through the region between the plates?
(b) What is dE/dt in this region?
(c) What is the displacement current through the square (dashed) path between
the p1ates7 N
(d) What is B - d? around this square path?

2. (a) State Maxwell's equations in vacuum.
(b) In your answer to (a), identify:

(i) Faraday's law of induction.
(i1) The displacement-current term.



STUDY GUIDE: Maxwell's Predictions 18

. 4
‘l 0.50 m
—
oo T
! i
L] ' ' .o
'l i 4 veem Figure 11
Edge view Y.__._.)__:

v

Top view
3. A plane electromagnetic wave has the electric field

Ey = (3,00 uV/m) cos[{157x) m + (4.57 x 10 t) s] and EX = EZ

he x axis points up and the y axis points north.
a) In which direction is this wave traveling?

b) What is its frequency? Wavelength?
o
d

1
o

) What 1s the amplitude of its accompanying magnetic field?

) At x = 0, which way do E and B point when t = 07

e wr1te expr§551on% for all the components of B. Show that the nonzero
components of E and B satisfy Maxwell's equations.

T
(
(
(
(
(e)
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3+ = (3™ + X})uLs
(o/ng)+ pue (3™ + Xy)uls (3/w3m)- = (3™ + X))uLs v

31~ saALb suoLjenba s, |[amxey
paLjLlduLs oM} By} 03Ul 9sayl BuLINLIsANS (30 + x3)s0d (9/M3)- = %g os
“(3m + x3) so0d w3 = 3 W04 3Yl j0 SL uoljenbs usaalb ayj
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'Ly 0L x00°L (3) (wd g€l =Y "ZH 0L x §2°2 = 4 (q) ‘-umog (®) ‘€

(11) ‘[(3p/%p)% 4 110 = gp . g %
() *3p/8op- = P 3%
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/ -b = ip o 3- Sé03 az
WAM 0L x €'9 (P) 'Y 0870 (2) "sw/A 0L x02°2 (4) "V 002 (¢) ‘L
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MAXWELL'S PREDICTIONS Date

Mastery Test Form A pass recycle
1 2 3
Name Tutor

Some Facts You May Wish to Use While Working These Problems

= 8.9 x 10712 ¢2/N m?.

4n x 10”7 Wb/A m.

€
0
For fields satisfying B, = By =E =E, = 0 everywhere, and B, = Bz(x, t),

Ey = Ey(x, t) (no dependence on y or z), Maxwell's equations simplify to the condi-
tions

¢ = 3.00 x 10% m/s. ug

aEy/ax = -aBZ/at (Faraday's), aBz/ax = -gouo(aEy/at) (Ampére's),

1. The parallel-plate capacitor in Figure 1 is made from two rectangular metal
plates of the dimensions shown, spaced 5.0 mm apart. Along the dotted rec-
tangular path between the plates,

$8 - df = 2.00 x 1078 wb/m.

sag What is the displacement current through this path?
b) What is the (total) current i?

(c) If the potential difference between the plates is V, what is dV/dt?
2. (a) State Maxwell's equations in vacuum.

(b) In your answer to (a), identify:

(i) Ampere's law.
(1) The equation that tells you whether electric field lines terminate,
and where.

3. A plane electromagnetic waves is traveling to the right along the x axis, as
shown in Figure 2. At x = a, E,(a, t) = 0, and Ey(a, t) = Eg cos(wt) with Eg
positive and w = 3.00 x 106 rad;s.

(a) At x = a, are any of Bx’ By, and B, identically zero (i.e., at all times)?

(b) Write expressions for the nonzero components of E(x, t) and B(x, t).
Evaluate the constants occurring in these expresssions as completely as possible.

(c) Show that your expressions satisfy Maxwell's equations.

f

1 L Direction :{-,
wave motion
e X=a
b il _
igure 1 0.2.00 "'I v 100 m ¢
Floure ] oo o X
i — z
o.50 m
Figure 2

TOP view



MAXWELL'S PREDICTIONS Date

Mastery Test Form B pass recycle
1 2 3
Name Tutor

Some Facts You May Wish to Use While Working These Problems

¢ = 3.00 x 10% m/s. by = 4 x 10°7 Wb/A m. ep = 8.9 x 10712 ¢2/5 ml.

For fields satisfying B, = By =E =E = 0 everywhere, and B, = Bz(x, t),
Ey = Ey(x, t) (no dependence on y or z), Maxwell's equations simplify to the

conditions

aEy/ax -aBz/at (Faraday's),

aBz/ax -eoun(aEy/at) (Ampere's).

1. The electric field between the circular plates of a plane, parallel-plate 3
capacitor of radius 10.0 cm is given by E_, = E_ sinut, where Em = 2,00 x 107 V/m
and w = 6.0 x 103 rad/s. z m
(?) What is the maximum displacement current through the region between the
plates?
(b) What is the maximum magnetic field at a radius of 5.0 cm from the axis
of the circular plates?

2. (a) State Maxwell's equations in vacuum.
(b) In your answer to (a), identify:
(i) Gauss' law for the electric field.
(ii) The condition that magnetic field lines do not terminate.

3. A distant radio station, transmitting at 1.50 x 106 Hz, produces a vertical
electric field with EW = +2,00 uV/m (its maximum value) at the origin of the
coordinate system when t = 0. This wave is progressing in the negatijve
direction along the x axis.

(a) Obtain expressions for all the components of E and B as functions of x and t.
(b) Express B; as a function of t at the point x =y = z = 50 m.
(c) Show that your expressions (a) satisfy Maxwell's equations.



MAXWELL'S PREDICTIONS Date

Mastery Test Form C : pass recycle
1 2 3
Name Tutor

Some Facts You May Wish to Use While Working These Problems

c=3.00 x 108 m/s.  uy=dnx 107 WA ey = 8.9 x 10712 PN il

For fields satisfying Bx = By = EX = EZ = 0 everywhere, and BZ = Bzgx, t),
Ey = Ey(x, t) (no dependence on y or z), Maxwell's equations simplify to the

conditions

aEy/ax -aBZ/at (Faraday's),

aBZ/ax = -eouo(aEy/at) (Ampere's).

1. The capacitor shown in Figure 1 is made from two circular plates with a radius
r = 0.100 m, separated by a distance d = 2.00 x 10-3 m. Neglect "fringing" of
the electric field at the edges of the plates. At a given instant there is a
magnetic field of strength B = 5.0 x 10-10 T at a point midway between the
edges of the two plates.
a? Find the displacement current iy through the region between the plates.
(b) Find the current i flowing into the capacitor.
(c) Find dE/dt in the region between the plates.

)
) State Maxwell's equations in vacuum.
) In your answer to (a), identify:

(i) Gauss' law for the magnetic field.

(ii) The conservative nature of the electrostatic field.

~nN
—~—

a
b

3. The star Betelgeuse is directly overhead (i.e., on your positive x axis).
Assume it_has emitted a sinusoidal electromagnetic wave with wavelength
6.0 x 10-5 m that is now striking the Earth.
(a) Give as complete a mathematical description of this wave as you can; i.e.,
give expressions for the components of the electric and magnetic fields,
and evaluate as many of the constants as possible with the information given.
(b) Show that your expressions satisfy Maxwell's equations.

By |V

Figure 1 e
&EggL*

NT—




MAXWELL'S PREDICTIONS A-1

MASTERY TEST GRADING KEY - Form A

1. What To Look For: (b) Check that the correct displacement current is used,
i.e., 1d(tota1) rather than just 1d'

Solution: (a) According to Ampére's law, & B.df = ug(i + i4). Between the

plates, i = 0. Thus, the current passing through the rectangle is

-> _7)

>
iy = (1/ug) #c B + di= (2.00 x 1078)/(4x x 1077) = 15.9 ma.

(b) Assuming the displacement current is uniformly distributed over the area of
the plates, 1d(tota1) = 5'01d(rectang1e) = 80 mA.

(c) The potential difference V between the plates is V = ED, where D is their
separation. Thus

i = ﬁ:eAi_ E_Qf.
d(total) ~ 0 dt 0"dt -~ D

dv _ Td(tota1)® _ (8.0 x 1072)(5.0 x 1073) _

R where A is the area of the plates. Thus

[aRiaN
chj<<

dt = 7
dt egh (8.9 x 10-12)0.50 9.0 x 107 V/s.
2. Solution: + N N
eg $g £+ dA =q (i1);
-> > . - - N > . dq)E) .
$ B+ dA =0, 9 E . de = -d¢B/dt, o B . dg = u0(1 + ear (i),

3. What To Look For: (b) Note that a phase constant (-ka) must be included in
the argument of the cosine to obtain Ey = £ cos{(wt) at x = a. The argument
of the cosine could also be the negative of the one shown; either one works,
since cos(=a) = cos(a).

Solution: (a) B, = By = 0 at all times (everywhere!).

(b) Ey = £y cos[k(x - a) - wt]. B, = +Ey/c. (Note that E, = 0.)
a=20.100 m, w is given in the problem, and k = w/c = 1.00 x 102/m. Thus
ka = 1.00 x 1073 rad.

(c) These expressions satisfy the conditions for the simplified form of
Maxwell's equations given at the top of the test page. Substituting them into
these equations gives us

-kEy sinlk(x - a) - ut] £ -u(Eg/c) sinlk(x - a) - wt];  and
-k(Eg/c) sinlk(x - a) - wt] : -eqrguEq sinlk(x - a) - wt].

Since equg = 1/c2, these equations are both satisfied because we set k = w/c,
above.




MAXWELL'S PREDICTIONS B-1

MASTERY TEST GRADING KEY - Form B

1. What To Look For: (b) Check that the correct value is used for the displace-
ment current, i.e., ia(max) rather than id(

max) "

Solution: (a) id = € d¢E/dt = aOnRz dEz/dt, where R is the radius of the

plates. id -eOnszEm cos wt. The maximum value of this is

f4(max) ° eonszEm = (8.9 x 10712)2(0.100)2(6.0 x 103)(2.00 x 10%) = 3.4 pA.
> >

(b) By Ampere's law: 2mrB o = e B cde = uoia(max) = (1/4)“Oid(max)' Thus

_Yold(max) _ (4r x 1077)(3.4 x 107%) _ 12
Bmax = 8TTY‘ - _2 - 3-4 x ]0 T.
8 (5.0 x 107°)
2. Solution: (i) ey $ E - df = q. (i1) s B - df = 0.
> > > > .
$o b+ de = -dey/dt. $c B« di = u0(1 * e de/dt).

3. What To Look For: (a) Note that the argument of the cosine must be kx + wt,
or -kx - wt, in order for the wave to travel in the negative x direction. _
There must also be a minus sign in the expression for Bz’ to make E x B = c.

Solution: (a) E, = E, = B, = By = 0. Ey = Eg cos(kx + wt).
15

2.00 uV/m, Eo/c = 6.7 x 107

T, and

B, = -(Eo/c) cos(kx + wt). Eq

w=20F = 9.4 x 108 Hz. Thus k = w/c = 3.14 x 10"%/m.

(b) BZ(a, a, a, t) = —(Eo/c) cos(ka + wt), where a = 50 m.
Bz(a, a, a, t) = -(Eo/c) cos(1.57 rad + wt) or +(E0/c) sin wt.

(c) These expressions satisfy the conditions for the simplified form of
Maxwell's equations given at the top of the test page. Substituting them yields

ik~

-KkEq sin(kx + wt) = - (Eo/c) sin(kx + wt) and
2

+k(E0/c) sin(kx + wt) 2 *+egig E0 sin(kx + wt).

Since eqgug = 1/c2 and we set k = w/c above, these are both satisfied.




MAXWELL'S PREDICTIONS C-1

MASTERY TEST GRADING KEY - Form C

1. (a) By Ampére's law, 27mrB = & Cﬁ'- dg = uoid (i = 0 between the plates)
where r is the radius of the circular plates, and of the path C. So

_ 2B 20(0.100)(5.0 x 107'%) _ 4 he0 g
v 4 x 1077

€ nrsz/dt; S0

(c) = EOdQE/dt = £
I 2.5 x 1077 8
dE/dt = 5 = D2 5= 8.9 x 10° V/m s.
eqmr (8.9 x 107" °)(0.100)
2. Solution: e, % E.df =q. (1) #q B . df =
. ; > L oaT - .
(i1) #; E - df = -dep/dt. $c B . d% ug(i + e dop/dt).

3. What To Look For: (a) Check that the argument of the cosine is kx + wt, or
-kx - wt, so that the wave travels in the negative x d1rect1on A1so there
must be a minus sign in the expression for B , in order that E x B

Solution: (a) Choose the y axis to lie along the direction of E, and set your
clock so that Eyis a maximum at t = 0 (this avoids a phase constant ¢).

Then Ex = EZ = Bx = By =0,

Ey = cos(kx + wt), B, = —(Eo/c) cos(kx + wt) [where k = 21/

= 1.08 x 10°/m; o= ke = 3.14 x 1013/ (£, is not determined).]

(b) These fields satisfy the conditions for the simplified form of Maxwell's
equations; so we substitute the expressions for Ey and BZ into the equations
at the top of the page.

-kE0 sin(kx + wt) z —w(Eo/c) sin(kx + wt) and
+k(E6/c) sin(kx + wt) z +sou0wEO sin(kx + wt).

Both these are satisfied, since €040 = 1/c2, and we set w = kc above.
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