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Abstract

In this paper we study sequences of the form (a™ + b)5=;, where a,b € N.
We prove many interesting results connection with sequences with infinitely
many prime divisors.
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1. Introduction

There are many mathematical problems when we investigate the divisibility of
sequences by a prime. We usually find this kind of interesting examples in national
mathematical competitions and in the International Math Olympiad. In this paper
we study sequences of the form (a" + )22, where a,b € N. We prove some
results concerning with sequences with infinitely many prime divisors. Moreover we
characterize these sequences. Some of our theorems assert that there are infinitely
many prime divisors of a sequence. These statements come from easily from the
theory of S-units, but in this paper we use only elementary methods to get our
results. We mention that our results help to generalize problems which can be
found in some exercise books for students.
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Let A ={a; <ay < - <ay, < -} CN be a given set and let us denote
by A(x) the number of the elements of A not exceeding x. Let us suppose for any
natural number k there is a positive real number z; such that for all x > x; the
inequality A(z) > (logx)* holds. In this case there are infinitely many different
prime divisors of the elements of A (see [3], p. 102).

Further we shall study the sequences of positive integers where the previous
condition is not true. Let a,b be natural numbers with ¢ > 1 and (a,b) = 1.
Obviously the sequences

(a" +b)72 (1.1)

do not fulfill the above condition, since

log(x —b)
loga

A(a:):[ ] it z>0+1.

In what follows we show that sequences (1.1) have infinitely many different
prime divisors. In the special case, when a = 10 and b = 3 we proved (in [6])
that the sequence (10™ + 3)22; has infinitely many prime divisors, moreover for

infinitely many primes p there are infinitely many n € N such that p | 10™ + 3.

2. Results

First we prove that there are subsequences of sequences (1.1) which have infi-
nitely many prime divisors.

Theorem 2.1. Let a,b,c,d be natural numbers, (a,b) =1 and a > 1. Then there
are infinitely many prime divisors of the sequences

(a T gy (2.1)

Proof. First we suppose that sequence (2.1) has only finitely many prime divisors.
Let us denote these primes by ¢1 < q2 < --- < q. Let us denote by 1 < ¢2 <
-+ < q; the prime divisors of sequence (2.1) which are divisors of a¢+b as well and
Q41 < qiy2 < -+ < q which are not divisors of a®+ b. Let us denote by «; for all
1 <s <!l and s € N the least natural number such that

qges > a®+b.
Let

M=q"q5” ¢ @2 Qe

be a product of prime powers. In this case (a, M) = 1 since (a,b) = 1. By the
theorem of Euler we have
M | o™ 1 (2.2)

for all n € N.
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Now we investigate the sequence
(a“tmeMDT 4 g2 | (2.3)

which is obviously a subsequence of sequence (2.1).
Let ¢ be a prime divisor of sequence (2.3) that is

am?Mdte L =0 (mod q) (2.4)
for some m € N. It follows from (2.2) that
a™*Md _1=0 (mod q). (2.5)
Using (2.4) and (2.5) we have
gmeMdte 4 — am“’(M)”l(aC —1)+ am?Md _ 1 4 hr1=0a°+b (mod q).
It is clear that ¢ | a® + b, it follows that ¢ € {q1,¢2,...,q}, that is

am(p(M)dJrc +b= qlﬁml quz . qlﬁml

Whereﬁmj >0forallmeNand 1<j<I.
We show that for all m € N and 1 < 5 <[ we have ﬂmj <oaj. Let 1<5<,m
be arbitrary natural numbers and 3,,,; > «; then

g7 | ameMdte 4 p,

that is
ameMdte L =0 (mod q?j).

Since q?j | M, it follows from (2.2) that a™*()? — 1 =0 (mod qj‘j) and
ame(M)dte 4 p — am"o(ﬂ/[)d(aC -1)+ amPM)d _ 1 by 1=a+b (mod q;”),

that is q?j | a®+ b, which is contradiction since q;.lj > a+b. It follows that for all
terms of (2.3) we have

amPM)dt+e 4y - a7 gs? gt < M.
In this way we obtained a contradiction since sequence (2.3) is not bounded. O

In the sequel we prove an interesting property of the prime divisors of sequence
(2.1).

Theorem 2.2. If m € N is a divisor of a term of sequence (2.1) then m divides
infinitely many terms of sequence (2.1).
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Proof. Let m € N be a divisor of a term of sequence (2.1). Let us denote by ng
the least non-negative number which

m | a“tmd 4, (2.6)

Since (a,m) = 1, there exists a power h,, of a (mod m). The number m divides
a™ — 1 if and only if Ay, | n.
Let us consider the sequence

(@™ 4 b)p>, (2.7)
where h
=(k—1)—"_ .
ng = (k )(hm,d) + ng

Obviously sequence (2.7) is a subsequence of sequence (2.1).

We show that m divides only those terms of sequence (2.1) which are the terms
of (2.7) as well.

a) First we prove that m divides all terms of sequence (2.7). Obviously we have

ankd—&-c + b= ankd—‘w + bh— an0d+c + an0d+c _
— anod+c(a(nkfno)d _ 1) 4 ank(]+c + b — (2.8)

= gnodte (a(k_l)% -1)+ a™dte 4 p,
Using that ﬁ is an integer number and the definition of h,, we have

VT _ 1 = (mod m).
It follows that
a™ e 4 b =g 4 p (mod m),
that is m divides all terms of (2.7).
b) Secondly we prove that if m divides a term of sequence (2.1) then this term

is a term of sequence (2.7).
Let us choose n € N such that m | a®®*¢t +b. Obviously n > ng. Then we have

m ‘ and+c1 + h— (angd-i-cl + b) — anod+01 (ad(n—no) _ 1) .
Since (a,m) = 1, therefore m | a¥»="0) — 1. Using the definition of h,, we have
B | d(n —np), and
h
n= (k—l)jm + ng (2.9)
for some k € N. From equation (2.9) we deduce

hm
n= <(k-1><’“;’d>> +np.

(hm 7d)
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Using that ((hh%, ﬁ) = 1, we have that n is an integer if and only if the

fraction 271 is also an integer. Consequently
()
d
k—1=(-1
( )(hm, d) )
and
n=(1-1) o +n
= (hm7 d) 0-
Now the theorem is proved. O

In the previous theorems we investigated such subsequences of sequences (1.1)
where the powers formed arithmetic progressions. It is known that the asymptotic
density of sets of terms of arithmetic progressions are greater than zero, more
exactly it equals the reciprocal of the difference. This means that sequence (2.1)
is such a subsequence of (1.1) which contains relatively “many” terms of sequence
(1.1). In what follows we are looking for subsequences of (1.1) where the density of
the set of powers is zero, but they have infinitely many prime divisors. We give two
sequences possessing the above conditions. In one of them the powers run through
the set of primes and in the other the powers equal the values of Euler’s function
. It is known fact that the asymptotic density of the set of primes and the set of
values of Euler’s function are zero.

Theorem 2.3. Let a,b be natural numbers with (a,b) = 1 and a > 1. Let us
denote by p, the n-th prime number. Then the sequence

(@ +b)72, (2.10)
has infinitely many prime divisors.

Proof. Let us suppose that sequence (2.10) has only finitely many prime divisors,
namely q1,¢qo,...,q,. We discuss two cases.

We consider first that there are prime divisors of the terms of sequence (2.10)
which divide a + b. Let us denote by ¢; < --- < ¢; the divisors of a + b and
qr1 < +-+ < qr which are not divisors of a + b. Let us denote by ay for all
1 < s <[ the least natural number which

qgss >a+b.

Put
M=q"q5” ¢ Qi1 Qi

In this case (a, M) = 1 since (a,b) = 1. It follows from Euler’s theorem that

™M) _1=0 (mod M) (2.11)



50 F. Filip, K. Liptai, J. T. Toth

for all n € N. Using the theorem of Dirichlet we get that there are infinitely many
prime numbers in the sequence (np(M)+1)% ;. Let us denote these prime numbers
by p} <ph <---pl, <---. Obviously the sequence

(aP + )2, (2.12)

is a subsequence of sequence of (2.10). Let ¢ be a prime divisor of sequence of
(2.12). Obviously ¢ € {q1, 42, - - -, qr }, moreover

@’ +b=0 (mod q) (2.13)
for some ¢ € N. It follows from (2.11) and (2.13) that
=a” +b=a""Ya—-1)+a" " +b=a+b (mod q).
Thus ¢ | a+band g € {q1, 2, ...,q}. In other words a”i + b can be written in the

form

Clp;’ + b= qlﬁi’lqgi’2 . qlﬁivl

where 3; ; > 0 for all 1 < j <! natural numbers.
Now we show that §; ; < aj forall 1 < j <. If 3;; > a; for some 1 < j <!
then
a’ +b=0 (mod q;-l")

moreover using (2.11) and ¢;7 | M we have
@’ "'=1 (mod ;7).
It follows from the previous congruence that
O=a’i+b=a"""a—1)+ad” "+b=a+b (mod q;")
which contradicts the fact that q;” > a + b. In this way we get
A’ b < g s gt < M

for all ¢ € N. Here we have obtained a contradiction since sequence (2.12) is not
bounded.

In the second case we study when the terms of sequence (2.10) do not have such
prime divisors which divide a + b. Put

L=qaq - qi.
Since (a, L) = 1, therefore
) _1=0 (mod L) (2.14)

for all n € N. Let
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be a prime and ¢ be a prime divisor of a® + b.
It follows from the definition of @ and from (2.14) that

a®t=1 (mod q)
where ¢ € {q1,q2,...,qx}. Obviously
0=a?+b=0a%"a—-1)+a ' +b=a+b (modyq),
which contradicts the fact that ¢ is not a divisor of a + b. O

It is worth investigating that if a term of sequence (2.10) is divisible by a prime
then this prime is a divisor of infinitely many terms of the sequence. The answer
is not as obvious as before. First of all we prove a Lemma which help us in this
case and other similar cases, too.

Lemma 2.4. Let a,b be natural numbers with (a,b) =1 and a > 1. If q is a prime
divisor of sequence (1.1) then

1. There exists an exponent hq of a with respect to q.

2. If q is a divisor of a® +b then q is a divisor of those terms of sequence (1.1)
which can be given of the form

ak+zhp +b
where z € Z and k + zh, > 0.

Proof. 1. The first statement is trivial. If (a,b) = 1 and ¢ is a divisor of a term
of sequence (1.1) then (a,q) = 1.

2. Let ¢ is a prime divisor of a* +b. Let us denote by h, an exponent of a with
respect to ¢. Let us consider a term in the form a™ + b of sequence (1.1). In this
case q is a divisor of a™ + b if and only if

(a®*4b) — (@™ +b) =0 (mod q). (2.15)
Using elementary conversions we have
(ak +b)—(a™+0b) = gmin{km} ((Jb‘m_’€| — 1).
Since (a,q) = 1 and h,, is an exponent of a we get that congruence (2.15) is valid if

and only if h, is a divisor of |m — k|. This statement is equivalent to our statement.
O

Conclusion 2.5. If a prime ¢ is a divisor of two different terms of sequence (2.10)
then it is a divisor of infinitely many terms of the sequence.
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Proof. Let g be a prime divisor of at least two different terms of sequence (2.10).
Let us denote these terms by a”* + b and a?? + b where p; < py. It follows from
Lemma 1 that

P2 =p1+ nhq

for some natural number n. Since p; and py are primes therefore (p1,h,) = 1.
Using Dirichlet’s theorem we have that there is a subsequence (p/,)22; with prime
terms of the sequence (p1 + nhy)o2,. It follows from Lemma 1 that ¢ is a divisor

of all terms of the sequence
(a” +b)5Ly.

O

Further we study a subsequence of (1.1) where the powers are the values of
Euler’s function . Similarly to the previous sequence the asymptotic density of
the set of values of Euler’s function ¢ equals zero. First we prove that there are
infinitely many prime divisors of this sequence.

Theorem 2.6. Let a,b be natural numbers where (a,b) =1 and a > 1. Then there
are infinitely prime divisors of the sequence

(™ + )22 (2.16)

n=1"

Proof. Let us suppose that there are only finitely many prime divisors of sequence
(2.16) namely q1,qa,...,qs. We distinguish two cases.

In the first case we suppose that among the prime divisors of sequence (2.16)
there are divisors which divide b+ 1. Let us denote these divisors by ¢1 < -+ < ¢
and the others by ¢;+1 < -+ < gx.

Let us denote by «; for all s (1 < s <) the least natural number which

g >b+1.

Put
M =q7"¢" ¢ a1 g

Obviously (a, M) = 1. Tt follows from Euler’s theorem that
a™?™M) =1 (mod M) (2.17)

for all natural numbers n. Let us consider an increasing sequence of prime numbers
(pi)$2, where (p;, M) =1 for all ¢ € N. Since the Euler’s function is multiplicative

we have that the sequence
(a99(p'i)80(]\/[) +0)%, (2.18)

is a subsequence of sequence (2.16).
It is obvious that the prime divisors of sequence (2.18) belong to the set

{Q17qQa . 'an}'
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We choose one of them and let us denote it by ¢. It follows from (2.17) that
0=a?®)?M) L p=p+1 (mod q),
that is ¢ is a divisor of b+ 1 and ¢q € {q1,¢2,...,q}. Thus we have
af@)eM) 4 — gl qlﬁ“
where 3; ; > 0forall 1 <j<landieN.

Henceforth we show that 3; ; < a; for all 1 < j <land i€ N. If 8;; > o  for
any 1 < j <[ and for i € N, then we have

a?®)eM) 4 =0 (mod q;”) and a?®PIPM) _1 =0 (mod q?j).

It follows from the previous congruences that qj—” is a divisor of b+1, this contradicts
the fact that q?j > b+ 1. Hence

a?®ieM) 4 gy gyt qla“ <M,

which is a contradiction since sequence (2.18) is not bounded.

In the second case we suppose that the divisors of sequence (2.16) are not
divisors of b+ 1. Put
L=qq2 g

Since (a, L) = 1, it follows from the Euler’s theorem that
a?®) —1=0 (mod L). (2.19)

Obviously a®®) + b is a term of sequence (2.16). Let ¢ be a prime divisor of
sequence (2.16). In this case

0=a?P +b=a*P —14+b+1=b+1 (mod q),

that is ¢ is a divisor of b + 1 which is contradiction. O

Further we investigate when a prime divisor of sequence (2.16) divides infinitely
many terms of sequence (2.16). This problem is more difficult than in case (2.10).
We give two sufficient conditions.

Theorem 2.7. If q is a prime divisor of sequence (2.16) and b+ 1 =0 (mod q),
then q is a divisor of infinitely many terms of sequence (2.16).

Proof. Let ¢ be an odd prime divisor of sequence (2.16) with the condition b+1 =
(mod ¢). Since (a,q) = 1, it follows from the Euler’s theorem that a#(®) =
(mod ¢). Obviously we have

0
1

a?D4p=0aD - 14b+1=0 (mod q).



54 F. Filip, K. Liptai, J. T. Téth

Let (p,)22, be an arbitrary increasing sequence of prime numbers, where ¢ is not
a term of this sequence.
We show that ¢ is a divisor of all terms of the sequence

() 4 b)72
Since ¢ is a multiplicative function and (g, p,) = 1 we have that
a?(aPn) 4 p = P @DePn) 4= (g#@D)2Pn) 14 p4+1=0 (mod q)
for all natural numbers n. O

Theorem 2.8. Let g be a prime divisor of sequence (2.16) and the power of a is
an odd number (mod q). Then q is a divisor of infinitely many terms of sequence

(2.16).

Proof. Let ¢ be such a prime divisor of sequence (2.16) that the power of a is
odd (mod ¢). Let us denote by ng the least natural number where ¢ is a divisor
of a#(™0) +b. Since the power h, of a is odd (mod ¢) from the Dirichlet’s theorem
follows that the sequence

(khg +2)724 (2.20)
contains infinitely many prime numbers. Let us choose a subsequence
(Ph)nt

of sequence (2.20) which terms are primes and not divisors of the number ng. Since
¢ multiplicative we have that

a?Morn) 4 — qe(no)e(pn) 4 p — qemo)(pn—1) 4 p —
= PM0)(khat1) 4 — ge(no)te(no)khe 4y
for all n € N. Using Lemma 1 we have that ¢ is a divisor of all terms of the sequence
(a?(MoPh) 4 p)>

O

Finally we show that there are infinitely many primes which do not divide any
term of sequence (2.16). First we prove a more general theorem.

Theorem 2.9. Leta > 1 and b > 1 be natural numbers where b is odd and (a,b) =
1. Then there are infinitely many primes p which do not divide any term of sequence

(@™ +b)p2, (2.21)
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Proof. Let p be an arbitrary prime. Then p is not a divisor of any term of sequence
(2.21) if and only if there is no solution of the quadratic congruence z? = —b

(mod p). Using the Jacobi’s symbol we have

Let p be an odd prime number where (b, p) = 1. Applying the law of quadratic
reciprocity of Gauss we have

()-GIE -0 () o= -G am

We distinguish two cases.
First we suppose that b = 41 + 1 where [ is a natural number. Let us consider
primes of the form
p=4bk+2b+1, where ke€N.

It follows from the Dirichlet’s theorem that there are infinitely many primes of the
form as above since (4b,2b+ 1) = 1.

In this case () = ($) = 1 and 172;1HT1 is odd natural number. Using (2.22)
we have

That is p doesn’t divide any term of sequence (2.21).
In the second case we suppose that b = 4] 4+ 3 where [ natural number.
Let us consider primes of the form

p = 2bk +2b — 1.

Using the previous method we get that there are infinitely many primes of this
form. Obviously %! is even. Moreover

- G-

Using (2.22) we have equation

That is p doesn’t divide any term of sequence a (2.21). O

Conclusion 2.10. There are infinitely many primes which do not divide any term
of sequence (2.16).

Proof. Using the previous theorem we get this statement since the Euler’s function
© is even except those cases when (1) = p(2) = 1. O
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