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Abstract

In this paper some properties of the arithmetical functions a,(n), v(n),
7(n) defined by Salat in 1994 and Mycielski in 1951, respectively are inves-
tigated from the point of view of Z-convergence of sequences (Z-convergence
was defined by Kostyrko, Salat and Wilcezynski in 2000).

1. Introduction

We shall study some properties of the Z-convergence of sequences of arith-
metical functions f: N — N, a,(n), v(n), 7(n). Elementary properties of the
function a,(n) were studied in [6]. We shall extend these results with properties of
Z-convergence of the sequence (a,(n))5;.

We also want to investigate the asymptotic density of the sets My = {n: f(n) |
n} and the Z-convergence of arithmetical functions y(n), 7(n) defined by Mycielski
in [4].

As usual we put for A C N: A(n) = [{1,2,...n} N 4|,

A(n) A(n)
n

n

d(A) = liminf ,d(A) = lim sup
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the lower and upper density of A. If d(A) = d(A), then we set

d(A) = d(A) =d(A),d(A) = lim ——=.
The system Z C 2" is called an admissible ideal if Z is additive (A, B € T =
AU B € TI), hereditary (A € Z, BC A = B € ) and contains all finite sets. In
this paper we are interested in ideals 7y = {4 C N, |A| < +o0}, Zy = {A C N :
d(A)=0},Z.={ACN: Y al!<+ooc}and Z¢ = {ACN: Y a9 < +oo} for
acA acA
q € (0,1). Tt is easy to see that for ¢ < ¢’ € (0,1) the following inclusions hold:

I, CTIC1¢ CT, C 1y

A given sequence z = (x,)22; of real numbers is said to be Z—convergent
to L € R, if for each ¢ > 0 we have A, = {n : ’xn—L| > ¢} C 7 (shortly
Z-limz, = L). The cases of Zj-convergence and Zy-convergence coincide with
the usual convergence and the statistical convergence (see [3], [7]), respectively.
Therefore we will write limx,, = L and limstatz, = L instead of Z;-limz, = L
and Zy—lim x,, = L, respectively.

In |7, Lemma 2.2] it is shown that

ICT =7-limz,=L=7 —limz, = L.

Using this result we completely determine for which ¢ the sequences a,(n), v(n)
and 7(n) are Z3-convergent.

2. Z-convergence of (a,(n))>,

Let p be a prime number. The function a,(n) is defined in the following way:
ap(1) = 0 and if n > 1, then a,(n) is the unique integer j > 0 satisfying p?|n but
Pt n, de., p®(™ || n. At first we are going to generalize the result that the

sequence ((log p)%) is statistically convergent to 0 [6, Th. 4.2].
n=2
Proposition 2.1. Let g(n) >0(n=1,2...) and lim g(n) = +oo. We have
. ap(n)
lim stat(log p) = =0.
T

Proof. Let ¢ > 0. Put A. = {n > 1 : (logp) aq”((rg) > ¢}. We will show that
d(A:) = 0. Let n > 0. Choose m € N such that

p- <. (2.1)

By the conditions of the proposition there exists an ng, such that for any n > ng
we have
eg(n
90) . (2.2)
logp
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Let n > ng and n € A.. It follows from (2.2) and the definition of A, that

eg(n)
=
ap(n) logp >m
Hence for the numbers n > ng,n € A, implies p"™|n. This leads to the conclusion
that A. C {1,2,...,n0} U{n > ng : p | n} and considering (2.1) we get d(A.) <
p~"™ < n. Since n > 0 is an arbitrary positive number, d(A.) = 0. |

Remark 2.2. It is proved [6, Th. 4.1] that the sequence ((log ) ’Igg(z)) is dense
n=2

in interval (0,1). But ((1og p)‘;”(—(:))) which is statistically convergent to zero if
n=2

g(n) — 400, is not always dense in (0,1): For example if we define the function
g(n) = maz{1,log? n}, then we have
ap(n)

lim (logp)——5— =0
n— oo 10g n

and also

lim stat %Zn) =0,
log®n

but this sequence is not dense in (0, 1).

Theorem 2.3. The sequence (ay(n)),_, is I.-convergent to 0 and I2-divergent
for q € (0,1).

Proof. Let € > 0 and denote

A.={neN: (logp)?gg;) > el

Let g € (0,1). We want to show that
1
> =<+ (2.3)
neA. n

and for0<e<1—gq

1
Y . =+oo. (2.4)
neA. n

For nonnegative integer i denote AL = {n € A.;n = pu, (u,p) = 1}. We have
AL N AL = () for i # j and for any t > 0

PO D Pl (25)

neA. =0 neAé
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a) Consider that n € AL if and only if n = p'u where (u,p) = 1 and also

ap(n)

logn

(log p) >e.

Then

logp) 77— 2
(ng)z'logp+logu c

from which we obtain u < p?®, where § = (1 —¢)/e. Hence

L P’ 1, i
Z —-< = Z ~- 1+/ dt/t | = —(1+idlogp) < Ad— logp
n 1 p p

neAL <p“5

S S
where A > 0 is only dependent on ,p and not on i. The series pi converges,

i=0
this proves (2.3).
b) We write
1 1 1
iyt
neAt u<p16
(u,p)=1

Then we have

WV I
7 N
—_
|

M 50-
N————

- ¢

VR 1\

S
_"_

S

—_
3

i
pisicaepis U pida
_ 7,5( 1) ](-S _ (1 ) i6(1—q)
p prd
Finally we obtain

1 = 1 =
Yo=Yy - e
nea. " iS0vear ! p el (q

The series on the right-hand side diverges if ¢ + (¢ — 1) < 0, i.e. ¢ <1 —¢. This

proves the I4-divergence of (a,(n))),. O
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3. On the functions v(n) and 7(n)

In [4] there were new arithmetical functions defined and investigated in connec-
tion with the representation of natural numbers of the form n = a®, where a, b are
positive integers. Let

_ b by _ by
n=ay' =ay’ = =aj.) (3.1)

be all such representations of a given natural number n, where a;,b; € N.
Denote by

T(n):b1+---+b,y(n),(n>1).

It is clear that y(n) > 1, because for any n > 1 there exists a representation in
the form n'.
We are going to study some new properties of the functions y(n) and 7(n).

Put T'(n) =v(2) +--- +vy(n), (n = 2). It is proved in [4], that

[log, n] [logy n]
T = 3 (V= ogar] =t > (9~ Dosy (3.2)
s=1

Remark 3.1. It is easy to show that the average order of the function y(n) is 1,
ie.,

It follows from (3.2) that
T(n) =n+Ti(n) — [logy nl,

[log, m]
where T1(n) =n + Z [v/n]. Then simple estimations give

([logyn] — 1)[ "#2%/n] < Ta(n) < ([logyn] — 1)v/n

from which we get lim % =0.

n—oo
In papers [1, 2] sets of the foorm My = {n € N: f(n) | n}, f : N — N are
investigated. For some of the known arithmetical functions the sets M have zero
asymptotic density: e.g. the functions w(n) (the number of prime divisors of n),

sg(n) (the digital sum of n in the representation with base g), m(n) (the number
of primes not exceeding n).

Proposition 3.2. Put A, = {n > 1:n = pi...p% (0q,...,ap) = k} (k =
1,2,...). Then
d(Ay) =1. (3.3)
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Proof. Denote by B = U2, Ay, then N\{1} = A; U B, where A; N B = (. It can
be easily shown that d(B) = 0, from which (3.3) follows immediately. The elements
of the set B are only numbers of the form ¢°(¢ > 1, s > 1). Denote by H the set
of all numbers ¢*(t > 1, s > 1). The series of reciprocal values of these numbers is

equal to Y > & which is convergent to 1 (cf. [4]). Then we have d(H) = 0 and
t=2s5=2
it implies that also d(B) = 0. O

Let us investigate the asymptotic density of M, = {n : v(n) | n} and M, =

{n:7(n)|n}.

Proposition 3.3. We have
(i) d(M,) =1,
(ii) d(M;) = 1.

Proof. (i) If n € Ay, then evidently y(n) = 1 and n € M,. Thus A; C M, and
considering (3.3) we get d(M,,) = 1.
(ii) Similarly. O

In [4, Th. 3, Th. 5] there are proofs of the following results:
2

SEIOEIE LI N

n n 6

In connection with these results we have investigated the convergence of series
for any o € (0,1)

> n)—1 <= 7(n)—1
227(”)& 2_:2 (rfa

Theorem 3.4. The series

diverges for 0 < o < % and converges for o > %

Proof. a) Let 0 < a < 3. Put K = {k? : k > 1}. A simple estimation gives

S8 1 g~ a1

n=2 nek

1
5

Clearly v(n) > 2 for n € K. Therefore

Z%}Z%: %22%:+00- (3.4)
2
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b) Let a > 4. We will use the formula
oo oo (o) o0
v(n) —1 1 1
AN = — . 3.5
S EEE Lo 03

For a sufficiently large number k (k > ko) we have
the series on the right-hand side of (3.5) with

Zka o <Zko¢ a +2Zk2(x

k>ko

ka 7 < 2. We can estimate

Since 2a > 1 we get

> -1
T -1
n=2 ne

Corollary 3.5. The sequence y(n) is
(i) Z.-convergent to 1,
(ii) Zq-divergent for q € (0, 7] and Z.—convergent to 1 for q € (%, 1).

Proof. (i) Let £ > 0. The set of numbers {n > 1: |y(n) — 1| > €} is a subset of

H={t,t>1,5s>1}and Y < +oo. From the definition of J.—convergence (i)
acH
follows.

(i) Let € > 0 and denote A. = {n € N: |y, — 1| > ¢}. When 0 < ¢ < 3 then
for the numbers n € K, K = {k? : k > 1} considering (3.4) holds

Znia>znia>+oo.

neA. nek

Therefore (n) is Zd-divergent. When £ < ¢ < 1, then A. C H and
o0 1 oo oo
2 s >
n=2 k=2 s=2

The convergence of the series on the right-hand side we proved previously in The-
orem 3.4. Therefore y(n) is Z,—convergent to 1 if ¢ € (1,1). O

Remark 3.6. We have limstaty(n) = 1.

Theorem 3.7. The series

diverges for 0 < a < % and converges for o > %
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Proof. Let 0 < aw < 1. We write the given series in the form

PPRALEET SD Spe (36)

We shall try to use a similar method to Mycielski’s proof of the convergence of

22 T(") ! to explain the equality (3.6). Since 55 = *%%(t%)t:k and 22 tis =
t“(tTl) the right-hand side of (3.6) is equal to
= 2k®

koz (ka _ Z -

For the k-th term of > aj we have
2—-L 1
. — =

T a- L2 k2e

Denote by b, = k% and consider that khm Tk 2. Hence the series > ay

s=2

converges (diverges) if and only if the series Z b, converges (diverges). Since
=2

> by, is convergent (divergent) for any a > 1 (0 < a < 3) so does the series Y ay,

and therefore the series > T(") )1, O

Corollary 3.8. The sequence 7(n) is
(i) Z.—convergent to 1,
(ii) Z¢-divergent for q € (0, 3] and Z.~convergent to 1 for q € (3,1).

Proof. Similar to the proof of Corollary 3.5. (|

Remark 3.9. We have limstat 7(n) = 1.
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