A NON-DC FUNCTION WHICH IS DC
ALONG ALL CONVEX CURVES

LIBOR VESELY AND LUDEK ZAJICEK

ABSTRACT. A problem asked by the authors in 1989 concerns the natural
question, whether one can deduce that a continuous function f on an open
convex set D C R™ is DC (i.e., is a difference of two convex functions) from
the behavior of f “along some special curves ¢”. I.M. Prudnikov published
in 2014 a theorem (working with convex curves ¢ in the plane), which would
give a positive answer in R? to our problem. However, in the present note
we construct an example showing that this theorem is not correct, and thus
our problem remains open in each R", n > 1.

INTRODUCTION

A function f on an open convex set D C R" is called a DC (or d.c.) function
if it is a difference of two convex functions. Fore more information about DC
functions and their applications see e.g. [3], [6], [1].

DC functions of one variable have a very simple internal characterization:
they are precisely indefinite integrals of functions with locally bounded vari-
ation. However, for n > 2, no simple and useful internal characterization of
DC functions is known.

Already A.D. Aleksandrov (who first studied and used DC functions of more
variables) in 1949 asked whether a function on R? which is (in a natural sense)
DC on each line must be DC; now it is well-known that this is not the case
(see e.g. [7, p. 35]). So the following rough question arises:

Is it possible to characterize DC functions on D C R™ “in the language of
curves” only?

Two precise versions of this question were formulated in [7, Problems 6
and 7, p. 45]; Problem 7 is reproduced in Remark 2.2 below. A paper [4]
by .M. Prudnikov contains a claim (Theorem 1) which would give a positive
answer to [7, Problem 7] for real functions in R? (see Remark 2.2). However,
we construct an example showing that [4, Theorem 1] is not correct, and thus
our [7, Problem 7] remains open in each R, n > 1, even for real functions.

Let us describe the claim of [4, Theorem 1]:
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For a two-dimensional compact convex set K C R? let 7 : [0, Tx] — OK
be a simple closed curve parametrized by the arc length. Let D C R? be an
open bounded convex set and f: D — R a Lipschitz function.

[4, Theorem 1] asserts, that f is DC if and only if the following condition
holds:

(C) There exists a constant ¢ = ¢(D, f) > 0 such that for each two-
dimensional convex compact K C D the variation V(®',[0,Tk]) is
less than ¢, where ®(t) := f(rk(t)),t € [0,Tk]. (The variation is cal-
culated by using only partitions consisting of points of differentiability
of ®.)

(Note that the assumption of convexity of K is omitted in the English trans-
lation of [4].)

The main aim of the present note is to show (by a counterexample) that
condition (C) does not imply that f is DC. It is difficult to specify which step
in the proof of [4, Theorem 1] is incorrect, since many arguments in this proof
are sketched only.

1. PRELIMINARIES

We consider R? equipped with the standard Euclidean norm || - ||. Given
r € R4 and r > 0, by B(z,r) we denote the closed ball of center x and radius
T.

Let I C R be a non-degenerate interval, and h: I — R?. If I is compact the
variation V'(h, I) of h on I is defined in the standard way via finite partitions
of I. For an arbitrary I, we put

V(h,I) =sup{V(h,la,b]) : a,b€ I, a < b}.
It is elementary to see that we always have

(1)
V(h,[a,b]) < V(h,[a,b)) + limsup ||h(s) — h(D)]|

s—b—
< V(h,(a,b)) +limsup ||h(s) — h(a)|| + limsup ||h(s) — h(D)]|.
s—at s—b—

Let us recall the following definition from [2]. Given a continuous mapping
F: [a,b] — R? and a finite partition D = {a = t; < t; < --+ < t,, = b} of
la, b], we define

7=l

7,+1 F(tz) ( F H
1F(ti1) = FEI 1F () — F(tia)ll
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if the quantity of the right-hand side makes sense, otherwise P(F, D) := 0.
The quantity

P°F .= sup P(F, D)
D

is called the turn of F on [a,b].
Analogously, the convezity of F over [a,b] is the quantity

K'F = sup K(F, D)
D

where
n—1
F(tiy1) — F(t;)  F(t;) — F(ti—1)
K(F,D):=>"_ t* - .
P i+l — U i — lic1

We shall sometimes use the alternative notation K(F,[a,b]) := K°F.

Lemma 1.1. Let K C R? be a two-dimensional compact convex set, and
r: [0,] — OK a parametrization by the arc-length of OK as a simple closed
curve. Then r admits the right derivative 1’ (t) at each t € [0,€), and the left
deriwative 1'_(t) at each t € (0,£]. Moreover,

Kir = Pir < 2r.

Proof. We can (an do) assume that r is counterclockwise oriented. Given a
partition D = {0 =ty < t; < --+ < t,, = £}, convexity of K implies that the
vectors v; = %,
way” on the unit circumference in the plane, and P(r, D) is the length of the
corresponding simple (not necessarily closed) polygonal curve inscribed in the
unit circle. Thus clearly Pir < 2 (= the length of the unit circumference).
By [2, Theorem 4.10],  has finite “turn of tangents” Ti¢r (for definition see [2,
pp. 25-26]) which satisfies Tgr = Pir. By [2, Lemma 4.4], r admits at each
point both one-sided derivatives 7/, (¢) and they are equal to the corresponding
“one-sided tangents” 74 (r,t) (for definition see [2, p. 25]). Finally, by |2,
Proposition 5.7], 7 has finite convexity and K{r = T¢r = Bir < 27 holds. O

1 =1,...,n, are “ordered in the counterclockwise

2. THE COUNTEREXAMPLE

There exists a Lipschitz real-valued function f on D := (—2,2)* such that f is
not DC and satisfies condition (C).

Our construction will proceed in three steps. In the first step we will con-
struct a mapping (“curve”) ¢: R — D which is DC, in the sense that all its
components are DC functions. The second step will produce a Lipschitz func-
tion f: D — R such that f o ¢ is not DC (which implies that f is not DC).
In the third, most difficult step, we will prove that condition (C) is satisfied.
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First step: construction of ¢.

Choose a sequence a, > 0, n € N, with >>° @, = 1/2. Then we can clearly
choose h,, > 0, n € N, such that Y >° h, =1, and > | h,/a, < co.
Further set b, := 0, b, := 22?:_11 a; forn > 2 and ¢, := b, + a,, n € N.
Thus 0 = by < g < by < ¢y < --- < 1, limb, = lime¢, =1 and ¢, — b, =
bpi1 —cp = ay, n € N.
Let g be the (unique) function on R such that

(i) g(b1) = 0, g(cr) = 0, g(ba) = glea) = 377 hy for n > 2, g(1) =
D hi=1,
(ii) g is affine on each [b,, ¢,] and [¢,, b,11], n € N, and
(iii) ¢ is constant on (—o0,0] and [1, 00).
Set

(t,g(t)) fortel0,1],
o(t) :== < (0,0) for t <0,
(1,1)

for ¢t > 1.

Y

Obviously, g is nondecreasing and p(R) C D. Since sup{h,/a, : n € N} < oo,
it is easy to see that both g and ¢ are Lipschitz. Further, the right derivative
¢!, (t) equals: (1,0) for t € [by,cn); (1, hy/ay) for t € [cn,bny1); and (0,0) for
t ¢ [0,1). Clearly lim,_,,- ¢’ (s) = (1,0) since h,/a, — 0. Now, (1) and the
definition of ¢ easily yield

V(¢ R) S V(L [0,1) + (L0 =2 hafan +1 < occ.

n=1

By [7, Theorem 2.3] we obtain that ¢ is DC.

Second step: construction of f.

Let tgn) =b, < t§”) < té") <<t < Cp = tfﬁzl be an equidistant partition

of the interval [b,, ¢,] (n € N); so tﬁ)l - t;n) = (ch—by)/(n+1) =a,/(n+1).

Choose r, > 0, n € N, so small that
(2) Tp < ﬁ, Tp < % and 1, < hn21 (n>2),
(3) Ty + W(l —b,) < %, and
(4) —Tp — wcn > —hn_l, n>2

an, 2
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Now, for n € Nand 1 < 5 < n, set z](-") = go(tgn)) (t(n) g(tgn )). The first
inequality of (2) implies that the balls

(n) ._ (n) ;
Bj _B(Z] 7rn) (HEN, 1§J§n)

are pairwise disjoint subsets of D, and so we can define f: D — R by

O e ) i we BM,
0 ifre D)\ Uzozl U;l:l B]('n)‘

It is easy to see that f is Lipschitz with constant 1. Put F(t) := f(p(t)),
t € R, and notice that F( t" ) =0, F(tg")) = r,/n? and F is affine on
J

— T, ]n}and[] ,J

R), we have

002 SV ) 2 33 RL = ) - P

n=1 j=1

+r,] (n € N). Now (supposing that F?| exists on

So, [7, Theorem 2.3] implies that F is not DC. Consequently f is not DC either
(see e.g. [7, Theorem 4.2 and Theorem 1.20]).

Third step: proof of (C).

In the sequel we will essentially use the following proposition which is a
special case of [8, Theorem 4.1].

Proposition 2.1. Let D C R" be an open convex set and let f be a non-

constant DC' function on D which admits a Lipschitz control function . Let
¢ : |a, B] = D be Lipschitz. Then

K2(f o) < (Lipf + Lipy)K?p + 2 Lipy Lipy .

Here the notion of a control function is used, which is essential in the theory
of DC mappings (see [7]). If f is areal DC function then 7 is a control function
for f iff both £ f + 7 are convex. So,

(5) if f =g — h, with g, h convex, then g + h is a control function for f.
Remark 2.2. Proposition 2.1 naturally motivates the following problem,
which is a special case of [7, Problem 7].

Problem. Let D C R” be an open convex set and let f : D — R be a function.
Suppose that there are a > 0, b > 0 such that

KP(f o) <aKPyp+ bLipy
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whenever ¢ : [, 8] — D is Lipschitz. Is then f DC on D?

Let us note that if n = 2 and a, b from the above problem exist, then
condition (C) from the introduction holds with C(D, f) = 2wa + b. Indeed,
using Proposition 2.1 with ¢(t) = rg(t), t € [a, 5] = [0,Tk]|, we obtain for
b= forg

KB® < aKPrig + bLiprg < 2ma + b
by Lemma 1.1 and 1-lipschitzness of 7. So K#® < oo, and therefore K°® =
V(P [, B)) (see, e.g., [8, Theorem 3.1]). Using (1) and the equality &’ (3) =
hmHB <I> ' (t) (see, e.g., [8, Proposition 3.4]), we obtain

V(P [0,Tk]) < V(P e, B)) < 2ma +b.

So, if [4, Theorem 1] were correct, the above problem would have a positive
answer for n = 2.

We continue with the following claim.

Claim 1. Let [u,v] C (=2,2), and let h: [u,v] = (—2,2) be a continuous
function which is convex or concave. Then there em'sts at most onen € N
such that the graph of h intersects both B(n) and B for somel < j<k<n.

Proof of Claim 1. Assume that the assertion of the claim is false. First, let h
be convex. Then we can choose 1 < m<n,1 <7< k<n,1<I[<mand
x1, 2, T € [u,v] such that

(6) (x1,h(z1)) € Bj(.n), (22, h(z2)) € B,(cn) and (z, h(z)) € Bl(m).
Clearly b, < x1 < x5 < ¢, and b,, < x < ¢,,. Using convexity of h, we obtain
(g(cn) — 1) — h(z) < h(x1) — h(x) < h(xy) — h(z1)

1 —T 1 — T - To — X1
< (g(bn) + rn) - (g(bn) - Tn) _ 4(” =+ 1)7”n
B S0t D) an,
and hence
4 1 4 1
D gle) == he) < W gy gy < 22D

Notice that, in case m < n — 1, we have g(c,—1) = g(cm) + Z" > hi > g(em) +
hTT”. Consequently, we have

P B, Ry, by (2)
glenm) + =5 = glew) + 20 2 hla) =+ 2 7 h(z)
by (7) 4(n+1Dr, by@ By hy—
Z g(cn)_rn_(a—)cn > g(cn)_ 21 _g<cn—1>+ 21a

which is a contradiction.
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Now, let h be concave. Then we choose 1 < n <m, 1 < j < k < n,
1 <1< m and 1,29, x € [u,v] such that (6) holds.
Similarly as above, concavity of A and our construction imply that

4(n+1)ry, . (9(bn) +10) — (g(bn) — 740) > h(ze) — h(x1)

an m T2 — I
 h@) = hles) | hle) = glb) =1
T — X9 Tr — Ty
and hence
4(n+ 1)r, 4n+1)r,
8 hia) - glb) < Oy < <a—><1 ~by).
Notice that g(b,) = g(bn) + Sor " hi > g(b,) + + Pt Thus we have
hny P — 1 by (2)
9(ba) + 5 < 9lb) = 75 < hl@) 47— 75 < h(a)
by (8) 4(n+1)r, by (3) hn,
< g(bn> + T+ % (1 - bn) y< g(bn) + 77
which is a contradiction. ]

Claim 2. f is differentiable at (1) = (1,1) with f'(¢(1)) = 0.

Proof. Recall that f = 0 outside the balls B](-") (1 <j<n < o0), and
f(p(1)) = 0. Let P: R? — R denote the canonical projection on the first
coordinate. For x € B§n), we have [z —p(1)]| >1— Pi(z) > 1— (tg-n) + ) >
1 — ¢, > byy1 — ¢, = a,, and hence (by (2))

(n)
0< f(z) < f(ZJ ) _ ™ < 1
|z — (1) ay, n’a,  4(n+ 1)n?
Since (1) ¢ B](-") (1 <j <n<o0),itiseasy to see that lim,_,,(1) % 0.
We are done. N

Convention. In what follows, given a mapping F: [0,/] — R? such that
F(¢) = F(0), if necessary we consider F' extended to R as a (uniquely de-
termined) (-periodic function. So, for instance, if the right derivative F', (t)
exists at each ¢t € [0,¢) then the variation V(F,[0,/]) is calculated with
FL(6) := FL(0).

It is easy to see that this “circular variation” V' (F,[0,¢]) does not depend

on shifts of the parameter. More precisely, if F' is extended periodically, d € R
and G(t) := F(t + d), then V(G'_,[0,(]) = V(F,[0,£]).
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We are going to prove that our (Lipschitz non-DC) function f satisfies the
following, a bit stronger variant of property (C):
(C') There exists a constant ¢ > 0 such that for each two-dimensional
compact conver set K C D and for each arc-length parametrization
r: [0,¢] = OK of OK as a simple closed curve, and for ® := for, we
have (in the sense of our Convention):
(a) E)oth] one-sided derivatives @' (t) and ®'_(t) exist finite at each t €
0,¢];
(b) V(®',[0,4]) <c and V(®",[0,4]) <c.

To prove this, let K C D and r: [0,/] — OK be as in (C'). We can clearly
assume that the parametrization r is counterclockwise. The boundary 0K is
the union of four parts:

0K = G1 UGy UG3 UGy,

where:

o (G1 and (3 are the graphs of a continuous convex and a continuous concave
function, respectively, both defined on an interval [a, 8] C (-2, 2);
o Gg,Gy are two (possibly degenerate) vertical line segments.

We can (and do) assume that r “starts with the convex part”, that is, for some
0 <ty </ly <tz </l we have

T([O,él]) = Gl, T’([ﬁl,gg]) = GQ, T([ég,ég]) = G3, T’([ﬁg,g]) = G4.

(i) The “convex part” Gy = r([0,(1]).
First suppose that there exists ¢ty € (0,¢;] such that r(ty) = ¢(1) = (1,1).
Given € € (0,%), the set

LE = {(na.]) : na.j S N7 ] < n, T([O,to —g])ﬂB](n) 7&(0}

is finite. (This follows from the construction of the balls Bj(-"), since (1,1) ¢
r([0,29 —€]).) Let n. := max{n € N: (n,j) € L. for some j < n}, and apply
Claim 1 to choose an m < n. such that (n,j) € L. for at most one j whenever
n <n.and n # m. Let P: R? = R be as in the proof of Claim 2. Since the
projections
"= pP(B"), (nj)e L.,

are finitely many pairwise disjoint compact subintervals of (—2,2), there exist
open intervals U;n), (n,j) € Le, such that ];n) C Uj(n) C U;n) C (-2,2),

(n,j) € L., and the intervals U ](n), (n,j) € L., are pairwise disjoint.
Let J;"), (n,j) € Le, be relatively open subintervals of [0,ty — €] such that

K = r (B N[0t — ] ¢ SV ¢ S T (UM x (—2,2))
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for each (n,j) € L.. (This is clearly possible since Py o7 : [0, 4;] — [a, (] is an
increasing homeomorphism.) Notice that

f(@) = max {2 (r = o = 7)), 0} . @€ UM x (<2,2), (n,j) € Le.

It is easy to see that the formula

@) = (F@) + Flle = 271) - Sl -2, ze U x (-2,2),

is a representation of f as a difference of two continuous convex functions. It

follows from (5) that f is controlled on each U;”) x (—=2,2), (n,j) € L, by the
function

Yw) = fl@) + e — V)| = m{— + Blle = I, Flle - 27}

which is Lipschitz with constant 5. Denote @ := f or.
Fix (n,j) € L.. If J( is open in R, put j( =Jj ) Otherw1se since the

length of JJ( is at most /1, there exists an open ( ) mterval .7 of length
smaller than ¢, such that Jj C \73 and r( ) x (—2,2). Then (we
<

use Convention above for r and ®) K(r, j(n ) K{; 27 by Lemma 1.1,

and applying Proposition 2.1 we obtain
(9) 3 4
K(@,7") < (Lip(f) +Lip(7) K (. 7;") + 2Lip(y) Lip(r) < 27 + — .

Hence by [8, Proposition 3.4, p. 328], both derivatives @/, exist at each point

of .7j(n), and we have

omr + 4
-

(10) V(@ J") < V(e 7)) = K (@, <

n
Since f = 0 outside all the balls BJ(-n)7 1 <75 <n< oo, we have that & =0
outside the compact sets K J(-n), (n,j) € L.. Therefore both derivatives @',
exist at each point of (0,¢y — ), and
O (2) =0, z€(0,tg—e)\ | JK" : (nj) € L}.

Choose relatively open subintervals M;n), (n,j) € Le, of [0,ty — €] such that
K ](-n) cM ]( " M ) ¢ J . Consider the extreme points of all the intervals

M ](n) , (n,j) € L., and index them in an increasing order to obtain the points

0<u <v1 <Up <V < -+ < Uy <vg <tg— €,

where d = card L.. Then for each (n,j) € L. there is a unique 1 < k < d such
that inf M](") = uy, and sup M;n) =
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Observe that both @/, are identically null: on (0, u;] (if u; > 0); on [vg, to—¢)
(if vg < to — €); on all intervals [vg_1,ug], 2 < k < d; on a neighborhood of
any of the points uy, v (1 < k < d) that belongs to (0,ty) — ). Now, we can
use this observation together with the additivity of variation and (1) to write

V (9, (0,80 —€)) = V(Py, (u1,va))

QL

= V((I)/:t, (Ul, Ul]) + 7 V((I)/i, [Uk, ’Uk]) + V((I)/:t, [ud,vd))

2

ZV(CI’/jm(Uk,Uk)) < Z V((I)’:t’JJ(”)).

k=1 (n,j)ELe

b
[|

Thus, by (10) and the properties of L. (see the text after its definition), we
obtain

V(L (0,tg—2) <>

n=1

< (67 +4) (1—}—?0:%) =: M.

Consequently, V (®,, (0,y)) < M since € € (0,t,) was arbitrary.

We claim that V(CD'i, (0, 61)) < M + 1. This is obvious if tg = £. If tg £ {1,
we have 0 < ¢ty < 1, ®'(t9) = 0 (by Lemma 1.1 and Claim 2), and ® = 0 on
[to, £1). Since ® is Lipschitz with constant 1, we can use (1) to get

67 + 4 67 + 4
+m
n? m?2

V(@ (0,01)) = V (P, (0,t]) < V(P (0,80)) +1 < M +1,

and we are done.

In case that ¢y does not exist, GG intersects at most finitely many balls Bj(n),
and we can get the same estimate V(®/,,(0,¢;)) < M + 1 directly (as above
with ¢; in place of ty — ¢).

(1) The “concave part” Gs = r([ls, (3)).
This part can be treated in the very same way to obtain V (P, ({s,03)) <
M +1.

(111) The two vertical segments Gy = 1([l1,(2]) and G4 = r([l3,1]).

By our construction (see the first inequality of (2)), each of the two vertical
segments intersects at most one of the balls B](-n), 1 <j<n< oo As
in (9), for such n we have K(®,[(,6]) < = < M + 1. As above, it
follows that V(®/_, (¢1,¢2)) < M + 1 provided ¢; < f2; and in the same way
V(®,, (¢3,£)) < M + 1 provided £3 < L.
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(iv) Conclusion of the proof of (C').

For simplicity denote ¢, := 0 and ¢4 := ¢. Recall that & is Lipschitz with
constant 1. Now, combining (1) with [8, Propositions 3.4, pp. 328-329], we
obtain for i = 1,2, 3,4 that the derivatives @', (¢;) exist, and

V((I>’+, [li1,05]) < V(CI>’+, (li_1,€;))+2< M+ 3.
Thus

V(@,,[0,) = > V(@ 6, 4]) < 4(M +3)

i=1
and, symmetrically, V(®’_,[0,/]) < 4(M + 3). The proof is complete.
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