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Abstract

We present Buchberger Theory and Algorithm of Grobner bases for multivari-
ate Ore extensions of rings presented as modules over a principal ideal domain.
The algorithms are based on Moller Lifting Theorem.

In her 1978 Bachelor’s thesis [54] Zacharias discussed how to extend Buchberger
Theory [7, 8, 10] from the case of polynomial rings over a field to that of polynomials
over a Noetherian ring with suitable effectiveness conditions.

In the meantime a similar task was performed in a series of papers — Kandri-Rody—
Kapur [21] merged the rewriting rules behind Euclidean Algorithm with Buchberger’s
rewriting, proposing a Buchberger Theory for polynomial rings over Euclidean do-
mains; Pan [40] studied Buchberger Theory for polynomial rings over domains intro-
ducing the notions of strong/weak Grobner bases — which culminated with [35].

Such unsorpassed paper, reformulating and improving Zacharias’ intuition, gave
efficient solutions to compute both weak and strong Grobner bases for polynomial rings
over each Zacharias ring, with particolar attention to the PIR case. Its main contribution
is the reformulation of Buchberger test/completion (“‘a basis F is Grobner if and only
if each S-polynomial between two elements of F' reduces to 0”) in the more flexible
lifting theorem (*“a basis F is Grobner if and only if each element in a minimal basis of
the syzygies among the leading monomials lifts, via Buchberger reduction, to a syzygy
among the elements of F”’). The only further contribution to this ultimate paper is the
survey [6] of Moller’s results which reformulated them in terms of Szekeres Theory
[51].

The suggestion of extending Buchberger Theory to non-commutative rings which
satisfy Poincaré-Birkhoff-Witt Theorem was put forward by Bergman [5], effectively
applied by Apel-Lassner [3, 4] to Lie algebras and further extended to solvable polyno-
mial rings [22, 23], skew polynomial rings [16, 17, 18] and to other algebras [1, 11, 26,
27] which satisfy Poincaré-Birkhoff-Witt Theorem and thus, under the standard inter-
pretation of Buchberger Theory in terms of filtration/graduations [2, 30, 33, 50, 29, 12],
have the classical polynomial ring as associated graded rings.
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In particular Weispfenning [53] adapted his results to a generalization of the Ore
extension [39] proposed by Tamari [52]; then Weispfenning’s construction was gener-
alized by his student Pesch [41, 42], introducing the notion of iterative Ore extension
with commuting variables

R := R[Y1;a1,611[Y2; a2,02] - - - [ Y5 @, 6], R a domain;

the concept has been called Ore algebra in [13] and is renamed here as multivariate
Ore extension (for a different and promising approach to Ore algebras see [24]).

Bergman’s approach and most of all extensions are formulated for rings which are
vector spaces over a field; in our knowledge the only instances in which the coeffi-
cient ring R is presented as a D-module over a domain D (or at least as a Z-module)
are Pritchard’s [43, 44] extension of Moller Lifting Theory to non-commutative free
algebras and Reinert’s [45, 46] deep study of Buchberger Theory on Function Rings.

Following the recent survey on Buchberger-Zacharias Theory for monoid rings
R[S] over a unitary effective ring R and an effective monoid S [32], we propose here
a Moller—Pritchard lifting theorem presentation of Buchberger-Zacharias Theory and
related Grobner basis computation algorithms for multivariate Ore extensions. The
twist w.r.t. [32] is that there R[S] coincides with its associated graded ring; here R, its
associated graded ring

G(R) := R[Y1; a11[Y2; a2l - - - [YV; @]

and the commutative polynomial ring R[Y},--- ,Y,] coincide as sets and as left R-
modules, but, as rings, they have different multiplications.

We begin by recalling Ore’s original theory [39] of non-commutative polynomials
R[Y], relaxing the original assumption that R is a field to the case in which R is a domain
(Section 1.1) and Pesch’s constructions of multivariate Ore extensions (Section 1.2)
and graded multivariate Ore extensions (Section 1.3), focusing on the arithmetics of
the main Example 14

R:=R[Yi;a1llY2; 2] - [Yus @n], R := Z[x]  ai(x) 1= ¢ix“, c; € Z\ {0}, ¢; € N\ {0}

Next, we introduce Buchberger Theory in multivariate Ore extensions recalling the
notion of term-orderings (Section 2.1), definition and main properties of left, right, bi-
lateral and restricted Grobner bases (Section 2.2) and Buchberger Algorithm for com-
puting canonical forms in the case in which R is a skew field (Section 2.3).

We adapt to our setting Szekeres Theory [51] (Section 3), Zacharias canonical rep-
resentation with related algorithm (Section 4) and Moller Lifting Theorem (Section 5).

The next Sections are the algorithmic core of the paper: we reformulate for multi-
variate Ore extensions over a Zacharias ring R

— Moller’s algorithm for computing the required Gebauer—Moller set (id est the
minimal basis of the module of the syzygies among the leading monomials) for
Buchberger test/completion of left weak bases (Section 6.1);

— Moller’s reformulation, requiring only l.c.m. computation in R for the case in
which R is a (Zacharias) PID (Section 6.2) or a (Zacharias) PIR (Section A);



— still in the case in which R is a PID (Section 6.3) or a PIR (Section A), Moller’s
completion of a left weak basis to a left strong one;

— Gebauer—Moller criteria [19] for producing a Gebauer—Mboller set (Section 6.4);

— Kandri-Rody—Weispfenning completion [22] of a left weak basis for producing
a bilateral one (Section 7.1);

— Weispfenning’s [53] restricted completion (Section 7.2);

— as a technical tool required by Weispfenning’s restricted completion, how to pro-
duce right Gebauer—Moller sets (Section 7.3).

Finally, we reverse to a theoretical survey summarizing the structural theorem for
the case in which R is a Zacharias PID (Section 8), specializing to our setting Spear’s
Theorem [49, 29] (Section 9) and extending to it Lazard’s Structural Theorem [25]
(Section 10).

In an appendix we discuss, as far as it is possible, how to extend this theory and
algorithms to the case in which R is a PIR (Section A).

1 Recalls on Ore Theory

1.1 Ore Extensions

Let R be a not necessarily commutative domain; Ore [39] investigated under which
conditions the (left) R-module R := R[Y] of all the formal polynomials is made a ring
under the assumption that the multiplication of polynomials shall be associative and
both-sided distributive and the limitation imposed by the postulate that the degree of a
product shall be equal to the sum of the degree of the factors.
It is clear that, due to the distributive property, given two “monomials” bY”, aY* €
R, a,b € R, it suffices to define the product bY" - aY*® € R or even more specifically,
to define the product Y - r, r € R; this necessarily requires the existence of maps «, ¢ :
R — R such that
Y-r=a(r)Y +6(r) foreach r € R;

Ore calls a(r) the conjugate and 6(r) the derivative of r.
Under the required postulate clearly we have

1. foreachre R, a(r) =0 = r=0,

so that « is injective.
It is moreover sufficient to consider, for each r, ' € R, the relations

ar+r )Y +8r+r)=Y-(r+r)=Y-r+Y-r =(a@)+a))Y +50) +6(r'),
a(rr)Y +8(r) =Y - (rr') = (Y - 1) - 7' = a(r)a(r')Y + a(r)s(r') + 5(r)r’,
and, if R is a skew field, and r # O,
Y= r =amat™ Y +a(s) +6(rr,

to deduce that
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a is a ring endomorphism;
the following conditions are equivalent:

(a) foreachd € R\ {O}existsc € R\ {0} : Y -c=dY + d(c),a(c) =d

(b) « is aring automorphism;
§ is an a-derivation of R id est an additive map satisfying'

6(rr’) = a(r)6(r’) + 6(r)r foreach r, ¥ € R,
if R is a skew field, then each r € R \ {0} satisfies

ar™y = (@)™, s = - (@) sty

Im(a) C R is a subring, which is an isomorphic copy of R;

Ry :={r e R:r = a(r)} C Ris aring, the invariant ring of R;

Ry :={r e R:6(r) = 0} C Ris aring, the constant ring of R;
{freR:Y -r=rY} =RyNR,.

If R is a skew field, such are also Im(a), R; and Ry.

Denoting Z := {z € R : zr = rz for each r € R} the center of R, we have

{freR:f-r=rfforeach feR}=RyNRNZ

Moreover, if we consider two polynomials f(Y), g(Y) € R\ {0},

f=aY"+fo,g =bY"+go,a,b € R\{0},m,n € N, f;, go € R, deg(fo) < m, deg(go) < n,

we have

since « is injective, b # 0 = a(b) # 0 = " (b) # 0 and since R is a domain it

fg=ad"(bB)Y"™™" + WY),deg(h) < m +n;

holds @”(b) # 0 #a = aa™(b) # 0 = f-g # 0. As a consequence

12.

Definition 1. R with the ring structure described by conditions 1, 2, 4 above is called

R is a domain.

an Ore extension and is denoted R[Y; «, d].

Remark 2 (Ore). In an Ore extension R[Y; @, 6], denoting S = (, &) the free semigroup
over the alphabet {a, 5} and, foreachd € Nandi € N,0 < i < d, S;; the set of the (f)
words in S of length d in which occur i instances of @ and d — i instances of ¢ in an

arbitrary order, we have

Yd~r=Zd: Z ‘r(r)Yi

i=0 7€Sy;

"Whence, setting r = ' = 1, §(1) = 0.

>



for each d € N; for instance

¥*or = A0ri+8om
+ (e?6(r) + ada(r) + 60 (r)) ¥
+ (ad®(r) + 6ad(r) + 82a(r)) Y.

In particular, for f(Y) = YL, a;Y" " and g(Y) = X7 b;Y"™" in R we have

n+m i i—a
g fY) = Z ;Y with ¢ = boa™(ag) and ¢; = Z ba Z Z T(ap).
i=0 a=0  b=0 r€S,ai-ab

Remark 3 (Ore). Under the assumption that « is an automorphism (cf. 3.), each poly-
nomial Y., @;Y’ € R can be uniquely represented as }."_; Y'a; for proper values a; € R.

In fact we have ax = xa~'(a) — 6(a~'(a)) from which we can deduce inductively
proper expressions

ax" = xX"a™"(a) + Z(—l)ix”_iain(a),
i=1
for oj,(a) € R, properly defined (similarly to what done for 7 € S;;, but using the

derivative and the inverse of the conjugate [39]).
]

1.2 Multivariate Ore Extensions
Let R be a not necessarily commutative domain.

Definition 4. An iterative Ore extension is a ring (whose multiplication we denote x)
defined as
R :=R[Y1;a1,011[Y2; @2, 62] - - - [Yn; @, 6]

where, for each i > 1, @; is an endomorphism and §; an «;-derivation of the iterative
Ore extension
Riy = R[Yy;a1,61] - [Yio1; @im1, 6i-1].

As proved by Pesch in [41], it is possible to extend «; to an endomorphism of R
and d; to an ;-derivation in R, by setting a;(Y;) = Y; and 6;(Y;) = O foreach i < j < n.

A multivariate Ore extension (or: Ore algebra [13]; or: iterative Ore extension with
commuting variables [41, 42]) is an iterative Ore extension which satisfies

- ;6; = 6;aj, foreach i, j, i # j,

- aj = q;a,, 6,’(51‘ = 5]'51' fori < ] <n,

- C&'j(Yl') = Y,,(SJ(Y,) =0fori< ] <n.
Lemma 5 (Pesch). In an iterative Ore extension, for each i < j it holds

Y xY, =YY, & «;(Y)=Y;,0;(Y;) =0.



Proof. Foreachi < j,wehaveY; x Y; = aj(Y)Y; +6;(Y)). |

Since in this paper we are interested in iterative Ore extensions for which ¥; x ¥; =
Y;Y;, by the previous Lemma 5, we can say that the maps «;, ¢, are relevant only on the
elements of R, so sometimes we will restrict them to R.

Lemma 6 (Pesch). An iterative Ore extension is a multivariate Ore extension iff Y; x
Y; =YY, foreachi < j.

Proof. In fact, using Lemma 5 for each r € R, we have
YixYikr = Yjx(ai(n)Y;+06ir)
= a; (@MY +06:(r) Y; +6; (ai(r)Y; + 6;(r))
= ozj-a,-(r)Y,-Yj +cvj6,-(r)Yj+6j (a/,-(r)Yi)+6j6i(r)
= a.,-ai(r)Yin + CL’j(S,‘(I")Yj + 6j(1,‘(f')Y,’ + 5‘/'51‘(}’)
and (by symmetry)
Yin*V = Yl'*(ckj(}")Yj+(5j(V))
= (l,‘(lj(r)Yin + 5iaj(r)Y,- + oziéj(r)Y,- + 5,‘61‘(7').
O

Thus the R-module structure of a multivariate Ore extension can be identified with
that of the polynomial ring R[Y}, ..., Y,] over its natural R-basis

T = {Yf‘ Yo (ay, ..., an) € N'Y, O R = R[T] = Spang{7}.
We can therefore denote ay, := a;, dy, := d; for each i and, iteratively,
Qry, = @@, Oy, = 0:0;, foreachT € 7.

Remark that a multivariate Ore extension is not an algebra; in fact, if we define, for
T= Yf‘ Y9 and t = Y{'---Y,;" such that 7 | ¢

o= ()G}

t
txr=a(nNt+ Z ( )&ar(r)‘r, foreacht e 7 and r € R.
e

TeT
T|t,T#t

we have

We can define, for each t € 7, a map

t
6,:R—>R, 6, = Z ( )6:a7(r)'r,
o =
TeT
T|t,T#t
so that r x r = a,(r)t + 6,(r) for each r € 7 and each r € R.
Such maps «; and 6, satisfy properties analogous of those of Ore’s conjugate and
derivative:



Lemma 7. With the present notation, for each t € T, we have
1. foreachr e R, a,(r) =0 = r=0,
2. a, is a ring endomorphism;
3. the following conditions are equivalent:

(a) foreachd € R\ {0} existsc € R\ {0} : Y x ¢ =dY + 6,(¢c),a;(c) = d;

(b) «, is a ring automorphism;
4. 6, is an a,-derivation of R;

5. if Ris a skew field, then each r € R \ {0} satisfies

ar Y = (@)™, 60 = (@) 6

6. Im(a,) C R is a subring, which is an isomorphic copy of R.
We further have

7. if each a; is an automorphism, also each a;, t € T, is such. |

1.3 Associated graded Ore Extension
Following the notation of 1.2 we give the following

Definition 8. A multivariate Ore extension
R[Yy;a1,611[Y2; a2,02] - - [V @y, 64l

where each ¢; is zero, will be called a graded Ore extension (or: Ore extension with
zero derivations [41, 42]) and will be denoted

R:=R[Yi;al[Y2; 2] -« - [V @]

Lemma 9. In a multivariate graded Ore extension,
— since it is an Ore algebra, the as commute,
—andtxr = a/r)tforeacht e T andr € R.

Remark 10. Note that, since multivariate Ore extensions coincide, as left R-modules,
with the classical polynomial rings R[Y7, ..., Y,] and so have the same R-basis, namely
7, they can share with the polynomial rings their standard 7 -valuation [51, 30, 2, 33]
[31, §24.4,24.6]. This justifies the definition below.

Definition 11. Given an Ore extension R := R[Y; ay,01][Y2; @2, 2] - - - [Ya; @p, 0,,] the
corresponding graded Ore extension G(R) := R[Y}; a1][Y2; @2] - - - [V @] is called its
associated graded Ore extension. |



Example 12.

1. The first non obvious example of Ore extension was proposed in 1948 by D.Ta-
mari [52] in connection with the notion of “order of irregularity” introduced by
Ore in [38]; it consists of the graded Ore extension

R:=R[Y;al], R = Q[x] wherea: R > R : x > x°.

2. Such construction was generalized by Weispfenning [53] who introduced the
rings
R:=R[Y;a], R=Q[x]wherea:R—>R:x— x,eeN

3. and extended by Pesch [41] to his iterated Ore extensions with power substitution
R:=R[Yi;a1][Y2; 2] - - [Vs @], R = Qx]
where @; : R > R: x> x%, ¢; € N,
4. An Ore extension where « is invertible is discussed in [28]:
R:=RI[S;al,R = Q[Dy, D;, Ds]

where
a:R—> R: f(D1,D:,D3) = f(Dy + 2Dy, D3, -Dy)

whose inverse is
@' :R— R: f(Dy,Dy,D3) — f(=D3,D; +2D;3, D>).
O

Note that, while as R-modules R and G(R) coincide both with the polynomial ring
P = R[Yi,...,Y,], the three rings have, in general, different arithmetics; we will denote
* the multiplication of R and * those of G(R).

Example 13. The ring of Example 12.1.
R:=R[Y;a], R=Q[x] wherea:R—> R: x> X

is an Ore extension which is graded.

Since the map
2i-1

§5:Q[x] > Qx]: X — th
h=i
is an a-derivation, S := R[Y;a,d] is an Ore extension of which R is the associated
graded Ore extension. |

In the following example, we define a nontrivial class of algebras, which will be
used to illustrate our theory and algorithms.



Example 14. Since in Buchberger-Zacharias Theory, from an algorithmic point of view,
one is interested only on the associated graded rings and thus the role of derivates is
irrelevant, we illustrate the results for the Ore extensions with the zero-derivatives

R:=R[Y;;a1l[Y2; a2] - - - [Vis @], R = Z[x],

with a;(x) := ¢;x%,c; € Z\ {0}, ¢; € N\ {0}.
If we denote y the map

a-1
1—ef

7:NXN\{O}—>N,(a,e)»—>Zei=
i=0

1-e

where the last equality holds for e # 1, we have Y¢  x* = cl,by(“’ei)xei"bi/lf’.
Note that

b-1 a-1 a+b—-1
y(b,e) + eby(a, e) = Z e+ Z = Z e = y(a + b, e). (1-a)
i= i=0 i=0

Since aj(a;(x)) = c;ja;(x) = cicjfxefef and a;(a;(x)) = cjai(x¥) = cjcfjxeief, then
R is a graded Ore extension if and only if
i e _ _ _ . _ E" e
cic; x4 = aj(ai(x) = ai(@;(x) = cjai(x) = cjc,/ x“
id est

= (1-b)

We thus have (;) relations among the n coeflicients c;. In particular we need to partition
the indices as

{1,...,n}=EUOUS,E={i:2]¢},0={i:2%te;>1},S ={i:e; =1}

If I := O U E = 0 then each such equations are the trivial equality 1 = 1 and thus
all ¢; are free. The situation is completely different when I := O U E # 0; in fact,

— for i € § necessarily ¢; = £1;

— if a prime p divides at least a c;, j € I, then it divides each ¢;,i € 1.
As regards the sign of ¢; we can say that

— if E # 0 then

— ¢; is positive foreachi e S U O,

— the sign of ¢;,i € E, is undetermined but all the ¢;,i € E, have the same
sign;

— if £ = ( then the sign of ¢;,i € § U O is undetermined.

For instance



— fore; =es=1,e0=5,e3=3wehaveS ={1,4},,0=1{2,3},E =0and

4_02_0 0_ 0 2_ 4 0_ 4 0_ 2
€] = C5,C] =C3,C) =C4,C) = (53,05 = Cy,C3 = Cy,

whence ¢; = £1,¢4 = £1,¢; = *c3;

— fore; =e4=1,e0 =2,e3 =3 wehave S ={1,4},0 ={3},E = {2}, and

0 2 0 0 0 2 0 0 2
Cl = Cy,C] =C3,C] = C4,C5 =C3,Cy = C4,C3 = Cy,

whence ¢; = ¢4 = 1,¢3 = ¢ > 0;

—fore; =1,e; =2,e3 =3,5 = {1} E = {2}, O = {3}. Suppose ¢, = 6, so both

the primes 2 and 3 divide ¢;. From ¢; = ¢), ¢f = ¢}, ¢; = c3 we get ¢; = 1 and

c3 = 36. We notice that 2 | ¢3 and 3 | ¢3, but neither 2 nor 3 divide cy;
— fore; =es=1,e0 =4,e3=8wehave S ={1,4},E ={2,3},0 =0 and
3 0 7_0 0_0 7 3 0_3 0_ 17
€] =€3,C = C3,C] =C4,Cy) = C3,Cy = C1,C3 = Cy.
whence c; =cs = 1,¢2 = 3, ¢3 = x7, coc3 > 0, for some y € Z \ {0).

As regards the values |c;|, 1 < i < n, setting

p = i(ej - = Z(Ej -,y :=
=1

jel
we have
lcjl = x~! for each j € {1, ..., n}. (1-c)

In fact, since if a prime p divides atleasta c;, j € I, then it divides each ¢;,i € I, we
can express each |cj|,i € I, as |¢;| = p(ll"'l . ~pZ[‘” where py,-- -, p;, are the prime factors
of the squarefree associate [y = pi--- p; of x.

We have

led ™" = el = p®Tl = pTh = ae;~ 1) = ajei~ 1)

whencea; =a; & e¢;=¢;janda; >a; & ¢;<e,.
Thus the ¢;s with minimal e¢; minimalize also all a;;, 1 <1 < h.

ii(ej—1
We moreover have a;; = ai’fjl) ) 1<i<h

aj; Z?Zl("j’]) aj1p

h aj, h -1 h o1
Therefore H’}=1 |Cj| = Hje[ |Cj| = H3=1 n[:1 pl/l = lelpl = H/:1 Py
whence

n a; | ajl
_ -1
i
1

h h
[Tlea=]]r"" = I_llp;f
=1 =1

j=1

and (1-c).
The formula (1-c) allows to reformulate (1-b) as

T S S (1-d)

10



Note that we have

WEDET D ey e vane) | DY @ey@ie) — | e =Dyae)

— |Cj|(€i—1)7(0,‘,6,')7((1,,',6,') — chl(ef-li—l)v’(af,ef)

and

a: a]' . _
|Ci|y(aue,)|Cj|e,»‘7(aj,e,-) = |cil Yaj, el)|c P’(a, ) _Xe' e 1 (1-e)

Now we explain how to deduce a general formula for the product of two “monomi-
als” in this context.

To avoid cumbersome and useless case-to-case studies, let us simply assume ¢; > 0
for each i; under this restricted assumption, a series of inductive arguments allows to

deduce
Y x" = cfx™Y;, (2-a)

Y4 ka0 = @D yhoc] . 2-b)
J J J
Substituing ¢; = y* " and ¢; = y*! we get
b o) boe yaier U i
Cj(l?’(aj’e,/)cio J :Xbo(ej € 1), (2-0)

e boy(aj.e boe 7(‘11 ;) a; 4J o a
)/i(l/ Yj/ % X bo chy( J» /)C b[)e el Ya,Y J :Xb()(e/ e; -1) b(]e 6[ Y(l,Y /' (z_d)

1

In conclusion

(@xY® ... Yo« (bxboyfl Y = aby (I € €')=1) yao+bo ITL, € Yal“’bl e Yrth
(2-e)
Note that associativity is verified by

[(axaoyal .. Yan) % (bxboybl . Yh")] % (dxdo Yfll . an)

&l

= [abX”O((H, 16)=1) yao+bo [Ty & Ya1+b1 ...st’f”»x] % (dxdoydl ...de)

a;j+b,

= abdeO((nx vei)=1)do((ITL € l)’l)x’ltﬁbo TIL, & 4o TTi, € ‘ya1+b1+d1 . Y,f"+b"+d"

and
(axyy - ye) s« [(baowyr - ¥or) s (dxoyy - v

= (ax“OYill c ) [bdXdU(( i=1€; ) l)xb0+d0 [T efi Y{’l"'dl e Y,l:”+d”]

- dof((ITy ") =11+ (bo+do( T2, € Lie)-l ) ?:?n ai+bi+d;

= abdy (T &)1 {bordo( T € )T €)=1) g+ (boedo T2y ) TTE € [ e
i=1

aj+b;

= abdy (T )= rao{(TTy €7)1) yaosbo TTL €' Ty €17 yansbisds L yasbied,

O

11



2 Buchberger Theory

In this section, R is a not necessarily commutative domain and R a multivariate Ore
extension.

2.1 Term ordering

For each m € N, the free R-module R™ — the canonical basis of which will be denoted
{er,...,e,} —is an (R, R)-bimodule with basis the set of the rerms

7-(m) ={te;:t€T,1 <i<m}

If we impose on 7 a total ordering <, then each f € R™ has a unique represen-
tation as an ordered linear combination of terms ¢ € 7 with coefficients in R:

s

f=2 e elfot) eRN(OLGET™, 0> o > 1,

i=1

The support of f is the set supp(f) := {t|c(f, 1) # 0}.

W.rt. < we denote T(f) := #; the maximal term of f, 1c(f) := c(f, 1) its leading
coefficient and M(f) := c(f, t))t; its maximal monomial.

If we denote, following [45, 46], M(R™) := {cte;|c e R\ {0},t € 7,1 < i < m}, for
each f € R™ \ {0}, the unique finite representation above can be reformulated

F= D meme=c(f,or,
Tesupp(f)

as a sum of elements of the monomial set M(R™).
Fixed a term ordering < on 7~ a <-compatible term ordering < on 7 is a well-
ordering on 7™ which satisfies

W] < w; = wit < wst, twy < tw, foreacht € T(m), wi,wr €7.

From now on, we suppose < compatible with a given term ordering < on 7 .

While a multivariate Ore extension does not satisfy commutativity between terms
and coefficients,
t*r=rtforeachre R\ {0}, 1€ T™,

it however satisfies
M(t x r) = a,(r)t, for each r € R\ {0}, € T™; 3)

moreover, while R is not a monoid ring under the multiplication %, so that in particular
we cannot claim 7 x w € 7 for T,w € 7, however T x w satisfies

Trxw)=Tow 4

where we have denoted o the (commutative) multiplication of 7°; similarly, for n €
M(R™) and m;, m, € M(R) = {ct : ¢ € R\{0},¢ € 7} we have M(m; xn*m,) = m;*n*m,.
In conclusion
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Corollary 15. If < is a term ordering on T and < is a <-compatible term ordering on
T then, for each l,r € R and f € R™,

1. M(l x f) = M(M() * M(f)) = M(l) = M(f),
- M(f x r) = M(M(f) * M(r)) = M(f) = M(r);
. M(I % f * r) = M(M(I) * M(f) * M(r)) = M() * M(f) * M(r).

. T(f % r) =T(f) o T(r);

2

3

4. T f) =T o T(f);

5

6. T * f * r) = T(l) o T(f) o T(r).

2.2 Grobner Bases

Consider a term ordering on 7, compatible with a term ordering on 7~; with a slight
abuse of notation we denote both of them by <.

For any set F ¢ R™, we call I.(F),Iz(F),1,(F) the left (resp. right, bilateral)
module generated by F, and

- T{F}):={T(f): fe FycT™;
- M{F} := {(M(f) : f € F} ¢ M(R™).
—TUF) ={TA* f): A€ T, feF)={loT(f): A€T,feFcT™;

— My (F):={M(al f):a € R\{O}, A€ T, feF}={m+M(f): meMQR),f e
F} ¢ M(R™);

- Tr(F) = {T(f %p):p €T, f€F}={T(flop:peT,feFycT™;

— Mg(F) := (M(f xbp) : b e R\ {0}, p e T, f € F} = {M(f) *n:neMR), f e
F} c M(R™);

— To(F) :i={Txf*xp) : L,p €T, f € F} = {AoT(f)op: A, p €T, f € F} T,

— My(F) := {M(ad % f % bp): a,b € R\ {OL, Lp e T,f € F} = {m+M(f)*n:
m,n € M(R), f € F} ¢ M(R™).

Following an intutition by Weispfenning [53] we further denote
— Iw(F) the restricted module generated by F,

Iw(F) := Spang(af xp:a € R\{0L,peT,f€F),
= Tw(F) := Tr(F),

- My(F) :={M(af *p):a€ R\{OL,peT,feF}={aM(f)*p:acR\{0},pe€
T,f e F}cMR™.

13



If R is a skew field, for each set F ¢ R™ we have

ML(F) = M{ILM{FD} = LM{F})nMR™),
Mp(F) = M{xM{F})} = LM{F})nMR™), )
My(F) = M{LM{F})} = LM{F})nMR™,
My (F) = M{Iy(M{F})} Iw(M{F}) N M(R™).

Notation 16. From now on, in order to avoid cumbersome notation and boring repeti-
tions, we will drop the subscripts when it will be clear of which kind of module (left,
right, bilateral, restricted) we are discussing. As a consequence, the four statements of
(5) will be summarized as

M(F) = M{I(M{F})} = I(M{F}) " M(R"™).

Similarly, we formulate a (left, right, bilateral, restricted) definition simply either
for the left or for the bilateral case leaving to the reader the task to convert to the other
cases.

For instance condition (ii) below is stated for the bilateral case; it would be refor-
mulated:

left case foreach f € I(F)thereare g € F, a € R\{0}, 1 € 7 such that M(f) = alxM(g) =
M(ad x g),

right case foreach f € I(F)thereare g € F,b € R\{0},p € 7 such that M(f) = M(g)*bp =
M(g * bp),

restricted case foreach f € I(F) there are g € F, a € R\{0}, p € 7 such that M(f) = aM(g)*p =
M(ag * p),
O

The conditions in (5) imply that, if R is a skew field, the following conditions are
equivalent and can be naturally chosen as definition of Grébner bases:

L. MI(F)) = M{I(F)} = MIM{F )} = IM{F}) N M(R™),
2. for each f € I(F) there is g € F such that M(g) | M(f).

But in general between these statements there is just the implication (2) = (1).
Thus [40], there are two alternative natural definitions for the concept of Grobner
bases:

— a stronger one which satisfies the following equivalent conditions:

(i). for each f € I(F) there is g € F such that M(g) | M(f),

(i1). for each f € I(F) there are g € F, a,b € R\ {0},4,p € T such that
M(f) = al = M(g) * bp = M(ad x g x bp),

(ii). M(I(F)) = M{I(F)} = M(F);

— and a weaker one which satisfies the following equivalent conditions:

14



(iv). for each f € I(F) there are g; € F, a;,b; € R\ {0}, A;, p; € 7 for which,
denoting 7; := T(g;), one has

- T(f) = 4 0 T(g;) o p; for each i, and lc(f) = X; ajay,(1c(g:)) a7, (b;)
- M(f) = X aidi * M(g)) = bip; = 2, M(a;4; % gi % bipy);
(v). MI(F)) = M{I(F)} = M{IM{F}} = IM{F}) N M(R™);

if moreover R is a skew field M(F) = M{I(M{F})} so that conditions (i-v) above
are all equivalent and are also equivalent to

vi). T(f)=A0T(g)opforsomege F,L,peT.
Example 17. Let us now specialize the ring of Example 14 to the case
n=3,e1=2,ep=3,e3=4,xy=5,¢c1=5,c0 = 52,6‘3 =53

and remark that

axOY Y Yy bx Y YR Yy = absto® ! 3N T xaovho 23RS yib yaba s ths,
As a consequence, for each (bg, by, by, b3), (jo, ji» j2. j3) EN*, b, j € Z
JXOYIYPYD € (XY YR YY)
if and only if
ay:=j1—b; 20,a; := jp—by >0,a3 := j3—b3 > 0,a9 := jo — bp2"'3%"4% >0 (6)

and p5P213245-1) |
Note that if we set y := 5x then for each (b1, by, b3), (ji1, j2, j3) € N3 and b(y), j(y) €
Z R o
JOVYYEYE e L)Y Y YD)

if and only if, not only (6) but also | b(y*"3*4?) | j(y).

Definition 18. Let | c R™ be a (left, right, bilateral, restricted) module and G C .
— G will be called

— a (left, right, bilateral, restricted) weak Grobner basis (Grobner basis for
short) of | if

M{l} = M(l) = M{IM{G})} = I(M{G}) N M(R™),

id est if G satisfies conditions (iv-v) w.r.t. the module | = I(G); in particular
M({G} generates the (left, right, bilateral, restricted) module M(l) ¢ R™;

— a(left, right, bilateral, restricted) strong Grobner basis of | if for each f € |
there is g € G such that M(g) | M(f), id est if G satisfies conditions (i-iii)
w.r.t. the module | = I(G).
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— We say that f € R™ \ {0} has

a left Grobner representation in terms of G if it can be written as f =
Yy li % gi, with [; € R, g; € G and T(1;) o T(g;) < T(f) for each i;

a left (weak) Grobner representation in terms of G if it can be written as
f = Zél:l a;d; * gi, with a; € R\ {0}, 4; € 7,8.€G and A; o T(g,) <
T(f) for each i;

a left (strong) Grobner representation in terms of G if it can be written as
f = ZI;ZI Cli/l,' * 8i, with a; € R \ {0},/1, eT, gi € G and

T(f) = 41 o T(g1) > 4; o T(g;) for each i;

a right Grobner representation in terms of G if it can be written as f =
Y, g *xr, withr; € R, g; € G and T(g;) o T(r;) < T(f) for each i;

a right (weak) Grobner representation in terms of G if it can be written as
f =2, g * bipi, with b; € R\ {0},p; € T, g € G and T(g;) o p; < T(f)
for each i;

aright (strong) Grobner representation in terms of G if it can be written as
=2, 8 * bip;, withb; € R\ {0},p; € T, gi € G and

T(f) = T(g1) o p1 > T(g;) o p; for each i;

a bilateral (weak) Grobner representation in terms of G if it can be written
as f = Y aidi * g x bip;, with a;,b; € R\ {0}, 4;, p; € 7,8 € G and
A; 0 T(gi) o p; < T(f) for each i;

a bilateral (strong) Grobner representation in terms of G if it can be written
as f = Yl aid; % gi * bip;, with a;,b; € R\ {0}, 4;, p; € 7,8 € G and
T(f) = 41 0 T(g1) o p1 > 4; 0 T(g;) o p; for each i.

arestricted (weak) Grobner representation in terms of G if it can be written
as f = Y'L, aigi * pi, with a; € R\ {0}, p; € T, g; € G and T(g;) 0 p; < T(f)
for each i;

a restricted (strong) Grobner representation in terms of G if it can be
written as f = X' a;gi * p;, with a; € R\ {0}, p; € 7,8 € G and
T(f) = T(g1) o p1 > T(g;) o p; for each i.

— For f e R"\ {0}, F c R™, an element i := NF(f, F) € R" is called a

(left, right, bilateral, restricted) (weak) normal form of f w.r.t. F, if
f — h € I(F) has a weak Grobner representation in terms of F, and
h#0 = M(h) ¢ M{IIM{F})};

(left, right, bilateral, restricted) strong normal form of f w.r.t. F,if

f — h € I(F) has a strong Grobner representation in terms of F, and
h#0 = M(h) ¢ M(F). O
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Proposition 19. (cf. [45, 46]) For any set F c R™ \ {0}, among the following condi-
tions:

1. fel(F) < ithas a (left, right, bilateral, restricted) strong Grobner repre-
sentation f = Z’i‘:l a;d; * g; % b;p; in terms of F which further satisfies

T(f)=AoT()opr>-->A0T(g)opi> -}
2. f e (F) — ithas a(left, right, bilateral, restricted) strong Griobner repre-
sentation in terms of F;
3. Fisa (left, right, bilateral, restricted) strong Grobner basis of I(F);

4. fel(F) < ithas a(left, right, bilateral, restricted) weak Grobner represen-
tation in terms of F;

5. Fis a (left, right, bilateral, restricted) Grobner basis of I(F);
6. f € (F) < it has a (left, right) Grobner representation in terms of F;

7. for each f € R™ \ {0} and any (left, right, bilateral, restricted) strong normal
form hof f w.rt. F we have f € (F) < h=0;

8. foreach f € R"\{0} and any (left, right, bilateral, restricted) weak normal form
hof fwrt. F we have f e (F) < h=0;

there are the implications

H e @ = @ < (©

7 8 TN
N = 6 = 6 = @

If R is a skew field we have also the implication (4) = (2) and as a consequence
also (5) = (3).

Proof. The implications (1) = 2) = 4) < 6),3) = ),2) = 3)
and (4) = (5) are trivial.

(3) = (1): for each f € I,(F), by assumption, there are elements g € F,m =
ad,n = bp € M(R) such that M(f) = M(m x g x n). Thus T(f) = T(m x g x n) =
A0 T(g) o p and, denoting f] := f —m % g x n, we have T(f;) < T(f) so the claim
follows by induction, since < is a well ordering.

(5) = (4): similarly, for each f € I,(F) by assumption there are elements
gi€ F,T(g) := Ti€, M = aidi,n; = bip; € M(R) such that

= T(f) = T(A; * g *x p;) = A; o T; o p;e, for each i,
= le(f) = X aiap (Ic(g))a -, (by).
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It is then sufficient to denote f; := f — >.; m; x g; % n; in order to deduce the claim by
induction, since T(f}) < T(f) and < is a well ordering.
@) = (2): let f € I,(F) \ {0}; (4) implies the existence of g € F,A,p € 7, such

that T(f) = 10 T(g) o p. Then setting f; = f = Ie(f)(ea (lc(g)))_l/l * g * p we deduce
the claim by induction, since T(f;) < T(f) and < is a well ordering.
(3) = (7)and (5) = (8): either

—h=0and f=f-hel(F)or
— h#0,M(h) ¢ M(I(F)), h ¢ I(F) and f ¢ I(F).

(7Y = (@2)and (8) = (4): for each f € I(F), its normal form is 4 = 0 and
f = f — hhas a strong (resp.: weak) Grobner representation in terms of F.
O

Proposition 20. (Compare [31, Proposition 22.2.10]) If F is a (weak, strong) Grobner
basis of | := I(F), then the following holds:

1. Let g € R" be a (weak, strong) normal form of f w.rt. F. If g # 0, then

T(g) = min{T(h) : h — f € I(F)).

2. Let f, f’ € R"\ | be such that f — f’ € |. Let g be a (weak, strong) normal form
of fw.rt. F and g’ be a (weak, strong) normal form of f’ w.r.t. F. Then

- T(g) =T(g') =:Ttand
- lc(g)—le(g) el :={le(f) : fel, T(f)=13U{0} CR.
Proof.

1. Let h € R" besuchthat h — f € |; then h — g € | and M(h — g) € M{l}. If
T(g) > T(h) then M(h — g) = M(g) ¢ M{l}, giving a contradiction.

2. The assumption implies that f — g’ € | so that, by the previous result, T(g) <
T(g’). Symmetrically, f' — g € | and T(g’) < T(g). Therefore T(g) = T(g') = 7;
moreover, either

- T(g - g") < tand M(g) = M(g’) so that Ic(g) = lc(g’) or

- T(g—g) = Tand M(g ~ &) = M(g) ~M(g") = (le(g) ~le(g)r: thus, since
g—g €l le(g) ~le(g) € l-.

o
2.3 Canonical forms (skew field case)

If R := K is a skew field, for any set ' ¢ R™ we denote N(F') the (left, right, bilateral,
restricted) order module N(F) := 7 \ T(F) and K[N(F)] the (left, right, bilateral,
restricted) K-module K[N(F)] := Spang (N(F)).
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Figure 1: Canonical Form Algorithms

(8, X!, cidi * &) := LeftCanonicalForm(f, G)
where
G is the left Grobner basis of the left module | ¢ R™,
feR" geKIND], ¢c; e K\{0},4; € T,gi €G,

f-g= Zi.’z | Cidi * g; is a left strong Grobner representation in terms
of G,

T(f—g =A10T(g1) > A2 0T(g2) >+ > A, 0T(gy).
h:=f,i:=0,g:=0,
While /2 # 0 do
%% f =g+ Xy cidj*gi+h,
%% T(f —g) = T(h);
%%i>0 = T(f-g) = 410T(g1) > 120T(g2) > -+ > 4;0T(g) > T(h);
If T(h) € T.(G) do
Letde7T,yeG:10T(y) =T(h)
ei=i+1,c:=lc(ha,(c(y)™, A=A, g =y, h:=h-cAgi.
Else
%% T(h) € N(I)
g:=g+M(h), h:=h-MHh)

19



Definition 21. For any (left, right, bilateral, restricted) module | ¢ R™, the order
module N(I) := 7 \ T{l} is called the escalier of I.

We easily obtain the notion, the properties and the computational algorithm (Fig-
ure 1 and Remark 25 ) of (left, right, bilateral, restricted) canonical forms:

Lemma 22. (cf. [31, Lemma 22.2.12]) Let | C R™ be a (left, right, bilateral, restricted)
module. If R = K is a skew field and denoting A the (left, right, bilateral, restricted)
module A := R"/| it holds

1. R" = 1o KIN(DI;
2. A=K[N®DI;

3. foreach f € R™, there is a unique

g:=Can(f,) = > ¥(f,1,)r € KIN()]

teN(I)

such that f — g € l.

Moreover:

(a) Can(fi,l) =Can(fz,l) & fi-fr€l;
(b) Can(f,) =0 = fel.

4. For each f € R™, f — Can(f,l) has a (left, right, bilateral, restricted) strong
Grobner representation in terms of any Grobner basis.

Definition 23. (cf. [31, Definition 22.2.13]) For each f € R™ the unique element
g = Can(f,1) € K[N(D]

such that f — g € | will be called the (left, right, bilateral, restricted) canonical form of
fwrt. | O

Corollary 24. (cf. [31, Corollary 22.3.14]) If R = K is a skew field, there is a unique
set G C | such that

— T{G} is an irredundant basis of T(l);
— foreach g € G,1c(g) = 1,
— foreach g € G,g = T(g) — Can(T(g), ).
G is called the (left, right, bilateral, restricted) reduced Grobner basis of |. O

Remark 25. As regards Figure 1, we remark that the corresponding algorithm in the
right, bilateral and restricted cases can be obtained from the one stated above via trivial
modifications. The only nontrivial part is the one marked with e in the algorithm, which
respectively becomes:

o Left: i :=i+1,¢; :=1lc(h)a, (lc()/))*1 A= A,8 =y, h:=h—-cidigi;
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e Right: i :=i+1,d; := a/}(ly) (1c(h) lc(y)‘l) i =P, 8 =Y, hi=h—gi xdpi;

e Bilateral: i := i + 1,¢; := lc(h)a, (lc(y))*l,/li = Lp = p,& =, h =
h —cid; % gi * p;;
e Restricted: i := i+ 1,¢; := lc(W) 1c(y) ™', p; := p,gi := v, h := h — c;g; % pi.

Note that the algorithm described for right canonical forms is assuming that each
a; is an automorphism; alternatively we can assume that R is given as a right R-module
in which case the theory can be developed symmetrically.

3 Szekeres Theory

In this section, R is a non necessarily commutative domain and R a multivariate Ore
extension.
Let | ¢ R™ be a (left, bilateral) module; if we denote for each v € 7, |, the
additive group
. :={lc(f): fel, T(f) =1} U{0} CR,

S :={l, : 7 € T} and, for each ideal a ¢ R, T, and L, the sets
To={fteT™: ,2acT™and L, :={reT™:l,=a)cT™,
we have
1. foreacht € 7 I, c R is a left ideal;
2. foreachidealsa,DC R, aCcb = T, D Ty;

3. Tu= |_|LbaLa=Ta\UTb;

b2a ba
4. forterms ,w € T, 1|w = |, Cly;
5. for each ideal a C R, T, € 7 is a semigroup module. O

If R is a skew field, the situation is quite trivial: for any ideal | we have

I ={(0),R}, Tg = Lg = T(), To) = T, Loy = T \ T()).

Szekeres notation is related with a pre-Buchberger construction of “canonical” ide-
als for the case of polynomial rings R[Y1, ..., Y,] over a PID R.

In connection recall that [14, 15] a not necessarily commutative ring R is called a
(left, right, bilateral) Bézout ring if every finitely generated (left, right, bilateral) ideal
is principal and is called a Bézout domain if it is both a Bézout ring and is a domain,
and remark that, if R is a noetherian (left, bilateral) Bézout ring, then for each T € 7,
there is a value ¢; € R satisfying |, = I(c;).
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Definition 26. With the present notation, we call Szekeres ideal each ideal I, C R,
Szekeres level each set L, € 7 and Szekeres semigroup each semigroup T, € 7.

Finally, if R is a noetherian left Bézout ring we call Szekeres generator each value
¢r € R satisfying |, = I (c;).

Note that if R is a noetherian Bézout ring, we have,
w|T = ¢ | ax(cy,) foreach L, pe T st. T=Aowop.

Proposition 27 (Szekeres). [51] Let R be a noetherian left Bézout ring and | C R™ be
a (left, bilateral) module. Denote

T:= {T eT™ st c; ¢ Na(cy), we T™ A,peT,T=1ow Op)} cgm
and fix, for each T € T, any element f, € | such that* M(f,) = c,T.
Then the basis S, = {f; s.t. T € T} is a left/bilateral weak Grobner basis of |.

Proof. For each f € |, denoting 7 := T(f) we have lc(f) € I;(c;) and lc(f) = dc, for
suitable d € R\ {0}. Thus if 7 € T we have M(f) = dM(f;); if, instead, 7 ¢ T there
are suitable di,e R\ {0}, w; € T € T, A;,p; € T for which A; o w; o p; = 7 and
¢r = )i diay(cy,) so that

M(f) = dert

d Z diavy ()i © w; © pi
i

Z (dd;i ) - (co,wi) - pi

> (ddig) + M(f,) # pi.

O

Remark 28. Remark that in the case in which each endomorphism a,,7 € 7, is an
automorphism, we can consider also right modules | to which we can associate

le = {le(f) : f € LT(f) = 73U {0}

which are right ideals themselves; in fact if we represent f € R™ as (see Remark 3)
f =YL, Ya; and we denote .| the right ideal

d={ceR:tce M{lI}} U{O} CR

then I, is the right ideal a(;1).

However, in this setting, Szekeres Theory can be built more easily by considering
the ideals ;| obtained through the right representation of Remark 3 and adapting to
them the results reported above.

Remark that if an endomorphism «; is not invertible, in general |, is not an ideal
but just an additive group.

Finally note that for restricted modules, one applies verbatim, the classical Szek-
eres theory and substitute in the results above each instance of a,(c,),7 = dowop
with ¢, T = wop. O

20f course for the extreme case |, = (0) so that ¢; = 0, we have f; := 0.
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Example 29. In the Ore extension
R:=R[Y:a],R = Z,[x] where @ : R —> R : x > x*

we can consider, as a left module, the two-sided ideal I,(x) = I;{xY : i € N}; we thus
have .
I, =I(x) c Rforeacht € {Y',i > 0},

so that, setting a := I(x) C R, itholds I = {a}, T, = L, = {Y' : i e N}, and §,, = {xY" :
i € N} is both a weak and a strong Grobner basis of I (x).
For the right ideal Iz(xY) the sets |, are not ideals; we have, e.g.

lyi = {xp(x)|B(x) € Zalx]).

4 Zacharias canonical representation

Let R, R be two rings such that R is also a left R-module.

Following Zacharias approach to Buchberger Theory [54], if each module | ¢ R™
has a groebnerian property, necessarily the same property must be satisfied at least
by the modules | ¢ R™ c R™ and thus such property in R” can be used to devise
a procedure granting the same property in R™. The most elementary application of
Zacharias approach is the generalization of the property of canonical forms from the
case in which R = K is a skew field to the general case: all we need is an effective
notion of canonical forms for modules in R:

Definition 30 (Zacharias). [54] A ring R is said to have canonical representatives if
there is an algorithm which, given an element ¢ € R™ and a (left, bilateral, right) module
J C R™, computes a unique element Rep(c, J) such that

- ¢ —Rep(c,J) € J,
- Rep(c,J) =0 < ced.

The set
Rep(J) := {Rep(c,J) : ce R"} = R"/J

is called the canonical Zacharias representation of the module R™/J. |
Remark that, for each ¢, d € R™ and each module J C R, we have
c—ded < Rep(c,J) = Rep(d,J).
Using Szekeres notation for a (left, right, bilateral) module | ¢ R™ we obtain
— the partition 7 = L(I) U R(l) U N(l) of 7 where

- N(l):=Lg) = {weT™ : 1, = (0)},
- L) :=Lg={weT™:l, =R},
- R():={w e T 11, ¢ {0)LR)}:
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— the canonical Zacharias representation

Rep(l) := {Rep(c, 1) : c € R}

@ @ Rep(a)T

eI TEL,

P Reptoyr =R/

TeT

of the module R™/I.

If R has canonical representatives and there is an algorithm (cf. Definition 40 (c),
(e)) which, given an element ¢ € R™ and a (left, right, bilateral) module J € R™ com-
putes the unique canonical representative Rep(c,J), an easy adaptation of Figure 1
allows to extend, from the field coefficients case to the Zacharias ring [54, 32] coeffi-
cients case, the notion of canonical forms, the algorithm (Figure 2 and Remark 32) for
computing them and their characterizing properties:

Lemma 31. If R has canonical representatives, also R has canonical representatives.
With the present notation and denoting, for a (left, right, bilateral) module | ¢ R™,
A the (left, right, bilateral) module A := R™ /| it holds:

1. R™" = 1@ Rep(l);
2. A =Rep(l);

3. foreach f € R™, there is a unique (left, right, bilateral) canonical form of f

g=Can(£,h)= > > y(firl,<)r € Rep(l),  (f,7.1,<) € Rep(lr),

a€J TEL,

such that

- f-ge€l
- y(f,7,1,<) = Rep(y(f, 1.1, <), ;) € Rep(l,), for each T € T™.
Moreover:
(a) Can(fi,l) = Can(fo,) &= fi—-fr €l
(b) Can(f,1)=0 < fel;
4. foreach f € R™, f—Can(f, ) has a (left, right, bilateral) (weak, strong) Grobner

representation in terms of any (weak, strong) Grobner basis. |

Remark 32. As regards Figure 2, we remark that the corresponding algorithm in the
right and bilateral cases can be obtained from the one stated above via trivial modi-
fications. The only nontrivial part is the one marked with e in the algorithm, which
respectively becomes:

o Left: ¢ - Y = Z;/:I—H'l aia/li(lc(gi))v T(g) = /li © T(gl)vl‘l <i< Vs h = h-
iyt Gidi * 8iy J = V5
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Figure 2: Canonical Form Algorithms

(g, 2h, a;id; x g;) := LeftCanonicalForm(f, F)

where
R := R[7], R aring with canonical representatives,
f € R™, F is the left Grobner basis of the left module | ¢ R™,
g :=Can(f,) € Rep(l), a; e R\ {0}, 1, € T,g; € F,
f-g= Zt.‘zl a;A; x g; is a left weak Grobner representation in terms of F,
h:=fu:=0,g:=0
While /2 # 0 do
Let ct := M(h),y := Rep(c, I,)
h:=h-y1,g:=g+v1,
Ifc#vy,letg, e F,A, €T ,a;€ R\{0}:
ec—y =Y maayle(g), T(g) = Lo T(g)u <i<v,h:=h-
Dicpet Gidi K iy f =V

e Right: c—y =3 1lc(g)bi, T(g) = T(g) opip <i<v,hi=h—31 . g*
ai‘égi)(bi)pi, Hi=v;

e Bilateral: c -y = Y1 | aiay(Ic(g)), T(g) = A o T(g) o pispt < i < v, h =
h— Zivz/nl aidi * gi % Piy L= V.

S Moller’s Lifting Theorem

Let R be a not necessarily commutative domain and R be a multivariate Ore extension.

5.1 Valuation
5.1.1 Left (right) case

The validity of Corollary 15 allows to intoduce the groebnerian terminology and, as in
the standard theory of commutative polynomial rings over a field [31, § 21.1-2] or a
Zacharias ring [54], the ability of imposing a 7 -valuation on modules over R and its
associated graded Ore extension S := G(R) (see Remark 10).

The only twist w.r.t. the classical theory is that there the ring was coinciding with
its associated graded ring; here they coincide as sets and as left R-modules, but as rings
have two different multiplications.

Consequently, denoting by x the one of R and by * the one of S, given a finite basis

F:={gi,...,8 CR", g =M(g) — pi =: ¢;7i€¢;, — pi,
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with respect to the module M := I (F) ¢ R™ we need to consider the morphisms

5, :8* 58" g (2"1 hiei) = zulhi * M(g:),
i=1 i=1
SLZRM—>MCRm : QL[Zu:hie‘i] Zzzu:hi*gi,
i=1 i=1

where the symbols {ey, ..., e,} denote the common canonical basis of S* and R* which,
as R-modules, coincide.
We can then consider

— the 7 -valuation v : R* — 77 defined, for each o := i hie; € R*\ {0}, by

(o) := max{T(h; * g;)} = max{T<(h;) o T<(g)} = max{T<(h) o Tie;} =: de

under which we further have S* = G(RY);

— the corresponding leading form L (o) := Y ey M(hy)ey, € S* — which is 770™-
homogeneous of 7"-degree v(c) = e — where

H:={j: To(hj % g)) = T(h)) o 7je;, = 6€ = v(0)}.
For each set S ¢ R, we denote £;{S} :={L.(g): g€ S} c S“

5.1.2 Bilateral case

Considering R as a left R-module, the adaptation of Moller lifting theorem to the bilat-
eral case requires a few elementary adaptations; given a finite set

F:={gi,....8) CR", gi=M(g) - pi = ¢;Ti€, — pis
and the bilateral module M := I,(F), denote
R:={aeR:ah=axh=hxa, foreach h € R}

the commutative subring R C R of R consisting of the elements belonging to the center
of R and remark that the subring of R generated by 1 is a subring of R and that R is
also a subring of the center of the associated graded Ore extension S of R.

Considering both the R-bimodule R ®; R and the S-bimodule S ®; S°°, which,
as sets, coincide, we impose on the bilateral R-module (R ®; R°P), whose canonical
basis is denoted {ey, ..., e,} and whose generic element has the shape

Z ajdiegbipi, a;, by € R\ {0}, 4;,0, € 7,1 < {; < u,

1

the 7™ -graded structure given by the valuation v : (R ®;z R%)" — 7 as

V(o) := max{T(; x g, * pi)} = max{A; * T(gg) * p;} = max{A; o 4, 0 piey, } =: de
< < < !
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for each
o= Y adieghipi € (Rey RP)\ (0]

1

so that
G ((R®; RT)") = (G(R®; R"))" = (S®; S)"

and its corresponding 7 “"-homogeneous leading form is
Lr(o) = Z ah/lhef,,bhph € (S ®p Sop)u
heH

where H := {j : 4j o071 0 piey,, = v(o) = d¢€}; we also denote, for each set S C
(Rep RP),
Lo{S}:={La(g): g €S} (S® S™)".

We can therefore consider the morphisms

1

1

5 :(S®; SP)' - 8" : [Z ai/lieg[bipi] = Z a;d; * M(gg,) * bipi,

l

l

S, (R ®p ROP)M —-R" : & (Z ai/l,-eg,.b,-pi] = Z a;d; * 8, * bip;.

5.1.3 Restricted case

In order to deal with restricted modules, we need simply to adapt and simplify the
bilateral case.

Thus, we consider both the left R-modules R ® R°P and R ® S°P, which, as sets,
coincide, we impose on the bilateral R-module (R ® R°P)", whose canonical basis is
denoted {ey, ..., e,} and whose generic element has the shape

Z aiecpi,a; € R\ {0}, 0, € T,1 <{; < u,

1
the 7""-graded structure given by the valuation v : (R ® R®)* — 7~ as

v(o) = mgx{T(ga- * p;)} = mgx{T(gzi) *pi} = max{zy, o pje;, } = o€

for each
1= > aierpi € (RO R?)"\ (0}

1

so that
G((R®R®)") = (G(R®R®))" = (R® S®)"

and its corresponding 7 "-homogeneous leading form is

Ly(o) = Z apeq,py € (R ® SOP)M

heH
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where H := {j : 74, 0 pje, = v(o) = de}; we also denote, for each set S € (R ® R°P)",
L{S):={Lw(g) :g€S}c(R®S™P)".

We can therefore consider the morphisms

L

sw:(R®SP) — 8" : sy (Z aiefipi) . Z aM(g¢,) * pi,

i

Gw:(R®R™)" - R" : Gy [Z aiefipi] = Zaig& * pj.

1

1

5.2 Lifting Theorem

Definition 33. With the notation above

— for a (left, right, bilateral, restricted) R-module N, a set B C N is called a (left,
right, bilateral, restricted) standard basis if

I(L{B}) = I(L{N});
— for each i € N a representation
h=Zl,~*g,~:lieR,gieB,
is called a left standard representation in R in terms of B iff
v(h) > v(l; % g;) = T(l;) o T(g;) for each i;
— for each i € N a representation
h:Zg,-*ri:riER,gieB,
is called a right standard representation in R in terms of B iff
v(h) = v(g; x r;) = T(g;) o T(r;) for each i;
— for each i € N a representation

h= Z a;di x g¢, *x bip;  a;,b; € R\ {0}, 4,0, €T , 8¢, € B,
f

is called a bilateral standard representation in R in terms of B iff

v(h) > v(4; * g¢, * pi) = Ai o v(ge,) © p;, for each i;
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— for each i € N a representation

h= ) aig, *pitai €R\{0)pi € T g, €B,
i

is called a restricted standard representation in R in terms of B iff

v(h) = v(ge, * pi) = v(gs) o pi, for each i;

— if u € ker(s) is 7“-homogeneous and U € ker(S) is such that u = L(U), we
say that u lifts to U, or U is a lifting of u, or simply u has a lifting;

— a(left, right, bilateral, restricted) Gebauer—Moller set for B is any 7 ""-homogeneous
basis of ker(s);

— for each 7™-homogeneous element o € R¥, we say that S; (o) has a left quasi-
Gribner representation in terms of B if it can be written as Sy (o) = X1, [ % g
with v(o) > T(l; x g;) = T(l;) o T(g;) for each i.

— for each 7"-homogeneous element o € R¥, we say that Gg(c) has a right
quasi-Grobner representation in terms of B if it can be written as Gg(o) =
2y & * r with v(o) > T(g; x r;) = T(g;) o T(r;) for each i.

— for each 7-homogeneous element o € (R ®; RP)", we say that S,(c") has a
bilateral quasi-Grobner representation in terms of B if it can be written as

62(0’) = Z ai/l,‘ * gr X b,‘p,‘ . ai,bi €R \ {0}, /li,pi € T, gu € B

1
with v(o) > 4; 0 T(gy,) o p; for each i.

— for each 7™ -homogeneous element o € (R ®; R°)", we say that Sy(c) has a
restricted quasi-Grobner representation in terms of B if it can be written as

Sw(0) = ) aige, % pi: ai € R\{0},pi € T, g, € B

with v(o) > T(g¢,) o p; for each i. |

Remark 34. Note that each left Grobner representation of Sz (o) in terms of B gives
also a left quasi-Grobner representation since T(l;) o T(g;) < T(S.(0)) < v(0); on the
other side, a left quasi-Grobner representation grants only T(/;) o T(g;) < v(o) but not
necessarily T(l;) o T(g;) < T(S(0)), since in principle we could have T(S.(0)) <
T(l;) o T(g;) < v(o) so that we don’t necessarily obtain a left Grobner representation of
the S-polynomial S, (o).

This relaxation was introduced by Gebauer and Mdller in their reformulation of
Buchberger Theory for polynomial rings over a field [19]; in that setting, it allowed
to better remove useless S-pairs and thus granted a more efficient reformulation of the
algorithm; in the more general setting we are considering now, viz polynomials over
rings, it becomes essential also for a smooth reformulation of the theory.

O
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Remark 35. Observe that if o := ), hje; € ker(S,) then denoting
de:=v(o)and H := {j,l <j<u:Thj)oT(g)) = 66},
its leading form Li(o) := X d;dje; € S" is T"-homogeneous of 7" -degree
Wo) := 8e € T, satisfies
-0+ dj — jE HandM(hj) = dj/lj,
= B did; s M(g)) = X jen(did)) + (cjmjer) = (Zen (djan () - (475)) e = 0,
- Yjen djaa,(Ie(g;)) = 0 and 4; 0 T(g;) = o€ for each j € H , so that in particular
- e=¢; foreach j€ H,

and belongs to ker(sy).

Adapting Remarks 34 and 35 as done for Definition 33, one can obtain the analo-
gous remarks for the right, bilateral and restricted case.

Theorem 36 (Moller-Pritchard; Lifting Theorem). [35]
With the present notation and denoting ®N(F) any Gebauer—Moller set for F C R,
the following conditions are equivalent:

1. F is a Grobner basis of I(F);
2. fel(F) < f has a Grobner representation in terms of F;

3. for each o € GIM(F), the S-polynomial S(o) has a quasi-Grobner representa-
tion;

4. each o € ®M(F) has a lifting lift(o);
5. each T -homogeneous element u € ker(s) has a lifting lift(u).

Proof.
We prove the statement only in the bilateral case, leaving to the reader the adapta-
tions to the right, left and restricted cases.

(1) = (2) Let f € I(F); by assumption

M(f) =

I

u
a;A; = M(ge,) * bip;
a0

where Z‘i‘:l aidiesbip; € (S ®p SP)" is 7™ -homogeneous of 7 -degree T(f).

Therefore g := f — 2?:1 a;di * g¢, * bip; € I(F) and T(g) < T(f).

Thus, the claim follows by induction since < is a well-ordering.

(2) = (3) Gy(0) € I(F) and T(Sx(0)) < ().

30



(3) = (4) Let

u
Gy(o) = Z aidi * g¢, * bip;, v(07) > A; 0 T¢, 0 piey,

i=1

be a bilateral quasi-Grobner representation in terms of F'; then

u
lift(e) = o = )" aidies bipy
i=1

is the required lifting of 0.
(4) = (5) Letu := 3, aidiegbip; € (S® S®)*, A; 0 7y, 0 piey, = v(u), be a T-
homogeneous element in ker(s;) of T(m)-degree v(u).
Then there are A,,p, € T, ds, b € R\ {0}, for which
u= Z Ay Ay * O * bO'p(T’ Ay o V(o) O Po = v(u).

TeGN(F)

For each o € GI(F) denote
o

7 = o - lift(o) = Ly(lift(o)) — lift(o) := Z aigdicer, bispic € (R®p R®)"

i=1

and remark that A;, o 74, © picer, < V(o) < (o) and S,(0) = Sy(0).

It is sufficient to define

lift(u) := Z ag Ay * lift(o) * byp,, and & := Z Agdy * O * bypy
TeGM(F) TeGM(F)

to obtain

lift(u) = u — i, Lo(liftw)) = u, S2(@) = Sa(u), Sy(lift(w)) = 0.

(5) = (1) Let g € I(F), so that there are 4;,p; € 7 ,a;,b; € R\ {0},1 < {; < u, such
that oy := 3/, aidieqbip; € (R ®4 RP)” satisfies

g=Ca(o1) = ) aidi x g, * bip;.

M=

i=1
Denoting H := {i : 4; 0 T(g¢) o pi = Ai © T¢; © pi€y, = v(01)}, then either
— v(o1) = T(g) so that, for each i € H, M(a;A4; x M(g,) * bip;) = a;d; *
M(gg,) * b;jp; and
M(g) = > aidi + M(g) * bipi € MIL(M{F))},
ieH

and we are through, or
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- T(g) < v(01), in which case 0 = Y;cyy aid; * M(g,) * bip; = 52(La(071)) and
the 77" -homogeneous element £,(c1) € ker(s,) has a lifting

U := .£2(O'1) - Z aj/ljegjbjpj € (R ®R ROp)u
j=1
with

Zaj/lj * g, x bipj = Zai/l,- * g¢, * bjp;and ;0 7, opje,, < v(oy)
j=1 icH

so that g = S,(0) and v(o,) < v(o1) holds for
v
0 = Z ai/lie[ibip,- + Z aj/ljegjbjpj (S (R ®R ROP)M
i¢H j=1

and the claim follows by the well-orlderedness of <.

O
Theorem 37 (Janet—Schreyer). [20, 47, 48]
With the same notation the equivalent conditions (1-5) imply that
6. {lift(o) : o € OGM(F)} is a standard basis of ker(S).
Proof. (4) = (6) Letor := Y/, aidie,bip; € ker(S;) € (R®; RP)”.
Denoting H :={i : A; o 7y, opie, = v(o1)}, we have
Lr(oy) = Z a;diegbip; € ker(sy)
ieH
and there is a 7" -homogeneous representation
LZ(O-I) = Z Ao Ay * T % bO'po" Ay 0 v(0) °op= v(o1)
TEGM(F)
with Ay, pr € T,a4,bs € R\ {0}.
Then
oy = 01— Z ag Ay * ift(o) * byp.
TEGM(F)
= 01— Z Ao dg * (0= 0) * bypo
TeGIM(F)
= oy-Lo)+ Z agdy * 0 * by,
TeGM(F)
= Z a;diegbip;
i¢H
Ho
+ Z Z((aoa/l,r(aia)) : (/10' ° /lio'))et’i,,((bio'a'pm(bo)) : (pio' o po'))
TeGM(F) i=1
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satisfies both o, € ker(S;) and v(o,) < v(o7); thus the claim follows by induc-
tion.
O

Example 38. Let us consider the ring of Example 17 and three elements fi, />, f3 € R
with

M(fi) = (5x = DY V5 Y5, M(f) = (5x — DY Y5, M(f) = (5x — Y]V, Y.
Under the natural 7 -pseudovaluation on R3, an element
o= (Y YRy YV YR Yy VYY) € S ()
is homogeneous of 7 -degree Y’ f*zYé’*ng*z iff
a-l=F1=yvi=taam=Fh-l=yp=ba=Ff=y3;—-1=c

Let us now specialize ourselves to the case a = b = ¢ = 0 and consider the Z[x]-
module of the homogeneous syzygies of 7 -degree le Y22 Y32; setting y = Sx, (7)is a
syzygy in ker(s,) iff

0 sp(o)
= aY *M(f) + Y2 « M(f2) + yY3 « M(f3)
(e6? = ) +B0° - D +y0* - D) ¥I¥3Y].

A minimal left Gebauer-Moller set consists of

o= (-0 +y+ DYy, (y + 1)Y5,0) and 05 := (—=(* + 1)Y1,0, Y3).
In fact a generic syzygy (7) satisfies
ay+ D+BOP+y+ D+y0P + Do+ D=0
so that (y+1) | 8 and setting 8 = (y+ 1)6 we have @ = —6(y* +y+ 1) —y(y* + 1) whence
o= (=007 +y+ 1) =y0? + D) Y1, (v + D6Y2,yY3) = 60 + yora.
Remark 39. We can consider also the homogeneous syzygy of 7 -degree Y;Y;Y;
3= (0,-0% + DO+ DY2, 0* +y + DY3) = =0 + Doy + 0 +y + Do
Moreover, since

1= +y+D-yo+ D=0 +y" +y+ D-y0* +y+1)

setting
64 1= (-¥Y1,Y2,0) € 8%, 65 := (0, Y, Y3) € S°
we have
s.(sa) = su(sp) = (y = DY V3V
note that

Sa—sp = (=yY1,(y + DY2,-Y3) = 0 — 0 € ker(sy).
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Example 38 (cont.). Setting now 7 := Y?Y2Y¢ and z := y***"*, for the syzygy (7) we
have

0 = s5.(0)
= at¥1 *M(f1) + BrYa =« M(f2) + y7¥3 = M(f3)
= (erx (P =D +pra(’ = D+yr= (" = D) V7Y Y3.
= (a@-D+BE - D) +yE - D) ViV3vic
whence
a=-6C+z+D-y@+1), B=@E+1)3

and
O =0T*0| +YT * 0.

Thus, {01, 0>} is a minimal basis of ker(s; ).

6 Grobner basis Computation for Multivariate Ore Ex-
tensions of Zacharias Domains

We recall the definition of Zacharias ring [54], [31, §26.1], [32].

Definition 40. A ring R with identity is called a (left) Zacharias ring if it satisfies the
following properties:

(a). Ris a noetherian ring;

(b). there is an algorithm which, for each ¢ € R", C := {cy,...c;} € R™ \ {0}, allows
to decide whether ¢ € I;(C) in which case it produces elements d; € R : ¢ =

ZLl dici;
(c). there is an algorithm which, given {ci,...c;} € R™ \ {0}, computes a finite set of
generators for the left syzygy R-module {(dl, e yd) ER YL dici = 0}.

Note that [35] for a ring R with identity which satisfies (a) and (b), (c) is equivalent
to

(d). there is an algorithm which, given {ci,...c} C€ R™ \ {0}, computes a finite basis
of the ideal
Ii({c;i: 1 <i<s)):Ii(cy).

If R has canonical representatives, we improve the computational assumptions of
Zacharias rings, requiring also the following property:

(e). there is an algorithm which, given an element ¢ € R™ and a left module J C R™,
computes the unique canonical representative Rep(c, J). O

If R is a left Zacharias domain, the three algorithms proposed by Moller [35] for
computing Grobner bases in the polynomial ring over R can be easily adapted to multi-
variate Ore extensions of Zacharias domains, provided that each «;, and therefore each
@y, is an automorphism.
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6.1 First algorithm
Still considering a finite basis
F:={g1,....&} CR" g =M(g) - pi =: c;tie;, — pi,
of the module M := [ (F) and denoting
- O(F) =i, ip,...,0}S{L,...ouy ==L };
— foreach H := {i},i»,...,i,} € H(F),
—EfH=¢, =--=¢,

— 1 :=lem(r;: i€ H),
— foreach/ C H,

TH

= THI = 7

— @y : R > R the morphism a,,;*
- T(H) := tgen,

and, if R is a PID,

- cg = lem(ap,(c;) i € H),
— u(H) := cyty and
- M(H) = cyT(H) = cytnen = u(H)ey;

- T:={T(H) : H € H5(F)};
— foranym =de €T,

F) .
- fT i m,
— foreachi,1 <i<u,t;(m):=q7 if T(g ).|
1  otherwise;

- v(m) = (v(m)y,...,v(m),) € R* the vector such that

wmY; = ayme(g)) if T(gi). | m,
0 otherwise;

— C(m) C R" a finite basis of the syzygy module
Syz, (v(m)y,...,v(m),) := {(du seensdy) ER: Z div(m); = 0} ;
i=1

- S(m) := {(dity(m),...,d,t,(Mm)) : (di,...,d,) € C(m)};
- S(F) := Umer S(M);
— 8'(F) ¢ S(F) any subset satisfying

31 1 = {i} we will write ap,; and 7y, instead of oy ; and Ty 7.
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— for each o0 € S(F) \ §'(F) exist o; € S'(F),d; € R,t; € T, such that
o=3,dTix0y;
- RF) ={Ximi * g : (my,....m,) € S'(F)},
we have that (cf. [35], [31, Theorem 26.1.4])
Lemma 41. S(F) is a left Gebauer-Moller set for F.

Proof. Let us consider a generic 7 ""-homogeneus element

u

o= ) aidie; € R\ {0},
i=1
witha; € R, A; € T,v(0) :=7€,and a; # 0 = A;7; = 7, € = ¢, and assume that it is
a left syzygy in ker(sy).
Denoting I := {i < u : a; # 0} and setting m := de := lem{T(g;) : i € I} | v(0),
there is v € 7 : vd = 7. With the present notation we also have § = t;(m)t;; thus
vt;(Mm)T; = vé = A;7; and A; = vr;(M). We also have

0= Z a;a ), (Ic(g:))
i=1

so that . .
0=a,' (Z aia'/l,-(lc(gi))) = Z ;" (@) m(c(g:))
i=1 i=1
and (a;l(al)a ey Q;I(Clu)) € S)’ZL(V(m)l, ey v(m)u)~
Therefore, if we enumerate as

(dlls- ~-ydlu)’~~ -’(dvl,- . ~sdvu)
the elements of a basis of C(m) and we denote s; := X1, djiti(M)e;, 1 < j < v, those of
S (m), we have (a;l(al), ey a/;l(au)) = ;:1 bi(dj1,...,d},) for suitable b; € R and

u

o = Zai/liei
i=1
u

= Z a;ut;(M)e;
i=1
u

= > vra; @me

i=1
u. v

= Ux* Z Z bjdj,»ti(m)ei
i=1 j=1
= ZV: @y (bj)v * [i djiti(m)ei]
j=1 i=1

= Z ay(bj)u *s;.
j=1
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Corollary 42. The following holds:
1. S'(F) is a left Gebauer—-Moller set for F.

2. F is a left Grobner basis of the module it generates iff each h € R(F) has a left
Grobner representation in terms of F. a

Example 43. If we consider the ring of Example 17 as a left Z[x]-module endowed
with the I'-pseudovaluation, I' = {Y{'Y;°Y5" : (a1, az,a1) € N3}, we obtain a similar
solution as the one described in Example 38 .

Expressing each M(f;) as M(f;) = lc(f;))T(f;), according Zacharias approach we
need to compute a syzygy basis in Z[x] among ay, (Ic(f1)) = -1, ay,(c(fr)) =
o* = 1) and ay,(Ic(f3)) = (»* = 1); the natural solutions (=(y* +y + 1),(y + 1),0),
(=(32 = 1),0, 1) produce o and o».

Example 44. Let us now specialize the ring of Example 14 to the case
n=3,e,=e;=e3=1,¢c1 =20,¢c, =6,c5 =15,
and let us consider four elements fi, f>, f3, f1 € R with

M(f1) = xV1Y; Y3, M(fo) = XYV Y5, M(f5) = xYTY5 Y3, M(f)) = xYY3Y3

We have
T= {1V, ViV 3, ViV Y, ViV, Vs, YV, Vs,
and
m (t(m), ..., (M) v(m)
Y1Y;Y; (1,0,0,0) (x,0,0,0)
YiY,Y;  (0,1,0,0) (0,x%,0,0)
YY2Y: (0,Y5,0,1) (0,6%x%,0, x)
Y2Y3Y; (0,0,1,0) (0,0, x,0)
YY5Y: (Y).Y3,Y3,Y2)  (20x,6%%%, 15x,6x),
Denoting
b(1?3) = (_3Y1’0’4Y3’O)7
b(2,4) = (0,-Y2,0,6%),
b(3,4) := (0,0,-2Y3,0,5Y>)

we have S(Y12Y22Y32) ={b(2,4)} and, since
Y # b(2,4) = (0,-Y2,0,6%Y, = x) = (0, =Y2,0,6°xY>)
we can take S(Y12Y23 Y32) ={b(1,3),Y, «b(2,4),b(3,4)}; thus
S’ :={b(1,3),b(2,4),b(3,4)}

is the required Gebauer—Moller set. |
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6.2 Second algorithm

Moller [35] proposed also an (essentially equivalent) alternative computation: for any
s,1 < s < u, let us consider the syzygy module

= {(hl,...,hs) : Zhi*M(gi) = 0} cR’
i=1

and let us compute S(F) = S, by inductively extending S,_; to Sy, the inductive seed
being S| = 0.

A direct application of the property (d) of a Zacharias ring allows to compute a
Gebauer-Moller set via

Definition 45. A subset H C {1,...,s} N H(F), s < u, is said to be
maximal for aterm de € T if H={i,1 <i<s:7;|6,€ =€},
basic if s € H and H is maximal for T(H).

For a basic subset H C {1,..., s} N H(F), denote H* := H \ {s}.
For any
ds € It(an(c) i € HY) : I(an(cy)),

a syzygy associated to H and d; is a 7™ -homogeneous syzygy

Zd e,+d e, €85

icH*
where d; € R are suitable elements for which d,ay s(cs) = — X iepyx diami(ci). a
Theorem 46 (Moller). [35] With the present notation, denoting

-{A1,..., A} a T _homogeneous basis of Ss—1,

— ‘H the set of all basic subsets H C {1,..., s} N H(F),

- {du,....dw,u} a basis of the ideal I({ap(c;) s.t. i € H*}) : Ip(aus(cs)) for
each basic subset H € H,

— Djy € R’ a syzygy associated to H and d;u, for each basic subset H € H and
each j,1 < j<rg,

the set{Ay,...,Al}U{Djg: He H,1 < j<rylisa T _homogeneous basis of S;.

Proof. Let S = (diAy,...,dsAy) € Sy, ds # 0, be a T -homogeneous element of
7 _degree e and let
K:={ii1<i<s:d #0)

since by 7-homogeneity, 7; | § and e, = € for each i € K, we have T(K) | de; we
also have d; = 0 for each i ¢ K and A;7; = d,e;, = € foreach i € K.
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Fortheset H :={i,1 <i<s:7;| 7k, e, = ek} clearly we have 7y | Tk and K € H
so that 7y | Tk | 0; we also have ey = ex = €. Moreover d; # 0 implies s € K C H so

that H is basic. Since (di4y,...,dd;) € S;, setting v := %, we have
- )
0= ) didixM(g) = ) di— *cTie= ( dia'/li(ci)) o€

50 that 3epy divs, (ci) = 0, Yier @, (di)ayi(ci) = 0, whence
@, (dy)an,(cs) € Iap(c;) i € H) and @, (dy) € Ip(anic;) : i € HY) : In(apm,(cy)).

Therefore, for suitable u;, ;' (d;) = 7, u;dj and S = 37| @ (up)v+Djy € Sy
O

Example 47. If we consider the ring of Example 17 as a left Z[x]-module endowed
with the T-pseudovaluation, I' = {Y}"Y;°Y5® : (a1,a2,a;) € N3}, we obtain a similar
solution as the one described in Example 38 .

Expressing each M(f;) as M(f;) = lc(fi)T(f:), according Zacharias approach we
need to compute a syzygy bases in Z[x] among ay, (Ic(f1)) = (y2 = 1), ay,dc(fr)) =
(y3 — 1) and ay,(Ic(f3)) = (y4 — 1); the natural solutions (—(y2 +y+ 1),y + 1),0),
(-6* +1),0,1) produce o and 0.

Example 48. In Example 44, the basic elements are the following:

H TH) | fu
s=1[{1) VY; | f
s=2 (1) Y\ Y55 | fi

{2} YInLY: | f

{1,2} YIY3YS | fuo = 4xYiYSY3,
s=3] {1} Y\, Y5 | fi

{2} YEY%YSZ A

{3} YivYs | fs

{1,2,3}  YiY;Y7 | fuoz = xYiY5Y3,
s=41{1) Y5 | A

{2} Y§Y23Y32 b

{3} Y1Y2Y3 f3

(2.4) VIVSYE | fioa) = fa

{1,2,3,4) Y:V;Y7 | funsa = fuos).

O

Corollary 49. Assuming that the Zacharias domain R is a principal ideal domain and
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. 4 . . . . _
denoting®, for each i, j,1 <i< j<u, e, = e,

lem (a'{i,j},i(ci)» Ot{i,j},j(cj)) lem(;, 7))
.

b(l’ ]) = J
(i), i(¢5) 7j
lem (agi,j},i(ci), a’{i,j],j(cj)) lem(ti, 7))
_ e,
ay;,j.i(ci) T '
o lcm (a'{i,j},i(ci)» af{i,j},j(cj)) lem(t;, 7))
BG, j) = * 8
(i), i(¢5) 7
lem (a'li,j},i(ci)s a’{i,j],j(cj)) lem(t;, 7))
ayi,j.i(ci) T '

we have that {b(i, j) : 1 < i < j < u,e;, = ey} is a left Gebauer—-Moller set for F, so
that F is a left Grobner basis of M iff each B(i, j), 1 <i < j < u,e, = e, has a left
weak Grobner representation in terms of F. |

Proof. Since, for any basic subset H C {1,..., s} N H(F) we have
Iagie) i€ HD : Haygse)) = EP@qien) : Mayy.(e,))
_ I[(ICIIl(Ol{i,s},i(Ci), @i 5),5(Cs))

Ol[i,x;,s(cs)

lem(ayis)i(ci)s@is),s(Cs))
a(i.s).i(cs)

and b(i, s) is the syzygy associated to {i, s} and |

Example 50. In Example 44, we obtain the following redundant Gebauer—Modller set
(see Example 63)

@ )) 1CH1(C¥{i,j},i(Ci),Clu,j;,j(cj)) lem(7;, 7) b(, j)

(1,2) 6%.5x% Y?Y;Y; (-273%xY,, 572, 0, 0)
(1,3) 60x Y2Y,Y; (=31, 0, 4Ys3, 0)
(2,3) 6*.5x2 YfY§Y32 (0, =5Y7, 3%2%xv;, 0)
(1,4) 60x Y2Y;Y: (=371, 0, 0, 10Y»)
(2,4 6%x* Y2Y;Y: 0, -, 0, 6%
(3,4) 30x Y:Y;Y; (, 0, -2Y;, 5Y»)

O

Corollary 51. Assuming that the Zacharias domain R is a principal ideal domain and
that each a; is an automorphism denoting, for each i, j,1 < i< j<u, e, = ey,

L. . _1 ICIII(C,', Cj) ICII'I(T,', Tj) _1 ICI’I’I(C,', Cj) ICIII(Ti, Tj)
b(i,j) = eja; — ey
! Cj Tj ' ¢ T
. _, (lem(c;, ¢j)\ lem(ty, 7)) . (lem(c;, ¢;)\ lem(ti, 7))
B, j) = g;j* Olle ( : ) L _gixa;! ! !
Cj 7j Ci T

N 1 iTi
“Remember that (i j),j = @ fort = fem@i)),
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we have that {b(i, j) : 1 < i < j < u,e;, = e;,}is aright Gebauer-Méller set for F, so
that F is a right Grobner basis of M iff each B(i, j), 1 <i < j < u,e;, = e, has a right
weak Grobner representation in terms of F. |

6.3 Third algorithm: from weak to strong Grobner basis

As regards strong Grobner bases, we consider a left Zacharias PID. In this case, we
have

Definition 52. A set C c R™ is called a completion of F, if, for each subset H C H(F)
which is maximal for T(H), it contains an element fz € I(F)) which satisfies

1. T(fy) = T(H) = tnen,
2. le(fy) = ey = ged (ap,(Ic(gy) < i € H),
3. fu has a left Grobner representation in terms of F.

Algorithm 53 (Moller). A completion of F' can be inductively computed by mimicking
the construction of Theorem 46 as follows: the result being trivial if #F/ = 1, we can
assume to have already obtained a completion C(F*) of F* = {g1,..., 81}, < u;
for each maximal subset H C {1,..., s}, if s ¢ H we can take as fy the corresponding
element in C(F>). If instead s € H, then H* is maximal in F* for T(H*) and 7y~ | Ty;
thus there is a corresponding element fgx in C(F*); let us compute the values s,7,d € R
such that

ap < (c(fir))s + ap,s(le(g))t = ged(ay,mx (e(frx)), an,s(1c(gs))) = d
and define fy := STTTHX * frpx + tTT—‘:’ * g which satisfies M(fy) = dT(H) = dryey so that
1. T(fy) = T(H) = tyey,
2. le(fu) = ged(am m<(e(f)), ans(lc(gs)) = ged (am,ile(g)) 2 i € H) = d,

3. itis sufficient to substitute fyx with its left Grobner representation, to obtain the
required Grobner representation of fp. O

Proposition 54 (Moller). With the present notation and under the assumption that R
is a principal ideal domain, the following conditions are equivalent:

1. F is a left Grobner basis of M;

2. a completion of F is a strong left Grobner basis of M.
Proof.

(1) = () Let f € Mand let f = Y1, h; % g; be a left Grobner representation;
denoting H := {j : T(h;jx g;) = T(f) =: 7€} we have 7y | 7, €5 = €. Thus, setting
vj:= £,w;:= ¥ foreach jand A := - we have

_.7
Tj

le(f) = Xjenlethpay,(c(g))
2jen lc(hpa,ay,,(Ic(g))

m

T(eva,(e(g)) : j € H)
aa (1, (c(g,) : j € H))
a,(I(cn))
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so that a(Ic(fy)) = ax(cy) | le(f) and lc(f) = da,(Ic(fy)) with d € R. In
conclusion we have M(f) = dA =« M(fg).

2) = (1) Let f e Mand let f = 3 cgTxfx be a strong left Grobner repre-
KCS(F)
sentation of it in terms of a completion of F’; it is sufficient to substitute each
fx with a left Grobner representation of it in terms of F to obtain the required
representation.
O

Example 55. In Example 38, we finally have (see Remark 39)

fizy = fus = fuas = su(sa) = sp(sp) = (v — DY7Y3Y3.

Example 56. In Example 44 the strong Grobner basis (see Example 48) is
U, s 3, fas 234}

since
ged(ayqi ),y (Ie(f1)), aq1.2)2(e(f2))) = ged(ay, (x), @y2(x)) = ged(20x, 36x) = 4x

ged(ayr2.3),41,2de(fi1.2)), aq1.2.3,3Uc(f3))) = ged(a1(4x), ay,(x)) = ged(4x, 15x) = x.

Similarly, fi24) = fa follows trivially from

ged(@p.ay,0)(1c()), apaya(le(f2))) = ged(ay, (x%), a1(x)) = ged(36x%, x) = x.

6.4 Useless S-pairs and Gebauer-Moller sets

Let us still assume that the Zacharias domain R is a principal ideal domain and we
will use freely notations as M(i), M(i, j), M(i, j, k), 1 < i, j,k < u, instead of M({i}),
Md{i, j}), M{i, j, k}), introduced in 6.1; we can then easily apply to the present setting
the reformulation and improvement by Gebauer—Moller [19] of Buchberger Criteria
[9]. However, we must be aware that, in this context, there is no chance of reformulat-

ing Buchberger’s First Criterion.

Remark 57. In fact, for F ¢ P = R[Y},...,Y,] and I(F) an ideal of $, we should at
least require that
MG@) = M(j) = M(j) = M(i) = M(, j)

id est not only lem(7;, 7;) = 7; o T; = 7; o 7; which is trivially true but also
lem(a,,(c;), ar,(c))) = cjar(ci) = ciar(c)).

This essentially requires ¢; | aq;(c;) and ¢; | a,(c;) whence a., = Id; this suggests
that Buchberger’s First Criterion hardly can be applied. ‘

Note that the proof which considers the trivial sysygies g;g; — g;¢; = 0 holds only
in the classical polynomial ring case. |
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Definition 58. A useful S-pair set for F is any subset
OMc Sw) = {li,jl1<i<j<ue, =e)
such that {b(i, j) : {i, j} € ®Mi} is a Gebauer-Moller set for F.

Corollary 59. With the present notation, under the assumption that R is a principal
ideal domain, F is a left Grobner basis of the left module M iff, denoting Mt a useful S-
pair set for F, each S-polynomial B(i, j), {i, j} € ®I, has a left Grobner representation
in terms of F.

Proof. By definition {b(i, j) : {i, j} € ®Mi} is a Gebauer—Moller set for F so that, by
Theorem 36, F is a Grobner basis of M iff each S-polynomial B(i, j), {i, j} € ®M, has a
Grobner representation in terms of F. |

If we moreover define,
— foreachi,j:1<i,j<u,e, = e,

= c(, j) = lem(ay jy,i(ci), ay jy, j(c))),
- 7(, j) = lem(z;, 7)),
= u(@, j) = c(@, N7, J),
— and foreach i, jk:1<i, j,k<u,e, = e, =e;,

= c(@, j,k) = lem(ayi .5y (@, D)y i i gin (€@, k), i gy (€ K))),
- T(i9 js k) = lcm(Th Tj» Tk)’
- (@, j, k) = ¢, j, k)T, j. k)

and we impose on the set

S :={lijh1<i<jsue, =e,)
the ordering < defined by

(i1, j1) < 7(i2, jo) or
{it, 1} < iz, o} &= {71, j1) = 1(i2, j2), j1 < J2 or (8)
T(i1, j1) = 7(i2, j2), J1 = J2, 11 < i2,
we obtain

Definition 60. An S-element b(i, j),1 <i< j<u,e, = e, and the related S-pair {i, j}
are called redundant if either

(a). exists k> j, e, =€, = e such that
u(, jo k) = pdi, j); p(, k) # uQ, j) # p(j, k)

(b). orexists k < j, e, = e, = e, : u(k, j) | u(Q, j) # p(k, j). O
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Lemma 61 (Moller). The following holds

1. foreachi, jk:1<i, jk<u,e, = e, = ey, it holds

uG, s k)b(i, 8 G, j’k)b(z e+ pG, j, k)

- —=b(k,
(i, k) i, j) u(k, j) =

2. R:=1{b(i, j),1 <i<j<ue;, =e;,and not redundant} is a useful S-element set.
3. Let G :={g1,...,8s},s < u, and let
OM. c{{i,jh1<i<j<s.e =e¢,}
be a useful S-pair set for G, = {g1,...,8s5-1)}-
Let M :={u(j,s):1<j<s, e, =e,}and let M < M be the set of the elements

= u(j, ) € M such that there exists u(j',s) € M : u(j, s) | u(j, s) # u(j’, s).
For each u := M(j, s) € M\M/ leti,, 1 <i, <s, be such that u = M(i, s). Then

GIM == GM, U {{i, s} e M\ M)
is a useful S-pair set for G.

Proof. 1. (cf. [31, Lemma 25.1.4]) One has

(i, j, k) . (i, j, k) . u(@, j, k)

2 2 xb . k) — — % b s * b k

WGy b = B by + SR bk )
_ ﬂ@ﬁb*“@b ik )

W0\ T

Has 1K) (u(i, D, _ HGJ) )
) ) ()
pG, k) (#(k, Dok, ) k)

pu(k, j) -

TR mme
«@LM@_ﬂ@L@4
(k) u(@
_ (,u(l R, ,U(i,j,k)el)
u() “ ONR
(#(l k) M(i,j,k)e)
W) T Tl

2. (cf. [31, Lemma 25.1.8]) In order to prove the claim by induction, it is sufficient
to show that, for each redundant {i, j}, 1 <i < j < u,e, = e, = ¢, there are

- {ilﬁjl}v""{ifhjp}»'"a{irsjr}?1 S ip <jp S u7 elip :el]'p = 6’

— elements t,...,t, €T,
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— and coefficients ¢y, ...c, € R\ {0}

such that
- b(l, J) = Zp Cptp * b(ip’ jp);
- 7@, j) = t, o 7(ip, j,), for each p;
- {i,(b Jp} < {17 J}
In order to show this, we only need to consider the representation

uG@, j. k) b K) + u@, j, k)

i
D ="in k. j)

* bk, j)

and to prove that
{i, k}y < {i, j} > {k, j};
this happens (according to the two cases of the definition) because
(a) 7(i,k) | 70, j, k) = (i, j) # 7(i, k) implies {i, k} < {i, j} and the same argu-
ment proves {j, k} < {i, j};
(b) the same argument as that above proves {j, k} < {i, j}, while {i,k} < {i, j}
because 7(i, k) < 7(i, j) and k < j.
3. (cf. [31, Lemma 25.1.9]) Let i < s,e;, = €;, =: €, := u(i, s). Then:
— if there exists &/ € M such that uGy,s) = ' | p(i,s) # ', then since
i < s,{i, s} is redundant;
- if i = i, then {i,, s} € OGI;

— if i # i, then b(i, 5) = ”,ﬁ;.’;;j)b(i, i) = b(i 5).

O

Corollary 62. With the present notation, under the assumption that R is a principal
ideal domain, F is a left Grobner basis of M iff each S-polynomial B(i, j), with b(i, j) €
R, has a left Grobner representation in terms of F. a

Example 63. In connection with Lemma 61 we have

(i, k) el jk)  pGy jik) | bG, j,k)
(1,2,3) 6 -5 Y2V3v2 | b(1,2) - 2°3°xb(1,3) + b(2,3) = 0,
(1,2,4) 6527 YY3¥? | b(1,2) - 2233xb(1,4) + 57> * b(2,4) = 0, .
(1,3,4) 60x  YY3Y: | b(1,3)~b(1,4) +2b(3,4) = 0.
(2,3,4) 657 YIVIYI | b(2,3) =5, * b(2,4) + 6°b(3,4) = 0.

Note that we obviously [20, 34] have also
b(1,2,3) = b(1,2,4) + 2°33xb(1,3,4) — b(2,3,4).

Thus the redundant elements are b(2, 3) via 1 or 4, b(1, 2) via 4 and b(1,4) via 3.
But, as it is well-known, it is more efficient (at least for storing considerations) the
algorithm sketched in Lemma 61.3 which
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for s = 2 stores (1,2),
for s = 3 stores (1, 3),
for s = 4 removes (1,2) and stores (2,4) and (3, 4).
Thus the Gebauer-Moller set is still
{b(1,3),b(2,4),b(3,4)}

while

b(1,4) = b(1,3)+2b3,4),
b(2,3) 5Y, # b(2,4) + 6°b(3, 4),
b(1,2) 2233xb(1,4) = 5Y, = b(2,4).

7 Weispfenning Completions for Bilateral Grobner ba-
sis for Multivariate Ore Extensions of Zacharias Do-
mains

7.1 Kandri-Rody—Weispfenning completion

Let R be a not necessarily commutative domain and R a multivariate Ore extension.
The most efficient technique for producing bilateral Grobner bases G := I,(F) in a
noetherian Ore extension is Kandri-Rody—Weispfenning completion [22]. Iteratively:

— Repeat

— Compute a left-Grobner basis G of the ideal I, (F);

— for each g € G,1 < i < n, compute the normal form NF(g % Y;,1;(F)) of
gx Y;wrt. G;

— set H :={NF(g x Y;,I,(F)),g€G,1<i<n},F:=GUH
until H = {0}.
The rationale of the algorithm is

Lemma 64 (Kandri-Rody—Weispfenning). For G C R the following conditions are
equivalent:

1. 1.(G) = I(G);
2. foreacht € T and each g € G, g x T € [1(G);

3. foreachi,1 <i<n,andeach g € G, g xY; € [.(G).
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Proof.
(1) = (2) & (3) istrivial.

2) = (1) By(G) :={A*xg*xp:ApeT,ge G}is an R-linear basis of I,(G) and
satisfies

By(G)={A*(g*xp): LpeT,g€G)C{dxh:AeT,hel (G)CI(G).
O

7.2 Weispfenning: Restricted Representation and Completion

We remark that a generic ring R can be effectively given as a quotient of a free monoid
ring R := Z(v) over Z and the monoid (V) of all words over the alphabet v modulo a
bilateral ideal |, so, in this section, R = R/I.

We must restrict ourselves to the case in which < is a sequential term-ordering, id
est foreach v € 7, the set {w € T : w < 7} is finite.

Lemma 65. [53] Let
F:={gi,...,8.) CR", g =Ml(g) — pi =: ¢;Ti€¢;, — pi;

set Q :=max{T(g;) : 1 <i<u}
Let M be the bilateral module M := I,(F) and 1y (F) the restricted module

Iw(F) := Spang(af *p:a € R\{0},pe T, f€F).

If every f x a,(v), f € F,v € V,u € T,v < Q, has a restricted representation in
terms of F w.r.t. a sequential term-ordering <, then every f xr,f € F,r € R, has a
restricted representation in terms of F w.r.t. <.

Proof. We can wlog assume r = []_, v;,v; € V and prove the claim by induction on
veN.
Thus we have a restricted representation in terms of F'

v—1
S * [1_[ Vi) = Zdjgi/ * pj,Ti, 0 p;j < T(f),
J

i=1

whence we obtain

v yv—1

f* l_[ vi=fx H Vi * V), = Zdjgi,- * pj kv, = Zdjgij * ap, (V)P
J J

i=1 i=1

and since p; < T(f) < Q each element g;, * a,,(v,) can be substituted with its restricted
representation whose existence is granted by assumption. O

Lemma 66. [53] Under the same assumption, if, for each g; € F, both Y; % g;,1 <i <
n, and each g; * a,(v),v € V,u € T,v < &, have a restricted representation in terms
of F w.rt. <, then Iy (F) = M.
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Proof. Tt is sufficient to show that, for each f € Iy /(F), both each ¥; x f € Iy(F),1 <
i <n,andeach f xv e ly(F),veV.
By assumption f = 3;d;gi, x pj,d;j € R\ {0}, p; € T,1 < i; < u, so that

Yix f= ) aid) x (Yixg) xpjand f+v =) di(g; %)) % p;;
J J

by assumption each Y; * g;, has a restricted representation in terms of F’; for the Lemma
above, also each g;; *x @,,(v) has a restricted representation in terms of F. m|

Corollary 67. [53] Let
F:={gi,....g. CR", gi = M(g)) — pi =: ¢;T;€;, — p;.
Let M be the bilateral module M := I,(F) and Iy (F) the restricted module
Iw(F) := Spang(af xp:ac€ R\ {0}, pe T, feF).
F is the bilateral Grobner basis of M iff

1. denoting ®IN(F) any restricted Gebauer—Moller set for F, each o € GIM(F) has
a restricted quasi-Grobner representation in terms of F;

2. foreachg; € F, bothY; x g;,1 <i<nandeachgjxa,v),veEV,veT,v<Q,
have a restricted representation in terms of F w.r.t. <.

7.3 Gebauer-Moller sets for Restricted Grobner bases

In this section we assume, as in section 6.4, that the Zacharias domain R is a principal
ideal domain; R is intended to be a multivariate Ore extension.

It is clear from Corollary 67 that the computation of a Grobner basis can be ob-
tained via Weispfenning’s completion, provided that we are able to produce restricted
Gebauer-Moller sets; to do so, we need only to properly reformulate the results of
Section 6.4.

We begin by remarking [12] that for each monomial ¢t € M(R) the function g +—
cg * 7 distributes, thus we can define a multiplication ¢ : R X R — R by setting

CiT; © CiT; = CiC;TT; = CjCiTiT; =: CiT; O CiT
which of course is commutative and thus, granting the trivial syzygy
8i©8j=8j°8i

allows to recover Buchberger First Criterion.
As a consequence, we can reformulate the notion of restricted Grobner representa-
tion:

— we say that f € R™ \ {0} has a restricted Grobner representation in terms of G
if it can be written as f = Y, [; o g;, with /; € R, g; € G and T(;) o T(g;) <
T(f) for each i.
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Let us denote, foreach i, j,1 <i< j<u, e, = e,

lcm(c,-, Cj) ICIn(T,', Tj) ICHl(C,', Cj) lCIIl(T,', Tj)
e; - e;

bW(i’ ]) = Jj i
C.,' Tj Ci Ti
M, j) MG, j)
= —oe;— o ¢; € ker(sy),
M) MG "
Bulij) = lem(c;, ¢ ) % lem(z;, 7)) B lem(c;, cj) x lem(z;, 7))
Cj T Ci Ti
MG.j)  MG.))

— %8 — % &i
M) T M
and let us explicitly assume that

— foreach g; € F,bothY;*xg;,1 <i<mn,andeachg;*xa,(v),veV,veT,v<Q,
have a restricted representation in terms of F' w.r.t. <.

Lemma 68 (Buchberger’s First Criterion). Ifm = 1, id est F C R and Iy (F) is an ideal
of R, then
M@ o M(j) = M(, j) < lem(r, 7)) =77 and lem(c;, ¢;) = cic;
= NFw(Bw(, j),F) =0.
Proof. We will prove that By (i, j) has a restricted Grobner representation in terms of

F’; thus the result will follow by the equivalence (4) <= (8) in Proposition 19.
Remark that

pi =g —M(@) = Z cyty and p; ;= g; — M(j) = Zé‘jktjk
7 %

satisty T(p;) < T(g). T(p)) < T(g)).
Then it holds:

O0=giogi—giog=M@ogj+piog;—M()og —pj°g,

and
MG.Jj) | MG.))
M(;) M)

Bw(i, j) := og =M@ og;-M(j)ogi=pjog—pi®g

There are then two possibilities: either
- M(p;) o M(g;) # M(p;) ¢ M(g;) in which case
T(Bw(i, j)) = max(T(p;) o T(g), T(p:) o T(g;))
and

Bw(i,j)=pjog—piog= chkgi*ljk —chgj * I
% 7

is a restricted Grobner representation;
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— or M(p;) o M(g:) = M(p;) o M(g;), T(Bw(i, j)) < T(p;) o T(g:) = T(p:) o T(g,),
in which case Bw(i, j) = p; ¢ g — pi © g; would not be a Grobner representation.

But the latter case is impossible: in fact, from
lem(T(g:), T(g)) | T(p:) o T(g;) = T(p;) o T(g:) < T(g;) o T(gi)

we deduce lem(T(g;), T(g;)) # T(g;) o T(g;) and T(, j) # T(i) o T(j) contradicting the
assumption M(i, j) = M(7) o M(}). a

Definition 69. Denote

o {{i,j}:M(i)oM(j):M(i,j)} if M is an ideal
“ o otherwise.

A useful S-pair set for F is any subset
OGMc Sw) ={li.jl1<i<j<ue, =e)
such that {b(i, j) : {i, j} € GM U €,} is a Gebauer—Moller set for F.

Corollary 70. With the present notation, under the assumption that R is a principal
ideal domain, F is a Grobner basis of M iff, denoting ®I a useful S-pair set for F,
each S-polynomial By (i, j), {i, j} € ®IN, has a Grobner representation in terms of F.

Proof. By definition {bw(i, j) : {i, j} € ®IM U ¢} is a Gebauer—Moller set for F so that,
by Theorem 36, F'is a Grobner basis of M iff each S-polynomial By (i, j), {i, j} € GM U
€, has a Grobner representation in terms of F.

The claim is a direct consequence of Buchberger’s First Criterion which states that
for each {i, j} € €,, By(i, j) has a weak Grobner representation in terms of F. m|

Definition 71. An S-element b(i, j), 1 < i < j < u, e, = e;,, and the related S-pair {i, j}
are called redundant if either

(a). exists k > j, e, = e, = ¢; such that

M, j. k) = MG, j); MG, k) # MG, j) # M(j, k),

(b). orexists k < j, e, = e, =e;: M(j,k) | M(, j) # M(j, k). m|
Lemma 72 (Moller). The following holds

1. foreachi, jk:1<ijk<u,e;,=e;=e,itholds

(@, j, k)b(i k)*T(i’ ) k) e, J, k)b(i J.)*T(i, LK) el ), k)b(k j)*T(i, J k)

c(i, k) T,k c(,)) @) ek j) k)

2. R:={b(i, j),1 <i< j<ue;, =e;,andnot redundant} is a useful S-element set.
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3. LetG :={g1,...,8s}, s < u, and let
OM. c{li, jh1<i<j<s.e, =e;,}

be a useful S-pair set for G. = {g1,...,8s-1}-
Let M := M(j,8): 1< j<s,e, =e,}andlet M’ < M be the set of the elements
1 := M(j, s) € M such that either

— there exists M(j, s) € M : M(J, s) | M(j, s) # M(J, 5) or

— (in case M is an ideal) there exists iy, 1 <1, < s :
M(i,) © M(s) = M(iy, 5) = u.
For each u := M(J, s) € M\M/ leti,, 1 <i, <s, be such that u = M(i, s). Then
GM := GM, U {{i, s} :ue M\ M)
is a useful S-pair set for G.

Proof. The proof is an adaptation of the one given in Lemma 61. O

Corollary 73. With the present notation, under the assumption that R is a principal
ideal domain, F is a restricted Grobner basis of M iff

1. each S-polynomial By (i, j),{i, j} € R, has a restricted Grobner representation
in terms of F;

2. foreachg; € F, bothY; x g;,1 <i<nandeachg;xa,v),vEV,veT,v<Q,
have a restricted representation in terms of F w.r.t. <.
O

8 Structural Theorem for Multivariate Ore Extensions
of Zacharias PIDs

Theorem 74 (Structural Theorem). Let R be a left Zacharias principal ideal domain,
R := R[Y1,..., Y,] a multivariate Ore extension of R, < a term-ordering, M C R™ a left
module generated by a basis F := {g,...,8,) C M, M(g;) = ¢itie;,, C(F) a completion
of F, R :={B(, j), 1 <i<j<u,e;, =e;andnot redundant}.

Then the following conditions are equivalent:

(1). F is a left Grobner basis of M;
(15). C(F) is a left strong Grobner basis of M;
(2). B(F):={Ag: 1€ T ,g € F}isa Gauss generating set [31, Definition 21.2.1];

(3). f €M & it has a left Grobner representation in terms of F;
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4). f e M < it has a left strong Grobner representation in terms of C(F);
(5). foreach f € R™\ {0} and any normal form h of f w.r.t. F, we have

feM = h=0;

(55). for each f € R™\ {0} and any strong normal form h of f w.r.t. C(F), we have
feM < h=0;
(6). foreach f € R"\{0}, f—Can(f, M) has a strong Grobner representation in terms
of C(F);
(7). each B(i, j) € R has a weak Grobner representation in terms of F;

(8). for each element o of a Gebauer—Moller set for F, the S-polynomial S(o) has
a left quasi-Grobner representation in terms of F.

Proof.

(1) & (1,) is Proposition 54;

(1) & (2) is trivial;

(1) & (5) < (3) is Proposition 19;

(1y) & @) < (5y) isProposition 19;

(1) = (6) is the content of Section 6.3;

(6) = (4) because for each f € M, Can(f,M) = 0;
(1) & (7) is Corollary 49;

(1) & (3) < (8) is Theorem 36.

9 Spear’s Theorem
For Grobner bases in a ring A given as quotient
I:Q:=ZZ,....Z,) » A=Q/I, I :=ker(Il),

of a free assocative algebra, a general approach is to directly apply Spear’s Theorem
[49] [31, Proposition 24.7.3] [29], which, though not a tool for computation, can be
helpful in order to understand the structure of A.

For the present setting, denoting

- f;j = YJYI - CYJ(YI)Y] —6j(Yi), 1<i< ] <n,

- C:={fij:1<i<j<n},
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- I :=1(C)
and for eachm € N,
- {ey,...,e,} the canonical basis of R™,
- CM={f=fije:1<i<j<nl<i<m)
we have the presentation
R=Q/I,1 :=ker(I),I1: Q := R{Yy,...,Y,) »R

and, for each free R-module R”,m € N, the projection II extends to the canonical
projections, still denoted IT,

II: Q" » R" ker(I) = I™ = I,(C™).
Thus denoting
- F:={g1,....8 CR", g =M(g) — pi =: ciTie;, — pi,
— M c R™ the module M := I(F),
- M ="' M)=M+ 1" cQ",
we can reformulate Spear’s result as
Lemma 75. [29, Lemma 12] Assume F C M’ is a Grobner basis of M’ and denote
F:={Can(g,I™) : g € F,T(g) ¢ TT ")} C R[Y},...,Y,]"

where Can(g, I™) denotes the canonical form of g € Q" w.r.t. C'™ so that in particular
g =II(g) for each g € F.
Then F U C™ is a Grobner basis of M.

Theorem 76 (Spear). [29, Theorem 13] With the present notation, the following holds:
1. if F is a reduced Gréobner basis of MV, then

{geF:g=TIg) {Tl(g) : g € F,T(g) ¢ TT"™)}
FOR[Y,,....Y,"

is a reduced Grobner basis of M;

2. if F C R[Yy,...,Y,]", so that in particular II(f) = f for each f € F, is the
Grobner basis of M, then F LI C™ is a Grébner basis of M.
3. Assume each m’ € M’ has a Grobner representation in terms of F C M’.

Set
F:={Can(g, ") : g€ F,g¢ I} CR[Yy,..., Y, ]"

where Can(g, I™) € R[Y1,...,Y,]" denotes the canonical form of g € Q" w.r.t.
C™ so that in particular g = TI(g) for each g € F.

Then each m € M has a Grébner representation in terms of F.
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4. if F C R[Yy, ..., Y,I", so that in particular TI(f) = f for each f € F, is such that
each m € M has a Grobner representation in terms of F, then each m’ € M’ has
a Grobner representation in terms of F L C™,

Corollary 77. [29, Corollary 14] With the present notation and considering

the bilateral R-module (R ®; R°P)" with canonical basis {ey, . . ., e,},

the bilateral Q-module (Q ® Q)™ with canonical basis

ler,...,e,jufe:1<i<j<n 1< <m),

the projections S, : (R ®p ROP)‘F‘ — R": Gy(e;)) =gi,1 <i<u and

& (Qep @) 5 @

Sie) =g 1<i<u, Gyey)=fil<i<j<nml<i<m,

the map
1=[ . (Q ®ﬁ Qop)|F|+m\C| N (R ®ﬁ Rop)\F\

(where each A,p € R(Y1,...,Y,),a,b € R\ {0})

11 Z aijdieibp; + Z a;idiji€iibijpij | = Z a;ll(A)e;biI1(p;),
7 i 7

ifX c(Qe®p Q"p)lFl+m'C| is a bilateral standard basis of ker(S,), then TI(2) is a bilateral
standard basis of ker(S;).

10 Lazard Structural Theorem for Ore Extensions over
a Principal Ideal Domain

Let D be a commutative principal ideal domain, R := D[Y;a, 6] be an Ore extension
and | C R be a bilateral ideal.

Let F := {fo, fi,.-.., fr} be a reduced minimal strong bilateral Grobner basis of |
ordered so that

deg(fo) < deg(fi) <--- < deg(fi)
and let us denote, for each i, ¢; := le(f), r; € D\ {0} and p; € R the content® and
the primitive part of f; so that f; = r;p;; denoting P := pg the primitive part of f; and
Giy1 := 1 € D\ {0} the content of f; we have

Theorem 78. With the present notation, for each i,0 < i < k, there is H; € R,d(i) :=
deg(H;) and G; € D \ {0} such that

SDefined here as the greatest common divisor of the coefficients of f; in the principal ideal domain D .
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- fo=G1- G P,
- fi=Gj1---GHjP,1 < j <k,
and
1. 0<d(l)<dQ2) < --- < d(k),
. G;eD,1 <i<k+1,issuchthat ci_y = Gic;

. P = py (the primitive part of fy € R);

2

3

4. H; € R is a monic polynomial of degree d(i), for each i;

5. Hi €(Gy--G.Gy---GiH,,...,Gju1 -+ GiH},...,G:Hy_y, Hy) for dll i.
6.

ri = Gigp -+ Gy

Proof. Let P and Gy, be, resp., the greatest common right divisor of {py, ..., pr}in R
and the greatest common divisor of {ry, ..., r¢} in D; since a set {go, . . . , g} is a minimal
strong Grobner basis if and only if the same is true for {rgog,...,7grg}, r € D,g € R,
we can left divide by G+ and right divide by P and assume wlog that P = Gy = 1
and that both the greatest common right divisor of {py, . . ., px} and the greatest common
divisor of {ry, ..., r¢} are 1.

Setting d(i) := deg(f;) and v(i) := d(i + 1) — d(i) for each i, by assumption we have
d@) <d@+1).

If d(i) = d(@ + 1), let us define

h:=bif; + b1 fir1 €1

where ¢, b;, biy1 € D are such that b;c; + b;v1civ1 = ¢, ¢ being the greatest common
divisor of ¢; and ¢, so that cY9*D = M(h) € M(l); this implies the existence of j
such that M(f;) | M(h) | M(fi+1) contradicting minimality; thus d(i) < d(i +1) and this,
in turn, implies (1) since d(i) = d(i) — deg(P).

Both £;Y"® and f;,; are in the ideal and have degree d(i + 1).

Therefore, for ¢, b;, b1 € D such that b;c; + bir1civ1 = ¢, ¢ being the greatest
common divisor of ¢; and c;yq, h := b, f;,YO+D=dO 4 b £ € |, so that cYdE+D =
M(h) € M(l) and M(f;) | M(h) for some j. If c;y1 # ¢, necessarily deg(f;) < deg(fi+1)
whence j < i+ 1 and M(f;) | M(h) | M(f+() getting a contradiction. As a conclusion
ci = G,’+]C,‘+1, for some G,‘+| € D and (2)

Since Giy1 fir1 — ;Y is a polynomial of degree less than d(i + 1) which reduces
to zero by the Grobner basis, it follows that

Giv1fiv1 €1(fo,..., f;) foreach i,0 <i < k;
thus, inductively we obtain

po g fjforeach j <i = pglg fjforeach j<i+1.
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Also

¢l fiforeach j<i = Gicip1 = ¢l Gis1 fir1

= iy | fjforeach j<i+1.

Therefore, the assumptions that the greatest common right divisor of {po, ..., pr}
and the greatest common divisor of {ry, ..., r} are 1 imply that py = ¢ = 1 proving
(3); thus in particular fy = co so that ¢ | fo and this is sufficient to deduce, by the
inductive argument, that each c; left-divides f; and therefore coincides with ;.

Inductively we obtain

rile(P) = ¢; = Giiciv1 = Gipirig1 Ic(P) = Gy -+ - Gy Ie(P)

thus proving (6); defining H; the polynomial s.t. ¢;H;P = f; for all i we have Ic(H;) = 1
(proving (4)), d(i) + deg(P) = deg(f;) and Giy1fis1 € (fo,--.,f;) which proves (5)
dividing out Giy1 - - - Ggy 1. O

A The PIR case

While an understandable timor restrained us to violate Ore’s fabu requiring degree
preservation of product, it is well-known that Zacharias—Moller results are naturally
stated for polynomials over PIRs and the restriction to PIDs is unnatural; we therefore
sketch here the few modifications to the theory which are required in order to adapt it
to Ore extensions R over a PIR R.

The first delicate adaptation is required by formula (4); the natural solution is due
to Gateva [16, 17, 18] who considered valuation over the semigroup with zero 7 U {0}
instead of 7 setting

Tuxv) uxv+0

o:NxN—>NU{0}:uov={
o uxv=_0.

Her theory however applies only to domains.
Thus in order to extend Corollary 15 we need to reformulate it as

Corollary 15. If < is a term ordering on T and < is a <-compatible term ordering on
T then, foreachl,re Rand f € R(m,

1. M(I % f) = M(M(I) % M(f)) provided 1c(I) Ic(f) # 0;

M(f % r) = M(M(f) * M(r)) provided 1c(f) Ic(r) # 0;

M(l * f * r) = M(M(I) * M(f) * M(r)) provided lc(l) lc(f) Ic(r) # O.
T(l % f) < T() o T(f) equality holding provided that 1c(I) Ic(f) # 0
T(f * r) < T(f) o T(r) equality holding provided that 1c(f) 1c(r) # 0;

S

T(x fxr) < T()oT(f)oT(r) equality holding provided that 1c() Ic(f) Ie(r) # 0.
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As regards Grobner basis computation we remark that the first and the third algo-
rithms (Section 6.1 and 6.3 ) apply verbatim also in the PIR case; in the algorithm in
fact we have {i} € H(F) for each i, 1 <i < u and thus each m := T(g;) € T is treated by
the algorithm which (if the basis is minimal) produces also the annihilator syzygy

a; ifj=i
(dy,...,dy) € Syz;(v(m)y,...,v(M),),d; := J J .
0  otherwise
where we denote, for each i < u, a; € R the annihilator of I(c;).
In the second algorithm (Section 6.2) the inductive seed becomes

Si={beR:blc(g)) =0} =1(a;) CR,

and, for each s, 1 < s < u, {s} is basic for T(gy) provided the basis is minimal.
Therefore

Corollary 49. Assuming that the Zacharias ring R is principal and denoting, for each
Lipl<i<j<ue, =e;,

lcm (a{i,_j},i(ci), a’{i,j],j(cj)) lem(t;, 7))

b(i, ) := e
¢ (i), j(¢5) 7j ’
lem (a’u,j},i(ci), a’{i,j],j(cj)) lem(t;, 7;)
ayi, ji(ci) T v
o lcm (a(i,j},i(ci), a’{i,j],j(cj)) lem(;, 7))
B@,j) = * g
(i), j(¢5) 7

lem (Cl’n,j},i(ci), a{i,j],j(cj)) lem(t;, 7))
*

o j),i(ci) 7

a(i) = ae;
A@) = ai*xgi,
we have that
b, )):1<i<j<u,e, =e,}Ulal),i<u}

is a left Gebauer—Moller set for F, so that F is a left Grobner basis of M iff each B(i, j),
1 <i<j<ue; =e;,andeachA(i),i < u, have a left weak Grobner representation
in terms of F. |

Corollary 51. Assuming that the Zacharias ring R is principal and that each «; is an
automorphism denoting, for each i, j,1 <i < j<u, e, = e

L. _1 lcm(ci, Cj) ICHI(TI', Tj) _1 lcm(c,-, Cj) lcm(Ti, Tj)
b(i,j) = eja; — ey,
! Cj Tj ' Ci T
lem(c;, ¢;)\ lem(t;, 75 Iem(c;, ¢;)\ lem(t;, 75
B(i,j) = g oy ( ( ")) T gxay) ( ( ’)) (7))
J Cj T ! Ci T;
a) = ear (@),

A(D)

g * ;' (ap),
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we have that
b, ):1<i<j<u,e, =e}Ulal),i<u}

is a right Gebauer—Moller set for F, so that F is a right Grobner basis of M iff each
B, j)1<i<j<ue, = €, and each A(i),i < u, have a right weak Grobner
representation in terms of F.

Proposition 54 (Moller). With the present notation and under the assumption that R
is a principal ideal ring, the following conditions are equivalent:

1. F is a left Grobner basis of M;

2. a completion of F is a strong left Grobner basis of M.

Buchberger’s First Criterion, for the PIR case, is stated as
If F c P and I(F) is an ideal of P, it holds

M(Z)M(]) = M(l, ]) — lcm(‘r,-,‘rj) =TT, lcm(ci, Cj) = CiCj
—  NFE(B(, j),F) = 0.

Corollary 59. With the present notation, under the assumption that R is a principal
ideal ring, F is a left Grobner basis of the left module M iff, denoting ®Mt a useful
S-pair set for F, each S-polynomial B(i, j),{i, j} € O®M, and each A(i), 1 < i < u, have
a left Grobner representation in terms of F.

Corollary 62. With the present notation, under the assumption that R is a principal
ideal ring, F is a left Grobner basis of M iff each S-polynomial B(i, j),{i, j} € R, and
each A(i), 1 <i < u, has a left Grobner representation in terms of F.

Corollary 73. With the present notation, under the assumption that R is a principal
ideal ring, F is a restricted Grobner basis of M iff

1. each S-polynomial Bw(i, j), {i, j} € R, and each A(i),1 < i < u, has a restricted
Grobner representation in terms of F;

2. foreach gj € F, both Y; x gj,1 <i < nandeach g; x a,(v),v € V,u € T,u <
T(g;), have a restricted representation in terms of F w.r.t. <.

Finally we remark that a Lazard Structural Theorem for Ore Extensions over a
Principal Ideal Domain can be easily obtained by adapting the result given by Norton—
Salagean [36, 37], [31, § 33.3] for polynomial rings.
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