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Highlights

e the classical problem of the breaking of a completely resonant maximal torus is consid-
ered;

e standard averaging methods are not enough when degeneracies occur;

e a new normal form construction is here proposed;

e the normal form algorithm provides high order approximation of degene@iodic

orbits;
e continuation can be then obtained via Newton-Kantorovich scheme.'\(



On the continuation of degenerate periodic orbits
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Abstract

We reconsider the classical problem of the continuation of dégenerate periodic orbits
in Hamiltonian systems. In particular we focus ondperiodic orbits that arise from the
breaking of a completely resonant maximal torus. We here propose a suitable normal form
construction that allows to identify and approximate the periodic orbits which survive to
the breaking of the resonant torus. Our algerithm“allows to treat the continuation of
approximate orbits which are at leading order,degenerate, hence not covered by classical
averaging methods. We discuss possible future extensions and applications to localized
periodic orbits in chains of weakly coupled oscillators.

Keywords: normal form construction, completely resonant tori, Hamiltonian perturbation
theory, periodic orbits.

1 Introduction
We consider a canonieal system of differential equations with Hamiltonian
H(I, ¢,e) = Hy(I) +eHi(I, ) + *Hay(I,0) + ... , (1)

where I € U C R™)p'€ T" are action-angle variables and ¢ is a small perturbative parameter.
The unperturbed/system, Hy, is clearly integrable and the orbits, lying on invariant tori, are
generically quasi-periodic. Besides, if the unperturbed frequencies satisfy resonance relations,
one hag periodic orbits on a dense set of resonant tori.

The KAM theorem ensures the persistence of a set of large measure of quasi-periodic
orbits, lying on nonresonant tori, for the perturbed system, if € is small enough and a suitable
nondegeneracy condition for Hy is satisfied.

Instead, considering a resonant torus, when a perturbation is added such a torus is
generically destroyed and only a finite number of periodic orbits are expected to survive.
The location and stability of the continued periodic orbits are determined by a theorem of
Poincaré [35,36], who approached the problem locally: with an averaging method, he was
able to select those isolated unperturbed solutions which, under a suitable nondegeneracy
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condition (nowadays called Poincaré nondegeneracy condition), can be continued by means
of an implicit function theorem. A modern approach has been developed in the seventies
by Weinstein [41] and Moser [28] using bifurcation techniques, turning the problem to the
investigation of critical points of a functional on a compact manifold. Actually, the number of
critical points can be estimated from below with geometrical methods, like Morse theory. The
drawback lies in the fact that the method is not at all constructive, thus it does not permit
the localization of the periodic orbits on the torus. In the same spirit, variational methods
which make use of the mountain pass theorem were developed some years later bydadell and
Rabinowitz, under different hypotheses (see Chapter 1 in [4] for a simplified exposition of this
result). More recently, the problem of continuation of degenerate periodic4orbits in’nearly
integrable Hamiltonian systems using perturbation techniques has been 8tudied in [25, 40].
On the other hand, from the early nineties great attention has been deveted to the general-
ization of Poincaré’s result to partially resonant tori, where the unperturbedstorus is foliated
by quasi-periodic orbits, since the number of resonances is strictly less thamn —1. In this case,
the starting point still consists in looking for nondegenerate critical.points of the perturbation
averaged over the unperturbed quasi-periodic solution; however,.the presence of more than a
single frequency requires the assumption of additional hypotheses,/which allow to implement
suitable versions of the KAM scheme. Along this line, first results were due to Treshchev [39],
Cheng [6], Li and Yi [24]. Recently, these results havebeen suecessfully extended to multiscale
nearly integrable Hamiltonian systems, where the infegrable part of the Hamiltonian Hy(I,¢),
properly involves several time scales, see, e.g., [42,43].%All the quoted works deal with the case
where the unperturbed invariant torus is degeneratéxdue to resonances among its frequencies.
Instead, we remark that the problems of existence of invariant tori of dimension less than the
number of degrees of freedom in weakly.perturbed Hamiltonian system, i.e., the extension to
lower dimensional tori of the classical KAM"theory, has been widely investigated by many
authors, see, e.g., [9,23,26,27,29,45=47] in a general abstract framework, and [5,7,8,14,17,38]
for more recent problems mainlyiemerging in Celestial Mechanics.

In this paper we follow the linestraced by Poincaré and deal with those cases when the
nondegeneracy condition isnot fulfilled. In particular, under a twist-like condition of the form
(4) (see, e.g., [3]) and apalytic estimates of the perturbation (5), we develop an original normal
form scheme, inspireduby a‘recent completely constructive proof of the classical Lyapunov
theorem on periodieyorbits [13], which allows to investigate the continuation of degenerate
periodic orbits./Precisely; first we identify possible candidates for the continuation via normal
form, then we prove/the existence of a unique solution by using the Newton-Kantorovich
method.

Remark 1.1 Let us anticipate a crucial difference with respect to the KAM normal form
algorithm..“generically, our normal form procedure turns out to be divergent. Actually, a
moment’s thought suggests that looking for a convergent normal form which is valid for all
possible periodic orbits is too much to ask. The idea is that a suitably truncated normal form
allows to produce the approximated periodic orbits and the continuation can be performed via
contraction or with a further convergent normal form around a selected periodic orbit.

Remark 1.2 [t is worth mentioning that the idea of performing a finite number of KAM-like
steps in order to remove some degeneracy in the continuation procedure is obviously not new,
see, e.q., [17,42, 43] concerning the continuation of quasi-periodic orbits on resonant tori for
a class of multiscale nearly integrable Hamiltonian systems. In these works a finite number of



preliminary KAM steps are performed in order to push the perturbation to a sufficiently high
order in €, before applying a standard convergent scheme.

The strength of the present perturbative algorithm is at least twofold. First, it provides
a way to construct approximate periodic solutions at any desired order in &, thus going
beyond the average approximation mostly used in the literature. One of the few results which
represents an improvement with respect to the usual average method is the one claimed in [25],
where a criterion for the existence of periodic orbits on completely degenerate resomant tori is
proved. In that work the authors, by means of a standard Lindstedt expansion as the,original
works of Poincaré, are able to push the perturbation scheme at second ordér in the small
parameter €. However, the possibility to provide a criterion for the contihuation, although
remarkable, is a consequence of the restriction to completely degenerate cases, like when
the Fourier expansion of H; with respect to the angle variables doe§, not_include a certain
resonance class. In this way, all the partial degeneracies are excluded. “Such a limitation is
overcome by the normal form that we propose: indeed, by being able to deal with any degree
of degeneracy, it results more general (also in terms of order of accuraey), thus including also
the above mentioned result.

The formal scheme itself has also a second relevant{aspect. Since this approximation is
given by a recursive explicit algorithm, it can be much, useful for numerical applications (see,
e.g., [11]) and it is independent of the possibilitystesconclude the proof with a contraction
theorem. Furthermore, our approach provides a constructive normal form that can be applied
to a sufficiently general class of models; for exampleyit includes nonlinear Hamiltonian lattices
with next-to-nearest neighbor interactionsgsuch ‘as

2 T
H:Z%+ZV($j)+€ZZW($j+l_xj);

JjET JjET I=1jeJ

where V(z) is the potential .of an anharmonic oscillator which allows for action variable
(at least locally, like the Morse-potential), and W (x) represents a generic next-to-nearest
neighbour (possibly linear) interaction, with r the maximal range of the interaction. In this
class of nearly integrable Hamiltonian lattices, the possibility to generalize the formal scheme
to lower dimensional tori would represent a remarkable breakthrough in the investigation
of degenerate phase-shift multibreathers and vortexes in one and two dimensional lattices
(see, e.g., [1,2721,22,30-33]). The extension to lower dimensional tori, that represents the
natural continuation/of the present work, will be also useful in problems emerging in Celestial
Mechanics; where the persistence of nonresonant lower dimensional tori has been proved with
similag” technides, see, e.g., [14,38].

In‘the present work we focus on resonant maximal tori in order to reduce the technical
difficulty to a minimum and concentrate on the novelty of the normal form scheme.

1.17 Outline of the algorithm and statement of the main results

Consider a completely resonant maximal torus of Hy with unperturbed frequencies

H,
() = 88[0 . such that &(I) = wk ,

where w € R and k € Z". This corresponds to a suitable choice of the actions I = I'* with
non-vanishing components. From now on, without affecting the generality of the result, we



will assume ky = 1: this will simplify the interpretation of the new variables §,p that we are
going to introduce in a while.
Expanding (1) in power series of the translated actions J = I — I, one has

HO = @.0) + ") + 3 57()

1>2
+ 190(0) + £V (7, 0)
+ 350+ S0 (o)t

s>1 s>1
0,s
+3 3 1)
s>0 1>1

where fQ(?’S) is a homogeneous polynomial of degree [ in J and it is a~fun¢tion of order O(e%).

Remark 1.3 The decision to tie the index 2l to terms of degreel in J is due to the future
extension of the work to lower dimensional tori. Indeed, in that.case the transversal directions
will be described in cartesian variables, thus the actions willscount for two in the total degree.
This is also in agreement with the notation adopted in[14].

Remark 1.4 The Hamiltonian (1) in most applications,has only linear terms in the small
parameter €, namely Hj>o = 0. Nevertheless, we already consider the general case where the
perturbation is analytic in the small parameter. Indeed, as it will be clear from the normal
form procedure, starting from the first normalization step we immediately introduce the whole
series exrpansion in €.

We define the (n — 1)-dimensional resonant module
M, = {heZ” (@, h) :0}

and introduce the resonant. vatriables p,g in place of J, ¢. In particular, the pair of conjugate
variables p1, ¢1 describes the periodic orbit, while the pairs p;,d;, 7 = 2,...,n, represent the
transverse directions? The canonical change of coordinates is built with an unimodular matrix
(see Lemma 2.10.in[12]) which shows that! the new angles §;, 7 = 2,...,n, are the phase
differences with respect’to the true angle of the periodic orbit, ¢;, and that p; is given by
p1 = (k,J).

Introducing the convenient notations p = (p1,p), § = (q1,q) with p1 = p1, p = (P2, ..., Dn)
and correspondingly for ¢; and ¢, the Hamiltonian can be written in the form

HO = wpy + 1" (p1,p) + > £ (o1, p)
1>2
+ 1%, 9) + £ (1,0 a1, 9)
S S 2
+Zf(§0’)(QI;Q)+Zf2(O’)(p17P7QI7Q) ( )

s>1 s>1

+ sz2(?7s)(p1,l?, q1,9)

s>0 1>1

!This follows from the assumption k; = 1. Indeed, in this case that the resonant vector defining the phase
differences ¢; = k;jp1 — ¢; are a basis for the resonant modulus M,,.



where f2(l0,s) is a homogeneous polynomial of degree [ in p and it is a function of order O(e®).

Wince we aim to continue a generic unperturbed periodic orbit p; = 0, ¢1 = ¢1(0) + wt,
p =0, g = q", we look for a normal form which is able to select those phase shifts, ¢*, which
represent good candidates for continuation. The Hamiltonian is said to be in normal form up
to order r if the constant and linear terms in the actions are averaged (up to order r) with
respect to the fast angle, q1, and if, for a fixed but arbitrary ¢*, the linear terms in the action,
evaluated at ¢ = ¢*, vanishes identically.

In order to give a precise statement we need to introduce the mathematical framework.
We consider the extended complex domains D, , = G, x Ty, defined as

gp = {ﬁ eC": 121;2(” |ﬁj‘ < p} )
T = {§e C":Reg; €T, x| Tm | <o}

and introduce the distinguished classes of functions Py, , with integers [, which can be written
as a Fourier-Taylor expansion

9,0 =Y > gixpe® Iy (3)
iENT kegmn

li|=t

with coefficients g; , € C. We also set P_p = {0}.
For a generic analytic function g € Py, g\ Dy — C, we define the weighted Fourier

norm
1|k
lglloo = 2\ Do gislo'e™
N R 7™
ot
Hereafter, we use the shorthandfiotation || - [|o for [ - [[a(p,0) -

We state here our main resulticongerning the normal form.

Proposition 1.1 Consider a Hamiltonian H®) expanded as in (2) that is analytic in a do-
main D, . Let us assumesthat

(a) there exists a pesitive constant m such that for every v € R™ one has

n n n 82fio70)
mZ|Ui| < Z‘Zcijvﬂ ;  where Cyj = DB, ; (4)
i=1 i=1 j=1 ¢

(b) the terms appearing in the expansion of the Hamiltonian satisfy
0, L ,
Hfz(l S)HI < ﬁES , with E > 0. (5)

Then, for every positive integer r there is a positive €; such that for 0 < e < €} there ezists
an analytic canonical transformation ®) satisfying

")
D) € 27 (D)) € D) (6)

1
1



such that the Hamiltonian H™ = H© o &) s in normal form up to order r, namely

HO (pr,p, a1, 0:0%) = wpr + £ (01,0) + Y 1377 (01, p)
l>2

+ 3 15 a0 + Z £ (01,043 4°)
s=1
+Zf(§“s) (1,419 +Zf2 (p1, 0 @1, 43 4%)

s>r s>r
+ ZZfQ(;7S)(p17pa q1, 4; q*> )
s>0 [>1

where ¢* is a fixed but arbitrary parameter and fz(lr’s) € Py is a famction of order O(e%).
Moreover, for ¢ = ¢* one has

ST A o1, at) =0, (8)
s=1

The Hamilton equations associated to the truncatéd normal form, i.e., neglecting term of
order O("*1), once evaluated at (p = 0,q = ¢*), read

=0, d=w, p= VST i=0.
Hence, if
So Vi L =0, (9)
s=1

then p1 =0, ¢1 = ¢1(0), p =0, g = ¢* is the initial datum of a periodic orbit with frequency
w for the truncated normal férm, Considering the whole system given by H(), the initial
datum provides an approzimate periodic orbit with frequency w, which turns out to be a
relative equilibrium.of the truncated Hamiltonian. In order to provide a precise definition of
approzimate periodicherbit we introduce the T-period map Y : U(q*,0) C R?"~1 — V(¢*,0) C
R27~1 a smooth function of the 2n— 1 variables (g, p), parametrized by the initial phase ¢ (0)
and the small*parameter e, precisely

o 5012000 = (G0 a0 mon) = (T ey )+ 09

witheA = (w,0) € R™. The map Y represents the T-flow of the n — 1 actions p and of the n
angles § for the Hamiltonian H (™).

=]

Let us stress that pg1 = 0, ¢1 = ¢1, p = 0, ¢ = ¢* corresponds to a periodic orbit
for the truncated normal form, thus it is evident that Y(q*,0;¢,q1(0)) is of order? O(e").
Thus, a true periodic orbit, close to the approximate one, is identified by an initial datum
(@50 Pp.o.) €U(0,q") such that

T(q;.o.7ﬁp.o.; g, q1 (0)) =0.

*The actions p have been rescaled by € in T, hence only G is of order O(¢"*!) while F is of order O(e").




In order to prove the existence of a unique solution ¢* = qg ., p = Ppo., 1 = @1 (0), close
enough to the approximate one, we apply the Newton-Kantorovich algorithm. Therefore we
need to ensure that the Jacobian matrix (with respect to the initial datum)

M (e) = Dy(0),q(0)Y(¢%, 05 ¢,41(0)) (11)

is invertible and its eigenvalues are not too small with respect to .
We state here the main result concerning the continuation of the periodic orbits

Theorem 1.1 Consider the map Y defined in (10) in a neighbourhood of the-torus.p = 0
and let (¢*(£),0), with q*(¢) satisfying (9), an approzimate zero of T, namely

1T(q"(e), 058, 1 (0))[| < Cre",

where Cy is a positive constant just depending on U. Assume that the matriz M (g) defined
in (11) is invertible and its eigenvalues satisfy

|A| > e, for X €spec(M(e)) withe2a,<1 . (12)

Then, there exist Cy > 0 and €* > 0 such that for any 0 <\e < e* there exists a unique
(@5.0.(6), Pp.o.(€)) € U which solves

T(Q;.o.aﬁp-o.;’s) ql(o)) =0 ) H(qs.o.vﬁpﬂ-) - (q*v O)H < Cogr_a . (13)

Before entering the technical part of the paper,‘\let us add some more considerations. First,
as already remarked, the above Theorem generalizes an old and classical result by Poincaré,
whose idea was to average the perturbations{; with respect to the flow of the unperturbed
periodic solution, where only the fast angle ¢; rotates. The candidates ¢* for continuation
were the nondegenerate relative extréma on the torus T" ! of the averaged Hamiltonian
(H1),,, namely
V(Hi), =0, |DZ(Hy),, | #0 .

The result of Poincaré actually corresponds to the construction of the first order normal form
together with a nondegeneraey assumption on the e-independent version of (9), precisely

Vot =0, D2V #0. (14)

In such a case, due to the simplified form of T, the solution (pp.o.,qp, ) can be obtained
via implicit function theorem in a neighborhood of the approximate initial datum (0, ¢*), ¢*
being/a solution of the first of (14), independent of €. Hence, our high-order normal form
construetion becomes a necessary way in order to deal with degenerate cases, where solutions
of \(I4)sare not isolated and appear as d-parameter families, thus leading to |D? fél’l)] =0.

For instance, in the application presented in Section 4, the solutions of (14) show up as one
parameter families ¢*(s). Actually, solving (9) (with r > 2) in place of (14) allows to isolate
true candidates for the continuation. Let us also remark that our scheme provides a refined
averaged Hamiltonian which allows to treat the totally degenerate case, i.e., V fél’l) =0. In
particular, the results presented in [25] by means of Lindstedt perturbation scheme can be
obtained as special cases.

The paper is organized as follows. In Section 2 we detail the normal form algorithm
together with the quantitative estimates. The proof of Theorem 1.1 is reported in Section 3.



Section 4 provides a simplified version of Theorem 1.1, namely Theorem 4.1, for one parameter
families of solutions of (14), under the assumption that only the second normal form step is
enough to improve the accuracy of the approximate periodic orbit. Moreover, a pedagogical
example inspired by the problem of degenerate vortexes in a squared lattice ANLS model is
presented at the end of Section 4. Appendices A and B include the technicalities related to
the normal form estimates and the Newton-Kantorovich method, respectively.

Let us remark that, since one expects that two normalization steps allow to deal with one-
parameter families of potential periodic orbits (as in the example reported in Section 4), we
explicitly report in Appendix A all the quantitative estimates for the first two normalization
steps. This will allow to directly exploit these estimates in future applications.

2 Normal formal algorithm and analytical estimates

This Section is devoted to the formal algorithm that takes a Hamiltonian (2) and brings it
into normal form up to an arbitrary, but finite, order r. We.include all the (often tedious)
formulae that will be used in order to estimate the terms appearing in the normalization
process. We use the formalism of Lie series and Lie transforms-(see, e.g., [16] and [12] for a
self-consistent introduction).

The transformation at step r is generated via compesition of two Lie series of the form

eXP(Lng) oexp(L ) ,

P

where

X6 =X FCD, 0 (15)

with ¢(") € R™ and XST) € Po, Xg) € Po are of order O(e"). Here, as usual, we denote by
Ly the Poisson bracket {-, g}. The functions Xgr) and Xg) are unknowns to be determined so
that the transformed Hamilténian is in normal form up to order r.

The relevant algebraicsproperty of the P, classes of function is stated by the following
Lemma 2.1 Let f € Py, and g € Ps,, then {f, g} € Ps 4s,—2-

The straightforward proof is left to the reader.
The starting Hamiltonian has the form

HO =wpr + 33 13

s>0 [>1

+_§£:jéQs)+_§E:jéQs),

s>1 s>1

where fz(?’s) € Py and is of order O(e?).
We now describe the generic r-th normalization step, starting from the Hamiltonian in



normal form up to order r — 1, H("—1), namely

Hr 1) _wp1+zf0r 1,s) +Z (r 1,s)

s<r s<r

_'_fér—l,r) +f2(7’—1,r)

_}_Zférfl,s) +Zf2(rfl,s) (17)

s>r s>r
(r 1,s)
2.2 h
s>0 I>1
where f2r %) ¢ Py, is of order O(e%); éril’s) and fQ(Tfl’s) for 1 < s < r arein normal form.

2.1 First stage of the normalization step

(r—1,r)

Our aim is to put the term f in normal form and to keep-fixedithe’harmonic frequencies

of the selected resonant torus. We determine the generating function X[()T) = X((]T) + (¢, )
by solving the homological equations

r—1,r r—1r
Lyowp + f5 7 =l e

(070) (7'71’7‘)
L ) 4 + — 0 .
o afi” + (4 q:q*>q1

Considering the Taylor-Fourier expansion

@) =30 e explidk, )

k
we readily get
(7"_ 1 7T)

X0 = 3 U exp(ith.q)) -

ikiw
kito 1

The translation vector{ ("), is determined by solving the linear system

ZCUC(” <f2T ) (18)

This translation, which involves the linear term in the actions f(r 1 r), allows to keep fixed

the frequency w and kills the small transversal frequencies in the angles q.
Thertransformed Hamiltonian is computed as

HED = exp <LX(()T)> H=D

10



and has a form similar to (17), precisely
H(IST_I) = exp <L (r))H(T_l) —

— wpy +Z (Ir—1,s) +Zf2(1;r—l,s)

s<r s<r

+fél;r—1,r) +f2(I;r—1,r) (19)

+Zfél;r—1,s) + Zfz(l;r—l,s)

s>r s>r

+sz21r 1,s) )

5>0 I>1

The functions f2lI r=1,8)

Lr—1,r r—1,r
f2(I;r71,r) _ f2(r71,r) . <f2(r71,7‘) (q*)>ql + LXST) f4(0,0) :

are recursively defined as

)

(20)
(1.0 Ls/r) 4 -
r—4,8 r s—34T)
2 :ZJ| <r)fl+2g g for i =0,1, s#r,
7=0 orl>2 5>0,
with fQZIT L) ¢ Py

2.2 Second stage of the normalization step

We now put fQ(I;T_l’T) in normal formy by averaging with respect to the fast angle ¢q;. This

is necessary in order to avoid small oscillations of ¢ around ¢*. We determine the generating

(r)

function x5~ by solving thethomological equation
I, (T Jwpr + f(Ir 1,r) _ <f2(1;r71,r)>
a
Considering againi-the Taylor-Fourier expansion

AT0,0) = 3 P explidk, g))

[1]=1
k

we get

Lr—1,r) & A
) (5.q) = > cl(k b exp(i(k, §))
X2 b,q) = 1k1w .

The transformed Hamiltonian is computed as

H = exp ( Lxé”) HEGr=1)

11



and is given the form (17), replacing the upper index r — 1 by r, with

r,r Lr—1,r
f2 ): <f2( ' )>Q1 ’

T 1 i—1 (1 Ir—1,r Ir—1,r)
2( = (- 1)|L]<m <j<f2( )>q1 + 7f( )
Ls/r]—- o
+ Z i <r>f2 N (21)
Ls/r] 4
fQ(Z”,s) _ Z ' (T>f(17" 1,8—jr) for | — 07 < ’
=0 7 orl =1,8#jr,

orif,.>2 s> 0.

2.3 Analytic estimates

In order to translate our formal algorithm into a recursive schemenof estimates on the norms
of the various functions, we need to introduce a sequence ofirestrictions of the domain so as
to apply Cauchy’s estimate. Having fixed d € R, 0 < d"<\1/4, we consider a sequence 6,>; of
positive real numbers satisfying

M\&

Orp1 <0, D Or S

rod

(22)

thus the sequence 0, has to satisfy the inequality 6, < C/r for some r > 7 and C € R.
Moreover, we introduce a further sequenee d;>¢ of real numbers recursively defined as

do=0, dy=dy_1+25, . (23)

In order to precisely state the iterative Lemma, we need to introduce the quantities =,,
parametrized by the index r, as

el E E ) (24)

Zh= 1, a2 )
" rnax( wd2po + 4md, p? + 2ewd,po’ dwd2po

Following the approach described in [10], the number of terms generated recursively by for-
mulee (20)fand (21) is controlled by the two sequences {v,s}r>0, s>0 and {Vr(‘}s)}rzl,szo of
integer,mumbersthat are recursively defined as

Vo,s = 1 for s > 0,
Ls/7]
ngs Zyr 1rVr—1,5—jr forr>1, s>0,
(25)
LS/TJ
Vps = Z (3Vr71,r)jV£2_jr forr>1, s>0.
7=0

Let us stress that when s < r, the above simplify as

0 — _
Vps = Vr—1,s » Vrs = Vps

12



namely

Ups =Vp_1g=...=Vsg .

Let us introduce the quantities b(I;r, s,2l) and b(r, s,2l) (r being a positive integer, while
s and [ are non-negative ones) that will be useful to control the exponents of the =, in the
normalization procedure,

S ifT‘Zl,
0 ifr>2s=0,
3s—|str=l|_|str=2_o ifr>20<s<rl=40
b(I;r,s,2l) = S e - _
3s— | =l || str=2| ifr>2,r<s<2rjl=0
3s— | sr=l || str=2| ifr>20<s<ril=1
35— | str=l| | str=2| in the other-cases
and
0 if r > 0,5=0
Bs—| SE=L |y ifr=1s>0,
3g— | sEr=1|_|str=2|_o ifr>20<s<rl=0
b(r,s,2l) = ° LS+:_1J Lg+:_2j N\ _ _
3s—| o=l || str=2 ] ifr>2r<s<2rl=0
3s—| str=l| | str=2| 1 ifr>20<s<ril=1
Bs— | str=l || str=2 in the other cases

with wyg = 2, wo = 1 and wy; = 0 for [ > 2.
We are now ready to state the main‘Lemma collecting the estimates for the generic r-th
normalization step of the normal form algorithm.

Lemma 2.2 Consider a Hamiltonian/H ") expanded as in (17). Let XE)T) = Xér) + (¢, )
(r)

and x5~ be the generating functions used to put the Hamiltonian in normal form at order r,

then one has ]

”X(gr)”lfd,.,l S aVr_LrE?riZlEET 7
1 3
e 4mp o1, BN OB (26)

I 115, < Brpma B0 e

The terms appearing in the expansion of HE™=1 in (19) are bounded as

Lir—1, I)=b(I;r,s,21 E
1™ s, < pRENES e

The terms appearing in the expansion of H) in (21) are bounded as

_ FE
HfQ(ZT',s)Hl_dT < Ur,s:?(r,s,Ql)ﬁes ]

The proof of Lemma 2.2 is deferred to Section A.4.1. Besides, some comments about the
statement of this Lemma are in order.
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Remark 2.1 The well-known problem of the accumulation of small divisors represents the
source of divergence in perturbation processes. In the present work we are considering a
completely resonant normal form, thus, if w # 0, the divisors kiw introduced in the solution
of the homological equations (see Sections 2.1 and 2.1) cannot become arbitrarily small. In
particular, we do not need any strong nonresonance condition on the frequencies. However,
the restrictions of the domains due to the Cauchy estimates for derivatives, introduce the small
denominators 6, that actually accumulate to zero and are the responsible for the divergence
of the normal form.

Remark 2.2 A remarkable technical difference with respect to the analytical estimatesrof the
Kolmogorov theorem is the factor 3 (instead of 2) in the exponents of the ZI..“This is due to
the different terms appearing in our resonant normal form. However, as we'do not have any
nonresonance condition on the frequency vector w, the problem of theptimality of the factor
appearing in the exponents is not crucial as in other related worksssee, e.g., [15] concerning
the Schriader-Siegel problem. Given this, our impression is that the factor 3 can be hardly

improved.

2.4 Proof of Proposition 1.1

We give here a sketch of the proof of Proposition Itl. “Fhe proof is based on standard
arguments in Lie series theory, that we recall here, referring to, e.g., [10, 14, 37], for more
details.

We give an estimate for the canonical transformation. We denote by (ﬁ(o), (j(o)) the original
coordinates, and by (ﬁ(’”), (j(”) the coordinates at step r. We also denote by qﬁ(T) the canonical
transformation mapping (), ¢ to HE-N, ¢¢—1), precisely

(r—1) (1) _ ~(Ir—1) axy’
p ZeXP(LXgn)p T =pt T+ 9gr—1)
NG

A(Lr—1) L § 51 X2

b exp( (7')) + = 8' (T‘) 8q

(r—1) (r) (r) -1 6X(T)
q = L r g\" — g\ L .
q eXp( Xé ))q q s§>1 5! gn) R G)

Considermowa sequence of domains D(34_4,)(p,0), using Lemma 2.2 we get

ﬁ(r—l) _ﬁ(Lr—l) < < L + 1 > =3r 1OOTE€7* ’

wedyoc  4mp) " 20
1 100 100" o1
A(Ir—1) _ a(r) < E3T’ Ee" =3r = Ee"
P P dwed,a " Z <w52 20 ’ (27)

1 1007 1 100" s—1
A(r=1) _ 5(r) =3 2 R = pe )
7 7 4w5rp Sr0 UF Z (w52p0 "20 )
s>1 r

) the series (27) defining
hence

Thus if € is small enough (for a very rough estimate take ¢ < 100%
the canonical transformation are absolutely convergent in the domain D344

analytic. Furthermore, one has the estimates

r—1—0r)(p0)>
P = p < bp, 1§ =T < b0
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A similar argument applies to the inverse of ¢, which is defined as a composition of Lie

series generated by Xér) and —X(()T), thus we get

Disa—d,)(po) C D" (Di—dy_1—6,)p0)) € Disa—dy—1)(p0) -

Consider now the sequence of transformations ®™ = ¢ o ... 0 (M. For (p("~ 1), g1y €
D(3d—d,_1)(p,0) the transformation is clearly analytic and one has

PO = <pd b, a0 =7 <o) 5
j=1 j=1

Setting d = I and using (22), one has ) j>105 < % = 1, thus (6) immediately follows. Finally,
the estimates for the Hamiltonian in normal form had been already gatheredyin Lemma 2.2.
This concludes the proof of Proposition 1.1.

Remark 2.3 Since the non convergence of the normalization algorithm represents one of the
main points, let us stress that in view of the the definition ofsZrnin (24) and of 6, < C/r,
one immediately get =, > Cr, C being a suitable positive constamts, Thus ) - E3re” cannot
converge for any positive €.

3 Proof of Theorem 1.1

In this Section we develop in a more detailedwway the strategy used to get Theorem 1.1
from the normal form constructed. We have shown’in the previous Section that, by means
of a canonical and near the identity change, of coordinates, it is possible to give the original
Hamiltonian the form (7). We have already stressed in the Introduction the main feature of
our construction: if one considers the approximate equations of motion corresponding to the
normal form truncated at order/O(e"), when evaluated on (¢ = ¢*,p = 0), they provide a
periodic orbit of frequency w onceig* fulfills the already mentioned equation (9). Generically,
for r > 2, the value ¢* would dépend continuously on e, precisely ¢*(¢) = ¢i + q1(¢), with ¢;
solution of the e-independent equation (14) and ¢;(¢) vanishing with .
The periodicity of an oxbit for the full Hamiltonian (7) is given by

T T
§(T) — G(0) #AT /0 Vp !fi’"” + 3 A7 ds + O(Ip?) + Oelpl) + O =0,

s=1
(T = pi9) = Oelpl?) + O(e+Y) =0,
p(1) /Zv (7579 4 )] ds + O(elpP) + O+ =0,

where the unknown is the initial datum (¢ = ¢(0),p = p(0)), namely the Cauchy problem.
Due’to ‘the conservation of the energy, we can eliminate the equation for py, divide the n — 1
actions p by € and look at ¢;(0) as a parameter (the phase along the orbit). The system of
2n — 1 equations in 2n — 1 unknowns (¢(0), p1(0),p(0))

T T
§(T) — §(0) — AT = /0 v [fi“‘” +3 A

s=1

ds 4+ O(|p|*) + O(elp|) + O(&H—l) =0,

p)—p0) _ 1 Tivq[f”HfQ | ds+o(pP) + 0@ =0,

g g Jo
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takes the form (10). The approximate periodic solution

=0, at)=wt+q(), qt)=q",

corresponds to (and actually represents) an approximate zero (¢(0) = ¢*,p(0) = 0) for the T
map. The proof of Theorem 1.1 then simply consists in the application of

Proposition 3.1 (Newton-Kantorovich method) Consider T € C' (U(x) x U(0),V
Assume that there exist three constants Cy 23 > 0 dependent, for e small enough, on't(zo)
V' only, and two parameters 0 < 2« < B such that

1T (2o, €)]| < Culel”

1Y (z0,8)] ey < Calel™™, (28)
|17 (2,€) = Y’ (o, < Csllz — o] -

).
C

8)Hﬁ(V)

Then there exist positive Cy and €* such that, for |e| < €%, there egists a unique x*(g) € U(x)
which fulfills
T(z%¢e) =0, lz* — o] <Colel™=5 .

Furthermore, Newton’s algorithm converges to x*.

The proof of the Proposition is reported in Appendix B. We recall that |-|| £(v) represents
the usual norm for a linear operator from V to V.

Since we are seeking for a true periodic solution c¢lose to the approximate one, we take
(g, p) in a small ball centered in (¢*, 0), thatplaysthe role of 2y in Proposition 3.1. Thus both
the variables can be interpreted “locally” as'cartesian variables in R?"~!. We have already
introduced M (e) in (11), being the differential of the map Y evaluated in (q,p) = (¢*,0).
Extracting from M (e) its leading order inve, we get

- 0 Cy
M(e) = MpF DL (), Mo := M(0) = ,
O =M M=o = (5 )
where 1)
fy" T
Boijs— | o— =, Co=CT, 29
- [aqz'aqg‘ ‘q=q8 3 " (29

and C' is the twist. matrix defined in (4). The first of (28) is satisfied with 5 = r. The
third of (28)ris satisfied in view of the smoothness of the flow at time 7" w.r.t. the initial
datum (it keeps the same smoothness as its vector field). The core of the statement is then
the requirement/on the invertibility of M(e). If By is invertible, then the same holds true
for My (the twist being Cj invertible) which is the leading order of M; hence M) is also
invertible.and the second of (28) is satisfied with o = 0, My being independent of ¢. This
is 'actually Poincaré’s theorem. If instead By has a nontrivial Kernel, then the same holds
also for My, typically with a greater dimension. The required invertibility of M (e), asked by
Theorem 1.1, is necessarily due to the e-corrections, which are responsible for the bifurcations
of the zero eigenvalues of the matrix My. Hence, in order to fulfill the second of (28), we need
the smallest eigenvalues of M(e) to bifurcate from zero as \;(e) ~ €%, with o < §, which is
indeed (12). Finally, estimates (13) are of the same type as the one in Proposition 3.1, even
after back-transforming the solutions to the original canonical variables with ®("). Indeed, as
illustrated in the detailed proof of Proposition 1.1, the normalizing transformation ®() is a
near the identity transformation.
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4 One parameter families.

Generically we expect that, apart from very pathological examples, two normal form steps
are enough to get a clear insight into the degeneracy. In particular, with a second order
approximation one can investigate whether one-parameter families ¢g(s), which are solutions
of (14), are destroyed or not. In the first case, the isolated solutions which survive to the
breaking of the family are natural candidates for continuation, once (12) has been verified.
In the second case, at least a third step of normalization is necessary, unless there are good
reasons to believe that the whole family survives, due to the effect of some hiddén symmetry
of the model.

What we are going to develop in the first part of this Section is exaetly the case when
the first of (29) admits one-parameter families of solutions on the torus,T"4, which means
that dim (Ker(By)) = 1. In this easier case (which represents the weakest degeneracy for By),
under suitable conditions on the matrix My, it is possible to apply some results of perturbation
theory of matrices to M(e) (see [44], Chap. IV, par. 1.4) in order tg replace assumption
(12) with a more accessible criterion. This allows to get amore applicable formulation of
Theorem 1.1, which will be used in the forthcoming applieation.

4.1 Some few facts on matrix perturbation.theory

The degeneration we are considering here implies that 0 € Spec(Bp), with the geometric
multiplicity being equal to one (mg4(0, By) = Dw,Let)a; be the (n — 1)-dimensional vector
generating Ker(Bp). Let us introduce also f; as'the embedding of a1 into R?"~! namely the

(2n — 1) vector
w1
fi= (0> :

Lemma 4.1 Assume thatthe kernel of My had dimension one and is generated by f1, namely
Ker(My) = Span(f1) . Ifithe orthogonality condition

<C()_1D(—|)—a17 <%1>> =0, (30)
is fulfilled, then the.algebraic multiplicity of the zero eigenvalue is greater than two (mg(0, My) >
2).

Proof. In order to study the Ker(Mj), we have to solve

(5 ) (5= (o) = (0

which, due to the invertibility of Cp, gives y = 0, and thus x € Ker(By). This provides the
first claim. The statement concerning the algebraic multiplicity can be derived investigating
the Kernel of the adjoint matrix MJ . It is easy to see that

We have the following

—C()_lD(—]rCLl)

Ker(M ) =Span(g), g= < .
1
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and to deduce that the assumption (30) is equivalent to (fi,g) = 0, where the right hand
vector in (30) is the n-dimensional vector built by complementing a; with one 0. The last,
according to Lemma III, Chapter 1.16 of [44], is not compatible with m, (0, Mp) = 1. Precisely,
we can observe that the orthogonality condition between the two vectors allows to find a
second generalized eigenvector fo for Ker(Mp), as a solution of Myfo = fi. Indeed, the
Fredholm alternative theorem guarantees the existence of fo under exactly the condition

<f1>g>:0 0

In order to determine the asymptotic behavior of the eigenvalues A(e) € spec(M(g)), we
make use of the fact that dim(Ker(My)) = 1 and we assume some minimal,smoothness of
M () with respect to &, namely that the following expansion holds?

cA Co+eCh

_ 2y _ 2
M(e) = My +eM +O(e%) = (Bo+sBl D0+5D1>+O(E ) -

Then the following Lemma holds true (see [44], Chapter IV, §1, forall the details)

Lemma 4.2 Let \g be an eigenvalue My with mg(Ao, Mo) = and mq (Ao, Mo) = h > 2 and
let f1,..., fn be the generalized eigenvectors relative t6 Aop.defined by the recursive scheme

Mofi = Xof1, Mof2 = Aof2+ f1, 5. Mofa = Xofn + fh-1
Moreover, let g1, ..., gn be the generalized eigenvectors for MJ relative to Ay, such that
<f]7.gl>:5j2a CON Jv/L:]-aah

and define
Y = (M1f1,9n) -

If v # 0, then the h solutions Nj(e) of the characteristic equation
det(M(e) = XI) =0

are given by
Aj(e) = Ao — (1) + O™

where (57)31-/h are the h distinct roots of 1/e7.

4.2 [The special case of m,(0, M) = 2.

Wesare interested in the bifurcations of the zero eigenvalue (needed to bound the inverse
matrix M ~1(e)), thus in the previous Lemma 4.2 we can take \g = 0 and f; as the eigenvector
generating Ker(Mj). Moreover, since

A G\ (a1 _ (A
By D, 0) Biay) ’

3This is not an obvious fact, since the smoothness of M (e) is related to the smoothness of ¢*(¢), solution

of the trigonometric system of equations Vq[ 52’1) + f52‘2>] =0.
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the value of v does not depend on the whole matrix Mj, but only on the blocks A; and Bj.
The problem is further simplified when m, (0, Mp) = 2: in this case g2 coincides with g and ~
reduces to

1T
v =(Mif1,92) = <(A1a1 Biay), ( o Py a1)> = <(B1 - DOCalAl)alaa1> :

ai
Thus, under the easier condition
v ={((B1 — DoCy ' A1)ar,a1) # 0 ,
Theorem 1.1 can be formulated as

Theorem 4.1 Consider Y = (F,G) defined by (10) in a neighbourhoodof the-point (¢*,0),
with ¢* () € CYU(0)) defined by (9) and r = 2. Let dim(Ker(By)) =.1,"a{ being its generator.
Assume also that mq,(0, My) = 2 and that

<(B1 - DocalAl)al,a1> 75 0¢ (31)

Then, there exist positive constants Cy and €* such that, for {el” < &* there exists a point
(@p.0.(8), Ppo.(€)) €U x T 1 which solves

T(Qp.o.yﬁp.o.;ga QI(O)) =0, H(Qp.o.yﬁp.o.) - (q*, O)H < CO?'fg/2 .

In order to verify condition (31), the block'\matrices A; and B; are needed; as a conse-
quence, the first order corrections to the generic'Cauchy problem, (j(l)(t) and ﬁ(l)(t) have to
be derived. With a standard approachgas the one performed in [25], and after expanding in
¢ both the period map Y and the solution ¢*(¢) = qo + O(¢) one gets

T2 * *
A = _?Cﬂquéf(gll)(qo) + Tquﬁféz’l)(qO)

M)/ ahe T 2.2), «
631:—TD2(S )(CIO)%—;Dgfé )(QO>

A 021G D21 (05) - D2 05) DR 18 )
2 qpJ 2 o q/0 do q/0 do qpJ 2 do
7’ 2 p(21) x 2 ,(2,1)/ «
+ = [D2A*V@) oD (a5)
Despite the formulation of Theorem 4.1 is simplified with respect to the abstract result stated
in Theorem l.1l¢it is evident from the above formulas that it can be a hard task to verify
condition (31). However, if the original Hamiltonian is even in the angle variables, as often
happenssin’models of weakly interacting anharmonic oscillators, then condition (31) can be
furthersimplified if the solutions to be investigated are the in/out-of-phase solutions ¢* = 0, 7,
as shown in the following example.

4.3 Example: square dNLS cell with nearest neighbour interaction

Let us consider the Hamiltonian system in real coordinates

4 2,2 2 .2\2
H:H0+5H1:Z< ! J +< J j) +€($j+1$j+yj+1yj)) )

’ 2 2
7j=1
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with periodic boundary conditions, i.e., x5 = 27 and y5 = y;. Introducing the action-angle
variables (zj,y;) = (\/21; cos ¢;, /21 sin ¢;), the Hamiltonian reads

4
H=Y" (I + 12+ 20Ty cos(ipyin — 0)) -
j=1

Let us now fix the fully resonant torus I* = (I*,I*,I*,I*) and make a Taylor expansion
around I*, i.e., we set I; = J; + I* for j = 1,...,4. The unperturbed part, Hy, reads

Ho(J) = 4" +4(I")? + (1 +2I°)(Jy + Jo + J3 + Ja) + J2 4+ J3 + J2 A7
while the perturbation H; takes the form

Hy(J, ) = 2I"(cos(p2 — ¢1) + cos(ps — p2) + cos(pa — p3) +Cos(ps = ¢1))
+ (J1 + J2) cos(p2 — 1) + (J3 + J2) cos(w3 ~ p2)
+ (J4 + J3) COS(QO4 — g03) + (Jl + J4) 005(904 N 901) + O(|J|2) .

We introduce* the resonant angles ¢ = (q1,¢) and their conjugate actions p = (p1, p)

q1 = 1 pr=J Fdo + J3+ Jy
g2 = Y2 — Y1 p2 = Jo BJ3 ¥y

a3 =p3— @2 p3=J3+Jy

g4 = P4 — 3 Py =y

Thus, ignoring the constant terms, we can rewrite H as
H =wpy + ((pl —p2)? + (p2 — p3)°* (p3 — pa)? +pi)+
+e [(2]* cos(gg) + 2I7 cos(qs) + 21" cos(qq) + 21" cos(q2 + q3 + Q4))

+ (p1 p3) cos(q2) + (p2 — pa) cos(qs) + p3 cos(qa)
A — Do pa) cos(az + a3 + a)| + O(lP)

0,0 0,1
prl+fi )(p1,p27p3,1?4)+fé )(Q2,CI3,Q4)
0,1 .
+f2 )(p17p2>p37p4an7Q3>q4)+O(5’p|2) 3
where w = 1"+ 2%

Remark-4.1_With the usual canonical complex coordinates 1; = %(x] +1iy;), the Hamilto-
nian Teveals Jto be a dNLS model, with periodic boundary conditions

4
H=Y" [0+ 15l + e (0 +ec)] . s =1 . (32)

7j=1
In agreement with this, we observe that the Hamiltonian does not depend on the fast angle
q1. This is due to the effect of the Gauge symmetry of the model, as visible in the complex

form (32). As a consequence, féo’l)(qQ,qg,q4) s already in normal form and the first stage
only consists in the translation of the actions, which allows to keep fized w.

“In this case, we have preferred the angles to be the relative phase differences among consecutive angles,
rather than the phase differences with respect to the first angle .
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Since f2(0’1) is automatically averaged w.r.t. ¢, the homological equation defining ¢(V) is
equivalent to the following linear system

0,0 0,
(Vo) = 15

whose solution is given by

dl) = elcos(q3) + cos(gz) + cos(qy) + cos(gs + g5 + )]

[cos(g* . . cos(qt + g + *
G = | B 4 cos(a) + cosap) + “NELD q‘*)]

cos(q3 o cos(gs+q5+q;
Cg(,l) —c éq{’,) —|—COS(Q4)+ (QQ 2(]3 Q4):|
o —COS;‘JD | oosle +2q§ + qi)]

Since the normal form preserves the symmetry, the newly ‘generated term f2(1;0’1) is again
independent of ¢; and no further average is required. The values.¢*, which define the approx-
imate periodic orbit at leading order, are given by the’selutions of the trigonometric system
(depending only on sines, due to the parity of the Hamiltonian)

— 21" sin(gqe) — 21" sin(q2 +.g3 + q4

— 2" sin(q3) — 21" stn(g2 ¥ g3 + q4
— 2" sin(qq) — 2%sin(ge + g3 + q4) =

) =0
)=0 .
0

Such solutions are given by the two isolated configurations (0,0,0), (7, m, ), and the three
one-parameter families Q1 = (9, ym— 9), Q2 = (0,7 — 9, 9), Q3 = (¢, 7 — I, 7 — ), with
6 € S', which all intersect in fhe two opposite configurations +(5,5,%). Since the twist
condition (4) is verified, we Only need (14) in order to apply the implicit function theorem
(which reduces to the classical result of Poincaré). Factoring out —2I*, the nondegeneracy

condition reads

cos(q3) + cos(g5.4 q3 + q7) cos(qs + 45 + q5) cos(q3 + 45 + 4})
cos(q3 +.45 + dy) cos(q3) + cos(qs + q5 + q3) cos(q3 + g3 + q;) #0.
cos(g3 gy + q) cos(q3 + 43 + qx) cos(qz) + cos(qs + a3 + q3)

If we evaluate the determinant in the two isolated configurations, we get det(By) = £47 # 0,

hence phe corresponding solutions can be continued for small enough e. In the three families

we obviously/get a degeneration, since the tangent direction to each family represents a Kernel

directiony=hence det (Bo‘ Q~) = 0. Furthermore in the intersections £(75, 5, 5) the matrices

are, identically zero. For aljl these families a second normalization step is thus needed.
The first stage of the second normalization step deals with

01) , 1

1,2 ;0,2 ’ o0
9 = F909 = L 0 4 2L FO0

which is already averaged over g1, due to the preservation of the symmetry. The same holds
also for the linear term in the action variables f2(1’2), given by

A = (10 = L<g<1>,q>fio’1) :
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Hence, the homological equation providing the new translation ¢ reads

0,0 0,1
L g i + Lo g 1i70| =0

The new linear term in the action
;1,2 0,1 0,0
2 = Lew g £+ L g £27

is again already averaged over q;, hence the second step is concluded, and the transformed

Hamiltonian reads
H®) = wpr + £27(5)

+ 189 + 155, q)

q
+ 122() + 157 (p,q)
+ O(lp|®) + O(€?%) .

The approximate periodic orbits correspond to the ¢* for which
2,1 2,2 2’1 0,1
Vo[ £20 (@) + 122 @) = VarD (@) + Vo TR a), V) =0,

where in the correction due to féM), only the term L«(l)@ f2(0’1) really matters, having a
nontrivial dependence on the slow angles ¢q. By exploiting the explicit expression for (3
previously derived, and replacing ¢* with ¢ in it;swe explicitly get the system

(

—8 (sin(gz) +sin(gz + ¢z + q4)) + € [2 sin(2g2) + sin(g2 — g3) + 2sin(g2 + ¢3)
%+2sin(2g2 + 2¢3 + 2q4) + 2sin(2g2 + g3 + q4)

+ sin(g2 + ¢z + 2q4)] =0

—8(sin(gs) + sin(qg’+ g3+ g1)) + ¢ [2 sin(2qs) + sin(gs — g2) + 2sin(q2 + ¢3)

+ sin(g3 — q4) + 2sin(g3 + q4)
+ 2sin(2g2 + 23 + 2q4) + sin(2g2 + g3 + q4)

+ sin(g2 + g3 + 2(14)] =0

<8 (sin(qq) +sin(q2 + g3+ q4)) + € [2 sin(2q4) + sin(qq — q3) + 2sin(gs + q4)

+ 25sin(2¢2 + 293 + 2q4) +sin(2¢2 + g3 + q1)

+ 2sin(g2 + g3 + 2%)} =0

depending on the effective small parameter € = . The above system has the structure
F(q,e) = Fo(q) +eFi(q) =0, (33)

where F : T3 x U(0) — R3. Moreover, we have already found at first normalization step that
F(Q;(0),0) = Fo(Q;(0)) =0

22



Suppose that there exists a solution ¢(¢) = (g2(¢), g3(¢), ga(¢)) which is at least continuous in
the small parameter, i.e. C°(U/(0), T?). Hence, by continuity, we must have

ii_f}(l)F(Q2(5)7Q3(€),Q4(€)a€) = Fo(q2(0), ¢3(0),@1(0)) =0,

_ 9Fb(Qs(9)

3 and observe
q

which means that ¢(0) € Q;. Let us introduce the matrices By_;(¥)
that the tangent directions to the three families

1 1 1
Q1= 1], OpQ2 = | —1 and OpQ3 = | —1
—1 1 <1

represent the Kernel directions of Bgoyj, for j = 1,2, 3, respectively. A standard proposition
of bifurcation theory provides a necessary condition for the existenee of a solution Q;(0,¢)
which is a continuation of Q;().

Proposition 4.1 Necessary condition for the existence of a 'selution q(c) = Q;(¥,¢) of (33)
is that )
F1(Q;(?,0)) € Range(Bo ;(0)) -

If B(],j (9) is symmetric, the above condition simplifies
Fl(Qj(ﬁ, O)) 1 Ker(Bo,j(ﬂ)). (34)

Let us apply the above Proposition to show that the families Q1 and Q3 break down. Precisely,
all their points, except for those corrésponding to § = {0,7/2,7}, do not represent true
candidates for the continuation. We compute (F1(Q;(9,0)),9pQ;) for j =1,3

(F1(Q1(9))109Q1) = 8sin(20) = (F1(Q3(1)), 9sQs3)

which shows that the necessary condition is generically violated for the two families Q1 3,
apart from the in/out-ef-phase,configurations (0,0, ), (m,m,0), (0,7, 7), (7,0,0) and the
symmetric vortex configurations + (g, el %), the last being also points of Q2(0).

A way to conclude that the above mentioned in/out-of-phase configurations can be con-
tinued to periodic solutions is to apply Theorem 4.1. Indeed, the main and first fact to notice
is that if g5 = Oy then Dy = 0, since it depends only on sines; then by Lemma 4.1 we get
mq(0, My) 2 2. Mereover, a direct computation shows that the algebraic multiplicity of the
zero eigenvalue of My is exactly two, so that we can apply Theorem 4.1. In order to verify the
main ¢ondition (31), since Dy = 0, we can restrict to compute only Bj. In the configurations
(0,0, m)hand/ (m, 7, 0), we get

-2 -1 -1 16(1%* 0 16(I*)? 73
Bi=|-1 -2 —1|T+ 0 32(I*)* 32(I*)? 5
-1 -1 -2 16 (1) 32(I*)* 48(I*)?
while, in (0,7, 7) and (7, 0,0), we have
-2 -1 -1 48 (I*)* 32(I*)* 16 (I*)? 8
Bi= -1 —2 —1|T+|32(I*)? 32(I*)? 0 -
—1 -1 -2 16(I*)* 0 16(I1%)?
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Anyway, we immediately obtain in all the four cases

v={((B1, a1),a1) = —4T # 0,
with a1 = 0y@1 for the first matrix By, and a1 = dyQ3 for the second one.

Remark 4.2 We stress that, for the in/out-of-phase configurations, the true and approzimate
angles coincide, namely qp.o. = q*. This is due to the parity of the Hamiltonian in the angles
and to the Gauge symmetry; the first implies that the remainder, whatever is its order in ¢,
only depends on the cosines, hence its p-field vanishes at any combination of 0tand 7w The
second implies that it does never depend on q1, p1 being an exact constant of moetion; in other
words, the field depends only on slow angles q. In this case, Theorem 4.1 could be simplified.

It remains to investigate the second family ()2, which satisfies thesneeéssary condition (34)
because it represents a solution for (33), namely F(Q2(0)) =0.

We explicitly constructed the normal form up to order threé-by using Mathematica™ and
checked that this family still persists. This led us to conjeeture)that it represents a true
solution of the problem. Indeed, using the complex coordinates as-in (32), we can reformulate
the continuation of periodic orbits on the completely résonant torus I = (I*,I*, I*,I*) by
using the usual ansatz

w‘j — €_lwt¢j :
which provides the stationary equation for the amplitudes ¢,

Aj = 2¢;|051* +e(Ld);,  AN=w=1, (LP)j = bjr1+ dj-1 -

If we further assume that the continued selutions have the same amplitude at all the sites,
|¢j| = a, and the phase-shifts belong te the second family Q-

¢j = acki o = (o101 + 0,01+ 01+ 0 +7)
then we realize that for’any # €S one has
L) =0
Hence the stationary equation becomes
\=2a4% =21,

whichiimplies that a two-dimensional resonant torus, embedded in the original unperturbed
four, dimensional torus, survives for any given e.

Remark 4.3 The above formulation would provide a much simpler proof for the existence of
the in/out-of-phase periodic orbits for € # 0, by restricting to study the real ¢ configurations
solving the stationary equations [18, 19]. However, the role of this example in the present
paper is to show how the formal algorithm works and what kind of insights can lead to in
investigating the breaking of completely resonant tori.
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5 Conclusions

Motivated by the aim of investigating the continuation of periodic orbits on a completely
resonant torus with respect to a small parameter, we have built up an original normal form
algorithm for a classical Hamiltonian model of the form (1). This method naturally extends
the averaging procedure of Poincaré, which applies only to nondegenerate approximated so-
lutions. Hence, it allows to deal with all those cases when the extrema of the averaged
Hamiltonian are not isolated, like the one-parameter families explored in Section 4. The
present formulation of the result deals with the case of a maximal torus, henée ityis more
suitable for applications for few-bodies problems, e.g., in Celestial Mechanie§. In this field,
the normal form construction proposed here, which provides a highly accuratefapproximate
dynamics, could be effectively implemented with the aid of an algebraic mamipulator (see,
g., [11]). Besides, the use of numerical tools could also include the analysis of the spectrum
of M (e), which can be approximated at leading order by the Floquet exponents of the ap-
proximate periodic orbits. Hence, hypothesis (12) can be verified numerically, by tracking the
dependence of the approximate Floquet spectrum on ¢ in a neighbourhood of the origin.
The normal form algorithm here developed, if suitably‘extended to completely resonant
low-dimensional tori, could also allow to deal with degenerate seenarios which emerge studying
discrete solitons in 1D nonlocal discrete nonlinear Séhroedinger lattices (like zigzag dNLS,
see [32]): in these models, one parameter familiesyofssolutions of the averaged Hamiltonian
appear when in the model long range interactions (like next-to-nearest neighbourhood) are
added. More naturally, one parameter families of approximate solutions, like the ones observed
in the application developed in Section 4, appeartin the investigation of vortexes in 2D square
lattices [30]. In these problems, the only approach which has been till now explored and
applied is based on bifurcation methods [30,33] suitably combined with a perturbation scheme.
Hence, a different and completely.constructive approach would be desirable, especially in
terms of possible applications 40 the above mentioned lattice models with the help of a
manipulator. This further and not txivial extension will be worked out in a future publication.

A Technicalities: normal form construction

The appendix is devoted to technical details and proofs related to the normal form construc-
tion which have been moved here in order to avoid the overloading of the text.

A.1 Estimates for the v, ; sequence

Lemma A.1 The sequence {vrs}r>0, s>0 defined in (25) is bounded by the exponential growth

100°
Urs S Vss <

<50 for r>0,s>0.
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)

Proof. We start with the elimination of v, s in the definition of v, ,

15/7) Ls/r) g |
Ups = Z (31/7"—1,7')] Z (VT—I,T)ZVT—l,s—(i-i-j)T
=0 i=0
L5/1) s/ N
= Z (37/7"71,7‘)] Z (Vrfl,r)z_JVrfl,sfir
Jj=0 i=j
Ls/7] i Ls/T] i
) i i+l _
= Z (Vr—l,r)lyr—l,s—ir Z?’J = Z T
i—0 =0 =0
where in the second equality we have exploited VS())
sl
Vps = Z ejyifl,rl/r—l,s—jr , 6]' =
=0

It is immediate to notice that v, s < v s for s >

r, hente

1

(Vr—l,r)iyr—l,s—ir P

et

2

Vos S Vs <o S VUs s S VsHlie= - .

Moreover

9[):1, 9124, 9j+1§59j

and observing that v,, = Ogv,_1, + Ortpeg,, we get

Ui =0Vr 11

From the definition of {1, s }/'we can derive the following: for » > 2 and s > 2r we have

ls/r]-1

forr>1.

for j >0 .

_ E J
Vps = Up—1s T Vr—1r 9j+1Vr717rVr—1,s—r—jr

j=0
Ls/r]—1

E J
SVp1s+ 501, ejVT_LTVT—l,s—T—jr

Jj=0

< Vr—1,s + 5Vr71,r7/r,sfr < Vp—1,s t VrpVs—prs—r ,

where (35) and (36) have been used; for r = 1 we have

s—1

_ J
Vis = Vos+ Vo1 E 0j4+1V 110,5—1—j

J=0

s—1

< (1 + 01)V07571 +5 Z ejug’lyo,sflfj

=1

< 5V1,s—1 < 5Vs—2,s—1 = Vs—1,5—1
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= 1. Thus we can‘rewrite the sequence as

(35)

(36)



where (35) has been used, together with 1 s = 1, for s > 0. Due to the above properties, we
can estimate {v} s }r>0,s>0 by means of its diagonal terms v,.,.. Indeed, v;; =5 and for s > 2

Vppr = 57/7“71,7“ < 5Vr72,r + 5Vr71,r717/1,1 <...
r—1
<5vi,+5(1eatr_2r—2+...+Vp1,—1v11) <5 g VjjVr—jr—j -
i=1

From this last upper bound, it is possible to verify
Upy < 52771\, forr>1,
with {\,},>1 being the Catalan sequence, which satisfies A, <41 thus

100°
ur75§y8,8§W for r>0,s>0.

A.2 Estimates for multiple Poisson brackets

Some Cauchy estimates on the derivatives in the restricted domains will be useful.

Lemma A.2 Letd € R such that 0 < d < 1 and, g €Py; be an analytic function with bounded
norm ||g||1. Then one has

dg
Ip;

dg
dg;

 ioh

, < Nl
dp

1—q edo

)

Proof. Given g as in (3), one has

¥y vy

ted e pezn P
|e]=t

<7Z S gielotehl = HQH1 7

lEN” kez™
|i|=l1

ag

—1 1 _|k|(1=d)o
~ e
55, —d)p

where e have-ised the elementary inequality m(\ — z)™"1 < X\"/z, for 0 < < A and
m > 1.

Similarly,
dg
2ol =20 D kllgisl (1 = d)pleO
25 1l ZE‘Nn hezn
|2|=l1
< I |klo _ lglly
< ZZ\Q e
ieN™ keZ™

|i]=l

in view of the elementary inequality z%e~%% < (a/(ed))®, for positive a, z and 6.
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Lemma A.3 Let d € R such that 0 < d < 1. Let the generating functions XE)T) and Xg) be
as in (15). Then one has

r (r)
8X(()) HXO H1 (r)
< '
04; ~  edo T (37)
1-d
r (r)
o | b, -
aq]' 1—d edo
() (r)
|l -
Pj|l_y P
moreover, for j > 1,
- 11X e elc]
r’ < J: 0 4 4
‘ Xémf g e ( po + 0 | Flla=d’ (40)
- (1)
I <L 1X2 _a), 41
S S ( 2 it ) g (a1

Proof. The proofs of (37)-(39) are just minor modifications of Lemma A.2, thus they are
left to the reader.
Coming to (40), let 6 = d/j with 7 > 1{Proceeding iteratively we get

o (157, 1<)
1—d—d’ - j(526p0' 5/)

' x (") 1\ 7
VX =g | el¢]
</~ + '
T e < d2po dp 1 flha

j—1
L] (r) f

Xo

L’
X('r‘) f

0

1—d'—(j—1)5

IA

where we have usedithe trivial inequality j7 < j!e/~! holding true for j > 1. Finally, the
proof of (41) isAhe same, mutatis mutandis.
0

A.3 /Estimates for the generating functions

LemmarA' 4 Let d € R such that 0 < d < 1. The generating function X[gr) and the vector
¢ arerbounded by

(r—1,r) (r—1,)
X0 g < 0 Tlea e 18T e )

w mp

(r)

The generating function x5 s instead bounded by

(T_LT)
r 1 r—1,r 2 f —d s
||x§>|rl_dsw<2rf§ W)y 2o T ||f£0°>u1>. (43)

edrpo w
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Ir—1,r)

)

Proof. The estimate for X((]T) is trivial. The estimate for Xg), that is controlled by f2(
is a little bit tricky. Indeed, one has to explicitly exploit the fact that

Lr—1,r r—1,r r—1,r * 0,0
5T = BT TN g F Lo £
together with the trivial estimate

1f = {F @ Darlli-a < 2] fll1-a -
As C satisfies (4), there exists a solution ¢(") of (18) which satisfies

9508 ) = ‘; 0] 2 mic)]

Moreover, by the definition of the norm one has

(r—1,r) (r—=21,r)
_ H<f2 ‘q:q*>q1 1—d,_ Hf2
A =2 &

PAS2 =0/ all1-q,_, p — p

Combining the latter inequalities one gets (42).

1_dr71

A.4 Estimates for the first and second nermalization step

The following two Lemmas collect the estimates congerning the first two steps of the normal
form algorithm previously described. We degide to explicitly report the results concerning the
normal form at order one and two with the purpese of making transparent the structure of the
estimates of the different terms appearing in‘the normalized Hamiltonian. Furthermore, the
first two steps are needed so as tosverify the inductive proof for the forthcoming Lemma 2.2.

Lemma A.5 Consider a Hamiltonian H®) expanded as in (16). Let Xél) and Xgl) be the

generating functions used towput the’ Hamiltonian in normal form at order one, then one has
1 1
1671 < ~voaBe
w
1
(V)< —wBe

~ dmp

o1y = F
x5 " [l1-6, oY1= e

The terms appearing in the expansion of HIO) e in (19) with r =1, are bounded as

1;0,1
||f(§ )||1—51 < Ee,

1,0, )
”fZ(l Vs, < Vil:?gé's

The terms appearing in the expansion of HV, i.e. in (21) with r =1, are bounded as

HféLS)Hlfm < VLSE%S—2E85 :
1’ p— _ E
S T e "

1, _ E
”f2(l 8)H17d1 < Vl,s:‘%sﬁgs
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Proof. Using Lemma A.4, we immediately get the bounds

1 1
R e R R e Tl L
17w 17w 4mp
thus, from (37) with r = 1 we get
(1)
% < Ee n Ee < 1 n 1 Be
04; wedio  dmp wedio  dmp

The terms fé};o’s) appearing in the expansion of the Hamiltonian H $O) ard bounded as
follows. For [ =0 and s = 1 one has

10,1 0,1
1Sy < 10D s, < B (45)

while for the remaining terms one has

S
1,0, 1, 0,5—j
MRW%§Zﬁ@Wﬁfma
=0

e N
5%PU 51[) 20425 Il

IN
o |

7=0

w

IN

1 1 e J .. FE ;
- Fig o5
e (wé%pa T 4m61p2> Qa2

eE 1\’
- 221 Z (wdfpa 4m51p2>

E
< (sal) =] 25" = V105 e,

where we used the definition of the constant =; and Lemma A.3.
Coming to the second stage. of the normalization step, the generating function Xgl) is
bounded, as in (43), by

(0,1)
(1) <l 2l (0,1) 2 ||fo ||1 51 (00
|muka_w<n I+ o o A
1 /(. FE 2 FEeFE
<— (2=
_w< 46+e(51paw24>
<1 54 E E
— — | —¢
T w 2wedipo ) 4
1
< =3yp1E1—¢ .
w Vo 148

The terms f2(l1 ) appearing in the expansion of the Hamiltonian H() are bounded as

follows. The term fél’l) is unchanged, while for [ = 0 and s = 2 one has

(1,2) 1,0,2) 11 1) (10,1)
L A [ e E S IS A T
0 11 1
< Vi%:%E&Q . 52 31/0 121 — 1 eke

30



For [ =0 and s > 3, using (45) for the estimate of the last term in the sum, one has

3721
1, 1;0,
15 <3 ) ISP, A,
= \Oipo
171 (1 10,1
2 () I A,
s—2 ;
1 i B O —
< ( pa> E?’”‘“ =S e
7=0
L/ 1 11 B o4

The term f2(1’1) is unchanged, while for [ = 1 and s > 2 one has

(1) 1/ 1Y 4010
»$ U, 8— ]
15 -0 < X 7 (0 ) NS, 152

J=0

L/ 1\ (50,1)
+g 52,00' ||X2 Hl 61l|f2 Hl st
2

1 1 J 1 ,'_.Ej Y D
< Zg () 7’(31/071)‘7:'{E8JV£27.]':(; I g5

2 J
= dipo) w 4
1 1 p s 1r—~s—1£§l§_1 s—1, (D= E
+ - <(5%pa) o (Bvo1)* =] 1 SRCIBnD
E
< VLSE%S 127258

Finally, for [ > 2 and s, 1,0ne has

; .
1, 1 1\, «a (10,
151 e ) IS R s
e \dipo

. _

1 1\’ 1 BT e B

<) je( ) 5B E e E e
=0

63po ) wi 221

E
—2
< VLS:lsﬁgs .

This concludes the proof of the Lemma.

O
Lemma A.6 Consider a Hamiltonian HY) expanded as in (17). Let XéQ) and Xg2) be the
generating functions used to put the Hamiltonian in normal form at order two, then one has
1
167 1-a, < UL 2E3EE”
1
@) < 23 Ee?
|< ‘ = 4mp7/12 2 ’

2 _oF
X7 1-d1s, < 301258 e



The terms appearing in the expansion of HEY e in (19) with r = 2, are bounded as

L1, 1)
15 sy < v )55 e for1<s<2,

L1, 1)
165 sy < v )55 e for2<s<4,

L1, De—os 1 &
15 s, < v50ES 1558 . fori<s<2,

E

HfQI’l’S h—dy—s, < l/ggE%sﬁes , for the remaining cases .

The terms appearing in the expansion of H® e in (21) with r = 2, are bounded as

2 s
£ h—ay < 12, E2°2Ee for1<s<2,
129N ay < 022 EE* for2<s<4,

2 o1 B
£ ( ) l1-a, < 1/2,5533 1555 ) for1 <s <2

(28 —2s E s oo
|| l1—dy < 12,555 ﬁs , for the remaining cases .

Proof. Using Lemma A.4 and the estimates in Lemma_A.5, we immediately get

1 1 3 B
X(2)H < —1y yEEE? (O < — =322
H 0 ||y_g = 12725 ! m,oy12 24

thus, from (37) we get

0)(82)
0q;

1 =22 I =3 .2 1 1
—— 225 et + ——1 955 Fe” < — E3Fe?
- weégayl’Q 2 + 4mpy1’2 2 ~ \wedao + dmp V1253

1—d;—0d2

The terms f2(ll;1’s) appearing in’the expansion of the Hamiltonian H1) are bounded as
follows. For s = 1 all the, terms are unchanged, thus there is nothing to do. Furthermore,
notice that fél;m) is/trivially’bounded with the norm of fém). The term f21;1’2) requires more
care, indeed

Ja Y = g5 = (0 @)y, + Ly £

(2)

Thus only the generating function X;™ plays a role and we get the following estimate

oFE 3 E _aE ,
12 2_2E5 1 <31 2_2 1 e? < VSQH% 5 g?

2

(1;1,2) Y
14y <2 =
T U1y -5, < 2012F 24 wedape

Ford =0 and s = 3 one has

1,3 1,3 1,1 I)—
16" hai-s < 105" e -a + 1Ly f5 h-ay-s0 < vs3E3EE°

Similarly, for [ = 0 and s = 4 one has

;1,4
165 a2 < 155" lh-ds s + 12,0 S5 i-ar- 52+HL2<2>f4 N—a—s, < 1$)Z0EE!
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For the remaining terms one has

Ls/2]

L1, Lori p(s—2)
1737 a2 < 37 S0 o Pt s,
j=0 7"

LS/QJ
1X5 11— 6!4 A% FLs=2d)
S Z e < 63 po -+ 17 21+2; l1-a

j=0

ls/2]

1 e i1 —ojy b ;
= ) ’—‘3JEJ€ =2(s—2j) £82
Zo e (wégpa 4m52p2) wi 127 Vls=2=2 220+2j
(Dz2s & s
< Vo,s=2 221

(2) 54

Coming to the second stage of the normalization step, the generating function x,

bounded by
2 ;1,2 1 )
67 10150 < I s, < Zavramae®
The terms f 2(12 ) appearing in the expansion of the Hamiltenian H®) are bounded as follows.
For s =1 all the terms are unchanged, thus there‘is néthing to do. Furthermore, both fé2’2)
and f2(2,2) are trivially bounded with the norm of féLl,2) and f2(1,1,2)

the first stage of the the normalization stepgthe terms fé2’3) and fé2’4) are bounded as follows

, respectively. Similarly to

2,3 - 2,4 —
17—y < v2,3E3BE 178 hods < vaE]Eet

For the remaining terms one has

(2 1 1 NPT D
Hle g, < Z <4> *-(3V1,2)j:2]@€2jy

62 po ) wi

D —2s—45 =2 <y, =28 E

-2j=2 92l Y2522 921

N~
n —

This concludes the proof of the Lemma.

Lemma A.7 Let = |s/r|r +m, then for 0 < j < [s/r| one has

3rj—2j+b(r—1,s — jr, 2L+ 2§) < b(L;r —1,5,21) .
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Proof. The proof just requires a trivial computation, i.e.,
3rj —2j+b(r—1,8—jr,20+2j) =
5—jr+r—2J {s—jr—l—r—?)J

=3Tj—2j+3(s—jr)—{ — —

=0 [
—3s— _LS/TJ”;”_]JJFT—?J B {LS/TJTJr;n_—lyjtr—SJ
— 35— iJ _ {LS/THZ@_}?”—?J _ m - {LS/THT—?M—BJ

<bI;r—1,s,20)

A.4.1 Proof of lemma 2.2

We proceed by induction. For » = 1,2 just use Lemmas A'5 and A.6, respectively.
For r > 2, the estimates (26) for the generating functions follow directly from Lemma A 4,
remarking that

2r — 2 2r — 3
—1,7,2) = b(T;r — 1,7/ Bp=3r + : _ _
b(r , 7, 2) =b(I;r ,T2)=3r L" 1J {r 1J 3r—3

The terms fz(ll;rfl’s) appearing in the expansion of the Hamiltonian H5" 1) are bounded
as follows. For [ = 0,1 and s$”< rall the terms are unchanged, thus there is nothing to do.

The term fél;r_l’r) is trivially, bounded with the norm of fér_l’T). The term Q(I;T_I’T) requires
more care® since only the generating function X(()T) plays a role and we get the following

estimate

Lr—1, e E
Hfz( r T)||1_dT,1_5T < 3vp_1 B 3Z€r ‘

For [ =0 andr <)s'< 2r,

Lr—1 -1, —1,5—
10" 2 et s, < 16" 1y r sy + 1Ly £ s,
< Vr_l’sgb(r—Ls,O)Egs

=r

1 X(T) _ e (’I”) E
+<HOH1@1+\41 v 1yt B s

e 82po ) 22

< VT,LSE?(T_I’S’O)EES

1 E ek =b(r—1,r,2) _r —=b(r—1,s—r,2) E s—r
- Up 1020 e g gy BT T —
t e <w52p0 + 4m5rp> T robsersy 22

< EQ(I;T—L&O)V(I) Ec®

s )

®See the proofs of Lemma A.6 and Lemma A 4.
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where we have used the trivial inequality
3r—2+b(r—1,s—r2) <b(l;r—1,s,0) .

For the remaining terms one has

(Iir—=1,5) R i
ir—1,s j r—1,s—jr
12 hd, -5 < ) ﬁHLmegng [FE RS
j=0 " 70
Ls/r] (r) J
< 1 ||XO Hlfdr—l e|<~(r)’ . =b(r—1,s—j14214+25) E s—jr
- Z 62 + ) Vr—1,5s—jr=¢ 22l+2j5
=0 € rPo rP
Ls/r] J
NI E ek J o mb(r—1r2)j o
= 2 + Vi1 r=r g
e wézpo  4Amoyp ’
% U . =b(r—1,s—j3r,214-25) B 65*]’7‘
r—1,s—jr—pr 22l+2j
E
1) =b(Lir—1,5,21
< V£7s)~r( e )ﬁffs ;

where we have used the trivial inequality
3rj —2j+b(r—1,5s—jr,20+275) L b(L;r — 1,5,21) .

Coming to the second stage of the normalization step, just notice that the bound for the
generating function Xér) is similar to thewene\of XE)T) and in particular it has exactly the same
exponent for the coefficient =,.. Thus all, the estimates appearing in the expansion of the
Hamiltonian H) are nothing but“a minor ‘variazione, mutatis mutandis, with respect to the

first stage of the normalization’step. This concludes the proof of the Lemma.

B Proof of Proposition 3.1

The Proposition isda direct ‘consequence of the Contraction Principle applied to a suitable
closed ball centered imzy. Indeed, by following a standard procedure (see, i.e., [20]), let us
formulate the“original problem as a fixed point problem, namely Y(z,¢) = 0 if and only if
A(z,e) = 2/, where

Az e) =z — [X'(x0,€)] 1T (z,¢) .

We first of all show that A is a contraction of a sufficiently small ball centered in xy. We first
rewrite our‘assumptions in a more general form

IT(zo, )l < iy Y (o )] ey <M,
and we introduce the auxiliary quantities
n=Mpu=CCslel’~, h = MCsn = C102C5]e|P~2 |
Notice that the condition 8 > 2« is necessary in order to have

limh=20.

e—0
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The main ingredient is the continuity of Y’ since T € C! locally around zo (independently
from ). From finite increment formula we get, for x,y € B(xo,r) C U(x0)

HA@ﬁ%ﬂM%@HS< &m)HﬁwﬁﬂwaHx—MM

z€B(zo,r

thus, we aim at showing that, with a suitable choice of the radius r, we have

sup ||[A'(z,¢) <1.
N ey
Since
A(z,8) =T— [T(w0,8)] ' T'(2,6) = [Y(wo,6)] " [Y'(w0, €)= (%))
we get,

[4'(z,0) | £ vy < H [T/(mﬂag)]_luc(v) 17 (0, ) = (2, €) || oy <
< M || Y (wo,€) — T'(z,s)HE(V) .

From the continuity of T’ it follows that, provided ||z —|| i$\small enough, it is possible to
make Y'(xq,e)—Y'(z,¢) arbitrary small. The Lipschitz-continuity estimate® in the hypotheses
of the Proposition allows to explicitly deal with this.issue. Indeed, from

| T (20, €) — T’(z,@)HL(V) < 05|z — xo

we get
14z 8[| o1y < MO ||z — aol EMCyr =2 g, Vz € B(zo,r) ,
and also
gl 1M <

In order to show that X (B (xg¢T)) C B(xo, ), namely that ||z — zo|| < r implies ||A(z, &) — x| <
r, we start splitting

1A(z8) — zoll < [[A(z,€) — A(zo, &) + [A(zo, €) — o -
We will separatelyiestimate the two r.h.t.. From the bound on A’(z,¢) we get

iz — o]l < gr .

fA(z,€) — A(wo,e)|| < prmwxwm/

2€B(zo,r
ontthe other hand, by exploiting the initial definition of A(x,¢), one has
|A(z0, ) — zol| = ||z — [X' (20, )]~ (w0, €) — mo|| = [|[T' (0, )] T (20, 2) | <
< [[r@o.o) |, 1700l < 2n

Hence, in order to have Y(B(zo,r)) C B(zo,r), it must happen

Mp+qgr<r.

5 Actually Holder-continuity will be sufficient, modifying the conditions on a and 8.
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Thus, two independent conditions have to be satisfied:
MCsr <1, n+MCsr? <r.

The second is equivalent to
MCsr* —r+n<0,
which can be re-scaled to
r=mnp, hp? —p+1<0.
The corresponding equation, under the condition h < %, has the two zeros
- % (1£vi-m).

Moreover one has t_ < 2, since 1 —4h < /1 —4h, and for h ~ 0 wé get t_(h) ~ 1. Collecting
the above information, the radius r has to fulfill

t+

nt— <r<tyn.
If we make the more restrictive choice

nt— <1 < 2m

then, from h < i, it follows that Y is an %—contraction map

1
MCsr < 2M@sn'=2h < 3"

In our case, h < % comes directly from being h(e) infinitesimal w.r.t. ¢; thus for £ small
enough the condition is satisfied. Moreover, from h(e) ~ 1, one deduces that the optimal
choice for the radius is
r(e) =nt_ ~ C1Cole’~> .
O

Remark B.1 Theabove Proposition shows that xo is a better approximation of the true
solution as a decreases, which means as the differential Y'(xg,€) is bounded independently on
€

HT’(xo,s)H >C = a=0.

At the limiting case o = 0, it is possible to choose r = O(£7).
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