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We prove the quantization of the Hall conductivity in the presence of weak many-
body interactions in a general weakly interacting gapped fermionic systems on two-
dimensional periodic lattices and we prove Our result applies, among others, to the
interacting Haldane and Hofstadter models. The proof is based on fermionic cluster

expansion techniques combined with exact lattice Ward identities.

1. INTRODUCTION

Two-dimensional condensed matter systems often present remarkable transport proper-
ties. A famous example is the Integer Quantum Hall Effect (IQHE): the Hall conductivity of
thin samples at very low temperatures, exposed to strong transverse magnetic fields, is equal
to an integer times the von Klitzing constant e*/h, [? ]. This measurement is amazingly
sharp: the observation of the Hall plateaux is by now used to measure the fine structure
constant, at a very high level of accuracy. In view of the complexity of the underlying
microscopic Hamiltonians, depending on a number of parameters related to the material
details, the universality of the Hall conductance is quite a remarkable phenomenon. The
Hall conductivity for non interacting fermions has a beautiful topological interpretation [? |,
and the intrinsic robustness of a topological quantity offers a natural qualitative explanation
of the observed universality. The universality of Hall conductivity in presence of disorder
has been established with full mathematical rigor in [? ? 7 7 ]. A similar universality
property is also expected to be true also in presence of many body interaction. However,
while in presence of disorder the properties of the many body problem can be deduced by
the single particle Schroedinger equation, in order to take into account the interaction one
has to consider the full N-particle Schroedinger equation; this explain way a mathematical

proof of the quantization of the Hall conductance for interacting electrons remained open [?



| for years. Effective field theories [? 7 7 7 7 ? ], has been used for explaining a possible
“topological” mechanisms underlying both the integral and the fractional QHE; however
one assumes certain properties, like the incompressibility of the “quantum Hall fluid”, which
may be very hard to check from first principles in concrete models. In recent times, the
quantization of the Hall conductivity has been proved using the notion of quasi-adiabatic
evolution of the ground state, under changes of the magnetic fluxes acting on the system, [?
|; again one needs on the assumption that the existence of a gap, which is unproven in most
physically relevant cases (the only case in which is known are perturbations of “topologically
trivial” reference states, see [? ? |, or [? ]).

In this work, we use a quite different approach to prove the quantization of the Hall
conductance for general weakly interacting fermionic systems, under the assumption that the
reference non-interacting system is gapped. In particular, our result implies the quantization
of the Hall conductivity of the interacting version of the Hofstadter and Haldane [? |
models. This provides a theoretical justification of the numerical [? ] an experimental
[?7 ] observations in the interacting Haldane model. Our proof does not require any a
priori assumption on the interacting spectrum of the system, but it is based on constructive
renormalization group techniques combined with lattice Ward Identities; crucial assumptions
are the fact that the interaction has to be weak and short ranged. We use the many body
Euclidean formalism and we write a convergent power series expansion for the d.c. Kubo
conductivity, showing that higher orders corrections are exactly vanishing. The idea that
the universality of Hall conductance follows from Ward Identities is well known in physics
, see [?7 ],[? ], but its implementation was done in continuum effective quantum field
theory models plagued by ultraviolet divergences and by using formal manipulations of
non convergent Feynman graph expansions. In our approach we consider lattice and well
defined Hamiltonian lattice model, in which the continuity equation implies exact Ward
Identities. The convergence of the perturbative expansions is achieved avoiding Feynman
graphs expansion and using constructive Renormalization Group methods. Such methods
used earlier for constructing the ground state of several low-dimensional interacting Fermi
systems, and for proving universality relations among critical exponents, amplitudes and
conductivities [? ? ? 7 ? 7 7 ? ]. In this paper we apply these ideas for the first time to
the study of the transverse (Hall) conductivity.

An informal statement of our main result is the following.



Consider a fermionic system on a two-dimensional periodic lattice, with grand canonical
Hamiltonian Hy+ UV, where Hy is a quadratic gapped Hamiltonian, V is a density-density
interaction, decaying faster than any power at large distances, and U is its strength. If U is
small enough, then the interacting correlation functions are analytic in U and decay faster
than any power at large distances, uniformly in the system size and in the temperature.
The conductivity matriz, defined by the Green-Kubo formula, is analytic as well, and its
infinite volume and zero temperature limit is independent of U. In particular, the longitudinal
conductivity is zero, while the transverse one is quantized.

The rest of the paper is devoted to the proof of the main result. In section 2 we define
the general class of Hamiltonians we consider. In section 3 we define the current observable
and the conductivity, and state our main result in a mathematically precise way. In section
4 we prove our main result, under the assumption of analyticity and smoothness of the
multipoint current correlations, by making use of Ward Identites, which are nothing but the
restatement of the continuity equation for the current at the level of correlation functions.
In section 5 we prove the analyticity and smoothness of the correlations, by using multiscale
fermionic cluster expansion techniques. Strictly speaking, the content of section 5 is a
straightforward adaptation of previous results, but we include it here in order to make the
paper self-contained. In the appendices we collect some auxiliary results, some of which
are already known, but are included here for completeness: in appendix A we show for
completeness that in the non interacting case we recover the usual formula for the Chern
number; in appendix B we apply our main result to the interacting Haldane model, and show
that it displays a non-trivial Hall phase diagram; in appendix ?? we collect a few technical
aspects of the derivation of the Ward Identities.

2. THE MODEL

Lattice fermionic operators. Let L € N, and let Ay, be a finite Bravais lattice, generated
by two linearly independent vectors Zl, Zg € R?%:

AL:{f|f:n1[1+TLQZQ, meZ,OgnZSL—l} (21)

The number of sites of Ay is |A] = L2 With each site # € A, we associate fermionic
creation and annihilation operators @Z)}ia, with ¢ € I, and [ a finite set of indices, which
can be thought of as “color” labels, possibly corresponding to the spin, or to different
sublattices. In particular, the fermion labeled by ¢ can be thought of as living on a physical
lattice obtained by translating Aj, by a fixed amount 7, € R (possibly equal to 0, in the case
that, e.g., o is a spin index).

The fermionic operators satisfy the usual canonical anticommutation relations:

{w%o" ;U’} = 56,—5’ 55,37 6070’ s (22)



where €,¢' = £, .4/ € AL, 0,0’ € I, and 6.. is the Kronecker delta. We impose periodic
boundary conditions on Ay, that is we identify the fermionic operators obtained by trans-
lating 7 by an integer multiple of LE. We let él, Gs be a basis of the reciprocal lattice A}
of A, ie., G, - ZJ = 270, j, and we define the finite-volume Brillouin zone as

We let the Fourier transforms of the fermionic operators be:

1 . ~ ;
+ +ik-7, 7+ - + Bz o+
wf,gzﬁze’w%, VieA, e ¢f = TRyt vEeB.

keBr, TEAL
(2.4)
Note that, with this definition, the fermionic operators in momentum space are periodic
over the first Brillouin zone, that is 1&%0 = @/A)lir G o 1 = 1,2. Moreover,
{v5,. %//,a/} = L6, _0p 000 - (2.5)
The Hamailtonian. The grand-canonical Hamiltonian of the system is assumed to be of
the form:
Hy — uNy =HY + UV, — uNy (2.6)
with

1O = S N wt HO(@ -9y,

Z,geN o0l

Vi= Y > nfveg(E—i)ng , where nf =i s, (2.7)

Z,geN o,0'€l

and  Np = Zan

relAp o€l

The operator 7—[5:0) is called the free Hamiltonian, while UV}, is the many-body interaction,
and U plays the role of the interaction strength. The constant u is the chemical potential,
or Fermi level.

We assume the hopping function Hé?,(:i’) to be periodic on Ay, and such that HY (0) = 0.
In order for the free Hamiltonian to be self-adjoint, we require [H{S?,(f)]* = é?;(—f)
Moreover, we assume that it decays faster than any power at large distances:

Cn

HORI < —&~
IHO@)] <

YN >0. (2.8)

As a consequence of these assumptions, we see that the Bloch Hamiltonian



is a self-adjoint matrix, so that the spectrum o(H© (k) = {e,(k)}oer is real. The functions
k — e, (k) are called the energy bands. We let

¢ = sup sup || (k)]]. (2.10)

L EEBL

which sets the energy scale. Note also that the infinite volume limit of H (0)(§) is infinitely
differentiable in k.

Concerning the interaction, we assume, similarly, that v, (%) is periodic function on Ay,
such that vw(ﬁ) =0, Vo' (T — §) = Voo (¥ — T) and

Cn

e Ow
o@) < 1 o

YN >0. (2.11)

In particular, the infinite volume limit of
Voo (D) = Y €7 0500 () (2.12)
FeAL
is infinitely differentiable in p.

Finally, concerning the choice of the Fermi level, we assume the following gap condition:

0, = lim 6r, >0, where 6, := inf dist(1, o (HO(K))) . (2.13)

L—o00 IZGBL

.. sono arrivato qui ....

Gibbs state and Euclidean correlation functions. The grand-canonical Gibbs state
associated to this model is denoted by (-)s, . Given a self-adjoint operator O on the
fermionic Fock space F, an observable, its expectation value is:

Trr e~ BHL—BNL) ()
<O>B’N’L = Trr e B(HL—#NL)

(2.14)

where F is the fermionic Fock space.

In the following, we will not write explicitly the p-dependence of the finite volume Gibbs
state: (-)gu.1 = (-)p,r (keeping in mind that u satisfies Eq. (?77)). Also, we shall denote by
<>(BD)L the non-interacting Gibbs state, correspoding to the choice U = 0 in Eq. (2.7).

Let O,, be the imaginary time evolution of O, namely
Oy 1= e HLmmND Oemmo(H=iNe) = 5y € [0, ) . (2.15)
Given n observables Og%),l, e ,Ogg?m we define their time-ordered average as:

B Trr G_B(HL_'MNL)T{O%J o Oﬂ?o,n} '

1) ...owm .
<TO 0 >B’L ’ Trr e—BHL—puNL)

0,1 Zo,n

(2.16)




T is the usual fermionic time-ordering, acting on a product of fermionic operators as (omit-
ting the &, o labels for simplicity):

T{ zo,1 fﬁg,n} = Sgn(ﬂ)w;g,(izl) T wigf()n) 5 (217)

where 7 is a permutation of {1,..., N} with sign sgn(m) € {—1,+1}, such that z¢ 1) >
. 2 Tox(n); if some fields are evaluated at the same time, the ambiguity is solved by normal

ordering.
Also, we denote by (T Ogc0 R O%L) 5.1, the time-ordered truncated correlation func-
tion, or cumulant, of Oxoﬂ., i=1,...,n. Given a general state (-), the time-ordered cumulant

is defined as [? ] I think this is only valid for even observables, clarify :

. (2.18)

t=0

o
(TOR, 08,55 0 ) = 5o g {1+ > tINTOW)}

1C{1,2,....,n}

where: the sum in the right-hand side is over all subsets I = {iy,..., i} of {1,2,...,n}, with
iy < iy < ... <igt(I) =], t; and 0( ) o . ogg;gk. For n = 1, this definition
reduces to (Og(co)1> For n = 2 one gets (T Oxo . O%L) (T O;% 103[;02} (O% 1)(03(5%?2), and
so on. Again, in case two observables are evaluated at equal times, the ambiguity is solved
by putting them into normal order.

Notice that this definition also applies to observables that depend on more than one time
variable (e.g., O®) = 0,,0% ). In case all observables depend on just one time variable and
all times are different, it is easy to see that Eq. (2.18) reduces to:

(TOW 00 ... O} .= (OFW) . Or@) . ... . Ofrt)y (2.19)

201 Yxozr T Vo Ton(1) ? 7 To,m(2) To,x(n)
where the permutation 7 is such that zg 1) > ... > Zgz(n).

Finally, we introduce the notion of Fourier transform for the correlations of the Gibbs
state (-)sr, in the imaginary time variables. Let py; € %”Z, i = 1,...,n; that is,

{po.} are (bosonic) Matsubara frequencies. The Fourier transform of the correlation
(T Og%?l R O&Z?,L)m is defined as:

n

/ [deo,z} 1p0,120,1+-..+%po, nIOn<T Ozol D OJECTOL)n>5’L
08" ;-1 '
n A(n)
- 665 ZPOz POl’ Ol()o nl)l’ O—po 1= —P0,n— 1>5, (220)

with d5(po) the Kronecker delta of py € %”Z and 6;()? = foﬂ dzo e O The second line

in Eq. (2.20) is implied by translation invariance in the imaginary-time variable:

(TO(U . .O(i) )

:1?01"' ; £E07i7..'

;O Vs = (T Oy ; Oy

0,1 —20,n ’ Z0,i—%0,n ?

O™y, (2.21)

which follows from the ciclicity of the trace. Notice that, as § — oo, the combination 5ds(+)
in Eq. (2.20) formally converges to (2m)~14(+), where §(-) is the Dirac delta function on R.



3. LINEAR RESPONSE THEORY

Here we shall discuss the transport properties of our general interacting gapped sys-
tems, in the linear response approximation. In Section 3 A, we define the current operator,
and we discuss the associated conservation laws. Then, in Section 4 A, we introduce the
current-current correlations, and prove their analyticity for weak enough electron-electron
interactions. The transport coefficients we are interested in are defined according to Green-
Kubo formula, introduced in Section 3 B; our main result, discussed in Section 3C and
proven in Section 4, is a rigorous statement on the universality properties of the Green-
Kubo conductivity matrix.

A. Current operator

In the following, we will be interested in the response of the system to an external time-
dependent field, constant in space. Here we define the current operator, and prove a crucial

conservation law.

-

For 7 € Ay, let #9) .= 7+ 6 ¢ A(LU) (see Section ??). The current operator is defined

as:

= i[HL,Z Z f(a)néo)}

oel FelAyp,
= i[Hp >0 > ] (3.1)
oel ZeAy,

where the second line follows from the fact that the operator ngy) commutes with the inter-

action term Vy in Eq. (2.7). Notice that the second argument of the commutator is simply
the second quantization of the position operator. More explicitly, one finds:

T =i Y > @ = &)l HOE - gy,

:vyEALUa' el

= Z ST @ = ) [k BT — 9, — vt HOL (G — D)z,]  (3.2)

Z,g€N, o0’ €l

where in the second line we rewrote the outcome of the commutator in a more symmetric

form, using that H,. (¥ — ¢) = Hy,(y — ¥). Let us introduce the shorthand notation:
J-(Z AR + H(O) A\l — ot H(O) > . 3.3
x<ZaUa‘7) Z[ 0 aa’( Z)d’ﬂg@/ T+Z0! (Z)wm g} ; ( . )

notice that
Jz(Z,0,0") = —Jzz(—Z,0",0) . (3.4)



Physically, Jz(Z,0,0") corresponds to the bond current flowing on the bond between x(?) and
(Z + 2)@). We rewrite Eq (3.2) as

T=3 Z Y (F469 =5 N Jx(z,0,07) (3.5)

ZeAp o,0'€l TeEAL

In Eq. (3.5), the factor 1/2 takes into account the fact that we are summing twice over the
same bonds.

Let us consider the imaginary time evolution of the o-density, ngg 5 =

e(ML—=pN1L)zo né.a)e_(HL_“NL)zo . We define:

0o =D D €PN 5 (3.6)

oel TeA
We have:
axojo (3307@ - [Hg)), jo ﬂﬂo,ﬁ)] (37)
= >0 > [T =TT H (E — g,
0!
,yGAL o0l
=2 S [ ) [y, BT — g — b BT~ Tz,
Z,yeN o,0'€l

where in the last step follows by symmetrization. In terms of the bond currents (3.3), Eq.
(3.7) reads:

~ . +6(0—/) (5(‘7) .H_S'(o.) - o . ’
axQJO,(xo,ﬁ) o Z Z e ) - 1} elp 2 : elpx‘](wo,f)<270'70-)

ZeN o,0’ TeA]
= Y Y I ) 2.0,0) o (F0.0) (3.8)
ZeNp o,0'€l

where J(;, 7 (- -+ ) is the imaginary time evolution of Jz(---), and:

[eiﬁ.(z+§(v’>—5<a>)

o - 1] in-6(0) ¥ - / DT - /
np(2,0,0'") 1= ———s——s—e?"" Jwop)(Z,0,0") = E P Jiwo,2)(Z,0,07)
Zp(2+(5(a)_5(g)) Fehr

n#z, 0,0, j(zovﬁ)(—é', o' o) = —eP? (wo.)(Z,0,0) . (3.10)
Again, the factor 1/2 in Eq. (3.7) keeps into account the fact that we are summing twice

over the same bonds.

The relation Eq. (3.8) is a conservation law for a space-time lattice current, with com-

ponents ju,(xo,m, w=0,1,2, with J~07(w07p~) given by Eq. (3.6), and

~ 1 . o o . ~ . )
Jiwn =5 2, 2, G+ =5 n2,0.0) Jup(Foe’) . =125 (311)

ZeAp o,0'€l



with these notations, Eq. (3.8) takes the compact form

oo, wo) = P (a0 - (3.12)

It is important to notice that, being 737, 0,0’) analytic in p° € B, and using that

lim; 5057, 0,0") = 1, we have:
Do Jo(aog) =T+ Jug + O(IP%),  asp— 0, (3.13)

where J;O is the imaginary time evolution of the current operator defined in Eq. (3.1).

B. Green-Kubo formula

The ground-state conductivity matrix of the system is defined according to Green-Kubo
formula in the euclidean formalism, see for instance [? | or [? |

) 11 .4 - = .

045 = p(}l_I}(%Jr —Zp—o [Km’(})g, 0) - KZJ<O)} y 1= 1, 2 y (314)
where A is the area of the fundamental cell, A = ]El A Zgl The labels 7, j refer to the basis
e1 = (1, 0), e = (0, 1). If the infinite-volume current-current correlation function K;;(p) is
differentiable in py = 0, this definition reduces to:

1 0 »

—Za%Kﬂmxm i=1,2. (3.15)

045 = Po=0
This is the case for the class of systems we are considering, because of the gap in the spectrum
of the noninteracting theory and thanks to fermionic cluster expansion; see Proposition 4.1.
In App. A we show that the above formula in the non interacting case reduces to the usual
formula for Chern numbers; and in the interacting case we prove that all the interaction
corrections vanishes. The above formula is taken as our starting point; the problem of a
deriving it from linear response theory in our interacting model, or the proof that the limit
of zero frequency does not depend from the path (that is , that the limit along the imaginary
line is the same as along a line in the complex plane parallel to the real axis), is not addressed

here.

C. Main result

For gapped systems it is well-known that, in the absence of interactions, the off-diagonal
part of the conductivity matrix, the Hall conductivity, has a topological interpretation [? |;
this remarkable observation implies, in particular, that o5 can only take integer values (in

units €2 = h = 1). In Appendix A we review this fact by showing that, for noninteracting
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systems, the definition (3.14) agrees with the sum of the Chern numbers of the occupied
bands.

In the presence of many-body interactions, it has been recently proven that, under suitable
assumptions of the spectrum of the interacting system, the Hall conductivity o5 is still
quantized, [? |. More precisely, in [? | the Authors assume that the interacting spectrum is
gapped, and that the interacting ground state is nondegenerate. These assumptions can be
very hard to check in concrete systems, in the infinite volume limit.

Here we give a new proof of the quantization of gq5, for the class of interacting systems
introduced in Section 2. More generally, in our main result, Theorem 3.1, we prove that the
ground-state conductivity matrix of the class of systems introduced in Section 2 is universal:

it does not depend on weak many-body interaction.

Theorem 3.1 [Universality of the conductivity matrix.]
Let o;; be the conductivity matriz, as defined in Eq. (3.14). Assume that the chemical
potential p is in a gap of the noninteracting Hamiltonian,

péo(HO%E), VkeB. (3.16)
Then, there exists Uy > 0 such that, for |U| < Up:
1. the zero temperature, infinite-volume conductivity matriz (0;5); j=12 i analytic in U;
2. the zero temperature, infinite-volume conductivity matriz is given by:
oy =00, Vij=12, (3.17)
where Ug)) = UU{U:O'
Remark 1 1. A consequence of this theorem is that, in the analyticity domain:
011 = 099 =0, o192 €EZ . (3.18)

This result proves the stability of the Integer Quantum Hall effect in presence of weak

many-body interactions.

2. Our methods are different from those of [T ]; our analysis is based on fermionic cluster
expansion, and on Ward identities. In particular, we stress that, with respect to [? ]
we only assume the existence of a gap for the noninteracting theory, and that the

many-body interaction is weak (uniformly in temperature and system size).

The main advantage of our result with respect to [? | is that it does not rely on
assumptions for the interacting spectrum. This makes the result useful in concrete situations,
where the assumptions of [? | might be hard to check. The application of Theorem 3.1 to
the Haldane model is spelled out explicitly in Appendix 777.
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4. PROOF OF THEOREM 3.1
A. Current-current correlation functions

The current-current correlation functions play a crucial role in linear response theory.
Here we define them, and prove that they are analytic for weak many-body interactions,
see Proposition 4.1. Then, we derive some crucial identities between then, called Ward
identities, which follow from the conservation law Eq. (3.8). Finally, we prove a suitable

decomposition formula for the correlation functions.

Let r, s € N, n = r +s. Specify that r,s > 0 and n > 1. If n = 1 the correlation is
independent of momentum, and it is defined as the average of the corresponding operator
at p = 0. Let p; = (pio, p3) € (2n/B)Z x By, for i =1,...,n — 1. We define:

515-,%701,---,% (p17 s 7pn71)
N N S I
=G (T Jurprs 3 Jpape s A 3o s RS o VaL (4.1)
where:
ﬁgﬂ ::/(; dxg P00 ﬁgg()),ﬁ) , Juyp ;:/0 dzg ezpo:co(]“’(xmm : (4'2)

with ﬁggﬁ) = (M=pND)zo 3 (0) o= (Hi-pNi)ao gnq Ju(zo 5 defined in Eq. (3.6), (3.11) (for

2
w=0, p=1,2, respectively). Also, we set, for p; € R x B:
Kul,..,,us,ah...,ar (pla s 7pn—1) = lim Kgi{j,_nus7o'17,_,7o',r (p17 e 7pn—1) . (43)

B,L—o0

Analyticity of the correlations. The current-current correlation functions allow to
describe the linear response of the system. In particular, as we shall see, the conductivity
matrix can be computed in terms of the two-point current-current correlation function. The
following proposition proves some crucial regularity properties of the interacting current-

current correlations.

Proposition 4.1 [Existence and regularity of the interacting correlations.] Let
>0, LeN, s,reN, n=s+r. Let p; € (2r/B)Z x By, fori=1,...,n—1. There ezists
Uy > 0, independent of 3, L, such that, for |U| < Uy:

. > L . .
1. the current-current correlations th,”’usmmar (P1,---,Pn_1) are analytic in U,

2. the limit K, . uoo10n(P1,- . s Pret1) = limgyoo im0 Kﬁi_#&ah.__,w(pl, s Pr1)
exists, it 1s C? in p; € B and C™ in py,, for alli=1,...,n— 1.

Remark 2 1. The proposition is proven in Appendix 5; its proof follows from standard
fermionic cluster expansion methods, and from the Gram-Hadamard inequality. Notice

that, in general, the analyticity radius Uy depends on 6, > 0, (see discussion after Eq.
??).
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2. The p; regularity is constrained by the properties of the interaction potential, (2.11).
In general, the correlations cannot be more reqular than vyq ().

Ward Identities. The WI are exact identities for the correlation functions of the model,
which ultimately follow from the continuity equation, Eq. (3.12). This is the content of the
next proposition, whose proof is deferred to Appendix ?7.

Proposition 4.2 [Ward Identities.] Let 5 >0, L € N, and let |U| < Uy. Let n € N. Let
p; € (2n/B)Z x By, fori=1,...,n—1. We have:

—ipl,of((ﬁf(pl, c s Pn-1) Z ik P1, c+sPn-1) (4.4)
i=1.2
—ip1oK} ,#U(Pla---,l)n 1 Zplsz,’w P1;--,Pn-1) +SOH, (P1,--+»Pn1)
i=1.2
with
Siira(Pr P2, Proa) = _%<T [0 Tuom] s )55 0% g Dp - (45)

Remark 3 1. The second term appearing in the right-hand side of Eq. (4.4), called the
Schwinger term, it is due to the fact that the theory is defined on a lattice; it would be
absent for a continuum quantum field theory.

2. Using that KP= (p1,Pa... Pno1) = K%L (Do, P1s-- ., Pn_i), we also have:

P42, h2,441,0
_ZPQOKE:UO-<p17"'7pn 1 Zsz /_ng p17"'7pn71>+Sﬁ,’p,g-(p27p17"'7pnfl) .
1=1,2

(4.6)

3. Clearly, Sﬁﬁa(pl, oy, Pn1) = 0. Also, notice that Sﬁ VLU(pl, P2, .-, Pn_1) 1S constant

m P1,0; P2,0-

4. Similar identities can be derived for the truncated expectations of an arbitrary number

of ju s, and gauge-invariant observables (i.e., the many-body interaction).

The Ward identities have important consequences on the momentum-dependence of the
current-current correlations. The following corollary will play a crucial role in the proof of
our main result.

Corollary 4.1 [Consequences of the Ward identities.] Let |U| < Uy. Let j,j € {1,2}.

The zero temperature, infinite volume correlations satisfy the following relations:

N . o0 =
Kj’£(<p07 0), P2, .. ,Pn—1) = _lPO%KO,Q(Q)m@a P2, .. ,Pn—1)|ﬁ:5 formn >2,
J

-, -, a _~ = =
Kj,j’,g((p(]a 0)7 (_pOJ 0)7 P3,- - >pn—1) + %Sﬁ,j’7g<<p07pl)7 <_p07p2)7 P3,- .., Pn— 1)‘
5J
, 0

* Op1,;0pa.j

P1=p2=0

I?O,O,g((p(]?ﬁl)?(_p07ﬁ2)7p37-“7pn71)|ﬂ fOTTl 2 3. (47)

p1=p2=0
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Remark 4 1. Thus, gauge invariance and differentiability tmply nontrivial relations
among correlation functions and their derivatives. In particular, as po — 0, we see
that the left-hand side of the first of Eq. (4.7) is linearly vanishing, while the left-hand
side of the second of Eq. (4.7) is quadratically vanishing.

2. These relations are proven in a very simple way starting from the Wls (4.4) (see below).
These are just two special examples of relations among correlations and derivatives of
correlations that can be obtained starting from the Wls; however, these are the only
two relations that will play a role in the proof of our main result.

3. Similar consequences of the Ward identities have been used by Coleman and Hill in [?
/, to prove that all contributions beyond one-loop to the topological mass of QEDyyq

vanish.

Proof of Corollary 4.1. Consider the limit § — oo, L — oo. By Proposition 4.1, the
limits of correlations exist and are smooth in their arguments. Let n > 2. Differentiating
the first of Eq. (4.4) with respect to py;, j = 1,2, we get:

_ D
Kjo(p1;-- -, Pn-1) Zpu : pl,---,pnfl)—zploa ™ Kog(P1s-- s Pu1) ;
i=1,2 Lj J

(4.8)
setting 7, = 0, the first of Eq. (4.7) follows. Let now n > 3, and consider the second of
(4.4), with p = j' = 1,2. Differentiating with respect to p; ;, 7 = 1,2, we have:

Kj,j’,g(l)la"wpn—l) SO,j cr(pla"‘apn—l)

0
op1,

: 0 =
= _Zpl,OWKO,j’,g(pla .y Pa-1) Z Prig — Kijo(P1,- - Pn-1) (4.9)
5]

1=1,2 Lj

Similarly, consider Eq. (4.6), with p = 0. Differentiating with respect to ps ;, we find:

KO,j’,Q(pla T 7pn—1) = —iP20 Koo a(pb ce 7pn—1)
8p2,j
0 =~
- 27 4%0,i,0(P1,---3Pn-1) - .
p Koo (P Pn-1) (4.10)
Py S ¥

Setting p, = p; = 0, and plugging (4.10) into (4.9) we get:

~ 0
Kj,j’,g(pla vy Pn— 1)‘p1 —j2=0 + 8p1JSO’] a'(pl, <+ Pn— 1)|p1 =F>=0
0? ~
_pl,OPZ,OWKO,O,g(pla T >Pn—1)’~1:~2:5 . (4~11>

Choosing p1 o = —pa2o = po, the second of Eq. (4.7) follows. n
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Decomposition of the correlations. For U in the analyticity domain, we can expand
the current-current correlations as follows:

Uk ~
Kﬁ,VLa(ph s 7pn—1) = Z ﬂKﬁ,ﬁ’g(k)(pla SR apn—l) ) (4'12>
E>0
where
> 1 s o ~ (o or 0
K5,71/L,7g(k)(p17 T apnfl) = BLQ <JH,P1 ) Ju,pz ) n§)31); ety n(—pz— —Pn_1 V >(5)L . (413)

This formula follows from the well-known cumulant expansion of the interacting Gibbs state
with respect to the noninteracting one, that we prove for completeness in Appendix ?7. In

Eq. (4.13), V; is a shorthand notation for VL, Vi - VL/, with
k t?r'ncs
P, = / dig e —1NDT0Y) =~z )0 (4.14)
[0,8)

/[ dz / Ao Y i v )0 0~ )
0,8) [0,8

T yeN o,0'€l

1 (o) (o
Gm 2 2 @ty (4.15)

qe%’erBL o,0'el

in the second line we inserted a periodic Dirac delta function:

1 if xy = Z
5P6r($0 . yo) — { II o TLB + Yo, € (416)

g 0 otherwise,
and the last line of Eq. (4.14) is obtained by writing:
er 1 1qo(xo— ~\0 1oL
62 (o — w0) = E Z e ) qu)@ = / dzxg €' Ongxg’q') ) (4.17)

and exchanging the sum over gy with the integrals.

With the next proposition, we prove a crucial identity for the k-th order contribution to

the interacting current-current correlation.

Proposition 4.3 [Schwinger-Dyson equation.] Let 5 >0, L € N. Let k € N, k > 1.
Let p € %”Z x By. We have:

~ 1 L, (k—1
Rpp®e) = 55 3 3 @K 0 opa)

q€2’TZ><BL0'U el

k—1
k: - ]_ -, [ —1—m
I ( ) S o () REL (p, —p) RE L1

m
o,0'el
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The proof of this proposition relies on the following well-known property of the cumulants,

whose proof is deferred to Appendix ?7?.

Lemma 4.1 [Decomposition lemma.| Let n > 1. Given a state (), and a set of n + 1

time-dependent observables O, ..., O™+ the following identity holds:
(ToW; 0, ..., omWo+y — (T oW, 0@, .... oM. Ot
+ Z (TOW ;0. ... o), oMy Ol . O2), .... QU O+1Y4.18)
{'Ll 7777 }
{J15-da}
where the sum is over all partitions of {1,...,n — 1} into two disjoint subsets, {i1,... iy}

and {j1,- .., jq}, withp+qg=n—1andi; < ... <ig, j1 <...< jg

Proof of Proposition 4.3. For k > 1, we rewrite the k-th order contribution to the

expansion of K 7l(p) as:

~ 1 Ty k— ~ (o)~ (a")\ (0
K@) =g 2 2 b @(Tdups g3 Vi A0S - (419)

q€2”ZXBL o,0'el

Using Lemma 4.1, we get:

5 5 Sik—1. (o) (o) (0
(TJup; Ju—p; Vi ng )n(_q)>/(33; =
| 5 Sik—1. (o). A0\ (0
= (T Jups oy Vi1 ) TS
Lo
- 7 7 35:m . o~ (o)) (0 k—1—m _ ~(c")\ (0
> (0 0 s dog B ATV A
m=0
Lo
- & T7;m o)\ (0) k=1-m  ~(o")\(0)
+Z< m ><T<]u,paVL ; )>BL<TJV p; VL NNy
m=0
+terms obtained replacing q — —q, o < o’. (4.20)

The translation invariance of the Gibbs state implies that:

7 7 Yy;m .~ (o)) (0 er 7 ~ (o
(T Jpp; Jopi Vi 0y )>,(B)L = 05(q0)0; (T Jyup; JV -p VL E))>ﬁ
)

(T s Vi AN, = 8(qo + po)0b (7 + BT Jups V™5 200,
y;m . ~(e)\(0) er (o) (0
(TVE™ 5 ASEL = Gslao)FF"(@(T VL™ ag)5 (421)

where d5(qp) is the Kronecker delta for ¢y € %”Z, and 07 () is the periodic Kronecker delta:

1 if ge A
S (q) = 4 4.22
L (@) {O otherwise. ( )
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The claim (4.18) immediately follows after plugging (4.20) into (4.19), and imposing mo-

mentum conservation as in (4.21). "

Here we prove our main result, Theorem 3.1. The proof is based on a combination
of the three results discussed in Section 4 A, namely: the analyticity of the correlation
functions (Proposition 4.1); Ward identities (Proposition 4.2); and the Schwinger-Dyson
formula (Proposition 4.3).

Proof of Theorem 3.1. The analyticity of the conductivity matrix immediately follows
from Proposition 4.1 and from the definition (3.14). Also, the vanishing of the longitudi-
nal conductivity is an immediate consequence of the differentiability of the current-current

correlations. In fact:

=,

~ 1 . _
K (po,0) = W/[og) deo/[Oﬂ) dyo €0 VNT J; 15 Jigo)pir

1 |
- pL /[Oﬁ) o /[o " RTINS izl
= K (=po,0) ; (4.23)

thus, being l?ij(p) = limg 100 }?ZBJL(p) differentiable in p = 0,

1 0 ~ S
———K; =0. 4.24
Aapo ll(p()?O) 0 ( )

Oii =
Suppose now ¢ # j. Consider the Taylor expansion in U of ¢;;, in the analyticity domain

|U| < Uy. We have:
Uk
Oij = Ui(g) + Z ﬁai(f) , for |U| < Uy, (4.25)

k>1

where {ol(f )} k>0 A€ the Taylor coefficients of 0;;. Being the series convergent, to prove

Theorem 3.1 it is sufficient to show that:
ai(f) =0, for all &k > 1. (4.26)

To prove this, we write explicity the k-th order in the expansion for o;;, starting from the
definition (3.14) and using Proposition 4.3. We have:

1 0 = =
o® — L . K® (po,0) =1+ 11 +11I, (4.27)
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where:
D [ 99 S~ o o D e 0 g G
= _ZPIOIHBO/ (277')'8’ Z Uaal(q_’)a_mKi(,j,a,CZ'((pmo)a(_pl)?o)?q) (428)
o,0'el
) k-1 0
) _ R = ~(m =, I~ >(k—1—-m
= _Zplon—>n0 ( m ) UUU/(O)ﬁ_sz'(,j,c)r((PmO)’(—P(),U))K(S/ )
m=0 o,0'el
9 k—1 E—1 a ~ ~
III := _Zploigoz ( m ) Z ﬁaa’(ﬁ)a_po|:Kz'(,7:)(p0’O)K}f’jl_m)(_pmo)}
m=0 o,0'€l

The idea is to use Corollary 4.1 to prove that the three contributions are separately zero.
Let us start with I. In order to be in the position to apply Corollary 4.1, the preliminary

remark is that:

O~ . —
_K(k 1)/((p0,0)7<_p070)aCI)

8p0 Z,_],O',O'
= D TRED, (0, 0), (—po. ), @) + =2 5E, (0, 0), (—p0, ), @) 5] (4.29)
Ipo Op1 Pi=p

Eq. (4.29) simply follows from the fact that §M,V7U7g/ (p1, P2, P3) is constant in p; o and pay
(recall the definition (4.5)). We are now in the position to use the second of Eq. (4.7). We

get:
1 o2 o
I = —— [ o 07 pe . H}
Apo—>0/ 27T |B| Z’;I apo Oapl zap2j 0.0,0:0" (pl b2 q)|P1=*p2=(po,0)
- 4 hm/ > oo (@) |20 R (prpaa) i
Apo—0 ) (2m)|B] e i 08}91,8 o L2 b1 =—pa=(po,0)
03 ~
2 Y k-1 )
+p0 0]91700]9171-8])2,]- KO 0,0,0' (pla P2, q) ‘p1:—p2:(p0,0)
93 ~
29 Bk R
Fo Op2 Oapl,iaPQjKO’O’U’UI (P1, P2, q)’r’l:—m:(po,o)] 0, (4.30)

where in the last step we used that

Hence, (?7) is given by a sum of contributions proportional to, using the shorthand
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notations f(ﬁ’L) dx := foﬂ sen, s Voo (X) 1= 057 (20) Vo0 (T):

1
@aal(@ Xmdxz/ dyy - 'dYZk:—Q/ dwidwy (4-31)
(BL?)? 2 (8.L) (B,L) (8.L)

qe 2’TZ><B

ip(x1—x 1q(wi—w
€ (1 - 2)6 (w1 2)/00'102 (Y1 - Y2) T Ua'gk 3092k 2(y2k73 - y2k72>

(T Sy (21,51, 52) 3 Sy (52,53, 64) 3 niT0nlo2) s oy plozesdploza) s (@) @)y ()

1
- ?/ XmdX2/ d}’1"'d}’2k—2/ dwidws
BL? Jisr) (B,L) (B.L)

PeATx2)y, (W1 — W2)Us00 (Y1 — ¥2) ** * Voop 500 (Y2k—3 — Yor—2)

AT Sy (21,61, 52) 5 Iy (Ba, 53, Ga) 5 nln{7?) s o miZ2e-dIn(72e-2) s nlo) s o)) D)

Expanding the expectation in connected Feynman diagrams, and using the estimate (?7)
together with |H,./(Z)| < C and the decay properties (2.11) of v,./(T), it is easy to see that
the last integral in (4.31) is absolutely convergent.

Consider now II. Proceeding as before, and using again the second of Eq. (4.7), we get:

k—
= __plolgo Z ( ) ZUUU (O) |: 0—K070,0-(p1;p2)| p1=—pP2=(po,0 ):|K

0 o Ipo Op1,i0pa,
= 0. (4.32)

Finally, consider III. From the first of Eq. (4.7), we have that:

R 00) =~ R 0] g
R ) = ipog R g (4:33)
plugging these two identities in III, we get
M =0. (4.34)
This concludes the proof of (4.26), and of Theorem 3.1. "

5. ANALYTICITY

In this section we prove Proposition 4.1, concerning analyticity in U and smoothness in p
of the multi-point current/density correlation functions. Roughly, the strategy will consist
in: (i) reformulating the correlation functions in terms of a Grassmann integral, in the
limit where a suitable cutoff function is removed; (ii) proving analyticity of the Grassmann
integral, uniformly in the cutoff parameter; (iii) using Vitali’s uniform convergence theorem

for analytic functions, to conclude that the correlations themselves are analytic.
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A. Grassmann representation

Let us preliminarily recall a few known facts about perturbation theory for the free energy
and correlations of interacting fermionic systems, which we need for justifying their Grass-
mann representation. We first discuss the free energy, which is simpler. Using Duhamel’s
expansion, we can rewrite the (a priori formal) series expansion of the interacting partition
function in the parameter U as:

Trre BHL—pNL) ot Tye= B —0NDY (1) ... ) tn
- (0) - 1+Z n/ dtl.“/ At = (fi( 2 cltn)
TI']_.efﬂ(HL 7.“-/\/ n>1 0 TI‘]_-efﬁ(,HL 7:“'NL)

(5.1)
where Vi (t) = et —iNL)Y), o—tHE —#NL) 5 the non-interacting (U = 0) version of the
imaginary time evolution of Vy, cfr. Eq.(2.15). Symmetrizing over the permutations of

t1,...,t,, this can be rewritten as

Tr}_efﬁ(HL*#NL

— —1+Z

Trre (R ) n>1

B
/dtl---/o ATV () Vi)l (5.2)

where (TVp(t1) - --VL(tn))g’L is defined by the analogue of Eq.(2.16) with U = 0. Since
’Hf) — pN is quadratic in the fermionic creation/annihilation operators, ()g ; can be
computed via the fermionic Wick rule, which is the following. In order to evaluate
(TVL(t) -~ Vi(t))" 5., (where the times ¢; are all different from each other, as we can sup-
pose with no loss of generality), recall that each V. (t) is a linear combination of quartic
monomials in the (imaginary time evolution of the) creation/annihilation operators, so that
the product Vi (t1)---Vi(t,) itself is a linear combination of monomials, all of order 4n.
For each such monomial, consider all possible pairings of the creation/annihilation opera-
tors such that each annihilation operator 17 (¢) is paired with a creation operator wﬂ, ().
Then associate each pairing with a value, given by the sign of the permutation requlred
to move every creation operator to the immediate right of the annihilation operator it is
paired with, times the product over the pairs of the corresponding propagators, where the
propagator corresponding to the pair (¢~ U(t), 2o (t) is

0
gobt—t, & — ) = (Tg, (s, (t’)>5,L (5.3)
_B(HO) (B_
= LY i) et @ ( Wt>t) 1 <t)e W “>>]
L2 - 1+ e—BHO (E)—p) 1+ e-BEOE)—p) ool
keBr,

In the following, we denote by ¢g%%(t,Z) the matrix whose elements are gff, (t,Z). Note
that, if 0 < t < 3, then ¢?L(t — 3,7) = —¢”L(t, 7). Therefore, it is natural to extend
g% (t,7), which is a priori defined only on the time interval (—3, 3), to the whole real line,
by anti-periodicity in the imaginary time, i.e., via the rule ¢>L(t +ng, ¥) = (—=1)"g*%(t, 7).
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The resulting extension can be expanded in Fourier series w.r.t. ¢, so that, for all ¢t # ng,

9/37L(t’ f) - Z 6—iE~f—ikot QB’L(ICO, E) (54>

k‘()EBB
EEBL

with Bs = 2FTF(Z + 3) and

1

Aﬁ’Lk,lg = — )
a7 o, k) —iko + HO(E) —

(5.5)

If, instead, t = nB, then ¢>L(nB,%) = (—1)"lim,_o- ¢>*(t,Z). Note that, by the very
definition of the propagator and the canonical anti-commutation relations, gf:f,(O*,f) —
gfy’f,(()_, T) = 05 506.0', 50 that the only discontinuity points of g»*(t, ) are (ng, 0).

In the following we will also need a variant of ¢>L(t, ¥), to be denoted by g** (¢, Z), which
coincides with ¢>L(t, %), V(t,Z) # (np, 0), and with the arithmetic mean of ¢*Z(0*, 6) and
¢»=(0~,0) at the discontinuity points:

L 0 Lin- (0
fﬂﬁﬁw@:f%WM;fWOM‘ (5.6)

The function g% (x) is a natural object to introduce, in that it is the limit as M — oo of a
regularization of g%%(x) obtained by cutting off the ultraviolet modes |ko| > 2™ in the right
side of (5.4). More specifically, if we take a smooth even compact support function (),
equal to 1 for |t| < 1 and equal to 0 for |¢| > 2, and we define

1 e o .
PN = g D0 e o2 M ho /6,097 (), (5.7)
kEBBXBL
then
gﬁ,L(X> — ]\}llgo gﬁ,L’M(X)_ (58)

These propagators can be used to re-express the formal perturbation theory in (5.2) in
terms of the limit of a regularized theory with finitely many degrees of freedom, which
is advantageous for performing rigorous bounds on the convergence of the series. More
precisely, we note that (5.2), as an identity between (a priori formal) power series, can be
equivalently rewritten as

= lim [1+Z<_H—U!)n/Bdtl.../ﬁdtnE;@()}L(fl)...f;L(tn))], (5.9)

(0)
Tr}-e_B(HL _MNL) M—o0 n>1

TI-]_.G_/B(HL —uNT)

where

- _ 1 L _ 1
Vi(t) = Z Z <w$7f),g¢(t7f)’g + 5)”00’(5E — ) (Qﬂ(t,g),(,/w(t,g)pl + §> (5.10)

T, yeNL o,0'€l
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and E(ﬁl\?() acts linearly on normal-ordered polynomials in w(j: #).0+ the action on a normal-
ordered monomial being defined by the fermionic Wick rule with propagator

(M) — _B,L,M > o
B (W oV an o) = o™ (t = 1,7~ T).

In order to check that the right side of (5.9) coincides order by order with the right side of
(5.2), it is enough to note the following (assume, again without loss of generality, that the
times tq,. .., t, are all distinct):

e all the pairings contributing to (TV.(t1)-- -VL(tn))%L without tadpoles (i.e., with-
out contractions of two fields at the same space-time point) give the same contribu-
tion as the corresponding pairing in limp;_, o Eg‘/g (T/L(tl) e VL(tn)), simply because
g7t (x) = g7t (x), ¥x # (Bn, 0);

e in the pairings contributing to (TVy(¢1) - - - VL(tn)>%7L that contain tadpoles, every tad-

pole corresponds to a factor (w(t P ">Z L= ngL

tadpole in limp;_, o Eg\? (]_/L(tl) e VL(tn)> contributes a factor

(0=, 0), while the corresponding

.= 3 - . 1 . .
Jim B (02 Vim0 ) = —00(0,0) = =5 [95:£(0%,0)) + 924(07,0)).
The difference between the two is
~055(0,0) + 977(0,0) = =5 [957/(0%,0) = 9525 (07,0)] = =3,

which is compensated exactly by the +%’s appearing in the definition (5.10).

A concise way of rewriting the series in brackets in (5.9) is in terms of Grassmann integrals:

o) [? O =00+ - —UVj 1 ()
1+ZT . dtl . dtnE,B,L <VL(t1)VL(tn)> = PSM(d\IJ)e - ) (511)

n>1

where V3 (V) and [ P<p/(d¥) are, respectively, an element of a finite Grassmann algebra,
and a linear map from the even part of the same algebra to the real numbers, defined as
follows. Let By = Bs N {ko : x0(27"ko) > 0}, with By defined after (5.4), and B}, =
Bj; x By,. We consider the finite Grassmann algebra generated by the Grassmann variables

T+ o€l
Vi, kess and we let

g _ 1 ) 1
Vip(@) = 3 /0 At (V0 Vi + 5) 0o @ =D (Vo Viogpor +5)0 (5:12)
Z,geAL
o,0'el

where

1 A
\Il}jfp:? D et (5.13)
s keB |
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Moreover, [ P<y(d¥) acts on a generic even monomial in the Grassmann variables as follows:
it gives non zero only if the number of W  variables is the same as the number of W, _
variables, in which case

/PSM(d‘II)\I]kl UI\IIJF \Ifi \ier ;) = det[C(kz, 0;; pja O';)]i’jzly.“’m, (514)

P11, 0'1 Km,0m = Pm, Tm

where C(k,o;p,0’') = BLQ(SkPXO(Q*MkO/(SM)gf”UL, (k). In particular,

/P<M(dqf)\1/xxp; =M (x —y). (5.15)

If needed, [ P<p(d¥) can be written explicitly in terms of the usual Berezin integral [ d¥,
which is the linear functional on the Grassmann algebra acting non trivially on a monomial

only if the monomial is of maximal degree, in which case
/ av TT T]%e. 95, =1
kGBg’ L o€l

The explicit expression of [ P<p(d¥) in terms of [dV is
]. 1/\
Py (d0)( ) = d\IIe{ 2 M)Wy [4 \If‘}-,
/ <aa )( ) Nﬁ,L,M/ P /BLQ kezB; 0) [ } ks ( )

with — Noza = ] [BLx0(2 " ko/6,)]" det g0" (5.16)
keB;yL

which motivates the appellation “Gaussian integration” that is usually given to the reference
“measure” P<j(d¥). Because of (5.15), P<p(d¥) is also called the Gaussian integration
with propagator g%

It is straightforward to check that the definitions above are given in such a way that the
two sides of (5.11) coincide, order by order in U. Note, by the way, that (5.11) is a (finite)
polynomial in U, for every finite 3, L, M, simply because the Grassmann algebra entering
the definition of the right side of (5.11) is finite.

Summarizing,
TI-]__e*ﬁ(HL*HNL)

— 1 —UV3,.(¥)
Trre— B —uNL) J\/llgnoo Penr(dP)e=72, (5.17)
f

as an identity between (a priori formal) power series in U. In a similar way, one can show
(details left to the reader) that the power series expansion for the truncated multipoint

current-density correlations can be rewritten as

(T (Z1,00,01); 5 Ty (Zon O, 03 )i T35 iniZre)) = (5.18)
m—+n
= lim 0 log/P<M(d\Ij)e_UVB,L(‘I’)+(¢7n)+(AvJ) :
Moo QAT (2) - 005 ) A=o=0
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where
1
o= 3 (Vo ¥imo + 3) (519)
_ (0) - 0) (>
(4. = [0S S A Wi H AV e B Vi)

$Z O'O'

The goal of the incoming discussion is to show that (5.17) and (5.18) are not just identities
between formal power series, but rather between analytic functions of U. In order to prove
this, it suffices to prove the uniform analyticity in M, as M — oo, and the existence of the
limit as M — oo of the regularized free energy per site and correlations, as the following

elementary lemma shows.

Lemma 5.1 Assume that, for any finite B and L, there exists €z, > 0 such that the regu-

larized free energy per site

1
feLm = _W log/P<M(d‘I/)€UVB’L(‘I}) (5.20)

and the reqularized truncated correlations

KPEM(x) 200,00 Xnns Omgn) = (5.21)

8m+n
0107 - log/PgM(d\I/)eUVB,L(\I’)+(¢JL)+(A,J)
ani Y(Z) - O -

are analytic functions of U in the domain Dg, = {U : |U| < ep 1}, uniformly in M as M —
00. Moreover, assume that in any compact subset of Dg, the sequences {fsrvfm>1 and
{KPLM(x) 2 01,07 . s Xmans Oman) Jars1 converge uniformly as M — oco. Then (5.17)
and (5.18) are valid as identities between analytic functions of U in Dg .

Remark 5 In the following we will prove the assumption of this lemma, and actually much
more: namely, we will prove the analyticity of farnm and KPLM(xy, 21 01,00 ..y, 00),
uniformly in B, L, M (not just in M). We will also prove that these functions converge
not only as M — oo, but also as L — oo and [ — oo, which in turn implies that the
limiting correlations in the thermodynamic and zero temperature limits are analytic as well,
as clatmed in Proposition /.1.

Proof of Lemma 5.1. Let us start by proving (5.17), which is equivalent to

—B(HL—pNL)
TI']:@ L=HAL — lim 6—5L2fB,L,M . (522)
Tepe 0D A1

The first key remark is that, if 5, L are finite, the left side of this equation is an entire
function of U, as it follows from the fact that the Fock space generated by the fermion
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operators 1@5’0, with & € A, o € I, is finite dimensional. On the other hand, by assumption,
fa,r,a is analytic in Dg ;, and uniformly convergent as M — oo in every compact subset of
Dg 1. Hence, by Weierstrass’ convergence theorem for analytic functions, the limit fz =
limas 00 f5,0,m 1s analytic in Dg; and its Taylor coefficients coincide with the limits as
M — oo of the Taylor coefficients of fz 1 p. Moreover, by construction, as discussed after
(5.9), the Taylor coefficients of e=#%*/5.2 coincide with the Taylor coefficients of the left side
of (5.22), which implies the validity of (5.22) as an identity between analytic functions in
Dg 1, simply because the left side is entire in U, the right side is analytic in Dg; and the
Taylor coefficients at the origin of the two sides are the same. By taking the logarithm at
both sides, we also find that

1 Tr}_e*ﬁ(HL*;U«NL)
for= _BL2 log

Tr]__e_B(Hio)_MNL)

as an identity between analytic functions in Dg . In particular, the left side of (5.22) does
not vanish on Dg .

In order to prove the analogous claim for the correlation functions, we note that the trun-
cated correlations (TJy, (Z1, 01,0} 3 Jx, (s Oy 07 )00 ;n;‘:;’fn")mL are linear
combination of ratios of entire functions, simply because they are linear combinations of
products of non-truncated functions, each of which is a ratio of entire functions. The de-
nominator in these ratios is proportional to a power of the left side of (5.22) that, as observed
earlier, does not vanish on Dg . Therefore, the truncated correlations are analytic in Dg f,
which allow us to repeat the same argument used above for the free energy, to conclude the

validity of (5.18) as well, as an identity between analytic functions in Dg .

B. Uniform analyticity of the regularized correlation functions

In this section, we prove the uniform analyticity of the regularized free energy per site
and regularized correlations, in a domain D independent not only of M, but also of (3, L.
Later, we will discuss the existence of the limit as M, L, 3 — oo of the regularized functions,
thus proving the assumptions of Lemma 5.1, as well as the existence and analyticity of the
infinite volume and zero temperature limits. Throughout the proof, C,C;, ¢, ¢;, ..., stand
for unspecified constants, independent of 3, L, M and of J,,, unless specified otherwise. The

key result proved in this section is the following.

Lemma 5.2 There exists €9 = €¢(6,) > 0 such that the regularized free energy fzm and
correlations KPLM(xq, 21,01, 0% ... ; Xmans Oman) @re analytic in the common analyticity
domain Dy = {U : |U| < e9}. Moreover, the regularized correlations are translation
invariant and they satisfy the cluster property with faster-than-any-power decay rate, i.e.,

2,7=1,....m+n

for any collection of integers m = {mi,jamk}kzl,...,m > 0, there exists a constant C,, =
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Cn(0,) such that

(5.23)

1 Z . .
ﬁL2 / +d§ |K/B’L7M(X172170170—1;"';Xm+n70—m+n)|dm(§7§) S Cm
Am n

BL ZEAT
Here x = {x1,...,Xmin}, Z=1{Z1,-- -, Zn}, Mg = (0,8) X Ay, fAB Jdx is a shorthand for
foﬁ dro Y gen,» nd dpm (X, 2) = [x; — x;|™7| 2]}, where, if |zo|s = min,z |zo + nB| is the
distance on the one-dimensional torus of size  and |Z|;, = mingez2 |¥ + 1L| is the distance

on the periodic lattice of size L, we denoted |x| = eg|xo|g + |Z|, with ey the energy scale

defined in (2.10).

Proof of Lemma 5.2. The proof is long and, therefore, we split it into three main steps:
we first define the multiscale decomposition of the Grassmann integral, which we intend to
perform in an iterative fashion; next, we explain in detail how to integrate the first scale;
finally, we explain the iterative procedure, whose output is conveniently organized in the

form of a tree expansion.

Multiscale decomposition. In order to prove the analyticity of the regularized free energy
and correlations, we perform the Grassmann integration in a multiscale fashion, by rewriting
the propagator g% as a sum of smooth “single scale” propagators ¢, h = 0,1,..., M,
each decaying faster than any power on a specific time scale ~ 2":

G (x Zgh) g (x) = 1 S ik fn(ko) ' (5.24)

/L2 KB, —iko + HO (k) —

Here f5(ko) = x0(27"ko/0,) — x0(27" " ko/d,) for h > 1 and fo(ko) = xo(ko/d,). For later
use, note that the single scale propagator ¢g'"(x) satisfies the bound

C
" (x)| < K
197 < T35, Tl + G eo) [0

. YO<h<M, VK>O0. (5.25)

In particular,
mew=/wwwwwmws@ﬁ”f” (5.26)

where [dx = | A, 0x is a shorthand for foﬂ drg >

19" ||1.0. Moreover, g® (x) admits a Gram decomposition, which will be useful in deriving

FEAL" If n = 0, we shall denote Hg(h)Hl -

combinatorially optimal bounds on the generic order of perturbation theory:

g"(x—y) = (Apx. Bry) = / dz A} (z) - Buy(z) (5.27)
with

Ah,x z) = L Z Afh _]?0 GZk(X_Z) )
I 2 s () — 7
L
pL?

V fn(ko) (iko + HO IZ u)eik("_z) ,

Bh,X( ) =
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and
[AnxIP = (Anx, Anx) < C(6,2")7% || Ba]|* < C(8,2")° . (5.28)

The decomposition (5.24) of the propagator allows us to compute the regularized Grassmann
generating function,

Wi (o, A) = log / Py (dW)eVVer(DH@m+(AT) (5.29)

in an iterative way, by first integrating the degrees of freedom corresponding to g™, then

gM—1

those corresponding to ), and so on. Technically, we make use of the so-called addition

formula for Grassmann Gaussian integrations: if g, go are two propagators and g := g, + ¢o,
then the Gaussian integration P,(diy) with propagator g can be rewritten as P,(dy) =
P, (di1)P,,(d), in the sense that for every polynomial f

/ P,(d) f (1)) = / Py (di) / Py (o) £ (1 + 1) (5.30)

In our context, we rewrite P<y(d¥) = [[1L, Pu(d¥™), where P,(d¥™) is the Gaussian
integration with propagator ¢'®, so that

W (6.4) _ /po(d\p(ﬂ))...ph@(h))6—V(h>(W<<h>,¢,A)7 (5.31)
where W(sh) .= Z?:o V) so that

VW (T, ¢, A) = —log / Prypr (dUPHD) o Py (WD) e UVa (U4t WD) (0m) (AT

(5.32)
and VM (U, ¢, A) = UV (V) — (¢,n) — (A, J).

The first integration step. In order to compute the sequence V) iteratively, let us start
by explaining in detail the first step:

VM-I ([ ¢ A) = —log / Pag(dB ) VD (et .6.4) (5.33)
The logarithm in the right side can be expressed as a series of truncated expectations:

log / Py (dW)e VI 04) (5.34)

=S (_PSEAZ(V(M)(\I”r‘IJ(M),¢7A)§"' V(W0 g A)), (5.35)

S! 4
s>1

Vo
s times

where

S

En(Xa(WD); - X (WD) = I ON

Ai=0"

(5.36)

log/PM(dq;(M))6>\1X1(‘P(M>)+~-~+/\SXS(\1/(M))
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and the X;’s are all even elements of the Grassmann algebra generated by the field W)
we are integrating over and by the “external” Grassmann field W. The functional &1, is
multilinear in its arguments, the action on a collection of monomials being defined by the
truncated Wick rule with propagator ¢, which is similar to the usual fermionic Wick rule,
modulo the extra condition that, if the number s of monomials involved is > 2, then the
pairings one has to sum over are only those for which the collection of monomials X1, ...,
X is connected (this means that for all Z C {1,..., s}, there exists at least one contracted
pair involving one variable in the group {X;}iez and one in {X;}ieze).

A convenient representation of the truncated expectation, due to Battle, Brydges and
Federbush [? 7 ?7 |, is the following (for a proof, see, e.g., [? 7 ]). For a given (ordered) set
of indices P = (f1,..., fp), with f; = (x;, 04, ), let

) ()
Ve =V ot Yol (5.37)

where x(f;) = x;, etc. It is customary to represent each variable \Ifi((]})) o(f) @S an oriented

half-line, emerging from the point x(f) and carrying an arrow, pointing in the direction
entering or exiting the point, depending on whether e(f) is equal to — or +, respectively;
moreover, the half-line carries the labels o(f) € I. Given n sets of indices P, ..., P,, we
can enclose the points x(f) belonging to the set P; in a box: in this way, assuming that all
the points x(f), f € U;P;, are distinct, we obtain n disjoint boxes. Given these definitions,

if Y7, | P is even we can write

En(Upi..Up) = > ar[[ o™ / dPr(t) det Y (t) (5.38)
TETy €T
where:
e any element T of the set Ty = Ty (P4, ..., Ps) is a set of lines forming an anchored
tree between the boxes Pi,..., P,, i.e., T is a set of lines that becomes a tree if one

identifies all the points in the same box; each line ¢ corresponds to a pair of half-
lines indexed by two distinct variables f, f' € U;P; such that e(f) = —e(f’) (i.e., the
directions of the two half-lines have to be compatible); if ¢ is obtained by contracting
f and f’, we shall write ¢ = (f, f), with the convention that ¢(f') = —e(f) = +.

e ar is a sign (irrelevant for the subsequent bounds), which depends on the choice of
the anchored tree T

o if (= (f, ), then géM) stands for gf:gc))’a(f,)(x(f) —x(f");

o ift ={t;s €1]0,1],1 <i,7’ <n}, then dPr(t) is a probability measure (depending on
the anchored tree T') with support on a set of t such that ¢; ; = u; - uy for some family

of vectors u; € R* of unit norm;
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e if 2N =57 |P)], then G(TM) (t)isa (N —s+1)x (N —s+1) matrix (depending both on
the sets P; and on the anchored tree 1), whose elements are given by [GEFM) t)]rp =

ti(f),i(f’)g((yf/ where f, " € UiP; \ Uier{f,, £} (with € = (f;, f)), and i(f) €
{1,...,s} is the index such that f € P.

If s =1 the sum over T is empty, but we can still use the Eq.(5.38) by interpreting the
r.h.s. as equal to 1 if Py is empty and equal to det GT (1) otherwise.
In order to use (5.38) in (5.33)-(5.34), we first rewrite VM) as

MW, ¢, A) = En(o +Z > / dxdy K, (x,y)[62)" [AZ5) "2 Wps ,  (5.39)

p=1 o,0'€l

where Ey(¢) = %U Do Ve = 5 90, [ AX @Y, With vy = Y.\ 3 o Ve (T). Moreover,
AT = AT (5 — ) — A7 (7 — ),

K;G, (X,¥) = —0o0d(x—y), Kggl (x,y) = —id(xg — yO)H(Sg), (Z—17), (5.40)
Kga,(x, V) =Uvpdoed(x—y), Kﬁa,(x, y) =Ud(xg — yo)Voor (T — 7) , (5.41)
and
Pl = P2 - PS = ((Xv g, +)a (y70/7 _)> 9 (542)
P4 = ((X7 g, +)7 (X7 g, _)7 <Ya OJa +)> (ya OJa _)) . (543)

Plugging (5.39) into (5.33)-(5.34), we obtain

V(Mfl)(\p’ ¢’ A) — EM(¢ Z /Xmdy1 dXs dys

s>1 T Pl
o1 0'1 05

<[ TT o210 T A%%]1 HKUngg<Xi>Yi)}SJ\:CI((\IJ AU o (U WD) )

i:pi=1 i p;=2 =1

The truncated expectation in the right side can be further rewritten as

Eq((U 4T s (U T o) = Y aplpEl, (U pm\Q;" \Ir%\@), (5.44)

PCU; Pl

where ap is a sign, and Q; = P N P/, so that, applying (5.38), we find

VM=D(W ¢ A) = Ey(o) Z / dxdy [ T] ¢%]1 H AL

s>1 i:pi=1 1p;=

s

X[HK’% x.y)] > Up Y apr[[a / (t)det GV (t) | (5.45)

=1 PCuU; Ppl TeT )\ LeT
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where p, ¢, X and y are shorthands for (p1,...,ps), (01,0%,...,0,,0%), (X1,...,%X,) and
(¥1,...,¥s), respectively, and apr = apar. Eq.(5.45) can be equivalently rewritten as
V(W 6, A) = Ea(9) + (5.46)
81+82
M-1 e
oS sy ey o[ TTe) [T 4280 [TTw500
n>0 s1,52>0 o, =1 1=s1+1 =1
with

*

(M-1) _
Wonsr ocXy,2) = Y 31'52'53154 Z / I dxidy:] x (5.47)
s3>0

2 04,0%: i>s1+s2
s4z2n—1 i>s1+s2
X [H sz XZ7 YZ Z 6 P — Pea:t Z aprT H QEM)/ dPT(t) det Gg"M) (t) )
=1 PCU; P,vaz. TeT LeT
|P|=2n

where s = s1 + s3 + 53 + S4, the % on the sum indicates the constraint that s > 1, and p; is
equal to 1if i < sy, isequal to 2if 0 < i — 51 < 59, is equal to 3if 0 < i — s; — 59 < s3, and
is equal to 4 otherwise. Moreover, P..; = ((z1,07,€1), ..., (Zon, 05, €2,)), and 5(P — P.,) is
a shorthand for the product of delta functions []; cp ( (fi) = 2i)00(s),070c(f,).c;» Where the
labeling P = (f1, ..., fan) is understood. Note that, in the case that n = s; = s = 0, in the
right side of (5.46) there are neither sums over g, ¢ nor integrals over x,y, z, and Wo(,](\){(; Vs
a constant, given by (5.46), with the understanding that the meaningless factors or sums or
integrals should be replaced by one.

We are finally in the position of proving the analyticity of the integral kernels of YV(M~1,

By using (5.46) we obtain

1
B / dxdydz| Wi ) | (x,y.2)| < (5.48)
* |I|2ss+284 [ s 28—1—284 M (M)
< e [TTns | )|l |1 - 1] det G| |
< X H|| 9] (% 22 @ shllg Il - 1l det 640
34§ﬁ 1
where: [I|*3*2* bounds the number of terms in the sum over o;,07; ||[K7[|; = sup,
[ ax|K?_,(x,0)]; (**72°*) bounds the number of terms in the sum over P; (C®s!) bounds

the number of terms in the sum over 7. Recalling (5.26) for n = 0 and the definitions
(5.40)-(5.41), from which ||K7||; < C|U|%3%%4 we find that (5.48) implies

*

]' S S S - - S—
% / dxdydz| Wy, (v, 2)| < D0 CoUP4(6,°27) | det G oo - (5.49)

s3>0
sqg>n—1

In order to bound det G(TM), we use the Gram-Hadamard inequality, stating that, if M is a
square matrix with elements M;; of the form M;; = (A;, Bj), where A;, B; are vectors in a
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Hilbert space with scalar product (-, -), then

| det M| < [T 114l - 11Bil] - (5.50)

where || - || is the norm induced by the scalar product. In our case, [G(TM) (t)] . = i) -
;) (Anx(p)s Bux(sy), so that, using (5.28) and recalling that G(TM) isa(sq—n+1)x(sq4—
n + 1) matrix,

|| det GV || < €571, (5.51)

Plugging this last ingredient into (5.49), we finally obtain

1 3 *
—/dxdde\W(M D ecxy.z)| < D UM )

ﬂLQ 2n,81,82,0,€
s3>0

sqg>n—1

S Cn|U|[TL—1]+(6;32—M)[81+82+n—2]+ ’ (552)

where []; = max{-,0} denotes the positive part. Eq.(5.52) proves the analyticity of the
kernels of VM) for U small enough, uniformly in M (but not in d,, in general). Moreover,
the kernels WQ(TZZV’IS:}S)QQQ(X, y,z) decay faster than any power, on scale 5/;1, in the relative
distances between the coordinates x;,y;, z;. In order to prove this, we multiply the argument
of the integral in the left side of (5.48) by a product of factors of the form |x; — x;|™", or
i —;

Again, we use the representation (5.46), and we decompose each factor “along the anchored

™ii, etc. We denote by m = > i j(mij +mg; + ) the sum of these exponents.

tree T”, that is we bound it by using

i = x| <D Ix () = x(fD + Y, (5.53)
¢eT i=1

where d; = max; pep,, [x(f) — x(f')| and Pr; = Uger{f; , f;/} N P". In this way, the right
side of (5.48) is replaced by a sum of terms, each of which is obtained by replacing some
of the factors ||[K[|; and [|g*)]]y by ||K||1, = sup, . [ax|K?_,(x,0)||x|" < C,, and
by ||gD 1, respectively. Recall that, by (5.26), the dimensional estimate of ||g™) ||y,

i

differs from that of ||[g™)||; just by a factor 6,:”2. Moreover, the total sum of the expo-
nents n;, n;, etc., equals the exponent m introduced earlier. Therefore, the product of the
extra factors d,, " is smaller than 6,™. All in all, the dimensional estimate on the kernels

W M= (x,y,2), multiplied by the extra factors |x; — x;

2n,81,82,0,€

mij etc, is the same as (5.52),
up to an extra factor Cm(Sljm, for all m > 0.

The iterative integration procedure and the tree expansion.
We are now in the position of iterating the procedure used above for computing the
integral over the scale M. By using (5.32) and the definition of truncated expectation &£
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(which is the same as (5.36), with M replaced by h), we obtain

VED(W, 6, A) = —log / Ph<dw>>e*"““<wh*¢’/*> = (5.54)
_Z VO 4+ 0™ 6 A); - V(00" 9, A) ).
521 s t:;nes

Eq.(5.54) can be graphically represented as in Fig.1. The tree in the left side, consisting

FIG. 1: The graphical representation of Ph=1),

of a single horizontal branch, connecting the left node (called the root and associated with
the scale label h — 1) with a big black dot on scale h, represents V=Y. In the right side,
the term with s final points represents the corresponding term in the right side of (5.54): a
scale label h — 1 is attached to the leftmost node (the root); a scale label h is attached to
the central node (corresponding to the action of £I'); a scale label h + 1 is attached to the
s rightmost nodes with the big black dots (representing V).

[terating the graphical equation in Fig.1 up to scale M, and representing the endpoints
on scale M + 1 as simple dots (rather than big black dots), we end up with a graphical
representation of V) in terms of Gallavotti-Nicolo trees, see Fig.2, defined in terms of the
following features.

1. Let us consider the family of all trees which can be constructed by joining a point r,
the root, with an ordered set of N > 1 points, the endpoints of the unlabeled tree, so
that r is not a branching point. N will be called the order of the unlabeled tree and
the branching points will be called the non trivial vertices. The unlabeled trees are
partially ordered from the root to the endpoints in the natural way; we shall use the
symbol < to denote the partial order. Two unlabeled trees are identified if they can
be superposed by a suitable continuous deformation, so that the endpoints with the
same index coincide. It is then easy to see that the number of unlabeled trees with N
end-points is bounded by 4V (see, e.g., [? , Appendix A.1.2] for a proof of this fact).
We shall also consider the labeled trees (to be called simply trees in the following);
they are defined by associating some labels with the unlabeled trees, as explained in

the following items.

2. We associate a label 0 < h < M — 1 with the root and we denote by 7N’M;h,N the
corresponding set of labeled trees with N endpoints. Moreover, we introduce a family
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FIG. 2: Atree T € 7-M;h7N with NV = 9: the root is on scale h and the endpoints are on scale M + 1.

of vertical lines, labeled by an integer taking values in [h, M + 1], and we represent
any tree 7 € %M;h,N so that, if v is an endpoint, it is contained in the vertical line
with index h, = M + 1, while if it is a non trivial vertex, it is contained in a vertical
line with index h < h, < M, to be called the scale of v; the root r is on the line with
index h. In general, the tree will intersect the vertical lines in set of points different
from the root, the endpoints and the branching points; these points will be called
trivial vertices. The set of the vertices will be the union of the endpoints, of the trivial
vertices and of the non trivial vertices; note that the root is not a vertex. Every vertex
v of a tree will be associated to its scale label h,, defined, as above, as the label of the
vertical line whom v belongs to. Note that, if v; and vy are two vertices and v; < vs,
then h,, < hy,.

3. There is only one vertex immediately following the root, called vy and with scale label
equal to h + 1.

4. Given a vertex v of 7 € %M;h, ~ that is not an endpoint, we can consider the subtrees
of 7 with root v, which correspond to the connected components of the restriction of
T to the vertices w > v. If a subtree with root v contains only v and one endpoint on

scale h, + 1, it is called a trivial subtree.

5. With each endpoint v we associate one of the terms contributing to VM) (¥, ¢, A), see
(5.39). In order to distinguish between the various terms in the right side of (5.39),
we introduce a type label p, € {0,1,2,3,4}. If p, = 0, then we associate the endpoint
with a contribution Ej/(¢), while, if 1 < p, < 3, then we associate the endpoint with
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a contribution K" , (x,, yv)[ U1;j|5pv,l [A;f)év}ép”’Q‘I’I

X v°

The field labels attached to the endpoints v of 7 are denoted by I,. If p, = 0,
then I, = 0; if p, = 1,2,3, then I, = ((xy,00,+),(yu,0p,—)); if p, = 4, then
I, = ((x0,00, ), (%o, 00, =), (Yo, 05, +), (Yo, 05, —)). Moreover, given any vertex v € 7,
we denote by I, the set of field labels associated with the endpoints following the vertex v;
given f € I, x(f), o(f) and (f) denote the space-time point, the o index and the ¢ index
of the Grassmann variable with label f. In the following, the “sum” over the field labels
associated with the endpoints should be understood as Z f dx
vertex of 7, 0, = User, {o(f)} and x, = Uper, {x(f)}.

X, Where vy is the leftmost

In terms of trees, the effective potential V", —1 < h < M (with V(=Y identified with
W), can be written as

Z > V(7 wE) (5.55)

TETM h,N
where, if vy is the first vertex of 7 and 7, ..., 7 (s = s,,) are the subtrees of 7 with root vy,
V) (7, W(=M) is defined inductively as:
s—1
PH) (7, U= = &ghﬂl [ﬁ(hﬂ)(ﬁ’ PERDY, ;)N;(thl)(TS’ \Ij(éhﬂ))] _ (5.56)

s!

where, if 7 is a trivial subtree with root on scale M, then VA (r, W(EM)) = PO (G(<M)) (for
lightness of notation, we are dropping the arguments (¢, A), which are implicitly understood
here and in the following).

For what follows, it is important to specify the action of the truncated expectations
on the branches connecting any endpoint v to the closest non-trivial vertex v’ preced-
ing it. In fact, if 7 has only one end-point, it is convenient to rewrite 17(}”(7, W=h)y =

ELLEL - EL(V(TEM)) = PO (BEM) as
VO (@) = YD gshy gl el (YO (M) pOD (pEh)y) (5.57)

The second term in the right side can be evaluated explicitly and gives:

ghTH - Exr (V(M)(\I/(SM)) - V(M)(‘I’(<h)) = Clh+1,M] T Z / dxdy k[hH M (X Y)‘I’+ v

X,0 Ty, 0’
(5.58)

where, denoting gt M(x) = ST i 9 (%),
elh+1,M] = €[t (P, A Z/dxdy (x,y)07 + K2, (x, }’)Aig; + K2 (x,y)] -

g8 0) + K2 (x ) [gl M (x - y) gl M (y — x) - gLf;*lM](O)g“fﬂ’M](Oﬂ}’

[eaNen
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and

KM o y) = 20 g8 M (0,2 = §))6 (20 — Y0) [Voor (F — §) = Vobowd(T —§)] . (5.59)

oo oo’

Therefore, it is natural to shrink all the branches of 7 € 7~'M;h,n consisting of a subtree 7/ C 7,
having root 7" on scale ' € [h, M| and only one endpoint on scale M + 1, into a trivial
subtree, rooted in r’ and associated with a factor ﬁ(h/)(\lf(gh')), which has the same structure
as the right side of (5.39), with Ey(¢) replaced by En (¢, A) = En(0) + et (9, A),
K32,/(x,y) replaced by Kj . .(x,y) = K2.(x,y) + ol M)
W) Note that k"M (x,y) is bounded proportionally to U, and decays faster than any

(x,y), and ¥ replaced by

oo’
power, uniformly in M, in the sense that

R = sup/dxmg’jLM](x, 0)| - |x|" < C.27"U|, Vn>0. (5.60)
In particular, the (1,n)-norm of K3, is bounded uniformly in A’ and M, proportionally to
|U|. By shrinking all the linear subtrees in the way explained above, we end up with an
alternative representation of the effective potentials, which is based on a slightly modified
tree expansion. The set of modified trees with N endpoints contributing to V® will be
denoted by Tar.nn; every T € Ty n is characterized in the same way as the elements of
7N‘M;h7 ~, but for two features: (i) the endpoints of 7 € Tarn n are not necessarily on scale
M + 1; (ii) every endpoint v of 7 is attached to a non-trivial vertex on scale h, — 1 and is
associated with the factor Y =1 (W(<h=1) " See Fig.3. In terms of these modified trees,

FIG. 3: A tree 7 € Tprp, v with N = 9: the root is on scale A and the endpoints are on scales
<M+1.
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(5.56) is changed into

Z > V(L wEn) (5.61)

N=17€Trm;n,N

where

V(h)(T’\I,(gh)>:( 1D th [V(thl)(Tl,\Ij(Sthl));'“;V(h+1)(7-s,w(§h+1))} (5.62)
s!

and, if 7 is a trivial subtree with root on scale k € [k, M], then V®) (7, W(=R)) = P(W(=h)),

Using its inductive definition Eq.(5.62), the right hand side of Eq.(5.61) can be further
expanded (it is a sum of several contributions, differing for the choices of the field labels
contracted under the action of the truncated expectations E}Z associated with the vertices
v that are not endpoints), and in order to describe the resulting expansion we need some
more definitions (allowing us to distinguish the fields that are contracted or not “inside the
vertex v”).

We associate with any vertex v of the tree a subset P, of I,,, the external fields of v. These
subsets must satisfy various constraints. First of all, if v is not an endpoint and vy, ..., v,
are the s, > 1 vertices immediately following it (such that, in particular, h,, = h, + 1),
then P, C U,;P,,; if v is an endpoint, P, = I,. If v is not an endpoint, we shall denote by
(0, the intersection of P, and P,; this definition implies that P, = U;Q),,. The union Z, of
the subsets P,, \ @, is, by definition, the set of the internal fields of v, and is non empty if
sy > 1. Given 7 € Ty, v and the set of field labels I, associated with the endpoints v of 7,
there are many possible choices of the subsets P, associated with the vertices that are not
endpoints, which are compatible with all the constraints. We shall denote by P, the family
of all these choices and by P the elements of P.. With these definitions, we can rewrite
VW (7, W(=M) as:

VO wEh) =3 / dx,, > Kig)w, on : (5.63)
N

PeP-

where K g;rl) is defined inductively by the following equation, which is valid for any v € 7
that is not an endpoint,

(hv)
TP N S ' H TZ’PZ ghv Pvl\Q’Ul \ijvsv \stv] ’ (564)
V=1

Here 1q,...,7s, are the subtrees with root v, v; are their leftmost vertices (such that, in

v

particular, h,, = h, + 1), and P; = {P,,w € 7;}. Moreover, if v; is an endpoint, then
K" = K, with

Tu 2

E, _ ,A if 1):07
K, — ho—1(0, A) - p (5.65)

1) v0h 7 6py, .
KﬁZ;am(wav)[ ;‘cﬂ o [A;v(jyv} o if Pv > 07
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where K ﬁ“a o should be identified with K/ ,, in the case that p, = 1,2,4. Combining
(5.61) with (5.63) and (5.64), and using the determinant representation of the truncated
expectation, see (5.38), we finally get:

v<h><w<fh>>:Eh<¢,A>+fj Z > / dx,, Y > W (%, 0,) V5", (5.66)

N=17€Ty;n,N g PeP, TeT

where the % on the sum over 7 indicates the constrain that there are no endpoints of type
0, and T is the set of the tree graphs on x,, obtained by putting together an anchored tree
graph T, for each non-trivial vertex v and by adding a line (which is by definition the only
element of T},) for the couple of space-time points belonging to the set x, for each endpoint
v. Moreover,

Wopr (e 0,,) = ar | TT 0] H S [ a6 ) [T, Gon

v e.p. ’U nOt LeTy

where a7 is a sign and G% “)(tv) is a matrix analogous to the one defined after (5.38), with
g™) replaced by g\"). Note that W.pr depends on M only through: (i) the choice of the
scale labels, and (ii) the (weak) M-dependence of the endpoints v of type p, = 3, whose
value is K3, = K2, + ki with k2 as in (5.59). From (5.66) and (5.67) we see
that V" () can be rewritten as in (5.46), with A/ — 1 replaced by h, and

W2n ,81,82,0,€ —’y7 Z Z Z/ 'vo Z 5 ewt ( ngt)(g(PUO - PCl?t) X

N>1 ’TGTMh N O, PeP;:
|PUO|_27’L
x[ T 58 or e yo)] D ar H /dPTv (to) det G170 (t,) [ 8™ . (5.68)

v e.p. TeT v not U LeT,

where the %% on the sum over 7 indicates the constraint that 7 has s; endpoints of type 1, so
of type 2, and no endpoints of type 0. Note also that, in order for |P,,| to be equal to 2n, the
number of endpoints of type 3 and 4 must be > n—1, that is N > s;+ sy +n— 1. Moreover,

Iela:t = ((le 01)’ SR (X517 051))7 Ie2a:t - ((XS1+17 Ys1+1, 051415 ;1+1) ) (XSZ’ Ys2: 0595 0;2)),
Pyt = ((z1,07,€1), ..., (22n,0%,,€2,)), and the functions 6(I} — IL,), etc, are shorthands

of products of delta functions, in the same sense as 6(P — P.,;) in (5.47). Using the explicit
expression (5.68), we obtain a bound analogous to (5.48):

1
5L2/dXdde’ 2ns1 52705( 7X7Z)‘ < (569)
kk 1
< > oev 3 > [THwwen] X LTI oyllaecasll TT ™I
N>1: T€TMm;n,N PEPr: v ep. TeT v not Sv: LET,
N2>s1+s2+n—1 | Puy |=2n e.p.

Now: (i) the contribution of the endpoints is bounded as |[K?*||; < C|U%v3+%w4 ] (ii) the
I-norm of the propagators is bounded as in (5.26), that is Hgéh“)Hl < C4,%27", and (iii) the



37

determinant, recalling the Gram representation of the propagator (5.27), can be bounded
by using the Gram-Hadamard inequality (5.50) in a way analogous to (5.51), that is

Hdeth([{%)Hoo < OZL 1P| =|Pol=2(s0 1) (5.70)
where vy, ..., vs, are the vertices immediately following v on 7. Plugging these bounds into

(5.69), and using the fact that > o (3702 [Py| = [Py|) < 4(N — 51 — s2), we obtain

Y oM Z D [ H (CaytaTheye 1] . (5.71)

N>1: T7€TMm;n,n PEP;: TET Unot
N>s1+so+n—1 | “0‘ 2n e.p.

Using the following relation, which can be easily proved by induction,

Z hv(sv - 1) = h’(N - 1) + Z (hv - hv’)(”(v) - 1) ’ (572>

v not v not

e.p. e.p.
where ¢’ is the vertex immediately preceding v on 7 and n(v) the number of endpoints
following v on 7, we find that Eq.(5.71) can be rewritten as

Z Z Z Z C«N(S;B(N—l)|U|N—sl—522—h(N—1)[ H i'z(hv—hv/)(n(v)—l)

Sy
N>1: T€TMm;n,Nn PEP;: TET v not Y
N>s1+so+n—1 |Pv0|:2n e.p.

(5.73)
where, by construction, if N > 1, then n(v) > 1 for any vertex v of 7 € Ty, v that is not an
endpoint (simply because every endpoint v of 7 is attached to a non-trivial vertex on scale
h, — 1, see the discussion after (5.59) and item (ii) after (5.60)). If N = 1, the only tree
contributing to the sum in (5.73) is trivial, with four possible type labels attached to the
endpoint. The corresponding contribution to (5.73) is (const.)|U|%1+s2:0. The contribution

o (5.73) from the terms with N > 2 can be bounded as follows: first of all, the number of

terms in Y, p is bounded by CN T, .. op. Su! (see, e.g., [? Appendlx A.3.3]); moreover,
|P,| < 4n(v) and n(v) — 1 > max{1, ”(2”)}, so that n(v) —1> 1+ |113g , and, therefore,

L - - —81—8209— —
ﬁLQ/dxdydz}Wthsz’”(_,y, z)| < Z C«N5“3(N D|U|N-s1=s20-h(IN=1) o

N>1:
N>s1+so+n—1

i (JT 272%™ S (] 277V (5.74)

TETM:n,N ¥ 1Ot €.p. \fif&in ve.r;)(.)t
Now, the sums over 7 and P in the second line can be both bounded by (const.)V, see [?
, Lemma A.2 in Appendix A.1 and Appendix A.6.1], which implies the uniform analyticity
of the kernels of the effective potentials on scale h, for all —1 < h < M, provided U is small
enough, namely |U| < (const.)d3. Note that the regularized free energy and correlation
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functions are nothing but the constant part and the kernels of the effective potential with
h = —1. Therefore, the regularized free energy is analytic in |U|, uniformly in 3, L, M.
Similarly, the regularized correlation functions are uniformly analytic and satisfy (5.23),
uniformly in 8, L, M, for m = 0 and |U| small enough. The proof of (5.23) for general choices
of m follows similarly, by combining the previous strategy with the idea of decomposing the
factors |x; — x;| along the tree T', as in (5.53) and following discussion. This concludes the

proof of (5.23). m

C. Proof of Proposition 4.1

We are left with proving the existence of the limit as 8, L, M — oo of the regularized
free energy and correlation functions. In order to prove it, we show that these regularized
functions form a Cauchy sequence. Let us start by showing that, for fixed 8, L, and M’ > M,
for all 0 < 6 < 1, there exists Cy > 0 such that

[KGEM — KEEM|, < Co2=™ (5.75)
where
1 — —
KM, = 53 SUP Sup /mﬂdz > EPEM (%, 2L 01,075 X )| i (X, 2)
VA Feny
(5.76)

As already remarked above, the regularized correlation function are the kernels of the effec-
tive potential on scale —1. Therefore, both K#LM and K#L-M' can be expressed in terms
of the tree expansion described above. As already remarked after (5.67), the expansions for
KAEM and KALM" differ among each other only because of: (i) the choice of the scale labels
(the trees contributing to K*“M resp. K%4M' have endpoints on scales < M 4+ 1, resp.
< M'+1); (ii) the dependence on the ultraviolet cutoff of the endpoints of type 3, whose value
is K, . vy, = K, gv% + k:g:;i\/[] in the trees contributing to K»» and similarly for K#5M"
This means that the difference K#5M — KB.LM" can be expressed as a sum over trees whose
root is on scale —1 and: (A) either there is at least one endpoint on scale > M + 1, or (B)
there is one endpoint of type 3 associated with a difference k:[ ”’M] k'([,h“a’M] = k;‘f:l Ml
The contributions from the case (A) can be bounded as in (5.73)7 with ~ = —1 and the
extra constraint that there is at least one endpoint on scale > M + 1. This means that the

factor v not 2+~ )(®)=1) is smaller than 2= . The idea is then to split this term into
e.p.

two factors, in the form [Hv not 20w =hu ) W)= 5 [T, nop 2170 o=k )(n(®)=D] * The first
e.p. €. P

factor is smaller than 27 while the sum over the scale and field labels of the second factor

can be bounded exactly in the same away as it was explained after (5.74).

Concerning case (B), it is enough to note that the norm of k MH M

is proportional to
27M "see (5.60), which implies that the overall contribution from these trees is smaller than

the norm of K#%M by a factor 27V,
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In conclusion, we obtain (5.75). By Vitali’s uniform convergence theorem for analytic
functions, we conclude that the limit as M — oo of the regularized correlations is analytic,
and its Taylor coefficients are the M — oo limit of the coefficients of the regularized corre-
lations. The same argument is valid for the limit as /3, L — oo, see [? , Appendix D] for a
thorough discussion of this limit. Of course, the same claims are valid for the regularized
free energy, too.

Finally, the statement of Proposition 4.1 follows from the remark that that the correlation
functions in momentum space can be expressed as the Fourier transforms of their space-time
counterparts, and that their derivatives of order r are controlled by the (1,r) norms (5.76)
of the space-time correlation functions, which are finite and bounded uniformly in £, L, M,

as we just proved.

APPENDIX A: EQUIVALENCE OF DEFINITIONS OF CONDUCTIVITY

In this appendix we show that, in the absence of interactions, our definition of conduc-
tivity Eq. (3.14) is equivalent to the Kubo formula (in units e = & = 1):

P Y [ B0 r.m), A1)

€a k)<u

where y is the Fermi energy, and P, (k) = |va(E) (vo(K)| is the projector over the a-th Bloch
band; the Bloch function v,(k) satisfies HO (k)va(k) = ca(k)va(k), with e, (k) the a-th
energy band. Of course, va(E) is defined only up to a phase, while Pa(lg) is free from this
ambiguity. It is well-known that the integral in (A.1) can only take integer values, and that
the corresponding integer has a topological meaning [? |; it is the Chern number of the Bloch
bundle associated to the a-th band. The equivalence of (3.14) with (A.1) is a well-known

fact, and we review it for completeness.

The starting point is to rewrite the current operator in Fourer space as follows:

J=i[H,Y Y d@al], #=1+59

oel FelAp,

_ Z o [(=)VRHOM(R) + 87 = 5]y (A.2)

kEBL

It turns out that the 6 factors in (A.2) can be reabsorbed by conjugating the Bloch
Hamiltonian and the fermionic fields with a suitable unitary transformation. Let us define
U(E) = diag(e‘ik"s(l) , e_ik'(s(m); then, we can rewrite the current as:

T=17 Z w vV HY (k)z/;].;g, (A.3)

kEBL
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where HO (k) = U(k)HO (F)U (k)*, ¥~ = U(k)yz, o = ¢ U (k). Of course, o (HO(k)) =
o (HO(K)). Instead, the eigenvectors of HO (k) are Uo(k) = U(k)va (k).
In the absence of interactions, the Green-Kubo conductivity matrix is:

0 e : ipo(x (0)
agj) = _Za_pOBL—mo ﬁLQ dmo dy 'Po(@o—yo) <T o JyOvj>B,L ) (A.4)
We write:
dx dy e'Po(zo=yo <TJ O _ ! d.r e’p°x°<J J> 0 (A.5)
ﬁLQ 0 0 Z0,1 3 yo] 8,L 2L2 0 CC()Z]/BL .

1 ipox ©
2L2/ do € (Jj Jugi) 5 g -

where we used that, by the ciclicity of the trace, (.J; >,(80)L = 0. Let us consider the first term

in Eq. (A.5). We get, by Wick’s rule:
1
2017

37z Z/ dzo ety {7 (2o, k k) 0, HO (k) g% (— xO,E)ﬁkjﬁ[(o)(E)}

keBy,

d:v elp°x°<Jx0,J >(0)

where §%L(z, k) is the fermionic propagator of the transformed operators ¢/= (see Eq. (27)):

-

G (w0, k) = Uk)g™* (0, k)U (k)"

—B(H©O) (F)—
1 4+ e~BHOE)—p) = 4 e BHO(E)—p)

. (A6)

Plugging (A.6) into (A.5) and integrating over xy we find:

202 J, dg & (Jroidj )
Lyl 1
2L* rep om0~ sa(E) + 87(/;) 1+ e—BlaB)—p) 1 4+ eBe(F)—p)

(Va(k), O HO (k) T, (k) (@, (K), O, HO (k) Ta(k)) . (A7)

In the same way, the second term in the right-hand side of Eq. (A.5) is:

1
T dx €m0 (i Ty ) (A.8)
1 Z 5 [ef(ipo—eal®)ter(®) _ 1] | 1 1
2L2 keB @7 —ipo — 5a(E) + g’Y(E) 1+ e—B(aa(E)—u) L+ GB(EW(E)_M)

(Va(k), O, HO (k) Ty (k) (@, (k), O, HO (k) Ta(k)) . (A9)
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Therefore, introducing the shorthand notation [8kilfl(0)(g)]m = (Ua(K), O, HO (k) T, (k)),
we get:

Ii 1 Bd 1POTO J J (0) li 1 0 d 1POT0 JJ (0)
Jim o7 0 20 €70 ( j>67L+5glolom y o €700 (J; xo,i>,B,L

- = ! HO (K 7700) (1
L Z Z tpo — 57(1;) + 50((];:) [aij (/{:)}M [akiH <k)}'ya T

ke, %7
b ea(B)>p

ey(k)<p

= : HO (k O (F
EL X oo A B 0 AVE), - (a10)

L ea(B)>p
ey (k)<p

Plugging this computation in (A.4), we obtain:

o _ [ _dk_ i
Y /(2”>2 Z (65(k) — ea(k))?

Oi,’y

ca(k)>p

ey (k)<p

=i Y [ 00, AT (R) + (01,7 (R), P (B)0T)] — (6 )
viey(k)<p

=i 3 |0 (8),0,5,(R)) — (91,7, (R), 0T ()] (A.13)
'75W(E)<,u

using that P,(0P,)P, = 0, we get:

(0,5, (). 0,5,(R) = (00, P, (B, (B 0P BT, ()

0, (), By (R)ay, v, (R) . (A1)

(0)

The last term is symmetric with respect to ¢ <> j and hence it does not contribute to o;;".

Thus, we found (A.1) with P, (k) instead of P, (k). To drop the tilde, notice first that

Py (kYU (E)* + U(E)[A;, Py (k))U (k)* (A.15)
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where A; = U(k)*0,,U(k) is a diagonal matrix, independent of k. Therefore,

Tr P, (k) [0k, Py (K), 0k (k)] = Tv P, (k)[0r, P, (k), O, P, (k)]
+Tr P, (K) [Az,P k, Py (k)] + Tr Py(K) [0y, Py (F), [A;, P, (K)), ]

-,

+Tr P, (k) [[A; A, PL(R)]] (A.16)

It is easy to see that the last term in (A.16) is zero for all k. Consider the second term in
(A.16). We have:

Trpv(]g) HAHP( )] Ok, P (K )}
= —Tv P,(R)Ai(1 — Py(k))y, Py(F) — Tr Py(R)dk, Py (F) (1 — Py(R))A;
= —0), Tt AP, (k) , (A17)

where we used again that P, (0F,)P, = 0. Being PA,(I;) periodic over B and A; constant, the
integral of (A.17) vanishes. The same is true for the third term in (A.16). Therefore, the

only nontrivial contribution to ai(](-)) comes from the first term of (A.16); this concludes the

check of (A.1).

APPENDIX B: THE HALDANE MODEL

An interesting model that falls into the general class of two-dimensional systems discussed
here is the Haldane model, [? |; as we shall see later, this model has remarkable transport

properties.

The model. The Haldane model describes fermions hopping on the honeycomb lattice,
exposed to a suitable external magnetic field. Let Ay be the triangular lattice, generated by
the basis vectors

/) — %(3, VB, = %(3, V3) . (B.1)

The reciprocal lattice A} of Ay is the triangular lattice generated by the vectors

Gy = %”(1, VB, Go-= %”(1, V3) . (B.2)

The physical lattice of the Haldane model is an hexagonal lattice, which can be obtained
as the superposition of two triangular lattices. Thus, the internal degrees of freedom are
labelled by o € {A, B}, where A, B label the sublattices A = A, + 5@, with 64 = 0,
5B = §; = (1, 0) (we neglect the spin for simplicity). The full honeycomb lattice is
ASJA) U A(LB). In other words, we can think of the honeycomb lattice as a triangular lattice,
where the sites corresponding to “dimers”, given by the pairs (7, &+ 51), with @ € A(LA)
each dimer, we associate the pair of fermionic operators (w;.t A ,1/}%% ). Each site 7 € A(LA)
has three nearest-neighbours  + gj, 7 =1,2,3, with:



