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Abstract. Extending some results of Crauder and Katz, and Ein and Shepherd-
Barron on special Cremona transformations, we study birational transforma-

tions of Pr onto a prime Fano manifold such that the base locus X ⊂ Pr is

smooth irreducible and reduced. The main results are a complete classification
when X has either dimension 1 and 2, or codimension 2. Partial results are

also obtained when X has dimension 3.

1. Introduction

In this paper we study birational transformations Φ : Pr99KZ with smooth irre-
ducible and reduced base locus X ⊂ Pr from the complex projective space onto a
prime Fano manifold Z, thus extending the study of the classical special Cremona
transformations initiated in [36], [37] and [38], and more recently and systematically
revisited in [9] (see also [23] and [20]), [13] and [10]. As there are no small con-
tractions involved, these birational transformations are among the most elementary
and special links of type II between Mori fibre spaces (in the sense of the Sarkisov
program), so maybe they also deserve some attention from this point of view. The
main results of the paper are the following:

Theorem 1. There are 8 (resp. 13) types of birational transformations of Pr with
smooth irreducible and reduced base locus of dimension 1 (resp. 2) onto a prime
Fano manifold.

This result is explicitly stated in Theorems 4 and 6, and it extends the main
results of [9] (see [9, Theorems 2.2 and 3.3]). On the other hand, when the base
locus has dimension 3 the picture is much more difficult. Note that even the case
of special Cremona transformations was left open for r ∈ {6, 8} (see [10, Corollary
1]) and, to the best of the authors’ knowledge, it still remains. In our setting, we
are able to obtain the classification in many simple cases (see Theorem 7) and we
also get the following more interesting result in Theorem 8:

Theorem 2. There are 7 types of birational transformations of P5 with smooth
irreducible and reduced base locus of dimension 3 onto a prime Fano manifold. In
particular, we construct a new Fano manifold of coindex 4 and degree 21.

As a consequence, extending one of the main results of [13] (see [13, Theorem
3.2]), we obtain the following result in Corollary 5 that shows a posteriori an unex-
pected link between this class of birational transformations and the Hartshorne-Rao
modules of the base locus (see Remark 13):
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Corollary 1. There are 18 types of birational transformations of Pr with smooth
irreducible and reduced base locus of codimension 2 onto a prime Fano manifold.

The proofs of our results are obtained in several steps. In the first step, that we
call numerology, we obtain the possible numerical invariants of a special birational
transformation (see Propositions 3, 5, 8 and 11). In a second step, we make use
of the normal bundle NX/Pr to get the fundamental formulae (Propositions 4, 6,
9 and 12), that combined with some multisecant formulae (see Section 4) allow us
to obtain, after several computations and geometric arguments, the maximal list
where all the possible numerical invariants of the embedding X ⊂ Pr are collected
(Propositions 7, 10, 14, 15 and 16). As already happened with the case of special
Cremona transformations, this is more complicated for n = 3. Note that, in our
setting, the situation is worse because in some cases we cannot even apply to Z the
classification results of Fano manifolds of small coindex obtained by Kobayashi-
Ochiai [25], Iskovskikh and Fujita [15], and Mukai [28] (see Remarks 3 and 10)
but, at least, we complete the picture in the same range covered by the classical
setting (cf. [10, Corollary 1]). In a third step, we first screen out the cases (if
any) for which there is no X ⊂ Pr corresponding to the numerical invariants of the
maximal list, and for each one of the remaining cases we classify X ⊂ Pr. In some
cases, this follows from the classification of manifolds of small degree, eventually
combined with a liaison in codimension 2, but in some other cases we need to use
the Beilinson spectral sequence technique to obtain a resolution of the ideal sheaf
from its cohomology (see Lemmas 9 and 10). Once X ⊂ Pr and its ideal sheaf are
determined, sometimes the resulting Z turns out to be singular a posteriori (see
Lemmas 1, 2, 6, 7 and 8). We include these cases separately because, in any event,
we always get a divisorial contraction from the blowing-up of Pr along X onto Z,
and hence we get some examples of special birational transformations onto a normal
variety of Picard number one with only Q-factorial and terminal singularities that
might be of some interest by themselves (cf. Remark 11). Finally, in the fourth
step, we present the main classification results in Theorems 4, 6 and 8, where the
smoothness of Z follows from a more general construction of series of birational
transformations introduced in Section 6. We point out that even if we find a lot
of special birational transformations of Pr along the way, they all belong to the
short list of series of examples given in Section 6. In particular, in all the cases Z
turns out to be either Pr, or a hypersurface in Pr+1, or a complete intersection of
quadric hypersurfaces, or a linear section of a Grassmannian of lines, or a prime
Fano fivefold of coindex 4 and degree 21 described in Example 5 that, as far as we
know, appears to be new.

We would like to mention that a similar extension of the classification of the
quadro-quadric special Cremona transformations [13, Theorem 2.6], which is the
other main result of that paper, is given in [1] by means of techniques which are
not present in this note (namely, the study of rational curves on Fano manifolds in
the framework of Mori Theory applied to the study of secant defective manifolds).

2. Preliminaries and first results

Let f0, . . . , fα ∈ C[X0, . . . , Xr] be homogeneous polynomials of degree a ≥ 2.
Let Φ : Pr99KPα be the corresponding rational map, and let Z := Φ(Pr). We
assume that Φ : Pr99KZ is a birational map and that Z ⊂ Pα is a manifold with
cyclic Picard group generated by the hyperplane section OZ(1) of Z ⊂ Pα. In
this setting Z is a Fano manifold, as it is covered by rational curves of degree
a. Let i := i(Z) ∈ N denote the index of Z, that is, −KZ = i · OZ(1). Let
Ψ : Z99KPr be the inverse of Φ : Pr99KZ. Let X ⊂ Pr and Y ⊂ Z denote the
the base (also called fundamental) locus of Φ and Ψ, respectively. We assume that
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X ⊂ Pr is a smooth irreducible and reduced scheme. We point out that X ⊂ Pr
is allowed to be degenerate, i.e. contained in a hyperplane of Pr. According to
the classical terminology of Cremona transformations, we say that Φ : Pr99KZ is
a special birational transformation of Pr. Let n := dim(X) and m := dim(Y ), so
in particular 1 ≤ n ≤ r − 2 and 0 ≤ m ≤ r − 2. Let W denote the blowing-up
of Pr along X, with projection maps σ : W → Pr and τ : W → Z such that
τ = Φ ◦ σ. Let H := σ∗OPr (1) and HZ := τ∗OZ(1). Let E be the exceptional
divisor of σ : W → Pr, and let EZ := τ−1(Y ) (scheme theoretically). We point out
that EZ is irreducible (see [13, Proposition 1.3]). Furthermore, a straightforward
generalization of [13, Proposition 2.1] yields:

Proposition 1. Notation as above:

(i) EZ is reduced;
(ii) HZ = aH − E and H = bHZ − EZ for some integer b ≥ 1;
(iii) Pic(W ) = Z[H]⊕ Z[E] = Z[HZ ]⊕ Z[EZ ];
(iv) KW = −(r + 1)H + (r − n− 1)E = −iHZ + (r −m− 1)EZ .

Let T := σ∗(L) ⊂W and TZ := τ∗(LZ) ⊂W , where L ⊂ Pr is a general line and
LZ ⊂ Z is the curve obtained by intersecting Z with r−1 general hyperplanes of Pα,
respectively. Note that a = deg(Φ(L)) = T ·HZ and that bz = deg(Ψ(LZ)) = TZ ·H,
where z := deg(Z).

Definition 1. In this setting, we say that Φ : Pr99KZ ⊂ Pα is a special birational
transformation of Pr of type (a, b).

Remark 1. Without loss of generality, we will assume throughout the paper that
f0, . . . , fα is a basis of H0(IX(a)) or, equivalently, that Z ⊂ Pα is non-degenerate
and linearly normal.

A line L ⊂ Pr is a k-secant line of X if L 6⊂ X and length(X ∩ L) ≥ k. Let
Seck(X) ⊂ Pr denote the closure of the union of all the k-secant lines of X. The
useful remark given in [13, Proposition 2.3] also holds in our setting:

Proposition 2. Notation as above:

(i) σ(EZ) = Seca(X) ⊂ Pr is a hypersurface of degree ab− 1;
(ii) Let p ∈ σ(EZ) be a general point. Then the union of all the a-secant lines

of X through p is an (r−m− 1)-plane that intersects X in a hypersurface
of degree a.

Remark 2. We point out that moreover X ⊂ Seca(X). As σ(EZ) = Seca(X), it
is enough to show that the intersection in W of EZ and every fibre of E over X
is positive. For any x ∈ X, let ξ be a curve contained in Pr−n−1 ∼= σ−1(x) ⊂ E.
Then H · ξ = 0 and HZ · ξ > 0. As H = bHZ − EZ , we get EZ · ξ = bHZ · ξ > 0.

Note that, in particular, Proposition 2(i) yields r ≤ 2n + 2, and equality holds
only for a = 2. Furthermore, there are some stronger restrictions on the numerical
invariants {a, b, n,m, i} of a birational transformation Φ : Pr99KZ. The following
result will be very important in what follows (cf. [13, Lemma 2.4]):

Proposition 3 (Numerology). Let Φ : Pr99KZ be a special birational transforma-
tion of type (a, b). Then:

(i) i = (r + 1)b− (r − n− 1)(ab− 1)
(ii) r + 1 = ia− (r −m− 1)(ab− 1)
(iii) a = (m+ 2)/(r − n− 1)
(iv) b = (n+ 2 + i− r − 1)/(r −m− 1)
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Proof. Since EZ = bHZ−H and E = aH−HZ , we deduce T ·EZ = T ·(bHZ−H) =
ab−1 and TZ ·E = TZ ·(aH−HZ) = abz−z. We remark that iz = −KZ ·LZ = −KW ·
TZ , and hence iz = (r+1)H ·TZ−(r−n−1)E ·TZ = (r+1)bz−(r−n−1)(ab−1)z
by Proposition 1. This proves (i). Similarly, r + 1 = −KPr · L = −KW · T =
iHZ · T − (r −m− 1)EZ · T = ia− (r −m− 1)(ab− 1), proving (ii). Finally, (iii)
and (iv) easily follows by eliminating i in (i) and (ii). �

In particular, we obtain better bounds than those of [13, Lemma 3.1]:

Corollary 2. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
Then:

(i) a ≤ min{m+ 2, r/(r − n− 1)}
(ii) b ≤ min{n+ 2 + i− r − 1, (i− 1)/(r −m− 1)}

Remark 3. We will use several times along the paper the classification of manifolds
of small coindex r + 1 − i ∈ {0, 1, 2, 3}. If i = r + 1 then Z = Pr, and if i = r
then Z ⊂ Pr+1 is a quadric hypersurface by [25]. If i = r − 1 then Z is a Del
Pezzo manifold of degree z ∈ {3, 4, 5} (see [15]), and if i = r− 2 then Z is a Mukai
manifold of degree z ∈ {4, 6, 8, 10, 12, 14, 16, 18, 22} (see [28]).

Throughout the paper, and motivated by the results of [9], [13] and [10], we will
study the following extremal and next-to-extremal cases n ∈ {1, 2, 3}, m ∈ {0, 1, 2},
and r = n+ 2. We begin with a simple consequence of Proposition 3.

Theorem 3. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If m = 0 then X ⊂ Pr−1 is a quadric hypersurface and Z ⊂ Pr+1 is a quadric
hypersurface.

Proof. Since m = 0, we get from Proposition 3(iii) that a = 2 and r = n + 2.
Therefore, Proposition 3(iv) yields b = (i − 1)/(r − 1) ≤ r/(r − 1). As r ≥ 3, we
deduce b = 1 and i = r. Finally, deg(Sec2(X)) = 1 and hence X ⊂ Pr−1 is a quadric
hypersurface by Proposition 2, so Z ⊂ Pr+1 is a smooth quadric hypersurface (see
Example 1 and Proposition 17). �

Combined with Proposition 3, the following result will be crucial in the sequel
(cf. [9, Formulae 0.3.]):

Proposition 4 (Fundamental formulae). Let Φ : Pr99KZ be a special birational
transformation of type (a, b), and let d := deg(X). Then d < ar−n and

(i) z = ar −
(
r
n

)
and−

∑n−1
i=0

(
r
i

)
aisn−i

(ii) bz = ar−1 −
(
r−1
n−1

)
an−1d−

∑n−1
i=1

(
r−1
i−1

)
ai−1sn−i

(iii) b2z−e = ar−2−
(
r−2
n−2

)
an−2d−

∑n−1
i=2

(
r−2
i−2

)
ai−2sn−i, where e := Y ·Or−2

Z (1)

Proof. Since X ⊂ Pr is defined by polynomials of degree a, we deduce d ≤ ar−n.
Furthermore, if d = ar−n then X ⊂ Pr is the complete intersection of r−n hypersur-
faces of degree a, giving a contradiction. We recall that Hi ·Er−i = 0 for n < i < r
and that Hi ·Er−i = (−1)r−i−1sn−i for i ≤ n, where sk := deg(sk(NX/Pr )) denotes
the degree of the k-th Segre class of the normal bundle NX/Pr of X in Pr. Therefore,
(i) follows from the equality z = Hr

Z = (aH−E)r and (ii) follows from the equality

bz = Hr−1
Z ·H = (aH−E)r−1 ·H. Finally, b2z−e = Hr−2

Z ·H2 = (aH−E)r−2 ·H2

giving (iii). �

Remark 4. Note that e = deg(Y ) if and only if Y ⊂ Z has codimension 2.
Otherwise, e = 0.

Remark 5. The number sk can be obtained from the exact sequence

0→ TX → TPr|X → NX/Pr → 0
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having in mind that s(NX/Pr ) · c(NX/Pr ) = 1. Therefore,

s(NX/Pr ) = c(TX) · c(TPr|X)−1 =

n∑
i=0

ci ·
n∑
i=0

(−1)i
(
r + i

i

)
Hi
X

and sk := sk(NX/Pr ) ·Hn−k
X , where HX denotes the hyperplane section of X ⊂ Pr.

In particular, s0 = d.

3. Case n = 1

Proposition 5 (Numerology for n = 1). Let Φ : Pr99KZ be a special birational
transformation of type (a, b). If n = 1 then one of the following holds:

(i) r = 4, a = 2, b ∈ {1, 2, 3}, i = b+ 2 and m = 2;
(ii) r = 3, a = 3, b ∈ {1, 2, 3}, i = b+ 1 and m = 1;
(iii) r = 3, a = 2, b = 1, i = 3 and m = 0.

Proof. This is a simple consequence of Proposition 3. �

Let g := g(X) denote the genus of X.

Proposition 6 (Fundamental formulae for n = 1). Let Φ : Pr99KZ be a special
birational transformation of type (a, b). If n = 1 then:

(i) z = ar + (r + 1− ra)d+ 2g − 2
(ii) bz = ar−1 − d
(iii) b2z − e = ar−2

Proof. They easily follow from Proposition 4 and Remark 5, since s0 = d and
s1 = 2− 2g − (r + 1)d. �

Proposition 7 (Maximal list for n = 1). Let Φ : Pr99KZ be a special birational
transformation of type (a, b). If n = 1 then one of the following holds:

(i) r = 4, a = 2, b = 3, d = 5, g = 1 and z = 1;
(ii) r = 4, a = 2, b = 2, d = 4, g = 0 and z = 2;
(iii) r = 4, a = 2, b = 1, d = 4, g = 1 and z = 4;
(iv) r = 4, a = 2, b = 1, d = 3, g = 0 and z = 5;
(v) r = 3, a = 3, b = 3, d = 6, g = 3 and z = 1;
(vi) r = 3, a = 3, b = 2, d = 5, g = 1 and z = 2;

(vii) r = 3, a = 3, b = 1, d = 6, g = 4 and z = 3;
(viii) r = 3, a = 3, b = 1, d = 5, g = 2 and z = 4;

(ix) r = 3, a = 3, b = 1, d = 4, g = 0 and z = 5;
(x) r = 3, a = 2, b = 1, d = 2, g = 0 and z = 2.

Proof. We proceed according to Proposition 5. Assume r = 4 and a = 2. Then
Proposition 6 yields z = 14 − 3d + 2g, bz = 8 − d and b2z − e = 4. If b = 3 then
i = 5 and hence z = 1, so d = 5 and g = 1 giving (i). If b = 2 then i = 4 and
hence z = 2, so d = 4 and g = 0. This gives (ii). If b = 1 then i = 3 and hence
z ∈ {3, 4, 5} by the classification of Del Pezzo manifolds [15]. If z = 3 then d = 5,
g = 2 and e = −1 so this case does not exist (see Remark 4). If z = 4 then d = 4
and g = 1, giving (iii). If z = 5 then d = 3 and g = 0, giving (iv).

Assume now r = 3 and a = 3. Then we get z = 25 − 5d + 2g, bz = 9 − d and
b2z − e = 3 by Proposition 6. If b = 3 then i = 4 and hence z = 1, so d = 6, g = 3
and we get (v). If b = 2 then i = 3 and hence z = 2, so d = 5 and g = 1, giving
(vi). If b = 1 then i = 2 and hence z ∈ {3, 4, 5}. If z = 3 then d = 6 and g = 4.
This gives (vii). If z = 4 then d = 5 and g = 2, giving (viii). If z = 5 then d = 4
and g = 0, giving case (ix).

Finally, if r = 3 and a = 2 then b = 1. So d = 2 and g = 0 by Proposition 2,
and we get (x). �
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Let us exclude first the cases in which Z is singular in Proposition 7.

Lemma 1. In Proposition 7, cases (iii) and (vii), Z turns out to be singular. More
precisely:

• In case (iii), X ⊂ P3 is a complete intersection of quadrics, c.i. (2, 2) for
short, and Z ⊂ P6 is a singular c.i. (2, 2).

• In case (vii), X ⊂ P3 is a c.i. (2, 3) and Z ⊂ P4 is a singular cubic
hypersurface.

Proof. In both cases, the classification of X ⊂ Pr is well known. Concerning Z,
case (iii) follows from a direct computation. For case (vii), see Example 1 and
Proposition 17. �

The main result of this section is the following:

Theorem 4. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If n = 1 then one of the following holds:

(I) r = 4, (a, b) = (2, 3), X ⊂ P4 is a quintic elliptic curve and Z = P4;
(II) r = 4, (a, b) = (2, 2), X ⊂ P4 is a quartic rational curve and Z ⊂ P5 is a

quadric hypersurface;
(III) r = 4, (a, b) = (2, 1), X ⊂ P4 is a twisted cubic and Z ⊂ P7 is a linear

section of G(1, 4) ⊂ P9;
(IV) r = 3, (a, b) = (3, 3), X ⊂ P3 is a sextic curve of genus 3 and Z = P3;
(V) r = 3, (a, b) = (3, 2), X ⊂ P3 is a quintic elliptic curve and Z ⊂ P4 is a

quadric hypersurface;
(VI) r = 3, (a, b) = (3, 1), X ⊂ P3 is a quintic curve of genus 2 and Z ⊂ P5 is

a c.i. (2, 2);
(VII) r = 3, (a, b) = (3, 1), X ⊂ P3 is a quartic rational curve and Z ⊂ P6 is a

linear section of G(1, 4) ⊂ P9;
(VIII) r = 3, (a, b) = (2, 1), X ⊂ P2 is a conic and Z ⊂ P4 is a quadric hypersur-

face.

Proof. By Proposition 7 and Lemma 1 we have to consider only eight cases. In
all of them, the classification of X ⊂ Pr is well known. Concerning Z, cases
(I) and (IV) are classical (see Remark 22 (i) and (ii), respectively). Case (II) is
contained in Example 6(iv). Case (III) is obtained by a direct computation taking
two hyperplane sections in Example 6(i). Case (V) is given either in Example 3,
or in Example 4 (see Remark 20). Cases (VI) and (VIII) are given in Example 1
and Proposition 17. Finally, case (VII) is given either in Example 2, or in Example
5. �

In particular, we recover the following result (see [9, Theorem 2.2]):

Corollary 3 (Crauder-Katz). Let Φ : Pr99KPr be a special Cremona transforma-
tion of type (a, b). If n = 1 then either r = 4, (a, b) = (2, 3) and X ⊂ P4 is a
quintic elliptic curve, or else r = 3, (a, b) = (3, 3) and X ⊂ P3 is a sextic curve of
genus 3.

Theorem 4 also yields the following consequence for m = 1 (cf. Theorem 3):

Theorem 5. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If m = 1 then a = 3, r = n + 2 and either X ⊂ Pr and Z are as in Theorem 4,
cases (IV)-(VII), or X ⊂ P4 is a quintic elliptic scroll and Z = P4, or X ⊂ Pr is
a quintic Castelnuovo manifold, r ∈ {3, 4, 5}, and Z ⊂ Pr+2 is a c.i. (2, 2).

Proof. If m = 1 we deduce from Proposition 3(iii) that a = 3 and r = n + 2.
Therefore, Proposition 3(iv) yields b = (i− 1)/(r − 2) ≤ r/(r − 2). So b ∈ {1, 2, 3}
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for r = 3, b ∈ {1, 2} for r = 4, and b = 1 for r ≥ 5. If r = 3 then n = 1 and we
conclude by Theorem 4. If r = 4 and b = 2 then X ⊂ P4 is a quintic elliptic scroll
by [2], since Sec3(X) 6= P4 and deg(Sec3(X)) = 5, and Z = P4. Finally, if r ≥ 4
and b = 1 then deg(Sec3(X)) = 2 by Proposition 2(i). Hence X ⊂ Pr is a divisor
on a quadric hypersurface, so either it is a c.i. (2, 3) and hence Z ⊂ Pr+1 would be
a singular cubic hypersurface by Example 1 and Proposition 17, or else it is linked
to a linear Pn by a c.i. (2, 3) (i.e. it is a quintic Castelnuovo manifold). In that
case, Z ⊂ Pr+2 is a c.i. (2, 2) by Example 1 and Proposition 17. �

Remark 6. For r = 3, a similar result to Theorem 4 has been independently
obtained in [31, Theorem 7].

4. Case n = 2

Proposition 8 (Numerology for n = 2). Let Φ : Pr99KZ be a special birational
transformation of type (a, b). If n = 2 then one of the following holds:

(i) r = 6, a = 2, b ∈ {1, 2, 3, 4}, i = b+ 3 and m = 4;
(ii) r = 5, a = 2, b ∈ {1, 2}, i = 2b+ 2 and m = 2;
(iii) r = 4, a = 4, b ∈ {1, 2, 3, 4}, i = b+ 1 and m = 2;
(iv) r = 4, a = 3, b ∈ {1, 2}, i = 2b+ 1 and m = 1;
(v) r = 4, a = 2, b = 1, i = 4 and m = 0.

Proof. It easily follows from Proposition 3. �

Let g denote the sectional genus of X ⊂ Pr.

Proposition 9 (Fundamental formulae for n = 2). Let Φ : Pr99KZ be a special
birational transformation of type (a, b). If n = 2 then:

(i) s1 = 2− 2g − rd
(ii) s2 = c2 − (r + 1)(2− 2g) +

(
r+1

2

)
d

Proof. We deduce from Remark 5 that s(NX/Pr ) = (1 + c1 + c2)(1− (r + 1)HX +(
r+2

2

)
H2
X), whence s1 = c1 ·HX−(r+1)H2

X and s2 = c2−(r+1)c1 ·HX +
(
r+2

2

)
H2
X .

Note that 2g − 2 = H2
X + HX ·KX by the adjunction formula, so we get (i) and

(ii). �

Multisecant formulae for surfaces. Let us recall some formulae, that we
denote by Nk,r, concerning the k-secant lines to a smooth surface X ⊂ Pr. Let
K2 := K2

X and χ := χ(OX). We start with the well-known double point formula,
that gives the number of 2-secant lines of X ⊂ Pr meeting a general Pr−5 (so, in
particular, N2,4 = 0):

N2,r =
1

2
(d2 − 5d− 10(g − 1)− 2K2 + 12χ)

Now we include several formulae due to Le Barz concerning higher k-secant lines
(see [27]). Let X ⊂ P6 be a smooth surface. The number of 3-secant lines meeting
a general 4-dimensional linear subspace is given by

N3,6 =
1

3
(d3 − 12d2 + d(18χ− 18g − 3K2 + 50)− 12(10χ− 11g − 2K2 + 11))

Remark 7. This formula does not work if X ⊂ P6 is a scroll over a curve.

Let X ⊂ P4 be a smooth surface. The number of 3-secant lines passing a general
point is given by

N3,4 =
1

6
(12χ+ d3 − 6d2 + d(11− 6g) + 18(g − 1))
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If X ⊂ P4 is non-degenerate, we remark that N3,4 = 0 if and only if X ⊂ P4 is
either a quintic elliptic scroll or it is contained in a quadric hypersurface (see [2]).
The number of 4-secant lines of X ⊂ P4 meeting a general line is given by

N4,4 =
1

8
(8χ(2d− 9) + d4 − 10d3 + d2(35− 8g) + 2d(28g − 33) + 4(g2 − 25g + 24))

and the number of 5-secant lines of X ⊂ P4 meeting a general plane is

N5,4 = 1
24 (24χ(d2 − 12d− 2(g − 22)) + d5 − 16d4 + d3(95− 12g) + 52d2(3g − 5) +

12d(2g2 − 62g + 43)− 120(g2 − 11g + 10))

Finally, the number of 6-secant lines of X ⊂ P4 is given by

N6,4 = 1
144 (288χ2 + 24χ(2d3 − 39d2 + d(355− 12g) + 90(g − 16)) + d6 − 21d5 +

d4(157− 18g) + 3d3(116g − 65) + 2d2(36g2 − 1431g − 1663)− 12d(72g2 − 1033g −
774)− 24(g3 − 111g2 + 854g − 744))−

∑
j

(
7+lj

6

)
where lj denotes the self-intersection of every line Lj ⊂ X.

Remark 8. The formulae N5,4 and N6,4 do not work if X ⊂ P4 is a scroll over
a curve. There are just two non-degenerate scrolls in P4, the rational normal
scroll and the quintic elliptic scroll (see [26]). The only degenerate scroll in P4

is P1 × P1 ⊂ P3.

Proposition 10 (Maximal list for n = 2). Let Φ : Pr99KZ be a special birational
transformation of type (a, b). If n = 2 then one of the following holds:

(i) r = 6, a = 2, b = 4, X is a scroll, d = 7, g = 1 and z = 1;
(ii) r = 6, a = 2, b = 2, X is a scroll, d = 5, g = 0 and z = 5;
(iii) r = 6, a = 2, b = 1, X is a scroll, d = 4, g = 0 and z = 14;
(iv) r = 6, a = 2, b = 4, d = 8, g = 3, K2 = 1, χ = 1 and z = 1;
(v) r = 6, a = 2, b = 3, d = 7, g = 2, K2 = 3, χ = 1 and z = 2;
(vi) r = 6, a = 2, b = 2, d = 6, g = 1, K2 = 6, χ = 1 and z = 4;
(vii) r = 6, a = 2, b = 1, d = 5, g = 1, K2 = 5, χ = 1 and z = 12;

(viii) r = 5, a = 2, b = 2, X ⊂ P5 is a Veronese surface and z = 1;
(ix) r = 5, a = 2, b = 1, X ⊂ P4 is a rational normal scroll and z = 5;
(x) r = 4, a = 4, b = 4, d = 10, g = 11, K2 = 5, χ = 5 and z = 1;

(xi) r = 4, a = 4, b = 2, d = 9, g = 8, K2 = −5, χ = 2 and z = 3;
(xii) r = 4, a = 4, b = 2, d = 8, g = 6, K2 = −1, χ = 2 and z = 5;

(xiii) r = 4, a = 4, b = 1, d = 12, g = 19, K2 = 48, χ = 16 and z = 4;
(xiv) r = 4, a = 4, b = 1, d = 10, g = 12, K2 = 12, χ = 7 and z = 6;
(xv) r = 4, a = 4, b = 1, d = 9, g = 9, K2 = 2, χ = 4 and z = 8;

(xvi) r = 4, a = 4, b = 1, d = 7, g = 4, K2 = −2, χ = 1 and z = 14;
(xvii) r = 4, a = 3, b = 2, d = 5, g = 1, K2 = 0, χ = 0 and z = 1;
(xviii) r = 4, a = 3, b = 1, d = 6, g = 4, K2 = 0, χ = 2 and z = 3;
(xix) r = 4, a = 3, b = 1, d = 5, g = 2, K2 = 1, χ = 1 and z = 4;
(xx) r = 4, a = 2, b = 1, X ⊂ P3 is a quadric and z = 2.

Proof. We proceed according to Proposition 8. Assume r = 6 and a = 2. If
X ⊂ P6 is a scroll then K2 = 8(1− g) and χ = 1− g. So we get z = 50− 9d+ 14g,
bz = 30 − 4d + 2g and b2z − e = 16 − d by Propositions 4 and 9, whence z =
(160 − 19d)/(7b − 1). If b = 4 then i = 7 and hence z = 1, so d = 7 and g = 1,
giving (i). If b = 3 then i = 6 and hence z = 2, but d /∈ N. If b = 2 then i = 5 and
hence z ∈ {3, 4, 5} by the classification of Del Pezzo manifolds [15], but the only
admissible case is z = 5, d = 5 and g = 0, giving (ii). If b = 1 then i = 4 and hence
z ∈ {4, 6, 8, 10, 12, 14, 16} by the classification of Mukai manifolds [28], but the only
admissible case is z = 14, d = 4 and g = 0. This gives (iii).
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If X ⊂ P6 is not a scroll we deduce from Propositions 4 and 9 the fundamental
formulae z = 54 − 9d + 10g + K2 − 12χ, bz = 30 − 4d + 2g and b2z − e = 16 − d.
Furthermore, N2,6 = deg(Sec2(X)) = 2b − 1 and hence d2 − 5d − 5(2g − 2) −
2K2 + 12χ = 4b − 2. In addition N3,6 = 0, as X ⊂ P6 is defined by quadrics, so
d3 − 12d2 + d(18χ − 18g − 3K2 + 50) − 12(10χ − 11g − 2K2 + 11) = 0. Hence
we can eliminate g = (bz + 4d − 30)/2, K2 = −z − 4b + d2 − 14d + 66 and χ =
(z(5b− 2)− 4b+ d2 − 3d− 30)/12, so we get

(b(3d− 32) + 8)z = 4b(3d− 28)− d3 + 7d2 + 70d− 456

If b = 4 then i = 7 and hence z = 1, so we deduce d = 8 and hence g = 3, K2 = 1
and χ = 1, giving (iv). If b = 3 then i = 6 and hence z = 2, so we deduce d = 7
and hence g = 2, K2 = 3 and χ = 1. This gives (v). If b = 2 then i = 5 and hence
z ∈ {3, 4, 5}. If z ∈ {3, 5} then d /∈ N. If z = 4 then d = 6, whence g = 1, K2 = 6,
χ = 1 and we get (vi). If b = 1 then i = 4 and hence z ∈ {4, 6, 8, 10, 12, 14, 16}. If
z ∈ {4, 6, 8, 10, 14} then d /∈ N. If z = 12 then d = 5. In this case, g = 1, K2 = 5,
χ = 1 and we get (vii). If z = 16 then d = 4, but in this case χ /∈ Z.

Consider now r = 5 and a = 2. In this case, we can argue geometrically instead
of computing the numerical invariants. As dim(Sec2(X)) = 4, we deduce from
Severi’s theorem [39] that either X ⊂ P5 is a Veronese surface, giving (viii), or else
X ⊂ P4. Furthermore, X ⊂ P4 is swept out by a 2-dimensional family of conics by
Proposition 2(ii), whence X ⊂ P4 is a rational normal scroll and we get (ix).

Assume r = 4. If a = 4 then we get from Propositions 4 and 9 the fundamental
formulae z = 234− 42d+ 22g +K2 − 12χ, bz = 62− 8d+ 2g and b2z − e = 16− d.
Moreover, N2,4 = 0 and hence d2−5d−10(g−1)−2K2 +12χ = 0. Then we obtain
g = (bz+8d−62)/2, K2 = z(6b−1)+d2 +d−128 and χ = (z(17b−2)+d2 +47d−
576)/12. Note that X ⊂ P4 cannot be a scroll by Remark 8, since they do not have
any 4-secant line. So N5,4 = 0 as X ⊂ P4 is defined by quartics, and hence we get

2bz2(b(3d− 32) + 2)− 2z(b(3d3 − 103d2 + 1185d− 4568) + 2(d2 − 20d+ 106)) +
d5 − 62d4 + 1529d3 − 18764d2 + 114688d− 279552 = 0

after substituting g, K2 and χ. We can assume d < 16 by Proposition 4. If b = 4
then i = 5 and hence z = 1, so we deduce d = 10. In this case, g = 11, K2 = 5 and
χ = 5. This gives (x). If b = 3 then i = 4 and hence z = 2, so we deduce d = 10
but χ /∈ Z. If b = 2 then i = 3 and hence z ∈ {3, 4, 5}. If z = 3 then either d = 9,
whence g = 8, K2 = −5 and χ = 2, giving (xi), or else d = 10, and hence χ /∈ Z.
If z = 4 then d /∈ N . If z = 5 then d = 8, whence g = 6, K2 = −1 and χ = 2,
giving (xii). Finally, if b = 1 then i = 2 and hence z ∈ {4, 6, 8, 10, 12, 14, 16, 18}. If
z = 4 then d = 12, whence g = 19, K2 = 48 and χ = 16, giving (xiii). If z = 6
then d = 10, whence g = 12, K2 = 12 and χ = 7. This gives (xiv). If z = 8 then
d = 9, whence g = 9, K2 = 2 and χ = 4, giving (xv). If z = 10 then d = 8 but
χ /∈ Z. If z = 14 then d = 7, whence g = 4, K2 = −2 and χ = 1, giving (xvi). If
z ∈ {12, 16, 18} then d /∈ N.

Now we consider a = 3. Then we get from Propositions 4 and 9 the fundamental
formulae z = 67 − 16d + 14g + K2 − 12χ, bz = 25 − 5d + 2g and b2z − e = 9 − d.
Since N2,4 = 0, we deduce g = (bz + 5d − 25)/2, K2 = z(2b − 1) + d2 − 11d + 27
and χ = (z(9b − 2) + d2 + 8d − 81)/12. As X ⊂ P4 is defined by cubics, N4,4 = 0
and we deduce

3b2z2− 2z(3b(2d2− 25d+ 77) + 2(2d− 9)) + 3d4− 86d3 + 914d2− 4266d+ 7371 = 0

If b = 2 then i = 5 and hence z = 1, so d = 5. In this case, g = 1, K2 = 0 and
χ = 0, giving (xvii). On the other hand, if b = 1 then i = 3 and hence z ∈ {3, 4, 5}.
If z = 3 then d = 6 and hence g = 4, K2 = 0 and χ = 2, giving (xviii). If z = 4
then d = 5, whence g = 2, K2 = 1 and χ = 1, giving (xix). If z = 5 then d /∈ N.
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Finally, if a = 2 then b = 1 so X ⊂ P3 is a quadric by Proposition 2 and we get
(xx). �

Let us study first the cases where Z is singular in Proposition 10.

Lemma 2. In Proposition 10, Z turns out to be singular in cases (iii), (v), (vi),
(vii), (xiii), (xiv) and (xviii). More precisely:

• In case (iii), X ⊂ P5 is a rational normal scroll and Z ⊂ P12 is a singular
linear section of G(1, 5) ⊂ P14.

• In case (v), X ⊂ P6 is the blowing-up of P2 along six points embedded by

|4L− 2E0 −
∑5
i=1Ei| and Z ⊂ P7 is a quadric cone of rank at most 6.

• In case (vi), X ⊂ P6 is a Del Pezzo surface and Z ⊂ P8 is a singular c.i.
(2, 2).

• In case (vii), X ⊂ P5 is a Del Pezzo surface and Z ⊂ P11 is a singular
linear section of the 10-dimensional spinor variety S4 ⊂ P15.

• In case (xiii), X ⊂ P4 is a c.i. (3, 4) and Z ⊂ P5 is a singular quartic
hypersurface.

• In case (xiv), X ⊂ P4 is linked to a quadric in a c.i. (3, 4) and Z ⊂ P6 is
a singular c.i. (2, 3).

• In case (xviii), X ⊂ P4 is a c.i. (2, 3) and Z ⊂ P5 is a singular cubic
hypersurface.

Proof. The classification of X ⊂ Pr is well known in cases (iii), (vi), (vii) and
(xviii). In case (v), it was classified in [21]. In case (xiii), it is a c.i. by [18]. Finally,
in case (xiv) the classification follows from [34, Theorem 0.1]. Now we focus on Z.
In cases (iii), (vi) and (vii) the description of Z follows from a direct computation
taking a linear section in Example 6 (i), (iv) and (ii), respectively. In cases (xiii),
(xiv) and (xviii) it follows from Example 1 and Proposition 17. Finally, in case (v)
we remark that X ⊂ P6 contains a 3-dimensional family of quintic elliptic curves
corresponding to the curves in the linear system |3L−

∑5
i=0Ei|. The restriction of

Φ to a P4 containing a quintic elliptic curve gives a Cremona transformation of type
(2, 3). So Z is swept out by a 3-dimensional family of P4’s, and hence we deduce
that it is a quadric cone of rank at most 6. �

The main result of this section is the following:

Theorem 6. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If n = 2 then one of the following holds:

(I) r = 6, (a, b) = (2, 4), X ⊂ P6 is a septic elliptic scroll of invariant −1 and
Z = P6;

(II) r = 6, (a, b) = (2, 2), X ⊂ P6 is a rational normal scroll and Z = G(1, 4) ⊂
P9;

(III) r = 6, (a, b) = (2, 4), X ⊂ P6 is the blowing-up of P2 along eight points

embedded by |4L−
∑8
i=1Ei| and Z = P6;

(IV) r = 5, (a, b) = (2, 2), X ⊂ P5 is a Veronese surface and Z = P5;
(V) r = 5, (a, b) = (2, 1), X ⊂ P4 is a rational normal scroll and Z ⊂ P8 is a

hyperplane section of G(1, 4) ⊂ P9;
(VI) r = 4, (a, b) = (4, 4), X ⊂ P4 is linked to a Bordiga surface in a c.i. (4, 4)

and Z = P4;
(VII) r = 4, (a, b) = (4, 2), X ⊂ P4 is a non-minimal K3 surface with five (−1)-

lines and Z ⊂ P5 is a cubic hypersurface;
(VIII) r = 4, (a, b) = (4, 2), X ⊂ P4 is a non-minimal K3 surface with a (−1)-line

and Z ⊂ P7 is a linear section of G(1, 4) ⊂ P9;
(IX) r = 4, (a, b) = (4, 1), X ⊂ P4 is linked to a cubic scroll in a c.i. (3, 4) and

Z ⊂ P7 is a c.i. (2, 2, 2);
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(X) r = 4, (a, b) = (4, 1), X ⊂ P4 is the blowing-up of P2 along eleven points

embedded by |6L−
∑5
i=1Ei −

∑11
i=6 2Ei| and Z ⊂ P10 is a linear section of

G(1, 5) ⊂ P14;
(XI) r = 4, (a, b) = (3, 2), X ⊂ P4 is a quintic elliptic scroll and Z = P4;

(XII) r = 4, (a, b) = (3, 1), X ⊂ P4 is a quintic Castelnuovo surface and Z ⊂ P6

is a c.i. (2, 2);
(XIII) r = 4, (a, b) = (2, 1), X ⊂ P3 is a quadric and Z ⊂ P5 is a quadric

hypersurface.

Proof. We proceed according to Proposition 10 and Lemma 2. The classification
of X ⊂ Pr follows from the classification of surfaces of small degree: In case (i), we
get (I) (see [9, p. 304] to compute the invariant of the scroll). In case (ii), we obtain
(II). In case (iv), we get (III) by [22]. Cases (viii) and (ix) yield cases (IV) and
(V), respectively. In case (x), we get (VI) by [34, Theorem 0.1]. In case (xi), we
obtain (VII) by [3, Theorem 0.1]. Case (xii) yields (VIII) by [29, Theorem 0.1]. In
case (xv), we get (IX) by [3, Theorem 0.1] and case (xvi) gives (X) by [21]. Finally,
cases (xvii), (xix) and (xx) yield (XI)-(XIII), respectively.

The description of Z is well known in cases (I), (II), (III), (IV), (VI) and (XI). See
Remark 22(i), Example 6(iii), [38] or Remark 22(iii) with k = 3 and d = 2, Example
6(iv), Remark 22(ii) and the paragraph before Example 4, respectively. Case (V)
follows from a direct computation taking a hyperplane section in Example 6(i). For
cases (IX), (XII) and (XIII), see Example 1 and Proposition 17. For cases (X) and
(VIII) see Examples 2 and 3, respectively. Finally, for case (VII) see Example 4
and Remark 20 (note that IX is given by a resolution 0 → TP4(−6) ⊕OP4(−5) →
OP4(−4)⊕6 → IX → 0 by [3, Theorem 0.3.c)]). �

In particular, we recover the following result (see [9, Theorem 3.3]):

Corollary 4 (Crauder-Katz). Let Φ : Pr99KPr be a special Cremona transforma-
tion of type (a, b). If n = 2 then either r = 6, (a, b) = (2, 4) and X ⊂ P6 is
either an octic rational surface or a septic elliptic scroll of invariant −1, or r = 5,
(a, b) = (2, 2) and X ⊂ P5 is a Veronese surface, or r = 4, (a, b) = (3, 2) and
X ⊂ P4 is a quintic elliptic scroll, or r = 4, (a, b) = (4, 4) and X ⊂ P4 is a
determinantal surface given by the 4× 4-minors of a 4× 5-matrix of linear forms.

5. Case n = 3

Proposition 11 (Numerology for n = 3). Let Φ : Pr99KZ be a special birational
transformation of type (a, b). If n = 3 then one of the following holds:

(i) r = 8, a = 2, b ∈ {1, 2, 3, 4, 5}, i = b+ 4 and m = 6;
(ii) r = 7, a = 2, b ∈ {1, 2}, i = 2b+ 3 and m = 4;
(iii) r = 6, a = 3, b = {1, 2, 3, 4, 5}, i = b+ 2 and m = 4;
(iv) r = 6, a = 2, b = 1, i = 5 and m = 2;
(v) r = 5, a = 5, b ∈ {1, 2, 3, 4, 5}, i = b+ 1 and m = 3;
(vi) r = 5, a = 4, b ∈ {1, 2}, i = 2b+ 1 and m = 2;

(vii) r = 5, a = 3, b = 1, i = 4 and m = 1;
(viii) r = 5, a = 2, b = 1, i = 5 and m = 0.

Proof. It easily follows from Proposition 3. �

Remark 9. Cases (ii), (iv), (vii) and (viii) are easy to classify by using geometric
arguments (see Theorem 7 below). For cases (v) and (vi), the situation is more
complicated. They will be treated in Theorem 8. On the other hand, for cases
(i), (iii) the problem seems to be much more difficult. As far as we know, even for
special Cremona transformations cases (i) and (iii) remain open (see [10, Corollary
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1]), and case (v) was obtained in [13, Theorem 3.2]. We will extend this result in
Corollary 5.

Theorem 7 (Easy cases). Let Φ : Pr99KZ be a special birational transformation of
type (a, b), and let n = 3.

(I) If r = 7 then a = 2 and either
• b = 2, X ⊂ P7 is a hyperplane section of P2 × P2 ⊂ P8 and Z ⊂ P8 is

a quadric hypersurface, or
• b = 1, X ⊂ P6 is a rational normal scroll and Z ⊂ P13 is a hyperplane

section of G(1, 5) ⊂ P14, or
• b = 1, X ⊂ P6 is a linear section of G(1, 4) and Z ⊂ P12 is a linear

section of the 10-dimensional spinor variety S4 ⊂ P15.
(II) If r = 6 and a = 2 then b = 1, X ⊂ P5 is the Segre embedding of P1 × P2

and Z = G(1, 4) ⊂ P9.
(III) If r = 5 and a = 3 then b = 1, X ⊂ P5 is a quintic Castelnuovo threefold

and Z ⊂ P7 is a c.i. (2, 2).
(IV) If r = 5 and a = 2 then b = 1, X ⊂ P4 is a quadric hypersurface and

Z ⊂ P6 is a quadric hypersurface.

Proof. If r = 7 then a = 2 and b ∈ {1, 2} by Proposition 11(ii). If b = 2 then
deg(Sec2(X)) = 3 and X ⊂ P7 is a secant defective threefold by Proposition 2.
Hence X ⊂ P7 is a hyperplane section of P2 × P2 ⊂ P8 by [14], and Z ⊂ P8 is
a quadric hypersurface (see Example 6(iv)). On the other hand, if b = 1 then
deg(Sec2(X)) = 1 by Proposition 2(i). In particular, X ⊂ P6 and d < 8, so
we easily deduce from [21] that X ⊂ P6 is either a rational normal scroll, or a
linear section of G(1, 4) ⊂ P9. In the first case Z ⊂ P13 is a hyperplane section
of G(1, 5) ⊂ P14, and in the second case Z ⊂ P12 is a linear section of the 10-
dimensional spinor variety S4 ⊂ P15. This follows by a direct computation taking
a hyperplane section in Example 6(i) and three hyperplane sections in Example
6(ii), respectively, giving (I). If r = 6 and a = 2, then b = 1 by Proposition 11(iv)
and hence deg(Sec2(X)) = 1 by Proposition 2(i). Therefore X ⊂ P5 and d < 4,
so it is the Segre embedding of P1 × P2 and Z = G(1, 4) ⊂ P9 (see Example 6(i)),
giving (II). Finally, (III) and (IV) follow from Proposition 11(vii) and (viii), and
Theorems 5 and 3, respectively. �

In this section, S ⊂ Pr−1 denotes a general hyperplane section of X ⊂ Pr and
C ⊂ Pr−2 denotes a general hyperplane section of S ⊂ Pr−1. The genus of C is
denoted by g.

Proposition 12 (Fundamental formulae for n = 3). Let Φ : Pr99KZ be a special
birational transformation of type (a, b). If n = 3 then:

(i) s1 = 2− 2g − (r − 1)d
(ii) s2 = c2(S)− r(2− 2g) +

(
r
2

)
d

(iii) s3 = c3(X)− (r + 1)c2(S) +
(
r+1

2

)
(2− 2g)−

(
r+1

3

)
d

Proof. We deduce from Remark 5 that s(NX/Pr ) = (1 + c1 + c2 + c3)(1 − (r +

1)HX +
(
r+2

2

)
H2
X −

(
r+3

3

)
H3
X), so s1 = c1 ·H2

X − (r + 1)H3
X , s2 = c2 ·HX − (r +

1)c1 ·H2
X +

(
r+2

2

)
H3
X and s3 = c3 − (r + 1)c2 ·HX +

(
r+2

2

)
c1 ·H2

X −
(
r+3

3

)
H3
X . We

recall that KS = KX · HX + H2
X and deg(KC) = KX · H2

X + 2H3
X = 2g − 2 by

the adjunction formula, and that c2(S) = c2 ·HX +KS ·HS by the exact sequence
0→ TS → TX |S → OS(1)→ 0, so c2 ·HX = c2(S) + 2− 2g + d. Then (i), (ii) and
(iii) follow from a simple computation. �

Furthermore, if r = 5 we have two more well-known formulae:

Proposition 13. If r = 5 then we get:
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(i) K3
X = −5d2 + d(2g + 25) + 24(g − 1)− 36χ(OS)− 24χ(OX)

(ii) 2K2
S = d2 − 5d− 10(g − 1) + 12χ(OS)

We now consider case (vi) in Proposition 11:

Proposition 14 (Maximal list for n = 3 and (a, b) = (4, b)). Let Φ : P599KZ be a
special birational transformation of type (4, b) and n = 3. Then b = 1 and one of
the following holds:

(i) d = 12, g = 19, χ(OS) = 16, χ(OX) = −5 and z = 4;
(ii) d = 10, g = 12, χ(OS) = 7, χ(OX) = 0 and z = 6;
(iii) d = 9, g = 9, χ(OS) = 4, χ(OX) = 1 and z = 8.

Proof. In this case, Propositions 4 and 12 yield the fundamental formulae

z = 874− 180d+ 150g − 14c2(S)− c3(X)

bz = 234− 42d+ 22g − c2(S)

Now since c2(S) = 12χ(OS)−K2
S (Noether’s formula) and

c3(X) = 6K2
S + 24χ(OX)− 72χ(OS)− 2d(d− 6− g) + 12(g − 1)

(this follows from the exact sequence 0→ TX → TPr|X → NX/Pr → 0) we deduce

z = −24χ(OX)− 96χ(OS) + 2d2 − 2dg − 192d+ 138g + 8K2
S + 886

bz = −12χ(OS)− 42d+ 22g +K2
S + 234

Furthermore, since m = 2 we get e = 0 (see Remark 4) and hence

b2z = 2g + 62− 8d

Moreover, we can eliminate variables thanks to Proposition 13 and we get

g = (b2z + 2(4d− 31))/2

K2
S = bz(6b− 1) + d2 + d− 128

χ(OS) = (bz(17b− 2) + d2 + 47d− 576)/12

K3
X = z(2b2(d− 10)− 2b+ 1) + 2(3d2 − 68d+ 384)

χ(OX) = −(z(b2(d+ 19)− 8b+ 1) + 6(d2 − 9d− 32))/24

Note that S ⊂ P4 has no 5-secant lines as X ⊂ P5 is defined by quartic hyper-
surfaces. If S ⊂ P4 is a scroll then X ⊂ P5 is either the Segre embedding of P1×P2,
or a quadric hypersurface by Remark 8. Therefore, S ⊂ P4 is a not scroll and we
deduce N5,4 = 0, that is,

2b3z2(b(3d− 32) + 2)− 2bz(b(3d3 − 103d2 + 1185d− 4568) + 2(d2 − 20d+ 106)) +
d5 − 62d4 + 1529d3 − 18764d2 + 114688d− 279552 = 0.

We deduce from Proposition 4 that d < 16. If b = 2 then i = 5 and hence
z = 2, so d /∈ N. On the other hand, if b = 1 then i = 3 and hence z ∈
{4, 6, 8, 10, 12, 14, 16, 18} by the classification of Mukai manifolds [28]. If z = 4
then d = 12 and we get (i). If z = 6 then d = 10 and we get (ii). If z = 8 then
d = 9 and we get (iii). If z = 10 (resp. z = 14) then d = 8 (resp. d = 7) but
χ(OX) /∈ Z. On the other hand, if z ∈ {12, 16, 18} then d /∈ N. �

We will need the following result to obtain the main result of this section, namely,
Theorem 8:

Lemma 3. Let X ⊂ P5 be a non-degenerate threefold. If S ⊂ P4 contains a line
L with L2 ∈ {0,−1} then X ⊂ P5 is either the Segre embedding P1 × P2, or a c.i.
(2, 2), or a quintic Castelnuovo threefold, or a scroll of lines over a surface (see [30]
for the classification), or an inner projection of a c.i. (2, 2, 2) in P6. In particular,
Sec5(X) = ∅.
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Proof. If S ⊂ P4 contains a line then X ⊂ P5 contains an irreducible family of lines
F of dimension at least 2. We can assume that KX + 2HX is generated by sections
(see for instance [7, Proposition 3.1]) and that dim(F) = 2, as otherwise X ⊂ P5 is
the Segre embedding of P1×P2. If F sweeps out X ⊂ P5 then NL/X = OL⊕OL for
a general line L ∈ F . Therefore (KX + 2HX) · L = 0, so dim(φ|KX+2HX |(X)) ≤ 2,

and hence we deduce from the proof of [7, Proposition 3.2] that X ⊂ P5 is a c.i.
(2, 2), or a quintic Castelnuovo threefold, or a scroll of lines over a surface. On the
other hand, if F does not sweep out X ⊂ P5 and S ⊂ P4 contains a line L with
L2 ∈ {0,−1} then X ⊂ P5 contains a plane P such that NP/X ∼= OP2(−s) with

s ∈ {0, 1}. If s = 0 then X ⊂ P5 would be the Segre embedding P1 × P2, which
is a contradiction, and if s = 1 then we get d = 7 (see for instance [7, Proposition
3.3])). In this case, X ⊂ P5 is necessarily an inner projection of a c.i. (2, 2, 2) in
P6 by [21], since the other two types of threefolds in P5 of degree 7 are easily ruled
out. As X ⊂ P5 is defined by forms of degree at most four in all of these cases, it
does not have any 5-secant line and hence Sec5(X) = ∅. �

Proposition 15 (Maximal list for n = 3 and (a, b) = (5, b)). Let Φ : P599KZ be a
special birational transformation of type (5, b) and n = 3. If b > 1 then one of the
following holds:

(i) b = 5, d = 15, g = 26, χ(OS) = 20, χ(OX) = −4 and z = 1;
(ii) b = 3, d = 14, g = 22, χ(OS) = 14, χ(OX) = 0 and z = 3;
(iii) b = 2, d = 16, g = 28, χ(OS) = 16, χ(OX) = 10 and z = 6;
(iv) b = 2, d = 12, g = 16, χ(OS) = 9, χ(OX) = 0 and z = 14.

Proof. In view of Propositions 4 and 12, we get the fundamental formulae

z = −24χ(OX)− 156χ(OS) + 2d2 − 2d(g + 246) + 268g + 13K2
S + 2857

bz = −12χ(OS)− 80d+ 30g +K2
S + 595

bz2 − e = 123− 11d+ 2g

Thanks to Proposition 13 we can eliminate variables and we get

g = (b2z + 11d− e− 123)/2

K2
S = bz(10b− 1) + d2 + 25d− 5(2e+ 125)

χ(OS) = (bz(25b− 2) + d2 + 110d− 25(e+ 75))/12

K3
X = z(b2(2d− 2)− 7b+ 1) + 2(6d2 − d(e+ 148) + e+ 750)

χ(OX) = −(z(b2(d+ 61)− 13b+ 1) + 9d2 − de− 61e− 2625)/24

Moreover, we get that S ⊂ P4 has no 6-secant lines since X ⊂ P5 is defined by
quintic hypersurfaces, and we deduce from Lemma 3 that it contains no line of
self-intersection {0,−1} as deg(Sec5(X)) = 5b − 1 by Proposition 2(i). Therefore,
N6,4 = 0 and we get the following equation on d, e, b, z

−3b6z3 + b2z2(b2(18d2 − 615d+ 9e+ 5273) + 4b(6d− 95) + 8)− bz(b(9d4 − 658d3 +
4d2(9e+ 4520)− 10d(123e+ 22114) + 9e2 + 10546e+ 1015245) + 4(2d3 − 103d2 +
2d(3e+ 904)− 5(19e+ 2145))) + d6 − 116d5 + d4(9e+ 5588)− d3(658e+ 143159) +

2d2(9e2 + 9040e+ 1029038)− 5d(123e2 + 44228e+ 3149625) + 3e3 + 5273e2 +
1015245e+ 50124375 = 0

We get d < 25 by Proposition 4 and, as Y ⊂ Z is defined by more than two
forms of degree b, we deduce e < zb2. If b = 5 then i = 6 and hence z = 1. Since
e < 25 we get that either d = e = 15 and we get case (i), or else d = e = 20, but
in that case χ(OX) /∈ Z. If b = 4 then i = 5 and hence z = 2. Moreover e < 32.
In this case the only admissible pairs are (d, e) ∈ {(13, 16), (16, 25), (17, 24)}, but
in any case χ(OX) /∈ Z. Assume now b = 3. Then i = 4 and hence Z is a
Del Pezzo manifold, so z ∈ {3, 4, 5} by [15]. If z = 3 then e < 27 and hence
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(d, e) ∈ {(14, 14), (16, 18), (17, 17)}. In the first case we get (ii), and in the other
cases we get χ(OX) /∈ Z. If z = 4 then e < 36 and hence (d, e) ∈ {(15, 24), (16, 33)},
but χ(OX) /∈ Z. If z = 5 then e < 45, whence (d, e) ∈ {(13, 27), (22, 36)} and
χ(OX) /∈ Z. Finally, let b = 2. Then i = 3, so Z is a Fano manifold of coindex
3 and hence z ∈ {4, 6, 8, 10, 12, 14, 16, 18} by Mukai’s classification [28]. If z = 4
then e < 16 so we get (d, e) ∈ {(13, 0), (16, 9), (17, 8)} and hence χ(OX) /∈ Z.
If z = 6 then e < 24 so we get (d, e) ∈ {(15, 12), (16, 21)}. In the first case,
χ(OX) /∈ Z. In the second case, we get (iii). If z = 8 then e < 32 and hence
(d, e) = (14, 17), but χ(OX) /∈ Z. If z = 10 (resp. z = 12) then e < 40 (resp.
48) and there are no integer solutions (d, e). If z = 14 then e < 56 an hence
(d, e) ∈ {(8, 17), (12, 33), (13, 36), (16, 39)}. If (d, e) = (12, 33) then we get (iv). In
the other cases, χ(OX) /∈ Z. If z = 16 then e < 64 and there are no integer solutions
(d, e). If z = 18 then e < 72 and hence (d, e) = (18, 69) but χ(OX) /∈ Z. �

Remark 10. The proof of Proposition 15 is based on the classification of Fano
manifolds of small coindex. If b = 1 then i = 2 and hence Z has coindex 4. As
there is no classification of such manifolds, we argue in a different way (cf. Remark
3).

We will use the following results from liaison theory in the sequel:

Lemma 4 ([32, Propositions 3.1 and 2.5]). Let X,X ′ ⊂ Pr be two subvarieties of
codimension 2 which are linked by a c.i. (p, q). Let d and d′ (resp. g and g′) denote
their degree (resp. sectional arithmetic genus). Then:

(i) d+ d′ = pq and g − g′ = (p+ q − 4)(d− d′)/2
(ii) If IX is given by a resolution 0 → E → F → IX → 0 and h1(E(p)) =

h1(E(q)) = 0 then IX′ is given by a resolution

0→ F ∗(−p− q)→ E∗(−p− q)⊕OPr (−p)⊕OPr (−q)→ IX′ → 0

Lemma 5 ([32, Theorem 4.1]). Let X ⊂ Pr be a manifold of codimension 2. If
IX(a) is globally generated then X ⊂ Pr can be linked to a manifold X ′ ⊂ Pr by a
c.i. (p, q) for every p, q ≥ a.

Proposition 16 (Maximal list for n = 3 and (a, b) = (5, 1)). Let Φ : P599KZ be a
special birational transformation of type (5, 1) and n = 3. Then one of the following
holds:

(i) d = 20, g = 51, χ(OS) = 70, χ(OX) = −55 and z = 5;
(ii) d = 17, g = 33, χ(OS) = 23, χ(OX) = 9 and z = 29;
(iii) d = 17, g = 35, χ(OS) = 34, χ(OX) = −12 and z = 13;
(iv) d = 17, g = 36, χ(OS) = 39, χ(OX) = −21 and z = 8;
(v) d = 16, g = 31, χ(OS) = 29, χ(OX) = −11 and z = 9;
(vi) d = 15, g = 27, χ(OS) = 23, χ(OX) = −7 and z = 12;

(vii) d = 14, g = 23, χ(OS) = 17, χ(OX) = −3 and z = 16;
(viii) d = 13, g = 19, χ(OS) = 11, χ(OX) = 1 and z = 21;

(ix) d = 12, g = 15, χ(OS) = 6, χ(OX) = 2 and z = 21;
(x) d = 11, g = 13, χ(OS) = 6, χ(OX) = 1 and z = 42;
(xi) d = 11, g = 15, χ(OS) = 10, χ(OX) = 2 and z = 68.

Proof. In this case Z is a Fano manifold of coindex 4, so we have no control on z
and hence we need a different approach. From Propositions 4, 12 and 13 we can
eliminate variables in terms of d and g, and we get

e = z + 11d− 2g − 123

K2
S = −z + d2 − 85d+ 5(4g + 121)

χ(OS) = −(2z − d2 + 165d− 50(g + 24))/12
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K3
X = −6z − 10d2 + d(4g − 28)− 2(2g − 627)

χ(OX) = (6z + d2 + d(274− g)− 61g − 2439)/12

Moreover, as X ⊂ P5 is defined by quintic hypersurfaces, we deduce that S ⊂ P4

has no 6-secant lines and contains no line of self-intersection {0,−1} by Lemma 3,
since deg(Sec5(X)) = 4 by Proposition 2(i)). So N6,4 = 0 and we get the formula

8z2 − 4z(2d3 − 37d2 + d(25− 12g) + 10(19g + 96)) + d6 − 17d5 − d4(18g + 579) +
d3(524g + 17525) + 2d2(36g2 − 1211g − 78853)− 4d(516g2 + 10901g − 136122)−

8(3g3 − 2083g2 − 36438g + 69768) = 0

First note that d ≤ 20, as X ⊂ Sec5(X) and deg(Sec5(X)) = 4 (see Remark 2
and Proposition 2(i)). If d = 20 then X ⊂ P5 is a c.i. (4, 5) and g = 51, whence
either z = 5, giving (i), or else z = 50 and hence χ(OX) /∈ Z. If d = 19 then X ⊂ P5

is linked (4, 5) to a P3 and hence g = 45 by Lemma 4(i), so either z = 41, whence
χ(OX) /∈ Z, or else z = 2, which is not possible as the coindex of Z is 4. Now assume
d ≤ 18. We deduce that deg(Y ) = e by Remark 4, since m = 3 by Proposition
11(v). As b = 1, we get that Y ⊂ Z is defined by more than two linear forms and
hence we deduce deg(Y ) = e < z. Therefore (11d−123)/2 < g. On the other hand,
an upper bound on g is given by [18]. If d = 18 then 38 ≤ g ≤ 40. If g ∈ {38, 40}
then z /∈ N. If g = 39 then z = 36. In this case, X ⊂ P5 is linked (5, 5) to a threefold
X ′ ⊂ P5 with d′ = 7 and g′ = 6 by Lemmas 5 and 4(i). Therefore, X ′ is linked
to P3 by a c.i. (2, 4) (see for instance [21]) and we deduce from Lemma 4(ii) that
IX is given by a resolution 0 → OP5(−8) ⊕ OP5(−6)⊕2 → OP5(−5)⊕4 → IX → 0,
so we get the contradiction h0(IX(5)) = 4. If d = 17 then 33 ≤ g ≤ 36. If g = 33
then z = 29, giving (ii). If g = 34 then z = 21, and hence χ(OX) /∈ Z. If g = 35
then either z = 13, giving (iii), or else z = 1, which is not possible as the coindex
of Z is 4. If g = 36 then z = 8, giving (iv). If d = 16 then 27 ≤ g ≤ 33. If g = 27
then z /∈ N. If g = 28 then z = 12, and hence χ(OX) /∈ Z. If g = 29 then either
z = 10, and hence χ(OX) /∈ Z, or else z = 1, which is not possible. If g = 30 then
either z = 8, and hence χ(OX) /∈ Z, or else z = 2, which is not possible. If g = 31
then z = 9, giving (v). If g = 32 then z /∈ N. If g = 33 then z = 17, and hence
χ(OX) /∈ Z. If d = 15 then 22 ≤ g ≤ 28, and z ∈ N only for g ∈ {26, 27}. If g = 26
then z = 5 and hence χ(OX) /∈ Z. On the other hand, if g = 27 then either z = 12,
giving (vi), or else z = 3, which is not possible as the coindex of Z is 4. If d = 14
then 16 ≤ g ≤ 24, and z ∈ N only for 22 ≤ g ≤ 24. If g = 22 then z ∈ {6, 9}, but
in both cases χ(OX) /∈ Z. If g = 23 then either z = 16, giving (vii), or else z = 10,
giving the contradiction e < 0. If d = 13 then 11 ≤ g ≤ 21, and z ∈ N only for
18 ≤ g ≤ 21. If g = 18 then z ∈ {11, 8}. In both cases χ(OX) /∈ Z. If g = 19 then
either z = 21, giving (viii), or else z = 15, giving the contradiction e < 0. If g = 20
then z ∈ {28, 25}. In both cases χ(OX) /∈ Z. If g = 21 then z = 35, and hence
χ(OX) /∈ Z. If d = 12 then 5 ≤ g ≤ 19, and z ∈ N only for 15 ≤ g ≤ 19. If g = 15
then either z = 21, giving (ix), or else z = 18, and hence χ(OX) /∈ Z. If g = 16
then z ∈ {38, 24}. If g = 17 then z ∈ {44, 41}. If g = 18 then z = 54. If g = 19
then z ∈ {70, 61}. In all these cases χ(OX) /∈ Z. If d = 11 then g ≤ 15, and z ∈ N
only for g ∈ {13, 14, 15}. If g = 13 then either z = 42, giving (x), or else z = 45,
and hence χ(OX) /∈ Z. If g = 14 then z ∈ {61, 55} and in both cases χ(OX) /∈ Z.
If g = 15 then either z = 77, and hence χ(OX) /∈ Z, or else z = 68, giving (xi).
Finally, if d ≤ 10 we can argue in a similar way. But we conclude in view of [5]. �

We analyze the cases in which either X ⊂ P5 does not exist, or Z is singular in
Propositions 14, 15 and 16.

Lemma 6. In Proposition 14, Z turns out to be singular in cases (i) and (ii).
More precisely:
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• In case (i), X ⊂ P5 is a c.i. (3, 4) and Z ⊂ P6 is a singular quartic
hypersurface.

• In case (ii), X ⊂ P5 is linked to a quadric hypersurface of P4 by a c.i. (3, 4)
and Z ⊂ P7 is a singular c.i. (2, 3).

Proof. The classification of X ⊂ P5 follows from [18] and [5, Theorem 5.1.3], re-
spectively. The description of Z follows from Example 1 and Proposition 17. �

Lemma 7. In Proposition 15, case (iii) does not exist. In case (ii), IX is given
by a resolution 0→ TP5(−7)⊕OP5(−6)→ OP5(−5)⊕7 → IX → 0 and Z ⊂ P6 is a
singular cubic hypersurface.

Proof. In case (iii), we deduce from Lemmas 5 and 4(i) that X ⊂ P5 is linked (5, 5)
to a threefold X ′ ⊂ P5 of degree d′ = 9 and sectional genus g′ = 7, contradicting [5,
Theorem 5.1]. In case (ii), X ⊂ P5 is linked (5, 5) to a threefold X ′ ⊂ P5 of degree
d′ = 11 and sectional genus g′ = 13. It follows from [6, §4] and [11, Remark 5.9] that
IX′ is given by a resolution 0→ OP5(−5)⊕5 → ΩP5(−3)⊕OP5(−4)→ IX′ → 0, so
we conclude by Lemma 4(ii) and Example 4 and Remark 20. �

Lemma 8. In Proposition 16, cases (ii), (iii) and (xi) do not exist. Moreover, Z
is singular in cases (i), (iv), (v), (vi), (vii) and (ix). More precisely:

(I) In case (i), X ⊂ P5 is a c.i. (4, 5) and Z ⊂ P6 is a singular quintic
hypersurface.

(II) In case (iv), Z ⊂ P7 is a singular c.i. (2, 4) and IX is given by a resolution
0→ OP5(−6)⊕OP5(−8)→ OP5(−4)⊕OP5(−5)⊕2 → IX → 0.

(III) In case (v), Z ⊂ P7 is a singular c.i. (3, 3) and IX is given by a resolution
0→ OP5(−7)⊕2 → OP5(−4)⊕OP5(−5)⊕2 → IX → 0.

(IV) In case (vi), Z ⊂ P8 is a singular c.i. (2, 2, 3) and IX is given by a resolu-
tion 0→ OP5(−6)⊕2 ⊕OP5(−7)→ OP5(−4)⊕OP5(−5)⊕3 → IX → 0.

(V) In case (vii), Z ⊂ P9 is a singular c.i. (2, 2, 2, 2) and IX is given by a
resolution 0→ OP5(−6)⊕4 → OP5(−4)⊕OP5(−5)⊕4 → IX → 0.

(VI) In case (ix), Z ⊂ P9 is a singular variety of degree 21 and IX is given by
a resolution 0→ TP5(−6)⊕OP5(−5)⊕4 → Ω2

P5(−2)→ IX → 0.

Proof. If the numerical invariants of X ⊂ P5 are those of Proposition 16(ii) (resp.
(iii)), then we get from Lemmas 5 and 4(i) that X ⊂ P5 is linked (5, 5) to a
threefold X ′ ⊂ P5 of degree d′ = 8 and sectional genus g′ = 6 (resp. 8). But
such a threefold X ′ ⊂ P5 does not exist according to [29]. On the other hand, the
numerical invariants of Proposition 16(xi) are ruled out by [6] and [11, Remark 5.9].
Assume now that the invariants of X ⊂ P5 are given by Proposition 16(i). Then
X ⊂ P5 is a c.i. (4, 5) by [18], and Z ⊂ P6 is a singular quintic hypersurface by
Example 1 and Proposition 17. This gives (I). If the invariants of X ⊂ P5 are those
of Proposition 16(iv), then it is linked (5, 5) to a threefold X ′ ⊂ P5 of degree d′ = 8
and g′ = 9. Then X ′ ⊂ P5 is a c.i. (2, 4) by [29]. The resolution of IX is given by
Lemma 4(ii), and Z ⊂ P7 is a singular c.i. (2, 4) by Example 1 and Proposition 17.
So we get (II). If X ⊂ P5 has invariants as in Proposition 16(v) then it is linked
(5, 5) to a threefold of degree d′ = 9 and sectional genus g′ = 10. Then X ′ ⊂ P5

is a c.i. (3, 3) by [5]. The resolution of IX is given by Lemma 4(ii), and Z ⊂ P7

is a singular c.i. (3, 3) by Example 1 and Proposition 17. This gives (III). If the
invariants of X ⊂ P5 are given by Proposition 16(vi) then it is linked (5, 5) to a
threefold X ′ ⊂ P5 of degree d′ = 10 and sectional genus g′ = 12. Therefore IX′ is
given by a resolution 0→ OP5(−5)⊕OP5(−6)→ OP5(−3)⊕OP5(−4)⊕2 → IX′ → 0
by [5, Theorem 5.1]. So we get the resolution of IX by Lemma 4(ii), and Z ⊂ P8

is a singular c.i. (2, 2, 3) by Example 1 and Proposition 17. This gives (IV). Let
X ⊂ P5 be with numerical invariants as in Proposition 16(vii), so it is linked (5, 5)
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to a threefold X ′ ⊂ P5 of degree d′ = 11 and sectional genus g′ = 14. It follows from
[6] and [11, Example 5.8] that X ′ ⊂ P5 is linked (4, 4) to a quintic threefold, so IX′
is given by a resolution 0→ OP5(−5)⊕2⊕OP5(−6)→ OP5(−4)⊕4 → IX′ → 0. Then
the resolution of IX follows from Lemma 4(ii) so Z ⊂ P9 is a singular c.i. (2, 2, 2, 2)
by Example 1 and Proposition 17, giving (V). Finally, if the invariants of X ⊂ P5

are those of Proposition 16(ix) then (KX +HX)3 = 0. So it is a conic bundle and
the resolution of IX is given by [7, Propositions 3.4 and 5.9], respectively. To get
a contradiction, assume that Z ⊂ P9 is smooth. Then Y ⊂ Z has codimension 2
by Proposition 11(v) and, on the other hand, the formula e = z + 11d − 2g − 123
given in Poposition 16 yields e = 0, contradicting Remark 4 and giving (VI). �

Remark 11. In all the cases where Z turns out to be singular throughout the
paper, the map τ : W → Z is a divisorial contraction. Hence, in all these cases,
Z is a normal variety with only Q-factorial and terminal singularities. As Lemma
8(VI) shows, Propositions 1 and 2 are no longer true in this setting. In this case,
H = HZ− 1

2EZ , KW = −2HZ + 1
2EZ and Sec5(X) ⊂ P5 is a hypersurface of degree

8. This shows that the classification of special birational transformations of Pr is
more complicated if one allows (even mild) singularities on Z.

The proof of Theorem 8 uses the classification of threefolds X ⊂ P5 of low
degree. This classification is complete up to degree 11 (see [6] and [11, Remark
5.9]). For degree 12, the possible numerical invariants of X ⊂ P5 are given in [12]
but uniqueness is not known (see [12, p. 394] and cf. Remark 12). So we provide
a direct argument in the following two cases:

Lemma 9. Let X ⊂ P5 be as in Proposition 15(iv). Then IX is given by a
resolution 0→ OP5(−5)⊕3 ⊕OP5(−6)→ ΩP5(−3)→ IX → 0.

Proof. Let S ⊂ P4 be a general hyperplane section of X ⊂ P5, and let C ⊂ P3 be a
general hyperplane section of S ⊂ P4. Since h0(OP3(4)) = 35 and h0(OC(4)) = 33
we deduce h0(IC(4)) ≥ 2, i.e. C is contained in two quartic surfaces of P3. Let
C ′ denote the residual scheme of degree d′ = 4. We deduce from Lemma 4(i)
that pa(C ′) = 0. Therefore h0(IC′(2)) = 1, and hence C ′ is a divisor of type
(3, 1) in a smooth quadric of P3. So IC′ is given by a resolution 0 → TP3(−5) →
OP3(−3)⊕3⊕OP3(−2)→ IC′ → 0, and we deduce from Lemma 4(ii) that IC is given
by a resolution 0→ OP3(−5)⊕3 ⊕OP3(−6)→ ΩP3(−3)⊕OP3(−4)⊕2 → IC → 0.

Let us compute the Beilinson cohomology table of IS(4), i.e. the 5 × 5 matrix
with entries h4−i(IS(j)). As X ⊂ P5 is regular by Barth’s theorem, S ⊂ P4

is regular by Kodaira vanishing. Then h1(OS) = 0, and hence h2(OS) = 8 by
Riemann-Roch. Note that Serre’s duality yields h2(OS(2)) = h0(KS − 2HS) = 0,
since (KS − 2HS)HS = 2g − 2 − 3d = −6. Therefore h3(IS(2)) = h2(OS(2)) = 0,
and hence we deduce from the exact sequence 0→ IS(k−1)→ IS(k)→ IC(k)→ 0
that the Beilinson cohomology table of IS(4) is given by

0 0 0 0 0
8 1 0 0 0
0 0 0 0 0
0 0 0 1 s
0 0 0 0 s+ 1

Now let us compute the Beilinson cohomology table of IX(4), i.e. the 6× 6 matrix
with entries h5−i(IX(j−1)). The Kodaira vanishing theorem yields hi(OX(−1)) =
0 for i ∈ {0, 1, 2}, and hence h3(OX(−1)) = 9 by Riemann-Roch. Furthermore,
h3(OX(1)) = h0(KX−HX) = 0 since (KX−HX)H2

X = 2g−2−3d = −6. Therefore
h4(IX(1)) = h3(OX(1)) = 0, and hence we deduce from the exact sequence 0 →
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IX(k − 1)→ IX(k)→ IS(k)→ 0 that the Beilinson cohomology table of IX(4) is
given by

0 0 0 0 0 0
9 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

as h0(IX(4)) = 0 by Proposition 2(i). Consequently, IX(4) is given by a resolution
0 → OP5(−1)⊕9 → TP5(−2) ⊕ ΩP5(1) → IX(4) → 0 by Beilinson’s theorem [4].
Finally, using Euler’s sequence 0 → OP5(−2) → OP5(−1)⊕6 → TP5(−2) → 0, we
get the diagram

0

��

0

��
0 // OP5(−1)⊕3 ⊕OP5(−2) //

��

ΩP5(1) //

��

IX(4) // 0

0 // OP5(−1)⊕9 //

��

TP5(−2)⊕ ΩP5(1) //

��

IX(4) // 0

TP5(−2)

��

TP5(−2)

��
0 0

and the first line gives the resolution of the statement. �

Lemma 10. Let X ⊂ P5 be as in Proposition 16(viii). Then IX is given by a
resolution 0→ OP5(−5)⊕10 → Ω3

P5(−1)⊕OP5(−4)→ IX → 0.

Proof. We argue as in Lemma 9. Since X is contained in the quartic hypersurface
Sec5(X) ⊂ P5 (see Remark 2 and Proposition 2(i)), the curve C ⊂ P3 is linked
(4, 5) to a curve C ′ ⊂ P3 of degree d′ = 7 and arithmetic genus pa(C ′) = 4 by
Lemma 4(i). Then h0(IC′(3)) ≥ 2, as h0(OP3(3)) = 20 and h0(OC′(3)) = 18. Let
C ′′ ⊂ P3 denote its residual scheme in a c.i. (3, 3). Then d′′ = 2 and pa(C ′′) = −1,
so C ′′ ⊂ P3 consists of two skew lines. Therefore, IC′ is given by a resolution
0→ TP3(−6)→ OP3(−4)⊕2⊕OP3(−3)⊕2 → IC′ → 0 and IC is given by a resolution
0→ OP3(−5)⊕OP3(−6)⊕2 → ΩP3(−3)⊕OP3(−4)→ IC → 0 by Lemma 4(ii).

Let us compute the Beilinson cohomology table of IS(4). Since S ⊂ P4 is
regular we get h1(OS) = 0, and hence h2(OS) = 10 by Riemann-Roch. Note that
h2(OS(2)) = h0(KS − 2HS) = 0, since (KS − 2HS)HS = −3. Hence h3(IS(2)) =
h2(OS(2)) = 0. Furthermore, h1(IC(j)) = h2(IC(j)) = 0 for every integer j ≥ 4 so
the Serre vanishing theorem yields h2(IS(3)) = 0, and hence we deduce from the
exact sequence 0→ IS(k−1)→ IS(k)→ IC(k)→ 0 that the Beilinson cohomology
table of IS(4) is given by

0 0 0 0 0
10 s+ 1 0 0 0
0 s 1 0 0
0 0 0 0 0
0 0 0 0 1
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Now let us compute the Beilinson cohomology table of IX(4). The Kodaira van-
ishing theorem yields hi(OX(−1)) = 0 for i ∈ {0, 1, 2}, and hence h3(OX(−1)) = 10
by Riemann-Roch. On the other hand, h3(OX(1)) = h0(KX − HX) = 0 as
(KX −HX)H2

X = −3. So h4(IX(1)) = 0. Furthermore h1(IS(j)) = h2(IS(j)) = 0
for every integer j ≥ 3, so the Serre vanishing theorem yields h2(IX(2)) = 0 and
hence we deduce from the exact sequence 0 → IX(k − 1) → IX(k) → IS(k) → 0
that the Beilinson cohomology table of IX(4) is given by

0 0 0 0 0 0
10 x 0 0 0 0
0 x 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

Let us show that x = 0. Assume to the contrary that x = h4(IX) = h3(OX) =
h0(KX) 6= 0. Then |KX + HX | gives a birational map ϕ|KX+HX | : X99KP9 onto

its image. Since deg(ϕ(X)) = (KX + HX)3 = 14, we get a contradiction by [17,
Corollary 2.23]. For a similar proof, see the proof of [12, Proposition 4.1] (and
hence also [6, Lemma 4.2]) having in mind that X ⊂ P5 coincides with its first
reduction by [6, Theorem 4.4.1]. Consequently, IX(4) is given by a resolution
0→ OP5(−1)⊕10 → Ω3

P5(3)⊕OP5 → IX(4)→ 0. �

Remark 12. The threefolds of Lemmas 9 and 10 are linked by a c.i. (5, 5) by
Lemma 4(ii) and the end of Example 5. But we cannot deduce Lemma 10 from
Lemma 9 (and viceversa) since the uniqueness of threefolds with these numerical
invariants was left open in [12]. Moreover, note that in Lemma 9 we use the fact
h0(IX(4)) = 0 coming from Proposition 2(i).

We are now in position to prove Theorem 8.

Theorem 8. Let Φ : P599KZ be a special birational transformation of type (a, b)
and n = 3. Then one of the following holds:

(I) (a, b) = (5, 5), Z = P5 and IX is given by a resolution

0→ OP5(−6)⊕5 → OP5(−5)⊕6 → IX → 0;

(II) (a, b) = (5, 2), Z ⊂ P11 is a linear section of G(1, 5) ⊂ P14 and IX is given
by a resolution

0→ OP5(−5)⊕3 ⊕OP5(−6)→ ΩP5(−3)→ IX → 0;

(III) (a, b) = (5, 1), Z ⊂ P10 is a new Fano manifold of degree 21 and coindex 4,
and IX is given by a resolution

0→ OP5(−5)⊕10 → Ω3
P5(−1)⊕OP5(−4)→ IX → 0;

(IV) (a, b) = (5, 1), Z ⊂ P15 is a linear section of G(1, 6) ⊂ P20 and IX is given
by a resolution

0→ OP5(−5)⊕5 → ΩP5(−3)⊕OP5(−4)→ IX → 0;

(V) (a, b) = (4, 1), Z ⊂ P8 is a c.i. (2, 2, 2) and IX is given by a resolution

0→ OP5(−5)⊕3 → OP5(−3)⊕OP5(−4)⊕3 → IX → 0;

(VI) (a, b) = (3, 1), Z ⊂ P7 is a c.i. (2, 2) and IX is given by a resolution

0→ OP5(−4)⊕2 → OP5(−2)⊕OP5(−3)⊕2 → IX → 0;

(VII) (a, b) = (2, 1), X ⊂ P4 is a quadric hypersurface and Z ⊂ P6 is a quadric
hypersurface.



SPECIAL BIRATIONAL TRANSFORMATIONS OF PROJECTIVE SPACES 21

Proof. We proceed in view of Proposition 11, cases (v)-(viii). According to Lem-
mas 7, 8 and 6, we first analyze the remaining cases in Proposition 15, 16 and
14, respectively. Let X ⊂ P5 be with numerical invariants as in Proposition
15(i). Then it is linked (5, 5) to a threefold X ′ ⊂ P5 of degree d′ = 10 and
sectional genus g′ = 11 by Lemmas 5 and 4(i). So IX′ is given by a resolution
0→ OP5(−5)⊕4 → OP5(−4)⊕5 → IX′ → 0 by [5, Theorem 5.1.4] and the resolution
of IX follows from Lemma 4(ii), giving (I). In this case, we obtain a well-known
Cremona transformation (see Remark 22(ii)). Assume now that the invariants of
X ⊂ P5 are given in Proposition 15(iv). The resolution of IX is given by Lemma
9, and Z ⊂ P11 is a linear section of G(1, 5) ⊂ P14 (see Example 3). This gives
(II). If the invariants of X ⊂ P5 are those of Proposition 16(viii), the resolution of
IX follows from Lemma 10 and Z ⊂ P10 is a new Fano manifold of coindex 4 (see
Example 5). This gives (III). If X ⊂ P5 has invariants as in Proposition 16(x), then
the resolution of IX is given by [6] and [11, Remark 5.9]. In that case, Z ⊂ P15 is
a linear section of G(1, 6) ⊂ P20 (see Example 2) and we get (IV). If the invariants
of X ⊂ P5 are given in Proposition 14(iii) then the resolution of IX comes from [5,
Theorem 5.1.3]. Hence Z ⊂ P8 is a c.i. (2, 2, 2) by Example 1 and Proposition 17,
giving (V). On the other hand, cases (VI)-(VII) follow from Theorem 7. �

Corollary 5. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If r = n + 2 then either r ∈ {3, 4, 5} and X ⊂ Pr and Z are given in Theorem 4,
cases (IV)-(VII), Theorem 6, cases (VI)-(XII), and Theorem 8, cases (I)-(VI), or
else X ⊂ Pr−1 is a quadric hypersurface and Z ⊂ Pr+1 is a quadric hypersurface.

Proof. If r ≤ 5 we conclude by Theorems 4, 6 and 8. Assume r ≥ 6. Note that
d < a2 = (m + 2)2 by Propositions 4 and 3(iii), whence d < r2. Therefore, we
deduce from [19, Theorem 5.1(ii)] that X ⊂ Pr is a c.i. (a′, a), with a′ < a. In that
case a′ = deg(Seca(X)), so Proposition 2(i) yields b = 1 and a′ = a− 1. Therefore,
we deduce from Example 1 and Proposition 17 that a = 2. �

Remark 13. In view of Corollary 5, we point out that if r = n + 2 then the
Hartshorne-Rao modules of X ⊂ Pr are very special. More precisely, X ⊂ Pr is
either a complete intersection, or arithmetically Cohen-Macaulay, or arithmetically
Buchsbaum (see [8]).

In particular, we recover the following result:

Corollary 6 (Ein and Shepherd-Barron). Let Φ : Pr99KPr be a special Cremona
transformation of type (a, b). If r = n + 2 then either r ∈ {3, 4, 5}, (a, b) = (r, r),
and X ⊂ Pr is defined by the r× r-minors of an r× (r+ 1)-matrix of linear forms,
or else r = 4, (a, b) = (3, 2) and X ⊂ P4 is a quintic elliptic scroll.

Moreover, Corollary 5 yields the following classification in the case m = 2 (cf.
Theorems 3 and 5):

Theorem 9. Let Φ : Pr99KZ be a special birational transformation of type (a, b).
If m = 2 then either a = 4, r = n+ 2 and X ⊂ Pr and Z are given in Theorem 6,
cases (VI)-(X), and Theorem 8, case (VI), or else a = 2, r = n + 3 and X ⊂ Pr
and Z are given in Theorem 4, cases (I)-(III), Theorem 6, cases (IV)-(V), and
Theorem 7, case (II).

Proof. If m = 2 we deduce from Proposition 3(iii) that either a = 4 and r = n+ 2,
or else a = 2 and r = n + 3. In the first case, we conclude by Corollary 5. In
the second case, Proposition 3(iv) yields b = (i − 2)/(r − 3) ≤ (r − 1)/(r − 3). So
b ∈ {1, 2, 3} for r = 4, b ∈ {1, 2} for r = 5, and b = 1 for r ≥ 6. If r = 4 we
apply Theorem 4, and if r = 5 we apply Theorem 6. Finally, if r ≥ 6 then b = 1
so deg(Sec2(X)) = 1 by Proposition 2(i). In particular, X ⊂ Pr is contained in
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a hyperplane and d ≤ 4 so we deduce that the only possibility is that given in
Theorem 7(II). �

6. Constructing examples

In this section, we present some series of examples of birational transformations
of Pr. They contain, in particular, all the special birational transformations that
appear throughout the paper. The following result, essentially noticed in [24], will
be useful for our purpose:

Theorem 10. Let E,F be vector bundles on Pr, r ≤ 5. If rank(F ) = rank(E) + 1
and E∗⊗F is globally generated, then the generic morphism u : E → F degenerates
on a manifold X ⊂ Pr of codimension 2. Furthermore, we get the exact sequence

0→ E
u→ F → IX(c1(F )− c1(E))→ 0

Remark 14. In the above context, if r ≥ 6 the cycle corresponding to the singular
locus of X ⊂ Pr is given by the well-known Giambelli-Thom-Porteous formula (see
for instance [16, Ch. 14]).

Example 1. Let X ⊂ Pr be given by the resolution

0→ ⊕cj=1OPr (a− βj)
u→ O⊕cPr ⊕OPr (1)→ IX(a)→ 0

corresponding to a morphism u, where
∑c
j=1 βj = (c+ 1)a− 1, a ≤ r and βj > a.

Then we claim that a basis of H0(IX(a)) defines a birational transformation Φ :
Pr99KZ ⊂ Pr+c of type (a, 1) onto a c.i. (β1 + 1− a, . . . , βc + 1− a). To prove the
claim, let Pr := P(V ), with coordinates x := (x0 : · · · : xr), and let εj := βj − a.
Note that IX is generated by a unique polynomial f of degree a−1, corresponding to
the equation of Seca(X), and c polynomials f1, . . . , fc of degree a, as we see directly
from the matrix representing u and the locus where the rank drops. By choosing
coordinates z := (z0 : · · · : zr : zr+1 : · · · : zr+c) in Pr+c, we have that Φ is given by
zi = xif for i = 0, . . . , r and zr+j = fj for j = 1, . . . , c. Note that the equations of
Y ⊂ Pr+c are {z0 = · · · = zr = 0} and that Φ|Pr\ Seca(X) : Pr\ Seca(X) → Z\Y is
an isomorphism. Let us consider the following diagram

0

0 // ⊕cj=1OPr (−εj) // O⊕cPr ⊕OPr (1) //

OO

IX(a) // 0

⊕cj=1OPr (−εj) // O⊕cPr ⊕ V ⊗Opr

OO

∧2(V )⊗OPr (−1)

OO

By the mapping cone technique, we have that a set of r + c + 1 generators of
degree a of IX is given by the unique syzygy of M t, where M is a matrix as follows

M =


(r + 1)× c matrix having

columns of degrees ε1, . . . , εc

(r + 1)×
(
r+1

2

)
Koszul matrix

K in the r + 1 variables x
c× c matrix having

columns of degrees ε1, . . . , εc
0


Moreover, the first syzygies of this set of generators are the columns of M . Hence

we have that the graph of Φ is given by zM = 0, and a set of generators for IZ is
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obtained by eliminating x from zM = 0. In this case, the product (z0, . . . , zr)K = 0
gives xi = zi for i = 0, . . . , r. Therefore, the elimination is straightforward and IZ
is generated by exactly c polynomials of degrees ε1+1, . . . , εc+1, proving the claim.

Remark 15. Example 1 provide an explicit construction of complete intersections
Z ⊂ Pr+c which are rational Fano varieties of Picard number one and index r+2−a
with only Q-factorial and terminal singularities. Note that Ψ : Z99KPr is the
projection from Y = Pc−1.

Remark 16. According to Theorem 10 and Remark 14, for generic u in Example
1 we get a smooth X ⊂ Pr if and only if either c = 1, or c ≥ 2 and r ∈ {3, 4, 5}.
Furthermore:

Proposition 17. If Z ⊂ Pr+c is smooth in Example 1 then Z ⊂ Pr+c is a c.i.
(2, . . . , 2) and r ≥ 2c − 2. Conversely, in this case, if u is generic and r ≥ 2c − 2
then Z ⊂ Pr+c is smooth.

Proof. We recall that Φ(Seca(X)) = Y ⊂ Z is a Pc−1, whence m = c − 1. If Z is
smooth then Proposition 3(ii) yields r + 1 = ia − (r −m − 1)(ab − 1). As b = 1
and i = r + 2 − a, we deduce m = a − 2 and hence a = c + 1. In particular,∑c
j=1 βj = c2 + 2c so βj = a + 1 for every j ∈ {1, . . . , c}, as βj ≥ a + 1 = c + 2.

Therefore, Z ⊂ Pr+c is a c.i. (2, . . . , 2). The Jacobian matrix of the c equations of
Z ⊂ Pr+c restricted to Y = Pc−1 is a (c, r+1)-matrix of linear forms in the variables
zr+1, . . . , zr+c representing a morphism OY (−1)⊕(r+1) → O⊕cY . By a well-known
extension of Theorem 10, this matrix drops rank on a subvariety of Y of dimension
at least 2c− 3− r. Therefore, r ≥ 2c− 2. Conversely, if u is generic and r ≥ 2c− 2
then the same argument shows that Z is smooth along Y , so we deduce that Z is
smooth since Φ|Pr\ Seca(X) : Pr\ Seca(X)→ Z\Y is an isomorphism. �

Remark 17. In particular, for generic u in Example 1, we get a special birational
transformation if and only if βj = a + 1 for every j ∈ {1, . . . , c} and either c = 1
(cf. Corollary 5), or c ≥ 2 and r ∈ {3, 4, 5} (cf. Theorems 4(VI), 6(IX) and (XII),
and 8(V-VI), respectively).

Remark 18. As Y ⊂ Z is a linear subspace of dimension c − 1, we deduce that
Z ⊂ Pr+c needs not to be a general c.i. (2, . . . , 2) for r ≥ 2c − 2. On the other
hand, we recall that a general c.i. (2, . . . , 2) contains a linear subspace of dimension
c− 1 (and hence is rational) for r ≥ (c2 + c− 2)/2 (see [33]).

A straightforward generalization of [13, Proposition 4.5] gives a method to pro-
duce (special) birational transformations of Pr. It will be used in Examples 2, 4
and 5 below:

Proposition 18. Let E be a globally generated vector bundle on Pr of rank k + 1.
Let p : P(E) → Pr, and let q : P(E) → Z ⊂ P(H0(E)) be the map corresponding
to the tautological line bundle on P(E), where Z := q(P(E)). If q : P(E) → Z
is a birational map then a general linear subspace W ⊂ H0(E) of dimension k

gives a birational transformation Φ : Pr99KZ, where Z ⊂ Ph0(E)−1−k is the linear

section of Z ⊂ Ph0(E)−1 corresponding to W . Moreover, we get the exact sequence

0→W ⊗OPr
u→ E → IX(c1(E))→ 0 and Φ is given by a basis of H0(IX(c1(E))).

Proof. A general linear subspace W ⊂ H0(E) of dimension k corresponds to a
general linear subspace ΣW ⊂ P(H0(E)) of codimension k. In particular, ΣW
intersects a general fibre PkP := q(p−1(P )) ⊂ Z in a point. Therefore, if q : P(E)→
Z is a birational map then we get a birational transformation Φ : Pr99KZ defined
by Φ(P ) = PkP ∩ ΣW . Moreover X := {P ∈ Pr | dim(PkP ∩ ΣW ) > 0}, and we
get the exact sequence of the statement. Note that q−1(Z) = P(IX(c1(E))), so we
deduce that Φ is given by a basis of H0(IX(c1(E))). �
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Remark 19. We point out that q : P(E) → Z is a birational map if and only if
(−1)rsr(E) = degZ. In particular, z := deg(Z) = (−1)rsr(E) in Proposition 18.

Example 2. Let X ⊂ Pr be given by the resolution

0→ O⊕rPr → ΩPr (2)⊕OPr (1)→ IX(r)→ 0

By Proposition 18, a basis of H0(IX(r)) gives a birational transformation Φ :
Pr99KZ ⊂ Pα of type (r, 1), where α = (r2 + r)/2, onto a linear section of G(1, r+

1) ⊂ P(r2+3r)/2. In fact, let us consider the resolution

0→ O⊕rPr+1

u→ ΩPr+1(2)→ IX̄(r)→ 0

corresponding to a morphism u and defining a subvariety X̄ ⊂ Pr+1 of codimension
2. By arguing as in Example 1 and by using the mapping cone technique, we have
that a set of α + 1 generators of degree r of IX̄ is given by the unique syzygy of
M t, where M is a matrix as follows

M =

( (
r+2

2

)
×
(
r+2

3

)
Koszul matrix

K in r + 2 variables x

(
r+2

2

)
× r matrix

of constants

)
Moreover, the first syzygies of this set of generators are the columns of M . By

choosing coordinates x := (x0 : · · · : xr+1) in Pr+1 and z := (z0 : · · · : zα) in Pα, we
have that the rational map Φ̄ induced by these generators of IX̄ has a graph given
by zM = 0. The general fibre of Φ̄ is an r-secant line to X̄. A set of generators
for IΦ̄(Pr+1) is obtained by eliminating x from zM = 0. In this case, Φ̄(Pr+1) is

the intersection of G(1, r + 1) ⊂ P(r2+3r)/2 with r hyperplanes. By restricting the
above resolution to a hyperplane of Pr ⊂ Pr+1 we get the desired resolution of
IX(r), where X := X̄ ∩ Pr and obviously Z := Φ(Pr) = Φ̄(Pr+1). For generic
u, the r hyperplanes are general and hence Z is smooth. So we obtain a special
birational transformation if and only if r ∈ {3, 4, 5} by Theorem 10 and Remark 14
(cf. Theorems 4(VII), 6(X) and 8(IV), respectively).

In a slightly different way we obtain the following:

Example 3. Let X ⊂ Pr be given by the resolution

0→ O⊕r−2
Pr ⊕OPr (−1)

u→ ΩPr (2)→ IX(r)→ 0

corresponding to a morphism u. Then a basis of H0(IX(r)) gives a birational
transformation Φ : Pr99KZ ⊂ Pα of type (r, 2), where α = (r2 − r + 2)/2, onto a

linear section of G(1, r) ⊂ P(r2+r−2)/2. In fact, arguing as in Examples 1 and 2, we
get

M =

 (
r+1

2

)
×
(
r+1

3

)
Koszul matrix K

in r + 1 variables x

(
r+1

2

)
× 1

matrix of
linear forms

(
r+1

2

)
× (r − 2)

matrix of
constants


and it is easy to see from the syzygies of the ideal that Φ is a birational trans-
formation and that Z is contained in a linear section as above. Having the same
dimension, they coincide. For generic u, the r − 2 hyperplanes are general and
hence Z is smooth. So we obtain a special birational transformation if and only if
r ∈ {3, 4, 5} by Theorem 10 and Remark 14 (cf. Theorems 4(V), 6(VIII) and 8(II),
respectively).

Before presenting the next example, we need to recall some known facts (see
[13], pp. 799–800). Let A denote the vector space of skew-symmetric matrices
(r + 1) × (r + 1), and let Ak := {a ∈ A | rank(a) ≤ k}. The rank of a skew-
symmetric matrix is an even number, and if k is even then Ak has codimension(
r+1−k

2

)
in A and Sing(Ak) = Ak−2. Let E := Λ2(TPr (−1)) ∼= Ωr−2

Pr (r−1). Then E



SPECIAL BIRATIONAL TRANSFORMATIONS OF PROJECTIVE SPACES 25

is generated by its global sections, that can be identified with A. Let p : P(E)→ Pr
and q : P(E)→ P(A) denote the projection maps, with q given by the tautological
line bundle on P(E). We can distinguish two cases. If r = 2t then s2t(E) = 1 and q :
P(E)→ P(A) is a birational map. On the other hand, if r = 2t−1 then s2t−1(E) = 0
and q(P(E)) =: Z ⊂ P(A) is the Pfaffian hypersurface of degree t, corresponding
to Ar−1, whose singular locus, corresponding to Ar−3, has codimension 6 in P(A).
Now consider the resolution

0→ O⊕(r2−r−2)/2
Pr

u→ Λ2(TPr (−1))→ IX̄(r − 1)→ 0

corresponding to a morphism u. If r = 2t then a basis of H0(IX̄(r − 1)) gives
a Cremona transformation of type (2t − 1, t) which is special for generic u only
for t = 2 by Theorem 10 and Remark 14 (in that case X̄ ⊂ P4 is a quintic elliptic
scroll). The fundamental locus of the inverse map is given by the intersection of the
Pfaffian hypersurfaces of degree t and (r2 − r− 2)/2 hyperplanes (see [13, p. 798]).
On the other hand, if r = 2t−1 then a basis of H0(IX̄(r−1)) gives a subhomaloidal
system Pr99KZ ⊂ Pr, whose general fibre is a line, onto a hypersurface of degree
t. Note that Z ⊂ Pr is the intersection of the Pfaffian hypersurface Z ⊂ P(A) of
degree t with (r2 − r − 2)/2 hyperplanes.

Example 4. Restricting the above resolution to a hyperplane Pr−1 ⊂ Pr, we obtain
the resolution

0→ O⊕(r2−r−2)/2
Pr−1 → Λ2(TPr−1(−1))⊕ TPr−1(−1)→ IX(r − 1)→ 0

where X := X̄ ∩ Pr−1. By Proposition 18 and the above discussion, we get a
birational transformation Φ : Pr−199KZ ⊂ Pr of type (r − 1, d(r − 1)/2)e onto a
hypersurface of degree dr/2e having in mind that b = d(r − 1)/2)e by Proposition
3, as i = r + 1− dr/2e since Z ⊂ Pr is a hypersurface of degree dr/2e. We remark
that Sing(Z) ⊂ P(A) has codimension 6, and hence dim(Sing(Z)) ≥ r − 6. If u is
generic then the (r2− r− 2)/2 hyperplanes are general. So Z is smooth if and only
if r ∈ {4, 5}, and hence Φ : Pr−199KZ ⊂ Pr is a special birational transformation
onto a prime Fano manifold by Theorem 10 and Remark 14 (cf. Theorems 4(V)
and 6(VII), respectively).

Remark 20. The resolution of Example 4 is equivalent, via Euler’s exact sequence,
to the resolution

0→ O⊕(r2−3r−2)/2
Pr−1 ⊕OPr−1(−1)→ Λ2(TPr−1(−1))→ IX(r − 1)→ 0

And this is also equivalent to the resolution

0→ TPr−1(−2)⊕OPr−1(−1)→ O⊕r+1
Pr−1 → IX(r − 1)→ 0

by means of the sequence 0→ TPr−1(−2)→ O⊕(r2−r)/2
Pr−1 → Λ2(TPr−1(−1))→ 0.

Example 5. Let F := E ⊕ OPr (1), with E = Λ2(TPr (−1)). Let p : P(F ) → Pr
and q : P(F ) → P(A ⊕ Cr+1) denote the projection maps, with q given by the
tautological line bundle on P(F ). We point out that q is a birational map onto
Z := q(P(F )) whose fundamental locus is contained in q−1(Z∩P(A)). In particular,
Sing(Z) ⊂ P(A). Let us compute the dimension of Sing(Z). If r = 2t then Sing(Z)
corresponds to A2t−2, and hence Sing(Z) ⊂ P(A) has codimension 3. On the other
hand, if r = 2t− 1 then Sing(Z) corresponds to A2t−4, and hence Sing(Z) ⊂ P(A)
has codimension 6. Now we apply Proposition 18. Consider the resolution

0→ O⊕(r2−r)/2
Pr

u→ Λ2(TPr (−1))⊕OPr (1)→ IX(r)→ 0

corresponding to a morphism u. As h0(IX(r−1)) = 1, we deduce from Proposition
2 that b = 1. If r = 2t then we get a birational transformation Pr99KZ ⊂ P2r of
type (r, 1) and dim(Sing(Z)) ≥ r − 4. On the other hand, if r = 2t − 1 then we
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get a birational transformation Pr99KZ ⊂ P2r of type (r, 1) and dim(Sing(Z)) ≥
r − 7. Note that Z ⊂ P2r is the intersection of Z ⊂ P(A ⊕ Cr+1) with (r2 − r)/2
hyperplanes. If u is generic then the (r2 − r)/2 hyperplanes are general. So Z
is smooth if and only if r ∈ {3, 5}, and hence Φ : Pr99KZ ⊂ P2r is a special
birational transformation onto a prime Fano manifold by Theorem 10 and Remark
14 (cf. Theorems 4(VII) and 8(III), respectively). Equivalently, IX is given by the
resolution 0→ TPr (−2)→ O⊕rPr ⊕OPr (1)→ IX(r)→ 0.

Remark 21. If r = 3 then Z ⊂ P6 is a linear section of Z = G(1, 4) ⊂ P9.
On the other hand, if r = 5 then Z ⊂ P10 is a linear section of Z ⊂ P20 and
dim(Sing(Z)) = 8. Therefore, Z ⊂ P10 is a hyperplane section of a 6-dimensional
prime Fano manifold in P11 of coindex 4 and degree 21. To the best of the authors’
knowledge, there is no reference to this manifold in the literature. Finally, for r = 4
we get a small contraction onto Z ⊂ P8 as Sec4(X) is the union of 5 planes in P4

and not a cubic hypersurface.

Example 6. Let us collect some well-known examples of special birational trans-
formations of Pr defined by quadric hypersurfaces:

(i) (see [40, Theorem 3.8.3]) Let X = P1×Pn−1 ⊂ P2n−1 ⊂ P2n be a degenerate
Segre embedding. Then a basis of H0(IX(2)) gives a special birational

transformation Φ : P2n99KG(1, n+ 1) ⊂ P(n2+3n)/2 of type (2, 1).
(ii) (see [40, Theorem 3.8.5]) Let X = G(1, 4) ⊂ P9 ⊂ P10 be a degenerate

embedding. Then a basis of H0(IX(2)) gives a special birational transfor-
mation Φ : P1099KS4 ⊂ P15 of type (2, 1) onto the 10-dimensional spinor
variety.

(iii) (see [35]) Let X ⊂ P2n+2 be a rational normal scroll. Then a basis of
H0(IX(2)) gives a special birational transformation Φ : P2n+299KG(1, n +

2) ⊂ P(n2+5n+4)/2 of type (2, 2).
(iv) (see [13, Theorem 2.6]) Let X ⊂ Pr be a Severi variety. Then a basis of

H0(IX(2)) gives a special Cremona transformation Φ : Pr99KPr of type
(2, 2). So the restriction to a general hyperplane gives a special bitrational
transformation Φ : Pr−199KZ ⊂ Pr of type (2, 2) onto a smooth quadric
hypersurface.

Remark 22. The series of Cremona transformations that appear in this paper are:

(i) The Cremona transformation Φ : P2n+299KP2n+2 given by the quadric hy-
persurfaces containing a generic elliptic scroll of degree 2n+ 3 (see [37]).

(ii) The Cremona transformation Φ : Pr99KPr given by r × r-minors of an
r × (r + 1)-matrix of linear forms (see [13]).

(iii) The Cremona transformations Φ : Pkd99KPkd given by forms of degree d
described in [20, Section 5].
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