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I read in a book that the objectivity of human thought can be expressed by
using the verb to think in impersonal form. Could we ever say “it plays”
as we say “it rains”, or “today it is windy "¢ [...] And may we also say
“it listens” as we say “it rains”?¢

— Freely translated and adapted by the author from Se una notte
d’inverno un viaggiatore, Italo Calvino.



Abstract

Is it possible to represent the horizontal motions of the melodic strands of a contra-
puntal composition, or the main ideas of a jazz standard as mathematical entities?
In this work, we suggest a collection of novel models for the representation of music
that are endowed with two main features. First, they originate from a topological
and geometrical inspiration; second, their low dimensionality allows to build simple
and informative visualisations.

Here, we tackle the problem of music representation following three non-orthogonal
directions. We suggest a formalisation of the concept of voice leading (the assign-
ment of an instrument to each voice in a sequence of chords) suggesting a horizontal
viewpoint on music, constituted by the simultaneous motions of superposed melodies.
This formalisation naturally leads to the interpretation of counterpoint as a multivari-
ate time series of partial permutation matrices, whose observations are characterised
by a degree of complexity. After providing both a static and a dynamic represen-
tation of counterpoint, voice leadings are reinterpreted as a special class of partial
singular braids (paths in the Euclidean space), and their main features are visualised
as geometric configurations of collections of 3-dimensional strands.

Thereafter, we neglect this time-related information, in order to reduce the
problem to the study of vertical musical entities. The model we propose is derived
from a topological interpretation of the Tonnetz (a graph commonly used in compu-
tational musicology) and the deformation of its vertices induced by a harmonic and
a consonance-oriented function, respectively. The 3-dimensional shapes derived from
these deformations are classified using the formalism of persistent homology. This
powerful topological technique allows to compute a fingerprint of a shape, that re-
flects its persistent geometrical and topological properties. Furthermore, it is possible
to compute a distance between these fingerprints and hence study their hierarchical
organisation. This particular feature allows us to tackle the problem of automatic
classification of music in an innovative way. Thus, this novel representation of music
is evaluated on a collection of heterogenous musical datasets.

Finally, a combination of the two aforementioned approaches is proposed. A
model at the crossroad between the signal and symbolic analysis of music uses
multiple sequences alignment to provide an encompassing, novel viewpoint on the
musical inspiration transfer among compositions belonging to different artists, genres
and time. To conclude, we shall represent music as a time series of topological
fingerprints, whose metric nature allows to compare pairs of time-varying shapes
in both topological and in musical terms. In particular the dissimilarity scores
computed by aligning such sequences shall be applied both to the analysis and
classification of music.
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Introduction

Modelling a creative process is a daunting task, since it is not yet possible to define
an operator capable of judging its aesthetics in an objective way. This is one of
the main reasons that renders the realisation of formal models for the analysis and
classification of music such a challenging endeavour. It is necessary to investigate the
compositional process, in order to provide a coherent analysis and a robust classifier
of music.

Often, the core of a piece of music is made of a small collection of strong, recog-
nisable musical concepts, that are grasped by the majority of the listeners (Dowling,
1972; [Folgieri et al., [2014} Tulipano and Bergomil 2015). These musical concepts are
shaped by varying levels of tension over time, drawing the attention of the listener
to particular moments thanks to specific choices, frustrating his or her intuition
through unexpected changes, or confirming his or her expectation with, for instance,
a well-known cadence leading to resolution.

Our approach to the analysis of music composition stems from the assumption
that it is based on two main actions used by the composer to describe musical
concepts and shape his or her piece. The philosopher and musicologist Ernst Kurth
in Grundlagen des Linearen Kontrapunkts (Kurth and Rothfarbl |1991) describes the
counterpoint as an equilibrium among streaming linear forces (kinetic energy) and
congealing harmonics forces (potential energy). These terms, that are not meant
to be interpreted as scientific definitions, suggest a twofold interpretation of music.
On one side, the horizontal point of view, intended as the behaviour of superposed
independent melodic strands of counterpoint; on the other side, a vertical perspective
where music is compressed in a harmonic form, and chords summarise the information
otherwise ordered in time.

From a scientific viewpoint, the analysis of music has largely been attacked on
the symbolical side with algebraic tools (Andreatta, 2003; Zabka, 2009) and the
category theory (Mazzola and Andreattal, 2006; |Mazzola et al., 2002; Popoft et al.,
2015), while its audio signals have been largely explored in computer science, leading
to the field of Music Information Retrieval (Casey et al., |2008). Recently, the
mathematical community witnessed a surprising growth of the field of Topological
Persistence (d’Amico et al. 2006; Edelsbrunner and Harer, [2008). This theory
provides a rigorous approach to the problem of shapes recognition, allowing to
compare complex forms, while giving a simple and robust representation of their
geometrical and topological properties. As the models for the analysis of audio
signals take advantage of the strategies developed for image analysis (Smaragdis
and Brown, 2003; Wang et al., |2003; [Li et al., 2010), it is possible to borrow some
tools from the topological analysis of shapes and data to tackle the problem of music
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analysis.

The main aim of this work lies in the introduction of low-dimensional topological
and geometrical models in order to describe, albeit in a extremely simplified form, the
compositional process. This task has been split into two smaller problems, following
the approach described by Kurth. On one side, the analysis of multidimensional
time series as a concatenation of events in time, which finds its natural musical
counterpart in the voice-leading theory. On the other side, the representation of
persistent features of static and time-varying shapes, encoding in their geometry the
information carried by the symbolic and signal-based nature of music.

The structure of this work reflects these considerations. After an introductory
part, aimed at defining some basic musical and mathematical concepts, it is developed
in three parts. In Parts [[] and [[TI} these horizontal and vertical approaches are
described separately, although they are far from being orthogonal. Consequently, two
strategies considering both these aspects are proposed in Part [[V] In the following
paragraphs the main contributions of each parts are described.

Musical and mathematical preliminaries

In this first part, we introduce the main musical and mathematical characters
that shall intervene in this work. First, a quick historical presentation of the
concepts of monody and polyphony is presented and the links between these classical
compositional techniques and their modern counterparts are discussed. Second, we
place our research at the crossroad between mathematics and music. Two state-of-
the-art approaches that inspired our investigation are discussed. On one hand, we
introduce the geometrical representation of harmonic objects provided by the chords
space (Tymoczko, [2011; Callender et al., 2008]), together with the interpretation of
voice leadings as trajectories in this space, which inspired the research described
in Part [Tl On the other hand, we introduce the notion of simplex and simplicial
complex, two standard objects in algebraic topology, that will be used to provide a
topological definition of the Tonnetz.

Algebraic and geometric models for the voice leading theory

Given a sequence of chords, the voice leading process corresponds to their transforma-
tion in a superposition of melodies, endowed with a certain degree of independence.
The main contribution of this part is the introduction of a mathematical formalisa-
tion of the concept of voice leading and the representation of simultaneous motions
of voices as partial permutations. An algorithm to univocally compute the partial
permutation matrix associated to a voice leading is proposed. In particular, we
demonstrate how this simple representation suffices to describe the behaviour of the
voices, with a focus on voice crossing.

As a geometrical counterpart to this first algebraic interpretation, voice leadings
are interpreted as piecewise geodesics in several spaces. The different types of voice
motions are analysed in each space, pointing out how minimal geodesic paths repre-
sent non-crossing voice leadings among two chords. Then, consecutive simultaneous
motions of voices are represented as concatenation of geodesics.

Once the essential role played by the juxtaposition of voice leadings as a con-
catenation of linear function has been modelled, the concatenations of geodesics
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are substituted by concatenations of partial permutation matrices. Associating to
each permutation matrix a 4-dimensional complexity vector describing the main
features of the voice leading, we provide a representation of the counterpoint of
the first species. After generalising this model to the study of the concatenation of
voice leadings containing rests, a naive extension to other contrapuntal species is
suggested.

Finally, in order to provide a visualisation of voices motions, voice leadings are
described as trajectories in 3-dimensional Euclidean space by using the mapping
which is naturally defined between partial braids and partial permutations. This
representation shall prove to be very efficient for the visualisation of voice leadings
between n-notes chords, when a particular class of trajectories is considered.

Persistent musical features

In this section, the ordering of melodic or harmonic states that represented the core
of the previous part is neglected. Music is seen as composed by vertical, unordered
entities, as a pianist could interpret a scale as a cluster, to grasp at first sight its
intervallic properties.

The main idea is to introduce a metric representation of the Tonnetz interpreted
as a planar polyhedral surface, whose vertices are displayed along a third dimension,
through a specific function. In particular, we shall consider two deformation functions.
The first one is defined in the symbolic domain and takes into account the pitch
classes and durations of a series of notes. The second, based on the interaction
between signal and symbol, is constructed on the consonance function as it has been
defined by (Plomp and Levelt], 1965)).

The shapes obtained via these deformations are then classified by computing
their persistent homology. The novel and lively field of computational topology
provides a series of tools allowing to associate a fingerprint to a shape, describing
its geometrical and topological features as a simple diagram. After a preliminary
section introducing the basic definitions and theorems of persistent homology, this
formalism is applied to the analysis of music. The results are interpreted in a musical
context. Moreover, the distance between persistence diagrams is used to classify
several datasets of compositions, modal scales and triads.

Harmonic time series and persistence snapshots

The dynamic and time-dependent nature of music is one of the main ingredients
of this last part. In the first chapter, we suggest a novel approach to the analysis
of pop music. At the intersection of the symbolic and signal-analysis domains,
this method consists in the interpretation of automatically transcribed harmonic
progressions as symbolic sequences. Such sequences shall be analysed by computing
their multiple alignment. Widely used in phylogenetic, this technique shall provide an
encompassing representation of the harmonic features characterising a dataset of 138
Pop songs. The analysis of statistically recurrent motifs of these aligned sequences
allows to quantify and analyse the shared inspiration and the contamination over
time among compositions.

Thereafter, we propose an adaptation of the model introduced in the previous
section, in order to include time in the geometrical and topological analysis of
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music. Static shapes are now considered as time-varying systems, whose evolution is
describable as a sequence of observations in time. Thus, we shall consider the time
series formed by topological fingerprints computed on a sampling of the Tonnetz’s
deformation in time. A musical interpretation of the meaning of these topology-based
time series is followed by an application of this technique to a music classification
task on three different datasets.



Part 1

Musical and mathematical
preliminaries
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Abstract

The aim of this first section is to introduce the ingredients of music theory that
inspired our research, in order to provide a practical musical setting for the whole work
and to give some important music-oriented bibliographic references. In Chapter
a brief history of monody, polyphony, counterpoint and its relationship to western
common practice tradition is discussed.

In Section we introduce the concept of simplicial complex, a core object in
algebraic topology representing one of the main mathematical ingredients of this
work. Then, we place our investigation in the mathematical/musical domain: we
introduce the chord space, which inspired a model describing the complexity of voice
leading presented in Part [lIl and the Tonnetz, that will be used in Part
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Music theory preliminaries

Monody and polyphony allow to introduce two apparently orthogonal approaches
to music analysis. The former suggests the well-known interpretation of chords as
unordered sets of notes (referred hereafter as a vertical analysis). The latter, can be
defined as the study of voices moving independently as a superposition of melodies
(referred hereafter as horizontal analysis). Although both approaches encode relevant
information, we shall observe that it is not possible, even on a historical basis, to
order these approaches chronologically, nor to define them as independent techniques.

In Figure an intuitive representation of these viewpoints is depicted. Monody
can be depicted as a set of horizontal lines in simultaneous motions, while polyphonic
music can be represented as a series of independent lines in terms of height (pitches)
and time (duration). The superposition of several melodies allows the composer to
enrich and emphasise a main melody, which is preferred among the others.

Shortly, we shall provide a quick historical overview on monophony and polyphony.
This section aims at supplying the reader with the basic information concerning
what shall be developed in the next parts of this work, to provide the essential music
theory bibliographic references and some examples linking the classical concepts of
monody and polyphony with modern music.

1.1 Monody, polyphony and modern notation

1.1.1 Monody and lead sheet

In the fourth century, when the first monastic communities were created, the
psalmodic practices arose as ancestors of the Gregorian chant (Apel, [1958; |Chanan),
1994). The monophonic monastic psalmody was used as a metaphor of discipline, to

i//i
E s

(a) Monody. (b) Polyphony.

S

Figure 1.1: Intuitive representation of monody and polyphony. (a) Monody is
intended as a melodic line supported by a harmonic progression. (b) The polyphonic
approach allows to create superpositions of independent melodic strands, that affect
the listener both as a whole and separated entities.

11
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Figure 1.2: An example of lead sheet.

create and enforce the bond among the members of the community, as it is described
in (Basil, |1963).

It is important to note that, in the context described above, monophony represents
a specific choice, rather than an ancestor of polyphonic music, representing the
rejection of earlier —presumably polyphonic— practices. Indeed, polyphony has
never supplanted monophony in the history of western music. If the term monophony
is used to describe music consisting of a single (generally vocal) melodic part,
monophony is a melody sustained by a harmonic progression. This term was
introduced in (Galilei, [1569), in order to describe a single voice supported by the
chords played by a lute. We refer interested reader to (Taruskin, 2009, Chapter 1)
for further details about the passage from monastic psalmody to monophony.

In a modern music context, the idea of monody and its notation are widely used.
It is common practice to use the lead sheet notation to represent music in a concise
form, as it is depicted in Figure The melody is written in standard notation,
while chords appear above the staff as symbols (see Appendix for an introduction to
chord notation). This kind of harmonic notation provides no information concerning
the voicings that should be used and both the rhythmical and dynamical aspects
are also neglected.

In lead sheet notation, chords are represented as vertical structures. In this case,
it is natural to think about them, as pitch-class sets, i.e. collections of notes in which
neither the octave, nor the order of the notes composing the chord are specified.
The mathematical model describing this construction will be detailed in Chapter
However, it is clear that the style and the time in which a song has been composed,
arranged or re-arranged, lead the performer to certain musical choices, that at least
partially, fill the notation’s gaps. This vertical approach to music inspired the model,
that we will describe in Part

1.1.2 Polyphony, modal harmony and melodic voicings

Polyphony has always been present in European music. However, we can identify the
12t" century as the moment in which polyphonic composition became the standard
technique in Western music. As we claimed above, polyphony and monophony are
not terms in opposition, but answers to different needs.

The practice of polyphony was firstly described in the treatise Musica Enchiriadis
and its contemporary commentary Schola Enchiriadis, see (Erickson and Paliscal,
1995)). These treatises depict two polyphonic techniques that can be used to enrich a
given melody. It is interesting to note how these two techniques can be reinterpreted
in a modern context.

The first one is the ison chanting, in which the tonic note of the melody, explicitly
notated, is supposed to be held while the main melody is sung. In a modern music
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Figure 1.3: Chord symbols are substituted by mode names. The Law of Diminishing
Returns - Alan Pasqua. Solos part B.
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Figure 1.4: Example of polyphony from Musica Enchiriadis. Transcription
from (Taruskin), 2009, Chapter 2).

context, this type of practice is analogous to the modal harmony notation. For
example, consider the notation used in The Law of Diminishing Returns’ solo section
depicted in Figure In this case, the notation specifies a particular modal choice
(lydian) and its ison, i.e. the root of the modal scale and the reference pitch that
allows to identify the lydian mode. See Appendix for an introduction to modal
theory.

The second technique describes the harmonisation of a given melody through
parallel doubling, i.e. the accompaniment of a melody with another one consisting
of its transposition to a fixed consonant interval. The modern analogous to this
technique is the arrangement process known as the voicing of a melody or block
voicing. This practice lies at the intersection between monody and polyphony. Given
a lead sheet, the melody can be voiced using its harmonic structure (see Figure
for an example). We refer to (Wei, 2008) for a detailed explanation of this technique
in its modern version and to (Taruskin, |2009, Chapter 5) for details on its classical
use. It is possible to find something similar in the two partitions of Figure [1.4
They are not examples of polyphonic composition, but a reinforcement of the voz
principalis through a lower melody, organum, producing an intuitive contrapuntal
harmony.

As the enrichment of a melody using voicings is strictly related to a chord the
two techniques described in Musica Enchiriadis are far from the compositional inde-
pendence that characterises a polyphonic composition. Two important innovations
are described in the Micrologus (d’Arezzo et al., [1993). First, as it is depicted
in Figure more than one contrapuntal solution can be given as harmonisation of
the same melody. In particular, in Figure the final is reached with a passing
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r ] "—|—Qj

Jhe - ru sa lem

(a) Solution 1.

Jhe - ru sa lem
(b) Solution 2.

Figure 1.6: Two different harmonizations of Jerusalem. Guido d’Arezzo, Micrologus.

note and the major second is used as a secondary consonance, giving rise to a
smoother passage to the final than the direct leap used in Figure Second,
although some intervals like the perfect fifth are still judged as hard-sounding, in
Micrologus the contrapuntal technique is based on the pleasantness of a certain
harmonic choice, rather than on a natural law. Thus, not only the process of voicing
has been brought to a more human level, but even the concept of parsimony of voice
leading is introduced, as one may notice from the movement of the organum in both
the examples of Figure [1.6

At the same time, the examples given in the Micrologus stress a preference for
contrary motion at cadences, while the parallel doubling represents a sporadical
choice, thanks to the new degrees of freedom the voices are endowed with. See
also (Rankin, [1993) for pre-guidonian evidences on the use of parsimonious voice
leadings and contrary motion. In Figure it is possible to observe an example of
this relative independence of voices.

This independence has been inherited by modern music, representing the typical
behaviour of the melody against a bass line. The former moving more or less freely
depending on the context, and the latter linked to the harmonic choices made by
the composer. In Figure the bars 1-4 of Interplay by Bill Evans are depicted.
The harmonic progression is stressed by the movement of the bass line and enriched
with a higher voice, in a harmonisation of major and minor twelfths. This choice
states both a tonal (Bb minor) and modal (F' phrygian) choice. The melody moves
with a high degree of independence, often in contrary motion and crossing the tenor



1.2. VOICE LEADING PRACTICE 15

Figure 1.7: Independent voice leading and contrary motion. A fragment of Alleluia:
Angelus Domini - Chartres 109, fol. 75.
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Figure 1.8: Polyphonic Jazz standard. Segregation among the melody and the bass
voices. Interplay, Bill Evans, bars 1-4.

voice. Voice leading techniques shall be detailed later in Section However
the degree of independence of the voices either in rhythmical or intervallic terms,
allows to classify counterpoint into five species, depicted in Figure To conclude
this comparison among classical and modern monodic and polyphonic techniques,
we show how the first and fifth contrapuntal species has been used in two jazz
composition in Figures and respectively.

The necessity of a representation of simultaneous motion of voices and its
visualisation inspired the work we describe in Part [[Il The time-dependent nature of
Music, suggested the time-series-oriented representation of Music, will be described
in Part [Vl

1.2 Voice leading practice

Harmony and the study of counterpoint provide some theoretical axioms to guarantee
the smoothness of a composition (where smoothness is intended in this context as
understandability). We refer to (Aldwell et al., 2010, Chapter 6 ) for a list of
phenomena occurring in the voice leading process in four-part writing. The following
list aims at describing some compositional strategies, that shall be used in the
remainder of this work.

Vocal range. Each voice has to be settled in a range that can be sung without
excessive effort. Thus the construction of a melody associated to each voice has to
take into account this particular feature:
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the fifth specie.
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Figure 1.10: A reduced orchestration of Boplicity bars 1-4. Birth of the Cool, by
Miles Davis.

i) Soprano: C4 — G,
ii) Alto: G — Cs,
iii) Tenor : C3 — Gy,

iv) Bass: Ey — Cy.



1.2. VOICE LEADING PRACTICE

A. Sx.
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