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ABSTRACT: We perform a comparison of soft-gluon resummation in SCET vs. direct QCD
(dQCD), using Higgs boson production in gluon fusion as a case study, with the goal of
tracing the quantitative impact of each source of difference between the two approaches.
We show that saddle-point methods enable a direct quantitative comparison despite the
fact that the scale which is resummed in the two approaches is not the same. As a byprod-
uct, we put in one-to-one analytic correspondence various features of either approach:
specifically, we show how the SCET method for treating the Landau pole can be imple-
mented in dQCD, and how the resummation of the optimal partonic scale of dQCD can
be implemented in SCET. We conclude that the main quantitative difference comes from
power-suppressed subleading contributions, which could in fact be freely tuned in either
approach, and not really characteristic of either. This conclusion holds for Higgs pro-
duction in gluon fusion, but it is in fact generic for processes with similar kinematics. For
Higgs production, everything else being equal, SCET resummation at NNLL in the Becher-
Neubert implementation leads to essentially no enhancement of the NNLO cross-section,
unlike dQCD in the standard implementation of Catani et al.
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1 Sudakov resummation: advantages and ambiguities

The current standard for the computation of hard processes at the LHC, such as Higgs
production in gluon fusion [1, 2], is to improve fixed order computations through the inclu-
sion of soft-gluon resummation. This is often advantageous even for processes which are far
from threshold, where the contributions which are resummed would become of order one,
because it may provide a good approximation to the first few missing higher order correc-
tions: this is indeed what happens for Higgs production in gluon fusion [3, 4]. However,
especially when dealing with processes which are far from threshold, alternative imple-
mentations of threshold resummation which differ by subleading terms lead to predictions
which might differ by an amount which is comparable to the effect of the resummation
itself. Comparison of different resummation prescriptions and methodologies may then be
of considerable phenomenological interest.

A particularly relevant instance of this situation is the comparison of results obtained
when resummation is performed through the direct use of perturbative QCD (direct QCD,
or dQCD, henceforth), or using an effective field theory (soft-collinear effective theory, or
SCET, henceforth). For example, in the case of Higgs in gluon fusion [5-7] the effect of
resummation can be by a factor two larger according to whether resummation is performed
using SCET or dQCD [6]. Whereas there are indications that this is likely related to power-
suppressed corrections [6], it would be highly desirable to have a detailed quantitative
understanding of the relation between the two approaches.

In recent years there has been an increasing interest in a deeper understanding of sim-
ilarities and differences between the SCET and dQCD approach to resummation. Whereas
in the SCET papers refs. [6, 8, 9] a first exploration of the relationship between the two
approaches was performed, in refs. [10, 11] expressions relating SCET and dQCD resum-
mation for various choices of soft scale were presented in analytic form, and finally, in
refs. [12, 13], the relationship between the two formalisms was traced to the way they
handle the underlying soft-gluon factorization.



The full machinery which is necessary for a detailed quantitative comparison is thus
available: the comparison will be the subject of the present paper. The goal of this work is
complementary to that of refs. [10-13]: there, the aim was to show the equivalence of SCET
and dQCD resummation by classifying terms which are resummed in either approach in
terms of logarithmic accuracy. Thus, in particular, in refs. [10, 11] it was shown that dQCD
and SCET resummed expressions differ by subleading logarithms of the hadronic scale,
under suitable assumptions on the parton luminosity. Here, we will trace each ingredient
which enters either resummed expression, retaining all differences, both logarithmically-
and power-suppressed, and assess their impact. While refs. [10, 11] focused on the invariant
mass distribution of Drell-Yan pairs, and ref. [13] on event shapes, here we will consider
specifically Higgs production in gluon fusion. We will however always display results for a
wide range of values of the Higgs mass: much wider, in fact, than the acceptable physical
Higgs mass range. The goal is to study the qualitative behaviour in a wide region which
may be of interest for other processes (such as Drell-Yan), while providing quantitatively
precise prediction for physical Higgs production.

Soft-gluon resummation for hadronic processes in dQCD, as derived in refs. [14-17],
is almost universally performed using the formalism of ref. [18], which we will take as
a reference for the dQCD approach. On the other hand, the SCET approach comes in
many flavors, which differ not only in technical details but, more importantly, in the
choice of scale which is being resummed. Here, we refer specifically to the SCET approach
of refs. [5, 8, 9, 19], which builds upon the derivation from SCET [20-24] of soft-gluon
resummation [25-28]. This choice is not only motivated by the widespread use of this
approach, but also by the fact that, because it is based on momentum space (as opposed
to Mellin space), and a hadronic (instead of partonic) resummed scale choice, this version
of SCET resummation is in some sense maximally different from dQCD, and thus it will
allow us to explore all facets of the difference between SCET and dQCD. Henceforth, we
will refer to these two approaches as dQCD and SCET, for short.

The starting point of our paper is a derivation, presented in section 2, of the relation
between resummed expressions in dQCD and SCET which shows how starting with the
dQCD expression one can arrive at the SCET result through a step-by-step modification
of the starting expression. This derivation has the interesting byproduct of showing how
some features of the SCET approach (such as the removal of the Landau pole or the use
of a hadronic scale) could be implemented in a dQCD approach without having to use
SCET, and by simply manipulating the dQCD expression. It is also more powerful than
the master formula relating SCET to dQCD of refs. [10, 11]: whereas that relation only
allowed for a classification of the logarithmic order of the difference, this new derivation
keeps track of all individual contributions which differ in the two approaches.

Because in the SCET approach considered here it is a hadronic scale which is being
resummed, and not a partonic scale as in the dQCD approach, it may seem that a compar-
ison can only be made at the hadronic level, and this indeed was the point of view taken in
refs. [10-13], where the dependence of results on the parton luminosity was also discussed.
However, in section 3 we show that a comparison at the level of partonic cross-sections can
be done by means of a saddle-point method. This also allows us to assess the quantitative



impact of a first obvious source of difference between the dQCD and SCET approaches,
namely, that because of the choice of resumming a hadronic scale the resummed SCET
expression for the hadronic cross-section does not respect the standard factorized form of
QCD expressions, in that it does not have the form of a convolution between a parton
luminosity and a partonic cross section, which reduces to an ordinary product upon taking
a Mellin transform.

With this problem out of the way, in section 4 we can then compare the partonic
cross-section as obtained in either approach. We will in particular discuss separately two
classes of contributions, which correspond to individual steps in the procedure previously
discussed in section 2 which takes from the dQCD to the SCET expression: subleading
logarithmic terms, which arise as a consequence of the shift from a partonic to a hadronic
resummed scale, and the specific choice of power-suppressed terms which characterizes the
standard SCET expression in comparison to the standard dQCD expression.

Specifically we shall show that, at least with the scale choice of refs. [5, 8, 9, 19],
power-suppressed terms are by far the dominant source of difference. For Higgs production
in gluon fusion, this difference turns out to be comparable to the effect of the resummation
itself: indeed, the NNLO+NNLL result for gluon fusion, which in ref. [2] using a dQCD
approach is found to be of order of 10%, is reduced to a negligible enhancement at the
percent level if everything else is kept equal, but the SCET approach of refs. [6, 7] is used
instead, with the difference entirely due to power suppressed terms.

This is an interesting conclusion, because such terms are, in fact, unrelated to the choice
of resumming via SCET or dQCD; rather, they may be freely tuned in either approach. So
the difference is large indeed, but not intrinsically related to the use of dQCD vs. SCET,
and specifically not to the treatment of the Landau pole, or the choice of resumming a
hadronic instead of partonic scale. Rather, this is yet another instance of the fact that
large ambiguities may come from power suppressed terms when resummation is used to
improve perturbative predictions away from the threshold region, as already pointed out
by us some time ago [29] in the context of Drell-Yan production. In the specific context of
gluon fusion, it has been known for a long time [30] that some choices of power suppressed
terms lead to an improved agreement of the truncation of resummed results with known
fixed-order results. More recently, the large size of power-suppressed ambiguities to the
soft approximation to Higgs production in gluon fusion computed at N3LO was pointed
out in ref. [31], and a general systematic way of optimizing such corrections was suggested
in ref. [3]. We shall briefly comment on the implications of this in our concluding section 5.

2 Resummation: from dQCD to SCET

In this section we present a step-by-step argument which takes from the dQCD to the SCET
form of the resummed cross-section. We will give our argument with specific reference to
Higgs boson production in gluon fusion, up to NNLL accuracy.

We define the dimensionless cross-section ¢ in terms of the physical cross section

OHiggs aS

1 Ldz
o(T, mfg) = —— OHiggs (T, m%{) = / — C’(z,m%)£<7> , (2.1)
TOO r < z



where g is the leading-order partonic cross section for the process gg — H, my is the
Higgs mass, 7 = @ and s is the hadronic center-of-mass energy squared, £ is the gluon
luminosity, and C' a dimensionless coefficient function related to the partonic cross section.
For simplicity, we do not show the dependence on factorization and renormalization scales,
which we choose to be equal to myg throughout the paper.

The quantity in eq. (2.1) factorizes upon Mellin transformation with respect to 7:

1
o (N, m%) = /0 dr V1o (r,m2,) = C(N, m2)L(N) (2.2)
Where 2 ! N-—1 2 ! N—-1
C(N, m2) = /0 42 N0 m) s L(N) = /0 dz N1 (2) (2.3)

Because of the importance of keeping track of the difference between Mellin space and
momentum space, we refrain from the common abuse of notation (of which we were specif-
ically guilty in refs. [10, 11]) whereby the same notation is used for a function and its Mellin
transform; rather, we will follow the convention that a function and its Mellin transform
are denoted with the same symbol, but with the Mellin transform in boldface.

The resummed N-space coefficient function in dQCD can be written as

. : m?
CAAPN, i) = go(as(iy)) exp 990 (i, "1 (2.4

where N = Ne¥E and

. 3 2 2 .
$190 i 03) = [ [Aastt) a2+ Dlas®)] . (29)
It H
For later convenience, the two arguments of S4QCD have been chosen to be the two inte-
gration bounds.

The functions go(as), A(as) and ﬁ(as) admit Taylor expansions in ag; the order at
which the expansions are truncated defines the logarithmic accuracy of the resummation,
as indicated in table 1. In particular, to NNLL accuracy,

A1 AQ 2 A3 3
A = — — — 2.
(as) 4as+16as+64as (2.6)
D(ag) = Daydd. (2.7)

Note that there is an ambiguity in the way the expression eq. (2.4) is defined: specifically,
one may rewrite eq. (2.4) as

CI9P (N, m¥;) = go(as(mi)) exp SI9P (ar, a) (2.8)
1

=2 =In— 2.

a Boas , {=In I (2.9)
where
go(as) =1+ gojod, (2.10)
j=1
1

54D (a1 @) = —g1(al) + ga(al) + ags(al) + agy(@l) + ... . (2.11)



(AQCD)  A(as)  D(as)  go(as) aInf N

(SCET) Teusplas) ywlas) H, SHiggs og In* (ps/M)
LL 1-loop — tree-level k=2n
NLL* 2-loop 1-loop tree-level 2n—1<k <2n
NLL 2-loop 1-loop l-loop 2n—-2<k<2n
NNLL* 3-loop 2-loop l-loop 2n—-3<k<2n
NNLL 3-loop 2-loop 2-loop 2n—4 <k <2n

Table 1. Orders of logarithmic approximations in resummed computations. The central three
columns of the table give the order at which the functions which enter respectively the dQCD or
SCET resummed expressions, as listed above the table, must be computed in order to achieve the
accuracy called with the name given in the first column, and corresponding to the inclusion in the
coefficient function of terms as given in the last column.

This differs from eq. (2.4) because now all constant (i.e., N-independent) terms are in-
cluded in go(as), while in eq. (2.4) some constant terms were exponentiated; of course, the
difference is logarithmically subleading. In the sequel, we will use eq. (2.8) for numerical
implementations.

We want to relate the dQCD expression egs. (2.4)—(2.5) to its SCET counterpart. The
latter, in the SCET approach of refs. [6, 8, 9, 19] is given directly in the space of the
physical variable z, and it can be written as

O (2, my, 1) = H(m)U (my, u2)S(z,miy, 12) (2.12)

(the SCET result is actually more generally expressed as a function of other energy scales,
which here we all take to be equal to the hard scale my for simplicity, as this does not
affect our arguments). The soft function is given by

2 2n -2
9 9y - my 0 1 1—2z\"e=EN
= iggs In —~ a_ o Ms 2.1
Sz mip #5) = e ( SR u>1_2< NE ) I'(2n) (2.13)
where ,
M d/ﬂ
n= [ Alast) (2.14)
m2, M
H
Finally,
2 2 e dp? 2 miy 2
U(miy, ps) = exp y Alas(p ))lnﬁ—l—'yw(as(u ) (2.15)
My

with vy (ag) = 'yw,gag to NNLL accuracy. The hard function H (m%{) admits an expansion
in powers of ag(m?), and Spiges(L, #1?) admits an expansion in powers of ag(u?). The
logarithmic accuracy of the resummation is fixed by the order at which these expansion
are truncated, as shown in table 1. Note that there is a slight ambiguity in the way the
resummed expression eq. (2.12) is defined: in particular, once the various factor on the
right-hand side are included to any desired order, the interference between them generates
higher order terms: for example, if at NLL both H and syjges are included up to order asg,
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Figure 1. The cross-section for production of a Higgs-like particle of mass my = 125 GeV (left)
or my = 2TeV (right) in gluon fusion at the LHC 14 TeV computed using the SCET expression
at the various resummed orders of table 1. Results have been obtained using NNPDF2.3 NNLO
PDFs with as(M2) = 0.118 and pug = pp = my.

their product will clearly include terms (’)(a%). In this paper, specifically for all numerical
implementations to be discussed in the sequel, we will consistently drop all higher-order
interference terms, because this is the prescription used in the implementation of the results
of refs. [5-7] in the RGHiggs code [32], as we have explicitly checked. This choice spoils the
factorized form of the SCET result, eq. (2.12), though it simplifies the matching to fixed
order.

Note that in refs. [5, 8, 9, 19] all results were presented in the starred (NLL*, NNLL*
and so forth) approximation (and, somewhat confusingly, referred to as NLL and NNLL).
The way the result of refs. [5, 8, 9, 19] could be upgraded to the more accurate NNLL
approximation was presented in ref. [11] (SCET results corresponding to either starred or
unstarred accuracy were considered e.g. in ref. [33] in the context of the resummation of
jet vetoes).

For reference, in figure 1 we compare the total cross section for Higgs production in
gluon fusion at the LHC 14 TeV, determined at the various resummed orders of table 1,
both using the starred result of refs. [5, 8, 9, 19] and its unstarred upgrade of ref. [11],
for the physical value of the Higgs mass and for a very high-mass scalar, much closer to
threshold (all other settings are the same used in all other plots in the sequel of the paper).
While only the SCET result is shown in the plot, the dQCD result follows a similar pattern.
It is clear that upgrading from the nonstarred to the starred result has a very substantial
effect, while going up from the starred result at one order to the unstarred result at the
subsequent order only has a very minor impact. Note also that it is natural to match
the generic fixed order N*LO to either N*LL or N*+1LL*, as done respectively in, e.g.,
ref. [2] and refs. [5, 8, 9, 19]; figure 1 shows that the extra effort needed in order to upgrade
from N¥LL to N**!1LL* is unnecessary. Consequently we will henceforth only consider and
compare the unstarred (NLL, NNLL etc.) results.

We now start from the dQCD expression egs. (2.4)—(2.5). It is well known that
CdQCD(N , m%[), considered as a function of the complex variable N, has a branch cut
on the positive real axis for N > Ny, where Ny is the position of the Landau pole of



as(m?;/N?):
1 —2Bpas(m3)In Ny, = 0. (2.16)

As a consequence, C19CP (N, m?2,) does not have an inverse Mellin transform. This is an ef-
fect of resummation: indeed, any finite-order truncation of the expansion of C42P (N, m%)
in powers of ag(m?;) does have a Mellin inverse [34].

We now show that a possible solution of the Landau pole problem, suggested by the
structure of the SCET result, leads us directly to the SCET expression eq. (2.12) in a few
simple steps. We first note that the exponent in the dQCD expression can be rewritten

§dQCD (.2 m%{ SdQCD(m ) 4 §dQep m%{ (2.17)
H> N2 M :usa N2 .

where (15 is an arbitrary energy scale. Now assume that we can choose ps so that as(u?)
is in the perturbative domain, and at the same time

2

2
K In 5 f_IQ
psN

In

5 (2.18)
My
for all values of N in the relevant range (whether such an energy scale actually exists, and
how it can be determined in the context of dQCD, are issues that will be discussed in the

next section). This means that s is chosen to be of the same order of ", the scale which

N2 Y
is being resummed in the dQCD approach.

In such case, the first term in eq. (2.17) contains the resummation, while the second
term can be expanded in powers if ag(p?): it is on the same footing as the function go(ag)

of eq. (2.4), because now In — i NQ does not count as a large log (the large log is instead

In WZLE ), and thus to NNLL (see table 1) it must be only kept up to O(aZ), neglecting
H
O(a3) terms. We find

4dQCD my TT% dp? 2 my
exp S (:U’sv N2> = eXp/g 7 |:A(a3(:u )) In :U'ZNZ +D(Ozs( )):|
— F(Lom) (219)

where

A’LY BoAILP AP
20| g - ¥

A L? A
(L 1) = 1+as(2) 1 +DQL} LO(d)  (220)

128 24 32
and )
_ my
L=In M§N2 . (2.21)

Thus, we obtain a ug-dependent version of the dQCD resummed cross section, which reads

CUARN, miy, 15) = Go(as(mip)) F (L, ps)
,us 2 m2
X exp/ CZLQ [A(ozs(;ﬂ)) In N7 + D(as( )) . (2.22)

2




Because we are keeping only a finite number of terms in the expansion of F'(L, us), the
inverse Mellin transform is now well defined. We have thus arrived at a form of the dQCD
result which is free of the Landau pole problem, in analogy to the SCET expression. Note
that while up to NNLL A(as) eq. (2.7) includes contributions up to O(ad), only the A; and
Ay terms contribute to F'(L, us) eq. (2.20). This observation will help us in understanding
the relation of the result found here with that of ref. [11].

We can now show that the form eq. (2.22) of the dQCD result coincides with the SCET
result up to subleading terms. First, we note that the functions F(L, jt5) and Shiges(L, tts)
are closely related. Indeed, using the explicit expressions of the coefficients of the expansion

of SHiggs(L, 11s) in powers of ag,

2C 4

St (L) oxp (— S5 ) = F(Low) + Fod) + 002 (229

where k is a numerical constant. Recalling that F(0, us) = 1, we find

§Higgs(La Ms) exp <_ C2CA

5Higgs (0, mp ) o (as(u2) — as(m%{))) = F(L, us) + O(ad). (2.24)

Also,
go(as(miy)) = H(mi)3(0,mm)[1 + O(ad)] - (2.25)

Finally, the first term in eq. (2.17) can be written as

12 g2 2
N i m 3
§4QCD (2 2y o {A(as(/ﬁ)) In ngz - D(as(uz))]
my
B2 4,2 mi . G
= [ [A(as(uz)) =3 +D(as(ﬂ2))] +Im N2, (2.26)
My

where 7 is defined in eq. (2.14).
Substituting eqs. (2.24)—(2.26) in the Landau-pole free form of the dQCD result,
eq. (2.22), we get
dQCD 2 2y _ 2 \= oo (204 2\ 2
C (N, miy, pu3) —H(mH)SnggS(LvNS)N eXp o (O‘S(mH) O‘S(,Us))

conp [ 0 [A(asm?)) n "+ f><as<u2>)] (1+0(ad)).

m
(2.27)
This can be brought in the same form as the SCET result by noting that
“EdlﬂA 2 A “zdlﬂz 2 Z52 2 2
—5D(as(p?)) = Dq —5a3(p?) = == (as(my;) — as(iy)) (2.28)
m?, 2 m? 2 60
to NNLL accuracy, and that
A C
D2 + C227[_A ,30 = ’)’W’Q . (2.29)



Hence
CIP (N, miy, p2)
2\ = —2n qu 2
= H(mH)SHiggs(L7 Ns exp/ )) In ? +Yw (QS(:U' ))
= H(m3)U(m¥, 13)3rigas (L, Ms)N "1+ 0(ad)), (2.30)

which is the Landau-pole-free form of the dQCD result, written in SCET factorized form.
For future convenience, we define the ratio of the starting dQCD expression eq. (2.4) to
this intermediate result (eq. (2.30)):

CUP(N,my)
H(m3)U (1%, 122) g (L 1) N 20

CO(N,miy, pi2) = (2.31)

It is now immediate to show that the result eq. (2.30) coincides with the Mellin trans-
form of the SCET coefficient function, up to power-suppressed terms. Indeed,

CS PN, m3y, u2) = H(m3)U(miy, pu2)S(N,m3y;, ), (2.32)
where )
_ 0 I'(N—-n) _
S(N, m%, 12) = Spiges | In H 1 & V2 T =2y 2.33
( 7mHaus) SHigg <n Ms +an ) Hs I‘(N_|_77)€ ( )

for fixed (i.e., z-independent) ps. But up to power-suppressed terms

. my 0 . 1
S(N,m%,ﬂg) :SHiggS(ln N? +87]7MS>N 277+O<N>

B m2 G2 1
= SHiggS In —= N2 , Us N 1 + O N . (234)

Thus, up to terms suppressed in the large-N limit,

~ = 1
S (N, iy, 12) = H(m3)U (12 (L ) N 2"<1 ' O<N>) )

which is what we set out to prove. We also define the ratio of the starting dQCD expression
eq. (2.4) to the exact Mellin transform eq. (2.32) of the SCET expression eq. (2.12):

CUCD(N, m2))

CP (N, m, u2) = CSCET(N,m?, u2)

(2.36)

The steps leading from the Landau-pole-free dQCD expression eq. (2.30) to the stan-
dard SCET expression eq. (2.12) can also be traced in z space. Indeed, the z-space form
of the expression eq. (2.30) is obtained by inverse Mellin transformation, and it is given by

M? 9

(2 M2 42) = St (1 + 2 ) ()
S

e~ 2VEN

SR (2.37)



Noting that

(—Inz)~1+21 — % (1\/22)2” 14001 - 2) (2.38)

it follows that eq. (2.37) differs from the starting SCET expression of the soft function

eq. (2.13) by terms which are suppressed by positive powers of 1 — z. It is interesting to
observe that

V4 — Z 27)
(= Inz)-1+20 — 1\_@(1\/; ) 1+0((1-27)], (2.39)

i.e., the leading power-suppressed difference can be in fact expressed as a /z prefactor,
with further power suppressed differences only arising at (’)((1 — 2)2) It was pointed out in
ref. [3] (see in particular the discussion of eq. (2.43) of this reference) that this y/z prefactor
has a non-negligible impact. While the reader is referred to refs. [3, 30] for a discussion of
the motivation and quantitative impact of this factor, we recall here that its effect goes in
the same direction as the so-called collinear improvement of the resummed result, which
extends the accuracy of the resummed results to power suppressed terms (at the leading
logarithmic level). As a consequence, the SCET result is the unimproved result, while the
dQCD result is closer to the collinear-improved result. We will come back to an assessment
of the impact of this term in the context of the SCET vs. dQCD comparison in section 4
below.

We have thus shown that the dQCD result coincides with the SCET result in two
steps. In the first step, we have changed the resummed scale from % to 2. If In INT N2
is not a large log, this leads to the intermediate result eq. (2.30), which only differs from

the starting dQCD expression by a factor Cﬁl)(

N,m?, u?), that only contains subleading
logarithmic terms, generated by the interference of the neglected O(ag) terms with the logs
which are being resummed. In the second step, the result eq. (2.30) is found to coincide
with the exact Mellin transform of the SCET expression eq. (2.33), up to power-suppressed
terms: hence the SCET and QCD expressions differ by a combined factor C’,SQ) (N, qu, 12)
which contains both logarithmically subleading and power-suppressed terms.

We conclude this section by briefly discussing the relation of the result we just obtained
to the “master formula” relating dQCD and SCET given in ref. [11]. In that reference,
we started with the SCET expression, and we rewrote it by freely modifying subleading
terms (both log and power suppressed). We ended up with the expression of eq. (2.19),
but with only the A; and Ay contributions to A(ag) included in SIQCP (,ug, %) Because
however S9QCP (1m2, 12) also includes the Az term, if one substitutes eq. (2.17) with the
two terms on the right-hand side computed thus in the expression eq. (2.4) of the dQCD
coefficient, one gets a result which differs from the starting dQCD coefficient function by
a multiplicative factor
bl dp? m%l

MQI 2N2[A(@S(M2))—Alas(MZ)—Awg(Mz)]~ (2.40)

CO(N, m2y, 1) = exp /

s

This is the result of ref. [11] (where c” (N, m?2;, u2) was called C;.), which thus corresponds
to the very first step of the derivation presented here.
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3 Factorization and saddle-point approximation

The main result of the previous section is that the Landau pole can be removed from
the dQCD expression, at the cost of introducing the dependence on an extra scale ps.
The ensuing expression eq. (2.22) only differs from the SCET result by logarithmically
subleading and power-suppressed terms.

However, one must then make a choice for the scale ug, such that the Landau pole
is avoided. If, for instance, one chooses ps proportional to the partonic scale mpy (1 — 2),
with z the parton momentum fraction, (a similar choice is made in ref. [35] for threshold
resummation of the top production cross-section) then the Landau pole reappears when
integrating over z. In refs. [5, 8, 9, 19] it was suggested that one may choose us to be
proportional to a hadronic scale:

ps = mp (1 —7)g(7), (3.1)

where the function g(7) is fixed in two different ways, both of which attempt to minimize
the contribution to the cross-section coming from the one-loop term in 3piges eq. (2.13).
As discussed in section 2, this choice is justified to the extent that the condition eq. (2.18)
is satisfied. Henceforth, unless otherwise stated, SCET results will be presented by taking
for us the average of these scale choices. A discussion of scale choices will then be provided
in the end section 4 (in particular figure 5) below.

With this choice, the problem of the Landau pole does not arise; however, the partonic
cross-section depends on a hadronic scale, and thus, because C' depends on 7, the hadronic
cross-section eq. (2.1) no longer has the form of a convolution. In particular, this means
that the hadronic cross-section no longer factorizes upon taking a Mellin transform eq. (2.2)
— we will refer to this as breaking of Mellin factorization, or factorization breaking, for
short.

A priori, this appears to prevent a direct comparison of the SCET and dQCD ex-
pressions at the level of partonic cross-sections: the comparison can only be done at the
hadronic level. Indeed, the scale whose logs are being resummed in eq. (2.22) is pus; it
follows that, as already pointed out in ref. [10], the equivalence of the dQCD and SCET
resummation only holds if no further logs are generated by the convolution integral, which
in turn depends on the form of the parton distributions. Quite apart from this issue of
principle, there remains the practical issue that, apparently, a comparison of resummed
expressions obtained with this choice of scale to the standard factorized expressions, is
only possible once a particular PDF has been chosen.

We will now show that this difficulty can be circumvented by using a saddle-point
method. Before doing this, we dispose of a technical difficulty. As mentioned in the
previous section, because of the Landau pole, C4RCP (N, m2) eq. (2.4) does not have a
Mellin inverse; however, any finite-order truncation of it does. There are several ways
of dealing with this problem which (unlike the method of the previous section) do not
require introducing an extra scale. They all amount to expanding the resummed result
in powers of ag, performing the Mellin inversion term by term, and viewing the divergent
series which is obtained as an asymptotic series. As shown in ref. [34], one has to go
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extremely close to the Landau pole for this to make any difference: it is only for 7 = 0.9
that resummed results obtained summing the asymptotic series in different ways differ by
a significant amount. Hence, for the sake of the discussion in the present paper this point
is immaterial, especially since we mostly deal with processes for which the resummed series
is perturbative, i.e. agln?(1 — 7) < 1.

In all the subsequent discussion the Mellin inversion integral

CT100
o9 (7, m3;) = 271”_ / ; dN 7N CIP (N, m3) L(N) (3.2)
can be thought of as being performed while taking for C1QCP (N, m%) any sufficiently high-
order truncation of the perturbative expansion. In practice, the integrals will be computed
by choosing a path which intercepts the real axis to the left of the Landau pole, but to
the right of of all other singularities of the Mellin transform (this is the so-called minimal
prescription [18]).

We now explain how using the saddle-point method we can compare results obtained
using the scale choice eq. (3.1) with standard factorized results at the level of partonic
cross-sections: the idea is that the saddle-point approximation gives a way of directly
relating hadronic and partonic kinematics [29, 36]. In the saddle-point approximation, the
Mellin inversion integral eq. (3.2) is given by

UdQCD(T, mz) ~ 7dQCD_ —NJP (1) L( dQCD( ))CdQCD(NgQCD(T)’mJQLI ) (3.3)

where the saddle point Ng QCD (1) is found by solving for the condition

d
dNEdQCD(T N; mH) 3D =0 (3.4)

where
1
Eaqep(T, N;m%) = Nln = —|—1nCdQCD(Nm ) +1InL(N) (3.5)

and Z4QCP ig a fluctuation term given by

Z74QCD — ! : (3.6)
d CD
\/27rEgQCD Ny P (r); m)

The main reason why the saddle-point expression eq. (3.3) is interesting is that it
turns the convolution in the 7-space expression eq. (2.1) into an ordinary product, if the
T-space expression is viewed as an inverse Mellin transform, with the Mellin inversion
integral evaluated by saddle point. Indeed, each factor in eq. (3.3) is a function of 7
through N(()i QCD(T). A further simplification comes from the fact that in practice the sub-
asymptotic fluctuation term Z9QCP ¢q. (3.6) is dominated by the parton luminosity, so
that it is essentially independent of the coefficient function.

This provides us with an elegant solution to the problem of comparing momentum-
space hadron-level cross-sections in a way which separates the effect of the parton lumi-
nosity and of the coefficient function. Indeed, consider the case of the SCET resummed
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coefficient function eq. (2.12). If one uses such an expression in the expression eq. (2.1) of
the hadronic cross section, it is still true that

o (N, m3, p?) = 5PN (N, m¥;, u2)L(N) (3.7)

provided only the Mellin transform is performed at fixed pus. Of course, if us depends on 7,
then upon Mellin inversion o (N, m%, u2) is not the full Mellin transform of o (7, m%, us),
in that the 7-dependence through u, is not transformed.

Be that as it may, it is still true that

__ nNSCET T
oSCET (7 iy, i2) & Z5CPT NGO L (NSOET (1), ) CSOPT (NPT (), mdy, a2)
(3.8)
where now .
Escer(t, N;m%) = Nln —+ In C5“ET(N,m%) + In L(N), (3.9)

and the position of the saddle point and the fluctuation term are determined in analogy to
egs. (3.4), (3.6).

Therefore, when comparing the T-space dQCD and SCET expressions, we can separate
the effect of the PDF from that of the coefficient function. The former is entirely due to the
fact that, in general, the position of the saddle point is different, so that NOSCET #* Ng QCD,
and thus the PDF-dependent factors £ and Z do not cancel in the ratio of e5CET (7, m%,, 12)
to 04QCD (7, m?2,) because they are evaluated at different values of Np(7). The latter,
instead, is due to the fact that even at the same value of N, CIQCP and CS“ET do not
coincide. The violation of Mellin factorization now manifests itself as the fact that, while
N(()1 QCD only depends on 7 through the solution of the saddle point condition eq. (3.4),
NOSCET has a further, explicit 7 dependence, due to the fact that us now also depends on 7.

We can now use this method to compare the dQCD resummation to the SCET resum-
mation with the scale choice eq. (3.1). Here and henceforth all dQCD results are obtained
using a variant of the ResHiggs code [37] of ref. [38]; SCET results are obtained using our
own computer implementation, which has been cross-checked and benchmarked against the
RGHiggs code [32] of refs. [5-7]. First, we check the accuracy of the saddle approximation.
In figure 2 we compare the resummed coefficient function in dQCD and SCET to its saddle
approximation, for a wide range of Higgs masses. In the case of SCET, ug is chosen as
suggested in refs. [6, 9, 19], i.e. according to eq. (3.1) and with the function g(7) as given
there (see section 4 and specifically figure 4 below for a more explicit discussion). Here
and in the sequel we will always use NNLO NNPDF2.3 PDFs [39], with ag(M2) = 0.118
and a maximum ny = 5 flavor scheme. Note that, as mentioned in the introduction, here
and henceforth we will always consider a range of value of my that goes well beyond the
acceptable physical Higgs mass region, in order to see the qualitative behaviour also in
high-mass regions closer to threshold, which may be of relevance for other processes, such
as Drell-Yan production. It is clear that the relative deviation between the exact result
and the saddle approximation is always below 2%. In fact, note that the deviation goes in
the same direction for the SCET and dQCD results, so using the saddle approximation to
evaluate their ratio is yet more accurate.
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Figure 2. Comparison of the saddle-point approximation (dashed curves) to the exact result (solid
curves) for the ratio of the resummed to leading-order cross section for Higgs in gluon fusion at
NLL (bottom curves, green) and NNLL (top curves, red), computed using dQCD (top plot) and
SCET (bottom plot), at LHC /s = 14 TeV, for a wide (unphysical) range of the “Higgs” mass. We
use NNPDF2.3 PDFs with ag(M2) = 0.118.

Having established the accuracy of the saddle-point approximation, we proceed to
estimating the violation of Mellin factorization, which, as mentioned, can only manifest
itself in the position of the saddle being different for dQCD and SCET, NOSCET #* Ng QCh,
The position of the saddle is determined through the condition eq. (3.4) by the explicit
form of the coefficient function: hence, even a pair of coefficient functions which do respect
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Figure 3. The saddle points Ng QP (s0lid curve) and NSCET (dashed) computed using respectively
eq. (3.5) and eq. (3.9) in eq. (3.4) (top); their ratio is also shown (bottom). All settings are the
same as in figure 2.

factorization, but differ in any aspect (such as the way the resummation is implemented)

will generally lead to different saddle-points values. Therefore the deviation from unity of
dQCD
the ratio % provides an upper bound to the violation of factorization: the shift in the

position of the saddle measures the maximal effect of factorization violation.

In figure 3 we display NSQCD, NSCET

and their ratio, for the same kinematics and
with the same settings as for figure 2. It is clear that the difference is at the permille
level in the whole range. We conclude that, in practice, the effect of the violation of
Mellin factorization is negligible. We understand this as a consequence of the fact that the
position of the saddle point is dominated by the parton luminosity, i.e. the contribution
of CIQCD(N, m?) and CSCET(N,m?2)) to egs. (3.5) and (3.9) respectively is completely
negligible, as already observed in ref. [29] (see in particular figure 3). We conclude that in
practice Ng QCD NOSCET to very good approximation.

It then immediately follows from eq. (3.3) that

dQCD
odQCD (7, m%{) ~ CdQCDh (No Q (1), qu)
AT )] OB (NG ) iy ()

= C (No(r),mi, 13(r))

(3.10)
where the first approximate equality follows from the fact that Ng QCD N(?CET = Ny
and Z4QCD ~ ZSCET 'ip the last step we have used the definition eq. (2.36), and the only
remaining trace of violation of factorization is in the the dependence of s on 7, which we
have explicitly indicated. We have checked that Cﬁz) (NO(T), m?, uz) coincides with the
ratio of physical cross-sections according to eq. (3.10), up to corrections which never exceed
0.4% in the region shown, in agreement with the conclusion reached from figure 3.
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We conclude that with this scale choice the violation of Mellin factorization in the
SCET expression has a negligible impact, and that further differences between the SCET
and dQCD results in 7 space and at the hadronic level can be reduced to parton-level
results in IN-space, and in particular can be assessed by studying the three ratio functions
CY (N, m2,, 12) eqs. (2.31), (2.36), (2.40), all evaluated at N = No(r).

Before concluding this section, we note that the saddle-point approach allows us to
better understand and generalize a result of ref. [12]. There, it was argued that, if the
luminosity behaves as

L(z) ~ 2%, 51 >0 (3.11)

in the relevant range of integration, as assumed for example in ref. [9], then

1 1
d d
o(r,m¥y) = / = L<T>C(z, m%) = L(7) / Zm0(z,mY) (3.12)
. 2 z s Z
which is just the stlh Mellin moment of C(z, m%{) times the luminosity, up to corrections of
order O(7°!), which is negligible for 7 < 1. The same result can be obtained through the
saddle-point approximation. Indeed, assuming eq. (3.11), we have

) 1 c+ioo N 1 )
, = — dN ™" ——C(N, . 3.13
o(romy) =5 [ AN O (N ) (313)
It is easy to check that, for 7 < 1, the coefficient function does not affect the position of
the saddle point, which is given by
1
Noﬁsl—{—il, (314)
In=

T

and the saddle-point approximation of the inversion integral gives

o(r, m%{) ~ L7-751(3'(N0,qu) ~_%

Var Var

where in the last step we have neglected corrections of order 1/|InT| to C(s1,m%), as
appropriate for 7 < 1. This is the same result obtained in ref. [12], since e/v/27 ~ 1.084.

L(T)C(s1,m%) (3.15)

4 Logarithmically subleading vs. power-suppressed differences: an as-
sessment

Having established that, through the saddle-point method, SCET and dQCD cross sec-
tions can be compared at the partonic level, we now assess the quantitative impact of the
differences that were presented analytically in section 2.

In that section, we saw that we can obtain the SCET expression from the dQCD
one in two steps: first, by introducing the dependence on the scale us and expanding
in order to get rid of the Landau pole, which leads to an expression which differs from
the starting dQCD one by logarithmically subleading terms. In N space, the ratio of
these two expression is given by C,gl)(N, m?, 1?) eq. (2.31). In the second step, power-
suppressed terms are introduced, in order to get the standard SCET expression, whose
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Figure 4. The ratio functions C\” (No(7), M?, 1i?) egs. (2.31), (2.36), (2.40), computed at NLL
(left) and NNLL (right) as a function of the saddle point Ny(7), and plotted versus the Higgs mass
my. All settings are the same as in figure 2. The curves shown are, from top to bottom, C7§2),
07(0)7 and CT(-D. In each case, the edges of the band correspond to the two different choices for p
from refs. [6, 9, 19], and the central curve is their average.

ratio to the starting dQCD one is CP) (N, m?%, u?) eq. (2.36). A preliminary step, which
corresponds to the “master formula” of ref. [11], corresponds to comparing results after
introducing the dependence on s in the dQCD result, but before expanding it out, which
may already introduce some subleading ps-dependent terms, whose ratio to the starting
QCD expression is given by Cﬁo)(N, m?%, 12) eq. (2.40). In z space, in the first step the
starting dQCD expression is turned into an expression which has the same form as the
SCET result, but with the soft function eq. (2.13) replaced by its large-z form eq. (2.37).
In the second step, one ends up with the standard resummed SCET result.

In figure 4, we plot the three ratio functions C’,@(N ,m%, p?), all evaluated (at the
NLL and NNLL level) at N = Ny(7), as functions of my. In each case, we show results
as a band whose edges are obtained using us eq. (3.1) computed using either of the two
choices for g(7) from refs. [6, 9, 19], with a central curve obtained using the average of
these two scale choices; of course, the dependence on the choice of ug is always rather less
at NNLL than at NLL.

It is apparent from figure 4 that the difference between SCET and dQCD resummation,
measured by C,EZ), is sizable: at NNLO, it is of order 15% for the physical value of the
Higgs mass, slowly decreasing as the Higgs mass increases towards the threshold — as
one would expect, as in the threshold limit all different forms of resummation coincide
by construction. This difference is as large as the effect of the resummation itself on the
matched NNLO+NNLL result. Indeed, at the matched level, in dQCD resummation leads
to an increase by about 10% of the unresummed NNLO result [1, 2]. Using instead the
SCET prediction with the scale choice eq. (3.1), and everything else being equal, we find
that at the matched level the effect of resummation on the fixed-order result is negligible,
at the level of a few percent. This fact is sometimes obscured, because in comparisons of
SCET and dQCD different ingredients are often included in either calculation, instead of
comparing like with like.
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However, if we look at Cﬁl), i.e., we tune all power suppressed terms in the SCET
result so that it only differs by logarithmically subleading terms from the dQCD result,
the difference is down to a few percent at NNLL, with SCET just above or just below the
dQCD result, according to which choice is made for ps. If finally we look at Cﬁo), i.e. the
difference between dQCD and its us-dependent form, the difference is at the sub-percent
level with any choice of ;.

We conclude that the difference between what we have been calling respectively SCET
and dQCD is large; however, it is almost entirely due to power-suppressed terms, which are
really not a feature of either dQCD or SCET, but rather, an instance of the resummation
ambiguities which are present in any approach and which have been previously discussed in
refs. [3, 29, 30]. Indeed, as we have seen in section 2, the leading O((l —z)) power difference
between the SCET and dQCD result can be expressed as a /z prefactor, according to
eq. (2.39). This prefactor (or rather, its N-space transformed version) is thus mostly
responsible for the deviation of Cﬁz) from one, i.e. for the difference between the SCET
and dQCD results. As already mentioned in section 2, this factor can be related to the
collinear improvement discussed in refs. [3, 30], and thus the difference is akin to that
between versions of resummation which do or do not include this collinear improvement.

Clearly, the size of the deviation measured by Cﬁl) will crucially depend on the choice
of scale us. In particular, if pus = mpy/N, then F(L,pus) = 1 in eq. (2.20). Now, the
high accuracy of the saddle-point approximation means that the Mellin inversion integral
eq. (3.2) is completely dominated by N = Ny(7). It follows that

mpy

~ No(r) (1)

Hs

is the optimal choice of scale if one wishes to remove the Landau pole from the dQCD
resummed expression by replacing it with eq. (2.22), while leaving the result unchanged
, and thus
maximizes the inequality eq. (2.18) which justifies this treatment of the Landau pole.

2
as much as possible. Equivalently, this is the choice that minimizes }ln %

Also, this provides us with a criterion to judge whether any other (hadronic) choice of
ws will lead to large or small deviation from the starting expressions. In refs. [5, 8, 9, 19]
the function ¢g(7) which enters the scale choice eq. (3.1) is chosen as an ad-hoc functional
form, whose parameters are determined, as already mentioned, by demanding that the
one-loop contribution of Spjges to the cross-section be minimized.

It is thus interesting to compare the choice of scale eq. (3.1), with g(7) as in refs. [5, 8,
9, 19], with the “optimal” choice eq. (4.1). We do this in figure 5, where, for reference, the
naive hadronic scale choice which corresponds of taking ¢g(7) = 1 in eq. (3.1) is also shown.
As already mentioned, in refs. [5, 8, 9, 19] two different ways to actually determine g(7) are
suggested: either by choosing the absolute minimum of the one-loop correction (referred
to as u!! in figure 5), or starting from a high scale, and choosing y as the value (u!) at
which the one-loop term drops below 15%. In either case, an empirical parametrization
which approximately implements the condition is chosen. In figure 5 we show both ug , ugl ,
and also their average.
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Figure 5. Comparison of choices of of soft scale u,: from bottom to top, the “optimal” scale choice
eq. (4.1); eq. (3.1) with g(7) determined as in refs. [6, 9, 19]; and the naive hadronic scale choice
s =mpg(l—71).

It is clear that the scale choice eq. (3.1) and the “optimal” choice eq. (4.1) are quite
close, and rather different from the naive choice us = mpg(1 — 7), which, of course, almost
coincides with my even for my as large as 1 TeV. This explains the smallness of C,gl) seen
in figure 4, and also (since mp/us ~ 2) why the resummation does have a visible effect,
albeit not a huge one. The reason why these two scale choices are close is obvious: as we
have seen, the optimal scale choice leads to the vanishing of all higher order contributions
to F((L, us). But F(L, ps) and Spiges are closely related, see eq. (2.23): hence the condition
of refs. [5, 8, 9, 19] is essentially an empirical version of the more quantitative condition
eq. (4.1).

Before concluding, we would like to note that the actual implementation of resumma-
tion in dQCD ref. [2] and SCET refs. [6, 9, 19] differ in many further aspects. First of all,
somewhat confusingly, a different nomenclature is used in the literature for the logarith-
mic accuracies of table 1: in particular, in refs. [6, 9, 19] only the starred NLL*, NNLL*,
etc., orders of resummation are considered, but they are referred to as NLL, NNLL etc.
Specifically, the highest-order resummation considered in that reference is NNNLL*, which
requires guessing the currently unknown A4 coefficient (in refs. [6, 9, 19] this is done by
means of a Padé approximation). However, as shown in figure 1, NNNLL* resummation
is almost indistinguishable from NNLL, so the extra effort of upgrading from NNLL to
NNNLL* seems unwarranted, as results actually obtained using the RGHiggs code [32] at
NNNLL (which is really NNNLL*) are very close to the NNLL, discussed here and shown
in all plots of this paper.

Furthermore, the SCET resummation in refs. [6, 9, 19] also includes the exponentiation
of a class of constant contributions proportional to 72; the dQCD resummation also includes
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finite top and bottom mass effects [2], and so on. Some of these contributions (for instance,
the 72 exponentiation) have an effect which is quantitatively comparable to the overall effect
of the resummation, and thus their inclusion can significantly affect results. They were all
quantitatively assessed in the respective references, so there is no reason for us to discuss
them here. Rather, by making sure that everything else is treated in the same way, we
have focused on the effect due to the different treatment of logarithmically subleading and
power-suppressed contributions.

5 Summary and outlook

We have provided a careful, step-by-step comparison of SCET and dQCD resummation,
concentrating on differences in treatment of logarithmically subleading and power sup-
pressed contributions. We have chosen Higgs production as a case study, but our results
also hold for related processes such as Drell-Yan production. Also, we have considered a
wide (unphysical) range of the Higgs mass, which extends to final states with a mass of
several TeV.

Our main results can be summarized as follows (not necessarily in the order in which
we have obtained them):

e The Landau pole can be removed from the dQCD resummed expression by introduc-
ing a dependence on an extra scale us. This scale may be chosen in an optimal way,
such that the dependence on it is minimized, by using a saddle-point argument.

e The form of dQCD resummation thus obtained only differs from the SCET resummed
result by logarithmically subleading and by power suppressed terms.

e A saddle-point argument allows for a comparison at the level of partonic cross-sections
of different resummation schemes, even if the soft scale which is being resummed is
chosen as a hadronic scale.

e Using this saddle-point argument, it can be shown that the fact that in the SCET
result of refs. [6, 8, 9, 19] the soft scale us depends on a hadronic scale (and thus the
hadronic cross-section does not factorize upon Mellin transformation) has a negligibly
small impact.

e The logarithmically subleading differences between the SCET and dQCD result are
small if the scale is chosen according to the procedure suggested in refs. [6, 9, 19],
which appears to be an empirically motivated version of the optimal dQCD scale
choice referred to above.

e The power-suppressed differences between the SCET and dQCD result are large: in
fact large enough that while NNLL resummation in dQCD leads to an increase of
order of ~ 10% of the NNLO cross-section when matched to it, in SCET it leads to
an almost negligible increase, at the percent level.

—90 —



The fact that the large difference between SCET and dQCD resummation is dominated
by power-suppressed terms means that, as mentioned in the introduction, the difference is
really unrelated to the use of dQCD vs. SCET, and rather to known [3, 29, 30] ambiguities
when resummation is used to improve fixed-order computations away from threshold.

This might suggest the pessimistic conclusion that resummation, and more generally
the soft approximation, do not provide reliable results in this kinematic region. This is of
course a possible point of view, which, in particular, was recently advocated in ref. [31].
However we do not think that this is necessarily the case: rather, reliable results may be
obtained, provided the choice of power-suppressed contribution is optimized by imposing
requirements such as Mellin-space analiticity [3], which can be validated by comparison to
the orders (up to NNLO) for which the full result is known. It is interesting to observe that
if this is done, it turns out [38] that the effect of resummation on Higgs production in gluon
fusion is in fact a further enhancement, which roughly doubles the enhancement found in
the “standard” dQCD approach of ref. [2]. However, if this is not done the conclusion
that the spread of resummed results is bigger than the impact of the resummation seems
inevitable not only for Higgs production but also for processes which are much closer to
threshold, such as, say production of a Z’ with the mass of a few TeV at the LHC.
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