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ON TOTALLY GEODESIC SUBMANIFOLDS IN THE
JACOBIAN LOCUS

ELISABETTA COLOMBO, PAOLA FREDIANI AND ALESSANDRO GHIGI

ABSTRACT. We study submanifolds of A, that are totally geodesic for
the locally symmetric metric and which are contained in the closure of
the Jacobian locus but not in its boundary. In the first section we recall
a formula for the second fundamental form of the period map My — A,
due to Pirola, Tortora and the first author. We show that this result
can be stated quite neatly using a line bundle over the product of the
curve with itself. We give an upper bound for the dimension of a germ
of a totally geodesic submanifold passing through [C] € M, in terms of
the gonality of C. This yields an upper bound for the dimension of a
germ of a totally geodesic submanifold contained in the Jacobian locus,
which only depends on the genus. We also study the submanifolds of A,
obtained from cyclic covers of P*. These have been studied by various
authors. Moonen determined which of them are Shimura varieties using
deep results in positive characteristic. Using our methods we show that
many of the submanifolds which are not Shimura varieties are not even
totally geodesic.
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1. INTRODUCTION

1.1. Denote by A, the moduli space of principally polarized abelian vari-
eties of dimension g, by M, the moduli space of smooth curves of genus
g and by j : My — A, the period mapping or Torelli mapping. Both M,
and A, are complex orbifolds (or smooth stacks) and A, is endowed with
a locally symmetric metric, the so-called Siegel metric. One expects the
Jacobian locus, that is the image j(M,) C Ay, to be rather curved with
respect to the Siegel metric. In particular, it should contain very few totally
geodesic submanifolds of A;. Another reason for this expectation comes
from arithmetic geometry. Indeed for a special class of totally geodesic sub-
manifolds (Shimura varieties) it has been conjectured by Coleman and Oort
that for large genus no positive dimensional Shimura variety is contained in
the closure of the Jacobian locus (in Ay) and meets the Jacobian locus it-
self. Moonen [20] has proven that an algebraic totally geodesic submanifold
is a Shimura subvariety if and only if it contains a complex multiplication
point. For results on Shimura subvarieties contained in j(M,) we refer to
113, 201, 22, 25, 211, [T, (19}, 15, [18].

Outside the hyperelliptic locus the period map is an orbifold immersion.
For g > 4 the Jacobian locus j(M,) has dimension strictly smaller than
Agy. Therefore it makes sense to compute the second fundamental form of
Jj(My) C A, and to study its metric properties by infinitesimal methods. The
second fundamental form has been studied by Pirola, Tortora and the first
author [6], where an expression for it is given and it is proven that the second
fundamental form lifts the second Gaussian map, as stated in an unpublished
paper by Green and Griffiths [12]. In particular the computation of the
second fundamental form on &, ® £, (where &, is a Schiffer variation at the
point p on the curve) reduces to the evaluation of the second gaussian map at
the point p. These results have been used in [5] to compute the curvature of
the restriction to My of the Siegel metric. In [5] there is an explicit formula
for the holomorphic sectional curvature of M, in the direction &, in terms
of the holomorphic sectional curvature of A, and the second Gaussian map.

It is much harder to use the formula in [6] to compute the second fun-
damental form on ¢, ©® {, when p # ¢. In fact the formula contains the
evaluation at ¢ of a meromorphic 1-form on the curve, called 7,, which has
a double pole at p and is defined by Hodge theory. In general it seems rather
hard to control the behaviour of 7, in a way to get constraints on the second
fundamental form.

1.2. In this paper we give a global and more intrinsic description of this
form. We show that as p varies on the curve the forms 7, glue to give a
holomorphic section 7 of the line bundle Kg(2A), where S = C' x C' and
A C S is the diagonal. With this interpretation we are able to prove that
the second fundamental form coincides with the multiplication by 7.

More precisely, fix a genus g, which will always be assumed greater than
3, and fix [C] € M, outside the hyperelliptic locus. The conormal bundle
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of j : My C Ay at [C] can be identified with I3(K¢), which is the kernel
of the multiplication map S?H%(C, K¢) — H°(C,2K¢). Hence the second
fundamental form can be seen as a map p : Io(K¢) — S?H?(C,2K¢). Let
S = C x C and let A be the diagonal. By Kiinneth formula H%(S, Kg) =
HY(C,K¢)® H°(C,K¢) and H°(S,2Kg) = H°(C,2K¢) ® HY(C,2K¢). In
particular Ir(K¢) C HO(S, Kg(—24)).

Theorem A. (See Theorem BI3]). The second fundamental form p is the
restriction to Is of the multiplication map

HY(S,Kg(—2A)) — H°(S,2Ks) Q— Q-

1.3. Based on these results on the second fundamental form we get some
constraints on the existence of totally geodesic submanifolds of A, contained
in My. Since our methods are local in nature, the results apply to germs
of such submanifolds. We get upper bounds for the dimension of totally
geodesic germs passing through [C] € M, in terms of the gonality of the
curve C.

Theorem B. (See Theorem[d.3]). Assume that C is a k-gonal curve of genus
g with g > 4 and k > 3. LetY be a germ of a totally geodesic submanifold
of Ay which is contained in the jacobian locus and passes through j([C]) =
[J(C)]. Then dim(Y) < 2g+ k — 4.

This immediately yields a bound which only depends on g.

Theorem C. (See Theorem [L0). If g > 4 and Y is a germ of a totally
geodesic submanifold of A, contained in the jacobian locus, then dimY <
39— 1).

1.4. For low genus one can construct examples of totally geodesic submani-
folds contained in M, using cyclic covers of P!, see e.g. [7,21],25]. These are
in fact Shimura varieties. A complete list of the Shimura varieties that can
be obtained in this way has been given in [2I] using deep results in positive
characteristic. With our methods we check directly that these examples are
indeed totally geodesic and we show that a large class of cyclic covers, which

are not in the list of Shimura varieties, are not even totally geodesic (see
Proposition 5.7 and Corollary [5.8]).

1.5. Other works studying totally geodesic submanifolds contained in the
Jacobian locus include [26, 13, §]. In particular Hain [I3] proves the fol-
lowing. Let X be an irreducible symmetric domain and consider the locally
symmetric variety I'\ X (where T is a lattice). If there is a totally geodesic
immersion '\ X — j(My), and if some additional conditions are satisfied,
then X must be the complex ball. De Jong and Zhang [8] prove a similar
result under milder conditions, but still retaining the irreducibility assump-
tion on X. The techniques used in these works are global and are based on
group cohomology and on a rigidity theorem for the mapping class group
due to Farb and Masur [9]. Our result instead applies to germs of totally
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geodesic submanifolds, since it is local in nature and does not require ir-
reducibility assumptions. The same local point of view is present in [I7],
where the object of study are totally geodesic submanifolds contained in an
algebraic subvariety of a complex hyperbolic space form.

Acknowledgements. = We wish to thank Fabrizio Andreatta and Bert
van Geemen for interesting conversations. The second and third authors
wish to thank the Max-Planck Institut fiir Mathematik, Bonn for excellent
conditions provided during their visit at this institution, where part of this
paper was written.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Second fundamental form. Denote by A, the moduli space of prin-
cipally polarized abelian varieties of dimension g, by M, the moduli space of
smooth curves of genus g and by j : M, — A, the period mapping or Torelli
mapping. By the Torelli theorem j is injective. To study j one can fix a

j(n)
level structure with n > 3 and consider Mg(n) = Aé") which is a smooth

map between manifolds. Since level structures play no role in what we are
doing, it is more appropriate to think of M, and A, as complex orbifolds
or smooth stacks, see e.g. [2, XII, 4]. The period map is smooth in the
orbifold sense. Moreover its restriction to the set of non-hyperelliptic curves
is an orbifold immersion [23]. By abuse of terminology we will henceforth
omit the word ”orbifold”. The moduli space A, is endowed with the Siegel
metric, which is the metric induced on Ay from the symmetric metric on
the Siegel upper halfspace §),. Outside the hyperelliptic locus we have the
sequence of tangent bundles:

0—TMy;— j*(TAy) &> N —0,
whose dual, at [C] € M, is
0— I, — S?H°(C,K¢c) B H(C,2K¢) — 0,

where Iy := I5(K(¢) is the set of quadrics containing the canonical curve and
m is the multiplication map (see [5] for more details). Denote by

I1: S*TicyMy = S*H' (C, Te) — Nigy

the second fundamental form of the period map with respect to the Siegel
metric on Ay. Denote by

p: I, — S?H(C,2K()

the dual of II. We will refer both to II and to p as second fundamental
forms.

2.2. Schiffer variations. If C is a curve and = € C, the coboundary of
the exact sequence 0 — To — To(z) — To(x)|, — 0 yields an injection
HY(T¢(z)|,) = C — HY(C,T¢). Elements in the image are called Schiffer
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variations at x. If (U, z) is a chart centred at z and b € C§°(U) is a bump
function which is equal to 1 on a neighbourhood of z, then

ob 0
9'782

is a Dolbeault representative of a Schiffer variation at x. The map

£:TC - H (C,Tc) u= A%(g;) = g = N2[A]

does not depend on the choice of the coordinates. It is well known that
Schiffer variations generate H'(C,T¢) [2, p.175)].

Lemma 2.3. Let 3 € H°(C,2K¢) and let (U, 2) be a chart centred at x € C.
If B = f(2)(dz)? on U, then 6(58@@)) = 2mi f(0).

Proof.

ag /ﬁue_/f dzA—:—/U_{wﬁ(Wdz).

If ¢ > 0 is small enough, b = 1 on {|]z|] < e}. Using Stokes and Cauchy
theorems we get

B(gé(x)):—lim / 8<Mdz> a—>0/f dz = 2mif(0).

e—0 z
Un{|z|>¢e}

O

2.4. Gaussian maps. We briefly recall the definition of Gaussian maps for
curves. Let N and M be line bundles on C. Set S:=C x C and let A C S
be the diagonal. For a non-negative integer k the k-th Gaussian or Wahl
map associated to these data is the map given by restriction to the diagonal

NN M

HO(S,NR M(—kA)) =3 HY(S,NK M(-kA)|a) = H(C,N ® M ® KL).
We are only interested in the case N = M. In this case we set py pr == ,u’fVL M
With the indentification H°(S,N X M) = H°(C,N) ® H°(C, M) the map
to,n is the multiplication map of global sections

H(C,M)® H(C,M) — H(C,M?),
which obviously vanishes identically on A2H%(C, M). Consequently ker 1o, M
= HY(S, MXM(—A)) decomposes as A2H(C, M) @® I(M), where I(M) is
the kernel of S?H°(C, M) — H°(C, M?). Since p11 ps vanishes on symmetric
tensors, one usually writes

pia s APHY (M) — HY (Ko @ M?).

If o is a local frame for M and z is a local coordinate, given sections s1, s3 €
HY(C, M) with s; = fi(2)o, we have

(2.1) pm(s1 A s9) = (fif2 = fafr)dz @ o,
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Consequently, the zero divisor of 111 7(s1 A s2) is twice the base locus of the
pencil (s1, s2) plus the ramification divisor of the associated morphism.

Again H°(S, M X M(—2A)) decomposes as the sum of I5(M) and the
kernel of p1 a7. Since po pr vanishes identically on skew-symmetric tensors,
one usually writes

pon (M) — HY(C, M? @ K&).
By ps we denote the second gaussian map of the canonical line bundle K¢
on C:

p2 1= porce  lo(Ke) = HO(KE).
2.5. The form 7, and the second fundamental form. We now recall
the definition of n,. Let C be a smooth complex projective curve of genus
g > 4. Fix a point z € C. The space H’(C, K¢ (27)) is contained in the
space of closed 1-forms on C' — {z}. The induced map H®(C, K¢ (2z)) —
H1(C—{x},C) is injective as soon as g > 0. By the Mayer-Vietoris sequence,
the inclusion C' — {z} < C induces an isomorphism H'(C,C) = H(C —
{z},C). Thus we get an injection

(2.2) je s HY(C, Kc(2x)) — HY(C,C).

H'Y(C) is contained in the image of j, and h°(C, K¢(27)) = g + 1, so
JoYH®Y(O)) is a line. If (U, z2) is a chart centred at z, there is a unique
element ¢ in this line such that on U — {z}

p= (z—lz + h(z)> dz

with h € Oc(U). (Applying Stokes theorem on C' minus a disc around x
shows that the residue at x vanishes, so there is no term in 1/z.) Define a
linear map

ne : T,C — H(C, K¢ (21))
by the rule
0
—\Z
“ 0z
We will often drop x and simply write 7, for 7, (u). An easy computation
shows that 7, does not depend on the choice of the local coordinate.

() — nz(u) :== Aep.

Theorem 2.6 ([6 Thm. 3.1], [5, Lemma 3.5]). Let C be a non-hyperelliptic
curve of genus g > 4. Given points x # y in C and tangent vectors u € T,C
and v € T,C we have

P(Q)(&u ® &) = —4mi - ne(u) (v)Q(u, v),
P(Q)(&u ® &u) = —2mi - p2(Q) (u®h).

This theorem is basic to the whole paper. For the reader’s convenience we
recall its proof.
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Proof. First of all we take w € H'(C,T¢) and we compute p(Q)(w) €
HO(C,2K¢) for Q € I)(Kc). We can assume that there is a a one di-

mensional deformation X % A with €' = f750) and w = m(%), where
A = {|t| < 1} and & is the Kodaira-Spencer map. Take a C* lifting Y of the
holomorphic vector field %. So we have a C* trivialization 7 : A x C — X,
T(t,z) = 7(x) := ®¢(x), where {®;} is the flow of the vector field Y. Then
6 := 9Y|¢ is a O-closed form in A%(C,T¢) such that [f] = w € H'(C,T¢).
Denote by Cy the fibre of f over t and let w(t) be a section of the Hodge
bundle, i.e. Vt € A, w(t) € H(K¢,). Since w(t) is closed, also 77 (w(t)) is
closed, so 7/ (w(t)) = w+ (o + dh)t + o(t), where w := w(0), « is harmonic
and h is a C™ function. Denote by V&M the flat Gauss-Manin connec-
tion on R!f,C. So we have Va/at[ w(t)]t=0 = [@]. By Griffiths’ results (see
e.g. 29, pp. 234ff]) 0 -w = %! + Oh and m(%) - [w] = [a®1], where a®!
is the (0,1) component of a. Now assume that {w;}=1,. 4 is a basis of
HO(K¢). Take a quadric Q = >ij aijwi ®w; € Ir(Kc). Denote by V10 the
Gauss-Manin connection on the Hodge bundle fiwx/a, i.e. Vi = gv&M
where 7 is the projection of H!(C;,C) onto H°(Cy, K¢,). Then for all 4
we have Vé’/oat [wi(H)]|t=0 = [;}?]. Denote by V the induced connection on

S? fuwx/a- If Q(t) = 21 4ij(Hwi(t) ® wj(t) € Ir(Kc,) is a section of the
conormal bundle such that Q( ) = @, then

p(Q)(w) = V Q|t 0) Zaw wsz—I-ZZawa wj.

Since »; ; a;j(t)wi(t)w;(t) = 0, also its derivative at ¢ = 0 vanishes, ie.
235 alj(ozl + dhi)w; + 2, ; a;;(0)wiw; = 0, and if we take the (1,0) part

we have 237, - a;i(o; 20 Ohy)w; + >oij awiw; =0, s0

(2:3) PQ)(w) = =2 aijw;ohi.

This is an instance of a Hodge-Gaussian map, see [6] and also [24] §4].
Now fix a point z € C and a chart (U, z) centred at z. Let w be the

Schiffer variation § 2 () at x € C with Dolbeault representative 0 := _7 gz,

where b € C§°(U) be a bump function equal to 1 on a neighbourhood of x.
Let w; = fi(2)dz be the local expression of w; in U. On C — {x} we have
0-w; = ééb, SO oz?’l +0h; =0 (%) Set g; := bei — h;. Then a?’l = 0g;.
Define n; := 0g,.

Now we will show that ) a;jw;0h; = — ) a;jw,n;. In the first place, note
that 7; is holomorphic in C' —{z}. Indeed, a; is harmonic, thus dn; = 99g; =
—00g; = —8@?’1 = 0. Hence, Zaijwia(%) = > a;jwiOh; + > azjwin; is
holomorphic on C' — {z}, because the first term is a holomorphic section
of 2K¢ by (Z3) and the second is holomorphic on C' — {z} since 7; is
holomorphic. In a neighborhood of  where b = 1, this expression has the
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form

Z%fl < > = ”fz<__+f/>d2 =0,

z
because ) a;;fifj = Y aijfif; = 0. So Y a,;w0 (%) is identically zero.
Thus we have

P(Q)E2 () = —2) " ajwidhy =2 agwim;.

Now we claim that n; = —fi(:n)nm(%). In fact 7, € H°(Kc(2x)), since on
U, where b = 1, n; has the form

w= (-1 00 a:

with 1;(z) a holomorphic function, hence 7; is a meromorphic form, with a
double pole at . By definition, n; + a?’l = dg; + 0g; = dg;, so

Je(mi) = —[a7"'] € jo(H°(Kc(22))) N HY(C).

This proves the claim.

We can assume that the chart (U, z) contains also y. Applying Lemma 2.3]
the first statement immediately follows for v = 9/0z(x) and v = 0/0z(y).
It is clear that this is enough. For the second statement it suffices to use
the local expression of us. O

Remark 2.7. We remark that Schiffer variations, the forms 7., ¢ and
u2(Q) are sections of vector bundles, but they become functions as soon as
a coordinate chart is fixed. Because of this many statements, like the one
above, are usually stated for simplicity, as if these sections were evaluated
at points instead of tangent vectors. We will follow this notation when it is
convenient. In the next section instead it is better to stick a more formal
notation.

3. THE SECOND FUNDAMENTAL FORM AS A MULTIPLICATION MAP

3.1. In this section we show that as x varies on the curve the form 7, varies
holomorphically in an appriopriate sense and gives rise to a section of a
vector bundle on C' and to a corresponding section 7 of the line bundle
Kg(2A) on S = C x C. The two main points are Theorem B.I3] and the
invariance of 7; with respect to the action of Aut(C).

3.2. Let (U, 2) be a chart centred at z € C. Set u = %(m). It is a classical
result that there is a harmonic function f, € C*°(C — {z}) such that f, =
—1/z+g(z) on U — {x} for some g € C*°(U). This function is unique up to
an additive constant and is called elementary potential. Its existence can be
proven for example using the (real) Hodge decomposition theorem and the
Weyl lemma (see e.g. [10, p. 46-48]) or using the Perron method (see e.g.
[16, p. 213fF)).
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Lemma 3.3. If f, is an elementary potential, then Of, = nu, Of, is smooth
on C and jz(ny) = [0 fu]-

Proof. The (1,0)-form 9f, is holomorphic on C' — {z} since f, is harmonic.
Moreover df, = 2z 2dz + dg on U — {x}. The form Og is holomorphic
on U — {z}, but also smooth on U. Hence it is holomorphic on U. This
shows that df, = 1, + w for some w € HY(K¢). Set a := —df,. Then «
is smooth on C' by the definition of f,. It is closed, since f, is harmonic
and of type (0,1). On C — {z} we have df, — a = dfy, so [0f,] = [a] in
H'(C —{x}). Therefore j,(0f,) = [a]. Since [a] € H*(C), this shows that
Je(0fy) € H%Y(C). Therefore w = 0 and 71, = df,,. O

Remark 3.4. Notice that one could prove the existence of f, using 7, and
the fact that C' — {z} is Stein.

Lemma 3.5. If H*'(C) is identified with H°(C, Kc)* using Serre duality,
then x — Im j, N HOY(C) € P(H%'(C)) coincides with the canonical map.

Proof. Let (U, z) be a coordinate centred at x. Set u = %(az). If we
HO(C, Kc¢), let w = ¢(z)dz be its local expression on U. By Lemma [3.3]
Jz(ny) = —[0fu]. Therefore

Lenim == [onon= [ )=

= lim ©o(2) (—% + g(z))dz = —p(0) = —w(u).

e—0 |2|=e

(3.1)

O

3.6. Let S :=C x C, let A denote the diagonal and let p,q: S — C be the
projections p(z,y) = x, q(z,y) = y. Then Kg = p* K¢ ® ¢* K. Consider
the line bundle L := Kg(2A) on S and set

V= p(¢" K (24)) E :=p.L.

By the projection formula £ = Kc®V'. Since ¢* K¢ (24) |1 xc = ¢* Kc(22),
we have H(p~1(z),¢* Kc(2A)) = H(C, Kc(22)). By Grauert semiconti-
nuity theorem V is a holomorphic vector bundle on C with fibre V, =
HY(C, K¢(2z)) and the map @ — 17, is a section of E. We call this section
7.

Proposition 3.7. 1 is a holomorphic section of E.

Proof. Let W — C denote the trivial vector bundle with fibre H'(C,C).
We claim that the injection j : V < W defined in (22)) is holomorphic. Fix
a € H%(C, Kc(2x)) and a smooth singular 1-cycle ¢ on C. If x does not lie
in the support of ¢, the integral fcoz is well-defined. It does not change if «
is replaced by o+ df with f € C°°(C' — {x}). Therefore [ o = ([c],j(a)).
Fix x¢ € C and choose smooth 1-cycles ci, ..., ca4, that do not touch x¢ and
whose classes form a basis of H1(C,C). Let A be an open subset of C, such
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that V is trivial over A and A does not intersect the supports of the cycles
c;. Fix s € H(A, V). To show that j(s) is a holomorphic section of W over
A, it is enough to prove that the functions

o (e d(s@)) = [ s(a)

are holomorphic on A. Since V' = p.q*Kc(2A), s corresponds to a section
s € HY(AxC,q*Kc(24)). So s(z,-)|c—a is a holomorphic 1-form on C' — A
depending holomorphically on the parameter x € A and its integral over
the 1-cycle ¢; (which is contained in C' — A) is a holomorphic function of
x. Therefore j(s) is holomorphic. Since s is arbitrary, this proves that j is
holomorphic, as claimed. Next fix a chart (U,z) on C. To show that 7 is
holomorphic on U it is enough to prove that 77(6%) is holomorphic or - by
the above - that j(n(a%)) is a holomorphic function U — H!(C,C). Fix a
basis {w1,...,wy} of HY(C, K¢). The functionals [,(-) Aw; and [,(-) Aw;
form a basis of H!(C,C)*. Since j(n(a%)) € H%(C) the latter g functionals
vanish on j(n(a%)). Assume that w;(2) = fj(2)dz on U. By (31)

LJ<H(%)) Awj = fj(2).

This proves that j (n(a—az)) is holomorphic. O

3.8. Since £ = p,L there is an isomorphism H°(C,E) = H°(S, L) that
associates to o € H°(C, E) the section & € H°(S, L) such that

0y = 6l xc € ThC ® HY(C, K¢(22)) = E,.
It follows that a,(u)(v) = é&((u,0), (0,v)) for  #y, u € T,C and v € T,C.

Thus there is a well-defined section 7 € H%(S, L) corresponding to 1 and
for v € T,C and v € T,,C with x # y, we have n,(u)(v) = 7(u,v).

Lemma 3.9. The form 1 is symmetric, i.e. 7j((u,0), (0,v)) = 7((v,0), (0,u)).
Proof. Fix points x # y and tangent vectors u € T,,C,y € T,C. Using the

identity d(£u(0f, — 1) = fofu = 0fs)) = 2(fu00f, — f,00f,) = 0 and
applying Stokes theorem on C' — {|z| < ¢} U {|w| < e} we get

0= [ (101~ 08) = 1,008, - 08 )+

n /w|:€ (fu(éfv —0fy) = fo(Ofu — 0fu>)

(This is just Green formula.) Let us denote by A. and B. these two inte-
grals. Observe that f,0fy, = O(fufv) — fulfy and f,0f, = O(fufv) — foOfu-

Therefore

A= [ (u) — 2000 —260) = 2 |

|z|=¢

(£.05u+ Fu0F,).
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Since f,0f, is a smooth form near z, we have lim._ f|z|:€ fo0fy = 0.
Choose a coordinate (U, z) centred at x such that u = 0/0z(z) and let g(z)
be as in Near x we have n,(v) = df, = h(z)dz for some holomorphic
function h. So

lim A, = —21lim fulfy =
e—0 e—0 |2|=¢
. 1 . .
= —221_% " <—; + g(z)) h(z)dz = 4mih(0) = 4miny, (v)(u).
By the corresponding computation, lim._,o B. = —4min, (u)(v), so n,(v)(u) =
N (u)(v) as desired. O

3.10. Aut(C) acts diagonally on C' x C and preserves A. Therefore the
action lifts to Kg and also to L = Kg(2A). This yields a representation of
Aut(C) on H°(S,L). On the other hand, if & € Aut(C), then (¢71)* is a
map from H(C, K¢(2x)) =V, to HY(C, K¢(20(x))) = V(). Tensoring it
with (do=1)* : TC — 17, C we get a map T;C @ Vy — T7 1O ® Voy).
This yields an action of Aut(C) on the total space of E = K¢ ® V' which
covers the action of Aut(C) on C. This means that E is an equivariant
bundle. In this way we get a representation of Aut(C) on H°(C, E). The
map « — & considered in B8 is an isomorphism of Aut(C')-representations.

Lemma 3.11. 7 and 7 are invariant with respect to the action of Aut(C).

Proof. By the above it is enough to show that 7 is invariant. For 7 € Aut(C)
we wish to prove that (dr~1)* @ (771)*(n,) = 1., for any y € C. For
simplicity, set o := 771, 2 := 7(y). So we wish to prove that o*(n,(do(u))) =
Nz (u) for any u € T,,C. By continuity it is enough to prove this for x such
that o(z) # x. Choose a coordinate patch (U, z) centred at x, such that
UNo(U) # 0 and u = %]x. Then (o(U),w := zo o~ !) is a coordinate
system centred at o(z) and 8%(0(@) = do(u). Assume that

il = (55 + (=) )

on U. Then
1
w2

Tz (u) = <

on o(U). Moreover j,7* = 7%jy. So jy,7*(nz(u)) = 7%jz(ne(u)). Since
Ja(ne(w)) € H*H(C), also j,7* (112 (u)) € H*!(C). Hence 71, (u) = 1y (do(u))
as desired. O

3.12. If we identify H°(C, K¢) ® H(C, K¢) with HY(S, Kg), then I be-
comes a subspace of H%(S, Kg(—A)). Since elements of I are symmetric,
they are in fact in H°(S, Kg(—2A)). So if Q € I the product section Q - 7
lies in HY(S,2Ks) = H°(C,2K¢) ® H(C,2K().

+h(w) )
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Theorem 3.13. With the above identifications, if C' is non-hyperelliptic and
of genus g > 4, then p : Iy — S2H°(C,2K¢) is the restriction to Iy of the
multiplication map

HO(S,Kg(—2A)) — HY(S,2Ks)  Q+— Q.

Proof. The identification H°(C,2K¢) @ H°(C,2K¢) = HY(S,2Kg) is com-
patible with Lemma 23], i.e. for o € H%(S,2Kg), v € T,C and v € T,C we
have (o, &, ® &) = a((u,0),(0,v)). If 2 # y, by Theorem 2.0

P(Q)(&u © &) = Q(u, V) (u)(v) =
=(Q-1)((4,0),(0,v)) = (Q- 1) (&u © &)

(In the last identity we use the fact that both @ and 7} are symmetric). So
p(Q) — @ - 1) vanishes on tensors of the form &, ® £, with = # y. Clearly we
can choose a basis of S2H'(C,T¢) formed by such elements. 0

3.14. Since the second fundamental form is symmetric, using this theorem
we get another proof of Lemma [3.91

4. TOTALLY GEODESIC SUBMANIFOLDS AND GONALITY

4.1. In this section we will give an upper bound for the dimension of a germ
of a totally geodesic submanifold contained in the Jacobian locus.

Theorem 4.2. Assume that C is a k-gonal curve of genus g, with g > 4
and k > 3. Then there ezists a quadric Q € Io(K¢) such that rank p(Q) >
2g — 2k.

Proof. Here we follow the simplified notation mentioned in 2771 So we un-
derstand that a local coordinate has been fixed at the relevant points and
we write £p for a Schiffer variation at P. Let F' be a line bundle on C' such
that |F| is a g} and choose a basis {z,y} of H(F). Set M = K¢ — F and
denote by B the base locus of |M|. By Clifford theorem deg(B) < k — 2.
Assume that (t1,ts) is a pencil in H%(M), with base locus B. We can write
t; = ths for a section s € HY(C,O¢(B)) with div(s) = B. Then (t},t,) is a
base point free pencil in [M — B|. Let ¢ : C — P! be the morphism induced
by this pencil.

Now consider the rank 4 quadric Q) := zt; ® yty — xto ©® yt1. Clearly
Q € Ix(K¢). Set d := deg(M — B) = 29 — 2 — k — deg(B). We need the
following fact: if {P,..., Py} is a fibre of the morphism ¢ over a regular
value, then the Schiffer variations {p,, ..., p, are linearly independent in
HY(C,T¢). In fact, denote by W := (£p,,...,&p,). We want to show that
the annihilator Ann(W) of W has dimension 3g — 3 — d. By lemma 23]
Ann(W) = {a € HY(C,2K¢) | a(P;) =0, i = 1,...,d}, hence by Riemann-
Roch dim Ann(W) = h°(2Kc — Py —---—Py) = °(2Kc —M +B) = g— 1+
k+deg(B) = 3g—3—d. The claim is proven. Next denote by ¢ the morphism
induced by the pencil |F'| and consider the set E := 1(Crit(¢)UCrit(¢) UB)
where Crit(p) (resp. Crit(¢))) denote the set of critical points of ¢ (resp. ).
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Let z € P! — E and let {Py,..., P;} be the fibre of 1) over z. By changing
coordinates on P! we can assume z = [0,1], i.e. #;(P;) =0 fori=1,...d.
Then clearly t1(FP;) = 0, so Q(F;, Pj) = 0 for all i,j. Applying Theorem
2.6] one immediately obtains that the restriction of p(Q) to the subspace W
is represented in the basis {{p,,....,{p,} by a diagonal matrix with entries
i - uo(Q)(F;) on the diagonal. For a rank 4 quadric the second Gaussian
map can be computed as follows: p2(Q) = p1,rp(z A y)pim(ts Ate) see [4,
Lemma 2.2]. Now p1 p(x Ay)(P;) # 0, because P; ¢ Crit(yp) by the choice
of z, see (2.1I)). Moreover P; ¢ B. On C' — B the morphism v coincides with
the map associated to (t1,t2). Since P; ¢ Crit(¢), it is not a critical point
for the latter map. Therefore also py ar(t1 A t2)(P;) # 0 see [21). Thus
p2(Q)(F;) = p1,p(x Ay)(P;)pr, v (ti Ata)(P;) # 0 for every i = 1,...,d. This
shows that in the basis {{p,,...,{p,} the quadric p(Q)|w is represented by
a diagonal matrix with non-zero diagonal entries. So p(@Q) has rank at least
d=2g—2—k—degB > 2g — 2k. (]

Theorem 4.3. Assume that C is a k-gonal curve of genus g with g > 4
and k > 3. Let'Y be a germ of a totally geodesic submanifold of A, which
is contained in the jacobian locus and passes through [C]. Then dimY <
29+ k—4.

Proof. By Theorem [4.2] we know that there exists a quadric @ € I3 such that
the rank of p(Q) is at least 2g — 2k + 1. By assumption for any v € Tjc)Y’
we must have that p(Q)(v ® v) =0, so v is isotropic for p(Q), hence

(29 — 2k +1) 7

=29+k— .

dimTiY <3g—3—
1um e _3g 3 9 9

O

Remark 4.4. In Theorem if |M] is base point free — this happens in
particular if C' is generic in the locus of k-gonal curves — the above proof
shows that rank p(Q) > 2g — 2 — k. So if Y is a germ of a totally geodesic
submanifold of A, contained in the jacobian locus and passing through a
generic k-gonal curve, then dimY < 2g — 2 + k/2.

Theorem 4.5. If g > 4 and Y is a germ of a totally geodesic submanifold
of Ay contained in the jacobian locus, then dimY < 3(g —1).

Proof. This immediately follows from Theorem (3], since the gonality of a
genus g curve is at most [(g + 3)/2]. O

Corollary 4.6. For any g > 4 and k > 2 the k-gonal locus is not totally
geodesic in Ay.

Proof. For k = 2 this is Proposition 5.1 in [5]. If £ > 3 the dimension of
the k-gonal locus is 29 + 2k — 5 > 29 + k — 4. Hence the statement follows
immediately from Theorem [£3] O

Remark 4.7. As it is evident from the proof, gonality is used to construct
a quadric @ € Is(K¢) of rank 4 such that p(Q) has large rank. It seems
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unlikely that gonality plays any role in this problem. In fact we expect
the existence of @ € Iy(K¢) with image p(Q) a nondegenerate quadric on
H'(C,T¢). This would give the upper bound %(g — 1) for the dimension
of a germ of a totally geodesic submanifold. On the other hand, the map
p is injective. This can be deduced from [5, Cor. 3.4] or from Theorem
BI3] since the form 7 is non-zero. Therefore p(I2(K¢)) is a linear system
of quadrics of dimension W on P(HY(C,T¢)) = P39~4. This already
gives an upper bound for the dimension of a submanifold Y as in Theorem
Indeed for any point [C] € Y, the tangent space Ti)Y C H'(C,T¢)
is contained in the base locus of p(I3(K¢)). This means that p(Iy(K¢)) is
contained in the space of quadrics ¢ € S2H%(C,2K¢) that vanish on TieY.
This yields the bound

—14+/32g% — 40 1
dimY < + 92 9+ .

Nevertheless for any g > 2 this bound is weaker than the one provided in
Theorem At any case the study of the base locus of the linear system
p(I2(K¢)) should clearly improve the understanding of totally geodesic sub-
manifolds. If one could prove that the base locus is empty, one would rule out
the existence of totally geodesic submanifolds passing through [C]. However
to proceed in this direction it is probably necessary to better understand
the form 7).

Remark 4.8. Observe that for g > 5, the non existence of germs of totally
geodesic hypersurfaces follows directly from Theorem and [4, Thm. 6.1].
In fact if Y is a hypersurface in M, it passes through a non-trigonal curve
[C]. Since PTjcY intersects the bicanonical curve in PH YTe), T, ic]Y con-
tains a Schiffer variation £, for some x € C. By [4, Thm. 6.1], there exists

a quadric @ € I3(K¢) such that p2(Q)(z) # 0, so p(Q)(&x © &) # 0 by
Theorem [2.6]

5. FAMILIES OF CYCLIC COVERS OF THE PROJECTIVE LINE

5.1. Let C be a curve of genus g > 4 and let G be a subgroup of the group
of automorphisms of C. This yields an inclusion of GG in the mapping class
group I'y [II]. So G acts on the Teichmiiller space T; and we denote by T, gG
the set of fixed points of G' on T, which is a nonempty by the solution of
Nielsen realization problem [14], 27, [3], and is a complex submanifold of Tj.
The tangent space to TS at a point [C] is given by H*(C,T¢)“. Moreover
T gG parametrizes marked curves C' endowed with a holomorphic action of
G of the given topological type and there is a universal family C — T, gG
containing all such curves. If ¢t € TgG we denote by C; the corresponding
curve.

5.2. Let us now consider the period map at the level of Teichmiiller spaces
Ty, — H,. This is an immersion outside the hyperelliptic locus, and we will
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consider its restriction to T, gG . Denote by Z(G) its image in A,. Given a

point t € T gG such that C; is non-hyperelliptic, the cotangent spaces fit in
the exact sequence

0— N* = S?2H(K¢,) & H°(2K¢,)¢ — 0,

where N* is the conormal space to Z(G) C Ay at the point J(Cy). Since 7
is G-invariant, N* is a G-submodule. Let

p: N* — H°(2K¢,)Y ® H(2K¢,)®
denote the second fundamental form of Z(G) at point J(Cy).
Lemma 5.3. The second fundamental form p is G-equivariant.

Proof. Recall that by definition, given a € N*, we have p(a) = n(V(a)),
where V is the Gauss-Manin connection on S? f.we /TG of the family C ER
e

T gG . Since 7 is G-invariant, it suffices to prove that V is G-invariant, i.e.

¢ Vg = V for every g € G. Observe that the flat connection V&M on
R'f,C is G-invariant, since the G-action maps flat sections to flat sections.
Let 710 : H(Cy,C) — HY(C}) be the projection. Then 710 0 V&M is the
connection on the Hodge bundle f.w, /TG Since the action of G on C is
1,0 100 VEM g also a
1,0 o yGM

holomorphic, the projection 7+ is G-equivariant, hence 7
G-invariant connection. Finally V is the connection induced by 7
on S? frwe /TG The result follows. O

Proposition 5.4. If there are no nonzero quadrics in Is(K¢,), which are
invariant under the action of the group G, then Z(G) is totally geodesic.

Proof. Consider the cotangent sequence of the period map j : T, — H, at
the point [Cy] and its restriction to T,':

0 — Iy(Kc,) — S*H(K¢,) = H"(2K¢,) — 0

o [

0 N* S2HO(K¢,) — HY(2K¢, ) — 0.

(The notation is as in [(.2]) Since the map m is G-equivariant, any G-
invariant element in N* lies in I3(K¢,). Hence by the assumption there
are no nontrivial invariant elements in N*, i.e. the trivial representation
does not appear in the decomposition of N*. On the other hand the rep-
resentation H(2K¢,)¢ is trivial. By Lemma [5.3] § is a morphism of G-
representations. Hence Schur lemma implies that p is the trivial map. [

5.5. Now we will consider the case in which G = Z/mZ, m > 3 and
C/G = P'. These families have been studied by various authors, e.g.
[7, 211 25], since they provide the only known examples of totally geodesic
submanifolds contained in the Jacobian locus. These examples are in fact
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Shimura varieties. A complete list of the Shimura varieties that can be ob-
tained in this way has been given in [2I], which we follow for the notation
in the rest of the paper.

We identify G also with the group of m-th roots of unity. Fix an integer
N > 4, together with an N-tuple a = (a1, ...,an) of positive integers, such
that ged(m, aq,...,ay) =1, a; Z0 mod m and Zf\il a; =0 mod m. Given
distinct points t1,...,txy € P! there is a well-defined curve C; which is a
cyclic cover of P! with covering group Z/mZ, branch points t; and local
monodromy a; at ¢;. It is the normalization of the affine curve

N
(5.2) y" =@ — )™

i=1
Varying the branch points ¢t = (t1,...,ty) one obtains a (N — 3)-dimensional
family of curves C — B. There is an action of G on C given by the rule
¢ (x,y,t) := (x,( - y,t), ¢ € G. Thus triples (m, N,a) parametrize these
families and two triples (m, N, a) and (m’, N',a’) yield equivalent families
if and only if m = m/, N = N’ and the classes of a and a’ in (Z/mZ)" are
in the same orbit under the action of (Z/mZ)* x Xy, where (Z/mZ)* acts
diagonally by multiplication and the symmetric group Xy acts by permu-
tation of the indices. Notice that to fix the class of the triple (m, N,a) is
equivalent to fixing the topological type of the G-action. Thus B and T, gG
have the same image in My and we will consider Z(m, N, a) := Z(G) C Ay
the (N — 3)-dimensional subvariety given by the Jacobians of the curves C,
t € B. By the Hurwitz formula

(N —2)m -8 r,
2

with 7; = ged(m,a;). A basis of HY(Cy, K¢,) is given as follows. For
i€{l,...N} and n € Z set

1(in) = [_;“i] dy =1+ f:<_;a>
=1

(Here [a] and (a) denote the integral and fractional parts of a € R.) Since
G acts on Cj, there is a decomposition H°(Cy, K¢,) = @)V, where Vj,
is the subspace of 1-forms w such that ¢ -w = ("w. Then Vj = {0}, while
forn =1,...,m — 1 a basis of V,, is provided by the forms that have the
following expression in the model (5.2)):

N
(5.3) Wny =y (x—t1)" - H(x — ;)"0 L dy 0<v<d,-1

1=1

g=1+

Remark 5.6. In [2I], Moonen proved that there is a finite list of triples
(m, N,a) such that the corresponding subvariety Z = Z(m, N,a) C Ay is a
Shimura variety. By [20] a Shimura variety is a totally geodesic algebraic
submanifold of A, that contains a complex multiplication point. Therefore
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the families in Moonen’s list are totally geodesic. Using Proposition [(.4]
we can immediately verify that all these families are totally geodesic. In
fact in all those cases there are no nontrivial quadrics in Iy(K¢,) which are
invariant under the action of the cyclic group.

Proposition 5.7. Consider the family C — B associated to the triple
(m, N,a) as above and the corresponding subvariety Z = Z(m,N,a) C A
given by the Jacobians of the curves Cy. Assume that not all the curves
Cy are hyperelliptic. If there exists an integer n € {1,...,m — 1} such that
dn > 2, dp—pn > 2 and n # m —n, then Z is not totally geodesic.

Proof. Fix an arbitrary non-hyperelliptic curve C' = C; belonging to the
family. We use the representation (5.2)). Since d,, > 2 and d,,—, > 2 and
n # m — n, there are four distinct forms wy 0, Wn,1, Wm—n0, Wm—n,1 given
in (B.3]). We form the quadric

Q= Wn,0 © Wm—n,1 — Wn,1 O Wn_n0-

One immediately sees from the definition that @ € I3(K¢) and that @ is
G-invariant. Let D be the divisor of poles of the meromorphic function
r € M(CO). Let 09,01 € H°(C,Oc(D)) be the sections corresponding to
the meromorphic functions 1 and . Assume for simplicity that t; = 0, so we
have wp 1 = @ - wp0 and wy—pn1 = T - Wy—n,0. Hence the forms wy, o, wm—no
can be seen as elements in H(C, K¢(—D)). Set 70 := wn0, T1 = Wm—n.0-
The quadric () can be written as follows:

(5.4) Q = 0010 ©® 0171 — 00T1 © T1Tp.

Denote by ¢ : C — P! our covering: it corresponds to the pencil (1,z) =
(0g,01). Denote by 1 the map to P! induced by the other pencil (rg, 7).
Take a point p € C' that does not belong to the set Crit(¢) UG - Crit(y) U B,
where B is the base locus of ¥. Fix a nonzero vector v € 1,C. The vector
v =3 e Cdgu) € HY(C,T¢) is clearly G-invariant. So it is a tangent
vector to TgG at the point corresponding to C. Hence by diagram (5.1

we have p(Q)(v ®v) = p(Q)(v ®v). By Lemma (B.1I) the map p is also
G-equivariant. So, using Theorem 2.6 we get

ﬁ(Q)(U © U) = p(Q)(U © U) = Z p(Q)(gdgl(u) © gdgg(u)) =

91,92€G

=161 (@6 © &) ~ 2mins(@5) )
g#1

= —2mim - <2 Z Q(u,dg(u)) - nu(dg(u)) + Mz(Q)(p))-
g#1

By (B4) @ is the quadric associated to the pencils (09, 01) and (79, 71), cor-
responding to the maps ¢ and 1 respectively. Since the fibre of ¢ containing
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p is the orbit G - p, Q(u, g«u) = 0, forall g € G — {1}. So finally we get
p(Q)(v ©v) = =2mim - p2(Q)(p),

and p2(Q)(p) # 0 by our choice of p. Hence Z is not totally geodesic. [

Corollary 5.8. For any m, there is only a finite number of families which
can be totally geodesic.

Proof. By Proposition [5.7] if there exists an integer n € {1,...,m — 1} such
that d,,,dpn—n > 2, n # n — m, then the family is not totally geodesic. So
we can assume that for all n € {1,...,m — 1} either d, <1, or djy—, < 1. In
particular either d; < 1, or d,,,—1 < 1. Denote by N; the cardinality of the
set {j | aj =i}. Then 7" N; = N and the relation 3V a; = 0 mod m
becomes 327 iN; = 0 mod m. But

d; :—1+§:<_Tlr?i> :—1+7§Ni<%>, forli=1,...,m—1,
i=1 1=1

m—1 m—i m—1 i
s0 d1:—1+z —Ni, dm_1:—1+ZENi.
i=1 i=1
Hence for [ € {1,m — 1} we have d; > —1 + Z:i_ll % =—-1+ % Sod; <1
implies N < 2m. Hence only a finite number of families can be totally
geodesic. 0

Now we give some examples of computations for low degree (m = 3 and
m = 5), showing that by the previous results most of the families are not
totally geodesic.

Corollary 5.9. If m = 3 and g > 5, then the varieties Z(3,N,a) are not
totally geodesic. If g = 4 there is only one totally geodesic family given by
the triple (3,6,a) where a = (1,1,1,1,1,1).

Proof. If dy,ds > 2, we know by PropositionB.7that the family is not totally
geodesic. So we can assume that there exists n € {1,2} such that d,, = 1.
In this case the space S2H O(Kct)(o) given by the invariant elements equals
(wn,0® V3_p). So there are no nonzero invariant elements in I>(K¢,) and by
Proposition [£.4] we conclude that the family is totally geodesic. So we have
to show that g =4, N =6 and a = (1,1,1,1,1,1). Denote as above by N;
the cardinality of the set {j | a; =i}. Then N;+ Ny = N and N1 +2N> =0

mod 3. So

PRSI o ) SR e SO ) SR VR S
prt 3 3 3 3 3
N

do = —1 +Z <_§ai> =-1 +N1<_?2> +N2<%4> =—-1+ %Nl + §N2.

Il
—

)
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By Hurwitz formula ¢ = N —2. Since we are assume g > 4 we get N1+ Ny =
N >6. Ifd =1,
6 < Ny + Na < 2Ny + Ny =6,

so N =6, g =4, Ny =0, N; = 6, hence a = (2,2,2,2,2,2) which is
equivalent to (1,1,1,1,1,1). If dy = 1 we have

6 < Ny + Na < Ny + 2N, =6,
soN=6,g=4, N, =0, Ny =6,a=(1,1,1,1,1,1). O

Remark 5.10. If m = 5, the following families are totally geodesic (see the
list in [21]):

(1) g=4, N=4,a=(1,3,3,3),

(2) g=6, N=5,a=(2,2,2,2,2).
(1) is the family constructed by de Jong-Noot [7]. Applying the criterion
given in Proposition 5.7 we are able to prove that all other families are not
totally geodesic except possibly for the following 4 cases

(3) g = 47 N = 47 a = (17 17474)7

(4) g = 47 N = 47 a = (1727374)7

(5)9267N: 7(11:(171,173,4),

(6)9267N: 7(11:(171,272,4),

(7)9287N: 7(11:(1’1,2’2,272)-
(3) is contained in the hyperelliptic locus, see [21], (5.7)]. (4) has been studied
in detail in [28]. Since one can check that it contains a CM point, it is not
totally geodesic by Moonen’s classification.

It would be interesting to get a complete list of the families of cyclic

coverings which are totally geodesic and to compare it with the list in [21].
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