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Abstract
This an introduction to Grassmann coherent states and the path-integral
representation of the generating functional of time-ordered thermal
correlators. Dyson’s equations, and the effective potential are discussed for
electrons with Coulomb interaction.
e The generating functional of thermal correlators

e Grassmann coherent states and path-integral

e Electron gas: functional relations, effective action
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Operators or Path-integral?

Q.M.: Schrodinger’s equation or Feynman’s path integral?

The first relies on well established theory of differential eqs & linear operators.
The path integral is difficult for bound systems (see Kleinert’s book).

A beautiful application is Gutzwiller’s trace-formula for chaotic systems.

Q.F.T.: Schwinger’s S-matrix or Feynman’s path-integral?

Path integral: sum over particle hystories/ configurations/ fields.

- critical phenomena (Amit, Zinn-Justin, Le Bellac, Kardar, .... )

- particle physics: gauge theories and renormalization (Ramond, Zee ... )

- superconductivity, superfluidity, condensates (Popov; Kapusta-Gale;
Stoof-Gubbels-Dickerscheid, Ultracold quantum fields, Springer (2009).)

- Disordered systems: spin-glass, Anderson localization, random matries ...
(Efetov, Brezin, Parisi-Mezard).

- Numerical evaluations (lattice, Montecarlo sampling).



Julian Schwinger (1918 - 2011)

During world war II J.S. was at the Ra-
diation Lab. at MIT with Uhlenbeck,
for the development of radars, and was
the expert in Green functions.

1950-54:  foundation of QFT with
functional methods, Green functions,

sources, in 4 papers on PNAS.

1965: Nobel prize with Richard Feyn-
man and Sin-Itiro Tomonaga for the
foundation of QED (Freeman Dyson
proved equivalence of path-integral and
functional approaches in 1949).

He was PhD advisor of four Nobel lau-
reates: Roy Glauber, Ben Mottelson,
Sheldon Lee Glashow, Walter Kohn,
and the advisor of Gordon Baym, ...




1 Thermal correlators

Fermions with Hamiltonian K = H — ,uN , in thermal equilibrium at inverse

temperature 8. Thermal average and imaginary time evolution:

()= ~t(ePE ), O@) = b KO@)e +K, 0<71<hB

Z
Z = set of quantum numbers (e.g. position, spin, ... ).
Z(T, i, ...) = tre”PK: partition function, = Thermodynamics .

Imaginary-time-ordered correlators: (TO;(xz1)...0,(xz,))

Operators of interest are coupled linearly to external “sources”:
Klp| = K + /dx Z(pi(X,T)OAZ‘(X)
i
Interaction picture: % (r,0) = e_%Tk%AI(T, 0)

Generating functional = Partition function with sources



1.1 The generator of T-correlators

Dyson’s expansion:

Z[p] =: tr % (hB3,0) = Z (7 (h53,0))
Zlp] = <Texp

hB .

:1+§f1 (—ﬁ) / Ay ... dz(TO(1) ... Ow,)) (o) ... olo)

r!

(=h)" 0" Z ¢

Z[p] dp(x1)...op(ar)
(T (hB, OA)OA(xl) .. 0(z,))
(%1 (hB,0))

(TO(x1) ...0(z,))y =

- sources break symmetries (which may not restore as s — 0)

- for Fermi operators derivatives must anticommute (Grassmann
fields)



1.2 Green functions

~ ~

Slsources] = / dz [ﬁ(x)w(a:) +¢T(x)n(x)] n / dz dy Dt (@)D (@)0(z) + . ..

n(z) and 7(z) are independent anti-commuting source-fields

N R N R r+s r+s =
(EH0) BT B g = (1 g P

O(x) is a commuting source for composite fields®.

o 1 621
<¢T($)¢(x)>sources - _hZ[ ‘ ] 50(33) 9

N VRN TR PR Y/
(T @) )0 @1 Nsousees = 1P 55555

abilocal sources 0(z, y): Cornwall, Jackiw and Tomboulis (1974), Rebei and Hitchon (1994);
R. Chitra and G. Kotliar (2001)



1.3 Independent fermions & perturbative expansion

(T e~ T fdwﬁw+%> — o7z [ dwdyTi(z)%o(z,y)n(y)

A

Ko = [dZ¢(Z)(h(Z) — p)(Z). Expansion in 7,7 gives:

(=) (1 - b Yo = > (=) (1,4) ... G(r, i)

P

If K = Ko+ gV, the expansion of Z (7,15 9]/Z|g] in the sources and g produces
the perturbative expansion of all Green functions (Feynman diagrams with

vacuum sub-diagrams removed).



1.4 Generator of connected correlators

The perturbative expansion of a correlator is the sum of connected and
non-connected diagrams. The first ones resumm to a connected correlator, the

others produce of lower-order connected parts:

(TO105) = (TO103). + (01)(O0,),
(TO10503) = (TO10503)¢ + (TO105)c(03) + ... 4+ (01 {O2)(Os),

1 +1 1\" A A
=W el =) — (—ﬁ) /dl L {TO1)...0(r))e (1) ... (r)
Locality implies the cluster property: if ¢ = 1 + o with disjoint supports,
then Wip1 + p2] &= Wp1] + W]ps], and connected correlators vanish if

arguments belong to two or more regions far apart.



2 Functional integral for Z

Feynman integral (1948): a sum over particle trajectories (Slater states of
positions at each time-slice).

Summation over anticommuting fields first done in: P. T. Matthews and

A. Salam, Propagators of quantized fields, Il Nuovo Cimento 11 n.1 (1956) 120.

Holomorphic representation of érél F é\lér = Ops
CCR (V. Bargmann, I. Segal, 1961) H-space of entire functions
d>z

p— 2 A A
—e R ()2 < 00, af =z, Q=

Path integral: S. S. Schweber, J. Math. Phys. 3 (1962) 831; A. Casher,
D. Lurié and M. Revzen, Functional integral for many-boson systems, J.
Math. Phys. 9 (1968) 1312.

CAR (F. Berezin, 1961 in Russian) functions of Grassmann variables.
Path integral: Faddeev-Slavnov (1977 in Russian, 1980); Y. Ohnuki and
T. Kashiwa, PTP 60 (1978); D. Soper, PRD 18 (1978) 4590.



Non-Grassmann coherent states, for fermions: J. Klauder, The action option
and a Feynman quantization of spinor fields in terms of ordinary c - numbers,
Ann. Phys. 11 (1960) 123.

(see also Perelomov)

REFS:

- L. D. Faddeev, Introduction to functional methods, Les Houches 1975, session
XXVIII (Methods in Field Theory), World Scientific (Singapore 1981);

- J. Negele and H. Orland, Quantum Many-Particle Systems, Perseus Books;

- J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Oxford
(1980);



2.1 Grassmann calculus

Felix Berezin (1931- 1980)

Hermann Grassmann
(1809 - 1877)

Axioms for exterior algebra. Unrec-

ognized by Mobius, Kummer. Dis- The method of second quantisation

pute with Saint-Venant. (1966), super analysis.



2.2 Grassmann algebra with units 6, 6,.

02 =0, 05=0, 010;=—00,
A “function” has expansion: f(61,02) = fo + 01f1 + 02f2 + 0102 f12.

Derivatives and integrals are defined by the rules:

of _ of 0°f
90, 90 90200,

2 f

0
f1+ 02 f12, 560,005

= fo—01f12 =

:f12=—

/d@i =0, /d@iéi :1$/d91f=f1 + 02 f12, /d92f=f2—91f12
/d92d91f . —/d92d91f = f1s

Example (change of symbols):

/d@d@e_gef(é,g) = /d@d@(l —00)(fo + f10 + f20 + f1200) = —fo — fi2



2.3 Gaussian integral

dfrdzr —Zz.H ]- N —0,H,.0
RrllrsZs derde,, renTeTs = d t H
/ 1:[ c det H’ / 1:[ ‘ )

7

Resolvent G(E) = (E — H)™! as a “super-integral”:

d0,do,dz,dz, 5/ S E—H)z —
G(E)s; :/H : o~ OE—HO-Z(E-H)z >

Average on random H: (G(1)...G(k)) — effective theory for auxiliary fields.
- Anderson localization (Efetov, Mirlin, Spencer)

- Nuclear resonances, 1-P transport (Weidenmidiller)

- Random Matrices (Brézin, Zirnbauer, Fyodorov)



2.4 Holomorphic representation of CAR

{a,,al} = 6,s, {al,al} =0, {a,,a5,} =0 (N modes).

Linear space of functions of N Grassmann variables {0,., 6.} = 0:
= Z 1.0
O, (0): basis of 2V independent products of f,s generated by:

(L461)(1+62)...(1+0n) = Z@

A Hilbert space with inner product (f|g) = > faga, i.e. (04|0g) = dap

(flg) = /HdedeeZ“ﬂ)()

r=1




2.5 The reproducing kernel

Completeness: f(0) =), 0.(0)(Oalf).

1(6,7) = Y 04(0)0a(n) = [ [(1+6:7,) = exp Y 6,7,

r

£(6) = / T dnedi, =7 1(0,7) £ ()

— [ TLdn.dn, =" 10.8) £
= (lglf)

I5(n) =: 1(n,0) as a function of 7, is not an element of the Hilbert space of
holomorphic functions (coefficients of expansion ©,(f) are Grassmann
numbers) but the formal inner product is well defined.



2.6 Abstract Hilbert space

We wish to export the features of the reproducing kernel to an abstract

Hilbert space ¢y through isomorphism:
Ou(0) = 0b....0, — [0,) =ajal...all0), b<ec<...<r

Accordingly

15(77) = €xp [ Zernr] = ‘0 = €xXp [ Ze &T] 0) ¢ AN

An extension is needed to give meaning to formal steps with Grassmann

variables:
Graded-Hilbert space J%, y D Jy:

Z@ |77boz |woz> S %N

Inner product: (U'|¥) =>" (¢, |¢a). Ladder operators act on [¢,) and
anticommute (by def) with Grassmann units 6,..



1) If |¢) € Ay < ¥(0) (holomorphic function), then:
Y(0) = ()

2) |6) = exp [— >, 6-al] |0) is a coherent state in J#) n:

a0y =0,0)] r=1...N.

3) Completeness in 7y :

/ [T d0dbue™ =<0 |0) (0]5) = o)

4) Trace of operators in Jy:

/Hdéad9a6—2a5a9a<9|m —6) = trO

where (0|al ... asn) = (0n)0, ... n,.



2.7 A functional integral for Z

~ R R 1 e o
K = Zainkmnan + 3 Z al,ba};vmnpqaqap

mn mnpq

Let i =71, <...<T19=0,

Z =tr [e_BK] = tr {e_%(Tn_Tn_l)KIn_l - e_%(7'2_7'1)K116—%(7’1—T0)f(}
— / dgr(n)de’r‘(n)e_ar(n)er(n) <9(n)‘e_%(7n_7n—1)R]n_1 o Ile—%(Tl—TO)IA(|9(O)>

0,.(0) =: —0,.(n), I identity insertion with coherent states |6(k)),

(0 + Dle O K10)) = (6 + VIO |1~ (300 = K (B + 1,607)

= exp [5(3' +1)0() - %(T.Hl - ) K (0G+1), 9(1'))—

_ _ 1 _
K(0,0) = Omkmaby, + 5 -



Z = / [T 8. (j)db, (j)e Zi=0 [PG+DOUHD—0G) 15 (s =) K@G+1).06))]
7,7

“continuum limit”: 2N Grassmann fields 6,.(7), 6,.(7) with b.c.

0.(h3) = —0(0),

hB B
2= [ 9. e [% | ar e<f>hd%9<f>+f<<e<7>,e<¢>>]

Generating functional for 1), ¥-correlators:

2l = [ 2a@lew |5 - ¢ [ dne) + Beme)]



3 The Electron Gas (path integral description)

S(.0] = [ deblob@ys(e) + 5 [ dodo o)) oo - i )0(@)

/

k(l[)) = h@T - %VQ ‘|‘ V(ZE), U()([C — m’) = 62 6(T_7-,|), V2UO($ — y) — _47T€25:c,y-

Z—%

3.1 The ”Coulomb field”

exp [—% / dady n(z)Us(z — ' )n ()

_ 1 / Dp ek S ol oV o—en(@)p()
Zc

1 L (da[L pVZp—ien(z T
:Z_éj/@whf [ oV2p—ien(z)e()]

_ 1

(@) [k(Z) — ep(x)] P(z) + —p(2) V()

S0l = [ da -




3.2 The electron propagator
e~ FWInn.pl — /@W,%@]e—%f[@(k—ecp)tbjt%«pvmﬁ%ﬁmﬁeps@]

An infinitesimal shift 1) — 1 + 61 leaves 21 and W invariant, but changes the
action arbitrarily. This gives k, (¢ (x))s — e(o(x)(x))s +n(z) =0 i.e. a
Ward identity for W:

oWw ow 52w
{kx - 5p<x>] si@) T Syt T =0

Take functional derivative in 7(y) and put sources=0:

o
[kx - e<90>] %( ) hmg(x y) héx,y

52w

G(x,y) = —(TY(x)Y(y)) = _hm s—0




3.3 Coulomb propagator and polarization
e~ W00 _ /@[@7¢,¢]6—%f[@(k—w)zwrg%¢V2¢+E¢9+6W]

An infinitesimal shift of ¢ gives V?(p(z))s = —dme[p(z) — (V(2)(x)),], i-e.

W o | o W
510(33) =U (l‘,l’) _p(x) 50(56/)]
52W 0 ;LW
Sp(x)op(y) Ulle, @) |0 ~y) 59(1’/)5P(y)]
§2W o, o OW
5p(z)00(y) ~U@a) 66(z")d6(y)

U<X7 Y> = Uog (X7 Y) + UO(X7 X/)H(X/7 y/)UO(y/a Y)

W e?
Uz, y) = m 0 = _%<T‘P($)90(y)>conn
H(x7y) = % s=0 = _%<Tn(x)n(y)>conn




4 The effective action I

In presence of sources, fields have non-zero expectation:

Let’s make the shifts ¢ = p. + ¢’ ete. of integrated fields:

e WP — o= J do [ep @ertTeet e

/@[90/,@/7w’]e_%s[qﬁl-ﬂ@cg,...]—% [ da [p o'+ +5 7]

_ 1 _
F[Spcb wcﬁv wcﬂ] = W[ﬂa m, 77] - ﬁ /dl‘ [ep Dee + ﬁ¢c€ + ¢ce77]

W — I is a Legendre transform (Jona-Lasinio). By the chain rule obtain:

oT oT o
Son@) —ep(x), T —n(z), 5 boal@) ()




4.1 1-P irreducible correlators

A functional derivative and sources = 0 give the basic identities:
521 6%

hog.y = /dz — G(z,y) = —

5¢c£ (x>5w05(2) 5¢c£($)5¢c£ (y)

= =02 yk(y) — WX (2, y)

52T 5r 1
S /dz U(z,y) = = Opy—
Y 0pee(x)dper(2) (2,9) d0ce(x)d0ee(y) YA

Non-interacting electrons and Coulomb field:

Vi + 11" (x, y)

_ ) o
o sl = o5 [ o Ggbla)ien + e



4.2 The effective action - main properties

1) I'y, removes propagators from connected diagrams W, .
2) I' = I'? is the generator of 1-P irreducible correlators (vertex correlators).

3) A connected diagram is a tree of vertices and propagators.

(renormalisation of vertices)
4) Fields ¢.¢ etc. minimize I" when sources p = 0 etc.

5) At minimum (zero sources): e~ #l = e % — ¢=FFes for # — oo (and

non-degenerate ground-state)



4.3 The proper polarisation

With sources p and 6, the effective action is the functional I'[¢.s, nee]. The
Ward identity for o, V2(p(z))s = —dme[p(x) — (P(x)(z)),] is

1, or
- cl — c =0
47TV ) e(nnga%ﬁ)

is solved by I'[pee, nee] = [ dady [S%QOCeV%Oce — encgtpcd + I'[nee]. The general
identity for second derivatives

1

/dz Woap. Wpo. Le.oy Toon, . —€0gy 0
1
EWQw Pz Weac 0. Fnz Py Fnz Ty 0 _5$y

simplifies and gives the eqs of motion of W and:

62T

Ong 0y

= I1*(z,y)

II(x,y) = II*(x,y) + IT*(x,2)U° (2,2 )II(z', y)



4.4 Skeleton structure of X*

Ward’s identity for the electron gives:
) 52w

X (w,2)9 (2,y) = M 5o@ Sny)on()

Apply the functional inverse

52T
5Ec£(y)5¢6€($/)
and obtain:
* / 0 (52W 59006(?/) 0°T
EY — —h )+ R —
(2.2 = =y ) T S om@) 0p@) Sy 160 (50 Dee ()

53T
50t (y' )00 oo (y)5%cr (')

£ (,0') = 29, U,y




4.5 Effective theory

With Coulomb decoupling, the integration of Grassmann fields is exact and
produces an effective theory. We include a source 6(x) coupled to the density

e~ W0l /@gp det[k + 0 — ep]? e~ wwr [ dz o(@) V(@)

%/gwe_%seff[SO?e]
2

\Y
Set = (p + 9)8 (o + 0)—|—2htr10g[1—|— 540]

det[k — ep] = det[k| det[1 + $9°¢].

R.P.A. Expansion in e
02

T /dmdy%oywygomwm-l-...}

trlog |0z, + %chpy} Nexp{h/dl’%owcpx

The quadratic part of the Coulomb action is U~ (x,y)rpa:

62

Slel = 5 [ dady (@) [0°(,) ! = 110 a3)] (1)



Beyond R.P.A.

Steepest descent evaluation:

J

0= @ eff[% 9] = @m[e]

h
W[0] = Set[om, 0] + §trlog Clom, 0] + ...
_ oW {5 N 0Om O

nee i= (W) = S5 = | 55 W&Tm] w

Iln] = W[0] — / 4 0(2)ne ()

or

= —0.
577,05

Put 6 = 0, the density minimizes the density functional I'[n].



det(l — sK) = expltrlog(l — sK)| = Z (_S)ndn

n!
[ tr(K) n—1 ]
tr(K?) tr(K)
: tr(K) 1
| tr(K™) - c (K tr(K)

The series converges if trK and tr(KTK) are finite. The proof is based on
x +log(l —x) <0 if x < 1, and remains valid for infinite size of K.



RPA: N. Nagaosa, Quantum Field Theory in Consended Matter Physics,
Springer TMP (1999); V. N. Popov, Functional integrals and collective
excitations, Cambridge (1990); Altland and Simon, Kapusta-Gale

Correlation energy: A. Rebei and W. N. G. Hitchon, An expression for the
correlation energy of an electron gas, Phys. Lett. A 196 (1994);

Correlation energy of an electron gas: a functional approach, Int. J. Mod.
Phys. B 17 (2003).

DFT: M. Valiev and G. Fernando, Path-integral analysis of the xc-energy and
potential in DFT: unpolarized systems, Phys. Rev. B 54 (1996); J. Polonyi
and K. Sailer, Effective action and density functional theory, Phys. Rev. B
66 (2002); R. Chitra and G. Kotliar, Effective action approach to strongly

correlated fermion systems, Phys. Rev. B 63 (2001) and Rev. Mod. Phys.
78 (2006)



conclusions:

The Feynman path-integral with source-fields is the natural path to
correlations and functional relations among them.

The path integral offers some freedoms/advantages:

- Source-fields and fields stand on the same level.

- Change of integration variables,

- Inclusion of constraints as functional delta,

- The saddle point expansion.

In any case, it is another tool for difficult tasks. :-)



