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THE DECOMPOSITION OF THE ATKINSON-PLOTNICK-
KAKWANI RE-RANKING MEASURE

Maria Giovanna M onti, AchilleVernizzi

Department of Economics, Management and Quantitative Methods, Universita
degli Sudi di Milano, Milan, Italy

Mauro Mussinit

Department of Statistics, Universita degli Sudi di Milano“ Bicocca” , Milan, Italy

Abstract This article introduces a new matrix approach, based on pairwise income
comparisons, to decompose the Atkinson-Plotnick-Kakwani re-ranking measure when
income units are gathered into groups. Asit is known the Atkinson-Plotnick-Kakwani re-
ranking measureisdefined by the difference between the Gini index and the concentration
index. Re-ranking can be exclusively decomposed asthe sumof two parts: thewithin group
and the across-group re-ranking measures. Our results are applied to a household sub-
sample selected from the 2007 survey of the Panel Study on Income Dynamics (PSID). In
theapplied analysisour approach provesto be quite powerful. We show that in addition to
providing different measures, it allows to cal cul ate the incidence of re-ranking.

Keywords: Gini index, Concentrationindex, Re-ranking, Index decompositions, Popul ation
groups.

1. INTRODUCTION

A tax system induces re-ranking when the rank ordering of after-tax incomesis
different from that of before-tax incomes. Re-ranking between income receivers
can beconsidered from different standpoints. For instance, somecan seere-ranking
positively in that it points to income mobility. As noted by Wagstaff (2009), re-
ranking might be argued to point to the exi stence of equality of opportunity, at |east
if it reflectstheresults of different effortsrather than differential endowments. On
the other hand, from adifferent perspective, re-ranking may be seen asinequitable.

1 Maria Giovanna Monti, email: mariagiovanna.monti @unimib.it;
Mauro Mussini, email: mauro.mussini L@unimib.it;
Achille Vernizzi, email: achille.vernizzi @unimi.it
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Inincometax literature, itisargued that procedural fairnessrequiresthat tax system
doesnot ater the ranking of income receiversin the move from before-tax to after-
tax income distribution (see among others. Feldstein, 1976; Atkinson, 1980;
Plotnick, 1981). This paper considers the re-ranking measurement as well as its
decomposition by group in the latter frame.

The re-ranking effect of taxation has been isolated through the distinct
contributions provided by Atkinson (1980), Plotnick (1981) and Kakwani (1984).
The measure of the re-ranking effect is known as the Atkinson-Plotnick-Kakwani
(henceforth, APK) re-ranking index and it is given by the difference between the
after-tax Gini index and the concentration index for the after-tax incomes sorted by
the respective before-tax incomes. Sinceitsintroduction, anumber of studieshave
been published dealing with the calculation of the APK re-ranking index (among
others: Jenkins, 1988; Aronson and Lambert, 1994; Van de Ven et al., 2001),
however, less attention has been paid to the group decomposition of the index.
Recently, Urban and Lambert (2008) (henceforth U.L.) proposed adecomposition
of the APK re-ranking index considering income receipts partitioned on the basis
of their before-tax incomes and contiguous income classes. By definition, in the
U.L. re-ranking decomposition classes do not overlap before taxes. Nevertheless,
situations where before-tax incomes overlap among groups are very common in
several contexts (e.g., groups formed by household type, age, geographical area,
gender, etc.). In a sense, this paper generalises the U.L. analysis by considering
groups which may overlap before and after taxes.

For this purpose, we measure the overall re-ranking adopting an approach
based on pairwise income comparisons between all pairs of incomereceipts. In so
doing, weshow that theAPK re-ranking measureisdecomposableasthe sum of two
terms: awithin-group re-ranking measure and an across-group re-ranking measure
which reckons re-ranking between all pairs of income receipts belonging to
different groups. The across-group re-ranking component can be further split into
two components: the between-group re-ranking component and a component
which islinked to the overlapping existing before and after taxation. However, we
will see that these two components are unsuitable for explaining the re-ranking
effect of taxation when considering re-ranking among income receivers (e.g.,
individuals, households). As a consequence, considering income units gathered
into groups, we can state that re-ranking isdecomposable asa sum of two parts: the
measure of re-ranking within groups and the measure of re-ranking across groups.

Toobtaintheseresultswe provideamatrix expression for theAPK re-ranking
index. We start by developing matrix expressions for the Gini and concentration
indices. Theliterature offersanumber of aternative approachesto cal culate and to
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decompose the Gini index (see Giorgi, 2011). In particular, Pyatt (1976), Silber
(1989) and Yao (1999) endorse matrix form approaches. Differently from the Gini
index, the concentration index isusually expressed as afunction of the underlying
concentration curve. We suggest an aternative expression for the concentration
index and a new matrix form approach that can be applied to both indices. This
matrix approach is appealing since it yields comparable expressions for the two
indices, so that the Gini index and the concentration index can be decomposed
following the same procedure. We remark that the overall indices and their
components are expressed as functions of the same matrix.

The presented decompositions are then used to decompose the APK re-
ranking measure. By first, we split re-ranking as a sum of re-ranking within and
across groups. It is simple to see that these two components are both re-ranking
measures. Then, following the suggestion of the Gini index decomposition where
the across-group component splits into the between and overlapping components
(Dagum, 1997), wetry to decompose the re-ranking across groups into two terms.
Theexpressionswe useto obtain the across-group re-ranking decomposition allow
to show that these two components are not proper re-ranking measures when re-
ranking between individualsis measured. It followsthat, differently from the Gini
index, the re-ranking can be partitioned only as the sum of two re-ranking
components.

We apply the obtained results to a household sub-sample selected from the
2007 survey of the Panel Study on Income Dynamics (PSID). The survey provides
income, employment and demographi c datafor individual sand househol dsincluded
in arepresentative sample of the United States population (PSID, 2012). From this
sample 3,505 families are selected and partitioned into three groups, each group
being characterized by different number of children.

The paper is organized as follows. In Section 2, we present the matrix form
for the Gini and concentration indices; then, the decompositions of thetwo indices
areobtained. In Section 3, we present the matrix form of there-ranking index RAPK
and discuss its decomposition. In Section 4, we apply the decomposition to real
data. Section 5 concludes.

2. GINI AND CONCENTRATION INDEX IN MATRIX FORM

Let XandY bethebefore-tax (hereafter, b.t.) andtheafter-tax (hereafter a.t.) income
distribution for a population of N individuals, respectively. Let x, and y; bethe bit.
andthea.t.incomesof theindividual i, respectively. L et p, betheweight associated
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to the pair (x, y;), with 3 p = N. When the N individuals are sampled by a

complex sampledesign, p; isthesamplingweight for thepair (x, y;). Inthesimplest
case, every p, is equal to 1. The X-ordering denotes the ordering of the (x;, y;, p;)
sequence when all elementsare lined up by the non-decreasing ordering of X. The
Y-ordering denotes the ordering of the (x;, y;, p;) sequence when all elements are
sorted by the non-decreasing ordering of Y. Letr, (y,) andr, (x;) denotetheranksof
y, and x; in the Y-ordering, respectively; analogously r, (y;) andr, (x,) aretheranks
of y. and x. in the X-ordering.

To derive the matrix form for the Gini and concentration indices we start
defining the Gini index, G,, in terms of Gini Mean Difference as

G, = Zﬂ:NZ Zi]ilz_/iv:l(yi _yj)pipf .I{FY (yi)_ry (yj)} @

where u,, denotes the a.t. weighted average income and [{z} is an indicator
function? that equals 1if z>0and-1if z< 0.3

Then, one remembersthat the concentration index for avariable with respect
to another can be calculated lining up the values of the first variable by the
increasing ordering of the second (Lambert, 2001). Thus, the concentration index
for a.t. incomes with respect to b.t. incomes, Cv|xv defines as

Gy, ! 2;2;(%‘%)%%'1{”)((%)"’)((%)}- 2

‘X_Z,LLYNZ

L et usintroduce the following notation:
y isthe Nx 1 vector where a.t. incomes are stacked according to the Y-ordering;

yy istheNx 1 vector where a.t. incomes are stacked according to the X-ordering;
py isthe Nx 1 vector containing weights stacked as the elements of y;

py isthe Nx 1 vector containing weights stacked as the elements of y, ;

E isaNx N permutation matrix,* such that

p,=Ep,;E'p,=p,;y, =Ey;Ey, =y,

2 Ontheindicator function, see Faliva (2000).

8 When two individuals have the same after-tax income value, their relative positions in the
after-tax ranking remain as in the before-tax income parade. By construction two different
individuals cannot occupy a same rank position even if their incomes are equal.

4 Observethat E-X=E” ; for definitions concerning permutation matrices, see Faliva (1996).



The decomposition of the Atkinson-Plotnick-Kakwani re-ranking measure 181

S denotes aNx N antisymmetric matrix with diagonal elements equal to zero,
super-diagonal elements equal to 1 and sub-diagonal elements equal to -1,
j isaNx1 vector with entries equal to 1;

D, and Dy, denote the Nx N matrices D, =(jy’—yi’)and D, =(jy, —v,i').
Using the Hadamard product - we rewrite expression (1) as

1 ’
G =™ (SeD,)p, . 3)

Following the definition of the concentration index one has

1

CY\X = 2‘u Nz pX (SODYIX)pX, (4)

Y

then, observingthat E'D, E =

YIX

iy, E- E’ij') =D, and applying the Hadamard
product properties, we rewrite

4) as (Vernizzi, 2009)

CYlX = 2u N2 py (E,SEODY)pY- 5)
Y

Expression (5) isthe matrix form for expression (2).

When a population is partitioned in H groups, equations (3) and (5) can be
decomposed by group. Groups can be formed according to any criterion (e.g.,
socio-demographic characteristics, income class, geographical area, occupational
attainment, etc.) and b.t. income ranges may overlap, as it occurs in various
empirical applications.® From these perspectives, the decomposition approach we
proposeisvery general. Equations (3) and (5) pave the way for arepresentation of
Gini and concentration index components as functions of the same difference
matrix D,..

When considering a population split into H groups, it is useful to index the
triplet as (x,,, ¥,» P,;) wWhere h is the group index (h=1, 2,...,H), and | is the
individual index within group h (1=1, 2,..., N,)). Thea.t. and b.t averageincomes of

5 Analysing the effects of tax reforms on income distribution, policy makers can split the
populationinto groupsformed by variouscriteria(househol d type, incomesource, employment
type, age, etc.) to measure the tax impact on the income of a specific subpopulation.
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the group h are denoted by ., and by pu,,, respectively. Following Dagum'’s
(1997) Gini decomposition asdiscussed in Monti (2008), we decomposetheindex

into awithin-group component, G, , and an across-group component, G;‘G .These
two terms can be written as

h

GY Z,UYNZ Z{ZZ(J}M - yh,m)ph,lph,m 'I{ry (yh,l)_ Ty (yhm)}:l, (6)

h=1| =1 m=1

N

iZ(yhl gm)Ph,;Pg,m '[{ry (yh,,)—ry(ygym)}} (7)

=1 m=1

o

M|

h=1 g#h

Moreover, the across-group component can be decomposed into the sum of
between component, GB, and overlapping component, G'. The overlapping
component defines as in (8) once groups have been sorted and indexed by the
increasing order of their average incomes,

(yg,m _yh,l)ph,lpg,m} yh,l < yg,m . (8)

Thesummationwithin bracketsin (8) isthesumof thedifferences (y, ,-y,|)
betweenincomesbel ongingtoall pairsof incomereceiversfor whichtheinequalities
Yhi < Ygm and u, > Hyg hold. Following Gini (1959) we recall that whenever a
member of the poorer (on average) group isricher than amember of thericher (on
average) group one has a transvariation. Then, using Gini’s terminology the
overlapping term in (8) defines as twice the weighted sum of (intensity of)

transvariations. Given (8), one obtains the between-group component, Gf,
subtracting (8) from (7),

h-1

Glf ! 222 ZZ(yhl gm)ph./pg,m . (9)

:LtyN h=2 g=1\ I=1 m=l

It is known that the between-group component measures the disparities
between group average incomes. However, we remark that expression (9) defines

G, asafunction of the differences between incomes instead of the differences
between group average incomes.
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Expressions (6) and (7) rewritein compact matrix formsasin (10) and (11)
by aligning incomes according to the Y-ordering,

1

GF =P (WreSeDy e, (10)
Y
1 ,
G;GZZ/.LYszy I:(J_WY)OSODY]I)Y. (11)

In (10) and (11), W,, isaNxN matrix with non-zero elementsequal to 1in
the entries which correspond to the differences between incomes of a same group
in Dy. JisaN xN matrix with all elements equal to 1. The Hadamard product

W, oD, selects the ZZIN,f pairwise differences between incomes of a same
groupinD,,, while (J—W,)oD, selectsthe (Nz—z:le,f) pairwise differences
between incomes belonging to different groupsin D, .

Oneobtainsthematrix formfor G introducing the permutation matrix® A,

1 , ’
Gf = 2,I.LYN2 py |:(J_WY)OAY SA, ODYi|pY. (12)

Subtracting (12) from (11), one has the matrix form of the overlapping
component expressed asin equation (8),

1 ’ ’
GYT:ZIUYNZPY [(J_WY)O(S_AY SAY)ODYi|pY. (13)

Theconcentrationindex isdecomposed by following the same approach used

for G,. Wefirst decompose thisindex into two components Cy, and Cy7, which

are analogous to G/ and G, . One caculates Cy, and C, by replacing b.

Ylx Y|x

6 InA,y, after-tax incomes are lined up in non-decreasing ordering within each group and

groups follow the non-decreasing order of their mean. Given Ky, <Hy, , , one has

(Ayy) = |:(y1,1’y1,2”"y1,1v, )""’(yh,l’yh,Z""yh,N,‘)""’(yH,l’yH,Z""yH,N,, ):| v Vi s BOYRE
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incomesin the b.t. Gini index expression with the corresponding a.t. incomes.
After some a gebraic manipulations, one obtains

1 ’ ,
C;TX = 21 N2 Py (WYOE SEODy)py, (14
Y
1 ’ ,
C;\)G( = 20 N Py I:(J_WY)OE SEODY:IPY. (15)
Y

Anaogously to G;‘G , theacross-group concentration index isdecomposable

as the sum of Cy, and Cy, . These terms are calculated by replacing the bit.
incomes with the respective a.t. incomes in the between and overlapping compo-
nents of the b.t. Gini index.

Now, introducing the permutation matrix A, ,” one has

1 , , ’
Cf\x = 2,uYN2 py [(J_WY)OE (AX SAX)EODY:|pY. (16)

Then, subtracting (16) from (15), one obtains the expression of CYT| .

1 ’ ’ ’ 4
Cl =——p, {(J—Wy)o[E SE-E (AX SAX)E}oDY}py_ (17)
2u,N

The Gini and concentration indices as well as their components are now
written as afunction of the same matrix of differencesD,, .

3. THE RE-RANKING INDEX R*** AND ITSDECOMPOSITION

A tax system induces re-ranking among income receivers when the a.t. ranking of
income receivers differs from the b.t. one. The APK index measures re-ranking
between ungrouped income receivers and it is equal to the difference between the
a.t. Gini index and the concentration index for a.t. incomes cal culated by keeping

’
7 —
(AXX) —[(xlil,xl.z,..xl,N‘),‘.,(xh.l,xh.z,..xh,Nh),..,(val,xH’Z,..xH’N”)], x,,Sx,,,, ad

Moy < By -
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income receivers arranged by non-decreasing order of their b.t. income. Using (3)
and (5) we write the APK re-ranking index RAPK in matrix form as

o
RAM}:2u<N2pY[S“W°Dy]PY, (18)
Y

where $*”* =S —E’SE . Recallingthat S = [sj] isthematrix of signs, weremark

that E’SE = [sj] maps the permutation of each income from the X-ordering to the
Y-ordering. To describe how (18) yields RAPK et us consider only the super-
diagona elements of D, :[df] , d]y =y,~»,20, where the indexes i and |
coincidewiththeranksr,,(y;) and rY(yj) of y, and Y, inthe Y-ordering. Then, for the
pair (i,j) one has:

se=1,if 1 (v,)>n(v,) and r(v,)> 7 ().

s, =—1,if ry(yj)>ry(yl.) and rX(yj)<rX(yl.).

As a consequence, in (18) the elements (s” —s/) are + 2 whenever a re-
ranking occurs, otherwisethey are zero.8 So, asthe super-diagonal elementscan be
associated to either 0 or 2, expression (18) confirms the well-known result

0< R <2G,.

When popul ationispartitionedinto groups, wecan decompose RAPK by group
usingthe CYIX and G,, components. Asshownintheprevioussectionall theseterms
can be expressed asfunction of D,,. We use expressions (10), (11), (14) and (15) to
decompose RAPK as sum of within and across-group re-ranking components
(RAPK = RAG+ RW; RAG=GAG_ CAG; RW= GW_ CW).

The difference between (10) and (14) yields the measure of the re-ranking
within groups,

1
- 2
2u,N

R" pY/ I:SW ODYJPY (19)

where 8" =W, o (S - E’SE) . We observe that the contribution of the re-ranking
occurring within group h to the overal re-ranking measure can be isolated by

8 In case of re-ranking, the elements in the sub-diagonal part of D, (dyy =y,-Y SO) are

multiplied by (s, ~5;)=-2.
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replacing SV in equation (19) with SZV =W,,o° (S - E'SE) , WwhereW, , isaNxN
matrix with non-zero elements equal to 1 in the entries which correspond to the
differences between incomes of group hin D,,.

The difference between expressions (11) and (15) yields the measure of the
re-ranking between individuals belonging to different groups that is the across-
group re-ranking,

1

R P S om e (20)
Y

where §¢ = (J -W, ) ° (S - E’SE) . More specifically, the contribution of the re-
ranking occurring across groups h and g to the overall re-ranking measure can be
isolated by replacing S¢in (20) with S/ =W, ,_o(S—E’SE), where W, _ isa
Nx N matrix with non-zero elements equal to 1 in the entries which correspond to
the differences between incomes of groupsh and gin D,

According with the Gini index decomposition, the across-group re-ranking
RACcanbesplitintothesumof twoterms: RBand RT(R®=R®+ R"; R® =G, -C; ;

Y|X
R" =Gy - Cy, ). The term R® evaluates the re-ranking between group means so
that one has RB= 0 and R" = RA¢ when group means do not re-rank. In the next of
this section we will come back on the interpretation of R® and we will discuss the
meaning of R" showing that neither RE nor RT measuresre-ranking betweenincome
units. Firstly, we derive the formal expressions of RE and R™. One obtains RE by

subtracting (16) from (12),
J—
24, N?

p,’[8”<D, |p, (21)

where $” = 8”— §” while S*=(J-W,)oA, SA and
7= (J—WY)oE’(AX'SAX)E_

bi

One obtains R" by subtracting (21) from (20),

1 ’
R 50 (22
Y

where 8" = 8"~ 8" while S =(J—Wy)o(S—AY’SAY) and
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bt

s"=(3- Wy)o[E'SE - E'(AX'SAX)E} ,

Analysing how (21) and (22) yield RB and R" requires a detailed discussion
of theentriesof S" and SB. Here we point out the main observations concerning the
interpretation of the entries of ST whereas the reader is referred to Appendix 1 for
afull discussion on the entries of ST and S® in terms of re-ranking. The entry (i j)
of ST, denoted by sz , can be interpreted as follows:®
. sf is 0 when both before and after taxes, the relation between the two incomes

representsanon-transvariation (see Table 3, Appendix 1, casesiii-aandii-b). It
is0 a sowhen therel ation between theincomes represents atransvariation both

before and after taxes, but neither incomes nor averages re-rank (i-a);

. sz is2 when ah.t. transvariation disappears a.t., due to individual income re-
ranking (iv-a). It isalso 2 when anew transvariation isintroduced by taxes and
there is no transvariation before taxes (ii-a and iii-b). The new transvariation
may derive from individual income re-ranking only (ii-a), or from average
incomere-ranking only (iii-b). Todistinguishif sz =2isduetotheintroduction
of anew transvariation or totheelimination of aprevioustransvariation, wehave

tolookat s> and , s .
iy L)

. sz is—2 when a b.t. transvariation disappears due to the re-ranking of group

income averages, while involved incomes do not re-rank (i-b);

. sf is4 whenever atransvariation exists both before and after taxes; thisresult

occurs when both incomes and their group averages re-rank (iv-b).

A simple numerical exampleillustratestheinterpretation of theentriesof S'.
Consider a population partitioned in two groups. The a.t. income vector of group

lisy; =(5,8,24) andthat of group 2is y; = (4,9,10,32) . Then, atitis t,> u,,.

Suppose that b.t. ., > p,,, SO that group means do not re-rank from b.t. to a.t.
distribution. The vector of ungrouped a.t. incomes sorted by increasing order is

y’ =(4,5,8,9,10,24,32) ; the vector of ungrouped at. incomes sorted by b.t.

increasing order is y’, = (5,4,10,8,9,24,32) . Comparing the vectors y” and y’, ,

9 The discussion concerns super-diagonal elements of ST (j > i) only, since ST is anti-
symmetric.
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oneimmediately notesthat across-group re-ranking involvestheincomepairs(4,5)
and (8,10) while within-group re-ranking involves the pair (9,10). The re-ranking
between4 and 5introducesatransvariation (caseii-a); there-ranking between8and
10 eliminates a transvariation (case iv-a). In cases ii-a and iv-a the entries of ST
equal 2. Thematrix ST clearly reveal sthe existence of these rank changes, showing

initssuper-diagonal entries sy = s, =2 ,whileall other entriesequal 0. Fromthe

definitions of ST and S*© one observesthat ST coincideswith S*¢ when means do
not re-rank.

0 2 0 0000
20 0 00 00
00 0 0200

S"={0 0 0 0 0 0 0|=S".
0 020000
00 0 0000
(0 0 0 00 0 0

Suppose now that group means re-rank (i, > i, and i, <fL,,). Moreover,
suppose that the vector of ungrouped a.t. incomes sorted by b.t. increasing order

becomes y’, = (5,4,10,8,9,32,24) , whilethevector y” isunchanged. When group
meansre-rank ST differsfrom S*¢. Appling the definitionsof ST and S*° one has

002 0 00 0 0] [0 42 0 0 2 0]
50 0 00 0 0 4 00 2 2 0 -2
00 0 020 0 200 =2 0 0 -2
s°- 0 0 0 000 0 =0 22 0 0 2 0
00 2000 0 0 20 0 0 2 0
00 0 000 2 200 =2 =20 0
00 0 0020 L0022 0 0 0 0

The above discussed cases linked with the elements of ST are exemplified in
that matrix. For example, theincome pair (5,9) falling into case (i-b) is associated
with si ,=—2 (transvariation disappears but no re-ranking occurs between
incomes); case (ii-b) isfulfilled by the pairs (24,32) and (8,10) with s()TJ = sis =0
(no transvariation before and after tax, re-ranking occurs between incomes); case
(iii-b) comes true for the pair (4,24) with sf6 =2 (at. transvariation, b.t. no
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transvariation, nore-ranking occur sbetweenincomes); thepair (4,5) fallsinto case
(iv-b)with s: , =4 (transvariationa.t. andb.t., re-ranking occur sbetweenincomes).

In the super-diagonal part of $*¢ one has s,y = 5,7 =s;7 =2 and 0 in the
other entries. The entries different from O are associated with the pairs (24,32),
(8,10) and (4,5) which represent the three cases of re-ranking between incomes
belonging to different groups.

After discussing the formal expressions of RE and R", we face their
interpretation. Let us reconsider RB. We state that RE evaluates the re-ranking
between groups when groups are considered as objects, since it does not evaluate
re-ranking betweenincomeunits. Wethink that to provethisstatement, complicated
formal reasoning is not required. A simple example can be much more convincing
by showing that one may observe group averageincomere-ranking eventhough no
re-ranking occurs between any two income recei pts bel onging to different groups.
Suppose thereisapopul ation of income receipts partitioned into two groups, each
of them containing threeincomereceipts, and let the b.t. income vector of group 1

be given by x;=(19,25,30) and that of group 2 by x/=(19,25,30). The b.t.
average income of group 1 is lower than that of group 2. Assume now that
y, =(17,21,24) and y] = (16,19, 26) arethea.t. income vectorsof groups1and 2,

respectively. The a.t. average income of group 1 ishigher than that of group 2: the
average incomes re-rank moving from the b.t. income distribution to the a.t. one.
However, no re-ranking occurs both within groups and across groups, therefore
implying that the APK re-ranking index equals zero.

This leads usto another important remark. If R® > 0 and RA¢=0, the value of
R" must be equal to—R&. It derivesthat, RT isnot are-ranking measureinitself. RT
is the quantity we must add to RB in order to guarantee the identity RAC¢=RBE +RT.

To further provethat RT isnot are-ranking measure, we analyse the link between
re-ranking and transvariation. This occurs because the term R is defined as the
difference between the measures of the a.t. overlapping and the b.t. overlapping
(evaluated by after-tax incomes), and the overlapping measure defines astwicethe
weighed sum of transvariations.

When group averages do not re-rank, incomes belonging to different groups
re-rank if a b.t. transvariation becomes an a.t. non-transvariation or, vice versa,
when ab.t. non-transvariation becomes an a.t. transvariation (casesii-a and iv-a).
Thereisnore-rankingwhen either ab.t. transvariationremainsatransvariation after
taxation (case i-a) or a b.t. non-transvariation still is a non-transvariation after
taxation (case iii-a). Then, when group averages do not re-rank, a change in the
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relationship of transvariation between two incomes signals that the two incomes
have permuted their reciprocal positions. The entries of ST are sz =2in cases (ii-
a) and (iv-a) while one has =0 in cases (i-a) and (iii-a) (see the example reported
above). ST mimics exactly S*¢ and R equals R”C, that is the re-ranking measure
(RT=RA9).

When group averagesre-rank, changesin transvariation relationships do not
imply any re-ranking. Thereis re-ranking between income receivers belonging to
different groups if taxes neither introduce new transvariations (case ii-b) nor
eliminatetheexisting ones(caseiv-b). Vice-versa, nore-ranking occurswheneither
b.t. transvariations disappear (casei-b) or new transvariations areintroduced (case
iii-b). Then, when group averagesre-rank, there-ranking betweenincomereceivers
belonging to different groupsis linked to the persistence of either transvariations
or non-transvariations. It derives that all the incomes of the two groups might re-
rank together with their group averages, in the absence of any transvariation both
before and after taxes. Being GYT the weighted sum of transvariations,

R'=G, - C; . cannot beare-ranking measure. Anexamplemay clarify thispoint.

Let us consider a case of group mean re-ranking characterized by absence of b.t.
overlappingandthusby nob.t. transvariations(i.e., G =0, Cy,, = 0). Supposethat
groups overlap after taxes (i.e., there are a.t transvariations) so that one has
R" =G, .Now let usrecall that b.t. non-transvariations becomea.t transvariations
when group meansre-rank. It derivesthat being G, = 0, if no other things happen,
all theincomepairsbelongtothecase(iii-b), with sz =2.0nlyif someincomepairs

re-rank (i.e., from being atransvariation by effect of mean re-rankingit turnsto be
anon-transvariation by effect of itsown re-ranking), we may observe some entries

s, #2: more precisely, wemay observe s; =0 (caseii-b). Thus,in STweobserve
2 if income units do not re-rank and O when income units re-rank. It is then clear
that RT does not measure any form of re-ranking: R" = G, measures the amount

of nore-ranking. There-ranking between incomesbel onging to different groupsis
evaluated by RAG10
Summing up we can say that neither R nor R™ measures re-ranking between

10 We disagree with Urban and Lambert (2008). These authors face a case like that discussed
in the example and suggest the following re-ranking decomposition (using our notation)
RAPK = RW + RB + GT,
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incomes belonging to different groups. The measure of this type of re-ranking is
RAC, It follows that RAPK can be decomposed into the sum of two re-ranking
measures RV and RA°.

4. EMPIRICAL APPLICATION

We applied there-ranking decomposition to ahousehol d sub-sampl e sel ected from
the 2007 survey of the Panel Study on Income Dynamics (PSID). The survey
providesincome, empl oyment and demographi c datafor individual sand househol ds
included in arepresentative sample of the United States population (PSID, 2012).
We focused on household pre-government income and post-government income:
the former is the combined income before taxes and government transfers of
household members aged 15 or older, the latter isthe combined income after taxes
and government transfers of household members aged 15 or older. From the
household panel of size 8,289, we selected households with children. We then
excluded househol dswith non-positiveincomes. Theresult was 3,505 househol ds,
which were partitioned into three groups by the number of childreninahousehold:
group 1 included househol dswith one child; group 2 was comprised of households
with two children; group 3 was composed of households with three or more
children. In order to account for different household sizes and economies of scale,
incomes were adjusted using the OECD sqguare root scale (Schluter and Trede,
2003) which divides household income by the square root of household size. Inall
calculations we used cross-sectional weights provided by the survey. Table 1
reports descriptive statisticsfor the three groups. From Table 1, we observe that no
re-ranking occurs among group mean incomes, therefore one has RB = 0 and
R" = RAC,

Table 1: Descriptive statistics for pre-government (pre) and post-gover nment (post)
equivalised incomes, USA, 2007.

. group | group 2 group 3 total
statistic
pre post pre post pre post pre post
mean 49,281.64  39,532.33 43,624.23 34,874.02 32,565.64 27223.84 43,778.11 35,294.04

std. dev. 31503260 213,191.43  197,162.54 128228.55 154369.64 121,966.14 24718415 168,579.73

min 14.14 100 28.86 180 .16 93.91 8.16 93.91
max 1,677,500 1,023,945.5 671,000  410,679.63 607,339.98 53441324 1,677,500 1,023,945
N 1,453 1272 780 3,505

Source: calculations on PSID data.
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In the following, we analyse the re-ranking effect in the move from the pre-
government to the post-government incomedistribution. Tothoroughly discussthis
effect we will consider not only the re-ranking measures but we take also into
account the number of re-rankings occurred among pairs of income units. This
number isdefined re-ranking incidence by van deVen and Creedy (2005). To avoid
misunderstandings, the re-ranking measure RA™K is referred to as the re-ranking
intensity.

We can decomposethe re-ranking incidence by slightly modifying the matrix
formulae introduced in Section 3 for the APK re-ranking components. The

incidence of re-ranking within group h, (R}, is given by
wy_ 1 °’ w .
n(R| )—Z] [s)esj, (23)

and the incidence of re-ranking across groupsh and g is

n(Re)= S8 =8]i. (24)

Equations (23) and (24) cal culate within-group and across-group re-ranking
incidencesin absol uteterms. We can expressthewithin-group re-rankingincidence
in relative terms dividing #( R ) by its maximum that is equal to N, (N,~1)/2,"%

1

f(R;V)=mj'[S;V°S]j. (25)

The relative incidence of re-ranking occurring across groupsh and gis

f@f%ﬁi'[sffﬁs}i. (26)
g

In (26), NN, is the maximum incidence of re-ranking that occurs when
complete re-ranking exists among income receivers of group h and those of group
g. Itisworth noting that the relative incidence of re-ranking allowsto comparethe
incidence of re-ranking within and across groups, even when group sizes are
different.

11 Given the group size N,, when complete re-ranking occurs among income receivers the
N,-1
incidence of re-ranking within that group is n(R,fV) = 2_7 i= Nh(Nh - 1)/2 .

i=1
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Table 2 showsthe decompositionsof Gini inequality indicesand thoseof re-
rankingintensitiesandincidences, referredto pre-government and post-government
incomedistributions. Asexpected, the post-government Gini index islessthanthe
pre-government one, due to the equalising effect of taxes and transfers. The re-
rankingintensity islessthan 1% of the post-government Gini index; itislessthan
6% of the redistributive effect of taxes and transfers, evaluated by G, — G
Analysing the re-ranking intensity decomposition, one observes that the 63% is
due to the across-group component and only the 37% is due to the within-group
component. Decomposing theratios RA/G, o and RFF/(G, -~ G,,.) into their
within-group and across-group components, one obtain ratios that are quite
similar. Table 2 showsthat the range is 0.896-0.900 for the former ratio and it is
5.647-5.830for thelatter. Groups 1 and 3 show ratios R*/G . equal to 1.067%
and 0.996% respectively, and ratios RAPK/(Gpre— Go) €qual to 7.132% and
7.747% respectively. Theseratiosare much greater than those observed for group
2, where (RAPK/Gpost):O.614% and [RAPK/(Gpre—Gpost)]=3.353%.

Column 6 in Table 2 shows that re-ranking in absolute values mainly occurs
acrossgroups, especially acrossgroupsland 2 (81,244). Thisisnot surprisingsince
thetwo groupsare the most numerous, therefore, the number of possiblere-ranking
occurrences is the largest (N,N,= 1,848,216). When the incidence of re-ranking
acrossgroupsisconcerned, we can split re-ranking occurrencesinto the sum of the
number of transvariations eliminated, n(T.), and the number of transvariations
introduced by taxes and transfers, n(T,). We note that the re-ranking incidence
across groups 1 and 2 is caused by T, and T, in equa shares. The re-ranking
incidenceacrossgroups1and 3ismainly duetotransvariationseliminated by taxes
and transfers, and the same occursacrossgroups 2 and 3. Infact, for thegroup pairs
1-3 and 2-3 the disproportion between n(T,) and n(T) isremarkable: n(T,)/n(Ty) is
73.9%for thegroup pair 2-3, and 81%for thegroup pair 1-3. Toverify if theseratios
signal that taxes and transfers change the overlapping between groups, we haveto
consider the re-ranking intensity of T, and T..

Column 8 in Table 2 showsthe ratios between the intensity of re-ranking due
to the new post-government transvariations, RAPK(T,), and that ascribable to the
eliminated pre-government transvariations, R**(T_), for the various across-group
components. For theacross-group component 2-3, RAPK(T,)/RAPK(T,) isclosetothe
value of n(T,)/n(T). Differently from the across-group component 2-3, the re-
rankingintensity acrossgroups 1 and 2 dueto new post-government transvariations
ismuch|ower thanthat ascribabl eto the pre-government transvariationseliminated
by taxes and transfers, being RAPK(T,)/ RAPK(T.) equal to 64.7%, even though the
number of transvariationsintroduced by taxes and transfersis almost equal to the
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number of eliminated pre-government trasvariations. The same occurs for the re-
ranking across groups 1 and 3, since the re-ranking intensity ascribableto the new
post-government transvariationsismuch | essthan that attri butableto theeliminated
pre-government transvariations: being n(T,)/n(T.) equal to 81% and RAPK(T,)/
RAPK(T,) equal to 53.9%. Given theseresultsit seemspossibleto say that taxesand
transfers change the overlapping among groups when the change is evaluated by
post-government incomes. In particular, the overlapping between group 1 and the
other two groups decreases. In other words, following Yitzhaki (1994) we can say
that taxes and transfers augment stratification among groups.

Table 2: Gini and re-ranking decompositions by group, USA, 2007.
(M 2 (CIRNCY ) (6) ) ®) )

Gpre Grow R s RV AR Ty RV (R
(1)

components G G Uiy
N
S 1 9830 8554 0091 1067 7032 46,623 . . 44
-
L2 6363 5378 0033 0614 3353 34722 . . 43
=
T3 1449 1284 0013 0996 7747 15,868 . . 52
within- 17642 15216  0.137 0900  5.647 97213 45
group
S 12 15918 13684 0122 0892 5449 81244 1003 64.7 44
e
5 13 8018 7071 0072 1017  7.593 51967 $1.0 53.9 52
<
5 23 6309 5459 0041 0746 4789 46,589 73.9 712 47
Zf(r)‘l’;s 30245 26214 0235 0896 5830  179.800 872 62.6 45
Total 47886 4143 0371 0897 5754 277013 45

Source: calculations on PSID data. Indices and ratios are multiplied by 100.

5. CONCLUSIONS

The article has accomplished two tasks. First, it provides a matrix-based approach
for the calculation of the Gini and concentration indices. The matrix expressions of
the two indices are algebraically decomposabl e into the sum of three components,
each of them expressed as a function of the same matrix. This makes the compo-
nents of the two indices easily comparable.

Second, the article provides a new decomposition by group for the APK re-
ranking measure. Asitisknown, theAPK re-ranking ismeasured by the difference
between the Gini and the concentrationindex: bothindicesaredecomposableasthe
sumof threecomponents, consequently theAPK re-rankingindex tooisalgebraically
decomposable into three parts. However, we show that when the measurement of
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re-ranking concerns income units gathered into groups, the APK re-ranking can
meaningfully be decomposed only into two parts: the measure of re-ranking within
groupsandthemeasureof re-ranking acrossgroups. Asillustrated by theapplication
in Section 4, our matrix approach proves to be quite powerful: in addition to
providing the various re-ranking measures, it also allows to count the number of
units involved in re-rankings, that is the re-ranking incidence.
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APPENDIX 1

We consider two groups and a pair of income receivers belonging to different
groups. We then analyse the rank changes induced by taxation both with and
without group mean re-ranking. Considering the super-diagona entries of D,
related toincomesbel ongingtodifferent groups, eight different casescan occur. For
each of them in Table 3 we give the values in the cells of the matrices SA®, St
thB’ SB' atST’ thT’ i

Toobtain Table3eachincome unityj (j= ry(yj )) hasto beidentified by both
thegroupindex and thewithingroupindividual index. Then, denoting y,, = »; and
Yym = Y;,0nerewritesthesuper-diagonal elementsof (d,; =y,—»,20, j>i),with
r(,)> rY(yg’m) and h=g.

Table 3: Super diagonal entriesof S°¢, S8, SB, &8, ST, ST, S

j>i B VY(yh,” > rY(yg,mL yh,[zy/' s yg,mzyh hig

S//'AG alsl/'B blsl/'B S//'B aIS[/T IzlS[/T S[/T

. (i-a) won<pxg Sty O -1 -1 0 2 2 0
W) rxxn)>rx(xgm)

(i-b) pn<pxg My~ Hyg O 1 -1 2 0 2 -2

(ii-a) uxn<tixe MyStrg 2 -1 -1 0 2 0 2
(i) ra(Xp)<rx(xgm

(i-b) wo<ixe Hpp~Hry 2 1 -1 2 0 0 0

(iii-a) p=ty, Hr2Hy, O 1 1 0 0 0 0
(181) 7400, >73Crgm) —— - -

(iii-b) pn=ty, Mty O -1 1 22 0 2

(iv-a) pxn>phxg  Hy2fpve 2 1 1 0 0 -2 2
(%) y(%4)<rslrgn) —

(iv-b) pxn>pixg  Hy<iyg 2 -1 1 -2 2 -2
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Inthefirst column of Table3, thevaluesof s, signal either the presence or

theabsenceof re-ranking between thetwoincomes. Whenever a.t.incomespermute
their reciproca positions with respect to b.t. income parade, one has s;G =1 ifnore
ranking occurs s = 0. In columns2and 3, theterms s’ and s, signal which
group average presents the greater value before and after taxes. one observes

wSy =l when i, >u and | s’=-1if w, <p, ;anaogously ,s; =1 when

My, > My, and 57 ==1if @, <, .Incolumn4, s’ ==+2 signalsgroup average

at”ij

permutation. More precisely s =~2 if before taxes i, >, and after taxes

My <y, 57 =208, <p andpy, > py, .
Whengroup averagesdo not permutetheir reciprocal ranksonehas , s = s”

bt~ij at”ij

and then sf =0.22 |n columns 5 and 6 we have s’ and s.JT. that are the two

at”ij bt™i

components of theterm s, reported in the last column of Table 3. Both s and
T

pS; are equal to zero, if before and after taxes, respectively, the relation between
the two incomes does not represent atransvariation. One has azS; = 0if after taxes
the relation between the two incomes does not represent atransvariation. One has
«5; =2 when the relation between the two incomes is a transvariation. Because
after-tax incomes in the super-diagonal entries of D, are such that
n(,,=y)>r,, =), wehave atransvariation if and only if u, <u, ;it
T T .
followsthat s, canequal Oor2. Theterm , s, canequal: 0, +2,—2. Analogously
to s, ,itis, s, =+2 when rX(xh,, = xj) > rX(xg,m Exi) and py, <u,, .Itis s/ =
—2 when r, (xh,l = xj) <r, (xg’m = x,-) v My, > My, that iswhen the b.t. rankings
are opposite to the a.t. ones.
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