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Introduction

The study of rigidity phenomena in Riemannian geometry deals with geo-
metric conditions on a space such as curvature inequalities, volume growth
restrictions, spectral assumptions, existence of isometric imbeddings, or, of-
ten, a combination of them, which can be satisfied only in the presence of
a special geometric structure of the space. This can appear at the level of
the metric (e.g. isometric splitting) or of the topology (e.g. structure of
the fundamental group). If the space was already equipped with an extra
structure (e.g. the choice of a differential form) rigidity can be realized as
triviality of this structure.

In this thesis we shall investigate rigidity properties in the more general
class of Riemannian manifolds with density. By a weighted manifold (or
manifold with density) we mean a triple (M, 〈 , 〉 , e−fdvol), where (M, 〈 , 〉)
is a Riemannian manifold with Riemannian measure dvol, f : M → R is a
smooth function and e−fdvol is the weighted measure (absolute continuous
with respect to the Riemannian one). The geometry of weighted manifolds
is visible in the weighted metric structure, i.e., in the weighted measures of
(intrinsic) metric objects (e.g. weighted length of curves and weighted vol-
ume of metric balls). Associated to a weighted manifold (M, 〈 , 〉 , e−fdvol)
there is also a natural divergence form second order diffusion operator: the
f–Laplacian. This is defined on u ∈ C2(M) by ∆fu = efdiv(e−f∇u) =
∆u − 〈∇u,∇f〉. A natural question that arise in the setting of weighted
manifolds is what is the right concept of curvature on these spaces. Actually
there is not a canonical choice. Good choices are those that reveal interplays
with metric and topological properties of the space, see e.g. [64]. We are
going to focus our attention on Lichnerowicz Bakry–Emery’s Ricci tensors
Rickf = Ric + Hess(f) − 1

kdf ⊗ df , k ∈ (0,+∞], which were first introduced

in [54], [3].
Recently it has been found that these curvature tensors are strictly re-

lated with geometric objects whose importance is outstanding in mathe-
matics. Imposing the constancy of Rickf one introduces on the manifold an

additional structure which goes under the name of (gradient) Ricci soliton
structure (k = ∞) or k–quasi–Einstein structure (k < ∞). More precisely,
given a Riemannian manifold (M, 〈 , 〉), a Ricci soliton structure on M is
the choice of a smooth vector field X (if any) satisfying the soliton equation
Ric +1

2LX 〈 , 〉 = λ 〈 , 〉, for some λ ∈ R. The Ricci soliton (M, 〈 , 〉 , X) is
said to be shrinking, steady or expanding according to whether λ > 0, λ = 0
or λ < 0. In the special case where X = ∇f for some smooth function

iii



iv INTRODUCTION

f : M → R, we have that

(0.1) Ric∞f = Ric + Hess(f) = λ 〈 , 〉 ,
and we say that (M, 〈 , 〉 ,∇f) is a gradient Ricci soliton with potential f . On
the other hand we say that the Riemannian manifold (M, 〈 , 〉) supports a k–
quasi–Einstein structure, k ∈ N, if there is some smooth function f : M → R
such that

(0.2) Rickf = Ric + Hess(f)− 1

k
df ⊗ df = λ 〈 , 〉 ,

for some λ ∈ R. Clearly, both equations (0.1) and (0.2), can be considered
as perturbations of the Einstein equation. When f is constant we will call
these structures trivial.

The importance of gradient Ricci solitons is due to Perelman’s solution of
Poincaré conjecture. They correspond to “self–similar” solutions to Hamil-
ton’s Ricci flow and often arise as limits of dilations of singularities developed
along the Ricci flow. On the other hand the importance of k–quasi–Einstein
manifolds comes from a problem (proposed by A. Besse in [5]) on the ex-
istence of Einstein manifolds realized as warped products. Indeed in [17],
following the results in [51], it is proved the following characterization.

Theorem 0.1. (Theorem 2.2 in [17]) Let Mm×uF k be an Einstein warped

product with Einstein constant λ, warping function u = e−
f
k and Einstein

fibre F k. Then the weighted manifold (Mm, gM , e
−fdvol) satisfies the quasi–

Einstein equation (0.2). Furthermore the Einstein constant µ of the fibre
satisfies

(0.3) ∆f − |∇f |2 = kλ− kµe
2
k
f .

Conversely if the weighted manifold (Mm, gM , e
−fdvol) satisfies (0.2), then

f satisfies (0.3) for some constant µ ∈ R. Consider the warped product

Nm+k = Mm ×u F k, with u = e−
f
k and Einstein fibre F with FRic = µgF .

Then N is Einstein with NRic = λgN .

Actually in this thesis we also introduce an extension of the concept of
gradient Ricci soliton, the Ricci almost soliton, allowing λ in the soliton
equation (0.1) to be a generic smooth function on the weighted manifold
(M, 〈 , 〉 , e−fdvol). In view of the fact that the soliton function λ is not
necessarily constant, one expects that a certain flexibility on the almost
soliton structure is allowed and, consequently, the existence of almost solitons
is easier to prove than in the classical situation. This feeling is confirmed
by a number of different examples of almost solitons. On the other hand we
prove a rigidity result which indicates that almost solitons should reveal a
reasonably broad generalization of the fruitful concept of classical soliton.

Our results will follow from considering elliptic equations and inequalities
for various geometric quantities and rely on analytic techniques. This is the
same philosophy used for instance in [33]. More specifically, we will see that
the differential (in)equalities at hand naturally involve the f–Laplace opera-
tor. We are thus led to introduce a number of weighted manifold tools whose
range of application goes beyond the investigation of the geometric objects
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under study. This point of view is in the spirit of [94]. Important istances
of these tools are maximum principles at infinity for ∆f , a–priori estimates
for solutions of certain classes of differential inequalities, f–parabolicity and
weighted Lp–Liouville type results. These are obtained under both weighted
Ricci lower bounds and weighted volume growth conditions.

The results contained in the thesis exemplify different aspects of rigidity
of weighted manifolds. For what concerns metric rigidity, we obtain scalar
curvature estimates, classification results and gap theorems for some geomet-
ric quantities. For instance, the next result shows that under a pointwise
control on the soliton function λ, the scalar curvature of an almost soliton
is bounded from below. Furthermore the lower bound of the scalar curva-
ture can be estimated both from the above and from below and, applying
some abstract structure theorems for domains of nontrivial solutions of the
resulting differential equations, also some rigidity at the endpoints occurs.
Note that the case µ = 0 contains, of course, the soliton case. Contrary to
previous investigations ([74]) we do not assume that the scalar curvature is
neither constant nor bounded.

Theorem 0.2 (Theorem 3 in [84], Theorem 0.4 in [76]). Let (M, 〈 , 〉 ,∇f)
be a complete gradient Ricci almost soliton with scalar curvature S and soli-
ton function λ such that ∆λ ≤ 0 on M . Set

S∗ = inf
M
S, λ∗ = inf

M
λ, λ∗ = sup

M
λ.

(i) If the almost soliton satisfies −∞ < λ∗ ≤ λ ≤ 0, λ 6≡ 0 (and in
particular if the almost soliton is expanding), then mλ∗ ≤ S∗ ≤ 0.
Moreover, if m ≥ 3 and there exists xo such that S(xo) = S∗ = mλ∗,
then the soliton is trivial and M is Einstein; while if S(x0) = S∗ = 0
for some x0 ∈M , then M is Ricci flat and isometric to Rm.

(ii) If the almost soliton is a steady soliton then S∗ = 0. Morever, if
m ≥ 3 and there exists x0 such that S(x0) = 0, then M is a cylinder
over a totally geodesic hypersurface.

(iii) If the almost soliton satisfies 0 ≤ λ, λ 6≡ 0 (and in particular if the
almost soliton is shrinking), then 0 ≤ S∗ ≤ mλ∗. Moreover if m ≥ 3
and there exists xo such that S(xo) = S∗ = 0 then M is isometric
to Rm. Finally if S∗ = mλ∗ and (M, 〈 , 〉, e−fdvol) is f -parabolic,
then the almost soliton is trivial and (M, 〈 , 〉) is compact Einstein.
This latter case occurs in particular if

A2 (1 + r (x))−µ ≤ λ (x)

on M for some A > 0, 0 ≤ µ ≤ 1.

In the same spirit, we are able to generalize scalar curvature estimates
obtained in [17] to k–quasi–Einstein manifolds with non–constant scalar
curvature, again discussing possible rigidity at the endpoints.

Theorem 0.3. (Theorem 3 in [88]) Let (Mm, gM , e
−fdvol) be a geodesically

complete k–quasi–Einstein manifold, 1 < k < +∞, with scalar curvature S
and let S∗ = infM S.
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(a) If λ > 0, then M is compact and

m(m− 1)

m+ k − 1
λ < S∗ ≤ mλ.

Moreover S∗ 6= mλ unless M is Einstein.
(b) If λ = 0 and infM f = f∗ > −∞ then S∗ = 0. Moreover, either

S > 0 or S(x) ≡ 0. In this latter case, either f is constant (and
M is trivial) or M is isometric to the Riemannian product R × Σ
where Σ is a Ricci–flat, totally geodesic hypersurface.

(c) If λ < 0 and infM f = f∗ > −∞, then

mλ ≤ S∗ ≤
m(m− 1)

m+ k − 1
λ

and S(x) > mλ unless M is Einstein.

It is well known from Perelman’s original work that compact expanding
Ricci solitons are necessarily trivial. In the following theorem we general-
ize this result to the complete non–compact setting. This is an important
instance of how rigidity can appear as triviality of an additional structure
supported by the weighted manifold.

Theorem 0.4. (Theorem 2 in [84]) A complete, expanding, gradient Ricci
soliton (M, 〈 , 〉 ,∇f) is trivial provided |∇f | ∈ Lp

(
M, e−fdvol

)
, for some

1 ≤ p ≤ +∞.

As a matter of fact, the above statement encloses three different results
according to the assumption that p = +∞, 1 < p < +∞ and p = 1. The L∞

situation is dealt with using the weak Omori–Yau maximum principle for
∆f . On the other hand, the L1<p<∞ and the L1 results will rely on Liouville
properties of diffusion operators. Using a refined and generalized version
in the weighted setting of the weak Omori–Yau maximum principle and a
weighted volume comparison result in presence of a nonnecessarily constant
lower bound on Ric∞f , we are able also to prove the following triviality theo-
rem for gradient Ricci almost solitons. It permits, in some sense, to extend
the case p =∞ of Theorem 0.4.

Theorem 0.5 (Theorem 0.2 in [76]). Let (M, 〈 , 〉 ,∇f) be a complete, ex-
panding gradient Ricci almost soliton with soliton function λ. Let α, σ,
µ ∈ R be such that

α > −2 ; 0 ≤ σ ≤ 2/3

min {0,−α} ≤ µ ≤
{

1− 3σ/2 if σ ≥ α
1− σ − α/2 if σ < α

Assume

lim sup
r(x)→+∞

|∇f |2

r (x)σ

{
= 0 if 0 < σ ≤ 2/3
< +∞ if σ = 0

− (m− 1)B2
(

1 + r (x)2
)α

2 ≤ λ (x) ≤ − (m− 1)A2
(

1 + r (x)2
)−µ

2
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on M for some constants B ≥ A > 0.
Suppose either m = 2 or

〈∇λ,∇f〉 ≤ 0 on M.

Then, the almost soliton is trivial.

Making use again of weighted Lp–Liouville–type theorems, we can also
prove triviality results for k–quasi–Einstein manifolds under Lp conditions.
For instance, using the scalar curvature estimates of Theorem 0.3, we get
the next

Theorem 0.6 (Theorem 5 in [88]). Let (Mm, gM , e
−fdvol) be a geodesically

complete non–compact k–quasi–Einstein manifold, 1 ≤ k < +∞. If the
quasi–Einstein constant λ is non–positive and f satisfies, for some 1 < p <
+∞,

f ∈ Lp(M, e−
f
k dvol),

and infM f = f∗ > −∞, then either f ≡ const ≤ 0 and M is Einstein or
f > 0.

We now exemplify how triviality results for quasi–Einstein metrics affect
conclusions on the existence of Einstein warped products. By combining
Theorem 0.1 with Theorem 0.6, we are able to extend to the case of non–
compact bases a recent theorem by D.–S. Kim and Y.–H. Kim, [51].

Theorem 0.7 (Theorem 1 in [88]). Let Nm+k = Mm ×u F k, k > 1, be a
complete Einstein warped product with non–positive scalar curvature NS ≤ 0,

warping function u(x) = e−
f(x)
k satisfying infM f = f∗ > −∞ and com-

plete Einstein fibre F . Then N is simply a Riemannian product if the base
manifold M is complete and non–compact, the warping function satisfies∫
M |f |

pe−
f
k dvol < +∞, for some 1 < p < +∞, and f (x0) ≤ 0 for some

point x0 ∈M .

Finally we manage with topological rigidity for weighted manifolds under
curvature restrictions. The situation for Ric∞f and for Rickf is quite different.
An extension of Myers’ theorem to weighted manifolds with a positive lower
bound on Rickf , k <∞, has been obtained by Z. Qian in [86]. As in the clas-

sical (non–weighted) case this result can be generalized à la Galloway ([39]),
proving compactness also in the case the positive constant lower bound for
Rickf is perturbed by the derivative of some bounded function. Following

the results obtained in the classical case in [61] (which grow around an idea
of E. Calabi, [10]), we extend Qian’s theorem by allowing some negativity
for Rickf .

Theorem 0.8. Let Rickf ≥ −(m + k − 1)B2, for some constant B ≥ 0,
k < +∞. Suppose there is a point q ∈ M such that along each geodesic
γ : [0,+∞)→M parameterized by arc–length, with γ(0) = q, it holds either∫ b

a
t
Rickf (γ̇, γ̇)

m+ k − 1
dt > B

{
b+ a

e2Ba + 1

e2Ba − 1

}
+

1

4
log

(
b

a

)
.
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or ∫ b

a
tα

Rickf (γ̇, γ̇)

m+ k − 1
dt > B

{
bα + aα

e2Ba + 1

e2Ba − 1

}
+

α2

4(1− α)

{
aα−1 − bα−1

}
for some 0 < a < b and α 6= 1. Then M is compact.

The lack of an appropriate Bochner formula for Ric∞f prevents Myers–
type compactness conclusions. Nevertheless, as initially investigated in works
of M. Fernández–López and E. Garćıa–Ŕıo in the compact case, [35], and
later in the complete non–compact case by W. Wylie, [96], there is a close
relationship between Ric∞f and the fundamental group of a weighted man-
ifold. Namely, Myers–type results in this context establish the finiteness of
the fundamental group if Ric∞f ≥ K > 0. The next result extends in the

direction of the classical Ambrose theorem ([1]) topological results obtained
in [96], [67], [35], [33].

Theorem 0.9. (Theorem 8.1 in [76]) Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesi-

cally complete weighted manifold, and assume that there exists a point o ∈M
and functions µ ≥ 0 and g bounded such that for every unit speed geodesic γ
issuing from γ(0) = o we have

Ric∞f (γ̇, γ̇) ≥ µ ◦ γ + 〈∇g ◦ γ, γ̇〉
and ∫ +∞

0
µ ◦ γ(t)dt = +∞.

Then, the following hold:

(a) If the above conditions hold then |π1 (M)| <∞.
(b) If in addition Ric ≤ c < +∞ and µ = µo(r(x)) is radial, where

r (x) = dist (x, o), then M is diffeomorphic to the interior of a
compact manifold N with ∂N 6= ∅.

(c) If µ (x) ≥ µ0 > 0 and supM (|∇f | + |g|) ≤ F < +∞, then M is

compact and diam(M) ≤ 1
µ0

[
2F +

√
4F 2 + π2 (m− 1) c

]
.



CHAPTER 1

Differential equations and domain rigidity

The general strategy for metric rigidity in Riemannian geometry is to
encode the geometric data in a family of functions which obey differential
equations and then try to apply abstract structure theorems for domains of
nontrivial solutions of these equations. The aim of this introductory chapter
is to present some of these structure theorems. In particular we will focus on
Obata–type second order differential systems, extending classical works on
characterization of space–forms ([69], [92], [50]) to general model manifolds.
Along the way, we will also discover new characterizations of space–forms.

Having fixed a smooth, even function G : R → R, we let Mm
−G denote

the m–dimensional (not necessarily complete) model manifold with radial
sectional curvature −G (r). More precisely, we set

Mm
−G =

(
[0, r−G)× Sm−1, dr2 + g (r)2 dθ2

)
,

where g : R→ R is the unique solution of the problem g′′ = Gg
g (0) = 0
g′ (0) = 1,

and r−G ∈ (0,+∞] is the first zero of g (r) on (0,+∞). Obviously, in case
g (r) > 0 for every r > 0, we are using the convention r−G = +∞. In this
case, the model is geodesically complete.

Examples of models come from the standard space–forms.

(i) Let G (r) ≡ −k < 0. Then g (r) = k−1/2 sin
(
k1/2r

)
, rk = π/k1/2

and Mm
k is isometric to the standard sphere of constant curvature

k punctured at one point. Equivalently, Mm
k is isometric to the

geodesic ball Bπ/
√
k (o) in the standard sphere of constant curvature

k.
(ii) Let G (r) ≡ k > 0. Then g (r) = k−1/2 sinh

(
k1/2r

)
and Mm

−k is
isometric to the standard hyperbolic space of constant curvature
−k.

(iii) Let G (r) ≡ 0. Then g (r) = r and Mm
0 is isometric to the standard

Euclidean space.

Characterizations of space–forms as complete manifolds supporting so-
lutions of second order differential systems of the form

Hess (u) (x) = (au (x) + b) 〈 , 〉x ,
1



2 1. DIFFERENTIAL EQUATIONS AND DOMAIN RIGIDITY

have been classically investigated by M. Obata, [69], Y. Tashiro, [92], and
M. Kanai, [50]. The following theorem encloses in a single statement their
results.

Theorem 1.1. Let (Mm, 〈 , 〉) be a complete, connected m–dimensional Rie-
mannian manifold. Then:

(i) A necessary and sufficient condition for M to be isometric to the
sphere of constant curvature k > 0 is that M supports a smooth,
non trivial solution u : M → R of the differential system

(1.1) Hess (u) (x) = −ku (x) 〈 , 〉 .
(ii) A necessary and sufficient condition for M to be isometric to the

hyperbolic space of constant curvature −k < 0 is that M supports a
smooth, non trivial solution u : M → R of the differential system

(1.2) Hess (u) (x) = ku (x) 〈 , 〉 ,
with precisely one critical point.

(iii) A necessary and sufficient condition for M to be isometric to the
Euclidean space is that M supports a smooth, non trivial solution
u : M → R of the differential system

(1.3) Hess (u) (x) = h 〈 , 〉 ,
for some constant h 6= 0.

Since space–forms are very special cases of model manifolds, a natural
question is whether a general model manifold Mm

−G can be characterized
in the same perspective of Theorem 1.1. This chapter aims to answer the
question in the affirmative.

Quite naturally, one expects that a characterization of the model Mm
−G,

in the spirit of Theorem 1.1 above, must involve more general differential
systems of the form

(1.4) Hess (u) (x) = H (r (x))u (x) 〈 , 〉 ,
where r (x) denotes the geodesic distance from a fixed origin o. First of all,
we need to find the right form of the radial coefficientH. Let u (x) = α (r (x))
be a radial solution of (1.4). We suppose to have normalized u in such a way
that u (0) = 1 and we require u to have a critical point at 0. Then, recalling
that

(1.5) Hess (r) =
g′

g
{〈 , 〉 − dr ⊗ dr} = gg′dθ2,

we have

Hess (u) = α′′dr ⊗ dr + α′gg′dθ2

On the other hand

Hess (u) = Hα 〈 , 〉 = Hαdr ⊗ dr +Hαg2dθ2.

Comparing these two equations gives the ordinary differential system{
α′′ = Hα
α′gg′ = Hαg2,
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that is, {
α′′ = α′g′/g
H = α′g′/αg,

where, we recall, α (0) = 1, α′ (0) = 0. Integrating the first equation gives

(1.6) α (r) = A

∫ r

0
g (s) ds+ 1,

with A 6= 0 any constant. Inserting this expression into the second equation
we finally deduce

H (r) =
Ag′ (r)

A
∫ r

0 g (s) ds+ 1
.

In order that H is defined on all of [0, r−G) we need to impose that

inf

{
t > 0 : A

∫ t

0
g (s) ds+ 1 ≤ 0

}
≥ r−G.

We have thus obtained the following

Lemma 1.2 (Lemma 2.1 in [83]). A necessary and sufficient condition for
equation (1.4) on Mm

−G to possess a radial solution u is that

H (r) =
Ag′ (r)

A
∫ r

0 g (s) ds+ 1
.

for any constant A 6= 0 such that

inf

{
t > 0 : A

∫ t

0
g (s) ds+ 1 ≤ 0

}
≥ r−G.

Note that, in particular,

• On the punctured standard sphere Mm
1 = Sm\ {point} = Bπ (0),

for every A ∈ R\ {0} such that either A > −1/2 or A = −1, there
is a smooth function uA with exactly one critical point at 0 and
satisfying the equation

(1.7) Hess (uA) (x) =
A cos r (x)

−A cos r (x) + 1 +A
uA (x) 〈 , 〉 .

As a matter of fact, the function u (x) = −A cos r (x)+1+A is well
defined and solves the equation on all of Sm. Note finally that, in
the special case A = −1, (1.7) reduces to (1.1).
• On the standard hyperbolic model Mm

−1 = Hm
−1, for every A > 0,

there exists a smooth function uA with exactly one critical point at
0 and satisfying the equation

(1.8) Hess (uA) (x) =
A cosh r (x)

A cosh r (x) + 1−A
uA (x) 〈 , 〉 .

In the special case A = 1, (1.8) reduces to (1.2).
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• On the standard Euclidean space Mm
0 = Rm, for every A > 0,

there exists a function uA with exactly one critical point at 0 and
satisfying the equation

(1.9) Hess (uA) (x) =
2A

Ar (x)2 + 2
uA (x) 〈 , 〉 .

We shall prove the following result. Recall that a twisted sphere of
dimension n is a differentiable manifold N , homeomorphic to the standard
sphere Sn, which is obtained by gluing two n–dimensional closed, unit disks
Dn ⊂ Rn via a boundary diffeomorphism.

Theorem 1.3 (Theorem 2.2 in [83]). Let (Mm, 〈 , 〉) be a complete m–di-
mensional Riemannian manifold, and let o ∈M be a reference origin. Then,
a necessary and sufficient condition for the existence of an isometric imbed-
ding Φ : Mm

−G → M is that there exists a smooth solution u : Br−G (o)→ R
of the problem

(1.10)

 Hess (u) (x) = H (r (x))u (x) 〈 , 〉
u (o) = 1
|∇u| (o) = 0,

where r (x) = dist(M,〈 , 〉) (x, o), H : [0, R∗]→ R is the smooth function

(1.11) H (t) =
Ag′ (t)

A
∫ t

0 g (s) ds+ 1
,

for some real number A 6= 0, and

R∗ = sup {T > 0 : H (t) well defined on [0, T ]} > r−G.

Furthermore, if u is a solution of (1.10) on all of M , then the following
holds:

(i) In case r−G = +∞, then M is isometric to the model Mm
−G.

(ii) In case r−G < +∞ and H (r−G) 6= 0, then cut (o) = {O} for some
O ∈ M , and Φ

(
Mm
−G
)

= M\ {O}. Furthermore, M is diffeomor-
phically a twisted sphere.

As a direct consequence of Theorem 1.3 we point out the following result
that generalizes, in some directions, Theorem 1.1 above.

Corollary 1.4 (Corollary 2.3 in [83]). Let (Mm, 〈 , 〉) be a complete Rie-
mannian manifold, o ∈ M a reference origin and r (x) = dist(M,〈 , 〉) (x, o).
Then:

(i) M is isometric to the standard sphere Sm if and only if M supports a
real valued function u 6≡ 0 with a critical point at o and satisfying the
differential system (1.7), for some A 6= 0 such that either A > −1/2
or A = −1.

(ii) M is isometric to the standard hyperbolic space if and only if M
supports a real valued function u 6≡ 0 with a critical point at o and
satisfying the differential system (1.8) for some A > 0.
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(iii) M is isometric to the standard Euclidean space if and only if M
supports a real valued function u 6≡ 0 with a critical point at o and
satisfying the differential system (1.9) for some A > 0.

Before proving Theorem 1.3 we make some observations on case (a) of
the previous Corollary.

(i) First of all, to deduce that M is a standard sphere one simply ob-
serves that, as established in (b) of Theorem 1.3, M is simply connected
and M\ {O} is isometric to a standard punctured sphere. Therefore, by
continuity, M itself has positive constant curvature and we can apply the
Hopf classification theorem. Alternatively, we can recall that a necessary
and sufficient condition for the model metric dr ⊗ dr + g (r)2 dθ2 of Mm

−G
to smoothly extend on all of [0, r−G] × Sm−1 is that g(2k) (r−G) = 0 and
g′ (r−G) = −1; see [73]. In the present situation we have g (r) = sin (r) and
therefore we deduce that the isometry Φ extends to cover the removed point
O.

(ii) Comparing with case (i) of Theorem 1.1 we see that, on the one
hand, we enlarge the class of differential systems characterizing the sphere
but, on the other hand, we make the additional assumption that u has
a critical point at o. As first noted by Obata, the existence of a critical
point is automatically guaranteed if H (r) ≡ −k < 0. To see this, one can
argue as follows. By contradiction, suppose u has no critical point at all.
Then, the vector field X = ∇u/ |∇u| is defined on all of M . Using the
differential system Hess (u) = −ku 〈 , 〉 it is readily seen that the integral
curves γ (t) : R → M of X are unit speed, but not necessarily minimizing,
geodesics. Indeed

D ·
γ

·
γ = D ·

γ
Xγ = |∇u|−1Hess (u)

( ·
γ , ·

)#
− |∇u|−1Hess (u)

( ·
γ,X

)
X

= −ku |∇u|−1X + ku |∇u|−1X

= 0.

Note that the same argument works if u solves the more general equation
Hess (u) = f 〈 , 〉, for any real–valued function f . Now consider y (t) =
u ◦ γ (t) . Then, y satisfies the oscillatory o.d.e.

y′′ = −ky.

Let t0 > 0 be a critical point of y. Since

0 =
dy

dt
(t0) =

〈
∇u (γ (t0)) ,

·
γ (t0)

〉
=

〈
∇u (γ (t0)) ,

∇u
|∇u|

(γ (t0))

〉
= |∇u| (γ (t0)) ,

we have that γ (t0) is a critical point of u. Contradiction. Thus, u has a
critical point p and we can always take p = o as the reference origin in our
Theorem 1.3.

In case the coefficient H in the differential equation depends on the
distance function r (x), if we try to adapt the previous argument to the
present situation, we encounter two obvious difficulties.
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(a) As observed above, an integral curve γ (t) : R → M of the vector
field X is a geodesic but it can be non–minimizing. Therefore, for
large values of |t|, H (r (γ (t))) 6= H (t) . It follows that the reduction
procedure of the P.D.E. to an o.d.e., via composition with γ, cannot
be carried over for large values of |t|.

(b) Even if we were able to prove that u has a critical point at some
p ∈ M , since the coefficient H depends on the distance from the
reference origin o, we could not take p = o.

The rest of the section is entirely devoted to a proof of Theorem 1.3.
The necessity part has been already discussed above. Therefore we may
concentrate on the sufficiency part.

The following density result due to R. Bishop, [7], will play a key role in
our argument. For a nice and simplified proof, see F. Wolter, [95]. Following
Bishop, recall that, given a complete manifold (M, 〈 , 〉) and a reference point
o ∈ M , then p ∈ cut (o) is an ordinary cut point if there are at least two
distinct minimizing geodesics from o to p. Using the infinitesimal Euclidean
law of cosines, it is not difficult to show that at an ordinary cut point p the
distance function r (x) = dist(M,〈 , 〉) (x, o) is not differentiable, [95].

Theorem 1.5. Let (M, 〈 , 〉) be a complete Riemannian manifold and let
o ∈ M be a reference point. Then the ordinary cut–points of o are dense in
cut (o). In particular, if the distance function r (x) from o is differentiable
on the (punctured) open ball BR (o) \ {o} then BR (o) ∩ cut (o) = ∅.

Proof (of Theorem 1.3). To simplify the exposition we will proceed
by steps.

Step 1. First of all, we note that the function u : Br−G (o) → R must
be radial and, more precisely, u (x) = α (r (x)), where

α (t) = A

∫ t

0
g (s) ds+ 1.

Indeed, fix x and choose a unit speed, minimizing geodesic γ : [0, r (x)] →
Br−G (o) from o to x. Then, composing with γ, we deduce that y (t) = u◦γ (t)
is the solution of the Cauchy problem

y′′ (t) = Ag′(t)

A
∫ t
0 g(s)ds+1

y (t)

y (0) = 1

y′ (0) =
〈
∇u (o) ,

·
γ (0)

〉
= 0.

It follows that

y (t) = A

∫ t

0
g (s) ds+ 1,

and, taking t = r (x), we get

u (x) = y (r (x)) = A

∫ r(x)

0
g (s) ds+ 1.

Step 2. The open ball Br−G (o) is inside the cut–locus of o. Indeed,
recall that u (x) = α (r (x)) and note that α is a diffeomorphism on (0, r−G)
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because α′ (t) = Ag (t) 6= 0 on that interval. Therefore, r (x) = α−1 ◦u (x) is
smooth on Br−G (o) \ {o} as a composition of smooth functions. By Theorem
1.5, it follows that Br−G (o) ∩ cut (o) = ∅.

Step 3. According to Step 2, we can introduce geodesic polar coordi-
nates on Br−G (o). We claim that the corresponding map

Φ (r, θ) = expo (rθ) : Mm
−G ≈ Bm

r−G (0) ⊆ ToM → Br−G (o) ⊆M
is a Riemannian isometry. To see this, let v be the function

v (x) =
u (x)− 1

A
=

∫ r(x)

0
g (s) ds

on Br−G (o) and note that

(1.12)

 Hess (v) = A−1Hu 〈 , 〉
v (o) = 0
|∇v| (o) = 0.

Furthermore,

(1.13) ∇r =
∇v
|∇v|

.

Using geodesic polar coordinates (r, θ) ∈ (0, r−G)×Sm−1 ≈ Bm
r−G (0) \ {0} ⊆

ToM , keeping a local orthonormal frame {θα} on Sm−1 ⊂ ToM , and recalling
Gauss lemma, we now express exp∗o 〈 , 〉 = dr⊗ dr+σαβ (r, θ) θα⊗ θβ, where
dθ2 =

∑
θα ⊗ θα denotes the standard metric on Sm−1 and the coefficient

matrix (σαβ) satisfies the asymptotic condition

(1.14) σαβ (r, θ) = r2δαβ + o
(
r2
)
, as r → 0.

By the fundamental equations of Riemannian geometry, we know that, within
the cut locus of o,

L∇r 〈 , 〉 = 2Hess (r) ,

where, furthermore, ∇r = ∂r the radial vector field. Therefore, on Br−G (o),
we have

(1.15) ∂rσαβ (r, θ) = 2Hess (r)αβ .

But, according to (1.12) and (1.13), we have, for every X,Y ∈ (∇r)⊥,

Hess (r) (X,Y ) =

〈
DX
∇v
|∇v|

, Y

〉
=

1

|∇v|
Hess (v) (X,Y )

=
1

|∇v|
A−1Hu 〈X,Y 〉 =

g′

g
〈X,Y 〉 .

Using this information into (1.15) and recalling (1.14) we deduce that

(1.16)


∂rσαβ (r, θ) = 2

g′

g
(r)σαβ (r, θ)

σαβ (r, θ) = r2δαβ + o
(
r2
)
, as r → 0,

which integrated gives

σαβ (r, θ) = g (r)2 δαβ.
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We have thus shown that

exp∗o 〈 , 〉 = dr ⊗ dr + g (r)2 dθ2,

proving that expo : Mm
−G\ {0} → BR (o) \ {o} is a Riemannian isometry.

To conclude, note that, by the assumptions on g, this isometry smoothly
extends even to the origin 0.

Step 4. We now assume that u is a solution of (1.10) on all of M . In
case r−G = +∞, then it follows directly from Step 3 that Φ : Mm

−G →M is a
Riemannian isometry. Accordingly, in what follows, we assume r−G < +∞.

Step 5. We show that ∂Br−G (o) is discrete, hence a finite set. Indeed,
for every x ∈ ∂Br−G (o), let γ be a unit speed, minimizing geodesic from o
to x. Then |∇u| ◦ γ (t) = Ag (t) → 0 as t → r−G. Therefore, ∂Br−G (o) is
made up by critical points of u. Since u satisfies the differential equation
Hess (u) (x) = H (r (x))u (x) 〈 , 〉 and, by assumption, H (r−G) 6= 0 and
u 6= 0 on ∂Br−G (o), we deduce that such critical points are non–degenerate
(i.e., the quadratic form Hess (u) has no zero eigenvalues) hence, by Morse
Lemma, they are isolated. Accordingly, ∂Br−G(o) = {p1, ..., pk}, as claimed.

Step 6. We prove that cut (o) = {O} = ∂Br−G (o), for some O ∈ M .
Indeed, by Step 2, the standard m–dimensional ball Bm

r−G (0) ⊂ ToM of
radius r−G lies in the domain Do ⊂ ToM of the normal coordinates at o.
Therefore, it suffices to show that

(1.17) expo

(
∂Bm

r−G (0)
)

= ∂Br−G (o) = {O} .

If this occurs then ∂Bm
r−G (0) is precisely the tangential cut–locus of o and,

hence, cut (o) = {O}. Note that, in particular, all the geodesics issuing from
o will meet at O (and cannot minimizes distances past r−G).

Now for the proof of (1.17). Let us observe that expo(∂Bm
r−G (0)) ⊆

Br−G (o) and expo(∂Bm
r−G (0)∩Do) = ∂Br−G (o)∩(M\cut (o)). SinceBr−G (o)

does not contain any cut–point of o, it follows that also the tangential cut
points in ∂Bm

r−G (0) are mapped on ∂Br−G (o) by expo . Thus, expo(∂Bm
r−G (0))

= ∂Br−G (o). Now, recall from Step 5 that ∂Br−G (o) is a finite set. Since
∂Bm

r−G (0) is connected and expo is a continuous map, we conclude the va-

lidity of (1.17).

Step 7. We note that Φ
(
Mm
−G
)

= M\ {O} = Br−G (o) . Indeed, this
follows directly from Step 3 and Step 6.

Step 8. We finally deduce that M is, diffeomorphically, a twisted sphere.
To this end, recall that, by Step 6, M is compact. Moreover, u is a smooth
function on M with precisely two critical points, o and O. According to
(1.10) and Step 5, these critical points are non–degenerate. Therefore, to
conclude, we can apply the (differentiable version of) the classical result by
G. Reeb.

This completes the proof of the Theorem. �



1. DIFFERENTIAL EQUATIONS AND DOMAIN RIGIDITY 9

Note that in [83] we were able to extend the metric rigidity established in
Theorem 1.3 also to complete manifolds supporting solutions of third order
differential systems of the form

∇Hess(u) = H(r(x)) 〈 , 〉 ⊗ du.
The first result in this direction with H ≡ const. and du replaced by a
general 1–form ω was obtained by E. Garćıa–Ŕıo, D. Kupeli and B. Unal in
[40].

Theorem 1.6 (Theorem 3.2 in [83]). Let (Mm, 〈 , 〉) be an m–dimensional,
complete Riemannian manifold, let o ∈ M be a reference origin and set
r (x) = dist(M,〈 , 〉) (x, o). A necessary and sufficient condition for the ex-
istence of an isometric imbedding Φ : Mm

−G → M is that there exists a
non–trivial, smooth solution u : Br−G (o)→ R of the problem

(1.18)

 (∇Hess (u)) (X;Y,W ) = G (r (x)) 〈∇u,X〉 〈Y,W 〉
Hess (u) (o) = A 〈 , 〉
|∇u| (o) = 0,

for some A 6= 0. Furthermore, if u is a solution of (1.18) on all of M , then
the following holds:

(a) If r−G = +∞, then M is isometric to the model Mm
−G.

(b) In case r−G < +∞, and g′ (r−G) 6= 0, then cut (o) = {O} for some
O ∈ M , and Φ

(
Mm
−G
)

= M\ {O}. Moreover, M is diffeomorphi-
cally a twisted sphere.





CHAPTER 2

Weighted manifolds and comparison geometry

Many problems in geometric analysis lead to consider Riemannian mani-
folds endowed with a measure that has a smooth positive density with respect
to the Riemannian measure. This turns out to be compatible with the metric
structure of the manifold and the resulting spaces take the name of weighted
manifolds, also known in literature as manifolds with density. The geometry
of weighted manifolds is visible in the weighted metric structure, i.e., in the
weighted measures of (intrinsic) metric objects, and it is controlled by suit-
able concepts of curvature adapted to the density of the measure. Weighted
manifolds first arose in the study of diffusion processes on manifolds in works
of Bakry and Emery. Moreover in [3] (see also [54]), they introduced a gen-
eralization of Ricci curvature to such spaces, known as the Bakry–Emery
Ricci tensor. Recently, mainly in reaction to Perelman’s work on Ricci flow
which have carried to the solution of the Poincaré conjecture, the study of
weighted manifolds and of comparison geometry for the Bakry–Emery Ricci
tensor has become the subject of a rapidly increasing investigation.

2.1. Weighted manifolds and Lichnerowicz–Bakry–Emery Ricci
tensors

A weighted manifold is a triple (Mm, 〈 , 〉 , e−fdvol), where (Mm, 〈 , 〉)
is a complete m–dimensional Riemannian manifold, f ∈ C∞(M) and dvol
denotes the canonical Riemannian volume form on M . If Br (p) and ∂Br (p)
denote respectively the metric ball and the metric sphere of (M, 〈 , 〉) of
radius r > 0 and centered at p ∈M , we define

volf (Br (p)) =

∫
Br(p)

e−fdvol, volf (∂Br (p)) =

∫
∂Br(p)

e−fdvolm−1,

where dvolm−1 stands for the (m− 1)–Hausdorff measure. Observe that
weighted areas and volumes are all computed with respect to the same
weight, thus no conformal change of the metric is involved.

Associated to a weighted manifold (M, 〈 , 〉 , e−fdvol) there is a natural
divergence form second order diffusion operator: the f–Laplacian defined on
u by

∆fu = ef div
(
e−f∇u

)
= ∆u− 〈∇u,∇f〉 ,

which is clearly symmetric on L2
(
M, e−fdvol

)
.

A basic principle in Riemannian geometry is that a lower bound on the
Ricci curvature implies that the Riemannian measure is bounded above by
the measure in the corresponding model space. To develop a similar theory
in weighted geometry one has to generalize the Ricci tensor in this more

11
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general framework. As we pointed out in the Introduction there is not a
canonical choice. Many generalization have been considered, depending on
the geometrical problem under study. For example, following F. Morgan,
[64], one can consider the tensor

Ricf = Ric + Hess(f)−∆f 〈 , 〉 .

Then Ricf ≥ k > 0 implies a weighted diameter estimate á la Myers, and
Ricf is related e.g. to weighted Bishop–Gromov inequality and to weigthed
isoperimetry.

We will concentrate on the Lichnerowicz Bakry–Emery Ricci tensors,
which were first introduced in [54] and [3]. The k–Bakry–Emery Ricci tensor
on the weighted manifold (M, 〈 , 〉 , e−fdvol) is defined by

Rickf = Ric + Hess(f)− 1

k
df ⊗ df, for 0 < k ≤ ∞.

When f is constant, this is the usual Ricci tensor and when k =∞ this is the
Bakry–Emery Ricci tensor, usually denoted by Ricf . Note that, if k1 ≥ k2

then Rick1f ≥ Rick2f so that, for example, a lower bound on Rickf for some

k <∞, implies a lower bound on Ricf .
In the next section we will see that the classical scheme of comparison

geometry works perfectly for Rickf , k <∞. The reason is that, in this case,

we have the validity of a good Bochner formula for Rickf . We briefly remind

his derivation. Recall that on a complete Riemannian manifold (Mm, 〈 , 〉),
given u ∈ C∞(M) we have that

(2.1)
1

2
∆|∇u|2 = |Hess(u)|2 + 〈∇u,∇∆u〉+ Ric(∇u,∇u).

Observe that, applying the Schwarz inequality,

|Hess(u)|2 ≥ (∆u)2

m
,

we obtain the following inequality

(2.2)
1

2
∆|∇u|2 ≥ (∆u)2

m
+ 〈∇u,∇∆u〉+ Ric(∇u,∇u).

Consider now the operator ∆f on the complete weighted manifold (M, 〈 , 〉 ,
e−fdvol) and observe that the following identities hold

∆f |∇u|2 = ∆|∇u|2 − 2 Hess(u)(∇u,∇f),

〈∇u,∇∆fu〉 = 〈∇u,∇∆u〉 −Hess(u)(∇u,∇f)−Hess(f)(∇u,∇u).

Plugging these into (2.1) we get the Bochner formula for Rickf
(2.3)

1

2
∆f |∇u|2 = |Hess(u)|2 + 〈∇u,∇∆fu〉+ Rickf (∇u,∇u) +

1

k
| 〈∇f,∇u〉 |2.

When k =∞, we get

(2.4)
1

2
∆f |∇u|2 = |Hess(u)|2 + 〈∇u,∇(∆fu)〉+ Ricf (∇u,∇u).
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As observed in [93], this formula is quite similar to (2.1) except for the
important fact that tr(Hess(u)) = ∆u not ∆fu. Nevertheless, in case k <∞,
we can overcome this difficulty. Using the inequality

(∆u)2

m
+

1

k
| 〈∇f,∇u〉 |2 ≥

(∆fu)2

m+ k
,

we deduce

(2.5)
1

2
∆f |∇u|2 ≥

(∆fu)2

m+ k
+ 〈∇u,∇∆fu〉+ Rickf (∇u,∇u).

Hence, comparing with (2.2) we can say that a Bochner formula for Rickf ,

k < ∞ holds and it looks like the Bochner formula for Ric of an (m + k)–
dimensional manifold. For this reason when we impose a lower bound on
Rickf we can say that, in some sense, we are introducing a “virtual” dimension
k.

As we will see in the next section, the case k = ∞ is more critical and
the difficulties that arise are absolutely non–technical.

2.2. Comparison results in weighted geometry

Classically in comparison geometry, combining the lower bound on the
Ricci tensor with the Bochner formula, one proves the Laplacian comparison
for the distance function. This, in turn, permits to derive Myers–type theo-
rems, diameter estimates and area and volume comparison theorems. Hence
the common root of all these results is the validity of a Bochner formula for
smooth, real valued functions.

Our first aim is to present the generalization of such a scheme to weighted
manifolds with a lower bound on the k–Bakry–Emery Ricci tensor, k <∞.
For nice accounts on this topic see e.g. [56], [86] and [93]. As a first
application of the Bochner formula (2.5) for Rickf , k <∞, we want to derive

the following generalization to Rickf of a well–known integral estimate of
the Ricci tensor along minimizing geodesics. This, in the classical case, is
usually obtained via the second variation formula for the arc–length and
Jacobi fields. However, it can be derived directly from the Bochner formula
applied to the distance function; the proof is modelled on [86].

Lemma 2.1. Let (Mm, 〈 , 〉 , e−fdvol) be a complete weighted manifold, and
consider the k–Bakry–Emery Ricci tensor Rickf for k finite. Fix o ∈M and

let r (x) = dist (x, o). For any point q ∈ M , let γq : [0, r (q)] → M be a
minimizing geodesic from o to q such that |γ̇q| = 1. If h ∈ Liploc (R) is such
that h (0) = h (r (q)) = 0, then for every q ∈M , it holds

(2.6) 0 ≤
∫ r(q)

0
(m+ k − 1)

(
h′
)2
ds−

∫ r(q)

0
h2 Rickf (γ̇q, γ̇q)ds.
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Proof. Fix a point q /∈ cut(o). By the Cauchy–Schwarz inequality, on
noting also that Hess(r)(∇r, ·) = 0 we have that

(∆fr)
2

m+ k − 1
≤ (∆r)2

m− 1
+
|〈∇f,∇r〉|2

k
,(2.7)

|Hess(r)|2 ≥ (∆r)2

m− 1
.(2.8)

Using (2.7) and (2.8), from the Bochner formula (2.5) applied to the distance
function r(x) we obtain that

0 ≥
(∆fr)

2

m+ k − 1
+ 〈∇r,∇∆fr〉+ Rickf (∇r,∇r).

Evaluating this along a minimizing geodesic γq such that |γ̇q| = 1, we get

(2.9) 0 ≥
(∆fr ◦ γq)2

m+ k − 1
+

d

ds
(∆f (r ◦ γq)) + Rickf (γ̇q, γ̇q).

If h ∈ Liploc(R), h ≥ 0, h(0) = 0, multiplying (2.9) by h2 and integrating on
[0, t], we obtain

0 ≥
∫ t

0
h2 (∆fr ◦ γq)2

m+ k − 1
ds+

∫ t

0

d

ds
(∆fr ◦ γq)h2 +

∫ t

0
h2 Rickf (γ̇q, γ̇q).

Since (∆fr ◦ γq)h2 → 0 as r → 0, integrating by parts we have that

0 ≥
∫ t

0
h2 (∆fr ◦ γq)2

m+ k − 1
ds+ h2(t)(∆fr ◦ γq)(t)

− 2

∫ t

0
hh′(∆fr ◦ γq)ds+

∫ t

0
h2 Rickf (γ̇q, γ̇q)ds.

Since

−2hh′(∆fr ◦ γq) ≥
−h2(∆fr ◦ γq)2

m+ k − 1
− (m+ k − 1)(h′)2,

we deduce that

0 ≥ h2(t)(∆fr ◦ γq)−
∫ t

0
(m+ k − 1)(h′)2ds+

∫ t

0
Rickf (γ̇q, γ̇q)h

2ds

Thus, taking t = r(q) and choosing h such that h2(r(q)) = 0, we get (2.6) for
q /∈ cut(o). To treat the general case one can use the Calabi trick. Namely
suppose that q ∈ cut (o). Translating the origin o to oε = γq (ε) so that
q /∈ cut (oε), using the triangle inequality and, finally, taking the limit as
ε→ 0, one checks that (2.6) holds also in this case. �

Direct application of Lemma 2.1 yields Myers–type conclusions. Here
we state only the following result which is due to Z. Qian, [86]. Further
generalizations will be presented in Chapter 6. The proof is a particular
case of that of Theorem 6.1.
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Theorem 2.2 (Theorem 5 in [86]). Let (Mm, 〈 , 〉 , e−fdvol) be a complete
weighted manifold. Given two different points p, q ∈ M , let γp,q be a mini-
mizing geodesic from p to q parameterized by arc–length. Suppose that there
exists a constant c such that for each pair of points p, q it holds

Rickf (γ̇p,q, γ̇p,q)|γp,q(t) ≥ (m+ k − 1)c2,

for k < +∞. Then M is compact and

(2.10) diam(M) ≤ π

c
.

Another consequence of the Bochner formula (2.5) applied to the distance
function r(x) is the weighted Laplacian comparison theorem. Version of this
result have been obtained by A. G. Setti, [89], for the case k = 1 and later
by Z. Qian, [86], in the general case k ∈ N. Here we state a more general
version proved in [56], where the lower bound for Rickf is allowed to be a
function of the distance from a reference point.

Theorem 2.3 (Proposition 2.3 in [56]). Let (Mm, 〈 , 〉 , e−fdvol) be a com-
plete weighted manifold. Denote with cut(o) the cut locus of the reference
point o ∈M . Assume that

Rickf (∇r,∇r) ≥ −(m+ k − 1)G(r)

for some G ∈ C0 ([0,+∞]), let h ∈ C2 ([0,+∞]) be a solution of the problem{
h′′ −Gh ≥ 0
h (0) = 0, h′ (0) = 1,

and let (0, R), R ≤ +∞, be the maximal interval where h > 0. Then for
every x ∈M we have r(x) ≤ R, and the inequality

∆fr(x) ≤ (m+ k − 1)
h′(r(x))

h(r(x))

holds pointwise in M \ (cut(o) ∪ {o}) and weakly on M .

As in the classical case, the weighted Laplacian comparison allows to
obtain weighted volume comparison estimates. Again, in the case of constant
lower bounds on Rickf , this was originally proven in [86], but here we state

the general version which can be found in [56].

Theorem 2.4 (Theorem 2.4 in [56]). Let (M, 〈 , 〉 , e−fdvol) be as in the
above theorem, and assume the same lower bound as above on Rickf . Then
the functions

r 7−→
volf∂Br(o)

h(r)m+k−1

and

r 7−→
volfBr(o)∫ r

0 h(t)m+k−1dt

are respectively non–increasing a.e. and non–increasing in (0, R). In par-
ticular, for every 0 < r0 < R there exists a constant C depending on the
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geometry of M in Br0(o) such that

volf (Br(o)) ≤ C
{

rm 0 ≤ r ≤ r0,∫ r
0 h(t)m+k−1dt r ≥ r0.

In particular in case the lower bound for Rickf is a negative constant, we

recover (up to consider the virtual dimension k) the usual hyperbolic growth
for weighted volumes originally proved in [86].

Corollary 2.5 (Corollary 2 in [86]). Let (M, 〈 , 〉 , e−fdvol) be a complete
weighted manifold and suppose that

Rickf ≥ −(m+ k − 1)B2,

for some constant B > 0. Then for every r > 0 there exists a constant C
such that

volf (Br(o)) ≤ CB−(m+k−1)

∫ r

0
(sinh(Bt))(m+k−1)dt.

When we impose a lower bound on Ricf the situation is quite different.
This clearly comes out from the next two examples.

Example 2.6. The Gaussian space (Rm, 〈 , 〉can , e−fdvol) with

f(x) =
1

2
A2|x|2,

for arbitrary A ∈ R, satisfies Ricf = A2 > 0 but it is non–compact.

Hence, in general, when we assume that

(2.11) Ricf ≥ c2 〈 , 〉 ,
for some constant c, compactness is not guaranteed. In order to recover
compactness we have to impose further conditions on the growth of f or on
its gradient. However, the validity of (2.11) implies that the fundamental
group must be finite. This type of results have been recently investigated in
[35], [96], [67] and [33]. In Chapter 6 we are going to extend some of these
results no longer assuming the lower bound in (2.11) to be constant.

Example 2.7. The anti–Gaussian space (Rm, 〈 , 〉can , e−fdvol) with

f(x) = −1

2
A2|x|2,

for arbitrary A ∈ R satisfies Ricf = −A2 but, integrating in polar coordinates
and indicating with Cm−1 the volume of the (m − 1)–dimensional ball in
Rm−1,

volf (Br(0)) =

∫ r

0

(∫
∂Bt(0)

e
A2

2
t2dvolm−1

)
dt

= Cm−1

∫ r

0
e
A2

2
t2tm−1dt

� e
A2

2
t2tm−2.

Thus, the volume growth is more than hyperbolic.
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Nevertheless, there are again mutual relations between Ricf–bounds and
volf–growth properties. The comparison geometry in this case is more sub-
tle and most of it has been developed in [85] and [94]. First, we recall a
weighted-volume comparison established in [85], [94].

Theorem 2.8 (Theorem 1.4 in [85] and Theorem 4.1 in [94]). Let (M, 〈 , 〉 ,
e−fdvol

)
be a geodesically complete weighted manifold. Suppose that

Ricf ≥ λ,

for some constant λ ∈ R. Then, having fixed R0 > 0, there are constants
A,B,C > 0 such that, for every r ≥ R0,

volf (Br(o)) ≤ A+B

∫ r

R0

e−λt
2+Ctdt.

Remark 2.9. In the case where λ > 0 Theorem 2.8 gives that volf (M) is
finite. This was first observed in [63].

We present now two results which can be useful in order to deal with the
case in which the lower bound for Ricf is not necessarily a constant. The
first is an improvement of Theorem 1.2 (a) of Wei and Wylie [94], where
they assume θ and G below to be constant.

Theorem 2.10 (Theorem 3.1 in [76]). Let
(
M, 〈 , 〉 , e−fdvol

)
be a complete

weighted manifold such that

(2.12) 〈∇r,∇f〉 ≥ −θ (r) ,

for some non–decreasing function θ ∈ C0
(
R+

0

)
. Assume

(2.13) Ricf ≥ − (m− 1)G (r)

for a smooth positive function G on R+
0 , even at the origin. Let g be a

solution on R+
0 of

(2.14)

{
g′′ −Gg ≥ 0
g (0) = 0, g′ (0) ≥ 1.

Then there exists a constant D > 0 such that ∀r ≥ 0

(2.15) volf (Br(o)) ≤ D
∫ r

0
g (t)m−1 e

∫ t
0 θ(s)dsdt.

Proof. Let h be the solution on R+
0 of the Cauchy problem

(2.16)

{
h′′ −Gh = 0
h (0) = 0, h′ (0) = 1.

Note that h > 0 on R+ since G ≥ 0. Fix x ∈ M \ (cut (o) ∪ {o}) and let
γ : [0, l] → M , l = length (γ), be a minimizing geodesic with γ (0) = o,
γ (l) = x. Note that G (r ◦ γ) (t) = G (t). From Bochner formula applied to
the distance function r we have

(2.17) 0 = |Hess (r)|2 + 〈∇r,∇∆r〉+ Ric (∇r,∇r)
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so that, using the Schwarz inequality, it follows that the function ϕ (t) =
(∆r) ◦ γ (t), t ∈ (0, l], satisfies the Riccati inequality

(2.18) ϕ′ +
1

m− 1
ϕ2 ≤ −Ric (∇r ◦ γ,∇r ◦ γ)

on (0, l]. With h as in (2.16) and using the definition of Ricf , (2.13) and
(2.18) we compute(
h2ϕ

)′
=2hh′ϕ+ h2ϕ′

≤2hh′ϕ− h2ϕ2

m− 1
+ (m− 1)G (t)h2 +Hess (f) (∇r ◦ γ,∇r ◦ γ)h2

=−
(

hϕ√
m− 1

−
√
m− 1h′

)2

+ (m− 1)
(
h′
)2

+ (m− 1)G (t)h2

+ h2 (f ◦ γ)′′ .

We let

ϕG (t) = (m− 1)
h′

h
(t)

so that, using (2.16)(
h2ϕG

)′
= (m− 1)

(
h′
)2

+ (m− 1)G (t)h2.

Inserting into the above inequality we obtain

(2.19)
(
h2ϕ

)′ ≤ (h2ϕG
)′

+ h2 (f ◦ γ)′′

Integrating (2.19) on [0, r] and using (2.16) yields

(2.20) h2 (r)ϕ (r) ≤ h2 (r)ϕG (r) +

∫ r

0
h2 (f ◦ γ)′′ dt.

Next we recall that

(2.21) ϕf = (∆fr) ◦ γ = (∆r) ◦ γ − 〈∇f,∇r〉 ◦ γ = ϕ− (f ◦ γ)′

Thus, using (2.20), (2.16) and integrating by parts we compute

h2ϕf ≤h2ϕG − h2 (f ◦ γ)′ +

∫ r

0
h2 (f ◦ γ)′′ dt

=h2ϕG − h2 (f ◦ γ)′ +
(
h2 (f ◦ γ)′ )

∣∣r
0
−
∫ r

0

(
h2
)′

(f ◦ γ)′ dt

=h2ϕG −
∫ r

0

(
h2
)′

(f ◦ γ)′ dt,

that is,

(2.22) h2ϕf ≤ h2ϕG −
∫ r

0

(
h2
)′

(f ◦ γ)′ dt

on (0, l]. We observe that, because of (2.16) and G ≥ 0,
(
h2
)′

= 2hh′ ≥ 0 so
that, using (2.12), (2.16) and the monotonicity of θ, (2.22) yields

h2ϕf ≤ h2ϕG + θ (r)h2

on (0, l], and
ϕf ≤ ϕG + θ (r)
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on (0, l]. In particular

(2.23) ∆fr (x) ≤ (m− 1)
h′ (r (x))

h (r (x))
+ θ (r (x))

on M \ ({o} ∪ cut (o)). Proceeding as in Theorem 2.4 of [82] one shows that
(2.23) holds weakly on all of M and reasoning as in Theorem 2.14 of [82]
one shows that

(2.24) volf (∂Br(o)) ≤ Dh (r)m−1 e
∫ r
0 θ(t)dt

for some constant D > 0. Integrating over [0, r] and using the co-area
formula we get

(2.25) volf (Br(o)) ≤ D
∫ r

0
h (t)m−1 e

∫ t
0 θ(s)dsdt.

Since g in (2.14) is a subsolution of (2.16) it follows, by Lemma 2.1 in [82],
that h ≤ g on R+

0 so that (2.25) immediately implies (2.15) �

A second estimate on ϕf can also be derived, replacing assumption (2.12)
with

(2.26) ξ (r) ≤ f ≤ ω (r) ,

for some functions ω, ξ ∈ C1
(
R+

0

)
with ω non decreasing and such that

ξ′ (r) ≤ ω′ (r) .
Towards this aim we integrate (2.22) again by parts to obtain

h2ϕf ≤ h2ϕG −
[(
h2
)′

(f ◦ γ)
]∣∣∣r

0
+

∫ r

0

(
h2
)′′

(f ◦ γ) dt.

Now, using (2.16), (
h2
)′′

= 2
(
h′
)2

+ 2Gh2 ≥ 0,

because of the sign of G. Thus using (2.26), (2.16) and the fact that ω is
non-decreasing, from the above we obtain

h2ϕf ≤h2ϕG −
(
h2
)′

(f ◦ γ )|r0 + ω (r)
(
h2
)′∣∣∣r

0

≤h2ϕG −
(
h2
)′

(r) (f ◦ γ) (r) +
(
h2
)′

(r)ω (r)

≤h2ϕG +
(
h2
)′

(r) [ω (r)− (f ◦ γ) (r)] .

Now (
h2
)′

= 2hh′ =
2

m− 1
h2 (m− 1)

h′

h
=

2

m− 1
h2ϕG, r > 0

so that the above inequality may be rewritten as

h2ϕf ≤ h2

(
1 +

2

m− 1
(ω (r)− (f ◦ γ) (r))

)
ϕG, r > 0

and using (2.26)

ϕf ≤
(

1 +
2

m− 1
(ω (r)− ξ (r))

)
ϕG, r > 0.
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Let ω̃ (r) ≥ ω (r)− ξ (r) ≥ 0. Similarly to what we did in Theorem 2.10 we
arrive at (2.24), where θ (t) is now substituted by 2

m−1 ω̃ (t)ϕG (t). Thus we

need to estimate e
∫ r
r0

2
m−1

ω̃(t)h
′
h .∫ r

r0

2

m− 1
ω̃ (t)

h′

h

=
2

m− 1
ω̃ (r) log hm−1 (r)− 2

m− 1
ω̃ (r0) log hm−1 (r0)

−
∫ r

r0

2

m− 1
ω̃′ (t) log hm−1 (t) dt.

Now, by (2.16), h (t) ↗ +∞ as t → +∞. Choose r0 sufficiently large that
h (r0) ≥ 1. Since ω̃′ ≥ 0∫ r

r0

2

m− 1
ω̃ (t)

(
log hm−1

)′
dt ≤ log (h (r))2ω̃(r) −A,

and

e
∫ r
r0

2
m−1

ω̃(t)ϕG ≤ h (r)2ω̃(r) e−A.

Hence, from (2.24),

volf (∂Br(o)) ≤ Dh (r)m−1+2ω̃(r)

Since h ≤ g we have thus proven the following result, which improves on
Theorem 1.2 (b) of Wei and Wylie [94].

Theorem 2.11 (Theorem 3.2 in [76]). Let
(
M, 〈 , 〉 , e−fdvol

)
be a complete

weighted manifold such that

ξ (r) ≤ f ≤ ω (r)

for some functions ω, ξ ∈ C1
(
R+

0

)
with ω non decreasing and such that

ξ′ (r) ≤ ω′ (r). Assume

Ricf ≥ − (m− 1)G (r)

for a smooth positive function G on R+
0 , even at the origin.

Let ω̃ (r) = ω (r)− ξ (r) and g be a solution on R+
0 of{

g′′ −Gg ≥ 0
g (0) = 0, g′ (0) ≥ 1

Then there exist constants C,B > 0 such that, ∀r ≥ r0 > 0,

volf (Br(o)) ≤ C +B

∫ r

r0

g (t)(m−1)+2ω̃(t) dt.

We end this discussion with the following simple proposition which marginally
extends a previous result by Wei and Wylie, [94].

Proposition 2.12 (Proposition 3.3 in [76]). Let (M, 〈 , 〉, e−fdvol) be a
weighted manifold and assume that

Ricf ≥ D(1 + r)−µ.



2.3. ANALYSIS OF THE f–LAPLACIAN 21

(i) If D > 0 and 0 ≤ µ ≤ 1, then there exist constants Cj > 0 such
that for every r > 2,

volf (∂Br(o)) ≤

{
C1e

−C2r log(1+r) if µ = 1

C1e
−C2r2−µ if 0 ≤ µ < 1

and volf (Br(o)) ≤ C3

(ii) If D = 0 then there exist constants Cj > 0 such that for every
r > 2,

volf (∂Br(o)) ≤ C1e
r and volf (Br(o)) ≤ C2e

r.

(iii) If D < 0 then there exist constants Cj > 0 such that for every
r > 2,

volf (∂Br(o)) ≤


C1e

C2r if µ > 1

C1e
C2r log r if µ = 1

C1e
C2r2−µ if 0 ≤ µ < 1

and

volf (Br(o)) ≤


C3e

C2r if µ > 1

C3(log r)−1eC2r log r if µ = 1

C3r
µ−1eC2r2−µ if 0 ≤ µ < 1.

Proof. Maintaining the notation introduced above, it follows from (2.18),
(2.21) and the definition of Ricf that if ϕf = ∆fr ◦ γ then

ϕ′f = ϕ′ − (f ◦ γ)′′ ≤ − ϕ2

m− 1
− Ric(γ̇, γ̇)−Hessf(γ̇, γ̇) ≤ −Ricf (γ̇, γ̇).

Thus, if we assume that Ricf ≥ θ(r(x)) and that the ball Bε(o) is contained
in the domain of the normal coordinates at o, setting C = max∂Bε(o) ∆fr
and integrating between ε and r(x) we obtain

∆fr(x) ≤ C −
∫ r(x)

ε
θ(t)dt

pointwise in the M \ (Bε(o) ∪ cut(o)) and weakly on M \Bε(o). From this,
arguing as in [82] Theorem 2.14 we deduce that

volf (∂Br(o)) ≤ e
C(r−r0)−

∫ r
r0

(
∫ t
ε θ(s)ds)dtvolf (∂Br0(o)).

The conclusion now follows estimating the integral on the right hand side
for θ(s) = D(1 + s)−µ. �

2.3. Analysis of the f–Laplacian

In Section 2.1, we have introduced the natural diffusion operator ∆f

associated to a weighted manifold (M, 〈 , 〉 , e−fdvol). The general idea at
the basis of this section is that analytic theorems for the Laplace–Beltrami
operator on M , which are proved under metric–measure assumptions, us-
ing for example the divergence theorem, comparison arguments or heat
semigroup methods, can be translitterated into theorems, under weighted
metric–measure assumptions, for the f–Laplacian on (M, 〈 , 〉 , e−fdvol).
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Since it will be applied repeatedly in the next chapters, we start recalling
the classical maximum principle for the f–Laplacian.

Theorem 2.13. Let Ω ⊆ (M, 〈 , 〉 , e−fdvol) be a connected domain. Then
the following hold:

(1) If ∆fu ≥ 0 in Ω and u(x0) = supΩ u then u ≡ u(x0) in Ω.
(2) If ∆fu ≤ cu in Ω, for a generic constant c ∈ R, u ≥ 0 in Ω and

u(x0) = 0 then u ≡ 0 in Ω.

The classical maximum principle is an invaluable tool in the study of the
qualitative behavior of solutions of PDE’s on (domains of) Rm. Due to its
local nature, it can be succesfully applied on general Riemannian manifolds
to investigate equations of great geometrical interest. However, precisely
because of its local nature, the maximum principle is not sensitive to the
specific geometric properties of the manifold M . In [71], H. Omori estab-
lished a global version of the maximum principle for the Laplace–Beltrami
operator on a Riemannian manifold with sectional curvature bounded from
below. This was later refined by S. T. Yau , [97], and S.Y. Cheng and S. T.
Yau, [27], relaxing the curvature assumption to Ricci bounded below, and
permitted to find elegant solutions to a number of outstanding geometric
problems. For these reasons this principle is also known as the Omori–Yau
maximum principle. Asking the validity of a relaxed form of this maximum
principle, the weak Omori–Yau maximum principle, one should be able to
relax also the geometrical assumptions on the manifold. Moreover, in the
case of the Laplace–Beltrami operator, the validity of this new form of the
maximum principle is equivalent to the stochastic completeness of the mani-
fold, [80], and thus is strictly related to volume growth properties of geodesic
balls, [41].

In [80] these concepts were also extended to other differential operators
both of linear and non–linear nature. For instance, in the linear setting,
one can replace the Laplace–Beltrami operator with the operator ∆f on the

weighted manifold (M, 〈 , 〉 , e−fdvol).

Definition 2.14. Let
(
M, 〈 , 〉 , e−fdvol

)
be a (not necessarily complete)

weighted manifold. We say that the (full) Omori–Yau maximum principle for
∆f holds if for any C2 function u : M → R satisfying supM u = u∗ < +∞,
there exists a sequence {xn} ⊂M along which

(2.27) (i) u (xn) ≥ u∗ − 1

n
, (ii) |∇u (xn) | ≤ 1

n
, and (iii) ∆fu (xn) ≤ 1

n
.

Analogously to the case of the Laplace–Beltrami operator we have also
the following

Definition 2.15. Let
(
M, 〈 , 〉 , e−fdvol

)
be a (not necessarily complete)

weighted manifold. We say that the weak Omori–Yau maximum principle for
∆f holds if for any C2 function u : M → R satisfying supM u = u∗ < +∞,
there exists a sequence {xn} ⊂M along which

(2.28) (i) u (xn) ≥ u∗ − 1

n
, and (ii) ∆fu (xn) ≤ 1

n
.
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It happens that the f–Laplacian is related to a suitable stochastic process
Xt, called a symmetric diffusion. Following J. Dodziuk construction, [32],
the diffusion operator ∆f has a minimal, positive heat kernel pf (t, x, y) and

its total mass
∫
M pf (t, x, y) e−fdvol (y) turns out to be related to the intrinsic

explosion time of the associated diffusion process Xt. Let us introduce the
following

Definition 2.16. A weighted manifold (M, 〈 , 〉 , e−fdvol) is said to be f–
stochastically complete if

(2.29)

∫
M
pf (t, x, y) e−fdvol (y) = 1

holds, for every t > 0 and for every x ∈M .

Note that, from a probabilistic viewpoint, condition (2.29) states that the
diffusion process with transition probabilities pf (t, x, y) is Markovian, hence
stochastically complete. According to this definition in [80] it is proven that
the weak Omori–Yau maximum principle for the operator ∆f holds if and
only if the underlying manifold is f–stochastically complete.

The next result states the validity of the weak Omori–Yau maximum
principle for ∆f , under weighted volume growth conditions. It can be de-
duced from [80] Theorem 3.11, making minor modifications in the proofs of
Lemma 3.13, Lemma 3.14, Theorem 3.15 and Corollary 3.16.

Theorem 2.17. Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesically complete weighted

manifold satisfying the volume growth condition

(2.30)
r

log volf (Br)
/∈ L1 (+∞) .

Then, the weak Omori–Yau maximum principle for ∆f holds on M .

Remark 2.18. Combining Theorem 2.17, Theorem 2.4 and Theorem 2.8
immediately gives that the weak Omori–Yau maximum principle for ∆f

holds on a weighted manifold (M, 〈 , 〉 , e−fdvol) provided one of the following
curvature assumption is satisfied for some λ ∈ R

(a) Rickf ≥ λ, k <∞;

(b) Ricf ≥ λ.

Theorem 2.17 can be seen also as a consequence of the following version
of Theorem 5.1 of [56], which represents a refined and generalized version in
the weighted setting of the weak Omori–Yau maximum principle; [77], [80].
Indeed, taking σ = µ = 0 in the next theorem, we deduce that, for a smooth
function u on M satisfying supM u = u∗ < +∞, there exists a sequence {xn}
along which (2.28) holds.

Theorem 2.19 (Theorem 5.1 in [56]). Let
(
M, 〈 , 〉 , e−fdvol

)
be a complete

weighted manifold. Given σ, µ ∈ R, let ν = µ + 2 (σ − 1) and assume that
σ ≥ 0, σ − ν > 0. Let u ∈ C1 (M) be a function such that

û = lim sup
r(x)→+∞

u (x)

r (x)σ
< +∞
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and suppose that

(2.31) lim inf
r→+∞

log volf (Br)

rσ−ν
= d0 < +∞.

Then given γ ∈ R such that

Ωγ = {x ∈M : u (x) > γ} 6= ∅
we have

inf
Ωγ

(1 + r (x))µ ∆fu ≤ C max {û, 0}

with

C =


0 if σ = 0

d0 (σ − ν)2 if 0 < ν < σ
d0σ (σ − ν) if σ > 0, ν ≥ σ.

In general, under volume growth conditions, nothing can be said about
the behavior of the gradient of u and hence on the validity of the full Omori–
Yau maximum principle for ∆f . The following result, which is a generaliza-
tion of Theorem 1.9 in [80], gives function-theoretic sufficient conditions for a
weighted Riemannian manifold

(
M, 〈 , 〉 , e−fdvol

)
to satisfy the Omori–Yau

maximum principle.

Theorem 2.20 (Theorem 4.1 in [76] and Corollary 11 in [60]). Let (M, 〈 , 〉 ,
e−fdvol

)
be a weighted Riemannian manifold and assume that there exists

a non–negative C2 function γ satisfying the following conditions

γ (x)→ +∞ as x→∞(2.32)

∃A > 0 such that |∇γ| ≤ Aγ
1
2 off a compact set(2.33)

∃B > 0 such that ∆fγ ≤ Bγ
1
2G
(
γ

1
2

) 1
2

off a compact set(2.34)

where G is a smooth function on [0,+∞) satisfying

(2.35)
(i) G (0) > 0 (ii) G′ (t) ≥ 0 on [0,+∞)

(iii)G (t)−
1
2 /∈ L1 (+∞) (iv) lim supt→+∞

tG
(
t
1
2

)
G(t) < +∞.

Then, given any function u ∈ C2 (M) with u∗ = supM u < +∞, there exists
a sequence {xn}n ⊂M such that

(2.36) (i) u (xk) > u∗ − 1
k ; (ii) |∇u (xk)| < 1

k ; (iii) ∆fu (xk) <
1
k ;

for each k ∈ N, i.e. the Omori–Yau maximum principle for ∆f holds on(
M, 〈 , 〉 , e−fdvol

)
.

The proof of this theorem is similar to that of Theorem 1.9 in [80] and
we refer to this one for more details.

Proof. We define the function

ϕ (t) = e
∫ t
0 G(s)−

1
2 ds.

Proceeding as in [80] and using assumption (2.35) (iv), we have that

(2.37) 0 ≤ ϕ′ (t)

ϕ (t)
< c

(
tG
(
t
1
2

))− 1
2
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for some constant c > 0. Next, we fix a point p ∈M and, ∀k ∈ N, we define

Fk(x) =
u (x)− u (p) + 1

ϕ (γ (x))
1
k

.

Then Fk (p) = 1/ϕ (γ (p))1/k > 0. Moreover, since u∗ < +∞ and ϕ (γ (x))→
+∞ as x→ +∞, we have lim supx→∞ Fk (x) ≤ 0. Thus, Fk attains a positive
absolute maximum at xk ∈ M . Iterating this procedure, we produce a
sequence {xk}. It is shown in [80] that

lim sup
k→+∞

u (xk) = u∗,

and by passing to a subsequence if necessary, we may assume that

lim
k→+∞

u (xk) = u∗.

If {xk} remains in a compact set, then xk → x̄ as k → +∞ and the sequence
zk = x̄, for each k, clearly satisfies (2.36). We only need to consider the case
when xk →∞ so that, according to (2.32), γ (xk)→ +∞. Since Fk attains
a positive maximum at xk we have
(2.38)

(i) (∇ logFk) (xk) = 0; (ii) ∆f (logFk) (xk) = ∆ (logFk) (xk) ≤ 0.

Note that from (2.38)(i) we have that

∇u(xk) =
1

k
(u(xk)− u(p) + 1)

ϕ′(γ(xk))

ϕ(γ(xk))
∇γ(xk).

Furthermore, reasoning as in [80] we have

∆u (xk) ≤
u (xk)− u (p) + 1

k

{
ϕ′ (γ (xk))

ϕ (γ (xk))
∆ (γ) (xk)

+
1

k

(
ϕ′ (γ (xk))

ϕ (γ (xk))

)2

|∇γ (xk)|2
}
.

Assume now that (2.33) and (2.34) hold so that they hold at xk for suffi-
ciently large k. A computation shows that

|∇u (xk)| ≤
a

k
· u (xk)− u (p) + 1

G
(
γ (xk)

1/2
)1/2
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for some costant a > 0. Therefore, using (2.34) and (2.37), we obtain

∆fu (xk) = ∆u (xk)− 〈∇u,∇f〉 (xk)

≤u (xk)− u (p) + 1

k

{
ϕ′(γ(xk))

ϕ(γ(xk))
∆γ(xk) +

1

k

(
ϕ′(γ(xk))

ϕ(γ(xk))

)2

|∇γ|2(xk)

−ϕ
′(γ(xk))

ϕ(γ(xk))
〈∇γ,∇f〉 (xk)

}
=
u (xk)− u (p) + 1

k

{
ϕ′(γ(xk))

ϕ(γ(xk))
∆fγ(xk) +

1

k

(
ϕ′(γ(xk))

ϕ(γ(xk))

)2

|∇γ|2(xk)

}

≤u (xk)− u (p) + 1

k

{
c

γ1/2G
(
γ1/2

)1/2Bγ1/2G
(
γ1/2

)1/2
+

1

k
· c2

γG
(
γ1/2

)A2γ

}
and the RHS tends to zero as k → +∞. �

Important situations where Theorem 2.20 applies concerns with general
weighted manifolds whose k–Bakry–Emery Ricci tensor, 0 < k ≤ ∞ is suit-
ably controlled.

Corollary 2.21. Let
(
Mm, 〈 , 〉 , e−fdvol

)
be a complete weighted manifold

such that

(2.39) Ricf ≥ − (m− 1)G (r) 〈 , 〉

for a smooth positive function G satisfying (2.35), even at the origin. As-
sume also that

(2.40) |∇f | ≤ CG (r)1/2

Then, the full Omori–Yau maximum principle for the f–Laplacian holds on
M .

Proof. Let h be as in the proof of Theorem 2.10. Then out of cut(o)
we have that r ∈ C2 and satisfies

∆fr ≤(m− 1)
h′

h
+ |∇r| |∇f |

≤ (m− 1)
h′

h
+ CG (r)1/2 ≤ DG (r)1/2 ,

and thus

∆fr
2 = 2 + 2r∆fr ≤ 2 + 2rG (r)1/2 ≤ CrG (r)1/2 ,

We want now to apply Theorem 2.20 with γ = r2. An ispection of the
proof shows that we need γ to be C2 only in a neighborhood of the points
of the sequence {xk}. If only a finite number of points xk of the sequence
stays in cut(o), we can overcome the problem by passing to a subsequence.
Otherwise we need to make some further considerations. This will be done
with an adaptation of the Calabi trick.

Let xk ∈ cut(o) and let σ be a minimizing geodesic between o and xk. Up
to translate the origin o to ok = σ(εk) we have that xk /∈ cut(ok). Defining
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rk(x) = d(ok, x), since r(x) ≤ εk + rk(x) for every x ∈ M and since by
(2.35)(ii) G is non–decreasing on [0,+∞), we have that

−G(r(x)) ≥ −Gk(rk) := −G(rk(x) + εk).

Hence, by (2.39) and (2.40), we have that

(2.41) Ricf ≥ −Gk(rk),

and

(2.42) |∇f | ≤ CGk(rk)
1
2 .

If we define hk to be the solution on R+
0 of the Cauchy problem

(2.43)

{
h′′k −Gkhk = 0

hk(0) = 0, h′k(0) = 1.

we have that

(2.44)
h′k
hk
≤ DkGk(rk)

1
2 ,

for some constant Dk > 0 sufficiently large. Using (2.41), (2.42) and (2.44)
we then obtain

∆frk ≤ DGk(rk)
1
2 ,

for some constant D > 0, and thus

∆fr
2
k ≤ CrkGk(rk)

1
2 .

Applying the proof of Theorem 2.20 with γ = r2
k and taking the limit as

εk → 0 we obtain hence the validity of (2.36) along xk. �

Corollary 2.22 (Corollary 11 in [60]). Let (Mm, 〈 , 〉 , e−fdvol) be a com-
plete weighted manifold such that

(2.45) Rickf (∇r,∇r) ≥ −(m+ k − 1)G(r)

for a smooth positive function G satisfying (2.35), even at the origin. Then
the full Omori-Yau maximum principle for the f–Laplacian holds on M .

Proof. Let h be as in the proof of Theorem 2.10. Then, by Theorem
2.3, the inequality

∆fr ≤ (m+ k − 1)
h′

h
≤ CG(r)

1
2 ,

holds pointwise in M \ (cut(o) ∪ {o}) for some constant C. Thus, arguing
as in the proof of Corollary 2.21 to deal with the cut points and applying
Theorem 2.20, we obtain the thesis. �

As in the classical case, a way to use the Omori–Yau maximum principle
to obtain analytic results is that of proving an “a–priori” estimate for a class
of semilinear PDEs. In Chapter 5, we shall apply this estimate to obtain
a triviality result for quasi–Einstein manifolds under Lp conditions. The
following theorem is a weighted version of Theorem 1.31 in [80], which can
be proved by minor changes to the proof of this latter.
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Theorem 2.23 (Theorem 10 in [60]). Assume on the complete weighted
manifold (M, 〈 , 〉 , e−fdvol) the validity of the full Omori–Yau maximum
principle for the f–Laplacian. Let v ∈ C2(M) be a solution of the differential
inequality

∆fv ≥ Φ(v, |∇v|),
with Φ(t, y) continuous in t, C2 in y and such that

∂Φ

∂y
(t, y) ≥ 0.

Set ϕ(t) = Φ(t, 0). Then a sufficient condition to guarantee that

v∗ = sup
M

v < +∞

is the existence of a continuous function F positive on [a,+∞) for some
a ∈ R satisfying

(2.46)

{∫ t

a
F (s)ds

}− 1
2

∈ L1(+∞),

(2.47) lim sup
t→+∞

∫ t
a F (s)ds

tF (t)
< +∞,

(2.48) lim inf
t→+∞

ϕ(t)

F (t)
> 0

and

(2.49) lim inf
t→+∞

{∫ t
a F (s)ds

} 1
2

F (t)

∂Φ

∂y

∣∣∣∣
(t,0)

> −∞.

Furthermore in this case
ϕ(v∗) ≤ 0.

For the scalar curvature estimates we will present in Section 4.1 we need
also the following “a–priori” estimate for weak solutions of semi–linear ellip-
tic inequalities under volume assumptions. It is an adaptation of Theorem
B in [78].

Theorem 2.24 (Theorem B in [78] and Theorem 12 in [84]). Let (M, 〈 , 〉 ,
e−fdvol

)
be a complete, weighted manifold. Let a (x) , b (x) ∈ C0 (M), set

a− (x) = max {−a (x) , 0} and assume that

sup
M

a− (x) < +∞

and

b (x) ≥ 1

Q (r (x))
on M,

for some positive, non–decreasing function Q (t) such that Q (t) = o
(
t2
)
, as

t→ +∞. Assume furthermore that, for some H > 0,

a− (x)

b (x)
≤ H, on M.
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Let u ∈ Liploc (M) be a non–negative solution of

∆fu ≥ a (x)u+ b (x)uσ,

weakly on
(
M, e−fdvol

)
, with σ > 1. If

lim inf
r→+∞

Q (r) log volf (Br)

r2
< +∞,

then

u (x) ≤ H
1

σ−1 , on M.

Proof. We have only to verify that the integral inequality stated in
Lemma 1.5 on page 1309 of [78] holds with respect to the weighted measure
e−fdvol. This in turn can be deduced exactly as in [78] provided (the
weighted version of) inequality (1.21) on page 1310 is satisfied. Now, by

assumption, for every compactly supported ρ ∈ W 1,2
loc

(
M, e−fdvol

)
, ρ ≥ 0,

we have

−
∫
〈∇u,∇ρ〉 e−fdvol ≥

∫
(auρ+ buσρ) e−fdvol.

Therefore, the desired inequality (1.21) follows by taking

ρ = λ (u)ψ2(α+σ−1)uα−1

with α ≥ 2. �

It is well known that a non–negative, Lp subharmonic function, 1 < p <
+∞, on a complete Riemannian manifold must be constant, [98]. This clas-
sical Liouville–type theorem has been extended in various directions to both
linear and non–linear operators. Here we recall the following version for the
f–Laplacian established in [81], Theorem 1.1. See also [82]. Recently, some-
what less general forms of this result have been independently rediscovered
in [67], [74], [75].

Theorem 2.25 (Theorem 1.1 in [82]). Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesi-

cally complete weighted manifold. Assume that u ∈ Liploc (M) satisfy

(2.50) u∆fu ≥ 0, weakly on M.

If, for some p > 1,

(2.51)
1∫

∂Br
|u|p e−fdvolm−1

/∈ L1 (+∞) ,

then u is constant.

Remark 2.26. Observe that if u ∈ Lp
(
M, e−fdvol

)
then condition (2.51) is

satisfied. Indeed, by the Cauchy–Schwarz inequality, we have that ∀R > 0
and r > R,

(r −R)2 ≤
(∫ r

R

∫
∂Bs

|u|pe−fdvolm−1 ds

)(∫ r

R

1∫
∂Bs
|u|pe−fdvolm−1

ds

)
.
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Hence, by the co–area formula,

(r −R)2 ≤

(∫
Br\BR

|u|pe−fdvol

)(∫ r

R

1∫
∂Bs
|u|pe−fdvolm−1

ds

)
.

Taking now the limit as r →∞ and using the fact that u ∈ Lp(M, e−fdvol)
we obtain (2.51).

Note also that no sign condition is required on u. Moreover, if the
locally Lipschitz function u satisfies both ∆fu ≥ 0 and the non-integrability
condition (2.51) then, applying Theorem 2.25 to u+ = max {u, 0}, gives that
either u is constant or u ≤ 0.

As in the non–weighted setting, a L1–Liouville–type theorem for f–
subharmonic functions is in general false if we do not require some extra
assumptions. Indeed in the following adaptation of an example of P. Li and
R. Schoen, [53] (see also [87]) we construct an example of a non–costant,
L1, f–subharmonic function on a complete manifold.

Example 2.27. Let σ ∈ C∞([0,+∞)) be a positive function such that
σ(t) = t for t ∈ [0, 1] and define

〈 , 〉 = dr2 + σ2(r)dϑ2,

where (r, ϑ) are the polar coordinates on Rm \ {0} = (0,+∞) × Sm−1,
and dϑ2 denotes the standard metric on Sm−1. Clearly, 〈 , 〉 extends to
a smooth complete metric on Rm. We now consider the weighted mani-
fold (Rm, 〈 , 〉 , e−fdvol), for some smooth radial function f = f(r) on Rm.
Next, let a ∈ C0([0,+∞)) be a non–negative continuous function such that
a(t) ≡ 1 for t ∈ [0, 1]. We define the non-negative function

u(x) =

∫ r(x)

0
ef(t)σ(t)−(m−1)

(∫ t

0
a(s)σ(s)m−1ds

)
dt,

where r(x) denotes the distance function from 0. Since u is radial for ease
of notation we will write u(r). It is easily verified that u ∈ C2 and satisfies

∆f (u(r)) = ef(r)a(r) ≥ 0

on (Rm, 〈 , 〉). Thus u is a noncostant f–subharmonic function.
To construct the required example, we fix T0 > 1, and choose the function

a(t) and σ(t) so as to satisfy the further conditions

a(t) = 0 σ(t) = (t logε t)−
1

m−1 e−
t2 logε t
m−1

on [T0,+∞) for some ε > 0. Moreover assume that f ′(r) = o(r logε r) as
r → +∞. Inserting these in the definition of u, we deduce, using l’Hopital’s
rule, that there exist constants C1, C2 such that

u(r) ∼ C1e
f(r)er

2 logε r

and ∫
∂Br

ue−f(t)dvolm−1 ∼
C2

r logε r

as r → +∞. Thus, if ε > 1, 0 ≤ u ∈ L1(Rm, e−fdvol) is a non–constant,
f–subharmonic function on M .
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This explain the role of assumptions (2.52) in the following result, which
follows from the proof of Theorem 4.3 in [82].

Theorem 2.28. Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesically complete weighted

manifold. Let 0 ≤ u ∈ Liploc (M) be a weak solution of ∆fu ≥ 0 satisfying

(2.52) (i) u ∈ L1(M, e−fdvol), (ii) u (x) = O
(
eαr(x)2−ε

)
,

as r (x)→ +∞, for some constants α, ε > 0. Then u is constant.

Proof. Arguing as in [82] Theorem 4.3 shows that if u is non-constant
then (4.20) therein holds, and therefore, for any β > 0,

1∫
∂Br

u(1 + log(1 + u))(1 + log1+β(1 + log(1 + u)))e−fdvolm−1

∈ L1(+∞).

Using the pointwise bounds on u shows that

1∫
∂Br

r2−ε(1 + log1+β r)ue−fdvolm−1

∈ L1(+∞),

and therefore, by Proposition 1.3 in [87],

r∫
Br
r2−ε(1 + log1+β r)ue−fdvol

∈ L1(+∞).

Since u ∈ L1(M, e−fdvol) this yields a contradiction. �

In particular, applying the theorem to the positive part u+ = max {u, 0}
of the given solution u yields the following

Corollary 2.29. Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesically complete weighted

manifold. If u ∈ Liploc (M) ∩ L1
(
M, e−fdvol

)
is a solution of ∆fu ≥ 0

satisfying u (x) ≤ Ceαr(x)2−ε, for some constants C,α, ε > 0, then either u
is constant or u ≤ 0.

We end this section making some further observations about L1–Liouville–
type theorems which will be useful in the next chapters.

Following classical terminology in linear potential theory we have the
following

Definition 2.30. A weighted manifold
(
M, 〈 , 〉 , e−fdvol

)
is said to be f–

parabolic if every solution of ∆fu ≥ 0 satisfying u∗ = supM u < +∞ must
be identically constant.

Equivalently,
(
M, 〈 , 〉 , e−fdvol

)
is f–non–parabolic if and only if ∆f

possesses a positive, minimal Green kernel Gf (x, y). It can be shown that

a sufficient condition for
(
M, 〈 , 〉 , e−fdvol

)
to be f–parabolic is that M is

geodesically complete and

(2.53) volf (∂Br)
−1 /∈ L1 (+∞) .

All these facts can be easily established adapting to the diffusion operator
∆f standard proofs for the Laplace–Beltrami operator; [43], [87].
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Remark 2.31. By Theorem 2.8 and Proposition 2.12 we hence obtain the
f–parabolicity of weighted manifolds (M, 〈 , 〉 , e−fdvol) satisfying one of the
following curvature assumptions

(a) Ricf ≥ λ > 0, λ constant;
(b) Ricf ≥ D(1 + r)−µ with D > 0 and 0 ≤ µ ≤ 1.

Observe that it can be shown that f–parabolicity implies the validity of
the weak Omori–Yau maximum principle for the operator ∆f . This follows
in a way similar to the case f = 0, noting that the weak maximum principle
is equivalent to the property that if u is a non–negative bounded function
satisfying ∆fu ≥ µu for some µ > 0 then u ≡ 0 (see [80], Theorem 3.11).

Moreover, in case f ≡ 0, it is known that stochastic completeness with
respect to the Brownian motion on (M, 〈 , 〉) is related to L1–Liouville type
properties for super–harmonic functions, [42]. Rephrasing these properties
for the operator ∆f , we have the following

Definition 2.32. The L1–Liouville property for ∆f–superharmonic func-
tions holds if every Liploc solution of ∆fu ≤ 0 satisfying 0 ≤ u ∈ L1 (M, 〈 , 〉 ,
e−fdvol

)
must be constant.

Using exactly the same proof as in the case f ≡ 0, [42], one shows that
this is equivalent to the fact that for some, hence for all, x ∈M ,

(2.54)

∫
M
Gf (x, y) e−fdvol(y) = +∞.

Recalling that the Green kernel Gf is related to the heat kernel pf by the
formula

(2.55) Gf (x, y) =

∫ +∞

0
pf (t, x, y) dt,

from the above circle of ideas one obtains

Theorem 2.33 (Theorem 24 in [84]). If the weak Omori–Yau maximum
principle holds for ∆f then the L1–Liouville property for ∆f–superharmonic
functions holds.



CHAPTER 3

Geometric structures on weighted manifolds

A celebrated question in Riemannian geometry, which goes back to the
book by A. Besse, [5], asks if there are best Riemannian structures on a given
Riemannian manifold. It might be natural to consider as “best” metrics
those of constant curvature. On the other hand, on a simply connected
manifold there is one and only one complete Riemannian metric structure
of constant sectional curvature +1, 0 or −1. The corresponding manifolds
are isometric to the standard Euclidean space, sphere and hyperbolic space.
Moreover, on any compact manifold of any dimension there exist Riemannian
metrics of constant scalar curvature. Thus, constancy of sectional curvature
is too strong. On the other hand examples show that constancy of scalar
curvature is too weak and we are left with constancy of Ricci curvature: a
good candidate for a privileged metric on a given manifold is an Einstein
metric.

In Chapter 2 we have introduced some other concepts of curvature that
generalize Ricci curvature on a weighted manifold, namely the Lichnerowicz–
Bakry–Emery’s Ricci tensors

Rickf = Ric+Hess(f)− 1

k
df ⊗ df,

0 < k ≤ ∞. Recently it has been found that these curvature tensors are
strictly related with geometric objects whose importance is outstanding in
mathemathics. Imposing the constancy of the Bakry–Emery Ricci tensor
one introduce on the manifold an additional structure which goes under
the name of (gradient) Ricci soliton structure (k =∞) or k–quasi–Einstein
structure (k < ∞). The importance of Ricci solitons is due to Perelman’s
solution of Poincaré conjecture. They correspond to “self–similar” solution
to Hamilton’s Ricci flow and often arise as limits of dilations of singularities
which arise along the Ricci flow. On the other hand the importance of k–
quasi–Einstein manifolds comes from a problem (proposed by A. Besse in
[5]) on the existence of Einstein manifolds realized as warped products.

3.1. Ricci solitons

Definition 3.1. Let (M, 〈 , 〉) be a Riemannian manifold. A Ricci soliton
structure on M is the choice of a smooth vector field X (if any) satisfying
the soliton equation

(3.1) Ric +
1

2
LX 〈 , 〉 = λ 〈 , 〉

for some constant λ ∈ R.

33
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Here, Ric denotes the Ricci tensor of M and LX stands for the Lie
derivative in the direction of X. The Ricci soliton (M, 〈 , 〉 , X) is said to
be shrinking. steady or expanding according to whether the coefficient λ
appearing in equation (3.1) satisfies λ > 0, λ = 0 or λ < 0.

In the special case where X = ∇f for some smooth function f : M → R,
we say that (M, 〈 , 〉 ,∇f) is a gradient Ricci soliton with potential f . In
this case the soliton equation (3.1) reads

(3.2) Ric +Hess (f) = λ 〈 , 〉 .

Clearly, equations (3.1) and (3.2) can be considered as perturbations of the
Einstein equation

Ric = λ 〈 , 〉
and reduce to this latter in case X or ∇f are Killing vector fields. When
X = 0 or f is constant we call the underlying Einstein manifold a trivial
Ricci soliton. It is easy to show that Einstein, gradient Ricci solitons are
either trivial or Ricci flat; see e.g. Theorem 4.7.

Although we are interested in the elliptic point of view, it is important
to stress that Ricci solitons are closely related to Hamilton’s Ricci flow, [45],

(3.3)
∂

∂t
〈 , 〉t = −2 Ric(〈 , 〉t).

Firstly, they arise as blow–up limits of the Ricci flow when singularities
develop and this clearly justify the importance of understandig geometrical
and topological properties of Ricci solitons and their classification, (for more
background see e.g. [11]).

Secondly, as we are going to explain, there is a strict relationship between
complete Ricci solitons and self–similar solutions of the Ricci flow. Recall
that, if (M, 〈 , 〉t) is a smooth Riemannian manifold with a solution 〈 , 〉t
of the Ricci flow on a time interval (a, b) containing 0, then (M, 〈 , 〉t) is
called a self–similar solution, with initial metric 〈 , 〉0, if there exist scalars
σ(t) such that 〈 , 〉t = σ(t)ϕ∗t (〈 , 〉0), where ϕt is a one–parameter group of
diffeomorphisms, which is generated by some vector field on M . In other
words, these solutions move by diffeomorphisms and also shrink or expand
by a time–dependent factor at the same time.

Let now (M, 〈 , 〉0 , X) be a Ricci soliton satisfying (3.1). Consider the
vector field Y ∈ X(M × J1), given by

Y (x, t) =
X(x)

1− 2λt
+
∂

∂t
,

where J1 ⊆ R is defined by

J1 =


(

1
2λ ,+∞

)
if λ < 0

R if λ = 0(
−∞, 1

2λ

)
if λ > 0.

We observe that the requirement

(3.4) |X| ≤ c(1 + r(x)),
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for some constant c > 0, allows us to conclude that for every t0 <
1

2λ , t1 >
1

2λ
fixed, and for every t ∈ R there exist diffeomorphisms ψt : M ×J2 →M ×J2

such that

(3.5)

{
d
dtψt = Y ◦ ψt on M × J2

ψ0 = idM×J2 ,

where

J2 =

 (t1,+∞) if λ < 0
R if λ = 0
(−∞, t0) if λ > 0.

Towards this aim we have to show that for any fixed (y, t) ∈ M × J2 the
maximal interval J((y, t)) = (a((y, t)), b((y, t))) where the integral curve
of Y issuing from (y, t) is defined, coincides with J1. Let us suppose by
contradiction e.g. that, in case λ ≤ 0, b((y, t)) < +∞. By a well–known
“escape” lemma (see e.g. Lemma 12.11 in [52]) we then know that the
integral curve Φ(y,t) : J((y, t)) → M × R is a divergent curve. Now, let

ε = inf
{
s ∈ J((y, t)) : Φ(y,t)(s) ∈ (MB1(y))c × J2

}
> 0 and for every t <

b((y, t)) consider the restriction

γ = Φ(y,t)

∣∣∣
[ε,t]

: [ε, t]→M × R.

Then

l(γ) =

∫ t

ε
|γ̇(s)|ds.

By (3.4) we have that outside MB1(y)

|X(x)| ≤ 2cr(x).

Let r̃((x, t)) = dM×R
(
(x, t), (y, t)

)
. Hence we have that in (MB1(y))c × J2

|Y ((x, t))| ≤ Br̃ ((x, t)) ,

for some constant B > 0 which depends either on t0 or on t1 according to
the sign of λ. Thus

r̃(γ(t)) = dM×R(γ(t), (y, t))

≤ r̃ (γ(ε)) + dM×R (γ(ε), γ(t))

≤ r̃ (γ(ε)) + l(γ)

= r̃ (γ(ε)) +

∫ t

ε
|γ̇(s)|ds

= r̃ (γ(ε)) +

∫ t

ε
|Y (γ(s))|ds

≤ r̃ (γ(ε)) +B

∫ t

ε
r̃(γ(s))ds.

Writing this in terms of I(t) =
∫ t
ε r̃(γ(s))ds and integrating the resulting

differential inequality one obtains∫ t

ε
r̃ (γ(s)) ds ≤ B′eBt,
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for some constant B′ > 0. Recalling that γ has to be divergent we thus get
that b((y, t)) = +∞, getting the desired contradiction.

By the definition of Y we have that for every (x, t) ∈M × J2 the diffeo-
morphisms ψt, t ∈ J2, can be written in the form

ψt(x, t) = (ϕt(x), t) ,

for some diffeomorphisms ϕt : M → M . Moreover we have that ϕ0 = idM
and d

dtϕt(x) = 1
1−2λtX(x). Let now 〈 , 〉 (t) be defined by

〈 , 〉 (t) = (1− 2λt)ϕ∗t 〈 , 〉 ,

We then have that

d

dt
〈 , 〉 (t) =

d

dt
((1− 2λt)ϕ∗t 〈 , 〉)

= −2λϕ∗t 〈 , 〉+ (1− 2λt)ϕ∗t (L X
1−2λt

〈 , 〉)

= −2ϕ∗t (λ 〈 , 〉 −
(1− 2λt)

2
L X

1−2λt
〈 , 〉)

= −2ϕ∗t (λ 〈 , 〉 −
1

2
LX 〈 , 〉)

= −2ϕ∗t (Ric(〈 , 〉)) = −2(Ric(〈 , 〉 (t))).

Thus, for every t0 <
1

2λ and t1 >
1

2λ , we can define a self–similar solution
of the Ricci flow (M, 〈 , 〉 (t)), defined respectively on (−∞, t0) if λ > 0, on
R if λ = 0, and on (t1,+∞) if λ < 0. In particular, a complete Ricci soliton
(M, 〈 , 〉 , X) for which (3.4) holds always corresponds to the “self–similar”
solution of the Ricci flow it generates.

Recently Z.–H. Zhang, [101], has observed that for any complete gra-
dient Ricci soliton with potential function f , X = ∇f satisfies (3.4) (see
Lemma 3.9 below), and hence we can carry out the construction above. In
particular a complete gradient Ricci soliton always corresponds to the self–
similar solution of the Ricci flow it generates. On the other hand, in general,
for complete (non–compact) Ricci solitons which are not necessarily gradi-
ent Ricci solitons, we have no control on the growth rate of the norm of the
soliton field X and the diffeomorphisms ψt may not exist.

Remark 3.2. Note that condition (3.4) turns out to be crucial for the
study of nonnecessarily gradient Ricci solitons, see [59] for more details on
this topic.

In this thesis we will focus our attention on geodesically complete, gra-
dient Ricci solitons. Here are some typical examples, [74].

Example 3.3. The standard Euclidean space (Rm, 〈 , 〉 ,∇f) with

f (x) =
1

2
A |x|2 + 〈x,B〉+ C,

for arbitrary A ∈ R, B ∈ Rm and C ∈ R. Note that f is the essentially
unique solution of the equation Hess(f) = A 〈 , 〉 on Rm. This follows by
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integrating on [0, |x|] the equation

d2

ds2
(f (vs)) = A,

with v ∈ Rm such that |v| = 1. In fact, as we have seen in case (iii) of
Theorem 1.1, a kind of converse also holds; see also [67], [74].

Example 3.4. The Riemannian product(
Rm ×Nk, 〈 , 〉Rm + 〈 , 〉Nk ,∇f

)
where

(
Nk, 〈 , 〉Nk

)
is any k–dimensional Einstein manifold with Ricci cur-

vature λ 6= 0, and f (t, x) : Rm ×Nk → R is defined by

(3.6) f (x, p) =
λ

2
|x|2Rm + 〈x,B〉Rm + C,

with C ∈ R and B ∈ Rm. Note that, according to the terminology of P.
Petersen and W. Wylie, [74], often in literature a gradient Ricci soliton is
said to be rigid if it is isometric to a quotient of one of these Riemannian
products and f is as in (3.6).

As generalizations of Einstein manifolds, Ricci solitons enjoy some rigid-
ity properties, which can take the form of classification, curvature estimates
(metric rigidity), or alternatively, triviality of the soliton structure (soliton
rigidity).

For instance, it has been known for some time that compact expand-
ing Ricci soliton are necessarily trivial, [33]. In Chapter 5 we will present
generalizations of this result to the complete, non–compact setting obtained
recently in [84] and [76].

On the other hand, since the appearance of the seminal works by R.
Hamilton, [44], and G. Perelman, [73], the classification of shrinking gradi-
ent Ricci solitons has become the subject of a rapidly increasing investiga-
tion. In this direction, we limit ourselves to quote the far–reaching [12] by
H.–D. Cao, B.–L. Chen and X.–P. Zhu where a complete classification in the
three–dimensional case is given, [100] by Z.–H. Zhang for the extension in
the conformally flat, higher dimensional case, [66] by O. Monteanu and N.
Sesum where, on the base of the rigidity works by P. Petersen and W. Wylie,
[75], [74], and M. Fernández–López and E. Garćıa–Ŕıo, [36], the authors
extend Zhang classification result to complete shrinkers with harmonic Weyl
tensor, and the very recent [13] where a even weaker condition is considered
(namely the Bach flatness).

For classification results in the steady case we refer to the papers by H.–
D. Cao and Q. Chen, [14], and G. Catino and C. Mantegazza, [22], in which
they indipendently give the classification of locally conformally flat steady
gradient Ricci solitons. More recently, also in this case, weaker conditions
were considered, see [9], [26], [15].

The classification of expanding Ricci solitons appears to be more difficult
and relatively few results are known. For instance, the reader may consult
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[75] for the case of constant scalar curvature expanders, and [22] for the
case of nonnegative Ricci tensor.

As an instance of curvature estimates, we quote the recent papers by
B.-L. Chen, [24], and by Z.-H. Zhang, [101], where it is shown that the
scalar curvature of any gradient Ricci soliton is bounded below. In another
direction, upper and lower estimates for the infimum of the scalar curvature
of a gradient Ricci soliton obtained in [84] will be presented in Section 4.1.

3.1.1. Basic equations. The geometric quantities related to gradient
Ricci solitons satisfy a number of differential identities that have been ex-
plored in several papers. We are interested in the elliptic point of view,
therefore we limit ourselves to quoting the interesting papers [33] and [74],
[75], which are particularly relevant to our investigation.

In the sequel we will use the following well known Bochner–type identi-
ties. For a proof (in a more general case) see Lemma 3.22 below.

Lemma 3.5. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci soliton. Then

1

2
∆ |∇f |2 = |Hess (f)|2 − Ric (∇f,∇f)

and

(3.7)
1

2
∆f |∇f |2 = |Hess (f)|2 − λ |∇f |2 ,

where λ is defined in (3.2).

In particular, combining Lemma 3.5 with Kato’s inequality

|Hess (f)|2 ≥ |∇ |∇f ||2 ,

we deduce the next

Corollary 3.6. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci soliton. Then, |∇f | ∈
Liploc (M) satisfies

|∇f |∆ |∇f | ≥ −Ric (∇f,∇f)

weakly on M and

(3.8) |∇f |∆f |∇f | ≥ −λ |∇f |2 ,

weakly on
(
M, e−fdvol

)
.

Thus, not surprisingly, from the Bochner equation viewpoint, the vector
field X = ∇f behaves like a Killing field. Therefore, the standard Bochner
technique implies that if (M, 〈 , 〉 ,∇f) is a compact gradient Ricci soliton
with Ric ≤ 0 then f must be constant and, hence, M is Einstein. Similar
conclusions can be obtained in the non–compact setting and, in fact, a little
amount of positive Ricci curvature is also allowed as explained in [82].

We shall also use the next computations concerning the scalar curvature
of a gradient Ricci soliton; [33], [74]. For a proof (in a more general case)
and for some related results we refer to Lemma 3.24.
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Theorem 3.7. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci soliton with scalar
curvature S and Ricci curvature Ric. Then

(3.9)
1

2
∆fS = λS − |Ric|2 .

3.1.2. Some function theoretic properties of gradient Ricci soli-
tons. In the last part of this section we state explicitly, with the terminology
introduced above, some analytical consequences of the results obtained in the
general setting of weighted manifolds in Chapter 2. These results will rep-
resent essential tools to obtain the geometric results we are going to present
in the next chapters.

For instance, as a consequence of Remark 2.18 we obtain the validity of
the following

Corollary 3.8 (Corollary 10 in [84]). Let (M, 〈 , 〉 ,∇f) be a geodesically
complete Ricci soliton which is either shrinking, steady or expanding. Then,
the weak Omori–Yau maximum principle for ∆f holds on M .

Before stating the next result, which is a further application of Theorem
2.20, we recall explicitly some known estimates for the potential and the
gradient of the potential of a gradient Ricci soliton. For general gradient
Ricci solitons Z.-H. Zhang, [101], (see also [12]), has proved the following

Lemma 3.9. Let (M, 〈 , 〉 ,∇f) be a complete gradient Ricci soliton. Then
there exist positive constant a and b depending only on the soliton such that

(3.10) |∇f | ≤ b+ |λ|r(x); |f(x)| ≤ |λ|2 (r(x))2 + br(x) + a,

where r(x) is the distance from some fixed point o ∈M .

For shrinking gradient Ricci solitons a precise estimate is obtained by
H.–D. Cao and Q. Chen in [16]: for these solitons the potential function has
to grow quadratically in r(x).

Lemma 3.10 (Theorem 1.1 in [16]). Let (M, 〈 , 〉 ,∇f) be a complete gra-
dient shrinking Ricci soliton. Then there exist positive constants c1 and c2

such that the potential function f satisfies the estimates

λ

2
(r(x)− c1)2 ≤ f(x) ≤ λ

2
(r(x) + c2)2.

Using these estimates M. Fernàndez–Lòpez and E. Garc̀ıa–R̀ıo in [34]
have proved the following result.

Corollary 3.11 (Theorem 2.2. in [34]). Let (M, 〈 , 〉 ,∇f) be a gradient
shrinking Ricci soliton. Then, the full Omori-Yau maximum principle for
∆f holds.

Proof. Set G(t) = t2 + 1 and γ = f . By Lemma 3.10 we get that

γ → +∞ as x→∞.
Now, recall that the scalar curvature of a gradient shrinking Ricci soliton is
nonnegative, [24], and that on a gradient Ricci solitons holds that(see e.g.
[33])

S + |∇f |2 − 2λf = c,
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for some constant c. Using these facts we obtain that there exists A > 0
such that off a compact set

|∇γ| = |∇f | ≤ A
√
f = A

√
γ.

Finally, using again Lemma 3.10, the fact that R ≥ 0 and the trace of the
soliton equation (3.2), we get that there exists B > 0 such that, off a compact
set,

∆fγ = ∆f − |∇f |2 ≤ ∆f

≤ mλ ≤ λ

2
(r − c1)2 ≤ f

≤ B
√
f
√
f + 1 = Bγ1/2G

(
γ1/2

)1/2
.

We have thus proved that conditions (2.32), (2.33), (2.34) of Theorem 2.20
are satisfied. �

Remark 3.12. Very recently G. P. Bessa, S. Pigola and A. G. Setti in [4],
using a refined version of Theorem 2.20 and Qian’s estimates for ∆fr, [85],
have proved that the full Omori–Yau maximum principle for ∆f actually
holds on every gradient Ricci soliton.

The “a–priori” estimate given in Theorem 2.24, in virtue of Theorem 2.8
specializes to the following

Corollary 3.13. Let (M, 〈 , 〉 ,∇f) be a complete Ricci soliton and let u ∈
Liploc (M) be a non-negative weak solution of

∆fu ≥ au+ buσ,

for some constants a ∈ R, b > 0 and σ > 1. Then

u (x)σ−1 ≤ max {−a, 0}
b

.

According to Remark 2.31 we have

Corollary 3.14 (Theorem 22 in [84]). A complete, gradient shrinking Ricci
soliton (M, 〈 , 〉 ,∇f) is f–parabolic.

Moreover, combining Theorem 2.33 with Corollary 3.8 we conclude the
validity of the next Liouville–type property of gradient Ricci solitons.

Corollary 3.15 (Theorem 25 in [84]). Let (M, 〈 , 〉 ,∇f) be a complete, gra-
dient Ricci soliton. Then the L1–Liouville property for ∆f–superharmonic
functions holds.

Remark 3.16. Since, by Corollary 3.14, shrinking solitons are f–parabolic,
in this situation the same conclusion holds without any integrability assump-
tion.
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3.2. Ricci almost solitons

In this section we present an extension of the concept of Ricci soliton,
introduced in [76], that, as we are going to explain, appears to be natural
and meaningful. First of all we set the following

Definition 3.17. We say that (M, 〈 , 〉 ,∇f) is a gradient Ricci almost soli-
ton (almost soliton for short) with potential f and soliton function λ if (3.2)
holds on M with λ a smooth function on M .

Clearly, the above definition generalizes the notion of gradient Ricci soli-
tons. One could consider almost Ricci solitons which are not necessarily
gradient, replacing the Hessian of f with the Lie derivative 1

2LX〈 , 〉 of the
metric along a vector field, and study the properties of this new object. For
instance, it is an interesting problem to find under which conditions an al-
most Ricci soliton is necessarily gradient. Here we are going to deal with
gradient almost Ricci solitons.

We also note that generalizations in different directions have been re-
cently considered. For instance G. Maschler in [57], replaced (1) by what
the author calls the “Ricci–Hessian equation”, namely,

αHess f + Ric = γ〈 , 〉,

where α and γ are functions. Note that since the author is interested in
conformal changes of Kähler–Ricci solitons which give rise to new Kähler
metrics, the presence of the function α is vital in his investigation. Further
generalizations will be considered in Section 3.3.

Extending to our new setting the soliton terminology, we say that the
gradient Ricci almost soliton (M, 〈 , 〉 ,∇f) is shrinking, steady or expanding
if respectively λ is positive, null or negative on M . If λ has no definitive
sign the gradient Ricci almost soliton will be called indefinite. In case f is
constant the almost soliton is called trivial and if dimM ≥ 3 the underlying
manifold (M, 〈 , 〉) is Einstein by Schur’s Theorem. This also suggests that
for an almost soliton an appropriate terminology could be that of an almost
Einstein manifold.

In view of the fact that the soliton function λ is not necessarily constant,
one expects that a certain flexibility on the almost soliton structure is al-
lowed and, consequently, the existence of almost solitons is easier to prove
than in the classical situation. This feeling is confirmed in Subsection 3.2.1
below where we shall give a number of different examples of almost solitons,
showing in particular that all the previous possibilities (shrinking, steady
and expanding) with a non–constant soliton function λ can indeed occur.
On the other hand, the rigidity result contained in Theorem 4.7 below indi-
cates that almost solitons should reveal a reasonably broad generalization of
the fruitful concept of classical soliton. In particular, one obtains that not
every complete manifold supports an almost soliton structure; see Example
4.8.

3.2.1. Examples of Ricci almost solitons. Let M = I ×g Σ de-
note the g–warped product of the real interval I ⊆ R with 0 ∈ I, and
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the Riemannian manifold (Σ, ( , )Σ) of dimension dim Σ = m. Namely, the
(m+ 1)–dimensional, smooth product manifold I × Σ is endowed with the
metric

〈 , 〉 = dt⊗ dt+ g (t)2 ( , )Σ ,

where t is a global parameter of I and g : I → R+
0 is a smooth function.

Using the moving–frame formalism, the geometry of M can be described as
follows.

Fix the index convention 1 ≤ i, j, k, l, t... ≤ m and 1 ≤ α, β, γ, ... ≤ m+1.
Let {ej} be a local orthonormal frame of Σ with dual frame

{
θj
}

so that

(, )Σ =
∑
θj ⊗ θj . We denote the corresponding connection 1–forms by θjk =

−θkj and the curvature 2–forms by Θi
j = −Θj

i . Accordingly, the structural
equations of Σ are

dθj = −θjk ∧ θ
k,

dθji = −θjk ∧ θ
k
i + Θj

i .

Furthermore, the curvature forms are related to the (components of) the
Riemann tensor by

Θj
i =

1

2
ΣRjiklθ

k ∧ θl.

Let us introduce the local orthonormal coframe {ϕα} on M such that

ϕj = g (t) θj , ϕm+1 = dt.

The corresponding connection and curvature forms are denoted, respectively,

by ϕαβ = −ϕβα and Φα
β = −Φβ

α = 1
2
MRαβδγϕ

δ ∧ϕγ . A repeated use of exterior
differentiations of ϕα and ϕαβ and of the structure equations of M and Σ,
together with the well known characterization of the Levi Civita connection
forms, yield

ϕkj = θkj(3.11)

ϕkm+1 =
g′

g
ϕk = −ϕm+1

k ,

and consequently,

Φk
j = −

(
g′

g

)2

ϕk ∧ ϕj + Θk
j

Φm+1
k =

{(
g′

g

)2

+

(
g′

g

)′}
ϕk ∧ ϕm+1 =

g′′

g
ϕk ∧ ϕm+1 = −Φk

m+1.

Let {Eα} denote the dual frame of {ϕα} so that Ej = g (t)−1 ej . Then,

M Ricαβ = Φγ
α (Eγ , Eβ) , and Σ Rickt = g2Θj

k (Ej , Et) .
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It follows from (3.11) that

M Rickt =

{
− (m− 1)

(
g′

g

)2

− g′′

g

}
δkt +

1

g2
Σ Rickt(3.12)

M Ricm+1t = 0

M Ricm+1 m+1 = −mg′′

g
.

In light of these relations, we have that M is Einstein with M Ric = −mc 〈, 〉
if and only if

Σ Rickt =

{
(m− 1)

(
g′

g

)2

+
g′′

g
−mc

}
g2δkt,

and

(3.13) g′′ = cg.

Therefore

(3.14) Σ Rickt = − (m− 1)
(
−g′2 + cg2

)
δkt.

We explicitly note that the general solution of (3.13) is given by

(3.15) g (t) = g′ (0) sn−c (t) + g (0) cn−c (t) ,

where

snk (t) =


1√
−k sinh

(√
−kt

)
if k < 0

t if k = 0
1√
k

sin
(√

kt
)

if k > 0.

and

cnk (t) = sn′k (t) .

Inserting (3.15) into (3.14) we obtain the following

Lemma 3.18. Let (Σ, ( , )Σ) be a Riemannian manifold of dimension m ≥ 3.
Consider the warped product M = I ×g Σ where 0 ∈ I ⊆ R and g : I → R+

is a smooth function. Then, M is Einstein with

M Ric = −mc 〈 , 〉 , c ∈ R,

if and only

(3.16) g (t) = g′ (0) sn−c (t) + g (0) cn−c (t)

and Σ is Einstein with

(3.17) Σ Ric = − (m− 1)
{
−g′ (0)2 + cg (0)2

}
( , )Σ .

Now, consider a smooth function f : M → R of the form f (t, x) = f (t).
Its Hessian expresses as

(3.18) Hess (f) = f ′
g′

g

∑
ϕk ⊗ ϕk + f ′′ϕm+1 ⊗ ϕm+1.
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Thus, in case M is an Einstein manifold with M Ric = −mc 〈 , 〉 (hence Σ
is so), the almost Ricci soliton equation on M with respect to the potential
f (x, t) = f (t) reads {

f ′ g
′

g −mc = λ

f ′′ −mc = λ.

Integrating this latter we deduce

(3.19)

{
f (t) = a

∫ t
0 g (s) ds+ b

λ (t) = ag′ (t)−mc,

for some constants a, b ∈ R. Summarizing, we have obtained the following
examples of Einstein almost Ricci solitons.

Proposition 3.19. Let g (t) : I → R+ be the smooth function defined in
(3.16), 0 ∈ I ⊆ R. Let (Σ, ( , )Σ) be an m–dimensional Einstein manifold
satisfying (3.17). Then, the warped product M = I ×g Σ is Einstein with
M Ric = −mc 〈 , 〉 and it is an almost Ricci soliton with potential f (t) and
soliton function λ (t) defined in (3.19).

Now, suppose that we are given a warped product M = I ×g Σ where
(Σ, ( , )) is an m–dimensional Einstein manifold and 0 ∈ I. If m ≥ 3, then,
for some constant a,

Σ Ric = − (m− 1) a ( , )Σ .

According to Lemma 3.18 in order that M be Einstein with M Ric = −mc 〈, 〉
for some c ∈ R, g must be given by (3.16) and then cg (0)2 − g′ (0)2 = a.
Therefore if (3.16) is not satisfied, then M is not Einstein. We consider a
function f (x, t) = f (t), so that, using (3.12) and (3.18) we see that to give
M = I ×g Σ the structure of an almost soliton we need to solve the system

(3.20)

 f ′ g
′

g = λ+ (m− 1)
(
g′

g

)2
+ g′′

g + (m−1)a
g2

f ′′ = λ+mg′′

g

on I. Subtracting the first equation from the second we obtain(
f ′

g

)′
= (m− 1)

gg′′ − (g′)2 − a
g3

= (m− 1)h (t)

on I, and integrating

(3.21) f (t) = B +

∫ t

0
g (s)

[
A+ (m− 1)

∫ s

0

g′′g − (g′)2 − a
g3

dx

]
ds

for some constants A,B ∈ R. Going back to (3.20) we then deduce
(3.22)

λ (t) = − (m− 1)
(g′)2 + a

g2
− g′′

g
+ g′

[
A+ (m− 1)

∫ t

0

g′′g − (g′)2 − a
g3

dx

]
.

Summarizing we have obtained the following new set of examples.
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Example 3.20. Let M = I×gΣm where (Σm, ( , )Σ) is an Einstein manifold
satisfying Σ Ric = − (m− 1) a ( , )Σ. Then, M supports an almost soliton
structure f ′ ∂∂t whith soliton function λ (t) where f (t) and λ (t) are defined
respectively in (3.21) and (3.22).

Remark 3.21. As observed above , if g does not satisfy (3.16), these almost
solitons are not Einstein hence necessarily different from those produced in
Proposition 3.19 above. We also note that if Σ is the standard (m − 1)–

dimensional sphere, and g is defined on I = [−1,+∞) satisfies g(2k)(−1) = 0,
g′(−1) = 1 then we obtain a model manifold in the sense of Greene and Wu
(with radial variable r = t + 1), and the almost soliton structure, which
is in general defined only on (−1,+∞) extends to [−1,+∞) provided the
functions f and λ can be smoothly extended in t = −1. We note that
expanding the function h as t→ −1+ we obtain that

h (t) ∼
−a− 1 + o

(
(t− 1)3

)
(t− 1)3

.

Thus h is integrable in a neighborhood of t = −1 and f and λ can be
extended to t = −1 if and only if a = −1.

3.2.2. Some basic formulas. We want now to prove some basic for-
mulas for gradient Ricci almost solitons. Some of them are well known for
solitons and have been recalled in Section 3.1, but we have chosen to repro-
duce computations here since in this more general setting λ is a function
and significant extra terms appear along the way. Throughout this section
computations are performed with the method of the moving frame in a local
orthonormal coframe for the metric 〈 , 〉.

Lemma 3.22. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci almost soliton. Then

(3.23)
1

2
∆f |∇f |2 = |Hess (f)|2 − λ |∇f |2 − (m− 2) 〈∇λ,∇f〉 .

Proof. We recall the defining equations

(3.24) Rij = λδij − fij .

Taking covariant derivatives

(3.25) Rij,k = λkδij − fijk.

Tracing with respect to j and k

(3.26) Rik,k = λi − fikk.

Next tracing the second Bianchi identities

Rijkl,s +Rijls,k +Rijsk,l = 0

with respect to i and s we have

Rijkl,i = Rjl,k −Rjk,l
and tracing again with respect to j and l

(3.27) 2Rik,i = Sk ,
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where S denotes the scalar curvature. Using the commutation relations

Rij,k = Rji,k

we then deduce

(3.28) Rki,i =
1

2
Sk

Using the commutation rule

fijk − fikj = Rlijkfl

and (3.28) into (3.26) we finally obtain

(3.29)
1

2
Si = λi − fkki − ftRti.

Now, tracing (3.25) with respect to i and j yields

(3.30) Si = mλi − fkki
so that, substituting into (3.29) gives

(3.31) Si = 2 (m− 1)λi + 2fkRki.

In particular, from (3.31) we obtain

(3.32) 〈∇S,∇f〉 = 2 (m− 1) 〈∇λ,∇f〉+ 2 Ric (∇f,∇f) .

Next we recall Bochner formula

(3.33)
1

2
∆ |∇f |2 = |Hess (f)|2 + Ric (∇f,∇f) + 〈∇∆f,∇f〉 .

Tracing (3.24)

S = mλ−∆f

so that

(3.34) ∇∆f = m∇λ−∇S.

Inserting (3.34) into (3.33) and using (3.32)

1

2
∆ |∇f |2 = |Hess (f)|2 + Ric (∇f,∇f) +m 〈∇λ,∇f〉 − 〈∇S,∇f〉

= |Hess (f)|2 − Ric (∇f,∇f)− (m− 2) 〈∇λ,∇f〉 .

On the other hand, using

1

2

〈
∇ |∇u|2 , X

〉
= Hess (u) (∇u,X)

and (3.24) from the above we obtain

1

2
∆f |∇f |2 =

1

2
∆ |∇f |2 − 1

2

〈
∇f,∇ |∇f |2

〉
= |Hess (f)|2 − (m− 2) 〈∇λ,∇f〉

− Ric (∇f,∇f)−Hess (f) (∇f,∇f)

= |Hess (f)|2 − λ |∇f |2 − (m− 2) 〈∇λ,∇f〉 ,

that is, (3.23). �
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Corollary 3.23.

(3.35) |∇f |∆f |∇f | ≥ −λ |∇f |2 − (m− 2) 〈∇λ,∇f〉

Proof. From Kato’s inequality

|Hess (f)|2 ≥ |∇ |∇f ||2

Inserting into (3.23) we obtain (3.35). �

We let S denote the scalar curvature and W the Weyl tensor of (M, 〈 , 〉).

Lemma 3.24. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci almost soliton of di-
mension m ≥ 3. Then

∆fRik = ∆λδik + (m− 2)λik + 2λRik −
2

m− 2

(
|Ric|2 − S2

m− 1

)
δik

− 2m

(m− 1) (m− 2)
SRik +

4

m− 2
RisRsk − 2WijksRsj .(3.36)

Therefore, tracing with respect to i and k

(3.37)
1

2
∆fS = λS − |Ric|2 + (m− 1) ∆λ.

Remark 3.25. Note that for (3.37) we do not need the restriction m ≥ 3.
Indeed (3.37) can also be obtained by tracing (3.40) below for which it is
not required m ≥ 3.

Proof (of Lemma 3.24). It follows from (3.25) and the commutations
relations fijk − fikj = Rlijkfl that

(3.38) Rik,j −Rjk,i = fsRijks + λjδki − λiδkj ,

and taking covariant derivatives we obtain the commutation relations

(3.39) Rik,jt −Rjk,it = fstRijks + fsRijks,t + λjtδki − λitδkj .

Also, from the commutation relations for the second covariant derivative of
Rik we have

Rij,kl −Rij,lk = RitRtjkl +RjtRtikl,

whence, contracting we obtain

Rjk,ij = Rjk,ji +RsiRsk +RjiksRsj .

We now use (3.39) to obtain

∆Rik = Rik,jj = Rjk,ij + fsRijks,j + fsjRijks + ∆λδki − λik.

On the other hand, from the second Bianchi identities we have

fsRijks,j = Rik,sfs −Ris,kfs
and inserting this into the above identity yields

∆Rik = fsjRijks − fsRis,k + fsRik,s

+Rjk,ji +RskRis +RsjRjiks + ∆λδik − λik.
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Hence, from (3.27) and (3.24)

(3.40) ∆Rik =
1

2
Ski + λRik +RskRis + ∆λδik − λik

− 2RijksRsj −Ris,kfs +Rik,sfs.

We shall now deal with the sum

(3.41) Z =
1

2
Ski +RskRis −Ris,kfs.

Towards this aim we first observe that taking covariant derivative of (3.31)
we have

1

2
Sik = fjkRij +Rij,kfj + (m− 1)λik.

Substituting this into (3.41) and using the almost soliton equation (3.24) we
obtain

Z = (m− 1)λik + λRik.

Substituing into (3.40) we therefore obtain

∆fRik =∆Rik − fsRik,s

(3.42)

=(m− 1)λik + 2λRik + ∆λgik − λik − 2RijksRjs +Rik,sfs −Rik,sfs
=(m− 2)λik + 2λRik + ∆λgik − 2RijksRjs.

The conclusion now follows recalling the decomposition of the curvature
tensor into its irreducible components.

Rijks =Wijks +
1

m− 2
(Rikδjs −Risδjk +Rjsδik −Rjkδis)

− S

(m− 1) (m− 2)
(δikδjs − δisδjk) .

Substituting into (3.42) we obtain (3.36). �

Corollary 3.26. Let (M, 〈 , 〉 ,∇f) be a conformally flat gradient Ricci al-
most soliton of dimension m ≥ 3. Then

∆fRik = ∆λδik + (m− 2)λik + 2λRik −
2

m− 2

(
|Ric|2 − S2

m− 1

)
δik

− 2m

(m− 1) (m− 2)
SRik +

4

m− 2
RisRsk.

Corollary 3.27. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci almost soliton of
dimension m ≥ 3 and let T = Ric− S

m 〈 , 〉 be the traceless Ricci tensor.
Then

1

2
∆f |T |2 = |∇T |2 + 2

(
λ− m− 2

m (m− 1)
S

)
|T |2

+ (m− 2) 〈Hess (λ) , T 〉+
4

m− 2
tr
(
T 3
)
− 2WijksTjsTik,(3.43)
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with T 3 = T ◦ T ◦ T . In particular, using Okumura’s Lemma

1

2
∆f |T |2 ≥2

(
λ− m− 2

m (m− 1)
S

)
|T |2 − 4√

m (m− 1)
|T |3(3.44)

+ (m− 2) 〈Hess (λ) , T 〉 − 2WijksTjsTik.

Proof. We compute

∆f |T |2 = 2 |∇T |2 + 2 〈T,∆T 〉 −
〈
∇f,∇ |T |2

〉
= 2Tik,lTik,l + 2Tik∆fTik.

Using equations (3.36), (3.37) and the definition of T , we have

∆fTik = ∆fRik −
1

m
δik∆fS

= ∆λδik + (m− 2)λik + 2λRik −
2

m− 2
|Ric|2 δik

+
2

(m− 2) (m− 1)
S2δik −

2m

(m− 1) (m− 2)
SRik

+
4

m− 2
RisRsk − 2WijksRsj

− 2

m
λSδik +

2

m
|Ric|2 δik −

2

m
(m− 1) ∆λδik

= −m− 2

m
δik∆λ+ (m− 2)λik + 2λTik

− 2mS

(m− 1) (m− 2)
Tik −

4

m (m− 2)
δik |Ric|2

+
4

m− 2

(
TisTsk +

S2

m2
δik +

2S

m
Tik
)
− 2WijksRjs.

Thus, recalling that T is trace free and that all the traces of the Weyl tensor
vanish, we obtain

Tik∆fTik = 2λ |T |2 + (m− 2)λikTik

− 2(m− 2)S

m (m− 1)
|T |2 +

4

m− 2
tr(T 3)− 2WijksTjsTik,

and (3.43) follows. Inequality (3.44) follows immediately, since by Oku-
mura’s Lemma, [70],

tr
(
T 3
)
≥ − m− 2√

m (m− 1)
|T |3 .

�

3.2.3. Some function theoretic properties of gradient Ricci al-
most solitons. We can now state explicitly some consequences for Ricci
almost solitons of the results we have obtained in Chapter 2. These clearly
estend to this more general setting the properties of gradient Ricci solitons
collected in section 3.1.2.

As a consequence of Remark 2.18 and Theorem 2.33 we obtain the va-
lidity of the following
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Corollary 3.28. Let (M, 〈 , 〉 ,∇f) be a complete gradient Ricci almost soli-
ton with soliton function λ. Then, the weak Omori–Yau maximum principle
for ∆f and the L1–Liouville property for ∆f–superharmonic functions holds
on M provided that λ satisfies λ ≥ λ∗ = infM λ > −∞.

Rephrasing Corollary 2.21 we also get this other result.

Corollary 3.29. Let (M, 〈 , 〉 ,∇f) be a gradient Ricci almost soliton with
soliton function λ such that

λ ≥ −(m− 1)G(r) 〈 , 〉
for a smooth positive function G satisfying (2.35), even at the origin. As-
sume also that

|∇f | ≤ CG(r)1/2.

Then the full Omori–Yau maximum principle for ∆f holds on M.

Finally, according to Remark 2.31 we have the following result concerning
the f–parabolicity of gradient Ricci almost solitons.

Corollary 3.30. Let (M, 〈 , 〉 ,∇f) be a complete gradient Ricci almost soli-
ton with soliton function λ. Then M is f–parabolic if λ satisfies one of the
following conditions:

(a) λ ≥ λ∗ = infM λ > 0;
(b) λ ≥ D(1 + r)−µ with D > 0 and 0 ≤ µ ≤ 1

3.3. Quasi–Einstein manifolds

Definition 3.31. A complete weighted manifold
(
Mm, gM , e

−fdvol
)

is said
to be quasi–Einstein if

(3.45) Ric+Hess(f)− ν df ⊗ df = λgM .

When ν = 0, quasi–Einstein manifolds correspond to gradient Ricci soli-
tons and when f is constant (3.45) gives the Einstein equation and we call
the quasi–Einstein metric trivial. We notice that, for ν = 1

2−m , m ≥ 3 the

metric g̃ = e−
2

m−2
fg is Einstein. Indeed, from the expression of the Ricci

tensor of a conformal metric, we get

Ricg̃ = Ricg +Hess(f) +
1

m− 2
df ⊗ df +

1

m− 2
(∆f − |∇f |2)g

=
1

m− 2
(∆f − |∇f |2 + (m− 2)λ)e

2
m−2f g̃,

and Schur lemma applies. In particular, if g is also locally conformally flat,
then g̃ has constant curvature. Observe also that in case 1

2−m ≤ ν < 0.

the definition of quasi–Einstein metrics was used by D. Chen in [25] in the
context of finding conformally Einstein product metrics on Mm × F k for
ν = 1

2−k−m , k ∈ N ∪ {0}.
Quasi–Einstein manifolds have been recently introduced by J. Case, Y.-

S. Shu and G. Wei in [17]. In that work the authors focus mainly on the
case ν ≥ 0. In case ν = 1

k for some k ∈ N, on the LHS of equation (3.45) we
recover the k–Bakry–Emery Ricci tensor. In particular we have the following
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Definition 3.32. The metric gM is said to be k–quasi–Einstein if the k–
Bakry–Emery Ricci tensor satisfies the equation

(3.46) Rickf = λgM ,

for some λ ∈ R.

This last situation is particularly relevant due to the link with Einstein
warped products. Indeed in [17], following the results in [51], it is proved
the following characterization of k–quasi–Einstein metrics as base manifolds
of Einstein warped product metrics.

Theorem 3.33. Let Mm×uF k be an Einstein warped product with Einstein

constant λ, warping function u = e−
f
k and Einstein fibre F k. Then the

weighted manifold (Mm, gM , e
−fdvol) satisfies the quasi–Einstein equation

(3.46). Furthermore the Einstein constant µ of the fibre satisfies

(3.47) ∆f − |∇f |2 = kλ− kµe
2
k
f .

Conversely if the weighted manifold (Mm, gM , e
−fdvol) satisfies (3.46), then

f satisfies (3.47) for some constant µ ∈ R. Consider the warped product

Nm+k = Mm ×u F k, with u = e−
f
k and Einstein fibre F with FRic = µgF .

Then N is Einstein with NRic = λgN .

The importance of this characterization relies on the fact that on the
one hand it enables to translate results from one setting to the other and on
the other hand it permits to furnish several examples of k–quasi–Einstein
manifolds, k <∞.

Example 3.34. In [5, Theorem 9.119] it is obtained the complete classi-
fication of Einstein warped products with one and two dimensional bases.
This hence translates into a complete classification of m–dimensional k–
quasi–Einstein manifolds when m = 1, 2, k < ∞ (see also [46]). This gives
examples with λ < 0 and µ of arbitrary sign and λ = 0 and µ ≥ 0. Moreover
in this latter case, all non–trivial examples have µ > 0, while the trivial
quasi–Einstein metrics with λ = 0 necessarily satisfy µ = 0.

Example 3.35. Other examples are constructed by H. Lü, Don N. Page, and
C. N. Pope in [55]. For 2 ≤ k <∞ they construct non–trivial cohomogeneity
one examples of k–quasi–Einstein metrics on some S2 and R2 bundles over
Kähler Einstein metrics. These examples have µ > 0 and the S2–bundles
have λ > 0 while the R2 bundles have λ = 0. Observe that, since if k < ∞
and λ > 0 by Theorem 2.2 (see also Theorem 3.41 below) M is necessarily
compact. Thus the maximum principle applied to (3.47) yields that µ has
to be positive in this situation.

Example 3.36. It is well known that a compact locally conformally flat
gradient shrinking Ricci soliton has constant curvature (see [33]). Such a
conclusion cannot be extended to quasi–Einstein metrics. Indeed, C. Böhm,
[8], has found Einstein metrics on Sl+1 × Sk for l, k ≥ 2 and l + k ≤ 8 and
these induce a k–quasi–Einstein metric on Sl+1 and with the metric on Sl+1

being conformally flat (see also [46]).
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Example 3.37. In Proposition 4.2 of [17] it is given the following classi-
fication of non–trivial k–quasi–Einstein metrics which are Einstein at the
same time. A complete k–quasi–Einstein metric (Mm, gM , e

−fdvol) is Ein-
stein if and only if either M is isometric to Rm with the warped product
structure R×a−1ear N

m−1, where Nm−1 is Ricci flat and a is a constant, or
to (Hm, dr2 + a−2 sinh2(ar)gSm−1). The constant µ vanishes in the former
case, while µ < 0 in the latter case.

We can make a scheme of the examples we have presented that will
be useful also to visualize the results we are going to present in the next
chapters.

Table 3.1. Examples of quasi–Einstein manifolds

λ < 0 λ = 0 λ > 0

µ < 0 Example 3.34 Trivial

µ = 0 Example 3.34 Trivial

µ > 0 Example 3.34 Example 3.34 Example 3.35

Some further remarks on the case k = 1 are in order. Since for 1–
dimensional manifolds Ric = 0, the characterization of Theorem 3.33 can
be applied only if (3.47) holds with µ = 0. Note that any 1–quasi–Einstein
metric which has µ = 0 (and so corresponds to a warped product Einstein
metric) necessarily has constant scalar curvature S ≡ (m−1)λ. This follows
simply by taking the trace of the quasi–Einstein equation (3.46) and using
equation (3.47). Warped product Einstein metrics which correspond to these
latters are more commonly known as static metrics and have been studied
extensively due to their connections to scalar curvature, the positive mass
theorem, and general relativity, (see e.g. [2], [30]).

Being another generalization of Einstein manifolds, quasi–Einstein man-
ifolds exhibit a certain rigidity, also in the case ν > 0. This is expressed,
once again, by triviality and classification results and curvature estimates.

For instance, analogously to the case ν = 0, D.–S. Kim and Y.–H. Kim
in [51] prove that if λ ≤ 0, compact k–quasi–Einstein manifolds are trivial. A
generalization to the complete non–compact setting of this result, obtained
in [88], will be presented in Section 5.2 where also some other triviality
results obtained in [20], [88] and [60] are discussed.

For classification results we refer to the paper by G. Catino, C. Man-
tegazza, L. Mazzieri and M. Rimoldi, [23], where it is proved that any com-
plete locally conformally flat quasi–Einstein manifold of dimension m ≥ 3 is
locally a warped product with (m − 1)–dimensional fibers of constant cur-
vature, and to [46] where C. He, P. Petersen, and W. Wylie reach the same
conclusion, in the case when 0 < ν < 1, assuming a slightly weaker condi-
tion than locally conformally flatness. In another direction in [46] and [47]
classification and rigidity results obtained in [17] are generalized allowing
the k–quasi–Einstein manifold to have non–empty boundary.
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For what concern curvature estimates we refer to Section 4.1 where esti-
mates for the infimum of the scalar curvature for k–quasi–Einstein manifolds
in the case of non–constant scalar curvature from [88] are presented (extend-
ing the previous work in [17]).

Finally it is worth to mention that, in the two recent preprints [18]
and [19], J. Case has delineated a different perspective to look to quasi–
Einstein metrics introducing the concept of conformally warped manifolds.
This seems to offer a unifying and inspiring way to look to these geometrical
structures.

3.3.1. Some formulas. We remind some basic formulas for k–quasi–
Einstein manifolds which will be useful in the sequel. Recall that the defining
equation of a k–quasi–Einstein manifold (Mm, 〈 , 〉 , e−fdvol), k <∞, is

Ric+Hess(f)− 1

k
df ⊗ df = λ 〈 , 〉 .

Taking the trace of this we get

(3.48) S + ∆f − 1

k
|∇f |2 = mλ.

Analogously to the the structures we have presented in the preceeding sec-
tions we can obtain the following Bochner–type identities.

Lemma 3.38. Let (Mm, gM , e
−fdvol) be a geodesically complete weighted

manifold such that Rickf = λgM for some λ ∈ R and k <∞. Then

(3.49)
1

2
∆|∇f |2 = |Hess(f)|2 − Ric(∇f,∇f) +

2

k
|∇f |∆f

and

(3.50)
1

2
∆f |∇f |2 = |Hess(f)|2 +

2m− k
k

λ|∇f |2− 2

k
S|∇f |2 +

2− k
k2
|∇f |4.

Proof. Equation (3.49) is proven in Lemma 3.2 in [17].
Substituing (3.46) and (3.48) in (3.49) we compute

1

2
∆|∇f |2 = |Hess(f)|2 +Hess(f)(∇f,∇f)− 1

k
|∇f |2 − λ|∇f |2

+
2

k
|∇f |2

(
−S +

1

k
|∇f |2 +mλ

)
,

and (3.50) follows easily. �

In particular, combining Lemma 3.38 with Kato’s inequality

|Hess (f)|2 ≥ |∇ |∇f ||2 ,

we deduce

Corollary 3.39.

(3.51) |∇f |∆f |∇f | ≥
2m− k
k

λ|∇f |2 − 2

k
S|∇f |2 +

2− k
k2
|∇f |4.
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Moreover, in the proof of scalar curvature estimates for k–quasi–Einstein
manifolds, we will require the following formula obtained in [17], which
generalizes to the case k < ∞ formula (3.37) for Ricci solitons, obtained
previously by P. Petersen and W. Wylie, [74].

Lemma 3.40. Let Rickf = λgM , for some λ ∈ R and k <∞. Set f̃ = k+2
k f .

Then

(3.52)
1

2
∆
f̃
S = −k − 1

k
|Ric− 1

m
SgM |2 −

m+ k − 1

mk
(S −mλ)(S − m(m− 1)

m+ k − 1
λ).

The majority of the other result we are going to present relies in an
essential way on Theorem 3.33, and hence on the study of equation (3.47).

3.3.2. Some geometric and functional theoretic properties of k–
quasi–Einstein manifolds. We now apply the results presented in Chap-
ter 2 to deduce some properties of k–quasi–Einstein manifolds, k <∞. For
instance, by Theorem 2.2 (see also Remark 6.9), we immediately get the
following compactness result.

Corollary 3.41. Let (M, 〈 , 〉 , e−fdvol) be a complete k–quasi–Einstein man-
ifold with quasi–Einstein constant λ > 0. Then M is compact, |π1(M)| <
+∞, and

diam(M) ≤ π√
λ

m+k−1

.

Next, as a consequence of Remark 2.18 and Theorem 2.33, we obtain the
validity of this other

Corollary 3.42. Let (M, 〈 , 〉 , e−fdvol) be a complete k–quasi–Einstein man-
ifold, k < ∞. Then the weak Omori–Yau maximum principle for ∆f and
the L1–Liouville property for ∆f–superharmonic functions holds on M .

Finally, choosing G(t) = t2 + |λ|+ε
m+k−1 , for some ε > 0, in Corollary 2.22,

we conclude the validity of the following

Corollary 3.43. Let (Mm, 〈 , 〉 , e−fdvol) be a k–quasi–Einstein manifold,
k <∞. Then the full Omori–Yau maximum principle for ∆f holds on M



CHAPTER 4

Metric rigidity

When asking a weighted manifold to support a gradient Ricci soliton or
a k–quasi–Einstein structure, we are indirectly restricting its geometry. In
this chapter we analyze rigidity phenomena that involve the underlying Rie-
mannian structure and appear in various way, such as curvature estimates,
classification results and gap theorems for some curvature quantities.

4.1. Scalar curvature estimates

Estimates for the scalar curvature of shrinking and expanding Ricci soli-
tons, both from above and from below, were first obtained by P. Petersen
and W. Wylie in [74] using equation (3.9). Nevertheless in their result only
the case of constant scalar curvature is treated. B.–L. Chen, [24], and Z.–H.
Zhang, [101], have shown with different techniques that the scalar curvature
of any gradient Ricci soliton is bounded from below. In Corollary 4.2 below
the results in [74] and [24], [101] are improved by no longer assuming the
constancy of the scalar curvature and by showing an explicit bound. Namely
we obtain upper and lower estimates for the infimum of the scalar curvature
of a gradient Ricci soliton. Note that the lower bound for expanders has
been independently obtained, with different methods, in [99].

Very recently some works appeared on arXiv in which lower bounds for
the scalar curvature of gradient Ricci solitons are given under additional
assumptions. The lower bounds are explicitly expressed in terms of the
dimension of the manifold and the potential function or the distance function
from a fixed point. In this direction we limit ourselves to quote [29] for the
shrinking case and [28], [37] for the steady one.

In the next Theorem 4.1 we present scalar curvature estimates in the
more general contest of Ricci almost solitons. Namely, we show that under a
pointwise control on the soliton function, the scalar curvature of an almost
soliton is bounded from below. Furthermore, the lower bound of the scalar
curvature can be estimated both from above and from below and, applying
some abstract structure theorems for domains of nontrivial solutions of the
resulting differential equations, some strong rigidity at the endpoints occurs.
As a consequence we recover scalar curvature estimates in the classical soliton
case.

Theorem 4.1 (Theorem 0.4 in [76]). Let (M, 〈 , 〉 ,∇f) be a complete gradi-
ent Ricci almost soliton with scalar curvature S and soliton function λ such
that ∆λ ≤ 0 on M . Set

S∗ = inf
M
S, λ∗ = inf

M
λ, λ∗ = sup

M
λ.

55
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(i) If the almost soliton satisfies −∞ < λ∗ ≤ λ ≤ 0, λ 6≡ 0 (and in
particular if the almost soliton is expanding), then mλ∗ ≤ S∗ ≤ 0.
Moreover, if m ≥ 3 and there exists xo such that S(xo) = S∗ = mλ∗,
then the soliton is trivial and M is Einstein; while if S(x0) = S∗ = 0
for some x0 ∈M , then M is Ricci flat and isometric to Rm.

(ii) If the almost soliton is a steady soliton then S∗ = 0. Morever, if
m ≥ 3 and there exists x0 such that S(x0) = 0, then M is a cylinder
over a totally geodesic hypersurface.

(iii) If the almost soliton satisfies 0 ≤ λ, λ 6≡ 0 (and in particular if the
almost soliton is shrinking), then 0 ≤ S∗ ≤ mλ∗. Moreover if m ≥ 3
and there exists xo such that S(xo) = S∗ = 0 then M is isometric
to Rm. Finally if S∗ = mλ∗ and (M, 〈 , 〉, e−fdvol) is f–parabolic,
then the almost soliton is trivial and (M, 〈 , 〉) is compact Einstein.
This latter case occurs in particular if

A2 (1 + r (x))−µ ≤ λ (x)

on M for some A > 0, 0 ≤ µ ≤ 1.

Note that the case µ = 0 contains, of course, the soliton case. In partic-
ular, as a consequence, we deduce the validity of the following

Corollary 4.2 (Theorem 3 in [84], Theorem 3.4 in [34]). Let (M, 〈 , 〉,∇f)
be a geodesically complete gradient Ricci soliton with scalar curvature S and
let S∗ = infM S.

(i) If M is an expanding Ricci soliton then mλ ≤ S∗ ≤ 0 and S(x) >
mλ unless M is Einstein and the soliton is trivial; while if S(x0) =
S∗ = 0 for some x0 ∈M , then M is Ricci flat and isometric to Rm.

(ii) If M is a steady Ricci soliton then S∗ = 0. Moreover, if m ≥ 3 and
there exists x0 such that S(x0) = 0, then M is a cylinder over a
totally geodesic hypersurface.

(iii) If M is a shrinking Ricci soliton then 0 ≤ S∗ ≤ mλ. Moreover,
S∗ < mλ unless M is compact Einstein and the soliton is trivial,
and S(x) > 0 on M unless S(x) ≡ 0 on M , and M is isometric to
Rm.

Proof (of Theorem 4.1). Since |Ric|2 ≥ S2/m by the Cauchy–Schwarz
inequality, and ∆λ ≤ 0 by assumption, (3.37) in Lemma 3.24 yields

(4.1)
1

2
∆fS = λS − |Ric|2 + (m− 1) ∆λ ≤ λS − S2

m
.

Note next that since Ricf = λ ≥ λ∗ > −∞, by Proposition 2.12 we have

volf (Br) ≤ C1e
C2r2 ,

for some positive constants C1, C2, and, in particular,

(4.2) lim inf
r→∞

log volf (Br)

r2
≤ C2 < +∞.

Applying Theorem 2.24 to the function S− = max{−S, 0}, which is a weak
solution of

∆fS− ≥ 2λS− −
2

m
S2
−,
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with a (x) = 2λ (x), b (x) = 2
m , σ = 2, and deduce that

S−(x) ≤ sup
M

λ−(x)

1/m
,

from which we conclude that

S(x) ≥ min{mλ∗, 0}.
In particular, S∗ ≥ 0 if λ ≥ 0, and S∗ ≥ mλ∗ if λ∗ ≤ λ ≤ 0.

Next, by Corollary 3.28, the weak Omori–Yau minimum principle for ∆f

holds. Therefore we may find a sequence {xn} such that ∆fS(xn) ≥ −1/n
and S(xn) → S∗. Computing the liminf of (4.1) along this sequence and
setting λ = lim inf λ(xn) we deduce that

0 ≤ λS∗ − S2
∗/m.

Thus, if λ = 0, then S∗ = 0, while if λ 6= 0, then solving the inequality
yields mλ ≤ S∗ ≤ 0 if λ < 0 and 0 ≤ S∗ ≤ mλ if λ > 0. Since obviously
λ∗ ≤ λ ≤ λ∗, this gives the scalar curvature estimates in (i), (ii) and (iii).

We now suppose that the scalar curvature achieves one of its bounds
and, according to the classification that we will prove in Theorem 4.7, we
prove rigidity.

In case (i) using (4.1), we see that S(x) ≥ S∗ ≥ mλ∗ satisfies

(4.3)
1

2
∆fS ≤ −

S

m
(S −mλ) ≤ − S

m
(S −mλ∗)

on the open set Ω = {x ∈M : S(x) < 0}. Therefore, if S(x0) = S∗ = mλ∗ <
0 for some x0, we deduce that the function u = S −mλ∗ ≥ 0 achieves its
minimum value u(x0) = 0 and satisfies the differential inequality

1

2
∆fu+ λ∗u ≤ 0

on Ω. By the minimum principle, u(x) = 0 on the connected component
Ω0 of Ω containing x0. It follows that the open set Ω0 is also closed, thus
Ω0 = M and u(x) = 0 on M . This means that S(x) = mλ∗ is constant.
Using this information into (4.1) we get that λ is constant. Going back to
(4.1), by the equality case in the Cauchy–Schwarz inequality, we obtain

Ric = λ 〈 , 〉 ,
showing that M is Einstein and the soliton is trivial. On the other hand, if
S(x0) = S∗ = 0 for some x0, we deduce again from (4.1) that S(x) ≥ S∗ = 0
satisfies

1

2
∆fS − λS ≤ 0.

and so, by the minimum principle S(x) = 0 is constant and all the inequal-
ities in (4.1) become equalities. In particular by the equality case in the
Cauchy–Schwarz inequality we obtain that M is Ricci flat. Using now case
(a.2) of Theorem 4.7 M has to be isometric to the standard Euclidean plane.

Assume next that the soliton is steady, so that λ ≡ 0. Then S(x) ≥
S∗ = 0 solves

1

2
∆fS ≤ 0.
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Therefore, if S(x0) = 0, arguing as above we conclude that M must be
Ricci-flat and, by case (a.1) of Theorem 4.7, M is a cylinder over a Ricci-
flat, totally geodesic hypersurfaces Σ.

Finally we consider case (iii). Then, S(x) ≥ S∗ = 0 satisfies

1

2
∆fS ≤ λS.

If S(x0) = 0 for some x0 ∈M , by the minimum principle (see Theorem 2.13
or e.g. page 35 in [31]) we deduce that S(x) = 0 is constant and all the
inequalities used in (4.1) become equalities. In particular, |Ric|2 = S2/m =
0 proving that M is Ricci–flat. By case (a.2) in Theorem 4.7, λ is a positive
constant and M must be isometric to the standard Euclidean space.

It remains to prove the last statement. Suppose then that S∗ = mλ∗ > 0.
Since S ≥ S∗ = mλ∗ ≥ mλ > 0, it follows that mλS − S2 ≤ 0 on M . Thus
from (4.1),

∆fS ≤ 0

and S > 0 is a nonnegative ∆f–superharmonic function. It follows that, if(
M, 〈 , 〉 , e−fdvol

)
is f–parabolic, then S = mλ∗ is constant. Using (4.1) we

immediately deduce S
(
λ− S

m

)
= 0 so that λ = S

m is constant. From (4.1) we

have that |Ric|2 = S2

m , and, again by the equality case in the Cauchy-Schwarz
inequality

Ric = λ 〈 , 〉 ,
with λ > 0. Thus M is Einstein and compact by Myers’ Theorem. Now
from (3.2) and the above considerations it follows that Hess (f) = 0 on M
and compactness implies that f is constant. Finally, if λ ≥ A2(1 + r)−µ

with 0 ≤ µ ≤ 1, then, by Corollary 3.30, we know that
(
M, 〈 , 〉 , e−fdvol

)
is

f–parabolic. �

As an application of Corollary 3.15 and Corollary 3.28 one can deduce
interesting rigidity results for Ricci solitons and Ricci almost solitons with
integrable scalar curvature that should be compared with [74], [75]. Note
that, combining Lemma 2.3 in [16] with Remark 2.9 it follows that the scalar
curvature of a shrinking Ricci soliton is p–integrable, for every p > 0. We are
grateful to M. Fernández–López for pointing out this to us. In the expanding
case we shall prove the next result. It shows that some further rigidity occurs
for expanders at the end–point case S∗ = 0 in Theorem 4.1 and Corollary
4.2.

Theorem 4.3. Let (M, 〈 , 〉 ,∇f) be a complete, expanding, gradient Ricci
almost soliton with soliton function λ satisfying ∆λ ≤ 0 and 0 > λ ≥ λ∗ =
infM λ > −∞. Let S be the scalar curvature of M . If S ≥ 0 and S ∈
L1
(
M, e−fdvol

)
then M is isometric to the standard Euclidean space.

As an immediate consequence we obtain,

Corollary 4.4 (Theorem 4 in [84]). Let (M, 〈 , 〉 ,∇f) be a complete, ex-
panding, gradient Ricci soliton. Let S be the scalar curvature of M . If S ≥ 0
and S ∈ L1

(
M, e−fdvol

)
then M is isometric to the standard Euclidean

space.
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Proof (of Theorem 4.3). Recall that, by formula (3.37) of Lemma
3.24, it holds

(4.4)
1

2
∆fS = λS − |Ric|2 + (m− 1)∆λ.

Since S ≥ 0, λ < 0 and ∆λ ≤ 0, from the above we deduce

∆fS ≤ 0.

Since by assumption λ ≥ λ∗ > −∞, applying Corollary 3.28, we obtain that
S is constant. Using this information into (4.4) implies that Ric ≡ 0, and
the required conclusion follows by case (a.2) of Theorem 4.7. �

We now switch to quasi–Einstein manifolds. In the same spirit of The-
orem 4.1, we generalize the scalar curvature estimates in Proposition 3.6
of [17] to k–quasi–Einstein manifolds with non–constant scalar curvature.
Again, possible rigidity at the endpoints is discussed.

Theorem 4.5. (Theorem 3 in [88]) Let (Mm, gM , e
−fdvol) be a geodesically

complete k–quasi–Einstein manifold, 1 < k < +∞, with scalar curvature S
and let S∗ = infM S.

(a) If λ > 0, then M is compact and

(4.5)
m(m− 1)

m+ k − 1
λ < S∗ ≤ mλ.

Moreover S∗ 6= mλ unless M is Einstein.
(b) If λ = 0 and infM f = f∗ > −∞ then S∗ = 0. Moreover, either

S > 0 or S(x) ≡ 0. In this latter case, either f is constant (and
M is trivial) or M is isometric to the Riemannian product R × Σ
where Σ is a Ricci–flat, totally geodesic hypersurface.

(c) If λ < 0 and infM f = f∗ > −∞, then

(4.6) mλ ≤ S∗ ≤
m(m− 1)

m+ k − 1
λ

and S(x) > mλ unless M is Einstein.

Proof. First of all, we show that infM S > −∞. According to Corollary
3.41 this is obvious if λ > 0 because M is compact. In the general case λ ∈ R
we proceed as follows. Since

−
∣∣∣∣Ric− 1

m
SgM

∣∣∣∣2 = − |Ric|2 +
S2

m
,

from (3.52) we obtain

1

2
∆
f̃
S =− k − 1

k
|Ric|2 − 1

k
S2 +

k + 2m− 2

k
λS − m(m− 1)

k
λ2.(4.7)

≤− 1

k
S2 +

k + 2m− 2

k
λS.

Let S−(x) = max{−S(x), 0}. Then

(4.8) ∆
f̃
S− ≥

2

k
S2
− +

2(k + 2m− 2)

k
λS−.
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Observe now that from Qian’s estimates of weighted volumes, recalled in

Corollary 2.5, since vol
f̃
(Br) ≤ e−

2
k
f∗volf (Br), we can apply the “a-priori”

estimate in Theorem 2.24 to inequality (4.8) on the complete weighted man-

ifold (M, gM , e
−f̃dvol) and we obtain that S− is bounded from above, or

equivalently, S∗ = infM S > −∞. Again from Qian’s estimates and by

Theorem 2.17 applied to (M, gM , e
−f̃dvol), the weak Omori–Yau maximum

principle for the f̃–Laplacian holds on M . This produces a sequence {xn}
such that ∆

f̃
S(xn) ≥ − 1

n and S(xn) → S∗. Taking the lim inf in (3.52)

along {xn} shows that, for k > 1,

(4.9) 0 ≤ −m+ k − 1

mn
(S∗ −mλ)(S∗ −

m(m− 1)

m+ k − 1
λ).

We now distinguish three cases.

(a) Assume λ > 0, so that M is compact. Equation (4.9) yields m(m−1)
m+k−1 λ ≤

S∗ ≤ mλ. Assume now that S∗ = mλ > 0. Then S ≥ mλ ≥ m(m−1)
m+k−1 λ and

from (3.52) we get

1

2
∆
f̃
S ≤ −m+ k − 1

mk
(S −mλ)(S − m(m− 1)

m+ k − 1
λ) ≤ 0.

Since M is compact, S must be constant. Hence S = S∗ = mλ. Substituting
in (3.52) we obtain that Ric = 1

mSgM and thus that M is Einstein.

Now we show that S∗ >
m(m−1)
m+k−1 λ. Indeed, suppose that S attains its

minimum m(m−1)
m+k−1 λ. Since the non-negative function v(x) = S(x)− m(m−1)

m+k−1 λ
satisfies

1

2
∆
f̃
v ≤ −m+ k − 1

mk
v2 + λv ≤ +λv,

and v attains its minimum v(x0) = 0, it follows from the minimum principle,
(see Theorem 2.13 or e.g. p. 35 in [31]), that v vanishes identically. Hence

S ≡ m(m−1)
m+k−1 λ is constant and, substituting in (3.52), we get that M is

Einstein with

Ric =
m− 1

m+ k − 1
λgM .

Using this information into (3.46) we obtain that

Hess(f) =
1

k
|∇f |2 +

k

m+ k − 1
λgM > 0.

But this is clearly impossible because M is compact.

(b) Assume λ = 0. From (4.9) we conclude that S∗ = 0. Note that, according
to (3.52), ∆

f̃
S ≤ 0. Therefore, by the minimum principle, either S(x) > 0

on M or S(x) ≡ 0. In this latter case, substituting in (3.52), we obtain
that M is Ricci flat and the k–quasi–Einstein equation reads Hess(f) −
1
kdf ⊗ df = 0. Therefore, either f is constant and M is Einstein, or the non

constant function u = e−
f
k satisfies Hess(u) = 0. A Cheeger–Gromoll type

argument now shows that M is isometric to the Riemannian product R×Σ
along a Ricci–flat, totally geodesic hypersurface Σ of M , which is any level
hypersurface of u.
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(c) Assume λ < 0. From (4.9) we deduce that mλ ≤ S∗ ≤ m(m−1)
m+k−1 λ. Suppose

that S(x0) = mλ < 0 for some x0 ∈ M . Since the non-negative function
w(x) = S(x)−mλ satisfies

1

2
∆
f̃
w ≤ −m+ k − 1

mk
w2 − λw ≤ −λw,

and w attains its minimum w(x0) = 0, it follows from the minimum principle
that w vanishes identically. Hence S ≡ mλ is constant and substituting in
(3.52) we get that M is Einstein. �

Remark 4.6. Note that in Theorem 4.5 we have assumed that k > 1. The
reason is that when k = 1 the first term on the LHS in (3.52) vanishes. This
prevents to use some of the arguments employed in case k > 1. The right
version of Theorem 4.5 in case k = 1 which can be obtained with minor
variations to the proof of Theorem 4.5 is the following.

Let (Mm, gM , e
−fdvol) be a geodesically complete 1–quasi–Einstein mani-

fold, with scalar curvature S and let S∗ = infM S.

(a) If λ > 0 then M is compact and

(m− 1)λ < S∗ ≤ mλ.

Moreover S∗ 6= mλ unless S ≡ mλ and M is Einstein.
(b) If λ = 0 and infM f = f∗ > −∞ then S∗ = 0. Moreover, either

S > 0 or S(x) ≡ 0.
(c) If λ < 0 and infM f = f∗ > −∞, then

mλ ≤ S∗ ≤ (m− 1)λ

and S(x) > mλ unless S ≡ mλ.

4.2. Rigidity of Einstein Ricci almost solitons

The next rigidity theorem, in the complete case, shows that basically
there are no further examples of Einstein Ricci almost solitons than that
constructed in Proposition 3.19.

Theorem 4.7. (Theorem 1.3 in [76]) Let (M, 〈 , 〉) be a complete, connected,
Einstein manifold of dimension m ≥ 4 and

M Ric = − (m− 1) c 〈 , 〉 , c ∈ R.

Assume that M is an almost Ricci soliton, namely, for some λ ∈ C∞ (M),
there is a solution f ∈ C∞ (M) of the equation

M Ric +Hess (f) = λ (x) 〈 , 〉 .

(a) If c = 0, then λ must be constant and the following possibilities occur:

(a.1): If λ = 0 then M is isometric to a cylinder R×Σ over a totally
geodesic, Ricci flat hypersurface Σ ⊂ M . Furthermore, f (t, x) =
at+ b, for some constants a, b ∈ R.
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(a.2): If λ = const. 6= 0 then M is isometric to Rm and

(4.10) f (x) =
λ

2
|x|2 + 〈b, x〉+ c,

for some b ∈ Rm and c ∈ R.

(b) If c 6= 0, then either λ is constant and the soliton is trivial, or one of
the following cases occurs:

(b.1): c ∈ R\ {0} and M is a space–form of constant curvature −c.
Furthermore

(4.11)

{
λ (x) = acn−c (r (x))− (m− 1) c
f (x) = c−1acn−c (r (x)) + b,

for some constants a, b ∈ R. Here, r (x) denotes the distance from
a fixed origin.

(b.2): c > 0 and M is isometric to the warped product R×g Σ where

g (t) =
g′ (0)√

c
sinh

(√
ct
)

+ g (0) cosh
(√
ct
)
> 0,

and Σ ⊂M is an Einstein hypersurface with
Σ Ric = − (m− 2) (−g′(0)2 + cg(o)2).

Furthermore

(4.12)

{
λ (t, x) = ag′ (t)−mc
f (t, x) = a

∫ t
0 g (s) ds+ b,

for some constants a, b ∈ R. Here, t is a global coordinate on R.

Proof. By assumption, with respect to a local orthonormal coframe,
we have

(4.13) fij = ((m− 1) c+ λ) δij .

Differentiating both sides and using the commutation rule

(4.14) fijk − fikj = Rlijkfl,

we deduce
Rlijkfl = λkδij − λjδik.

Tracing this latter with respect to i and k, recalling thatRij = − (m− 1) cδij ,
and simplifying we conclude that

(4.15) cfj = λj .

We now distinguish several cases.

(a) Suppose c = 0, i.e., M is Ricci flat. Then λj = 0 proving that λ is
constant. The soliton equation reads

Hess (f) = λ 〈 , 〉 .
(a.1) In case λ = 0, then f is affine. In particular |∇f | is constant proving
that either f is constant, and the soliton is trivial, or f has no critical point
at all. Suppose this latter case occurs. Up to rescaling f we can assume that
|∇f | = 1, i.e., f is a function of distance type. Then, a Cheeger–Gromoll
type argument (see (b.2.ii1) below for details) shows that the flow φ of the
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vector field X = ∇f establishes a Riemannian isometry φ : R × Σ → M ,
where Σ is any of the (totally geodesic) level sets of f and f is a linear
function of t. Finally, since M is Ricci flat then also Σ must be Ricci flat.
This proves the first part of statement (a) of the Theorem.
(a.2) Assume λ 6= 0. Then, from case (iii) of Theorem 1.1, we known that
M is isometric to Rm and f (x) takes the form given in (4.10). See [92] and
the Appendix in [84] for a straightforward proof. The proof of case (a) is
completed.

(b) Suppose c 6= 0. By (4.15) we have

(4.16) f = c−1λ+ d,

for some constant d ∈ R. Inserting into (4.13) gives

Hess (λ) = c {(m− 1) c+ λ} 〈 , 〉 .
If λ (x) = const., i.e. M is a classical Ricci soliton, then, in view of

(4.16), f must be constant and the soliton is trivial.
Assume then that λ (x) is nonconstant. Note that the function

(4.17) v (x) = (m− 1) c+ λ (x)

is a nontrivial solution of

(4.18) Hess (v) = cv 〈 , 〉 .
(b.1.i) If c < 0, then by the classical Obata theorem, [69], which we

recalled in case (i) of Theorem 1.1, M is isometric to a spaceform of constant
curvature −c > 0 and

v (x) = a cos
(√
−cr (x)

)
,

for some constant a 6= 0. Here, r (x) denotes the distance function from a
fixed origin. It follows that the functions λ (x) and f (x) take the form given
in (b.1), (4.11), for c < 0.

It remains to consider the case c > 0. Two possibilities can occur:
(b.1.ii) The function v, which is a nontrivial solution of (4.18), has at least
one critical point o ∈ M and, therefore, it is a nontrivial solution of the
problem {

Hess (v) = cv 〈, 〉
|∇v| (o) = 0,

with c > 0. Thus, for every unit speed geodesic γ issuing from o, the function
y = v ◦ γ satisfies the initial value problem{

y′′ = cy

y(0) = v(o), y′(0) = 〈∇v(o), γ̇(0)〉,

and since v is nonconstant, we must have v (o) 6= 0. Using Kanai’s version of
Obata theorem, [50], recalled in case (ii) of Theorem 1.1, we conclude that
M is isometric to hyperbolic space of constant curvature −c < 0 and v (x) =
v (o) cosh (

√
cr (x)) where r (x) is the distance function from o. Inserting this

expression into (4.17) and (4.16) completes the proof of case (b.1).
(b.2) The function v has no critical points. A classification of M under

this assumption, and the corresponding form of v, f, λ, can be deduced
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from some works by Ishihara and Tashiro, [49], and Tashiro, [92]. However
we provide a concise and complete proof for the sake of completeness. Let
Σ = {v (x) = s} be a non–empty, smooth, level hypersurface.

Note that, up to multiplying v by a non–zero constant, we can always
assume that either s = 0 or s = 1. A computation that uses (4.18) shows
that the integral curves of the complete vector field X = ∇v/ |∇v| are unit
speed geodesics orthogonal to Σ. Moreover, the flow of X gives rise to a
smooth map φ : R × Σ → M which coincides with the normal exponential
map exp⊥ of Σ. In particular, φ is surjective. Evaluating (4.18) along the
integral curve φ (t, x) issuing from x ∈ Σ we deduce that y (t) = v (φ (t, x))
satisfies  y′′ = cy

y (0) = s ∈ {0, 1}
y′ (0) = |∇v| (x)

and therefore

(4.19) v (φ (t, x)) = |∇v| (x) sn−c (t) + scn−c (t) .

Since

(4.20)
dv (φ (t, x))

dt
= |∇v| ◦ φ (t, x) > 0

it follows from (4.19) that, necessarily, c > 0. Moreover, if s = 1 we have
the further restriction |∇v| (x) ≥

√
c. The function v is strictly increasing

along the geodesic curves φx (t) issuing from x ∈ Σ. Whence, it is easy to
conclude that φ is also injective, hence a diffeomorphism. Since M ≈ R×Σ
is connected, also Σ must be connected. As a consequence, |∇v| is constant
on Σ. Indeed, for any smooth curve γ ⊂ Σ, we have

d

dt
(|∇v| ◦ γ) = Hess (v)

(
∇v
|∇v|

◦ γ, γ̇ (t)

)
= cv (γ) 〈Xγ , γ̇ (t)〉
= 0,

because γ̇ (t) ∈ TΣ and Xγ is orthogonal to Σ. Therefore |∇v| (x) = a ≥
√
c,

for every x ∈ Σ. Using this information into (4.19) with c > 0 gives

v (φ (t, x)) = α (t)

where we have set

α (t) =
a√
c

sinh
(√
ct
)

+ s cosh
(√
ct
)
.

In particular, φ moves Σ onto every other level set of v. To conclude, we
show that

(4.21) φ∗ 〈 , 〉 = dt2 +
(
α′
)2

(t) 〈 , 〉Σ0
,

where 〈 , 〉Σ = (φ0)∗ 〈 , 〉 denotes the metric induced by M on the smooth
hypersurface Σ. Indeed, by the above reasonings (or applying Gauss Lemma)
we have

φ∗ 〈 , 〉 = dt2 + (φt)
∗ 〈 , 〉 .
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Furthermore, using (4.18), (4.20) and the definition of the Lie derivative, we
see that, on TΣφt = X⊥φt ,

d

dt
(φt)

∗ 〈 , 〉 =
2α′′

α′
φ∗t 〈 , 〉 .

Whence, integrating on [0, t] we conclude the validity of (4.21). Summa-
rizing, we have obtained that, if v has no critical point, then (M, 〈 , 〉) is
isometric to the warped product manifold(

R× Σ, dt2 + α′ (t)2 〈 , 〉Σ
)
,

with Σ a smooth hypersurface of M . By assumption, M is Einstein with con-
stant Ricci curvature − (m− 1) c, therefore Σ is Einstein and the expression
of its Ricci curvature follows from Lemma 3.18.

(b.2.ii2) To conclude, assume that v possesses at least one critical point
o ∈M and, therefore, it is a nontrivial solution of the problem{

Hess (v) = cv 〈 , 〉
|∇v| (o) = 0,

with c > 0. Since v is nonconstant, we have v (o) 6= 0. Using case (ii) of
Theorem 1.1 we conclude that M is isometric to the hyperbolic space of
constant curvature −c < 0 and v (x) = v (o) cosh (

√
cr (x)) where r (x) is

the distance function from o. Inserting this expression into (4.17) and (4.16)
completes the proof of case (b) and, hence, of the theorem. �

Example 4.8. The rigidity expressed in Theorem 4.7 enables us to produce
examples of manifolds that do not admit any non–trivial almost soliton struc-
ture. Let M be any (possibly trivial) quotient of the Riemannian product
of standard spheres S2 × S2 or a non trivial quotient of Sm. Then, M is
Einstein, and according to Theorem 4.7 (b.1), M has no nontrivial almost
Ricci soliton structure.

A similar conclusion holds for possibly trivial quotients of the Riemann-
ian product of standard hyperbolic spaces H2 × H2. Clearly it suffices to
consider H2 × H2 itself. Since H2 × H2 is Einstein with Ric = −〈 , 〉, if it
had the structure of a nontrivial almost soliton structure, by Theorem 4.7
it would be isometric to the warped product R×g Σ where Σ is a 3 dimen-
sional Einstein hypersurface and g has the form given in the statement of
the Theorem. It follows that Σ has constant negative curvature, and, from
the expression of the Riemann tensor of a warped product (see e.g., [72]),
R×g Σ ≈ H2 ×H2 would have strictly negative sectional curvature. Notice
that the above reasoning shows that in case (b.2) if m = 4 and M is simply
connected then Σ is a hyperbolic space.

4.3. A gap theorem for the traceless Ricci tensor

Denoting by T = Ric − 1
mS 〈 , 〉 the traceless Ricci tensor of (M, 〈 , 〉)

the next result is a gap theorem for the values of

|T |∗ = sup
M
|T | .
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Theorem 4.9. (Theorem 0.9 in [76], Theorem 4 in [59]) Let (M, 〈 , 〉 ,∇f)
be a complete Ricci almost soliton with scalar curvature S, traceless Ricci
tensor T , Weyl tensor W and soliton function λ such that

(4.22) 〈Hess (λ) , T 〉 ≥ 0

on M . Assume m = dimM ≥ 3,

(4.23) S∗ = sup
M

S < +∞,

(4.24) |W |∗ = sup
M
|W | < +∞,

(4.25) λ∗ = inf
M
λ > −∞.

Then either (M, 〈 , 〉) is Einstein and the classification of Theorem 4.7 ap-
plies or

|T |∗ ≥ 1

2

(√
m (m− 1)λ∗ −

m− 2√
m (m− 1)

S∗ −
√
m(m− 2)

2
|W |∗

)
.

Proof. By Remark 2.18, since Ricf is bounded below by (4.25), the

weak maximum principle for ∆f holds on
(
M, 〈 , 〉 , e−fdvol

)
. Next, by Corol-

lary 3.27, (4.22), (4.23), and (4.25), we deduce that

1

2
∆f |T |2 ≥ 2

(
λ∗ −

m− 2

m (m− 1)
S∗
)
|T |2− 4√

m (m− 1)
|T |3−2WijksTjsTik.

Now we recall the next estimate due to G. Huisken, see [48] Lemma 3.4:

(4.26) |WijksTjsTik| ≤
√

2

2

√
m− 2

m− 1
|W ||T |2.

Using (4.26) and (4.24) we thus obtain

1

2
∆f |T |2 ≥ 2

(
λ∗ −

m− 2

m(m− 1)
S∗ −

√
m− 2

2(m− 1)
|W |∗

)
|T |2

− 4√
m(m− 1)

|T |3.

Assuming that |T |∗ = supM |T | < +∞ (for otherwise there is nothing to
prove) we may apply the weak maximum principle for ∆f and deduce that ei-

ther |T |∗ = 0 or |T |∗ ≥ 1
2

(√
m (m− 1)λ∗ − m−2√

m(m−1)
S∗ −

√
m(m−2)

2 |W |∗
)

.

In the former case, T = 0 that is Ric = S/m〈 , 〉 and since m ≥ 3, S is
constant by Schur’s lemma and M is Einstein, as required to conclude the
proof. �

Remark 4.10. Following the arguments in [21], we can observe that if the
complete weighted manifold (Mm, 〈 , 〉 , e−fdvol) satisfies

(i) Ric = −(m− 1)c 〈 , 〉, c 6= 0;
(ii) Ricf = λ 〈 , 〉, for some 0 < λ ∈ C∞(M), such that ∆λ ≤ 0 and

A2(1 + r(x))−µ ≤ λ∗ < +∞ on M for some A > 0, 0 ≤ µ ≤ 1;
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(iii) S∗ = mλ∗;

then, by Theorem 4.1, S is a positive constant and thus (M, 〈 , 〉) is compact
by Myers’ Theorem. In this latter case, if |W | is sufficiently small, precisely if
|W |2 ≤ 4

(m+1)m(m−1)(m−2)S
2, then (M, 〈 , 〉) has positive curvature operator

([48], Corollary 2.5). Thus, from Tachibana, [91], (M, 〈 , 〉) has positive
constant sectional curvature and therefore is a finite quotient of Sm. Note
that, in the gradient Ricci soliton case we don’t need assumption (iii) to
conclude since by assumptions (i) and (ii) the soliton is trivial (see e.g. the
proof of Theorem 4.7) and thus the stronger condition λ = −(m− 1)c = S

m
holds.

4.4. A complement to scalar curvature estimates for
1–quasi–Einstein manifolds

In this section we use a Liouville result for k–quasi–Einstein manifolds,
in case k = 1, to obtain a further result concerning the scalar curvature of
1–quasi–Einstein manifolds. This, jointly with (4.32) and (4.33), essentially
states that, under suitable geometric assumption, when the scalar curvature
is confined in a particular interval it has to be constant and identically equal
to one of the extremes of the interval.

As we have said in Section 3.3, the efforts in the study of 1–quasi–Einstein
manifolds have been put mainly on the (phisically relevant) case µ = 0.
Nevertheless, as observed in [18], also the study of quasi–Einstein metrics
with k = 1 and µ 6= 0 is interesting. Since we cannot apply Theorem 3.33 to
construct the related Einstein warped products, their existence proves that,
even restricting to integer hidden dimension k, quasi–Einstein manifolds
form a strictly larger class of manifolds that those which are the base of an
Einstein warped product manifold. For some examples of these manifolds,
constructed in the more general setting of conformally warped manifolds,
see the last section of [18].

Our Liouville result, which is relevant exactly in the µ 6= 0 case, will
follow from an adaptation to the f–Laplacian under weighted volume growth
conditions of Theorem A in [79]. This can be deduced from the proof of the
latter, making minor modifications in the proofs of Theorem A, Lemma 1.2,
Theorem A′ in [78] and Theorem 2.5 in [79].

Theorem 4.11. Let φ be a continuous function on [0,+∞) satisfying the
conditions
(4.27)

(i) φ (0) = φ(a) = 0, (ii) φ (s) > 0 in (0, a) , (iii) φ(s) < 0 in (a,+∞) ,

for some a > 0, and

(4.28) lim inf
s→+∞

−φ(s)

sσ
> 0,

for some σ > 1; let also b(x) ∈ C0(M) and suppose that

b(x) ≥ C

(1 + r(x))µ
on M,
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for some C > 0 and 0 ≤ µ < 2. Let u be a non-negative solution of

(4.29) ∆fu = −b(x)φ(u) on M.

Assume that

(4.30) lim inf
r→+∞

log volf (Br)

r2−µ < +∞

and, if

(volf (∂Br))
−1 ∈ L1(+∞)

assume furthermore that

φ(t) ≥ ctξ 0 < t� 1

for some ξ > 0 and c > 0. Finally, if ξ ≥ 1 suppose also that

u(x) ≥ Dr(x)−θ, r(x)� 1

for some θ ≥ 0, D > 0 and that

lim inf
r→+∞

log volf (Br)

r2−θ(ξ−1+ε)−µ < +∞

for some ε > 0. Then u is constant and identically equal to 0 or a.

Now, consider a k–quasi–Einstein manifold (Mm, gM , e
−fdvol), k < +∞.

We recall that, according to Lemma 3.40, setting f̃ = k+2
k f , the scalar

curvature S of a quasi–Einstein manifold satisfies the following relation,
(4.31)

1

2
∆
f̃
S = −k − 1

k

∣∣∣∣Ric− 1

m
SgM

∣∣∣∣2−k +m− 1

km
(S −mλ)

(
S − m(m− 1)

k +m− 1
λ

)
.

We have seen in Theorem 4.5 and Remark 4.6 that exploiting (4.31), one
can obtain estimates for the infimum of the scalar curvature S∗ = infM S.
In particular we have that for λ > 0

(4.32)
m(m− 1)

m+ k − 1
< S∗ ≤ mλ,

and for λ < 0 and infM f > −∞

(4.33) mλ ≤ S∗ ≤
m(m− 1)

m+ k − 1
λ.

In the special case k = 1 equation (4.31) becomes

(4.34) ∆
f̃
S = −2(S −mλ)(S − (m− 1)λ).

Making an essential use of (4.34), we now prove the announced result. Note
that some extra rigidity in case λ > 0 is also discussed.

Theorem 4.12. (Theorem 16 in [60]) Let (Mm, gM , e
−fdvol) be a geodesi-

cally complete 1–quasi–Einstein manifold with quasi–Einstein constant λ and

scalar curvature S. Set f̃ = 3f and suppose that f∗ = infM f > −∞.
If

(vol
f̃
(∂Br))

−1 ∈ L1(+∞),
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letting

u(x) =

{
−S(x) + (m− 1)λ λ < 0

−S(x) +mλ λ > 0,

assume furthermore that

u(x) ≥ Dr(x)−θ, r(x)� 1

for some θ ≥ 0, D > 0, and that

lim inf
r→+∞

log vol
f̃
(Br)

r2−θε < +∞

for some ε > 0.

(a) If λ < 0 and S ≤ (m − 1)λ we obtain that S is constant and
identically equal to either (m− 1)λ or mλ.

(b) If λ > 0 and S ≤ mλ then S is constant, identically equal to mλ
and M is Einstein.

Proof. (a) Assume λ < 0. Considering u = −S + (m − 1)λ, which is
non-negative for S ≤ (m− 1)λ, from (4.34) we obtain that

(4.35) ∆
f̃
u = 2u(u+ λ).

We want now to apply Theorem 4.11 to equation (4.35) on the weighted

manifold (M, gM , e
−f̃dvol). If we choose φ(t) = −2t(t+λ), it clearly satisfies

assumptions (4.27) and (4.28) with a = −λ and the equation (4.35) can be
written in the form

∆
f̃
u = −φ(u),

as in the statement of Theorem 4.11.
Furthermore, according to Qian weighted volume estimates, that we re-

called in Corollary 2.5, since by assumption f∗ > −∞, we have the validity

of the condition on the f̃–volume growth of the form (4.30). Hence by The-
orem 4.11 we are able to conclude that S is constant and identically equal
to either mλ or (m− 1)λ.

(b) Assume λ > 0. Consider u = −S + mλ which is non-negative for
S ≤ mλ, and choose φ(t) = −2t(t− λ); applying Theorem 4.11 with a = λ,
we conclude that S is constant and identically equal to either (m − 1)λ or
mλ.

Now we show that the first case cannot happen. Indeed, suppose that
S ≡ (m−1)λ. Substituing in the trace of the quasi–Einstein equation we get
that ∆f ≥ 0 and since M is compact we obtain that f is constant and M is
Einstein with Ric = λgM . But this is clearly impossible, since tracing this
latter equation we get a contradiction. Hence S ≡ mλ. Substituing again in
the trace of the quasi–Einstein equation we obtain, reasoning as above, that
f is constant, and thus that M is Einstein. �





CHAPTER 5

Rigidity as triviality of an additional structure

If a weighted manifold is endowed with an additional structure often
rigidity can appear as triviality of this structure. In this chapter we present
some istances of this type of results when the weighted manifold supports a
gradient Ricci (almost) soliton or a k–quasi–Einstein structure. Namely we
obtain triviality results for gradient Ricci almost solitons with L1≤p≤∞ soli-
ton structures and for k–quasi–Einstein manifolds with some kind of bound-
edness or integral control on the potential (or on some related function).

5.1. Triviality for Ricci solitons and Ricci almost solitons

5.1.1. Triviality under L1≤p≤∞ conditions. The main result we are
going to prove in this section is the following.

Theorem 5.1. (Theorem 2 in [84]) A complete, expanding, gradient Ricci
soliton (M, 〈 , 〉 ,∇f) is trivial provided |∇f | ∈ Lp

(
M, e−fdvol

)
, for some

1 ≤ p ≤ +∞.

As a matter of fact, the above statement encloses three different results
according to the assumption that p = +∞, 1 < p < +∞ and p = 1. These
will be obtained using different arguments. The L∞ situation will be dealt
with using the form of the weak Omori–Yau maximum principle for diffusion
operators we have presented in Section 2.3, [80].

On the other hand, the L1<p<∞ and the L1 results will rely on Liouville
properties of the diffusion operators, [81], [82], [80].

Concerning triviality under L∞ conditions, it is known, [35], that a
complete, shrinking Ricci soliton (M, 〈 , 〉 , X) satisfying |X| ∈ L∞ must be
compact. We now show that, in case the soliton is gradient and expanding,
the L∞ condition implies triviality.

Theorem 5.2. Let (M, 〈 , 〉 ,∇f) be a geodesically complete, expanding Ricci
soliton with supM |∇f | < +∞. Then the Ricci soliton is trivial.

Proof. According to (3.7) the smooth function |∇f |2 satisfies

(5.1)
1

2
∆f |∇f |2 ≥ −λ |∇f |2 ≥ 0.

Applying Corollary 3.8 we deduce that there exists a sequence {xn} ⊂ M
such that,

|∇f |2 (xn) ≥ sup
M
|∇f |2 − 1

n
,

and

∆f |∇f |2 (xn) ≤ 1

n
.

71
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Evaluating (5.1) along {xn} and taking the limit as n→ +∞ we conclude

−λ sup
M
|∇f |2 = 0,

proving that f is constant. �

Remark 5.3. Note that using (3.23) instead of (3.7), and applying Corollary
3.28, one can readily deduce the triviality of a geodesically complete, gra-
dient, expanding Ricci almost soliton (M, 〈 , 〉 ,∇f) with supM |∇f | < +∞
such that either m = 2 or 〈∇λ,∇f〉 ≤ 0 and satisfying −∞ < λ∗ = infM λ ≤
λ < 0. This result however is contained in the more general Theorem 5.8 we
are presenting below.

On the other hand, to deal with triviality of expanders under L1<p<∞

conditions we apply Theorem 2.25. Recall that, as observed in Remark 2.26,
if |∇f | ∈ Lp(M, e−fdvol), then condition (5.2) below is satisfied.

Theorem 5.4. Let (M, 〈 , 〉 ,∇f) be a geodesically complete, expanding Ricci
soliton. If

(5.2)
1∫

∂Br
|∇f |p e−fdvol

m−1

/∈ L1 (+∞) ,

for some p > 1 then the soliton is trivial.

Proof. Recall from equation (3.8) that

|∇f |∆f |∇f | ≥ −λ |∇f |2 ≥ 0, weakly on (M, e−fdvol).

An application of Theorem 2.25 gives that |∇f | is constant. Using this infor-
mation into (3.7) we conclude that |∇f | = 0 and f is a constant function. �

Remark 5.5. Note again that, using (3.35), we can deduce triviality also for
a geodesically complete gradient expanding Ricci almost soliton (M, 〈 , 〉 ,∇f)
satisfying (5.2) for some p > 1 and such that either m = 2 or 〈∇f,∇λ〉 ≤ 0,
with λ the soliton function.

Finally, in order to apply Theorem 2.28 and conclude triviality of ex-
panders under solely L1 conditions, we also need Zhang’s estimates given in
Lemma 3.9. In particular, if (M, 〈 , 〉 ,∇f) is a complete, expanding Ricci
soliton we know that fixed a reference origin o ∈M , there exists a constant
c > 0 such that

(1) |f(x)| ≤ c(1 + r(x)2),

(2) |∇f | ≤ c(1 + r(x)).

Remark 5.6. Observe that, according to the scalar curvature estimates of
Theorem 4.2, the above constant c > 0 can be expressed in terms of the
soliton constant λ < 0 and the dimension of M .

As an immediate consequence of Theorem 2.28 we hence obtain the case
p = 1 of Theorem 5.1.

Theorem 5.7. Let (M, 〈 , 〉 ,∇f) be a geodesically complete, expanding Ricci
soliton. If |∇f | ∈ L1(M, e−fdvol) then the soliton is trivial.
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The following triviality theorem for gradient Ricci almost solitons ex-
tends in some direction Remark 5.3 and permit also to extend Theorem
5.2.

Theorem 5.8 (Theorem 0.2 in [76]). Let (M, 〈 , 〉 ,∇f) be a complete, ex-
panding gradient Ricci almost soliton with soliton function λ. Let α, σ,
µ ∈ R be such that

α > −2 ; 0 ≤ σ ≤ 2/3

(5.3) min {0,−α} ≤ µ ≤
{

1− 3σ/2 if σ ≥ α
1− σ − α/2 if σ < α

Assume

(5.4) lim sup
r(x)→+∞

|∇f |2

r (x)σ

{
= 0 if 0 < σ ≤ 2/3
< +∞ if σ = 0

(5.5) − (m− 1)B2
(

1 + r (x)2
)α

2 ≤ λ (x) ≤ − (m− 1)A2
(

1 + r (x)2
)−µ

2

on M for some constants B ≥ A > 0.
Suppose either m = 2 or

(5.6) 〈∇λ,∇f〉 ≤ 0 on M.

Then, the almost soliton is trivial.

Note that (5.3) implies that (5.5) is meaningful.

Corollary 5.9. Let (M, 〈 , 〉 ,∇f) be a complete, expanding gradient Ricci
soliton such that

(5.7) lim sup
r(x)→+∞

|∇f |2

r (x)σ

{
= 0 0 < σ ≤ 2

3
< +∞ σ = 0.

Then the soliton is trivial.

The case σ = 0 of Corollary 5.9 recovers Theorem 5.2.
To prove Theorem 5.8 we will use the comparison result we have proven

in Theorem 2.10 and the version of Theorem 5.1 in [56] stated in Theorem
2.19.

Proof (of Theorem 5.8). First of all from Lemma 3.22 and assump-

tion (5.6) we know that |∇f |2 satisfies the differential inequality

(5.8) ∆f |∇f |2 ≥ −2λ |∇f |2

on M . Furthermore, from (5.4) we deduce

〈∇r,∇f〉 ≥ −a (1 + r)
σ
2 ,

for some constant a > 0. Using (5.5) we apply Theorem 2.10 with the choice

θ (r) = a (1 + r)
σ
2 to obtain

volf (Br) ≤ D
∫ r

0
h (t)m−1 e

2a
(σ+2)(m−1)

(1+t)
σ+2
2
dt
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for some constantD > 0 and where h solves (2.16) withG (r) = B2
(
1 + r2

)α
2 .

By Proposition 2.11 of [82] it follows that, for r � 1,

h(r) ≤

{
C1 exp(C2r

α+2
2 ) if α ≥ 0

C1r
−α

4 exp(C2(1 + r)
α+2
2 ) if − 2 < α ≤ 0,

for some constant C1, C2. Thus, a simple computation shows that

log volf (Br)

r2−µ−σ ≤ C
(
rµ+σ−1+α

2 + rµ−1+ 3
2
σ
)

for r >> 1 and some constant C > 0. Using (5.3) we see that assumption
(2.31) of Theorem 2.19 is satisfied with ν = µ + 2 (σ − 1) so that σ − ν =
2− µ− σ. On the other hand, from (5.8) and (5.5) we have

(5.9) (1 + r (x))µ ∆f |∇f |2 ≥ H |∇f |2

for some appropriate constant H > 0. Assume that |∇f | is different from 0
and choose γ > 0 so that

Ωγ =
{
x ∈M : |∇f |2 > γ

}
6= ∅.

From (5.4), (5.9) and Theorem 2.19 we immediately obtain a contradiction.
�

5.1.2. Triviality in the presence of weighted Poincaré–Sobolev
inequalities. In the next triviality result we shall assume the validity of a
weighted Poincaré–Sobolev inequality on M . In a sense it can be considered
as an isolation result for the soliton function of almost solitons with Lp

soliton structure.

Theorem 5.10. (Theorem 0.6 in [76]) Let (M, 〈 , 〉 ,∇f) be a complete gra-
dient Ricci almost soliton with soliton function λ. For some 0 ≤ α < 1
assume on M the validity of

(5.10)

∫
M
|∇ϕ|2 e−fdvol ≥ S (α)−1

{∫
M
|ϕ|

2
1−α e−fdvol

}1−α

for all ϕ ∈ C∞c (M) and some constant S (α) > 0. Suppose that

(5.11)

∫
Br

|∇f |p e−fdvol = o
(
r2
)

as r → +∞, for some p > 1, and that

‖λ+ (x)‖
L

1
α (M,e−fdvol)

<
4

S (α)

p− 1

p2
,

with λ+ (x) = max {0, λ (x)}. Suppose finally that either m = 2 or (5.6) is
satisfied. Then the almost soliton is trivial and, when m ≥ 3, M is Einstein
with non–positive Ricci curvature.

As an immediate consequence we obtain,

Corollary 5.11. Let (M, 〈 , 〉∇f) be a complete, expanding, gradient Ricci
soliton and assume that (5.10) and (5.11) hold for some 0 ≤ α < 1 and
p > 1. Then the soliton is trivial.
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Remark 5.12. (a) Note that, according to the variational characterization
of the bottom of the spectrum of the f–Laplacian, assumption (5.10) with
α = 0 means

λ
−∆f

1 (M, e−fdvol) > 0.

Thus, in particular, inequality (5.10) with α = 0 holds if the almost soliton
(M, 〈 , 〉 ,∇f) is expanding and satisfies:

Secrad ≤ −K ≤ 0 and
∂f

∂r
≤ 0.

This follows from Theorem 3.4 in [89].
(b) Condition (5.10) implies that volf (M) = +∞. Indeed, let ϕ ∈ C∞c be

such that ϕ = 1 on BR, ϕ = 0 off B2R, |∇ϕ| ≤ C
R . Then, from (5.10)

C2

R2

∫
B2R\BR

e−fdvol ≥
∫
M
|∇ϕ|2 e−fdvol

≥S (α)−1

(∫
M
|ϕ|

2
1−α e−fdvol

)1−α

≥S (α)−1

(∫
BR

e−fdvol

)1−α
,

i.e
C2

R2
{volf (B2R)− volf (BR)} ≥ S (α)−1 volf (BR)1−α .

To prove Theorem 5.10 we need again a preliminary result. The next
proposition can be deduced by simple modifications to the proof of Theorem
9.12 in [82].

Proposition 5.13. Let
(
M, 〈 , 〉 , e−fdvol

)
be a complete weighted manifold

and assume that, for some 0 ≤ α < 1, the Poincaré–Sobolev inequality

(5.12)

∫
M
|∇ϕ|2 e−fdvol ≥ S (α)−1

{∫
M
|ϕ|

2
1−α e−fdvol

}1−α
,

holds for all ϕ ∈ C∞0 (M) and some constant S (α) > 0. Let B ∈ R, q (x) ∈
C0 (M) and let ψ ∈ Liploc (M) be a non–negative weak solution of

ψ∆fψ + q (x)ψ2 ≥ −B |∇ψ|2

on M . Assume that, for some

σ > max {1, B + 1}

we have ∫
Br

ψσe−fdvol = o
(
r2
)

as r → +∞. Then either ψ ≡ 0 or otherwise

‖q+ (x)‖
L

1
α (M,e−fdvol)

≥ 4

S (α)

p− 1

p2
.

An immediate consequence of Proposition 5.13 is the following
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Theorem 5.14. Let (M, 〈 , 〉 ,∇f) be a complete, gradient Ricci almost soli-
ton with soliton function λ. Suppose either m = 2 or otherwise

(5.13) 〈∇f,∇λ〉 ≤ 0.

Assume the validity of the Poincaré–Sobolev inequality (5.12) for some 0 ≤
α < 1 and suppose that for some p > 1∫

Br

|∇f |p e−fdvol = o
(
r2
)

as r → +∞. Then either the almost soliton is trivial or

(5.14) ‖λ+ (x)‖
L

1
α (M,e−fdvol)

≥ 4

S (α)

σ − 1−B
σ2

.

Proof. From Corollary 3.23 and (5.13) we deduce

|∇f |∆f |∇f |+ λ |∇f |2 ≥ 0.

Thus we can apply Proposition 5.13 with p = σ, B = 0, q (x) = λ (x) to
deduce that either the almost soliton is trivial or (5.14) holds. �

Theorem 5.10 now follows immediately from Theorem 5.14. Indeed, since
m ≥ 3, a trivial almost soliton is necessarily Einstein and the soliton function
λ must be constant. On the other hand, the Poincaré–Sobolev inequality
implies that M has infinite volume, therefore λ+ = 0.

5.2. Triviality results for k–quasi–Einstein manifolds and
Einstein warped products

5.2.1. Triviality under L1<p<∞ conditions. It is well known that
steady or expanding compact Ricci solitons are necessarily trivial. The same
result is proven in [51] for quasi–Einstein metrics on compact manifolds with
finite k. For Ricci solitons a generalization to the complete non–compact set-
ting was obtained in Theorem 5.1. In this section using the scalar curvature
estimates of Theorem 4.5, we get triviality for (non–necessarily compact)
k–quasi–Einstein metrics with k < +∞, λ ≤ 0.

Theorem 5.15 (Theorem 5 in [88]). Let (Mm, gM , e
−fdvol) be a geodesi-

cally complete non–compact k–quasi–Einstein manifold, 1 ≤ k < +∞. If the
quasi–Einstein constant λ is non-positive and f satisfies, for some 1 < p <
+∞,

(5.15) f ∈ Lp(M, e−
f
k dvol),

and infM f = f∗ > −∞, then either f ≡ const ≤ 0 and M is Einstein or
f > 0.

Proof. (of Theorem 5.15) Tracing (3.46) and letting f̂ = 1
kf we have

that

(5.16) ∆
f̂
f = mλ− S.

Since λ ≤ 0 and f∗ > −∞, from (4.6) of Theorem 4.5 we obtain that

∆
f̂
f ≤ 0. Applying Theorem 2.25 to f− = max{−f, 0} ∈ Lp(M, e−f̂dvol),
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gives that f− is constant. Hence, if there exists a point x0 ∈ M such that
f(x0) ≤ 0 then f ≡ f(x0) ≤ 0. �

Remark 5.16. From the proof it follows that if either M is compact or f
attains its absolute minimum then f ≡ const. Actually, it was pointed out
to us by Dezhong Chen that the same conclusion holds if we merely assume
that f attains a local minimum at some point x0 ∈M . Indeed the following
proposition holds.

Proposition 5.17. Let (M, gM , e
−fdvol) be a geodesically complete non-

compact k–quasi–Einstein manifold, 1 < k < +∞. If the quasi–Einstein
constant λ is non positive and f satisfies f∗ > −∞, then any local minimum
of f is actually an absolute minimum.

Proof. Assume that f attains a local minimum x0 ∈ M . Evaluating
(5.16) at x0, we get

S(x0) ≤ mλ.
Hence, since λ ≤ 0, by Theorem 4.5, M is Einstein and S is identically mλ.
Thus the quasi–Einstein equation (3.46) reads

(5.17) Hess(f) =
1

k
df ⊗ df.

In particular Hess(f) is positive semi-definite on M and this implies the
thesis. �

Now, exploiting the link between Einstein warped product metrics and
k–quasi–Einstein metrics recalled in Theorem 3.33 we are able to prove the
following triviality result for Einstein warped products which extends, to the
case of non–compact bases, a recent theorem by D.–S. Kim and Y.–H. Kim,
[51].

Theorem 5.18 (Theorem 1 in [88]). Let Nm+k = Mm ×u F k, k > 1, be a
complete Einstein warped product with non–positive scalar curvature NS ≤ 0,

warping function u(x) = e−
f(x)
k satisfying infM f = f∗ > −∞ and complete

Einstein fibre F . Then N is simply a Riemannian product if either one of
the following further conditions is satisfied:

(a) f has a local minimum.
(b) the base manifold M is complete and non-compact, the warping

function satisfies
∫
M |f |

pe−
f
k dvol < +∞, for some 1 < p < +∞,

and f (x0) ≤ 0 for some point x0 ∈M .

Note that, in case M is compact, from the point (a) we recover the main
result in [51]. In a sense, also (b) can be considered as a natural extension

of this result because, if M is compact, we can always take f̃ = f − c so that

f̃ ≤ 0 and f̃ ∈ Lp(M, e−
f̃
k dvol) and the triviality follows.

Proof. According to Theorem 3.33, M is k–quasi–Einstein. Statement
(a) follows immediately from Remark 5.16 and Proposition 5.17. In case (b),
since (m + k)λ = NS ≤ 0, we get by Theorem 5.15 that f , and so u, is a
constant function. �
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Our goal now is to deduce a triviality result for complete Einstein warped
products, which is a corollary of Theorem 5.18, replacing the integrability

assumption with weight e−
f
k in the aforementioned theorem with a more nat-

ural condition. This will be done making an essential use of the Motomiya–
type theorem we stated in Theorem 2.23.

Indeed, consider the equation which relates the Einstein constants of the
product and of the fibre

(5.18) ∆ff = kλ− kµe
2
k
f .

and let µ < 0. If we choose ϕ(t) = Φ(t, y) = mλ−mµe
2
k
t and F (t) = (t−a)σ,

with σ > 1, then F satisfies the assumptions of Theorem 2.23. Moreover by
Corollary 3.43 we know that the full Omori–Yau maximum principle for ∆f

holds on a generic k–quasi–Einstein manifold, k <∞.
Hence, using Theorem 2.23, we can deduce the following result.

Corollary 5.19. Let Nm+k = Mm ×u F k be a complete Einstein warped
product with non–positive scalar curvature NS ≤ 0, warping function u(x) =

e−
f(x)
k satisfying infM f = f∗ > −∞ and complete Einstein fibre F . Suppose

also that FS < 0. Then f∗ < +∞. In particular Riemannian volumes are
equivalent to f–weighted volumes.

Proof. Recall that λ =
NS
m+k < 0. Applying Theorem 2.23 to equation

(5.18) we obtain that f∗ < +∞. Since, by assumption, we know also that
f∗ > −∞ the thesis follows. �

From Corollary 5.19 and Theorem 5.18 we thus immediately get the
desired corollary of Theorem 1 in [88].

Corollary 5.20 (Corollary 13 in [60], see also [58]). Let Nm+k = Mm ×u
F k, k > 1, be a complete Einstein warped product with non-positive scalar

curvature (m + k)λ = NS ≤ 0, warping function u(x) = e−
f(x)
k satisfying

infM f = f∗ > −∞ and complete Einstein fibre F . Suppose also that FS < 0.
Then N is simply a Riemannian product if the base manifold M is complete
and non-compact, the warping function satisfies f ∈ Lp(M, e−fdvol), for
some 1 < p < +∞, and f (x0) ≤ 0 for some point x0 ∈M .

From Theorem 2.23 we can deduce also the following

Theorem 5.21 (Theorem 14 in [60]). Let Nm+k = Mm ×u F k be a com-
plete Einstein warped product with non–positive scalar curvature (m+k)λ =
NS ≤ 0, warping function u(x) = e−

f(x)
k satisfying infM f = f∗ > −∞ and

complete Einstein fibre F with FS < 0. Then MS∗ = mλ.

Proof. As above, by Theorem 2.23, we have that f∗ < +∞ and so

vol
f̂
(M) ≤ volf (M)e

k−1
k
f∗

From the weighted volume estimates by Qian of Theorem 2.5 and Theorem

2.17 we get that the weak Omori–Yau maximum principle for the f̂ -Laplacian
holds on M . Hence we can construct a sequence {xn} such that f(xn)→ f∗
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and ∆
f̂
f(xn) ≥ − 1

n . Thus, since tracing (3.46) we have that ∆
f̂
f = mλ −

MS, we obtain that

− 1

n
≤ mλ− MS(xn) ≤ mλ− MS∗ ≤ 0,

where in the last inequality we have used the estimates of Theorem 4.5. The
conclusion now follows taking the limit for n→ +∞. �

Remark 5.22. Let us mention that applying Corollary 3.39 one can try to
obtain triviality results under Lp conditions on |∇f |. However this can be
carried out only if k = 1, 2 and imposing additional assumptions on f and
on MS. Thus the resulting conclusions are rather unsatisfactory and we are
not going to present them here.

5.2.2. Other Triviality results. Another triviality result for Einstein
warped products has been obtained by J. Case in [20].

Theorem 5.23 (Corollary 1.3 in [20]). Let Nm+k = Mm ×u F k be a com-

plete Einstein warped product with warping function u(x) = e−
f(x)
k , scalar

curvature NS ≥ 0 and complete Einstein fibre F . Then N is simply a Rie-
mannian product provided the base manifold M is complete and the scalar
curvature of F satisfies FS ≤ 0.

In the following theorem we obtain the same conclusion in case the fibers
have non–negative scalar curvature, up to assume an integrability condition
on the warping function u. Note that, as observed in Example 3.34, non–
trivial examples with NS ≤ 0 and FS ≥ 0 are constructed in [5, Theorem
9.119]. Thus the integrabilty assumption is necessary.

Theorem 5.24. Let Nm+k = Mm ×u F k be a complete Einstein warped

product with warping function u(x) = e−
f(x)
k , scalar curvature NS ≤ 0,

and complete Einstein fibre F . Then N is simply a Riemannian product
provided the base manifold M is complete, the warping function satisfies∫
M e−( p+k

k
)fdvol < +∞ for some 1 < p < +∞, and the scalar curvature of

F satisfies FS ≥ 0. In this case M and F are Ricci flat and M is compact.

Thus combining Theorem 5.23 and Theorem 5.24 immediately gives the
following

Corollary 5.25. Let N be a complete Ricci flat warped product with com-

plete Einstein fibre F and warping function u(x) = e−
f(x)
k satisfying u ∈

Lp(M, e−fdvol), for some 1 < p < +∞. Then N is simply a Riemannian
product.

Proof (of Theorem 5.24). Just observe that computing the f–Laplacian
of u and using (3.47) one obtains the following equation

(5.19) ∆fu = µu−1 − λu+
u

k2
|∇f |2,

where λ =
NS
m+k ≤ 0 and µ =

FS
k ≥ 0. Thus, in our assumptions, we obtain

that ∆fu ≥ 0. Since 0 < u ∈ Lp(M, e−fdvol), by Theorem 2.25, we obtain
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the constancy of u. Up to a rescaling of the metric of F we can suppose
u = 1.

Now, since the Riemannian product M × F is Einstein, both M and F
are Einstein manifolds with the same Einstein constant. In particular, MS
and FS have the same sign. By our assumption on the signs of NS and FS we
thus obtain that both M and F are Ricci flat. Finally, since u (and thus f)
is constant, from the integrability condition we obtain that vol(M) < +∞.
Since by a result of Calabi and Yau, [Y], a complete, non–compact manifold
with Ric ≥ 0 has at least linear volume growth, we obtain that M must be
compact. �

To prove the next result it suffices to observe that by Corollary 3.42
the L1–Liouville property for ∆f–superharmonic functions holds on any k–

quasi-Einstein manifold (M, gM , e
−fdvol), k < ∞, and apply it to equation

(5.18).

Theorem 5.26. Let Nm+k = Mm ×u F k be a complete Einstein warped

product with warping function u(x) = e−
f(x)
k , scalar curvature NS ≤ 0, and

complete Einstein fibre F . Then N is simply a Riemannian product provided
the base manifold M is complete, f satisfies 0 ≤ f ∈ L1(M, e−fdvol), and
the scalar curvature of F satisfies FS ≥ 0.

In [20] J. Case deals with the triviality of quasi–Einstein metrics, and
hence of Einstein warped products, by considering only equation (5.18). The
proof of Theorem 5.23 is a consequence of a gradient estimate for solutions
of weighted Poisson equation. However in that work only the case λ ≥ 0 is
studied. Obtaining a similar estimate in case λ < 0 , in [60] (see also [58])
it is proved the following Theorem. For a proof we refer to [60], [58].

Theorem 5.27 (Theorem 7 in [60]). Let N = Mm ×u F k be a complete

Einstein warped product with warping function u = e−
f
k , scalar curvature

NS = (m + k)λ < 0 and complete Einstein fibre F k with scalar curvature
FS = kµ < 0. Suppose that

f ≥ k

2
log

(
λ

2µ

m+ 2k

m+ k

)
for all x ∈M.

Then N is simply a Riemannian product.

The last result we present is a non–existence result. Recall that by
Corollary 3.42 the weak maximum principle for ∆f holds on any k–quasi–

Einstein manifold (M, gM , e
−fdvol), k < +∞.

Theorem 5.28. There is no complete Einstein warped product N = Mm×u
F k with warping function u ∈ L∞(M), scalar curvature NS < 0 and Einstein
fibre F with FS ≥ 0.

Proof. Set, as usual, u = e−
f
k . Since kµ =F S ≥ 0 and (m+k)λ =N S,

from (5.19), we have that

(5.20) ∆fu ≥ −uλ.
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Since, by assumption, u satisfies supM u = u∗ < +∞, by the weak Omori–
Yau maximum principle for ∆f , there exists a sequence {xn} ⊂ M along

which u(xn) ≥ u∗− 1
n and ∆fu(xn) ≤ 1

n . Thus evaluating (5.20) along {xn}
and taking the limit as n → +∞ we obtain that λu∗ ≥ 0 and since u∗ > 0
we cannot have λ < 0. �

In Section 3.3 we have represented in a table most of the known ex-
amples of k–quasi–Einstein manifolds. To better visualize under what sign
assumptions on λ and µ the various conditions on the potential function f
or on the warping function u imply triviality, we now fill Table 3.1 with the
results we have discussed in this section.

Table 5.1. Triviality results for quasi–Einstein manifolds

λ < 0 λ = 0 λ > 0

µ < 0

Ex. 3.34


f∗ > +∞
f ∈ L1<p<∞(M, e−fdvol)

∃x0 ∈M s.t. f(x0) ≤ 0

Trivial

⇓
Trivial (Cor. 5.20)

f ≥ k
2

log
(
λ
2µ

m+2k
m+k

)
Trivial

⇓ (Th. 5.23)

Trivial (Th.5.27) {
f∗ > +∞
∃ loc. min. of f

µ = 0

Ex. 3.34 or Trivial Trivial

u = e−
f
k /∈ L∞(M)


f∗ > +∞
f ∈ L1<p<∞(M, e−

f
k dvol)

∃x0 ∈M s.t. f(x0) ≤ 0

(Th. 5.23)

(Th. 5.28) ⇓
Trivial (Th.5.18)

u ∈ L1<p<∞(M, e−fdvol)

µ > 0

Ex. 3.34 ⇓
Trivial (Cor. 5.25)

u = e−
f
k /∈ L∞(M)

(Th. 5.28) Ex. 3.34 Ex. 3.35





CHAPTER 6

Topological rigidity

Rigidity of weighted manifolds can appear also at the level of the topol-
ogy and is visible, for instance, in the structure of their fundamental group
under weighted Ricci curvature restrictions. In this direction the situation
for Ricf and for Rickf is quite different. The reason can be traced, once
again, in the different nature of Bochner formulas involving these two ten-
sors. We will see that, up to consider the virtual (co)dimension, Myers–type
compactness conclusions can be proven also for weighted manifold with a
lower bound on Rickf . Simple examples show that analogous results cannot
be obtained for Ricf . Nevertheless, as initially investigated in works of M.
Fernández–López and E. Garćıa–Ŕıo in the compact case, [35], and later
in the complete non–compact case by W. Wylie, [96], a close relationship
beetween Ricf and the fundamental group of a weighted manifold still sur-
vive. Namely, Myers–type results in this contest establish the finiteness of
the fundamental group.

6.1. Myers–type results for Rickf

An extension of the Myers’ theorem to weighted manifolds with a positive
lower bound on the k–Bakry–Emery Ricci tensor (k <∞) is obtained by Z.
Qian in [86]. For generalizations of Myers’ theorem in a different direction
see [57].

In this section we extend Qian’s theorem by allowing some negativity
of the k–Bakry–Emery Ricci tensor. The viewpoint is the same which we
adopted, in the non–weighted case, in [61].

The starting point of our considerations is the integral estimate of Rickf
along minimizing geodesics presented in Lemma 2.1. From this some Myers–
type results can be proven. For example we state the following which gen-
eralizes a theorem of G. J. Galloway, [38], where the constant lower bound
for the curvature is perturbed by the derivative in radial direction of some
bounded function.

Theorem 6.1. Let (Mm, 〈 , 〉 , e−fdvol) be a complete weighted manifold.
Given two different points p, q ∈ M , let γp,q be a minimizing geodesic from
p to q parameterized by arc–length. Suppose that there exist constants c > 0
and G ≥ 0 such that for each pair of points p, q it holds

Rickf (γ̇p,q, γ̇p,q)|γp,q(t) ≥ (m+ k − 1)

[
c2 +

d

dt
(g ◦ γp,q)

]
,

83
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for some C1(M) function g satisfing supM |g| ≤ G, k < +∞. Then M is
compact and

(6.1) diam(M) ≤ 1

c

[
2G

c
+

√
4G2

c2
+ π2

]
.

Proof. Define L to be the length of γp,q between p and q and set h(t) :=
sin( πL t). Compute∫ L

0
h2(t)dt =

∫ L

0
sin2(

π

L
t)dt =

L

2
;

∫ L

0
h′

2
(t)dt =

π2

L2

∫ L

0
cos2(

π

L
t)dt =

π2

2L
.

Then, applying Lemma 2.1, we have

π2(m+ k − 1)

2L
=

∫ L

0
(m+ k − 1) h′

2 ≥
∫ L

0
h2 Rickf (γ̇p,q, γ̇p,q)|γp,qds

(6.2)

≥c2(m+ k − 1)

∫ L

0
h2 + (m+ k − 1)

∫ L

0
h2 d

dt
(g ◦ γp,q)

=
c2(m+ k − 1)L

2
+ (m+ k − 1)h2g(γp,q)

∣∣L
0

− (m+ k − 1)

[∫ L
2

0
(
d

dt
h2)(g ◦ γp,q) +

∫ L

L
2

(
d

dt
h2)(g ◦ γp,q)

]

≥c
2(m+ k − 1)L

2
− (m+ k − 1)G

[∫ L
2

0
(
d

dt
h2) +

∫ L

L
2

∣∣∣∣ ddth2

∣∣∣∣
]

≥c
2(m+ k − 1)L

2
− 2(m+ k − 1)G

Finally, this latter can be written as

c2L2 − 4GL− π2 ≤ 0,

which in turn implies (6.1), because p and q are arbitrary. �

Reasoning as in the classical case, ([39], [10], [61]) the validity of (2.6)
and an integration by parts shows that the compactness of M depends on the
behavior, and on the position of the zeros, of the solutions of the differential
equation along minimizing geodesics

−h′′(t)−Kf,k
γ h(t) = 0,

where, from now on, we denote

Kf,k
γ =

Rickf (γ̇, γ̇)

m+ k − 1
.

More precisely we have the validity of the following lemma, due to G. J.
Galloway, [39].

Lemma 6.2 (Lemma 1 in [39]). Let (Mm, 〈 , 〉 , e−fdvol) be a complete
weighted manifold. Suppose there exists a point q ∈ M such that for all
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geodesic γ : [0,+∞) → M , parameterized by arc–length, with γ(0) = q, the
differential equation

(6.3) J h(t) = −h′′(t)−Kf,k
γ h(t) = 0

has a nontrivial weak solution h̃ with h̃(t1) = h̃(t2) = 0 for some 0 ≤ t1 < t2
depending on γ, k < +∞. Then M is compact and

(6.4) diamM ≤ 2 max
γ:γ(0)=q

t2.

Remark 6.3. Observe that the existence of a locally Lipschitz solution,
globally defined in [0,+∞), of the Cauchy problem (6.3) with initial condi-
tion h(0) = 0 is guaranteed by minor changes to Proposition A.1 in [6].

For the sake of completeness we provide a somewhat direct proof of the
above lemma.

Proof (of Lemma 6.2). First, we fix γ and show that γ stops mini-
mizing beyond t2. Without loss of generality we can suppose γ minimizes

distances on [0, t2]. Moreover we can assume t2 is the first zero of h̃ greater

than t1. This is well defined since h̃(t) > 0 on [t1, t1 + η] for some η small

enough. Indeed h̃ is an eigenfunction of J on [t1, t2] corresponding to the

eigenvalue 0. If, by contradiction h̃(t) = 0 on a sequence {t1 + ηn}∞1 for

some ηn ↘ 0, it would be h̃ ≡ 0 on [t1, t1 + η] by the unique continuation

principle of eigenfuctions. Hence, up to changing sign, we take h̃ > 0 on
(t1, t2). Denote the bottom of the spectrum of the operator J restricted to
the interval [t1, t2] by

λ−J1 ([t1, t2]) = inf
h∈H2([t1,t2])

h(t1)=h(t2)=0

∫ t2
t1
hJh∫ t2

t1
h2

.

From the above considerations, we have λ−J1 ([t1, t2]) ≤ 0. On the other
hand, by Lemma 2.1 and integrating by parts, we have that∫ t2

t1

h(t)Jh(t)dt = −
∫ t2

t1

h2(t)Kf,k
γ dt+

∫ t2

t1

h′
2

(t)dt ≥ 0(6.5)

for all 0 ≤ h ∈ Liploc(R) such that h(t1) = h(t2) = 0. In particular, replacing

h̃ to h in (6.5) gives that λ−J1 ([t1, t2]) ≥ 0. Thus λ−J1 ([t1, t2]) = 0. Now, fix

ε > 0 and define a new function h̃ε on [t1, t2 + ε] as

h̃ε(t) :=

{
h̃(t) t ∈ [t1, t2]
0 t ∈ [t2, t2 + ε].

We have that h̃ε ∈ H2([t1, t2 +ε]) since it is H2 on both [t1, t2] and [t2, t2 +ε]
and it is Liploc([t1, t2 + ε]). This gives

(6.6) λ−J1 ([t1, t2 + ε]) = inf
h∈H2([t1,t2+ε])

h(t1)=h(t2+ε)=0

∫ t2+ε
t1

hJh∫ t2+ε
t1

h2
≤
∫ t2+ε
t1

h̃εJh̃ε∫ t2+ε
t1

h̃2
ε

= 0.
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We show that the inequality is strict. By contradiction, let λ−J1 ([t1, t2+ε]) =

0. Since h̃ε realizes the minimum in (6.6), it would be an eigenfunction. Then

it would be h̃ε ≡ 0 by unique continuation. Contradiction.
Thus there exists an eigenfunction v on [t1, t2+ε] such that v(t1) = v(t2+ε) =

0, v ≥ 0 and Jv = λ−J1 ([t1, t2 + ε])v is nonpositive and not identically
0. Applying Lemma 2.1, we obtain that γ can not minimize distances on
[t1, t2 + ε], hence it stops minimizing at t2 as claimed.
Now, fix a point q ∈ M and let Γ be the set of geodesics γq parameterized
by arc length such that γq(0) = q, define

conj(q, γq) := inf
γq∈Γ
{t : γq does not minimize on [0, t]} .

Set conj(q) = ∪γ:γ(0)=qconj(q, γ). Since M is complete, M is compact pro-
vided conj(q) is bounded (see [1]). This is trivial since the function conj(q, γ)
is continuous with respect to the outgoing geodesic vector γ̇(0) ∈ Sm by a
result of M. Morse (Lemma 13.1 in [65]).
Finally let p1, p2 ∈ M and consider the geodesics γ1 and γ2 joining respec-
tively p1 and p2 to q. Both γ1 and γ2 are shorter than maxγ:γ(0)=q t2. Hence
(6.4) is proved because of the arbitrarity of p1 and p2. �

Thus we are reduced to find sufficient condition on Rickf for which solu-

tions of the differential equation (6.3) have a first zero at finite time.
At this point, usually one applies oscillation theory to get geometric

assumptions to guarantee that M is compact; we refer to [90] and [39]
for a more detailed discussion on oscillation theory and compactness. In
particular, applying Theorem 2 in [62] by R. Moore, we obtain as in [39]
the following Ambrose–type theorem (see also [1]). Recall that we have
defined

Kf,k
γ =

Rickf (γ̇, γ̇)

m+ k − 1
.

Theorem 6.4. Let (M, 〈 , 〉 , e−fdvol) be a complete weighted manifold and
suppose that there is a point q ∈ M such that along each geodesic γ :
[0,+∞)→M parameterized by arc–length with γ(0) = q the condition

(6.7)

∫ ∞
0

tαKf,k
γ (t)dt = +∞

holds for some 0 ≤ α < 1. Then M is compact.

Under the further assumption Rickf ≥ 0, condition (6.7) can be improved.
The following result applies an oscillation theorem of Nehari’s, see Theorem
III in [68].

Theorem 6.5. Let Rickf ≥ 0. Suppose that there is a point q ∈ M such

that along each geodesic γ : [0,+∞)→ M parameterized by arc–length with
γ(0) = q the condition∫ ∞

t0

tαKf,k
γ (t)dt >

(2− α)2

4(1− α)

1

t1−α0

holds for some t0 > 0 and 0 ≤ α < 1. Then M is compact.
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As a matter of fact, as we observed above, to conclude that M is compact
oscillation theory is not strictly necessary and one could improve Theorem
6.4 and Theorem 6.5 by focusing attention upon the more general problem of
the existence of a zero for solutions of (6.3). To the best of our knowledge,
few steps have been done in this direction, also in the classical case. We
point out the following adaptation to the weighted setting of a result in [10]
by E. Calabi, where compactness is reached under assumptions which seem
to be neither weaker nor stronger than those of Nehari’s result.

Theorem 6.6. Let (M, 〈 , 〉 , e−fdvol) be a complete weighted manifold with
Rickf ≥ 0. Suppose there is a point q ∈ M such that along each geodesic

γ : [0,+∞)→M parameterized by arc–length with γ(0) = q it holds

lim sup
a→+∞

{∫ a

0

√
Kf,k
γ (t)dt− 1

2
√
m− 1

log a

}
= +∞.

Then M is compact.

In [61], adapting the techniques introduced by Calabi, we were able to
extend Theorem 6.4 and Theorem 6.5 to the case where the Ricci tensor is
bounded from below by a negative constant. Minor changes to the proof
of Theorem 5 in [61] lead to a similar compactness result in the weighted
setting thus obtaining a Myers–type conclusion assuming a nonpositive lower
bound on Rickf .

Theorem 6.7. Let Rickf ≥ −(m + k − 1)B2, for some constant B ≥ 0,
k < +∞. Suppose there is a point q ∈ M such that along each geodesic
γ : [0,+∞)→M parameterized by arc–length, with γ(0) = q, it holds either∫ b

a
tKf,k

γ (t)dt > B

{
b+ a

e2Ba + 1

e2Ba − 1

}
+

1

4
log

(
b

a

)
.(6.8)

or

(6.9)

∫ b

a
tαKf,k

γ (t)dt > B

{
bα + aα

e2Ba + 1

e2Ba − 1

}
+

α2

4(1− α)

{
aα−1 − bα−1

}
for some 0 < a < b and α 6= 1. Then M is compact.

Remark 6.8. In case B = 0 the expressions in Theorem 6.7 have to be
intended in a limit sense. Namely (6.8) and (6.9) have to be replaced re-
spectively by ∫ b

a
tKf,k

γ (t)dt > 1 +
1

4
log

(
b

a

)
(6.8’)

and ∫ b

a
tαKf,k

γ (t)dt >
(2− α)2

4 (1− α) a1−α −
α2

4 (1− α) b1−α
(6.9’)

Moreover we note that for B > 0 and α = 0 assumption (6.9) has the more
compact expression

(1− e−2Ba)

∫ b

a
Kf,k
γ (t)dt > 2B.(6.9”)
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Remark 6.9. Consider a complete weighted manifold (M, 〈 , 〉 , e−fdvol)

and its universal covering M̃ . Since the projection πM : M̃ → M is a
local isometry we note that geodesics of M (not necessarily minimizing) lift

to geodesics of M̃ and Ricci curvature is preserved. Define the function

f̃ = f ◦ πM . Supposing we are in the assumptions of one of the theorems

above, we have that also the weighted manifold (M̃, 〈̃ , 〉, e−f̃dṽol) satisfies
the same set of assumptions and so it is compact. Hence we can also conclude
that the fundamental group π1(M) is finite.

To prove Theorem 6.7 we will use a comparison result for Riccati equa-
tions, which is a generalization of Corollary 2.2 in [82].

Lemma 6.10 (Lemma 18 in [61]). Let G and 0 < v be C0([0,+∞)) func-
tions and let qi ∈ AC((t̄, Ti)), i = 1, 2, be solutions of the Riccati differential
inequalities

q′1(t)− q2
1(t)

v(t)
−G(t) ≥ 0, q′2(t)− q2

2(t)

v(t)
−G(t) ≤ 0,(6.10)

a.e. in (t̄, Ti) satisfying q1(t̄) = q2(t̄) for some t̄ > 0. Then T1 ≤ T2 and
q1(t) ≥ q2(t) in [t̄, T1).
Conversely, if qi ∈ AC((Ti, t̄)), i = 1, 2, are solutions of (6.10) a.e. in (Ti, t̄)
satisfying q1(t̄) = q2(t̄), then T1 ≥ T2 and q1(t) ≤ q2(t) in (T1, t̄].

This lemma is proven with minor changes to the proof of Corollary 2.2
in [82] and we refer to this for more details.

Proof. Let qi ∈ AC((t̄, Ti)), i = 1, 2, be solutions of (6.10) a.e. in
(t̄, Ti), with q1(t̄) = q2(t̄). Setting yi = −qi we obtain that

y′1(t) +
y2

1(t)

v(t)
+G(t) ≤ 0, y′2(t) +

y2
2(t)

v(t)
+G(t) ≥ 0.(6.11)

Let φi ∈ C1 ([t̄, Ti)) be the positive function on [t̄, Ti) defined by

(6.12) φi = exp

{∫ t

t̄

(
yi (s)

v (s)

)
ds

}
.

Then φi (t̄) = 1, φi > 0 on (t̄, Ti), φ
′
i ∈ AC (t̄, Ti) and a straightforward

computation shows that

φ′i (t) =
yi
v
φi (t) ,

φ′1 (t̄) =
y1 (t̄)

v (t̄)
φ1 (t̄) =

y2 (t̄)

v (t̄)
φ2 (t̄) = φ′2 (t̄)

and

(
vφ′1
)′

+Gφ1 ≤ 0 a.e. in (t̄, T1) ,
(
vφ′2
)′

+Gφ2 ≥ 0 a.e. in (t̄, T2) .

(6.13)

Adapting the Sturm comparison result of Theorem 2.1 in [82] to the dif-
ferential inequalities (6.13) we have that if φi ∈ C1 ([t̄, Ti)) are solutions of
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(6.13) with the properties obtained above then

φ′1
φ1
≤ φ′2
φ2
, T1 ≤ T2 and φ1 ≤ φ2 on [t̄, T1) .

This shows that −q1 = y1 =
φ′1
φ1
v ≤ φ′2

φ2
v = y2 = −q2 on (t̄, T1), as required.

The second part of the lemma can be proven similarly making a change of
variable from t to −t. �

We are now in the position to prove Theorem 6.7.

Proof (of Theorem 6.7). First consider the case B > 0. Suppose M
is noncompact. By Lemma 6.2 for each q ∈ M there exists a geodesic γ
parameterized by arc–length with γ(0) = q such that each nontrivial Liploc
solution h of the problem{

h′′(t) +Kf,k
γ (t)h(t) = 0

h(0) = 0,

which exists by the considerations at the beginning of this section, should

satisfy h(t) 6= 0 for all t > 0. Hence the function g(t) := −h′(t)
h(t) satisfies the

differential equation

(6.14) g′(t) = g2(t) +Kf,k
γ (t).

We want to prove that

(6.15) − e2Bt + 1

e2Bt − 1
≤ g(t)

B
≤ 1,

for all t > 0. To this purpose consider the functions

g̃C(t) = B
C + e2Bt

C − e2Bt
, C ≥ 1,

which are solutions of the equation

g̃′(t) = g̃2(t)−B2

and note that for all t > 0 the lower bound on Ricci yields g′(t) ≥ g̃′C(t) at
points where g(t) = g̃C(t). Moreover g′(t), g̃′C(t) ≥ 0 where |g(t)| ≥ B and

g̃C(t)→ +∞, as t→ (logC/(2B))− , C > 1,

g̃C(t)→ −∞, as t→ (logC/(2B))+ , C ≥ 1.

By contradiction, suppose there is a value t1 for which g(t1) = H1 > B.
Then we have that

g̃C1(t1) = G1 = g(t1), for C1 =
G1 +B

G1 −B
e2Bt1 > 1.

Applying the first part of Lemma 6.10 with q1 = g, q2 = g̃C1 , G ≡ −B2,
v ≡ 1 and t̄ = t1, we can conclude that g(t) → +∞ as t → t0 for some

0 < t0 <
logC1

2B . Thus h is not globally defined. Contradiction. Similarly,
suppose there is a value t2 for which

g(t2) = G2 < −B
e2Bt2 + 1

e2Bt2 − 1
.
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Then we have that

g̃C2(t2) = G2 = g(t2), for C2 =
G2 +B

G2 −B
e2Bt2 > 1.

As above, we achieve a contradiction by applying the second part of Lemma
6.10 with q1 = g, q2 = g̃C2 and t̄ = t2.
Now we want to use (6.14) and (6.15) to contradict (6.9). Then, for α 6= 1,∫ b

a
tαKf,k

γ (t)dt =

∫ b

a
(tαg′(t)− tαg2(t))dt(6.16)

=

∫ b

a

[
(tαg(t))′ − tα

(
g(t) +

α

2t

)2
+
α2

4
tα−2

]
dt

≤ bαg(b)− aαg(a) +
α2

4(α− 1)

[
bα−1 − aα−1

]
≤ B

{
bα + aα

e2Ba + 1

e2Ba − 1

}
+

α2

4(1− α)

{
aα−1 − bα−1

}
for all b > a > 0. The case α = 1 can be treated similarly. Finally observe
that the computations above work even if we intend all the expressions in a
limit sense as B → 0. This concludes the proof. �

Remark 6.11. Reasoning as in the proof of Theorem 6.7, we can even find
diameter estimates as follows. Suppose diamM > D. Hence by Lemma 6.2
there exists a geodesic ray γ̄, with γ̄(0) = q, such that γ̄ is minimizing at
least on (0, D/2). With notation as above, we have that g has to be defined
and continuous at least on (0, D/2). In analogy with (6.15), this fact and
Riccati comparison force g to satisfy

−Be
2Bt + 1

e2Bt − 1
≤ g(t) ≤ Be

2B(D2 −t) + 1

e2B(D2 −t) − 1
.(6.17)

This estimate, together with the fact that Kf,k
γ = g′ − g2, leads to obtain

integral conditions on Kf,k
γ , in the spirit of (6.16). For instance one can

prove that diamM ≤ D provided that

2

∫ D/4

0
t2Kf,k

γ (t)dt > D.

6.2. Topological results for Ricf

We have already pointed out in Section 2.2 that the full conclusion of
the classical Myers–Bonnet theorem cannot be extended to Ricf . Indeed

the Gaussian space (Rm, 〈 , 〉can , e−|x|
2/2dvol) is a non–compact, complete

weighted manifold with Ricf = 1 > 0 . In order to recover compactness we
have to impose, besides the positive constant lower bound on Ricf , further
conditions on the growth of f or on its gradient. However, Myers–type
results in this contest establish the finiteness of the fundamental group if
Ricf ≥ c2 > 0. The next result extends in the direction of the classical
Ambrose theorem ([1]) topological results obtained in [96], [67], [35] and
[33].
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Theorem 6.12. Let
(
M, 〈 , 〉 , e−fdvol

)
be a geodesically complete weighted

manifold, and assume that there exists a point o ∈ M and functions µ ≥ 0
and g bounded such that for every unit speed geodesic γ issuing from γ(0) = o
we have

Ricf (γ̇, γ̇) ≥ µ ◦ γ + 〈∇g ◦ γ, γ̇〉
and ∫ +∞

0
µ ◦ γ(t)dt = +∞.

Then, the following hold:

(a) If the above conditions hold then |π1 (M)| <∞.
(b) If in addition Ric ≤ c < +∞ and µ = µo(r(x)) is radial, where

r (x) = dist (x, o), then M is diffeomorphic to the interior of a
compact manifold N with ∂N 6= ∅.

(c) If µ (x) ≥ µ0 > 0 and supM (|∇f | + |g|) ≤ F < +∞, then M is

compact and diam(M) ≤ 1
µ0

[
2F +

√
4F 2 + π2 (m− 1) c

]
Clearly the theorem applies to almost Ricci solitons for which the soliton

function λ satisfies the conditions listed in the statement.

Remark 6.13. Nevertheless hypothesis (6.12) brings to mind an Ambrose–
type condition, it is not completely analogous to this latter. Indeed in The-
orem 6.12 we are also assuming Ricf ≥ 0 while in the genuine Ambrose
theorem no sign assumption on the curvature is imposed. Actually, it would
be interesting to find if this sign assumption can be removed. This would be
an appetizer for the following more general problem.

Problem 6.14. Is it true, in some sense, that generically, the weighted
counterpart of Myers–type results is the finiteness of the fundamental group?

The three conclusions of Theorem 6.12 can be deduced from the following
lemmas which estimates the integral of Ric along geodesics.

Lemma 6.15. Let (M, 〈 , 〉) be a Riemannian manifold. Fix o ∈ M and
let r (x) = dist (x, o). For any point q ∈ M , let γq : [0, r (q)] → M be a
minimizing geodesic from o to q such that |γ̇q| = 1.

(A) If h ∈ Liploc (R) is such that h ≥ 0 and h (0) = 0, then, for every
q 6∈ cut(o),

h2 (r (q)) ∆r(q) ≤ (m− 1)

∫ r(q)

0

(
h′
)2
ds−

∫ r(q)

0
h2 Ric (γ̇q, γ̇q) ds.

If in addition h (r (q)) = 0, then for every q ∈M ,

0 ≤ (m− 1)

∫ r(q)

0

(
h′
)2
ds−

∫ r(q)

0
h2 Ric (γ̇q, γ̇q) ds.

(B) For all q ∈M such that r (q) > 2, we have∫ r(q)

0
Ric (γ̇q, γ̇q) ≤ 2 (m− 1) +Ho +Hq,
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where, as in [96], we have set

Hp = max

{
0, sup
B1(p)

Ric

}
, ∀ p ∈M

Proof. Part (A) is well known. For a proof which avoids the use of the
second variation formula for arc–length it suffices to consider f constant in
the proof of Lemma 2.1.

To prove part (B) we note that if h ∈ Liploc (R) is such that h ≥ 0 and
h (0) = h (r (q)) = 0, then we may rewrite (A) in the form∫ r(q)

0
Ric (γ̇q, γ̇q) ds ≤ (m− 1)

∫ r(q)

0

(
h′
)2
ds+

∫ r(q)

0

(
1− h2

)
Ric (γ̇q, γ̇q) ds.

Choosing

h (s) =

 s 0 ≤ s ≤ 1
1 1 ≤ s ≤ r (q)− 1
r (q)− s r (q)− 1 ≤ s ≤ r (q) ,

where r (q) > 2, we obtain∫ r(q)

0
Ric (γ̇q, γ̇q) ds ≤2 (m− 1) +

∫ 1

0

(
1− s2

)
Ric (γ̇q, γ̇q) ds

+

∫ r(q)

r(q)−1

(
1− (r (q)− s)2

)
Ric (γ̇q, γ̇q) ds

≤2 (m− 1) +Ho +Hq.

�

Lemma 6.16. Let
(
M, 〈 , 〉 , e−fdvol

)
be a complete weighted Riemannian

manifold. Fix o ∈ M and let r (x) = dist (x, o) and assume that there exist
functions µ and g bounded such that for every unit speed geodesic γ issuing
from o

Ricf (γ̇, γ̇) ≥ µ(γ(t)) + 〈∇g, γ̇〉.
Then for every such geodesic∫ t

0
Ric (γ̇, γ̇) = 〈∇f, γ̇ (0)〉 − 〈∇f, γ̇ (t)〉+

∫ t

0
µ (γ (s)) ds+ g(γ(t))− g(o)

≥ −
∣∣∇fγ(0)

∣∣− ∣∣∇fγ(t)

∣∣− 2 sup |g|+
∫ t

0
µ (γ (s)) ds.

Proof. By assumption

(6.18) Ric (γ̇, γ̇) +Hess (f) (γ̇, γ̇) ≥ µ ◦ γ + 〈∇g, γ̇〉,
which can be written in the form

Ric (γ̇, γ̇) +
d

dt
〈∇f (γ) , γ̇〉 ≥ µ ◦ γ +

d

dt
(g ◦ γ).

Now integrating on [0, t],∫ t

0
Ric (γ̇, γ̇) + 〈∇f, γ̇(t)〉 − 〈∇f, γ̇(0)〉 ≥

∫ t

0
µ (γ (s)) ds+ g(γ(t))− g(o).

�
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We are now in the position to give the

Proof (of Theorem 6.12). Following [96], let us consider the Rie-
mannian universal covering P : M ′ →M of M . Since P is a local isometry
then M ′ is a weighted complete Riemannian manifold with weight f ′ = f ◦P .
Moreover, since every unit speed geodesic γ′ projects to a unit speed geodesic
γ = P ◦ γ′ we see that

Ric′f ′(γ̇
′, γ̇′) = Ricf (γ̇, γ̇) ≥ µ ◦ γ +

d

dt
(g ◦ γ) = µ′ ◦ γ′ + d

dt
(g′ ◦ γ′),

where the function g′ = g ◦ P is bounded and
µ′ = µ ◦ P ≥ 0. satisfies

(6.19)

∫ +∞

0
µ′ ◦ γ′(t)dt =

∫ +∞

0
µ ◦ γ(t)dt = +∞.

We identify
π1 (M,o) = Deck(M ′),

the covering transformation group, and recall that there is a bijective corre-
spondence π1 (M,o)←→ P−1 (o). Therefore it suffices to show that P−1 (o) ⊂
B′R (o′) for some R >> 1. Since π1 (M, o) = Deck(M ′) acts transitively on
the fibre P−1 (o), we have

P−1 (o) =
{
h
(
o′
)

: h ∈ Deck(M ′)
}
,

and we are reduced to showing that

r′
(
h
(
o′
))
≤ R <∞, ∀h ∈ Deck(M ′),

where we have set r′ (x′) = distM ′ (o
′, x′). Fix h ∈ Deck(M ′) and a unit

speed, minimizing geodesic γ′h(o′) : [0, r′ (h (o′))]→M ′, issuing from γ′h(o′) (0) =

o′. Recalling that Ric′(γ̇′, γ̇′) = Ric′f ′(γ̇
′, γ̇′) − d

dt〈∇
′f ′ ◦ γ′, γ̇′〉 and using

Lemma 6.15 (B) and Lemma 6.16 we get∫ r′(h(o′))

0
µ′ ◦ γ′h(o′) (s) ds ≤ 2 (m− 1) +Ho′ +Hh(o′)

+
∣∣∇′f ′∣∣ (o′)+

∣∣∇′f ′∣∣ (h (o′))+ 2 sup
M ′
|g′|.

Since P : M ′ →M is a local isometry and o′, h (o′) ∈ P−1 (o) we deduce∣∣∇′f ′∣∣ (o′) = |∇f | (o) =
∣∣∇′f ′∣∣ (h (o′)) .

On the other handDeck(M ′) ⊂ Iso(M ′), so h(B′1(o′)) is isometric toB′1 (h (o′))
and we have

|Ho′ | =
∣∣Hh(o′)

∣∣ .
Summarizing, we have obtained that, for every h ∈ Deck (M ′),

(6.20)

∫ r′(h(o′))

0
µ′ ◦ γ′h(o′) (s) ds ≤ 2 {(m− 1) +Ho′ + |∇f | (o)}+2 sup

M
|g|.

With this preparation, we now argue by contradiction and suppose that
there exists a sequence of transformations {hn} ⊂ Deck (M ′) such that

(6.21) r′
(
hn
(
o′
))
→ +∞, as n→ +∞.
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Let γ′hn(o′) (s) = expo′ (sξ
′
n), where {ξ′n} ⊂ Sm−1

o′ ⊂ To′M
′. Then, there

exists a subsequence
{
ξ′nk
}
→ ξ′ ∈ Sm−1

o′ as k → +∞ and, by the Ascoli–

Arzelà’s Theorem, the sequence of minimizing geodesics
{
γ′hnk (o′)

}
converges

uniformly on compact subintervals of [0,+∞) to the unit speed geodesic
γ′ (s) = expo′ (sξ

′). Since, by (6.19)∫ +∞

0
µ′ ◦ γ′ (s) ds = +∞,

we can choose T >> 1 such that

(6.22)

∫ T

0
µ′ ◦ γ′ (s) ds > 2 {(m− 1) +Ho′ + |∇f | (o)} .

On the other hand, according to (6.21) we find k0 > 0 such that, for every
k ≥ k0, r

′ (hnk (o′)) > T . It follows from this, from inequality (6.20) and the
definition of µ′ (x′) = µ ◦ P (x′) ≥ 0 that∫ T

0
µ′ ◦ γ′hnk (o′) (s) ds ≤

∫ r′(hnk (o′))

0
µ′ ◦ γ′hnk (o′) (s) ds

≤ 2 {(m− 1) +Ho′ + |∇f | (o)} .

Whence, letting k → +∞ we deduce∫ T

0
µ′ ◦ γ′ (s) ds ≤ 2 {(m− 1) +Ho′ + |∇f | (o)}

which contradicts (6.22).
Now for the proof of (b), suppose Ric ≤ c. Fix q ∈ M such that r(q) =

dist(o, q) > 2, and let γq be a minimizing geodesic joining o to q. As above,
combining (B) of Lemma 6.15 and Lemma 6.16, and recalling that µ(x) =
µo(r(x)) is radial we obtain

−|∇f(o)| − |∇f(γ(q))| − 2 sup
M
|g|+

∫ r(q)

0
µo(s)ds ≤2(m− 1) +Hq +Ho

≤2(m− 1) + 2c,

which implies

|∇f(q)| ≥
∫ r(q)

0
µo(s)ds+ {−|∇f(o)| − 2(m− 1)− 2c} − 2 sup

M
|g|.

Since 0 < µo /∈ L1(+∞) if r(q) >> 1, say r(q) ≥ R0, we have |∇f(q)| > 0.
Thus f has no critical point in M \ BR0(o). Again from Lemmas 6.15 and
6.16, for every 0 ≤ t ≤ r(q),∫ t

0
µo(s)ds− 〈∇f ◦ γq, γ̇q〉+ 〈∇f ◦ γq, γ̇q〉|s=0

+ g(q)− g(o) ≤ 2(m− 1) + 2c,

so that

d

ds
f ◦ γq |s=t ≥

∫ t

0
µo(s)ds− {|∇f(o)|+ 2 sup

M
|g|+ 2(m− 1) + 2c}.
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Thus, integrating on [2, r(q)],

f(q) ≥
∫ r(q)

2

∫ t

0
µo(γ(s))ds− |f(γq(2))|

−
{
|∇f(o)|+ 2 sup

M
|g|+ 2(m− 1)2c

}(
r(q)− 2

)
≥
∫ r(q)

2

∫ r(q)

0
µo(s)ds− max

∂B2(o)
|f |

−
{
|∇f(o)|+ 2 sup

M
|g|+ 2(m− 1) + 2c

}(
r(q)− 2

)
→ +∞,

for r(q)→ +∞. Therefore f is a smooth exhaustion function whose critical
points are confined in a compact set. By standard Morse theory, there exists
a compact manifold N with boundary such that M is diffeomorphic to the
interior of N .

Finally, we prove (c). Suppose that supM (|∇f |+ |g|) ≤ F < +∞. Then,
by (6.18) in Lemma 6.16, for every unit speed geodesic γ issuing from o we
have

Ric(γ̇, γ̇) ≥ µ0 +
d

dt
G ◦ γ,

where G◦γ = −〈∇f ◦γ, γ̇〉+g ◦γ satisfies |G◦γ| ≤ supM (|∇f |+ |g|). Using
Theorem 1.2 in [38] we obtain the desired diameter estimate. �
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