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Notations
1. X is some Banach space endowed with the norm || - || x.
2. X" - the space of all linear and bounded functionals on X.

3.

8.
9.

A:D(A) C X — X is a linear closed operator.

. D(A) is the domain of the operator A, endowed with the graph-norm of operator

Ale. ||lzllpay = llzllx + || Azl x-

. p(A) is the resolvent set of the operator A.

. L(X;Y), X and Y being Banach spaces, denotes the Banach space of all linear

bounded operators from X to Y.

. LP(Q; X)) is the space of all p-integrable X -valued functions over @ C R",p €

1, +00].

W'(0,T;Y), Y being a Banach space, is the space of all functions f € L”(0,T;Y)
whose distributional derivatives f’ belong to LP(0,T;Y).

Wh(0,T;Y) is endowed with a norm || f|lwreryy = || flleryy + || o013

D4(y, 00) is the interpolation space between D(A) and X.

10. pu is a positive finite Borel measure on [0, T'], whose support is not concentrated at

t=0.

11. arg\ € (—m,x] is the principal argument of a complex number .



Abstract

The globally in time existence and uniqueness of solutions to inverse problems is one of
the most difficult questions to be answered. Even though the direct problems are well-
posed in the sense of Hadamard (i.e. existence, uniqueness and stability results hold
true), the inverse ones generally are not. The situation gets more complicated if the
equation contains more than one unknown coefficient, and even more if the unknown
functions depend on different variables.

We consider the following identification abstract problem in a general Banach space
X: find a function w : [0,7] — X, a coetlicient a; : [0,7] — R and a vector z € X such
that the initial-value problem

o 0 Au(D) ()= F(0= (1), ul0) = ug (0.1)

is fulfilled, where ag(t) > 0 and a¢(t) = 0 only in some negligible set, while A :
D(A) C X — X is a closed linear operator, f is scalar functions and g is a X-valued

source term. The occurrence of two unknowns require to introduce two additional
T

conditions. We choose the first as nonlocal one in the integral form / e(t)u(t)du(t)=

h, where 1 is a Borel measure on the interval [0, T'|. The latter is of t};)e following form:
Ou(t)] = k(t), t €[0,T], where ® is a prescribed linear continuous functional. Here
the functions h, k, ¢ are scalar. So, we investigate the problem (0.1) along with these
additional conditions. We study explicitly the case of the Dirac measure concentrated
at t =7T1,0 < T} < T and the one of an absolutely continuous measure pu.

This thesis is devoted to investigation of inverse problems for degenerate parabolic
equations aiming at the determination of one time-dependent coefficient a; and a spatial
source term z. So, the goal of this work is to find sufficient conditions on our data and
operator A under which the problem turns out to be well-posed.

By means of Semigroup Theory and the Banach fixed-point theorem, we can find
out sufficient conditions on the data (f, g, ug, h, k) ensuring global-in-time existence and
uniqueness for the solution (ay, u, z) € L'(0, T;R) x [W"(0,T; X)NL>(0,T; D(A))] x
X. Moreover, a continuous dependence of Lipschitz type of the solution on the data is
provided. We stress that we are obliged to introduce an unusual distance involving the
data accounting for the degeneracy of function ay. Finally, using a suitable metric for
the data, we apply such results to a concrete parabolic problem.



Introduction

We consider the following identification problem: let () be an open bounded domain
in R™, with boundary of C*-class and let us consider the problem of recovering the
unknown functions ay : [0, 7] - R, u:[0,7] x 2 - R and z : Q — R satisfying

B(t)Dyu(t, x)— Az, Dy)u(t, z)—aq(t)u(t,x) = f(t)z(x)+g(t, x), (t,z)€]0,T]xQ,

0.2)
u(0,2) = ug(x), z€Q, Bu(t,x)= (t,x) € [0, T] x 09, (0.3)
/0 S(yult, 2)du(t) = h(z), TEQ, / e — k), te[0,T].  (0.4)

where 3(t) > 0 for a.e. t€ (0,7) and A is a second-order uniformly elliptic linear
differential operator. The linear operator B in (0.3) is defined by either Dirichlet or
Robin boundary condition. Let us note that similar problem was investigated by A.
Lorenzi and Y. Anikonov in their work [1] in the case when 5, =1 and ay, g = 0.

The problem (0.2), (0.3), (0.4) faces two different aspects involving both direct and
inverse problems: 1) parabolic degenerate problems, 2) identification of two functions
depending on different variables, involving time and space. The main difficulty arising
in our problem is that the unknowns belong to different function spaces which are — as
will be shown in the thesis — competitive in some sense.

We emphasize that determining a coefficient depending only on ¢ is a problem
simpler than finding out a spatial dependent element. In the literature many authors
widely studied the problem of identifying the time dependent coefficients in the regular
case, and in several cases they deal with one dimensional problems. For instance, we
cite the works of G.Snitko, Jones [27, 10].

Inverse problems for degenerate parabolic equations of type

up = a(t)ugy + b(z, t)uy + c(z, t)u+ f(z,t),0 <z < h(t),0 <t <T

when the principal coefficient a = a(t) is unknown and a(t) > 0,¢t € (0,77, a(0) = 0,
were studied in the papers [26], [8], [9].



Results concerning uniqueness and stability when determining the coefficient a(x)
in the parabolic equation

o+ Au+ a(z)u =0,

endowed with zero initial condition and nonzero boundary condition Bu = ¢ in 0@ X
(0, T) were obtained in [4] by the so-called final measurement by using an optimization
control framework.

The problem of identifying the unknown right-hand side ¢(z) in the parabolic equa-
tion

when u satisfies the following conditions
U([L’, O) = 07:5 € Qa u(‘rat)|r><(0,T) = 07 (@U)(ZL‘) = QO(QZ'),[L' S Q.

was developed in [12]. Regarding the notations, ® is a linear operator from

L>®(0,T; L*(2)) to L*(2) and the functions a, f, h, ¢ are given. Using the method of
continuation with respect to a parameter, some theorem of existence and uniqueness for
solutions in Sobolev space are proved. The continuous dependence is not established.

Some researchers have made attempts to solve the inverse problems consisting of
simultaneously identifying unknowns depending on space and time variables. We can
refer reader, e. g. to the works [5], [6], where M. Ivanchov investigated an inverse
problem in a bounded domain Qr = {(z,t) : © € D € R",0 < t < T} for the
multidimensional heat equation

u = Au+go(2,t) + [1(2)91(t) + fa(t)g2(z), (2,1) € D C R" x(0,T),
with two unknown terms fi(x) and fo(t) in the source under the conditions

u(e,0) = o), €D, ule,b)y =plet), (xt)eSr=9x[0T], §=0D,

T
w(wo,t) = (1), w0 €D, te0,T], /Ou(a:,t)dt — (@), €D, filwo) = fo.

where fj is a given constant. The solution (fi, fo, 1) of the last problem is found from
the Holder class HY(D) x H"?0,T] x H*™'*/2(Q;),0 < v < 1 and, for sufficiently
small 7" > 0, that solution exists and is unique. On the contrary, in this thesis we
shall search for a global in time solution from Sobolev type spaces for the problem
(0.2)—(0.4).

The identification of only unknown source terms, under various additional condi-
tions, have been analyzed by many authors (e.g. cf.[11, 19, 21, 22, 23, 24, 2]). The
results established in those articles can be classified by the generality of the equation,



dependence of the unknown parameter of the non-homogeneous term either on spatial
variables or on time, and on the form of the overdetermination conditions. In this
regard, we also refer the reader to the works, i.e., by A.l. Prilepko and A. B. Kostin
established in [22, 23] dealing with the existence and uniqueness of the generalized
solution (f(x),u(z,t)) of the inverse problem for the equation

ur — L(z, Dy)u = f(x)h(x,t) + g(z,t), (z,t) € Qr=Q x(0,T),

where either final or integral overdetermination are available.

A similar result in the classes of Holder functions was obtained by A.I. Prilepko
and V. V. Solovyev in [25]. As for the problems of determination of a time-dependent
multiplier in the source term, the corresponding inverse problems for the equation in
general form are considered only in the one-dimensional case by O. I. Prilepko and V.V.
Solovyev [24] with the first boundary condition and the overdetermination condition
of the form

u(zo, t) = x(t), 0<zo <l

In the case of several dimensions the corresponding inverse problem was investigated
by A. 1. Prylepko, A. L. Ivankov, and V. V. Soloviev [21] for the equation

ur — Lu = f(t)h(z,t), (z,t) € Dr =G x (0,T),

where G is a bounded domain in R", Lu = div(kVu) + a(z)u, with the third boundary
condition and the integral overdetermination condition.

A big amount of inverse problems related to determining unknown coefficients is
devoted to the case when the coefficients are regular. However, far too little attention
has been paid to the problems concerning the singular coefficients in parabolic equa-
tions. In particular, M. Ivanchov, A. Lorenzi and N. Saldina in [7] analyze such a case
in the following problem

Dw(t,x) = a(t)Av(t,z) + f(t,x), (t,x) € [0,T] x £,
v(t,x) = vo(z), T € Q, Bu(t,x) = Byy(z), (t,z) € [0,T] x 08,
a(t)q)[v(t’ )] = g(t)7 te [O,T],

where the unknown coefficient ag(t) ~ const - t7, 3 € (—1,1) is singular at ¢ = 0 if
S # 0. They assume classical in time (and not Sobolev type as in our thesis case)
regularity on data and they prove local-in-time existence and global uniqueness results
for the solution of the previous problem in the space

[C([0,7]; X) N CH((0, 7] X) N C((0,7); D(A))] x C([0,7];R).

Among problems of identifying the unknown coefficients in a degenerate parabolic
equation we can quote also Zui-Cha Denga, Liu Yangb [3], where numerical results are
achieved, the proposed there method is stable and the unknown function is recovered
very well.



Before stating our problem we quote the problem studied in [14]. The author deals
with the following linear identification problem in a Banach space X : find a function
w:[0,T] = X and an element z € X such that

V(1) — ao(t) Au(t) — ar(B)u(t) = ao(D) f(H) + g(t), t€O,T),  (05)
u(0) = up, /0 u(t)du(t) = h, (0.6)

where p is a finite positive Borel measure on [0,7],7 € R, whose support is not
concentrated at t = 0, while f : [0,7] - R and g : [0,7] — X, and up,h € X
are given functions. In the case, when ag is a continuous, strictly positive function
in [0,7], the problem of recovering the element z € X in (1.1), is a well-studied
problem in the Theory of Inverse Problems (e.g. ([15, 16, 20]). Instead, when the
coefficient ag € L'(0,T;[0,+0)) and z € X is looked for, only partial results are
available [14]. The authors in [1, 14] are particularly interested in the case when ay €
L'0,T;[0,4+00)),a; € L*(0, T;R). They make the following fundamental assumptions
inwvolving operator A:

(A1) Let A: D(A) C X — X be a linear closed operator with D(A) = X;

(A2) A is a sectorial operator, i.e. the resolvent set p(A) contains the closed sector
Y9, where
Yo ={AeC\{0}: Jarg\| < 0}, 6Oe(n/2,7),

whose resolvent operator satisfies the estimate
1AL = A)Hleen < MA+]ADT, A€ o

Then it is known that A generates an analytical semigroup {e'*},~( of contractions
decaying exponentially at +oo, i.e. the following estimates hold:

(A3) ||e < e ot

tAHL(X) = , forall t €[0,+00);

(A4) [|Ae" zx) < const(t™' + 1)e ", t € (0, +00),

for some positive py, which may be even very small. Here £(X) denotes the Banach
space of all linear bounded operators from X to X. Under suitable conditions on the
data ag, aq, f, g, up and h, the author proved in [14] the existence and uniqueness of the
solution (u, z) to the identification problem (1.1), (0.6) in the space

W0, T; X) N LY0,T; D(A); apdt)] x X.

Moreover, in that paper explicit operator integral representations of u and z in the
terms of ag, aq, f, g, up and h were determined.

This thesis will focus on extending the two works [1, 14], i.e. the problem (1.1),
(0.6) in the case when the differential equation (1.1) and the integral condition in (0.6)
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are replaced with

(1) — ao() Au(t) — ao(t)ar (Du(t) = ao(t)(F(D)= + g(t)), t€[0.T],  (0.7)
u(0) = up, / p(Dyu(t) dpu(t) = h (0.8)

correspondingly and both a; and z are unknown. Consequently, we are forced to add
to the condition (1.3) also the following

Olu(t)] = k(t), te[0,T), (0.9)

where @ is prescribed linear continuous functional. In the our problem (0.7), (1.3),
(1.4) the functions ag : [0,7] — [0,+00], ¢: [0,T] = X, f,0,k:[0,T] = R, up,h € X
are given, while

zeX, a:[0,7T] =R, uw:[0,T] > X

are to be determined. We stress that ¢ may be a non-positive function, so, that it
cannot be absorbed into the positive measure p occurring in the condition (1.3). The
objectives of this research are to consider two different cases for the measure p, called
Case 1 and Case 2, which correspond, respectively, to the case of the Dirac measure
concentrated at the time ¢t = T7,0 < T7 < T and to the one of an absolutely continuous

positive Borel measure, i.e. du(t) = (t)dt, ¥(t) > 0,t € [0,T], with ¢ € L&(O,T;R),
where LF) (0, T;R) stands for the space of all measurable functions v on [0, 7] such
that pv € LP*(0,T;R). We have assumed that the operator A satisfies the properties

(A1), (A3),(A4) and
(A2') the resolvent set p(A) contains the sector —u; + 3y, where u; €R, and
Yo ={\eC:|arg\| <0}, 0Oe(n/2,m),

but, differently from [14], the number py in the condition (A3) must be a (large) positive
constant in order to guarantee the existence and uniqueness of the solution (ay,u, 2)
to the problem (0.7), (1.3), (1.4) in the space

LL(0,T;R) x [WhH(0,T; X) N L¥(0, T; D(A))] x X.

The notation L; (0, T;R) stands for the space of all measurable functions v on [0, 7]
such that agv € L*(0, T;R).

This paper has been divided into three chapters. The Chapter 1 is split into four
sections. The first section deals just with stating our abstract problem. The second
section introduces the admissible spaces (of Sobolev type) for the solution and our
data. More precisely, we need the following main assumptions on our data:

ag(t) > 0 for a.e. t€(0,T),ao € LP*(0,T;[0,+00)),up, h € D(A), f, k € WHP1(0,T; R),
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k(t) # 0, t € [0,T] : where p; such that 1/p,+1/p;=1,9 € LP*(0,T; X),
/"' g € L (0,T: Da(y, 00)), for somey € (0,1),® € X*, ®lug] = k(0)

and (A1), (A2'), (A3), (A4) on operator A in order to establish the main abstract results.
Here D (7, 00) is the interpolation space of order v and p = oo between D(A) and X
[18]. We recall that in the problem (0.2), (0.3), (0.4) two difficulties occur: searching
for the two unknown functions depending on different variables (time and space) and
the singularity of the leading coefficient ay. Thus, for the data space we are obliged to
introduce the unusual distance

. 1
dist(dr, do) = || fi — follwros ey + 191 — 0ol 2 0.0x) + lag/" (92— 91) |21 (0.7 D4 (.00

K, k]
= hy — h |2 -2 ks(0) — K10
Hlluon = woalloey + lThe = hulloey + || 77 = || L, gy T 1F2(0) = 5 (0]
a 1 1
@ ) ’ 11 |
ki ko llzriomiw) ky  Ea L% (0,T:R)

accounting for the degeneracy of function ag. To show the singularity due to ag, dur-
ing all thesis we exhibit the exemplar case ag(t) = t* ', with a € (0,4+00)\{1}. In
this particular case, to ensure the well-posedness of our problem the power « must
satisfy some unusual bounds, due to our assumptions on ay in the Banach space
treatment: 1/aq € LP2/P*(0,T;R), ag € LP¥75(0,T;[0,+00)), 1/ps+ 1/p; = 1,
ag € LY@71(0,T; [0, +00)), for some ¢ € (1,400), ag € LF1(0,T; [0, +00)).

The conclusion of the second section is existence, uniqueness and stability result
for the identification problem (0.7), (1.3), (1.4) in a general Banach space.

In the third section we apply our abstract results to the concrete parabolic problem
(0.2), (0.3), (0.4). More precisely, to solve (0.2)-(0.4) we apply our abstract results
choosing B(t) = 1/ag(t) = t* ', the reference space X, = L*(), s € (1,+0o0), and
defining

D(A,) = {weW(Q): Bu=00on 00},  Aw=A(,Dw, weD(A,).

Assume that (f, g, ug, h, k) € WHPL(0, T; R) x LP*(0,T; L*(Q)) x D(A,)* x WP (0, T; R)
and the conditions on our data from the abstract case are fulfilled. Then we can
conclude that problem (0.2)-(0.4) admits a unique solution

(a1,u,2) €L (0, T3 R) N [WH(0,T; L3 () N L2(0, T; D(A,))] x L*(Q), s€(1,+00),

continuously depending on the data with respect to the norms pointed out. We stress
again that we succeed to obtain the existence and uniqueness of the solution globally in
time thanks to the choice of an enough large parameter pg involved in the conditions
(A3), (A4) and (A21)(cf.pag.21). Besides, in the case when py is not large we might
obtain at most local in time existence and uniqueness results.
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The main questions have been raised in this thesis is how to modify the assumptions
on the coefficient aga; with respect to the ones on a; needed to solve the direct problem
in [14]7 We remind that Lorenzi’s result [14] concerns the problem (1.1), (0.6) with
the only unknown z and there the scalar (known) coefficients ag and a; must satisfy
the following condition

¢ ¢
a; € LY((0,T);R), / ai(0)do < pl/ ag(o)do YVt e (s,T], s€[0,T), p1 < po.

In our problem (0.7), (1.3), (1.4) with the additional unknown a, this conditions cannot
be satisfied in the form above. By additional assumptions and choice the number p
enough large we solve this question using the method illustrated in the second section
of Chapter 2, where also the proof of the existence and uniqueness theorem is given.
This is based on an application of the Banach fixed-point theorem to an operator
equation, equivalent to the inverse problem (0.7), (1.3), (1.4). For this purpose we
proceed according to the following steps:

1) in the first section of Chapter 2, assuming that the pair (ai, z) is known and us-
ing well-known results from the (analytic) Semigroup Theory [18], we deduce a
suitable representation for wu;

2) writing a chain of equivalent problems, we arrive at a solving operator system
(w,z) = N(w, z) involving the auxiliary unknowns w := ®[Au(t)] and z := ®[z];

3) we build the admissible set K for unknowns Z and w and in the Sections 2-6 we
prove the necessary conditions requested for the Banach theorem, i.e. that the
operator N maps K into itself and is a contracting mapping;

3) then we solve the previous operator system by the classical Banach fixed-point
theorem.

The last Chapter 3 is devoted to the proof of the continuous dependence of the
solution (a1, u,z) € L, (0,T;R) x [W"'(0,T;X) N L=(0,T; D(A))] x X to problem
(0.7)-(1.4) on the data d = (f,g,uo, h,k). To do that we have to strengthen the
smoothness of the function g. For this purpose the condition g € LP*(0,7'; X) is changed
to g € L*(0,T; X). Then, in the first section of the Chapter 3 we apply the existence
results and in the third one we estimate the increments of the involved operators for
different d € WHPL(0,T;R) x L>=(0,T; X ) x D(A)? x WHPL(0, T; R). As a result, in the
second section we prove a continuous dependence estimate of Lipschitz-type and deduce
the well-posedness of the the problem (0.7)—(1.4) in Hadamard’s sense.



Chapter 1

Statement of the problem and main
results

In this chapter we formulate our abstract problem, we give some hypothesis on
data and operator of the equation needed for resolubility. After that, we apply the
obtained results to some parabolic boundary-value problem.

1.1 Statement of the abstract problem
Let X be a Banach space endowed with the norm || - || x. and look for a triplet
(a1,u,2) € L'(0,T;R) x [WhH(0,T; X) N L>(0,T; D(A))] x X

satisfying the following problem

() — ao(t) Au(t) — ao(t)as (t)u(t) = an(t) F(£)z + ao(t)g(2), (1.1)
u(0) = up, (1.2)
/O S(E)u(t)dp(t) = b, (1.3)
olu(t)] = k(t), te0,T]. (1.4)

Here the functions
ap: [0,7] = [0,400], ¢:[0,T] =X, f,p,k:[0,T] >R, wug,heX

are given data and ® € X* is a prescribed linear functional. We remark that the space
L'(0,T;R) x [WhH(0,T; X) N L>(0,T; D(A))] x X is endowed with the norm

laillzr o) + [wllwiaorx) + [[Aull o) + [|12]]x-

13
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1.2 Assumptions on the linear closed operator A

and data

Let us state all sufficient assumptions needed to solve the problem (1.1)—(1.4).
Assumptions on the operator A
(A1) Let A: D(A) € X — X be a linear closed operator with D(A) = X, D(A)
being endowed with the graph-norm of A :
[l pay = llll + (| Az]]
and A generates an analytic semigroup

{etA}te[O,oo) C ‘C(X)v

(A 2) the resolvent set p(A) contains the sector —py + Xy, where p; €R, and
Yo ={Ae€C:|arg\| <0}, 0O¢&(n/2,7];

(A 3) the semigroup {etA} ) fulfills the estimate:

te[0,00

e ex) < e ™",

*

for all t€0,+00) and some large po € (0, +00);

(A4) [[Ae"|zx) < it + 1)e ™, teR,.

Remark 1.1 Assume now that the operator A satisfies the following condition, weaker

than (A2) :
(A2') the resolvent set p(A) D us + g, where py € Ry and

Yo ={Ne€C:|arg\| <0} U{0}, Oe(n/2,7].

Then such a condition implies that A—2p51 is invertible and (A—2usI) ™' € L(X; D(A)).

Define A=A- 219l and make the change of the unknown function defined by

ult) = v(t) exp <—2u2 /0 t ao(a)da) .

*po will be exactly chosen later on in the condition (A21)



So, the problem (1.1)-(1.4) can be rewritten in the following form:

V(t) — ao(t) Av(t) — ao(t)ar ()v(t) =exp (—2u2 /0 t ao(a)da)

X (ao(t)f(t)z + ao(t)g(1)),

v(0) = uo,

/OTgp(t) exp (,u1 /Ot ao(a)dg) v(t)du(t) = h,

Ou(t)] = k(t) exp (—2;@ /Ot ao(a)da) . telo,7).

Here the operator A is continuously invertible and satisfies (A2).

Assumptions on data

Let (p1,po, p3) €[1, +00)? be a triplet such that
1 1 1 1 1
——4—=1, —+—<1.
b1 P2 D3 P2 D3
Assume that the following conditions hold:

(A'5) agp(t) >0 for ae. t€(0,7T);
1

(A6) — € LP?/7(0,T;R);
ap

, 11
(A7) ag € LP/7(0,T;[0, +00)), —+ — =1
p3 D3

(A 8) ag € LVV(0,T;[0, +00)), for some ge(1,+o0); '
(A9) ag e LP(0,T;[0,400));

(A 10) uy € D(A);

(A11) he D(A), p € C(0,T;R);

(A12) fe W' (0,T;R);

15

1
fthe number ¢ is arbitrarily fixed. If we set ¢ = 1 + —- the condition (A8) follows from (A9).

P
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(A13) ke W'(0,T;R), k(t)#0 for t € [0,T);
(A14) g€ L™(0,T; X);

1
(A 15) a(l)/plg € LP1(0,T;Ds(y,00)), for some v € (1 - —, 1> ;
P2

(A16) fK € LP(0,T;R);
(A17) deX*;
(A 18) P[ug] = k(0).

Here D4(v, 00) is the interpolation space between D(A) and X. Precisely D4(vy,p) is
the class of intermediate spaces between X and D(A) (0 <y < 1,1 < p < 400) defined
by

Daly,p) ={z € X :t — ||t'"7Ae'2|| € LP(0,1)}
and normed by
1% Da(rp) = [l + ||t1_7A6tA3U||Lp(0,1)-

With such a norm D4(v,p) turns out to be a Banach space. According to Lunardi
[18, p.44] and Lions-J.Peetre [13]: the space D(7y, 00) may be easily defined in terms
of the semigroup e, as the set of all # € X such that t'~7||Ae*z|| is bounded near
t=0.

In this work we consider two cases for the measure y in the condition (1.3): Case
1 and Case 2 which will correspond respectively to the cases of the Dirac measure
concentrated at t = 77,0 < T} < T and to the one of an absolutely continuous
Borel measure, i.e. du(t) = (t)dt, with

v € L (0, T R). (1.6)
where
LP(0,T;R)={v : vis a measurable function on [0, 7] such that vv € L?(0,T;R)},

where p =1 or p = p; and we endow it with the norms

[0l zp0.rm) = vollerorm).-

Remark 1.2 The notation (Pi)y corresponds to the k-equation of the problem Pi.
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Remark 1.3 In the case when ag(t) = t*7', a € (0,+00)\{1} the conditions (A6),

(A7), (A8), (A9) simplify to the following inequalities:

( —1
p—Q(a )+1>0,

Ps (1.7)

where p1, p2, p3, pj satisfy (1.5) and remind that all p; > 1.

First we consider the case when « is a variable of the system (1.7) and the other
parameters are fixed. In such a case we must solve that system for a. It is easy to see
that first two inequalities yield a limitation for the power « :

pé P2
max (0,1 —= | <a<l+4+—, a#l, (1.8)
D2 Ps3

while the last ones give

1 1

a>1——=—,

Y41 Y4

a>2-—gq, ifqe(1,2), for alla > 0if ¢ > 2.

As a result, the common solution varies dependently on g :

ol
max(l—& —,2—q) <a<1+12, q€e(1,2)

p27p1 DP3
A |

max( —&,—><a<1+@, q € (2,+00).
D2 D1 Ps3

As a conclusion, we conclude that in order to satisfy the conditions (A6), (A7), (AS8),
(A9) the number o must satisfy (1.8).

Second, we consider the case when « is fixed in (1.7) and the other parameters are
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variable. Note that the system (1.7) can be rewritten as

(1 1
— > (Oé—]_)—,
D2 b3
1 1
(1—-a) (1——) < —,
b3 D2
1
— < Q.
\ D1

Let us solve this system for the variables p and p3. For this aim we remind (1.5) and

use the last condition from (1.11) to obtain

1 1 1
I>—+—=1-—>1-o0.
P2 P3 D1
So, the system to be solved is
4
— > (a—1)—,
D2 ( >p3
1 1
(1—04)(1——><—,
b3 D2
(1.9)
1 1
— 4+ — <1,
b2 D3
1
—+—=>1-q,
\ P2 D3

We note that in the case 0 < o < 1 the system (1.9) is equivalent to the following:

4
1 1
(1—a) (1——> < —,
b3 D2
1 1
—+ — <1, (1.10)
P2 D3
1 1
—+—>1—aq,
\p2 P3

Consequently, the pair (1/ps,1/p3) must belong to the open triangle with vertices

C, D, K on the figure below.
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Yy
N\
D (1/P2,1/P3)
K
0 1- 1 X
y=1-x
y=1-a-x
y=1-(1/1-6)x
The Case <1

Concerning the case o > 1 we observe that the system (1.9) is equivalent to the
following:
1 1 1
_ < —,
ps  a—1ps
1 1
—+—<1
P2 D3
In this case the pair (1/ps, 1/p3) must belong to the open triangle with vertices O, A, B,

look the figure above.
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(1/P2,1/P3)

B (1,0)

y=(1/a-1) x

The Case when a>1

Now we introduce the space for our data and the appropriate distance for them.

The space of our data and the appropriate metrics

Let us associate with 7 = (r1,...,79) € (R;)? the space of data
D(r,T) —{d = ([, 9,u0, h, k) EWP1(0, T3 R) x L (0,T; X ) x D(A)* x W' (0, T; R),

k(t) > 0, for allt € [0,T],

T
[ A5 00] 2 i Uiz <

1
HgHLpl(Oj:;X) <13, HQO/mgHLm(o%-DA(%C,O)) <71y, [[Aug|lx <75, [|AR|[x <76,

‘k—/ H < rg}. (1.11)

k; <’I“8,

k

P (0,T;R)

Lr1(0,T;R) (0,T;R)
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We endow D(r, T) with the distance

| 1
dist(d1, o) =|[f1 = fellwrm o7 + 19 =920l 07x) + 160 (2= 91) | s 0 700000
ky K
sl oy + |5
+ lluo2 — woallpay + llhe = Pl + ke Ryl 7iR)
Qo (%) 1 1
N TR R 1 1 o (112
| 2( ) 1( )l ky ko Il LP1 (0,T;R) ‘ ko Ky L% (0,T;R) ( )
where
N Ty, Casel,
- (1.13)
T, Case 2.

1.3 Main abstract results

Existence and uniqueness

To state our theorem we also make the following additional assumptions:

T

(A19) A(d) = / o(8) F(B)dpu(t) #0,

0

t

< C’g(d)/ao(a)da,
L1 (s,t;R) s

t

P
[aog] < Og(d)/ao(a)da,
L1(s,t;R) s

k

aof

k

(a20) |

for any 0 < s < ¢t < T, and some positive continuous functions Cy(d), C3(d),

(A 21) fix a pair (M;, Ms) €R% such that

[AR] x|
My > W |f||Lp1(oj";R)a
(1.14)
A, > AR @llx-
[A(d)]
(A 22) The number p, is chosen so as to satisfy (A3) and
(A 23) We also assume that
~ A(d
J(p()?da M17M27T) < M) (116)

2
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where
~ ! ao
J(po,d, My, Mz, T) := exp| || M H? .
L1(0,TR) LP1(0,T5R)
= - 72(f)
X {Tl(pOJ da T)lf(0)| + Po Hrs [p3(1 . K(d)/po)]l/pB
fK 1 1/p!,
(T I R R
[ H HL O15) k LP1(0,T;R) a(l)/p:a LP2(0,T:R) RO
2
ST £ S 2 T = M2)]},
LP1(0,T;X) L>=(0,T;R) LP1(0,T;R)
(1.17)
@(T1>f(T1)a Case 1,
Ad) = T (1.18)
| ewsapaar, casez
0
T
|90(T1)|6XP(—(P0 - (@) [ a0<a>da), Case 1.
d,7T) := o 1.19
Tl(pfb ) ) 1 ||80¢||LP1(0,T;R),00 1/p3 Cace 2 ( )
ag/" | o2 0.7y [P3(1 — K (d)/ po)]H/Ps” 7
_ lp(T1)],  Case 1,
7(T) := ” (1.20)
T /P ||§0w||Lp1 (0,T5R) 5 Case 2.

Theorem 1.1 Suppose that the conditions (Al) — (A23) hold. Then for any d €

D(r,T), the problem (1.1)~(1.4) admits a unique solution
(a1, u,2) €L (0,T5R) x [Wh(0,T; X) N L=(0,T; D(A))] x X,
satisfying the estimates:

laoar || 1o, rm) < Ca(d, My, Ms), (1.21)

||Z||X S OS(pOa d7 Mla M27T)7 (122)

HAUHLOO(QT;X) S CG(p07 d7 M17M27T)7 (123)
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||u||L°°(O,7~“;X) < ||A71||C(X)CG<:007 d, M, M27T>7 (124)

||u||W1’1(0,f;X) S C7(p0a d7 MlaMQaT)' (125)

Here the functions Cy, Cs, Cg, C7 are continuous in their variables and, moreover,

2||Ah|[x K
05 — W, 06 — exp(‘ E

Qo

k

1 | Aug||x when pg — +00.

L1(0,T;R) P (0,T;R)>

Continuous dependence

To state our theorem first we recall the definition of the space D(r, ’f‘) and that fact
that [A\(d)| > r;. Than we rewrite the assumptions (A20) for any d;,dy € D(r, T) :

t
HM < Cz(di)/at)@)daj =12,
ki L1(s,tR) s
ao fi ! .
< C5(dy) /ao(a)da, 1=1,2. (1.26)
ki L1(s,t;R) s

We rewrite the condition (A21) as follows: (Mj, My) €R? such that

D|| 5«
_ rell @l

Ml 2
T

1.27
rol@] (1.27)
> -

X*
My ,

r1

a LARGE number py, satisfying (A3), (44) and

po > 1o (|| @ x+r5 + Ki(T)roMs) + 1 =: Ki(r) + 1 (1.28)

for some positive function K;. We also assume that (cf. (1.16))
1
K5<,00,7’) < 57 (129)
where the function K5t is positive, continuous, tends to 0 when py — 400 and satisfies
the estimate

‘](pO? d? M17 M27 T) S K5<p07 T)'

We can now state our continuous dependence result.

*the function K5 will be defined during the proof of continuous dependence (cf. page 103)
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Theorem 1.2 Under the assumptions (A1)-(A19), (1.26), (1.27), (1.28), (1.29) and
(A24) ge 1700, T X),

the solution (ay,u, z) EL}ZO(O,T; R) x [Wh(0, T: X)NL®(0,T; D(A))] x X to problem
(1.1)-(1.4) is unique. Moreover, such a solution continuously depends on the data d =
(faga Uo, h7 k) S D(I‘, T)v i.e. fOT any dh d2 € D(I‘, T)a with T = <T17 s 7T9> € (R+)97

the following estimates hold:

;

lao(-)ar (-, di) — ao(-)ai (-, d2) |l 1o 7
< [Ll(r) + pal/ngz(T') + Ls(r) exp <—,00 /OTlao(a)do)}dist(dl, dy),

Ju(-, di)—u(, dQ)HWLl(o,T;X)"‘ Ju(-, di)—u(, dZ)”Loo(o,T;D(A))

(1C) T
< [L4('r) +pal/p3L5(T) + Lg(r) exp(—pg/ ao(a)da)}dist(dl, dy),
0
[2(di) — 2(d2)|lx
T
< [L7(r) + po P Ls(7) + Lo(r) exp<—p0/ ag(a)da)}dist(dl,dz).
\ 0
Here the functions L;,v = 1,---.,9, denote suitable continuous functions and T is

defined by (1.13).

1.4 An application of the abstract results
This section is devoted to an application of the abstract results stated in the previous
sections to a concrete initial-boundary value problem arising in heat-conduction theory.

Let Q C R"™ be an open bounded domain with a C?*-boundary 052, and let us
consider the following linear parabolic identification problem consisting in recovering
the unknown function u : [0, 7] xQ — R, the coefficients z : Q@ — Rand a; : [0,7] — R:

B(t)Dyu(t, x)— Az, Dy)u(t, x)—ai(t)u(t,z) = f(t)z(z) + g(t,x), (t,2)€[0,T] x €,
(1.30)
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u(0,z) = up(x), xel, Bu(t,z) =0, (t,z)€[0,T] x 09, (1.31)
/0 S(yult, 2)du(t) = h(z), TEQ, (1.32)
Qlu(t, x)] = /Qx(a:)u(t,x)dx =k(t), tel0,T]. (1.33)

Here p is a positive finite Borel measure on [0,T], whose support is not concentrated
at t = 0 and the functions
B:00,T] = [0,400], ¢g:[0,T]xQ—=R, fiok:[0,T] =R, x,hu:Q—=>R

are known. Moreover, A in the equation (1.30) denotes the following second-order
operator

A(x,D;) = > D, (a;x(x)Da,) = po, (1.34)

Jk=1

for a (large) positive constant, py. © We assume that a;; € C*(Q), 4,7 = 1, .., d, fulfill
the uniform ellipticity condition

> aii(@)6g > Cslel® V(x,€) € AxRY,

ij=1

where Cy is a positive constant. In addition, the operator B in the condition (1.31) is
defined by either Dirichlet or the Robin boundary operator, i.e. by one of the following
relations:

(D) Bw(z) = w(x), x €9, (1.35)
(R) Bw(z) = D, w(x)+ by(z)w(z), r e (1.36)

Here by € C'(09), by(z) > 0 for all z € 09, and v4 is the conormal vector associated
with A(z, D,), i.e.

n

(va(@)); = Y vil@)aju(z),

7,k=1

where v(z) denotes the outward normal vector at = € 992. We now define

B(t) = , t€(0,7)

ao(t)

$Moreover, py satisfies the conditions (A3), (A4), (1.15), (1.16).
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and assume that ag satisfies (A5). Consequently, the problem (1.30)—(1.33) coincides
with our initial problem (1.1)—(1.4). Therefore, in order to apply our abstract results,
taking into account (1.34), we rewrite the equation (1.1) in the following form

Dyu(t, x) — ap(t Z Dy, (ajx(2) Dy )u(t, ©) — ao(t)(ar(t) — po)u(t, z)

zao(t)(f(t)Z(fv) +9(t,2)).

Then, we define the reference function space to be X, = L*(Q), s € (1,+00), and the
operator Ay as the realization of A(-,d,), i.e.

Asw = A(-, D,)w, weD(Ay)
with domain
{w cW?*(Q) : Bw =0 on GQ},

where B is defined in (1.35), (1.36) According to [29, p.321], the interpolation space
Da(y,00) between X and D(A;) can be identified with

Da(y,00) = Bgloﬂ(Q), 2y —1/s # ordB,

where leo 5 stands for Besov spaces [28, p.87]. Now we have to verify the conditions

(A1) — (A4) on the operator As.

Lemma 1.1 The linear operator Ay fulfills assumption (Al) — (A4).

Proof . It is well-known [1, Section 3] that Ty = Ay + pol generates in L*(€2) the
semigroup {e’**},5, which is analytic in the sector Y(x/2)-w, and satisfies the estimate

tTs

L(X) < ]-7 ||T's€tTS

||€ cx) < Clt_l, teR,.

and ¢y is some positive constant. This implies that A, enjoys a similar property and

ets = ePotetTs gatisfies
le“ o) <e ™, teR,.
Observe now that
1A [l ey = e Ty — po)e™ [lecxy < (ext™ + po)e ™", te(0,1];
s€ 7 lo(x) < || Ase E(X)e_ ey < (e +po)e ™, , 1+00).
A ) < IlAse™ |z le™ D i) < (ex + po)e ! te (1, +o0)

Whence we get
H As 6ztA

Neo < et + 1)e ™, teR,.
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with some positive constant c,. This verifies the condition (A4). W

We now define the space of data
D2 = WhPH(0, T; R) x LP* (0, T; L*(2)) x D(A,)* x W (0, T; R)
for p; € (1,400). As a consequence of our abstract Theorems 1.1, 1.2, we obtain
Theorem 1.3 Let x € L*(Q), the operator A, satisfies (A1) — (A4), the data d =
(f,g,uo, h, k) € D' fulfill assumptions (A5) — (A23) with a (large) positive constant,

po, depending onry, - -+ 19, Ma, only. Then, the problem (1.30)—(1.33) admits a unique

solution
(a1,u,2) € LL (0,T; (0, +00)) N [WHL(0, T; L*(Q))NL=(0, T; D(A,))] x L*(Q),
where s,p1 € (1,+00), s’ being conjugated to s.

Theorem 1.4 Let the data d = (f, g,ug, h,k) € D" and the operator A fulfill as-
sumptions (A1) — (A18),(A24), (1.26), (1.27), (1.28), (1.29) with x € L* () and a
(large) positive constant, poy, depending on ry,--- ,r9, My, only. Then, the problem

(1.30)-(1.33) admits a unique solution
(a1, u, 2)€ LY, (0,77 (0,+00)) N [WHH(0, T; L3 (Q2))NL>(0,T; D(A,))] x L*(9),

where s€ (1,400), that continuously depends on the data d and satisfies the estimates

(IC).



Chapter 2

Existence and uniqueness of the

solution in the Banach space X

2.1 Reducing the abstract problem to an equiva-

lent fixed-point system of operator equations

(w,z) = N(w,z)

In this section we are going to reduce our initial abstract problem (1.1)—(1.4) to a
system of operator equations in order to apply the Banach fixed-point theorem to the
last one.

Problem 1

We denote the problem (1.1)-(1.4) as (P1), i.e. look for a triplet (a1,u, z) € L} (0,T;R)
x[WH(0,T; X) N L>(0,T; D(A))] x X such that:

[ /(t) = ao(t) Au(t) — ao(t)as(t)u(t) = ao(t) f(t)z + ao(t)g(t), t € [0,T],

u(0) = uy,
(P1) .
/ (t)u(t)dp(t) = h,

\ Du(t)] = k(1), te[0.T].

28
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Problem 2

Let us change in the problem (P1);, (P1); the unknown function u according to the
following relation

u(t) = exp < /O tao(a)al(a)da)v(t). (2.1)
Therefore our problem can be rewritten as
O-an(0400) = au(0 ) exp ~ [‘alo)onto)do ) -
+alt)e(— [alolalo)is oo, 2:2)

v(0) = up. (2.3)
Using well-known results [18], under the following assumptions on our data
geLP(0,T;Da(y,0)), 2z€D4(y,0), f€LP(0,T), upe D(A),
the Cauchy problem (2.2), (2.3) admits a unique solution ([14, 1])

v e L'Y0,T;R) x [W(0,T;X) N L*(0,T; D(A))]

o(t) = exp ( /0 tao(a)daA) o + /0 : exp( /0 ao(c )
X exp ( / tao(a)daA) 2ds + / exp( / S )
X exp ( / tao(a)daA) o(s)ds.

Therefore, taking into account (2.1), we have shown the equivalence of the problem

given by

(P1) to the following (P2): look for a triplet

(a1, u,2) € Ly (0,T;R) x [WHH0,T; X) N L>*(0,T; D(A))] x X
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such that

;

u(t) = exp ( /0 tcm(a)cn(a)da) exp ( /0 tao(a)daA) "
+ /0 an(s)f(5) exp ( / tao(a)al(cr)da) exp ( / tao(a)daA) 2ds
(P2) n /0 ao(s) exp < / tao(a)al(a)da) exp ( / tcm(a)doA) o(s)ds,

/0 o(Eyult)dult) = h,
Olu(t)] = k(t), t€[0,T).

\

Problem 3

In order to deduce the equation for the unknown coefficient a; we apply the linear
continuous functional @ to the equation (1.1). According to (1.4) we find the equation

K () = ao(1)@[Au(t)] — ao(t) f () @[2] — ao(t)@[g(t)] = ao(t)ar(t)k(1).
By assumption (A13), we have k(t) # 0 for all €0, 7], so that we get

ap(t)ay(t) = ﬁ (k’(t) — ao(t)P[Au(t)] — ao(t) f(t)P[z] — ao(t)fb[g(t)])
—T(t) — 20(—? O[Au(t)] — %@M, (2.4)
where
Fan O a(®)@lg(t)] 05

O=%w k)

As a result, we have transformed the problem (P2) into the following: look for a
triplet (ay,u,z) €L, (0,T;R) x [W"'(0,T;X) N L>(0,T; D(A))] x X such that

' ult) = exp ( /0 tao(a)al(a)da) exp ( /0 tao(a)daA) o
+ /0 tao(s) £(s) exp ( / tao(a)al(a)da) exp ( / tao(a)daA) »ds

(P3) —|—/Oa0(s) exp (/ ao(a)al(a)da) exp </ ao(a)daA>g(3)ds, t €[0,7],
() = () - i olau(o)] - “aL), te o)

T

/ S(E)u(t)dpu(t) = h.

\ 0
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Let us now show the equivalence of the problems (P2) and (P3). We need to prove
that the relation (P2)3; holds true. Taking (2.4) into account and using the equation
(1.1), we get

K (t) = k(t)ao(t)ar(t) = Plao(t) Au(t) + ao(t) f (t)z + ao(t)g(t)]
= ®[u(t) — ao(t)ar (t)u(t)]. (2.6)

for a.e t € (0,7). From (2.6) and the consistency condition (A18) we arrive at the
Cauchy problem:

{ Dy (Rlu(t)] = k(1)) = ao(t)ar (t) (Rlu(t)] — k(t)) =0,
®[u(0)] — k(0) = 0,

where t — ®[u(t)] — k(t) belongs to W(0,T;R). Due to the homogeneity of the
previous problem, we easily deduce that

Olu(t)] — k(t) =0, tel0,T].
Therefore the condition (P2)3 is fulfilled.

Problem 4

If we substitute (P3)y into (P3), we come to the new problem: look for a pair (u,z) €
(W0, T; X) N L>®(0,T; D(A))] x X such that

ult) = e / (o) - 07 alauto)] - 0L ar)yin )
xexp( )
+ /0 t exp( / @[Au(a)] - “0(]: ()Jf)(U)CID[z])dU)
(P4) Xexp( )zds
+ /0 " dols) exp < / (h(o) — ‘]f(f)) B[Au(o)] — %@M)da)
X exp (/:ao(a)daA g(s)ds, te0,T],
| [ ettt =n

The equivalence of problems (P3) and (P4) is obvious. Indeed, once we have solved
problem (P4), we define apa; by equation (2.4).
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Problem 5

The next problem can be obtained by replacing the right-hand side of (P4); into the
left-hand side in (P4)y. In such a way the problem (P4) is equivalent to the following:
look for a pair (u,z) € [WH(0,T; X) N L>(0,T; D(A))] x X such that

u(t) - wp(A@@> e opau(o)] - 20D afz)yar )

X exp ( dJA) Ug

+/an( 256 )exp(/zk( - k;((;)) O[Au(o)] — aO(;j()j)(g)q)[ZDda)
% oxp ( / tao(a)daA) 2ds
ﬁ[%Mw%/@w—2@¢MWﬂ—@%%Q@@w)
X exp( doA)

) —

o = ww4/(< f;[<n —%%ﬂmﬁw)
X exp dJA) wodp(t) ao(s)f(s)
X exp( (0)] — “°<k ();;")q)[z])da)
exp (/ta daA)zds + / (t)du(t)
/O 0o (s) e)ip ( / (Fio) - ‘/f((a)) B[ Au(o)] — %@[z])da)
X exp (/ doA) (s)ds.
Problem 6

Applying the operator A to the equation (P6); and (P6),, using its closedness and
linearity, setting

w = Au, (2.7)
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we get the new problem: look for a pair (w,z)€ L>(0,T; X) xX such that

[ w(t) = exp ( [ - ‘;0((5; Blw(o)] - a0<,‘j(>f)(“><1>[z1>da)

<ep( [alorina)
N A( / (o) f(s)exp< / (7o) - c;;((;; Dfw(o) - “O(Z()f)(")‘l’[ d )
)

(
ra( [auts)exn( [ Fie) - 2 afuo)) - 20 apar )
aof

(P6) 4y _ /0 o(t) exp < /0 t(E(U) - C]f((;’)) Blw(o)] — aO(Z()O;f )(g)é[zJ)d">

[
X oxp ( /0 tao(a)dcfA) Auodp(f) + /0 e
A ( /0 ao() /() exp ( / t(E(a) _ 620((;‘)) Bw(o)] — “0(; ()(f)(") @[z])da)
X oxp ( / tao(a)daA) zds) du(t) + /0 ()
A ( /0 ao(s) exp ( / t(E(a) _ 62)((;’)) Buw(o)] — a‘)(g ()(f)(") @[Z})da>

X exp ( / tao(a)daA) g(s)ds) du(t).

The equivalence of problems (P6) and (P5) is obvious if we take into account the
sssss ption (A2) implying the invertibility of the operator A.

Problem 7

Let us rewrite (P6) in the more convenient form:

Ah - /0 o(t) exp < /0 t(%(o—) _ 0;:((;) Buw()] — “0(];’ ()Jf)(a)@[z])da)

X exp ( /0 tao(a)daA) Augdp(t)
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-/ <p(tA< / a0(s) ex [w(o)}—%w)da)

/0 (0 A( / an(s)1(6)exp [ (Fio) - 22 afuo)) - 221 ar )
X exp ( / oo )daA) zds) du(t). (2.8)
Lemma 2.1 For cvery f€W'(0,T; X) the following formula holds:
A< /0 " do(5) £ (s) exp < / tag(a)al(a)da) exp < / tao(a)daA> Ulds>
— _f(t)or + £(0) exp ( /0 tao(a)al(a)d(T) exp ( /0 t ao(a)daA> -
+ /0 t 7/(5) = fs)ao(s)a(s)] exp ( / tao(a)al(a)dcr)

t
X exp(/ag(a)daA>v1ds, Vooe X, Vtel0,T]. (2.9)

The proof of this lemma is postponed until the end of this section.

In order to compute

A( [ a1 e [ (o) — 2 afuto) - 220 g1

<on( | tao(a)daA) cds)

we use (2.9) and take into account the equation (2.4). As a result, we get

A([ atsrsre( [ (Fe) - 2 afute)) - 2 g0, )

X exp ( / tao(o)daA) zds) — ()2 + £(0)

X exp ( /0 t(E(U) _ C]f((:)) Buw(o)] — “0(/;‘ ()O{C)(")cp[z]) da) exp < /0 t ao(a)daA)z
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+ [ 76 - 16 (R - 2 afuge) - 2 g)]

X exp < / t(%(a) _ ‘;:((5)) Bluw(o)] — “0(]:8;)(“) a[:)) da) exp ( / tao(a)daA) 2ds.

(2.10)
Now we introduce the linear operator R defined by
R(®[w], ®[z],d, 1)
= FO) e ( [(F) — 2 afu(e) - 2L gy
([0 163 (B~ ol 24 o))

X exp ( / t(E(@ & ((U) Buw(o)] — %@M)dq) exp ( / tao(a)daA> ds.
Consequently, from (2.10) and (2.11) we obtain the equality

/ TW)A< [ anrsts)esp( [ (Fio) - 2 afu(o)) - 2L g1}

X exp ( / tao(a)daA> ds z) du(t) = / o) [ f(8)2 + R[], B[2]. d. 1)2] du()

0

- (— / o (0) () du(t) + / (1) R(B[w], B[], d, 1) du(t)>z
= Q(®[w], ®[2],d, T)=. (2.12)

Inserting such a result into the right-hand side of the equation (2.8), we get

an— [ote( [(Fo) - 2 afu(o)) - 221}

X exp ( / tao(a)daA) Auodp(t)

- [ew ( Jantsre( | (Fo) = 22 afuto) - L Do
x Aexp / aof

([

a)daA) g(s)ds) du(t) = Q(®w], ®[z],d, T)=. (2.13)
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Plugging the right-hand side of the formula (2.10) into (2.8) and (P6);, we derive
the new problem: look for a pair (w,z)€ L>(0,T; X) x X such that

k(o)

w(t) = exp( [ (o) — 9 afuo) — WD g1y,
0 k(a)

+{_f@ﬂ>%fmymp(AZE@o—‘m“”@hwaﬂ—‘“i&ﬁ“xkad“)

# [0 = ) () - 5 alute - o))
|

+ [ty ( [0 - 2D afuio) - “OL D alz)ao
Ah — /O Tgo(t)sexp ( /O t(%(a) - % Ow(o)] — %@[z])da)

-/ Tgom( gery (R0 - e ofu(o)] - L)) dr

X Aexp ( / tao(a)daA> g(s)ds) du(t)

[ = Q(P[w], ®[z],d, T)z.

Proof of the Lemma 2.1 The proof of this lemma is analogous to [1, Proof of

Theorem 2.2]. Observe that, for all t € [0,7],¢¢ € (0,1) and v, € X we get

/:Ot ao(s)f(s) exp ( / tcm(a)cn(a)da) exp ( / tcm(a)daA) vids

- /0 05 £(5) exp ( / tao(a)al(a)da) exp ( / tao(a)daA) vidsin X aseg — 1 — .
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Computing the integral

A ( /0 " (5 (s) exp ( / tao(a)al(a)da) exp ( / tcm(a)daA) vlds)
_ /0 " (8 (s) exp ( / tao(a)al(a)da) Aesxp ( / tao(a)daA) nds
-/ ) exp < / ta()(o—)al(a)da) D, exp ( / tao(a)daA> ords
—  fegt) exp ( / :t ao(a)al(a)da) exp ( / :t ao(o)daA) "
+ £(0) exp ( /0 tao(o)al(a)da) exp ( /0 t ao(a)daA) "
+ /0 " [ F(s) — f(s)ao(s)al(s)} exp ( / tao(a)al(a)da) exp ( / tao(a)daA) nids

and let gy tend to — 1—, we get the desired formula (2.9). B

Problem 8

Let us suppose that the operator @ is invertible for suitable pairs (w, z) € L*(0, T; X) X
X. This will be proved afterwards in the Subsection 2.3. This assumption let us find
out the representation for z from (2.13). Therefore, the problem (P7) is reduced to the
following: look for a pair (w,z)€ L>(0,T;X) x X such that

u(t) =exp ([ (Ko - ) ofuto)] - P g0 )

t
X exp (/ao(a)daA) Aug
0

(P8) [~ 1(0) + 70y exp ( /0 (R(o) - CZ)((;’)) Plw(o)] - “0(;’ ()j)(")@[z])da>

X exp (/Otag(a)daA)
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( X exp (/:(E(U) - % dlw(o)] — %Cb[z])da)

X {Ah - /OTgp(t) exp (/Ot@(a) - % Olw(o)] — %@M)da)
X exp ( /0 tao(a)daA) Augdp(?)

- [en </ot%<s> exo( (R = g atwto - ot )ao)

t

x A exp < / ao(a)doA> g(s)ds) dp(t)} —: Z(3[2], D[w], d, T).

S

\
The equivalence of the problems (P7) and (P8) is easy to check: it is enough to apply

the operator ) to the both sides of (P8)s,.

Problem 9

Our next task consists in deriving a system for the pair of scalar functions

(W, %) = (Plw], P[z]). (2.14)

w(t) =W(w,z,d,t)— f(t)Z(w,z,d,T), (2.15)

2= Z(w,z,d,T), (2.16)
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where
3
W(w,z,d, ) ZW w,z,d,t) and Z(w,zd,T)=>» ZjwzdT), (217)
j=1
each Z; and W; be ing defined by
Z\(w,z,d) =Q(w,z,d,T) ' Ah, (2.18)

ZQ(wa Ev d) = - Q(E7 za da T)_l

x /0 Tgp(t) exp ( /0 t(%(a) - ‘If(f)) w(o) — “0<Z' ();)(U)§> do)

X exp ( /0 tao(a)daA> Augdu(t), (2.19)

ZS(wv z, d) = - Q(w’ z, dv T>_1 /0 @(t)d:u(t)

« /0 ao(s) exp ( / t(%(o—) _ “Z)((;) T(o) — “0(;’ ()j>(0)7>da>

X Aexp ( / a6 daA> (s)ds, (2.20)
W(w, %, d, ) = exp ( /0 t(E(a) . ‘Z’(f)) (o) — “0(/: (E)(%) da)
X exp < /0 tao(a)daA> Aug, (2.21)

j
X exp (/Otao(a)d0A> Z(w,z,d,7T), (2.22)
Wi z,.0) = [ [0~ s6) () = 2 (s - )]
ap(o) _ O(U)f(a)z>da)

X exp ag(a)daA> Z(w,z,d,T)ds, (2.23)

Wi(w,z,d, 1) = /O tao(s) exp ( / t(E(a) - ‘; oy T(0) - %z) da)
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¢
X Aexp (/ ao(a)dUA>g(s)ds. (2.24)
Applying the functional ® to both sides of (P8); and (P8), and taking (2.14) into
account, we get the new problem: look for a pair (w,z) € L>(0,T;R) x R such that
() = & W(@,7,d,1)] - F(O®(2(@,7,d)] = Ny(w,7,d, 1), te[0, ),
(P9)

z=0[Z(w,z,d)] = Na(w,z,d).
Let us show the equivalence of the problems (P8) and (P9). Once we have solved
the problem (P9) and have found out the scalar pair (w,z) € L>(0,7;R) x R, we can

define the vector pair (w, z) € L*(0,7;X) x X by the formulae

w(t) = exp ( /O t(%(a) - C]‘;((C‘:)) (o) — CLO(];T ();t)(")z) da) exp ( /0 tao(a)daA) Aug

[_f(t)[ . 0o (/Ot(E(U) _ag(o) T(o) — ao(J)f(U)g> d0>

k(o) k(o)

X exp ( /0 tao(a)daA) + /0 t ( F1(s) — f(s) (E<s) - C?(f)) w(s) — a“fgj)(s)z))

com{ [ - 2 m10) - 013y
X exp (/:ao(a)doA) ds
N /Otao(s) . ( /:@(g) B ?((5)) W(o) — @0(2();)(0)2) da)

t

x Aexp (/s ao(a)daA)g(s)ds, fora.e te(0,7), (2.25)

Z(w,%,d,T)

X exp ( / tao(a)daA) Augdp(t)

0

_ /OT@(t) (/Otao(S) exp (/:(E(a) — 62);:)) w(o) — %% do
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x Aexp ( / tao(o)daA) g(s)ds) du(t) } (2.26)

Now we show that the pair (w,z) € L*(0,7;X) x X defined by (2.25) and (2.26)
satisfies problem (P9). So, it suffices to prove that ®[w] = w and ®[z] = Z. For this
purpose, let us apply the linear functional ® to both sides of (2.25), (2.26) and let us

compare obtained relations with (P9); and (P9), to get

®w(t)] = ij(m,z,d,t) — f)Z(w,z,d,T)| =,
Oz] = | Z;(w, z,d,t)] =z

Thus, we have proved that the pair (w, z) defined by (2.25), (2.26) satisfies (2.14).
Consequently, replacing in (2.25), (2.26) the pair (w,z) € L>(0,7;R) x R by
(®w(t)], @[2]), we deduce that the pair (w,z) € L*(0,7; X) x X solves problem (P9).

Finally, collecting all the results in this section, we conclude that problems (P1)

and (P9) are equivalent.

We have reduced the problem (1.1)-(1.4) to the equivalent system (P9) for (w,z)
in the case when

(w,%) € L™(0, T;R) x R.

In order to prove the existence of the solution to that system we shall first limit ourselves
to looking for:

(w,z) € LP*(0,T;R) x R.

After the proof of the existence we shall show that actually w = ®[Au] belongs to
L>(0,T;R).

Let us introduce the complete metric space

K(M17M27T> = {(@,E)ELm (O,T, R) xR: ||@HLP1(0’T;R) < M17 ‘E| < MQ}, (227)
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whose metric is induced by the norm
@2 — W1 Lo 0,75m) + [Z2 — 21

In order to show the existence and uniqueness of the solution to the system (P9), we
will use the Banach fixed-point theorem. To satisfy all the conditions of the theorem
we need to establish that the vector-mapping N' = (N1, N3), where N} and N, are the
operators in the right-hand side in (P9), maps the space (M, My, T) into itself and

turns out to be a contracting mapping for large enough po.

2.2 Fundamental lemmas

In this section we give some preliminary results.
In order to obtain the existence and uniqueness of a solution to problem (P9) we
must estimate the right part of the system (P9). For this purpose we have to know the

estimate of term exp ( / t(%(a) - ‘;f((;) (o) — %f;(’)z) da) exp ( / tao(a)daA),

which enters into the representation of the solution. The following lemma gives us this

estimate.

Lemma 2.2 Under the assumption of Theorem 1.1, for all (w,z,d) in K(My, My, T')

t
exp </ ao(cr)daA)

s X
2 (Ovt;R)) '

xD(r, T) the following estimate holds:

exp ( / t Mz’@)

(o) — 20) )
< oxp (_(po - K(d)) /Stao(o)dg) epr l,i

k(o)

w(o) -

Q
=

L1(0,tR)

Here the function k defined by (2.5).

Proof . In order to prove this lemma, let us consider and estimate the integral

t
/\ao(a)al(a)] do for any s,t € (0,7),s < t. From (2.5), taking into account the as-
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sumptions (A9), (A11) — (A14), we get

t t
/5 lao()a(0)| do < / (o) — ‘;O(f)) (o) — %E‘da
t t t
= ao(o) _ ’ / ao(0)f (o) _
< k d d ——27d
_/8 |k(o)] 0+/S k(o) w(o)|do + S k(o) Z| do
/
B M vy Y [
k(t) k(t) Ll(s,t) k LP1 (s,t) k Lt (S,t)
K’ o
s'— +HM TR VA [ TR 7 it
k L1(s,t:R) k L1(s,t:R) K L# (s m) k L1 (s,t:R)
=: I(S,t,Ml,MQ), (228)
where p; € (1, +00) is the index conjugate to py, i.e. —+ — = 1. Let us remind now
b D
that in the conditions (A20) we have assumed:
P t t
“%d g@@/gwmn 2l 5gum/m@m
Li(s,t;R) s L1(s,t;R) s

for any 0 < s < t < T, and some positive continuous and non-decreasing functions
Cy(d), C3(d). Summing up these inequalities, we get
t

< (Cald) + (@) [aloydo. (220)

L1(s,t;R) s

aof

k

+ M,
Li(s,tR)

H <I>[c;€og]

Thus, under these hypotheses, we get

t

k/

[(S, t, Mb Mg) S ' - + M1 @ , + (Cg(d) + Cg(d)MQ) /CLo(O')dO'.
L1(s,5R) k27 s im) s
(2.30)
Then we assume that
t t
(Co(d) + Cy(d) M) / ao(0)do < (g0, d)po / a(0)do, ce(0,1),  (231)

where

p0>K(d)+1



44

and

) = DT K

This explains the choice of (1.15). It is easy to see from (2.28), (2.30), (2.31) that

(07
+ M, |-
L1(0,T;R) k

(2.32)

[losteanto)ldo < el [‘aie)do+ |

LP1(0,T;R)

The previous inequality implies

exp ( / lao(0)as (o) da> — exp ( j )E(a) - ‘]20<(:)) (o) — %E)da)

t /
< exp (K(d) /ao(a)da) exp(‘ h ) >, (2.33)
s LP1(0,T;R)

forall s <t, s, t €[0,T].

Qa
i

k

L1(0,T;R)

Let us remark that the assumption (A3), in the case of the problem (1.1)-(1.3), can

be written as

(| t oy

Taking (2.33) and (2.34) into account, for any 0 < s < ¢t < T we get the assertion

¢
< exp (—pg/ao(a)da), 0<s<t<T. (2.34)
L(X) s

of Lemma 2.2. N

Remark 2.1

Now we are going to explain the origin of the unusual inequality (2.32). Let us consider
the problem (1.1)—(1.3) when a; is known. In such a case we can use Lorenzi’s result
[14] in the case when the pair (ay, pg) there is replaced with (apai,epg). Hence, the
scalar coefficient a;(t) should satisfy the following relations

t

¢
a1 €L, (0,T;R), /|a0(0)a1(0)|dagépo/ao(a) do, Vte(s,T], s€[0,T). (2.35)
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Unfortunately, in our problem the coefficient a; is unknown and the requirement (2.35)
has to be changed. In which way it must be changed we shall understand from the next
reasoning. Let us assume that the inequality (2.35) holds and prove the contradiction.
In fact, the limitation

t
](s,t,Ml,Mg)Sepo/ao(a) do, Vte(s,T], s€[0,T),

s

where I is defined by (2.3), or

t —1
00 2(5 /ao(a) do) I(s,t, My, My) =: I(s,t, My, M), Vte(s,T], s€[0,T),
(2.36)

similar to (2.35), fails and it is easy to check why.
Let us suppose that the inequality (2.36) holds. Therefore, taking the supremum
in (2.36) with respect to s,t, we obtain
po > sup I(s,t, My, My) =: I (M, My). (2.37)
0<s<t<T
However, in the general case 71(M1, M,) may be +oo for arbitrary choice of our data.
Let us analyze E(Ml,Mg) in the case of smooth functions g € C'([0,T],X),k, f €

C*([0,T],R) and ao(t) = t*~'. We now aim to evaluate

1 k' g
L(st My My) = —— '_ t—5) + [®xx laoll g1 H—H
( ) 5HGOHL1(8¢;R) k Lw(s,t;R)( )+ 1Pl xx |l Li(s,tR) || 7. Lo (0.7 )
00| ol + Mellaolzrcoae ||
— a ’ a st iy
el ray M ) PITONER R | Lo(s,1;R)
alt—s) ||K 1 aM 1
_ alt=s) ¥ e 9 bt
e(t* = s*) |k llpwormy € Ellpeorx) e(t® — s*) Il kllLe(0,r;R)
1/(p})
X </; (tpi(afl)ﬂ _ Sp’l(ozl)ﬂ)) 1 + M, Hi (2.38)
pila—1)+1 e Nkl Lo (s m)

Let us distinguish the following two cases: o € (0,1) and « € (1, 400).
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Case a € (0,1)

Let us set s = mt, where m € (0,1), and analyze the right-hand side in (2.38). We

notice that the fraction

is bounded in 0 < s < t < T, while the quotient

[tpg(a—1)+1 _ Sp;(a—1)+1])1/(pi) _tm [1 — mph(eD+1]1/e)

te — g@ 1 —m=

is unbounded in the same set. This implies that I, (M, Ms) = +oco for any « € (0, 1).

Case a € (1, +00)

In this case it is unbounded also the function

t—s

ta_sof

(s,t) —

This implies that E(Ml, M,) = +o0 for any a > 0.
It is easy to see from (2.28), (2.29), (2.31) that we are obliged to replace the

hypothesis (2.35) with (2.32). B

The following lemma gives two important estimates on some integrals and will be

used in the proof of existence results.

Lemma 2.3 For any pair of functions my, mg € LP*(0,t; R), and ag satisfying (A6), (A7), (A9),

the following estimates hold:

/Ot|m1(s)| exp <—(Po — K(d)) /Stao((,)dU) s

1
a[l)/ P3

[ma |1 0,4m)
oz (osm) P3(1 — K (d)/po)|H/Ps’

-1
S pO /P3

(2.39)
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/Otao(s)|m2(8)| exp (—(Po — K(d)) /tao(a)da) s

S

|2 o1 (0,4:R)

—1/ps || 1/p%
< 2.40
= Fo “ LP2(0,t;R) [p3(1 — K(d)/po)]l/p3’ ( )
1 1 1
0<s<tT, —4—4—=1.
b1 P2 D3

Here py, K are defined in (1.15).

Proof. Taking the assumptions (A6), (A9) into account, we estimate via Holder’s

inequality the integral

6 ™ 6) exp (0 ~ K@) [[an(o)io )as

" 1 1/p2
< lma || e 0w /—ds
( ) 0 agz/m(s)

(/ () exp (o~ @) | tao(o)da) i) P o

1 ( / e exp(—(ﬂo - K@ [ LO(UW) ds) T e

1/ps
Qg

LP2(0,t;R)

Observe now that

/0 aals) exp (—(po — K(d))ps / tao(g)da> is

S

- FT [1 oo (=~ KD /ot‘”(“)d“)]

pal/Ps
= (1~ K@/ -

Similarly to (2.42), we get

—1/ps3

/0 Zo(t) exp<—(p0 ~ K(d)ps /0 t ao(a)dc7>dt < 4= [gfz AT (2.43)

As an immediate consequence, from (2.41) and (2.42) we get the estimate (2.39).
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Assessing as in (2.41), taking into account (A7) and using Holder’s inequality, we
obtain the following estimate

t

t
/ a(l)/p3(5)a(1)/p3(3)|m2(s)| exp <—(p0 — K(d)) /CL()(O')CZO') ds S ||m2||Lp1(0,t;]R)
0 s

Thanks to (2.42), we easily verify the estimate (2.40). W

1/
x‘a/pS

2.3 Existence of the inverse to the operator () and
related estimates

Let us recall that in order to reduce the problem (1.1)-(1.4) the system (P9) we assumed
the operator @) defined by (2.12) to be invertible. In this section we shall study the
invertibility of the operator Q.

First we prove the following lemma related to the continuous invertibility of the

operator Q.

Lemma 2.4 Let R be the operator defined by

X exp ( /0 t ag(cr)daA> dp(t)

+ /OTw(t)du(t) /Ot (£/(5) = £(s) (R(s) - CZ)((;)) (s) - %E»

X exp ( / t(E(a) - ‘;fé;’)) (o) — %z) da) exp ( / ao(a)dcrA) ds. (2.44)

If for any (w,z, d) € K(My, My, T) x D(r, T) the assumption

IR, %, d,T)| ox) < (2.45)
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holds, where \(d) defined by (1.18), then the operator @Q is defined by (2.12) is contin-

uously invertible. Moreover, the following estimate holds:

w,z,d,T)™" < : 2.46
Proof . We remind that the operator ) is defined by (2.12), i.e.
~ 1 =~
Q(w,z,d,T) =— Nd)I + R(w,z,d,T) = —A(d) (I BBYC) R(w,z, d,T)). (2.47)

To show that @ is continuously invertible it suffices to apply Neuman’s theorem [17]

under the condition (2.45). The formulae (2.47) implies

1 1 ~ -1
w,zdT) '=——|(1—- ——R(w,zd,T
Whence we deduce
1 1
1Q(w,z,d,T) | zx) < S = _ .
IIR(’U},Z,d,T)” — YT 2

Then, taking into account the assumption (2.45), we easily deduce the estimate (2.46).
|

Lemma 2.5 Let the assumptions (Al) — (A21) hold. Then for all
(w,z,d) € K(My, My, T) x D(r, T)

the operator @ admits an inverse Q' € L(X) satisfying the estimate (2.46), i.e.
2

—— C
- EAN] N
1QW,z,d,T) ||zx) < 9 (2.48)
= ,  Case 2.
I et rBw@ar

Proof . In order to prove the existence and the estimate for the operator !,

we have to estimate R (cf. (2.44)) and show the inequality (2.45). Let us prove the
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estimate (2.48) only in the Case 2, which seems to be technically more complicated.
The Case 1 is analogous, it is enough only to apply the estimate (2.34) as well as (2.5),
Lemma 2.2, (2.33), (2.39) and (2.40) to get the desired estimate in Case 1.

For the sake of convenience, let us rewrite (2.44) as

Rwz,d,T) = R\(w,z,d,T) + Ry(w, z,d,T), (2.49)

|

X exp ( / t(%(a) - CZ)((;’)) w(o) — % >da> exp ( / tao(a)dcfA) ds.

We remind that in the Case 2 we have du(t) = ¥(t)dt with ¢(t) > 0 satisfying

(1.6). We first start to estimate Ri. Applying the Lemma 2.2, we get

~ k/ a
|Ry(w,z,d, T)|| £x) < !f(0)|exp(‘ - + M, ?0 / )
L1(0,T;R) LP1(0,T;R)
T t
< [letlvoe( - - K@) [ o)) 2.50)
0 0

Using Holder’s inequality and (2.43), let us first evaluate the integral

/OTyw(t)W(t) exp <—(P0 — K(d)) /0 t ao(a)d0> gt

= T|90(t)|¢(t)ao(t)1/pgexp —(po — K(d)) tao(a)da ;wsdt
; 0 ao(t)

< (/jw(t)\w(t)]pldt) L/ps ( /OTG%,Q /CZ (t)>1/p2
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1/p3

« ( /0 Caol®) exp(—(po — K(d)ps /0 t ao(a)do>dt)

- 1 ¥l Les0,7m)
< po/Ps ||l — oL . (2.51)
’ ag/" || e o P3(1 — K (d)/po)]'/7s
As a result, from (2.50) we get
_ el 1 Il e 0,7:m)
| Bu@2,d,T)l|ccey < 1FO) oo || =17 ”
) ’ ay/"* | v o,7m) P3(1 — K(d)/ po) | /s
kl
X exp(’ — + M, o . ) (2.52)
koo k 1lL#o,r5r)

Lemma 2.2 we get

/ a

k

Next, we estimate the second summand of R. By means of notation (2.5) and
+ M,

/
L1(0,T;R) LP1 (O,T;]R))

F(o)K(s) | J(5)Plao(s)g(s)] | ao(s)f(s)

| Bo@ 2, d, ) o) < equ

< [retwmto [ |7 - L2 L ) s
+ %ﬁ;(s)?‘ exp (—(PO — K(d)) /:ao(a)cw) ds. (2.53)

/t f(s)K'(s) | ao(s)f(s)®g(s)] | ao(s)f(s)

First we use Lemma 2.3 to assess the integral
/ — n ——
1'(s) 7(5) + k(s) + (s) w(s) + z
Y eXP(—(Po - x@) | a0<a>da) ds < g

[ps(1 — K(d)/po)]"/P
1

a /p3

1/ps
0

i
k

X [<||f'||LP1(0,T;R) + ’

LP2(0,T;R) LP2(0,T3R)

i

k

LP1(0,T;R)

X*

Jg
k

M1+’

x <\|q>\ M2>]. (2.54)

g
LP1(0,T;X) k

L= (0,T:R) LP1(0,T;R)

Second, taking into account (2.39), (2.40), we estimate the following integral:

/OT|<p(t)lw(t)dt /0 t |r1(s)| exp (—(Po — K(d)) /0 t a0<g)dg> ds
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/0T< 0t|'f1(s)| o <_(p0 ) /St%(a)da) d8>plldt) -

T 1 1 P 1/p}
X <||f€1||LP1 0,TR) || T7ps ) dt)
0 O a1 oy Lo = K () po)] /e
o Ums 1 TY% |0t o o) 11 [l 2o 0,70 (2.55)
Y 1 — n .
ay™ || 0, o) [p3(1 — K (d)/po))M/Ps
Analogously, we get
T t t
[ tewlotat [ autslmatoless( - K@) [[an(orio )as
0 0 s
TY2 (||| oo 0,7:m) | 2l Lor 07wy Ha(l)/pé
< L2 (0.T:R) (2.56)

[pops(1 — K (d)/po)]H/Ps

Consequently, from (2.55) and (2.56) we deduce

/OT|90(t)|¢(t)|dt /Ot(lm(s)| + ao(s)|ka(s)]) exP<_(p0 ~ K(d)) /:ao(a)da) s

TP o] 1 07wy ( 1 lalms o
= _ 1/p 1/p 1]/|LP1(0, TR
Gopal = KD o) \[[a | 0
1/p3
—+ ||HQHLIJ1 (0,T;R) ‘ Qg LP2(0,T;R))' (257)
Furthermore, taking advantage of (2.54) and (2.57), we get
> —1/p: Tl/p/1||90¢||LP1(o T;R)
||R2(wvzadaT)”EX S P Vs N
W= (1= K () /po) e
1 fK 1/p!
. ( . (T L RS L
o LP2(0,T;R) LP1(0,T;R) (0,T5R)
2
< (]| 22 n H% M+ ‘ L MQ)). (2.58)
LP1(0,T;R) L*°(0,T;R) LP1(0,T;R)
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Taking into account (2.54), (2.51), (2.58), from (2.50) we finally get

|’}%(Tﬁ;§;(1,jﬂ)HLx}()

/

| 0| Lr1 (0,1:R) exp(‘ K
[p3(1 — K(d)/po)]*/Ps k

<[] al

1/ps3
|5

—1/ps3
> Py

+ Tl/Pll 1

Lr2(0,T;R)

fg
&

)+ (el

LP1(0,T;R)

2 /
], ) 7

Lp2 OTR:|

LP1(0,T;R)
T

p(t) ()Y ()

< —

1/ps3
)

a
+M1H—

0
LP1(0,T;R)

(1Nl s 0,7:m)
LP2(0,T;R)

L1(0,T;R)

M,
L>°(0,T;R)

/
k

1(0,7X) H

Po,d Ml,MQ,T)

according to the definition (1.17) and the assumption (A21). W
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N maps the metric space K into itself

In order the operator defined by the right-hand side of the equations in (P9) to map

the set KC(My, My, T), defined in (2.27), into itself, the following conditions

N (w,z,d

) HLm (0,T;X) =

TR
7=1

N> (w,

have to be satisfied. To prove them, we must estimate each Z;,j =

ZHW

||LP1 [)TX)

2,3,4. We assess firstly AM,. To this aim we need the following lemma.

Lemma 2.6 Under the assumption (A4) the following estimate holds:

[Aexp(tA)z|x < Cio(y, T)t™ 7 exp(—pot)[2]Da(r.00)s 2 € Daly,

Zj(m,z,d,'f)”x < M, (2.59)
(@,z,d T)HX < M, (2.60)
1,2,3 and Wj,j =

), teR,. (2.61)
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Here Cio(v,T) is some positive constant, 0 < § < 1, v > 0.

Proof . From (A4) for z € X we have:
lAez]x < Cr(t™" + 1)1zl x
For z € D(A) use (A3):
1Ae" 2]l x = e Azllx < e™'[|Az]lx < e™'[|2llpea)

Then the operator
B(t) := Aet?

firstly is continuous in £(X) with norm not exceeding C (¢t~ + 1)e " and, secondly,
continuous from D(A) in X with norm not exceeding e~**. Using interpolation results

[18, Chapter 1, page 12|, we get the inclusion
B(t) € L(Da(y,0); X), t € Ry
and the estimate

1Bl iparoox) < Cl Bz IBONT peayxy < Cra(Ca(t™" + 1)eot) e 100!
14+ T
= 01101177&71 + 1)17'y€fp0t S 01101177—( _;_3 (& —pol — Cw(’}/, )twileipot. [ |
Lemma 2.7 Under the conditions (A5), (A9), (A12), (A13), (A15), for any (W,Z, d)
€ K(My, My, T) x D(r, 'i‘) the following estimate holds:

10 = [t e [

Fo) - Bl0) 1o a0(0)/(0)

k(o) Moy -
Aexp ( / tao(o)daA) (o) ds

1 )/
||GO||Llo:r7Rp2 " g™ gll 1o 0,704 0,00

—1/p3
< po 010(% T) (1 — (1 _ 7)p2)1/p2 [(1 — K(d)/po)pB]l/p3
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H > 0<t<T. (2.62)
L10T]R) 1(0,T;R

&

o]

Here k is defined by (2.5) and Cyo by (2.61).

Proof . The estimate (2.61) implies
< Cio(7, T)ll9(8) 1D (r.00)

HA exp ( / tcm(a)daA) el

« ( / tao(a)d(f) R (—,00 / tcm(a)da) 0<s<t<T. (263

1 1 1
By means of identity — + — + — = 1, from (2.33) and (2.63) we deduce
+ M,

b1 P2 D3
L1(0,T;R) g (O’T;R))
t t t —14+y
X /ao(s) exp (K(d)/ao(a)da) (/ao(a)da>
0 s s

t
y exp( N / oo >do)|rg< Doy
/
Z Lo P (O,T;R))

t ¢
>< 1/p3 exp( Po — /ao(a)da)

xaé/“(s) ( / ol >da)_m a7 (5)19(5) [y (2.64)

I(t) < Cio(7,T) eﬂ’(' %

(%)

k

= Cyo(y, T eXp(‘

Il Is

Then applying Holder’s inequality, taking into account the inequality (2.42) and the

equality

from (2.64) we conclude

1) < [ / a0(s) exp (_<1 - K@) | o) da) ds} e
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X

t t (v=1)p2 1/p2 .
[aots) ( / ao<o—>do—) ds|  1la™ gllim 0patroey
0 s

(1—(1—v)p2)/p2

||a0||L1 (0,T;R) K
< Cuol. T exp( || |2 )
oy )(1_(1_7)132)1/;02 p(‘ k L1(0,T;R) LP1(0,T;R)
—1/ps3
Po 1/p1
X ag’" gl e (o,t; 00))- | 2.65
(0~ K)oy 170 9000 (2:65)

Remark 2.2 The estimate (2.65) implies the following

/oTrso(t)ku)rdt / an(s) exp( / Fir) = e (o) - 200 ’d“)

k(o) k(o)
t T 1/p1
X Aexp(/sao(o)daA)g(s) ds §</0 ]gp(t)\w(t)pldt>

T I 0||L1(0T]?g))p2)/p2 ¥ "
X Cio(7,T) exp(’ — + M ||—] )
/0 ( (1 - (1 - ’7)p2)1/p2 k L1(0,T;R) k 1P (0,T;R)
—1/ps p, P
pO 1/p1 dt
X AR (d) o) |0 QHme,T;DA(moo))) ]
) ool
—1/p31/p,
po TP 0| Loy 0,7 Cro (7, T) (1= (1= 7)pa) /7
Hal/p 9l o1 (0,730 4 (v,00)) (’ K ag
— . - + M, H— , . (2.66)
[(1 - K(d)/po)pg]l/]?s k L1(0,T;R) LP1(0,T;R)

2.4.1 Estimate of Z(w,z,d)

In this section we are going to asses Z. The following lemma ensures (1.22).

Lemma 2.1 Assume that the conditions of Theorem 1.1 hold. Then the following

estimate holds true for any (w0,%, d) € K(My, My, T) x D(r, T) :

S 2 ~
1Z(wz, d, T)Hxﬁw {HAhHX+[71(Po,d,T)HAU0HX
1/p1
||a0||L1 OT%))pQ)/pQ lag v 9||Lp1 (0,T5D 4 (7,00))

P (T Chol, )
+ Po (T)C (7 T) (1 _ (1 _ /y)pQ)l/p? [(1 - K(d)/p0>p3]l/p3
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K ~
X eXp(‘ E +M1 % , )} 205(p0,d, Ml,M27T) (267)
LY(0,T;R) LP1(0,T;R)

according to the notation (1.22). Here Z, X\, 11, T2 are defined by formulas (2.16), (1.18),

(1.19), (1.20).

Proof . We shall prove this lemma only in the Case 2, which seems to be a bit more
complicated. Let us take into account (2.16) for the case of the continuous measure
and first establish an estimate for Z; defined by (2.18). Using (2.48), we get

2HAhIIX
‘ It Fe)(t)dt|

By means of Lemma 2.2, estimate (2.51) and the representation (2.19), we get

12:(@.7,d)|x < |Q@@,Z,d,T) |l cex) | AR x

(2.68)

— —1yps A0l x|l Loy || 1 1
122wz, d)||x < 205" T
" T ems ] Nay® i ba@ = K@)
k/
xexp(’ — + M |2 ) (2.69)
k 1(0,T;R) kWP (o,R)

In order to get the estimate for Z; we use (2.66). Hence, from (2.20), taking into

account (2.48), we conclude

(1=7)p2)/p2 lat 1/p1

—1/ps || OHLl(OTR)

L g”LP 0,T1;D 4 (7,00
125(w,z,d) || x < py (01 Pa0,00))

(1—-(1- 7)p2)1/p2 [(1— K(d)/po)ps|*/rs
% 2T1/p1HSTOQ/}HLM(O’T;R)CNW’T) eXp(' %
I ey

¢
|

L (0,T;R)> '

(2.70)
Summing up the inequalities (2.68), (2.69) and (2.70), we finally obtain (2.67).

L1(0,T;R)

Concerning the Case 1, we investigate it analogously to the Case 2. In order to
obtain an estimate for Z; we use (2.48), Lemma 2.2. Then, from (2.19) we get the
desired estimate. From (2.20), taking into account (2.48), (2.62), we obtain the estimate
of Zs.

The assertion of Lemma 2.1 is then achieved by adding together the estimates for

Z;,j=1,23 ®
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2.4.2 Estimate of W(w,z,d)

In the previous section we have gotten an estimate of Z. In order to deal with N;

defined in (P9)2, we need also to assess
W(zm,d,t)=> W;(w,zd,t), (2.71)
where the operators IW; are defined by (2.21)-(2.24).
Lemma 2.1 In view of the conditions of the Theorem 1.1 for any
(W, %, d) € K(My, Mz, T) x D(r, T)
the following estimate holds:

||W(w727 d)”Lm(ojT;x) S ClQ(pO; da Mla M27 T)7 (272)

where Co — 0, as pg — +00.

Proof . We note that the difference of Case 1 and Case 2 here is only in the
estimate (2.67) of Z, involved in the representation of W.

Firstly we estimate W;(w, zZ,d) defined in (2.21). Exploiting (2.33), we get:

IWA@2, )l o) = ( / " exp ( / (R - ‘ﬁj((jf (o) - %z) da)

t p1 1/p1
X exp (/ ag(a)daA> Auyg dt)
0

k/
< HAuonexp(’ - + M, . )
L1(0,T;R) LP1(0,T;R)

« < /O Texp(—(po _ K(d))py /0 tao(a)do>dt) " (2.73)

Qo

k
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In order to assess the last integral we introduce a new independent parameter ¢ > 1

and use the Holder inequality:

¢
exp( (po — K 1/ ao(a)da)dt
0

/OT > eXp( (po — K(d))p: /0 ' oo )dg) o9

</“T 7 ) ) </oT exp(~n = K /Ot%(a)da)ao(t)d)l/q

IA

/

/T dt 1
0 af /"t [pogpi (1 = K(d)/po)] '/

< (1—exp( (o — K(d))gp1 /Ofa()(o)da))”q

= 1/q
Ly [T dt 1
= (/ 3”()) api (1= K@/ o]0 =

Using the inequality (2.74) in (2.73), we then deduce

F p 1/(¢'p1)
Awollx | | =7
0 ay""(1)

1 CLO
) 2.75
X (L= K(@)/ po) [ P (‘ Lva <>> (2.75)

In order to assess the second summand W5 in W, we use estimates (2.67) and (2.74).

1/(Qp1 ||CI)|

“Wl( )||LP1(0T)() <P8 X

/

&

+ M,
L(0,T;R)

Proceeding analogously to the estimate of W7, we get:

1922, ) 70
= 1502w, 4, Tl ( [ e[ (o) - 22 ) - 20122 )

¢ M 1/p1 . T g 1/(¢'p1)
<esp( [atorion)|ar) < i [
0 0 ag’(t)

Cs(po, d, Ml,szf) p(’ E
[qp1(1 = K(d)/po)]*/tar) k

a
+ M ||
L1(0,T;R) k

o ) (2.76)

LP1(0,T;R)
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An immediate consequence of the estimate of R, is the following:

|| W3 (Ea§7 d) || LP1 (O,T;X)

_ </ [ (176 = s16) (Rts) = sy - 0Dy

k(s)

X exp ( / t(E(a) _ 20(9) i) — %z) da)

1 1/p1
dt)

t ~
X exp (/ ao(a)daA) ds Z(w,z,d,T)

< pal/ij:tl/pl 05(p07d7 M17M27T) exp(’ E/ + M1 @ / )
N [p3<1 - K<d)/p0>]1/p3 k LI(O,T;R) k LP1 (O,f;R)
fk, 1 fg
< (17 o + H7 B e (T -l
Lr1(0,T;R)” 1l ag LP2(0,T;R) LP1(0,T;X)
2 /
+ Hi M, + ' i M2> ‘ el (2.77)
k L>(0,T;R) Rl oo (0,T;R) LP2(0,T;R)

Applying the inequality (2.66), from (2.24) we obtain

IWa(@,Z, A)|| 1o (0 7:x)

/0 ! /0 ao(s) exp ( / t(E(U) - le((;)) B(o) — —“0(]: (E)(")z) da)

t po i/ B Haou(llf(lf'Y)pz)/pz
x Aexp (/ ao(a)daA)g(s)ds dt] < pal/p3T1/p1 L1(0,T;R)

(1= (1= 7)p2)"/P

<

Qo

k

+ M,
L1(0,T;R)

010(%T)||a(1)/p19||m1 (0,T;D.4(7,00)) (' E/
[(1 = K(d)/po)ps]'/re k

g (0,T;R)) '
(2.78)
Finally, summing up the estimates (2.75), (2.76), (2.77), (2.78), we deduce

- (d'py)

L _ dt | Ao || x
W(w,z,d) || ;o 071y < pl/(qm) / 7
WGz oz { oal (1) amn (1~ K(d) o) V)

7 /(a'p1)
1/ (1) Y 70)
+ po C5(P0,d,M1>M27T) (/Oagl/q(t)> [qp1(1 _K<d)/p0)]1/(qp1)
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+pp P T Cs(po, d, My, My, T)
Po 5(Po, d, 1 2
[p3(1 — K(d)/po)]'/s
1 ( / fk, 1/p,
< |7 [EPTs L I RA i T
U a(l)/pS LP2(0FR) LP1(0,T;R) L1 (0 FR) LP2(0,FR)
2
]l 5
Lm(oT-R) k L>°(0,T;R) LP1(0,T;R)
(1=7)p2)/
p_l/p3 || 0||L10T%)p2 p2 Tl/l)lCl()( e ) || 1/plgH T
O (1= (1 =7)pa) /P2 [(1 = K(d)/po)ps]/Ps LP1(0,T:D(7,00))
k'/ 0,0 . s
X €Xp 7. + M1 - , = Clg(po,d, Ml,Mz,T).- (279)
k 1(0.FR) k 1lLP1(0,TR)
Conclusions

Thus we have obtained all estimates needed to prove that N' = (N, N3) maps the
metric space (M, M,,T') into itself. Taking into account (2.67) and (2.72) we can
conclude that operators N7 and N5 can be estimated (cf.(2.59), (2.60)) in the following
way':

1N (@, Z, )| 1o (0 7:x) < [Pllx+Cs(po, d, My, Mo, T)

X*OIZ(p07du M17M27T)7 (2'80)

+ £l o1 0 72 |12

INo (@, 7, d)| < || @] x+Cs(po, d, My, My, T). (2.81)

We now remind that C5 — X and Cis — 0 as py tend to +oo. Then,

[A(d)]

evaluating the right-hand side in (2.80), (2.81) as pg tend to +o0o, we obtain that the

pair (M, Ms) must satisfy the inequalities:

< My,
IA(d)] ?

< M.

Ad)] o

Summing up: in order that the vector-mapping N' = (N1, N5) in (P9) maps the set
IC(My, My, T) (cf. (2.27)) into itself, we must choose the numbers M; = M;(d, ®) and



62

My = Ms(d, ®) so as to satisfy the stricter system of inequalities (1.14). Taking this

choice into account, we can find so a large py to satisfy the system (2.60), (2.59).

2.5 Contractivity of mapping N

To apply the Banach theorem on contracting mappings in the complete metric space
IC(My, My, T) we need to prove that the mapping A into itself is contracting, that is

the inequalities
HNl (W, Z,d) — M (w1, z1,d) HLPl (0,T;R)

<[ @]

4
X Z HWj(w%z?? d) - V[/j(wbzla d)”Lm(oj‘;x)
j=1

Z(Wy, %0, d, T) — Z(wy,%1,d, T x

+ Hf”Lp1(0,T;R)H(I)| X*
< q (w2 = W[ 1o o 7m) T 172 — Z1), (2.82)

’N2<w27§27d) _NQ(wlazbdﬂ < H(I)| Z(w27§27d7f) - Z<w1,§1,d,f)||x

X*

< Qo[ w2 = 1| 1oy o 7) + 172 — Z1l) (2.83)
hold for all (w;,z;) € K(M;y, My, T),i = 1,2, for some positive constants q; < 1,q, < 1.
In order to get the estimate of the increments of Z in (w,Z) we need to find the

appropriate estimate of the increments for @', To this aim we need an additional

lemma.

Lemma 2.2 For all (w;,z;,d) € K(My, My, T) x D(r,’i‘),i = 1,2, and k defined by
(2.5) the following estimate holds:

exp (/:@(g) B 02)((;7)) (o) — %z»%)

aof

LP1(s,tR) H k

<o (|
max | ||—
- k

Lt (s,t;R))
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k‘l t
X exp< ‘— + M, o , ) exp <K(d) /ao(a)da)
k Li(s,t;R) kAl (s,t;R) s
X (HEQ — ml”Lm(s,t;R) + |22 — 51’), Vse [O,t], Vt € [O,T] (284)

Proof . In order to deal with the difference

Io(s,1) = exp ( / t(E(J) _ ‘;:((;’)) T(o) — “0(; <);)(U)El>da>

. (/:(HU) B 0;:(0) Ta(0) — ao(]j()(;f)(a)32> da)

we need the following relation:

1

e:v_ey:_A%[exp((l—&ﬂx—i—%y)]d@l:—(y—x)/0eXp[(l—Hl):l:—i-Gly]dGl. (2.85)

Taking this equality into account, we achieve

(s, t) = — /:(C;f((;)) (Wa(o) —wy(0)) + k(o) >(22 —21))da
x / exp<(1 —9) / t(aa) . ‘Z]((:)) Wa(0) — “0<]j 2;)(“)32)610)

X exp (91 /:(E(o‘) (o) w (o) — aO(“)f(‘T)zl)dJ) dfy, s€0,t).

Using Lemma 2.2, we get

5.0l < (|52 @ato) ~ mton) + 0z, — 2] ao
1 ) o _ao(o)m - ao(a)f(a)z
xo/exp((l ) [[fo) - S o) - Pz i)
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Qo

+ M, A

L1 (s,t;R)

/
— do;.
k P (s,t;R)) !

« /1 exp(K(d) / tao(a)d0> exp( :

Applying Holder’s inequality, we easily obtain

aof

k

Z2 — 2 |>
Li(s,tR)

o

k

‘}—,2(3»75)”)( = (H% LP1(s,t:R) 2 = @allrs o +

X exp (K(d) / tao(a)da) exp( -

/
3
aof

LP1(s,tR) H k

1

L1(0,T:R) ¥ (07T;R))
t
) exp <K(d) /ao(a)da)
L1(s,t;R) s
L (s,t;]R))

X (|[Wy — W1 o1 (s pr) + [Z2 — Z1]), Vs€[0,1). [ |

Qo

k

( k
X exp

<

/ ag

+ M, 2

L1 (s,t;R)

k

2.5.1 Estimate of Q_l(wg,zz, d) — Q_l(wl,zl, d)

Let (w1,%1), (W, Z2) € K(My, My, T'). Taking into account (2.5), the definitions (2.44)
and (2.47), after some simple computations we obtain

Q(E%zQ;daT) - Q(wlazladaT) = R(wbzladaT) - R(E%E%daT)

— £(0) /0 Tgo(t) [exp ( /0 t(E(a) - ‘2’((5)) w1(0) — “0(];’ ({f)(“)zl da>

—exp ( /0 t(E(a) - ‘Z)((;) T(o) — %@)da)] exp ( /0 t ao(a)daA> du(t)

+ [ otonto

[ () LD e
(

k(s)

)

SS4e

S

S~—

2

N——

IS

)
0 N
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=Y Ry(z,w,d,T). (2.86)

Lemma 2.1 Under the conditions of Theorem 1.1 the following estimate holds for any

(@i,zi, d) € ’C(Ml,MQ,T) X D(I‘,T), 1= ].72 :

1Q~ (@, %2, d. T) — Q' (W1, 71, d, T) | c(x)

< Ciz(po, 4, M17M27T)(Hw2 - wl”L?l(O,T;R) + [22 — 7)), (2.87)
where
~ 4 k' ap
¢ yd, My, My, T) := €x - + M H— ,

aof
k

NG A
LP1(0,T:R)

; {mpo, 4 D)1 ma |

LY(0,T;R) )

aof
k

ao
max( &

LP1(0,T5R)’ L (o,f;z&))
[ps(1 = K(d)/po)]/Ps

fK
<||f/||LP1(O,T;R)+ H?

fg

k

+py "o(T)

|

+

1
aé/ P3

LP2(0,T;R)

_(lle
LP2(0,T;R)

LP1(0,T;R)
f
LP1(0,T;X) k

1/py

M,
L*°(0,T;R)

1/p4
Qg

X+ +

f?

n ‘ J- LP2(0,T;R)

[ps(1 = K(d)/po)]"/7s

) . (2.88)
LP1(0,TR)

Remark 2.1 We note that the positive function Cy3 tends to 0 as py — +00.

k

M) + i)

LP1(0,T;R)

f2

X max( 2

)

L>(0,T;R)

7

Proof . The proof of this lemma follows immediately from the relation

Qil(w%z% d7 T)_Qil(wlazh d7 T)
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3
=Q 7' (w,7,,d,T) - Z&'(Z w,d,T) - Q' (Ws, 72, d,T) (2.89)

i=1
as soon as we have an estimate of each R;,i = 1,2, 3. Let us prove the inequality (2.87)
in the Case 2.

First, using (2.34), (2.84), (2.51), we get

||R1 (vaa du T)HE(X)

(0)| / () ()

_ exp(/(]t@(a) (o) Ta(o) — ao(U)f(U)%)

i)

X
t 71/ 1
X |lexp (/ ao(a)daA) dt < py "% f(0)] o
0 L(X) ) Lr2(0,T5R)
letlleoorm ( o aof )
[ps(1 — K(d)/po)]*/Ps kllviorg || k L1(0,T;R)

/

k Qo _ _ _ —
(2.90)
Applying the estimates (2.34), (2.84), (2.58), we deduce
T
IRa(z.4.T)ecr < [ Tet®lu(o
i f(s)K'(s) f(s)®[g(s)] | f(s) _ f2(s)_
X/O I =73 +an(s)( i) e D 2)
= ao(o) _ ao(0) f(0)
X exp(/s(k(a) = o) w1 (o) — k(o) zl>da)
e [ o) - 2D ) AL
exo( [ (R ~ Sy mate) = G Pzas )|
t 1/p
ex ap(o)do A s —1/py TP lev oz
<o ([ atertoa) oS = K@) )
L ! K al/p/3
X [ aé/pg, S (Hf ||LP1(O,TR H . OTR)) + Lo (0T R)
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2
X ( f— —|—Hi M1+Hf M2>
K le o, kol oo 0,7:m) LP1(0,T;R)
( H o aof )
x max | |[—| , =
k7 o,1r) k llpiorr
kj/ Qo _ _ _ _
X exp E + M, Y (||w2_w1||LP1(O,T;R)+ |Zo — Z1]).
1(0.T:R) LP1(0,T;R)
(2.91)
Taking into account (2.34), (2.56), we obtain
||R3(E7w7 d7 T) H,C(X)
T t 2
f(s) _ (s
< |90(t)\¢(t)dt/ ag(s) |77 (Wi(s) — wa(s)) + (71 — %)
/0 0 (s) k(s)
t k! 0
X exp (—(PO — K(d)) /ao(a)da> ds exp(’ — + M ||—|| )
0 k L'(0,T;R) k LP1(0,T;R)
TP o1 1/p3
< ,0_1/173 levllnorm) oo LP2(0,T3R)
- [ps(1 — K(d)/po)] /s
2
([ w5 m -z
L>(0,T1;R) LP1(0,T1;R)
k/
xexp(‘ u + M, H@ , ) (2.92)
k L1(0,TR) LP1(0,T:R)

Applying (2.90), (2.91), (2.92) to (2.86), in view of (2.89) and taking into account
(2.48), we get (2.88).

We prove (2.88) in the Case 1 analogously to the one in the Case 2. First, using
(2.34), (2.84), we get the estimate of Ry; second, taking into account (2.34), (2.84) and
(2.54) we deduce the estimate for Ry; third, using (2.33), (2.40), we obtain the estimate
of R3. l
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2.5.2 Estimate of Z(w27227 d) — Z(@l,zl, d)

Let us take into account the identities (cf. (2.16))

3
Z(W2, %2, d,T) — Z(w1,7z1,d,T) = Z(Zj(@m?mdaT) — Zj(w1,71,d,T))

J=1

and

Q(Ws, %2, d) 'a — Q(w1,z1,d) b = Q(W2,Z>,d) " (a — b)

+ (Q(Wy, Z2,d) ' — Q(wy,71,d) " )b, a,beX.
Then, according to definition (2.18)—(2.20), the next equalities hold:
Zl(w%EQu d7 T) - Zl(wla Z17 da T) = (Q(E%EQJ d7 T)_l - Q(whzla da T>_1)Ah7

ZQ(w%EQadaT) - ZQ(wlazbdaT) =

= Q<w27§27 d7 T)il

X /0 Tgp(t) (exp ( /0 t(%(a) - ‘]20((;’)) @1 (o) — %z)da)

— exp (/;(E(O) - C;:((;) wy(0) — %32)d0)>

X exXp (/t(lo(O')dO'A> AUod/L(t) —+ (Q(@l,zl, d, T)il — Q(w2722, d, T>71>

0

X /0 T¢(t) exp ( /0 t(%(a) - ‘:’((5)) w1 (o) — %zl)dg)

X exp ( / ” (a)daA) Augdp(t)

0

=: Z51(Wy, W1, 22, 21,d,T) + Z52(Ws, W1, Z2,Z1,d, T), (2.93)

Z3(Wp,20,d, T) — Z3(wy,%1,d,T) = Q(Wa,Za,d, T) "

X /0 Tgp(t) /0 tcm(s)(exp( / t(%(a) - ‘Z’<(:)> w1 (o) — %a)da)
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x Aexp ( / tao(a)daA) g(s)ds] dp(t)

+ (Q(wlazla dvT)_l - Q(EQ’E% dvT)_l)

X /0 Tap(t) ( /0 tao(s) exp ( / t(%(a) - “Ig’g)) w1 (o) — %zl)da)

x Aexp ( / tao(a)daA) g(s)ds) du(t)

=: Z31(Wa, W1, Z2, 21, d, T') + Z32(W, W1, %2, %21, d, T). (2.94)

Lemma 2.1 In view of the conditions of Theorem 1.1, the following estimate holds for

any (wi,zi, d)EIC(Ml,MQ,T) X D(I',T),i = 1,2 .
”Z(E%EQ? d7 T) - Z(mlazla d7 f)HX
< Cualpo, d, My, My, T) (][> — W[ 1o 0.7y T+ 72 — Z1))- (2.95)

Here

Cua(po,d, My, M, T) = || Ah||xChs(po, d, My, My, T) + {HAUOHXTl(POadT)

—7)p2)/p2
H ||L1 OTR)

(1= (1= 7)p2)*/r2

o (3 o

(5
X exp

1/p1
+ 0y P7a(T)

C'10 (’77 T)

la0™" 9Nl Lo (0.0 (1,00
[(1 = K(d)/po)ps]'/P>

L1(0,T5R)

OT]R MlH HLl OT]R)) (296)

and T, Cho, Cis, 71, 75 defined in (1.13), (2.63), (2.88), (1.19), (1.20).

C d M, M, T
. ) + Cualpo. d. My 0 >}
/

k|,
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Remark 2.1 Taking into account Remark 2.1 and the definition (1.19) of 7y, we con-

clude that

Ciyy—0 as py— +o0.

Proof . We prove the estimate (2.95) for the Case 2, i.e. when du(t) = (t)dt.

Using (2.87) we achieve

| 21(wW2,22,d, T) — Z1(w1,%1,d, T)||x < ||Q(@2,52,daT)_I_Q(ml,zhd;T)_lHﬁ(x)

X HAhHX < ClS(p07da M, MQyT)”AhHX(”w2 - leLl’l(O,T;R) + ’22 _51”-
(2.97)

Now, by means of the estimates (2.84), (2.48), from (2.93) we have

| 22,1 (W2, W1, %2, %1, d, T) || x < [|Q(Wa,Z2,d,T) | 2ex)

< [ 1ot ( [(Fo) - 22 o) - “0z, )i )

oo [(Fo) - D o) - 2Lz )

@ L(X)
X exp( daA) Auo dt
2||A ( % [ 2ot >
|| Uo ||X max k Lpll (0,T;R) k L1(0.T:R)
- T
[fy et Fet)dt]
X k' M ag (H— - ” . |_ ~ |)
exp| ||— % S | .
P k 1(0,T;R) ! k 1Pt (0,1;R) 2 1{|LP1(0,T;R) 2 1

</ T|so<t>|¢<t> exp(~(on = 1) [ au(o) ).

Then, from (2.51) we get

2max< L % ) 1
_ /3 LP1(0,T;R) LY(0,T;R)
HZ2,1<w27w17 22,21, da T)HX S p(l) T
| fy ) f (1) (t)dt] ay" i 01:2)
Au . K a
Ll loVlironn o, won |2
[ps(1 — K(d)/po)]*/Ps klovorm) ko llzriorm)
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X (||wg — W1 || o1 (0,rir) + |22 — Z1])- (2.98)
Exploiting the estimates (2.88) and (2.51), we have

| Z2.2(Wa, 01, %2, 71,d, T)||x < ||Q(wW1,21,d, T)"" — Q(@%Ez,d,T)_lHL(X)

< [lemwes( [ o)

ao(0)
ko)
t
exp (/ao(a)daA)Auo dt < pgl/p3||Au0\|X013(p0,d, My, My, T)
0

k(o) h(o)

@1(0') —

X
X
K’ 1
XeXp(’ * a2, ) my
Flloorm kliorm ) llag™ Nl 0w
Y T, _ o
||90 ||LP1(0TR) (sz _ leLl’l OTR) + ‘22 . Zl‘) (299)

[pa(1 — K(d)/po)]"/P

Summing up (2.98), (2.99), we get

||ZQ(E27227 d7 T) - ZQ(mlvzh d7 T)HX

2max< Fllut ) * i )>
< py™ { PR =0 013(P0>d>M17M2aT>}
[fy et (1) (t)dt]
1 HSO¢HLP1(0 T;R)
X || Auol|x || 7 —
a(l]/p3 L2 (0, P3(1 — K (d)/po)]V/P3
k' a
X exp(’ T + M, EO o )(||@2—@1||LP1(0,T;R)+ |Zo — Z1]).
L1(0,T;R) LP1(0,T3R)

(2.100)

From (2.94), using (2.48), (2.84), we deduce the next estimate:

| 231 (W01, 72,71, d, T) || x < |Q(Wa,%2,d,T) | £(x) /0T|¢(t)|1/1(t)dt
« /O 2o (s) exp< / (Fio) - ‘;:(f)) T(o) — %z)da)
— exp (/S (E(U) - C;{?((UU)) Wy (o) — —GO(g()f)(U)§2>da>

Aexp ( / tcm(a)daA) 9(s)

X

X
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2maX< C;{? p’( )7 azf 1( ))
LP1(0,T;R L1(0,T;R = Zo—Z
< = TR (@2 — Tl o 0250 + 22 — 71l)
T ’ bl
i ot) f (o]

X /OT|g0(t)|¢(t)dt /Ot ao(s) exp (K(d) /Stao(a)da)

k/
X Aexp(/ao(o)daA>g(s)) dsexp(‘ — + M, |20 , )
s X k L1(0,T;R) k LP1(0,T;R)
Owing to (2.66), we get
2max< Pl oz * ( >)
Wo 1. 2.2 LP1(0,T5R L1(0,T;R
||Z3’1(w27w17Z27Z17d7T)HX S T pm— 2
[fy @)t

1—(1—
HCLOH(LI(((LT;?R))W)/I)Q

(1= (1= 7)p2)"/P

% pal/mTl/p/l ngwHLpl (07T;R)Clo (77 T)

N gl orip.a6.00) (’ K o || >
[(1 - K<d)/p0)p3]1/p3 k L1(0,T;R) k P (0,T;R)
X (w2 = wil|zeso,7) + |22 — Z1))- (2.101)

In order to obtain an estimate of Z3 5, we use (2.87), (2.66). Thus, from (2.94) we

have

25,01, 22,21, d,T) | < Q@ 21, d, T) 7 = QW 72, T) ey
[ lenoar [aeeo( [l - 20 w0 - 220D 4,

% | Aexp (/:ao(o)daA)g(S)des

1—(1—
HGOH(Ll((g,T;%))pz)/IDQ

(1= (1= 7)p2)"/P

< P(;l/pscw(po, d, My, M,, T)Tl/pll H90¢HLP1(0,T;R)C10(% T)

1/p1

o™ gllin wpaoon o (‘ s o ||% >
X ([0 — W1 |1 0,7m) + 122 — Z1)- (2.102)

Now from (2.101), (2.102) we deduce the estimate

HZ3(E27527 d7 T) - Z3(w17217 d7 T)”X



aof
k

ag
k

LP1(0,TR) L (0,T;R)>

[y e (D) f(B)(t)dt]

_ {2max<

1—(1—
HCLOHEI(&T;E]YQ))M)/W

-1 !
< g T a0 Cool ) = 2 i

lag™ gll 21 .00 000 (’ ¥ +n|%]
(1 = K(d)/po)ps]'/vs klloorm) k

X ([[we = Wi l|Lero,7) + |22 — Z1])-

Finally, summing up (2.97), (2.100), (2.103), we conclude (2.95).

] .
LP1(0,T;R)

73

+ Cl3(p0a da Mlv M27 T)}

(2.103)

In the analogous way we reason for the Case 1. Using (2.87), we easily estimate the

increments of Z; in (w, Z). In order to estimate Z,; we take into account (2.48), (2.84).

Using (2.87), Lemma 2.2, we get the estimate of Z55. We exploit the relations (2.48),

(2.84), (2.62) to estimate Z5;. For the estimate of Z35 we use (2.87) and (2.62).H

2.5.3 Estimate of W (wy,zy,d) — W (w1, z1,d)

Lemma 2.1 Under the conditions of the Theorem 1.1 the following estimates hold for

any (w;, z;, d) € K(My, My, T) X D(r,’f‘),i =1,2:
W (W22, d) — W (w1, Z1, d)|| 11 (0 7.x)
< Cis(po, d, My, My, T)(|[W2 — @1l 1 o 7:2) + 72 — Z1),
where
Cis >0 as pyg— +oo.
Moreover,
W (3,2, d) — W (W1, Z1, @) oo 0. 7.x)

< Cis(po. d, My, My, T)(|[0, — W1l o1 0,7m) T 172 — Z10);

and Cig -+ 0 as pg — +00.

(2.104)

(2.105)

(2.106)
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Remark 2.1 We shall need the estimate (2.106) exclusively only in the proof of con-

tinuous dependencies.

Proof . Let us estimate the increments W;(w, Z,d, t) in (w, Z). We remind that the
difference between the estimate of these increments in the two cases of measure p is
only in Wy, W3. In fact, the representation of last vectors involves Z, which contains the
measure f. Now we consider the first difference. Using (2.34), (2.84), (2.74), similarly

to (2.75), we obtain

Wi (2,72, d) — Wi(wr, Z1, d)| o (0 7.x)

[exp ([(Fe)~ 22D 0 - ) )

P1 1/p1
dt)

-(f

t
X exp </ ao(a)daA) Auyg
0

max | |G wl N > 5 1/(p1q)
< p_l/(qpl) ||AU HX < k LP1 (0,T5R) k Ll(O,T;R) /T dt
- " lqp1(1 — K(d)/po)]"/(arv) ; agl/q(t)
k' ao
X ex — —I—MH— , T — T T,
p (‘ k: L1 (O,T;R) 1 k' L1 (O,T;R)) (H 2 1 ||Lp1 (O,T,R) | 9 1 |)

(2.107)

Likewise we estimate the same increments in L>(0, T: X ). We get

le (@2,32, d) - W1 (@17317 d) ’le(O,f;X)

k' Qo
< || Aug || x exp T N | il | v
L1(0,T;R) LP1(0,T5R)
ap aof —_ - —
Xxmax | (|—I| , - ||/ Wy — W =»y T [Z2 — Z1]).
(H k12w 0,7:R) k Ll(O,T;R)) (e 1||Lp1(07T7R) . &

(2.108)



Let us write down the increments of W5 in a convenient form:

WZ(EQaE% d7 t) - WZ(mla E17 d7 t)

—exp < /0 t(%(a) - C]f((:)) w1 (o) — %a)da)]
X exp (/Otczg(a)daA> Z(Ws,Z2,d, T
+ £(0) exp ( /0 t(E(U) _ 20(0) o () = G0l0)] () (U)El)da>

X exp < /0 tao(a)daA> (Z(T2, %, d, T) — Z(W1,%1,d, T))

= Wa1 (W1, W2, Z1, Z2,d, t) + Woo (W1, W2, Z1, Z2,d, t).
Analogously to (2.107), applying (2.84), (2.67), we obtain

[ W, (Wy,Ws, %1, Z2,d) ”LPl (0,T;X)

P1 1/271
ds)

t
X exp (/ao(a)dUA)Z(@g,Eg,d,T)
0

75

(2.109)

L <o,f;R))

— /
< p/ V| £(0)|C5(po, d, My, My, T) exp(' = + My |2
L1(0,T;R) k
ao aof _ _ _ _
. max( klozm I k- Ll(o,T;R)> (> = Will o o 7y + 172 = 1)

_ D
y /T dt /(d'p1) .
0 ag’’(t) [qpy (1 — K (d)/po)] /(@)

Likewise we achieve

|Won (W1,w2, Z1, Z2, d) HLoo(o,T;X)
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K a
i IS L
k L1 (O7T;R) k LP1 (O,T;R)

)2 =l 1 + 22 = 31

< 1£(0)]Cs (po, d, My, My, T) exp('

o

X max( 2

aof ‘
PR Il k lloroFr

Using (2.95), similarly to (2.76) we can deduce

[Wo2(W1,Ws, 21, Z2,d) || 1, (0,T;X)
= </0T o (/Ot(%) - T - aof()f)(a)a)d“)

t p1 1/p1
X exp (/ ag(a)daA> (Z(wq, Z9,d, T) — Z(w1,71,d,T)) ds)
0

Qg

+ M, 2

L'(0,T;R)

. K
<o e |7

Ph o T
LP1(0,T;R)

X 014(P07d7 MI,MQaT>(||E2 - leLm(ojﬂ;R) + |22 - 21|)

T /(d'p1)
Todt 1
" </0 at’ q(t)) [qpr (1 — K (d)/po)] /(@) (2.110)

Likewise we get

| W0 (W1, W2, Z1, Z2, d)|| 10, (0,7:X)

/

< 11 lewn( | §

Qa
i

L (o,T;R))

x Cl4(ﬂ0, d, M, M2>f)<’|w2 - leLm(O,T;R) + ‘32 - 21‘)‘ (2‘111)

LY(0,T;R)

As a result, taking into account Minkovskiy’s inequality and the estimates (2.110),

(2.111), from (2.109) we get the final estimate

||W2(w2722a d) - WQ(wbzl? d)HLT’l (0,T;X)

T 1/(q'p1)
< pfl/(qm)’fa])‘ /Ti a'p1 .
o 0 aj"(t) [api (L — K (d)/ po)]/am)
K N
X exp(’ — + M, % . ) |:C5(p0,d7 My, My, T)
Rl (0,T5R) k L7 0,TR)
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ao

1.

X max(

)) +C'14(,00,d,M1,M27T)

P1(0,T;R) L1(0,T;R

X (w2 = Wil gy (o 7wy + 122 — Z11)- (2.112)

Likewise we get

|Wa(wWy,Z2, d) — Wa(wy, Z1, d)HLoo(o,:F . X)

< T[] [
1(0,T;R) L1(0,T;R)
k' Qo
+ Cralpo, d, My, My, T) ) 0 exo (|| o2
L1(0,T;R) LP1(0,TR)
X (”wz — @1||Lp1(07'T~;R) + |§2 — §1|). (2113)

Let us now estimate the increments for W3. We remind that

W (U)Q 29, d t) (wl,El, d,t)

—exp ( / t(%(a) _ ‘;:((;) W1 (o) — “0(]: ()f)(“>zl)da))
X exp ( / tao(a)daA> ds Z(wy, %1, d, T)

+ /Ot ao(s) (% (Wa(s) — wy(0)) + ZS) (Z, — zl)>




t 3
X exp(/ao(o)daA>ds Z(@l,zl,d,T) = ZWgyj(wl,wg,El,zg,d,t).

=1

Using (2.54) and (2.95), similarly to (2.77), the next estimate is satisfied:

||W371(m1a Wa, 21, Z2, d) ||LP1 (0,TX)
1

—1/psp T
< TGl d MM D G @

K ao
X ex — +M —‘ ;o Wy —w rr) T 172 %
p(‘ K llpiomim) Yk L"l(O,T;R)> (e e (018 75l
fK 1 P
X ( f Fr) T H— ) Trs +w™ 7
[ || HLPI(O,T,R) LP1 (0 FR) a(l)/ps (0 FR) o LP2(0,T:R)
2
e W )
LP1(0 Lo (0,T;R) LP1(0,T;R)
Similarly we obtain
|Ws 1 (W1, Ws, Z1, Z2, d) HLoo(o,T;X)
S pal/pg ! 1 Cl4(p0>d7M1aM27j:)
[p3(1 — K(d)/po)]*/Ps
fK 1 1/p}
S [CPres L S| P I i
[ LP1(0,T;R) L1 (0FR) CL(l)/ps Lv2(0.7R) LP2(0,T;R)
2
X ( @ H / M, + ‘ / M2>
k L°°(0,T;R) k LP1(0,T;R)
K Qo
(¥ MH_ Ba— Bl m + (72 — )
exp(‘ Rl o7m) e k LP&(O,T;R))(ng Dill s 073 + 172 = Z1))

In order to estimate W35 we use (2.91). So, we achieve

|Wso(W1, W2, Z1, Z2, d) || 1o (0,T:X)

T ~
< —1/p3 o AN VT
= [p3(1 _K(d)/p0>]1/p3 S(Po, s 1, 25 )
: ( L 1/p:
| L IR
” Cl(l]/:D3 LP2(0,T;R) LP1(0,T5R) LP1(0,T;R) LP2(0,T5R)

78



79

2
X ( f— + Hi My + ‘ r M2>
k 1(0,T;X) k L (0,T;R) k|l e (0,T;R)
(Hao ao f )
xmax | [|[—I|| , . ,|l—
k NLP(0,TR) k L1(0.FR)
k,/
con([X] a2 Y-l + -5
(5] r 215 ) 072 = Tl + 22 =5
In the similar way we obtain
|W3 2 (w1, Ws, 21, Z2, d) HLoo(o,f;X)
< pal/pg Cs(po. d, M1,M2717;) max H@‘ o aof
[ps(1 — K(d)/po)]*/Ps kil || Bl o5m
fK 1 1/p
| (oo + | 5| T -
[ LP1(0,T;R) o1 (0.5 R) a(l)/p3 L2 (0T R) ) LP2(0,T;R)
2
X ( Hf M1 ‘ f MQ)
LP1(0 L (0,T;R) LP1(0,T;R)
k‘/ Qo
X ex — —|—MH— , Wy — W =y T |22 — Z1]).
p(‘ kllLio.7m) e pl(Of;R))(H ’ oo (0T % =2l

To assess W3 3 we proceed like in (2.92) and we get:

|Ws 3(w1, W, Z1, Z2, d) || 1, (0,T:X)

1/p4

T ||a,

< p-1/p3 LP2(0,T;R)
=0 Ips(1 = K(d)/po)]V/pe

2 k/
O (A < I
k L (0,T;R) LP1(0,T;R) k

X <||@1 - w2||Lp1(07T;R) + |El - z2|>~

C5(p07 d, My, M,, T)

i

2l (o,f;R))

k L'(0,T;R)

Likewise we obtain the analogous estimate in L> :

W3 3(W1, W2, 21, Z2, )| oo (0 7.x)

1/p!
a/pg

< =L L72(0,7R)

=00 (T () e o M A D
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k,/

exp (‘ —
LP1(0,T:R)

k

f2

M
A + My

LY(0,T;R)

)

x max (Hf

X <||w1 - wQ”Lm(of;R) + |§1 - 22|>'

0
k L1 (0,TR)

Lo (0,T;R)

Consequently the following estimate holds::

[Ws(W2,72,d) — Ws(w1, Z1, d) || 1oy 0.7.x) < TCha(po,d, My, My, T)

% ao P —1/ps3
<on(|E] a2 )
(‘ kllpoz:m) 110w/ [ps(1 — K(d)/po)]'/Pe
7% 1
(1Moo + H— ==
LP1(0,T5R) Qg Lr2(0,T;R)
—i—‘ (1)/1% <| + ! M,
LP2(0,T:R) & LP1(0,T;X) Kl Lo 0. 7m)
f2
T s A [ (R VPR
LP1(0,T;R)
05 po,d Ml,MQ,T k/'l Qo
+ o, PT ( — 1/23 exp| || M
[pa(1 — K(d)/po)] L1(0,T5R) LP1(0,T;R)
{ ( Qg aof‘ )
X max -
k70, 75R)’ L1(0,T;R)
f¥ 1 Ly
P lmorar [ 5] )| m sl
|:( LP1(0,T;R) L71(0, TR) ay 3 LP2(0, TR) LP2(0,T;R)
2
(12l |72 o S TR £ YA
LP1(0,T:X) L>=(0,T:R) LP1(0,T;R)
, 2
—|—Ha(1)/p3 max(‘i ‘f— )
Lr2(0,T3R) klliwozry 1| K o0 7m)
X (|02 = W1l o (o 7wy T 172 — Z1])- (2.114)

Analogously we come to the estimate:

W3 (a2, d) — W3(wy,71,d) HLoo(o,T;X)

1 ~
< po /s [0 .d, My, My, T
= <1—K<d>/po>]1/p3{ lon & A0 AR
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~ ag aof
o, My, My, T |52 e
+ C5(po 1, M, T) max( ot o) LOFR)
JK 1 1/p4
YRR S W1 - S
(H ”L 1(0,T;R) L1 (0.FR) a(l)/p3 02 (0FR) 0 LP2(0,T;R)
2
< (J12]]x- ’fkg ’ M; + ‘fk Mz)]
LP1(0 T'R) LP1(0,T;R)
L/ Cs(po, d, My, My, T
+ ‘ Qg L2 (0FR) 5(/00, y V41, 4V2, )
X max ( Hi , ‘ f—2 )
k L>°(0,T;R) k LP1(0,T;R)
k/ Qo _ _ — —
) exp(‘ k 0T]R)+ M k LPi(O,T;R)) <Hw1 B wQHLm(OvT;R) 17 - 220'
(2.115)
Now, by means of the estimate (2.101), let us assess
[Wa(Wa,Z2,d) — Wa(w1,71,d) ||LP1(0,7~“;X)
T t t
— ao(o) _ ap(o) f(o)_ )
= ao(s) |ex (k’a— wa——z)da
</ oo ([ (For - 5 mator - 255
t
- ag(o) _ ao(o) f(o)_
— k(o) — - )d
exp(/s( (0) H(o) w1 (o) k(o) Z1 |do
' P 1/p1
x Aexp (/ ao(a)daA)g(s)ds dt
s X
||a0||L1 1T;§p2 e lag” gll Lo+ (0.1
< Umpo T 0 A(7,29))
= GO D e (1= K@)/l
k/
xexp(‘— + M, % , )max( %o @) _ )
k LI0TR) k 11271 (0,7;R) Ellzrvorr)’ Ik lloio,7R)
x ([@2 =il 0.1y + 72 — 7). (2.116)

The following estimate is obtained similarly to the previous one:

|Wi(ws,Z2, d) — Wy(wy, Z1,d) HLoo(o,%;X)
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|| || 1 ’Y)pZ /P2 1/p1 _
L1(0,T;R) || g”LPl (0,T;D 4 (y,00))

—1/p3
< P Cio(y, T (1—(1—=5)p2)V/P2 [(1 — K(d)/po)ps|/rs

X ex E/ + M %o max( %o M’ )
P LL0TR) e LP1(0,T5R) kllriorr)’ Il k llLio,TRr)
X ([[w2 = Wi o o 7y + [Z2 — Z1])- (2.117)
From (2.107), (2.112), (2.114), (2.116) we deduce
HW(E%E% d) - W(wlazl? d)HLT’l(O,T;X)
T /
< pfl/(qm) 1 (/ dt )1/(p1q)
- [qp1 (1 = K (d)/po)M/ 1)\ Jg a8 /4 (1)
o M( )
% (||Au0||xmax< kEllcrvomr)’ Ik oo, 7iRr)
=~ ap aof
+ 05(p0,d,M1,M2,T)maX(HE o 1k lloofr
+Cl4(p07da M17M27T))>
T ~
—1/ps3
+p Cia(po,d, My, My, T)
© ps(1 = K(d)/po)]V/ps
fK 1 1/,
AW oz + 5] Y| |
LP1( (]T]R) CLO LPQ(O,f;R) (0,T;R)
2
< (1o |22 +Hi M1+\f_ Mgﬂ
k LP1(0,T:X) k L>(0,T;R) k LP1(0,T;R)
= ag aof
+O5(p0’d’M1’M2’T){maX<H? LP1(0,TR) HT L1(01~“~R)>
fK 1 1/p
x(ffp~.+H_ ) RV
{ H HL 1(0,T;R) k L (0FR) a(l)/p:a L2 (0.5 R) LP2(0,T;R)
2
( i M, + ‘ f M2>}
Lr1(0,T k < (0,T;R) kAl ey (0,T;R)
2
—i—‘ ay/" _ max(‘i ; L )}
Lr2(0,T5R) kllreomr) 1| K im0 fr)
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N (H ‘ Hagf )C (. T |a OHLl(OTR)Pz)/pz
max
k27 0. Fr)’ LFr) O [T — (1 = 7)po]t/p2
1/p1 _ E/ M @‘
||a0 g”Lpl (OrT;DA(’%OO))] } exp(‘ k Ll(O,f;R) * ! k Lpll (O,T;R)
X (|[ws — leLm(O,T;R) +z—=l)
= 015(P0, d, M, M27T)(|lw2 - ml”LPl(O,T;R) + |32 - 21|)‘
Analogously, from (2.108), (2.113), (2.115), we get:
W (W3,72,d) — W(w1,Z1,d)]| oo 0 7.x)
< auglxmax [ . ||%f
k L7 0,T:R) k L1(0,FR)
~ ag aof
O Cs(po, d, 2, M, Dymae (|52 =] )
+1(0)[|Cs(po 1, My, T) max k 1lLP1(0,T;R) k llLr0,T:R)
_ 1 _
—1/ps3
+ 014(p07 da Mla M27 T)] +p0 [p3<1—K(d>/p0)]1/p3 { |:Cl4(p0’ d’ Ml’ MZ’ T)
~ Qg aof
C ,d,M,M,T H_ / ~ ) _’ ~
+Cs(po 1, My, T) max ( Ellcrvorr) Ik lloioFr)
fk’/ 1 1/pf
17 H )75 ™. 0z
( LP1(0,T5R) L1 (0.FR) a(l)/m Lv2(0.FR) LP2(0,T;R)
f2
“ g L S P
LP1(0,T;X) (0,T5R) LP1(0,T5R)
1/v) Cs(po, d, My, My, T
+ ||a ~ 5(p0a ) 1, 2 )
LP2(0,T;R)
X max < ’ ' f— )
0 (0,T;R) k LP1(0,T;R)
laolZs oz Ny gl o 0.7
LY(0,TR) 9l Lr1(0,T;D 4 (7,00))

+ oy P Co (7, T)

(= (1= )p2) 77 [(1 = K(d)/ po)s] 1

aOf‘LloTR>}

o

X max( E

LP1(0,T5R)’
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Qo
w2
+ My el

/
k

(I
X exp

o Wo — Wi || py 0 7y + [Z2 — Z1 ).

L0 pl(o,T;R)) (2 =m0 7y + 172 = 211
(2.118)

Here Cy, Cs, Cy4 are defined by (2.61), (2.67), (2.96) respectively. It is easy to verify

(2.105). m

To apply the Banach theorem on contracting mappings in the complete metric space
IC(My, My, T) we need to prove that the mapping A is contracting i.e. the inequalities
(2.82) and (2.83) hold for some positive constants q; < 1,q, < 1. In fact, taking
(2.95) and (2.104) into account, from (2.82) and (2.83) we obtain the system of the
inequalities:

x+Cra(po, d, My, M, T) + ||®|| x~ f||Lp1(0,f;R)C15(PO7daMl,Mz,T> <1,

q 3:||<D|

x+Cra(po,d, My, M, T) < 1,

qz =[P

where C'4, Cy5 are defined in (2.96), (2.104). Since q;,q, — 0 as pg — 400 (cf. Remark

2.1 and (2.105)) let us choose so a large pg such that

q < 1/27 q < 1/2-

This shows that the operator AV is a contracting mapping from K(M;, M, T) into itself.

Consequently, our problem (P9) admits unique solution in (M, My, T).

2.6 Existence and uniqueness of the solution to

Problem 1

We shall now prove Theorem 1.1 by means of a fixed-point argument in the space
(M, My, T). So, all previous sections we were preparing to prove the existence and

uniqueness of the solution to problem (1.1)-(1.4).
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Assume that the conditions (A1) — (A21) hold. We now need to show that there

exist and unique solution
(a1,u,z) € L (0,T;R) x [W"H(0,T; X) N L>®(0,T; D(A))] x X.

The existence and uniqueness of the solution to the Problem 1 follows immediately
from the results of the Sections 2.3, 2.4 applying the Banach fixed-point Theorem.

The regularity of Au is studied once again and the corresponding estimates are
derived.

Let us prove the estimate (1.21). From the relations (2.4) we have

w00,
Kt

K@) ao®)®[g(t)]  aolt)
ap(t)a(t) = k) ) 0 w(t) —

(2.119)

Taking into account that (w,z) € (M, M2, T) and the assumption (A9), (All) —
(A14), we easily deduce (1.21).

The estimate (1.22) follows immediately from (2.67).

Lemma 2.2 For u € L=(0,T; D(A)) the following inequality holds:

HAUHLOO(O,f;X) S CG(va d7 M17 M27 T)?

where Cg, T are defined by (1.23) and (1.13). Moreover, d € D(r, T), My, My, py are
satisfying (1.14), (1.15), (A3), (A4) and (1.16).

Proof . We now prove (1.23). Reminding from (2.7), (2.15), (2.17) that

using Lemma 2.2, (2.67), (2.39), (2.40), (2.54), we obtain

oIl
LP1(0,T:R)

/ ag

k

+ M,
L1(0,T;R)

“AU’HLOO(O,T;X) < eXP(‘
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k' ag
R (A
Ml o0TR) T 70 exp(‘ k Ll(o,T;R)+ e llen (o,T;R))
_ 1 5 a
1/ps3 0
+p exp(‘— +M1H— - )
O ps(1— K(d)/po)]'/re kAl oo 7:m) k7 o Tim)
fK 1
AW oz + [
{ LP1(0,T;R) k Lo (0.7R) aé/m L2 (0.7R)
LP2(0,T;R) k| o 0.7:x) Kl Lo 0,7:m)
2 -
+ H% MQ)} OS(pOada M17M27T)
LP1(0,T;R)

1—(1—
||a0H(Ll(((),T;17R))p2)/p2 1

(1— (1 —y)p2) /e [(1 — K(d)/po)ps]V/ps

+ 0 P Cho(y, T)

K Qo )
X ex — + M ||| , _
p(‘ k L1(0,T;R) g M (0,T%R)
% 1" gll s (0,700 .00y = Co(po, A, My, My, T). W (2.120)

Remark 2.2 Estimate (2.120) implies that w = ®[Au] € L*=(0,T;R). In such a way
our ewistence result is now in accordance with the equivalence results proved in the

Section 2.

Remark 2.3 It is easy to see that (1.24) holds: it is enough to use the assumption on

the invertibility of the operator A, the identity
u=A""(Au)
and apply (2.120).

Let us remind the the representation of the solution to problem (1.1), (1.2) is the

following

u(t) =exp </0t ao(s)al(s)ds> exp (/Ot ao(s)dsA> Ug



87

+ /Ot ao(s)f(s)exp (/: ao(s)al(s)ds> exp (/st ao(s)dsA> zds
st ([ o) s  f )
= uor () + uga(t) + uos(1), t € (0, 7). (2.121)

Similarly to [14], we shall prove that the solution (2.121) belongs to W'!(0,T; X) and
the estimate (1.25). For this aim we compute the derivative of u(t) and estimate it in

L'(0,T). The following three lemmas give this result.

Lemma 2.3 The function uy, is differentiable a.e. in (0,T), i.e. its derivative belongs

to L'(0,T; X), and is given by the following formula:
ug, (t) = ag(t) exp </0t ao(a)al(a)do> exp (/Ot ao(a)daA> Aug
+ a1 (t)ao(t) exp </0t ag(a)al(a)da) exp (/Ot ao(a)daA> Ug-

P (O,T;R))

X (HAuonHaoHLl(o,T;R) + [Juo|| x Ca(d, My, M2)) )

Moreover, the following estimate holds:

/ ao

k

+ M,
L1(0,T;R)

[uorllzr0.7:x) < exp(‘

where Cy is defined by (1.21).

Lemma 2.4 Let the following assumptions hold:

T t t _

uao) = [ aaft)at [ ([ aulo)do) " Jaalt) = aos)ds < +ox.
0 0 S
T t t _

I5(ag) ::/ aO(t)dt/ </ aO(U)dU> 1@0(5)(75 — 5)'Pids < 400,
0 0 s
T t

I = d — d

ala) = [ lan(@laa(tt [ Jao(t) = an(s)lds < +ox.
T t t _

T14(a) ::/0 ao(t)dt/o |a0<t)—a0(s)y(/ a(0)do) " ds < +oo,
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Li5(ap) ::/O ao(t)dt/o a1 (t)ao(t) — ar(s)ao(s)|ds < +oo.

Then the function wgy is differentiable a.e. in (0,T), i.e. its derivative belongs to

LY0,T;X), and is given by the following formula:

by () = /0 t ao(t) (A exp ( / t ag(a)al(a)da) exp ( / t ao(a)daA)

Far(tyexp ( / t an(0)ar(0)do ) exp ( / t ao(a)daA))[ao(s) F()2—ao(t) ()] ds

t
/
0

+ (a1(t)ao(t) — ar(s)ap(s)) exp (/: ao(a)al(a)d8> exp (/St ao(a)d0A>

(ap(t) — ao(s))Aexp (/St ao(a)al(a)ds) exp (/: ag(a)daA)

ao(t) f(t)zds

+ exp </0t ao(a)al(a)da> exp (/Ot ao(a)daA> ao(t) f(t)z.

Moreover the following estimate holds:

/ ag

k

+ M,
LY(0,T;R)

| )K1<T>Hfuwl,m<om

U : <ex
H OQHLl(O,T,X) — 1% (‘ LP1(0,T;R)

X ||Z||X [Cl [114(a0) + 115(CL0)] + {Ill(ao) + [12(0,0) + [13(&0)
+T% ag| L0 7:2) Ca(d, My, M) } + HaoHLl(o,T;R)]
Here Cy,Cy are defined in (A4), (1.21).

Remark 2.4 Let us check the conditions appearing in the Lemma 2.4.

We remind that a¢(t) = t* — 1 and consider
T t t -1
LI (ag) = / to‘_ldt/ (/ Oa_1d0’> [t — 5% Yds
0 0 s

T t (ra—1 a—1
t _
= OZ/ ta_ldt/ % ds.
0 0 t* — s

Let us consider separately the integral

t ya—1 a—1 1 a—1

t — 1—

/ —8 ds = |8 = O’t, ds = tdO" = / —U do < +o0. (2122)
0 e — s 0 1 —o0“
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As a result, taking into account that ag € L'(0,T;R), we deduce

L1 (ap) < 4o0.

The next integral we assess likewise:

t so‘fl(t _ S)l/p’l

T
Ls(ag) = a/ ta_ldt/ ds = |s = ot, ds = tdo]|
0 0 1 — s
T 1 a— / T
_ a/ ta‘ldt/ t(at) Lt — ot)V/m J — a/ o= 141/0 gy
0 0 tr — (at)* 0

1 _a—1/1 _ 1/p}

1

></ o o) " do < 400
0 1 -0

(1—o)/P
since the function e is integrable in a neighborhood of ¢ = 1.
J— O-Oé

Making again the same change of variable like in (2.122), we obtain

I13(ag) = /OT

T 1
_ / lay ()2~ gy / (1= 0" Yo < 120 < T
0 0
T 1
< TO‘/ |a1(t)]ta1dt/ (1— 0" Y)do < +oc.
0 0

Using (2.122), we easily get

t
oy (D)ot / (11— Vs  |s = to]
0

(2.123)

t ta—l _ ea—1

T
114(610) = CY/ ta_ldt/ —Sds < +00,
0 0o t¥—s
Splitting /15(ap) into two integrals and reminding (2.123), we have the following
T t
Is(ao) = / aolt)dt / lax(£)ao(t) — ar(s)ao(s)|ds
0 0

< Is(ao) + /0 ao(t)dt /0 ao(s)]ar () — ar(s)|ds

T T T T
§Ilg(ao)—i—/ ta_1|a1(t)|dt/ so‘_lds+/ ta‘ldt/ @ ay (s)|ds < +oo.
0 0 0 0
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Lemma 2.5 The function ugs is differentiable a.e. in (0,T), i.e. its derivative belongs

to L'(0,T; X) and is given by the following formula:
t t t
ugs(t) = ao(t)/ ao(s) exp (/ ao(a)al(a)da)Aexp (/ ao(a)dUA)g(s)ds
0 s s

+ a1 (t)ao(t) /Ot ao(s) exp (/: ao(a)al(a)ds> exp (/: ao(a)daA>g(s)ds.

Moreover the following estimate holds:

(1=(1-v)p2)/
laollz o) """ Nlag™™ gl Lor (0,104 (000

(= (= p2) 77 [(1 = K(d)/po)ps] 7

+ C4<da Mla M2) Hg“LPl (O,T;X)) Ha0||Lp/1 (0,T;R)

(s
X exp

ledsgll s o) < (pal/p?’Tl/molo(%T)

Qo

+ M, 2

L1(0,T;R)

/
k

4 . )
L (O7T7R)

Here Cy, Cy is defined by (1.21), (2.61).

Now we prove these lemmas. We start from Lemma 2.3.

Proof (of Lemma 2.3). Let
wT)={(t,s)eR*:0<s<t<T}, w(T)={(t,s)eR*:0<s<t<T}
Introduce the operator-valued function B : w(T) — L£(X) defined by

B(t,s) = exp </St ao(a)al(a)ds> exp (/st ao(a)daA>.

It is immediate to check that B € C'(w(T'); L(X)) N C(w1(T); L(X;D(A)). Moreover,
DB € C(w(T); L(X)) and can be continuously extended to wy (7).

By simple computations, we verify that B solves the differential equations
DB(t,s) = ao(t)(AB(t, s) + a1(t) B(t, s)), for a.e. t € (s,T), s €[0,T),  (2.124)

DB(t,s) = —ao(s)(AB(t, s) + a1(s)B(t, s)), for a.e. s€(0,t), t € (0,7], (2.125)
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and the initial condition
B(s+,s) = B(t,t—) =1, s,t € (0,7T).

Moreover, according to (2.33), (2.34), it is easy to check that for (t,s) € w(T') the

operator B satisfies the estimates

1B 5)lecw) < exv (= (o0 = K@) [ an(o)do)Curd) < ). (2:126)

P (0,T;R)> '

DyB(t,s) + DsB(t, s) = (ap(t) — ao(s))AB(t, s)

where we have set

k,/

Qo

+ M, i

L1(0,T;R)

Crta) = x|

Obviously, the relations (2.124) and (2.125) imply

+ (a1 (t)ao(t) — ai(s)ao(s))B(t,s), (t,s) € w(T). (2.127)
Taking into account (2.124), we get
ug, (t) =Dy (B(t,0)ug) = ao(t)B(t,0)Aug + a1 (t)ao(t) B(t, 0)uo.

We now use (2.126), (1.21) to estimate the right-hand side above in L'(0,T). As a

result, we obtain the following bound:
T
el 0.0y < / ao(D)| B¢, 3)]| o | Auol|xdt

0

T
4 / lax(®)lao(O B, $)]| 2o o x e

T T
< Cr(@) (HAuoHX | aottrar+ ol [ rm(t)\ao(t)dt)
0 0

< Ci7(d) (HAUOHXHaoHLl(D,T;R) + [Juol| x Ca(d, M1>M2)) < 400

since a; € L, (0,T;R) by definition of the solution and the conditions (A5), (A9) hold.
|
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Proof (of Lemma 2.4).

Introduce the family of functions uge. : [0,7] — X, e € (0, 1), defined by
et t t
U2 (t) 1= / exp (/ ag(a)al(a)da) exp (/ ao(a)daA) ao(s)f(s)zds.
0 s s
Such functions are a.e. differentiable in (0,7) and their derivatives are given by
et
Ugoe (1) :/ DyB(t,s)ag(s)f(s)zds + eB(t,et)ag(et) f(et)z
0
et
= / DyB(t, s)[ao(s)f(s)z — ao(t) f(t)z] ds
0
et
+ / [DtB(t, s)+ D,B(t, s)}ao(t) F(t)=ds
0

— B(t,et)[ao(t) f(t)z — € ag(et) f(et)z]

+ B(t,0)ag(t) f(t)z, (2.128)
since
et
/ D,B(t, s)ao(t) f(t)zds = [B(t,et) — B(t,0)]ao(t) f(t)z, for a.e. t € (0,T).
0
Let us remind the known imbedding inequality:

[l o022y < Ko (T)[mllwirs o,1:v), (2.129)

@) = S < N w0,y (t — )17 (2.130)

In fact, the last inequality follows from:

[ i< [1ron < ([ o) " ([rera) "

Consider the right-hand side of (2.128). Note now that for a.e. ¢ € (0,7") and

[f(£) = f(s)] =

(s,t) € w(T') we have

lao()f(t)zllx < Ka(T)[fllwres o,rim |2l xao(t), (2.131)
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lao(t) f()z — ao(s) f(s)z|| < [[(ao(t) — ao(s))f ()|
+ llao(s)(f () = f(s)zll < Ka(D)|[2[lx || fllwren 0w (|ao(7f) — ao(s)]
+ao(s)(t — s)l/p’1>. (2.132)

For the next estimates we shall use the assumption (A4) and (2.63). For any

hy : (0,7) — X and (t,s) € w(7T) from (2.124), (2.125), the following inequalities hold:

|AB(t, s)|lccx) < C’1</St ao(a)d0>1017(d),
1DeB(E, s)h(s)lex) < ao(t)Crr(d) {Cl( / t GO(U)dU)_1+ !al(t)\} 11 (s)]x, (2.133)

DBt () < ane)Con) (G [ anloddo) ™+ anls) ) (o)

As a consequence, from the last two estimates, we get:

I(DeB(t,5) + DBt 5))hu(s)]| cix) < (ao<t) e / a(0)do) -+ | (1)

+ ap(s) [Cl</st ao(g)d0> o + |a1(3)]])017(d)||h1(s)||x. (2.134)

We now make use of (2.132) and (2.133) and consider the following estimates hold-

ing for a.e. (t,s) € w(T):

1D B(s, t)]ao(t) f(t)z — ao(s)f(s)2]]]

X llao(t) = ao()) £ (1)2 + an(s) (F(2) — F(3))] x
< OC@ ATl oo €1 ([ anto)io) 4l

X <|a0(t) - a0(8)| + GO(S)(t - S)l/p,1> = Cl7<d)K1(T)HZHX”fHlepl(O,T;R)

X { [C’lao(t)</st ao(cr)da> B + ao(t)\al(t)|] lao(t) — ao(s)|
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+ ao(s)(t — 5)% [Clao(t) ( / t a(o)o)  + ao(t)|a1(t)|} }
= Cuir(d) K1 (T) ||l x[1 £ lwres o,7:m)

x {Clao(t)< | alodz) aalt) - ao(s)] + an(Blaa o) ~ aols)

+Clao<t>ao(s)(t—s)”p'l( / ao(a)da)1 +ao(t)|a1(t)|ao(s)(t—s)l/p’l}.

It implies

|t [ 108 0laa(t) (1) = an(s) 1 (0)2llds < Conl@ BT s oz
X (Iu(ao) + L2(ao) + I13(ao) +/O Ial(t)|a0(t)dt/0 ao(s)(t — 3)1/p'1d5)
< Cyr(d) K (D) || 2|l x Lf fwos o,15m) (]11(%) + I2(ao) + I13(ao)

+T1/p,1 ”ao ”Ll (O,T;R) H(Il HLzle (O,T;R)) . (2135)

We have used here the identity (2.127).

By means of (2.134) and (2.131), we estimate now
|[D:B(t, s) + DBt s)]ao(t)f(t)zHE(X)
< (]ao(t) — &0(5)]01</t ao(a)d0> B + |a1(t)ao(t) — a1(8)a0(8)|)
x Cr7(d) Ky (D) fllwes o,05m) | 2l x a0 (2).
Integrating the last inequality with respect to ¢ over (0,7), we get
/OT dt /Ot |[D:B(s,t) + DsB(t, s)]ao(t) f(t)z|| ds < C1C17(d) K1 (T)
|| fllwrer 0wy 120 x [T14(a0) + T15(ao)]. (2.136)
In order to assess the next integral we take into account the fundamental relation

T
/ lag(t) — ag(et)|dt — 0, as € = 1—,
0
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and (2.126). As a result we achieve:
/OT |B(t,et) [ao(t) f(t)z — e(ag(et) f(et)z] || dt
< el [ faoe) 002~ aofet) en]
< Crr(d)|lz]lx /OT |(a0(t) — eao(et))f(t) + eao(et) (f(t) — f(et))]dt
< Crr(d) 2] x (Kl(T)Hwam (0.7:R) /OT |ao(t) — eao(et)|dt
+ Crr(d)e|| fllwra o rm (1 — €)/7 /Ttl/plao(gt)dt> —0 as e—1—.

0

Exploiting (2.126) and (2.131), we easily obtain the estimate
T
| 1B )an®F @2l < Ki(T)Coo( 2l oo laalloey:— (2:13)
0
Introduce now the function
t
o) = [ DBt 5)lan(s)F ()2 - an(®)f(0)2]ds
0
t
—|—/ [DtB(t, s)+ DsB(t, s)|ao(t) f(t)zds + B(t,0)ao(t) f(t)z.
0
Summing up the all established estimates, we can easily show that
Ugge — Uy, Uy, — v in L0, T;X) as e —1—.
Then wugy is differentiable in the distribution sense and
ugy =v a.e.in (0,7).
In particular, from (2.137), (2.136), (2.135) we deduce the estimate

ugallLr0.7:x) = vl 2 0,r5x) < CLCW(A) KL (T)|| f lwres oy 12| x [T14(a0) + T15(ao)]

+Crr(d) Ky (T) || 2] x || fllwoes 0,75m) (111(610) + Ta(ao) + is(ao)
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+TY Ha0||L1(0,T;R)||a1||L50(0,T;R)) + Crr() KA ()| fllwrws omm) 12 x (a0 1 0,75m) -

Finally, exploiting (1.21), we finish the proof of Lemma 2.4. B

Proof (of Lemma 2.5)

Remind the formula (2.124) and observe that for any hy € LP'(0,T;D4(y,00)) and

(t,s) € w(T) the following estimates hold

IDuB(t, (o) e < an(®)(Cuo T ( [ vl )
Ol ) Cin(a)

JAB(t, )h()]x < Cuo(y T)IH(3)l sy Crn(d) ( / ao<a>da) |

Let us compute the derivative of ug 3. We find
t t
ups(t) = Dt(/ ao(s)B(t, 8)9(8)d8> = ao(t)/ ao(s)AB(t, s)g(s)ds
0 0

+ ar(B)ao(t) /0 " ao(5)B (s, )g(5)ds. (2.138)

Then, using (2.62), (2.66), (2.126), (1.21), we estimate (2.138) in L'(0,T; X):
T t

sl < [ an(®idt [ ol AB(E s)a(s)]xds
0 0

+/0 !cu(t)lao(t)dt/o ao(s)| B(t, s)g(s)|| xds

(1=v)p2)/p2

B a oHLloTR
< o T a0l gy Cro 0 T)Our ) =5

Ha "9l ze1 (0,10 4 (1,00))
60 3 0y [l [ aofs)lots) v
(1—=y)p2)/p2

- HCLOHLl (0,T;R)
< o T a0l gy Cro 0 T ) =5

1
lag™ gll s 07,54 (,000)
(1= K(d)/po)ps]/7s

+ Ol7<d)c4(d7 Mla MQ)HaOH

LP1(0,T;R)
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X |19l e 0,7:x) < 400

since (A5), (A9), (A14), (A15) hold. Here we have used the inequality:

/OTaO(t)dt /Otao (s) exp ( / tao(a')|a1(o')|da) ’ Aexp ( / tao(a)daA)g(S)
. 1/p) T ag (Lll—(()lT—_%)m)/m (;1 P3
: </ o0 dt) [/ (€t 2 R

k 1/p1 P
o <‘ L (O,T;R)) llao™ gl (0,T;D a(v,00))

,
k

. ool gy

< po p3T1/p1HGOHLPE(O,T;R)CN(%T)CN(d) (1-(1 (E ’;)2)02)1/”2

ds

1/271
Qo

+ M, A

L1(0,T;R)

1
s gl L1 (0,700 (,00))

[(1 = K(d)/po)ps]'/Ps -

The Lemma 2.4 has just been proved and we are now in the position to complete

the proof of the Theorem 1.1 W



Chapter 3

Continuous dependence of the

solution on the data

We now aim at displaying a continuous dependence estimate of Lipschits type for the
solution to problem (1.1)-(1.4) with respect to the structural data d. To this purpose,
basing on the definition of the data set D(r, ’T), we prove some useful estimates which
will be used to assess @' and Z,W and their increments in all variables. We also

verify the estimate /C stated in the Theorem 1.2

3.1 Preliminary results

In order to prove the continuous dependence of the solution (ay,u, z) € LCILO(O, T;R) x
(W10, T; X) N L*®(0,T; D(A))] x X to problem (1.1)—(1.4) on our data, we need to
strengthen the smoothness of the function g. To this purpose the condition (A14) is
changed to (A24), i.e.

g€ L>*(0,T; X).

Now we rewrite the definitions (1.11) and (1.12) with an arbitrarily fixed vector

98
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r= <T17 "7T9) S <R+>9:
D(r, T) :{d = (f, g, up, h, k) € W10, T;R) x L=(0,T; X) x D(A)? x WP (0, T; R) :

T
k> 0. e ol | [ w(t)f<t)dﬂ(t)’ > 1 oo < 7o
0

1
190l e o 70) < 755 106 1l pon 0 7ipayoeyy < 7o | Atollx < 7, [|AR]Lx < 75,

‘ S Tg ¢,
L>(0,T;R)

. 1
dist(dy,da) =/ f1— follyy1.m ©oFR) T |’gl—92”Loo(o,T;X)+Hao/m (92— 91| o (0,75D 4 (7,00))

Kk

k’Q k’l LP1(0,T;R)
1 1

ky Ky

1

k

K
k

S rs,

Qo
< |3

~ P (o T.
Lr1(0,T;R) LP1(0,T;R)

+ [luo,2 — o1 llpay + 12 — Pallpay + ‘

Qo
ko

L>=(0,T;R)

+ [l 0) — i (0)] + |

Qo
k1 LP1(0,T:R)

Remark 3.1 We remind that the notation T, defined by (1.13), means that above we

consider two data spaces and two distances corresponding to the Case 1 and 2.

Remark 3.2 The presence of the term |ka(0) — k1(0)] in the definition of dist(dy, dy)

is required by the definition of a distance.
For a further use, we remind the known imbedding inequalities
Imlloiory) < TP mllnoryy, Ml oryy < TV iy
and (2.129).

Lemma 3.1 Under the conditions (A9) — (A16), (A22) the following inequalities hold:

_ 1 ~
/ < Ky(T)rar, ‘ f? (‘) < KY(T)rirs,
KAl Lo (0. 7:m) kJ lpe 07wy
f_2 TL/p1 12 () .2 K T
< TYPK(T)rar, f < Ky (T)rore,
k LP1(0,T:R) k LP1(0,TiR)
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Ig < TYPL K (T)ryrsro, % < rorg,
kAl o (0,T;X) L'(0,T5R)
L2 N 1 1
P . SK(T I) |rollf2 = Sillwir o7y + 72 W E
2 LIl Loe(0,T;R) 2 LllLoe(0,T5R)
f2 f'2 ~ 1 1
o S KD 2rarl o = Fillwroo w73 ||~ Bt
2 Ll Loe(0,T;R) 2 L1l Le=(0,T;R)
f2 f2 . ~ 1 1
k_Q_k_l  <TYRKHT)( 2raroll fa= fill o 0.7y +75 P )
2 L[l Lr1(0,T3R) 2 Ll Lo (0,T;R)
a a a a
z—ﬁ—z—ﬁ < 7sllfoe = fillwre o 5m) + 72 k_o_k_o , )
2 1 L1 0,T5R) 2 LI LP1(0,T5R)
a a ~ ~ a a
2_91 - ](;_92 < g7 g1 — 92HL°°(0,T;X) + TPy kO N k_O / ’
1 2 |lL1(0,7;R) 1 211 LP1(0,TR)
&_@ < Ky(T )<T7||f2 f1|’W1P1(OTR)+T2 = )’
ki ks LP1(0,T;R) kl k2 LP1(0,TR)
Jag2 i = |
& = Ky(T) [Tl/plr37"9||f2 = fillwrn (0,T3R)
2 L 1l Lr1(0,T;X)
T1/p1 T1/p1 1 1
+ 1219 P |92 = g1l oo o 7,) T 1711372 . ]’
2 Ll Lo (0,T;R)
exp ‘ ks || + ‘ k 4 || 20
k2 L1(0,T;R) k2 LP1(0,T5R) Ky L1(0,TR) kl LP1(0,T;R)
< exp(QTI/pllm—i-Zerg),
- = ~ 0 ||KS Ky ~
1Bz = Fall oz STV |12 — + 78/l T [l gr = gll o o 7y
2 LI Lr1(0,T;R)
_|_ Tl/pl - @ .
kl R || 74 (0.7:m)

Here k is defined by (2.5) and K, in (2.129).

Proof . We limit ourself only to proving two of the estimates announced in this
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Lemma. The other ones will be treated analogously. By means of (2.129) and the

definition of the set D(r, T), we have

|1 <|2 - el (-2)
2 1 {lLr1(0,T;X) 2 LP1(0,T;X) 2 /L 0.T5X)
1
< HQZHLZH(O,T;X) k_z (0.T5R) 12— f1‘|Lw(O,T;R) + HleLOO(O’T;R)
Lo (0,T5R
< 2 [ [ + gl S
ko L>=(0,T;R) 92 = Stlmedn e 2x) ko L*°(0,T;R)
< TPy K,y (D) f2 — f1||W1»P1(0,1~“;R)
N N . 1
+ Ki(T)ry <T9T1/p1||92 = 91ll o 7y + TP ks T )
L>(0,T5R)

Taking into account the notation (2.5) and the estimates already proved in this Lemma,

we get

= = ky(t)  ki(t) ao(t)gr(t)  ao(t)ga(t)

[ka(t) — kl(t)HLl(o,:F) < ' kz e kl ¢ . ° ko (t O ko(t ~
2( ) 1( ) L1(0,T) 1( ) 2( ) LY(0,T)

k, k’ Qa Qa, ~ / k/ k/
o T e I -5
2 LI L1(0,T;R) 1 2 lLy(0,1;X) 2 LIl LP1(0,T;R)
~ ~ agp agp
+7”8H(I)|X*T1/pl‘|gl _92||L°<>(0,T;X)+T1/plr3||q)|x* Eo kol .
1 211LP1(0,T5R)

Remark 3.3 In order to distinguish the constants related to the continuous dependence

result, we denote them with 7 K;” .

Let us remind that in order to deduce the fundamental estimate (2.33) we have
introduced the assumptions leading to constants Cy and Cj5. In order to avoid the

dependence on d; € D(r, ’f‘),z = 1,2, we estimate

Cs(d (el o a0 i o 0
5(d;) = sup 7 < sup
0<s<t<T [, ao(o)do 0<s<t<T lao(o)] (s
T
< sup | ||| x~ 9:(7) < || ®|| x+1r379,
0<s<t<T ki(U) Loo(s,t)
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and
| 22ls@) (o
Cs(d;) = kt( ) < fA( ) < K4 (T)rary.
0<s<t<T fs a(U)dO' 0<s<t<T k?z(a) Loo(s,t)
Therefore

Cg(dl) + Cg(dl) S (”(I)HX*T'g + Kl(T)Tg)?"g.

Now we choose

Po > Tg(”q)l x*T3 + Kl(T)TQMQ) +1= Kg(I') + 1. (31)

Reminding (2.32), for i = 1,2 we deduce

t

/

t

Fi(o) — 2009) oy _ B0l0)filo) "(”)z‘da < Fo(r) / ao(o) do

kl<0') kl(O') s
; ag
+ ‘ - + My ||+ .
ki L1(0,T;R) ki || p#t (0,T;R)

Therefore the fundamental estimate (2.33) is changed to the following.

Lemma 3.2 For all (w,z,d;) in K(My, My, T) x D(r, T),z = 1,2, the following esti-

(| tao(cf)daA)

< exp (—(po ) / ao(cr)da) exp(TYhry + Mirsg), (3.2)

s

mate holds:

o

s

X

for all s,t€[0,T],s < t, where k;,i = 1,2, are defined by (2.5).

The next lemma will give an estimate for aga; which will be useful to estimate the

increments of u.
Lemma 3.3 Fora, € L}lo(O,T; R) the following inequality holds:
laoar || o,rm) < TPy, 4 ]|<I>|]X*Tl/p1r3?"8 + 1My + rorg My =: Ky(r) (3.3)

with an arbitrarily fived vector r= (r1,..,19) € (Ry)°.
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Proof . It immediately follows from (2.119), the definition of D(r, T) and Lemma

3.1

Lemma 3.4 For any (w,z, d) € K(M;y, M, T)xD(r, T) the functionals J, Z, W defined
by formula (1.17), (2.16), (P8)1, accordingly, satisfy the next estimates:

J(p07d7 M17M27T) S K5(p0ar)’ (34>

Ty

1Z(@.%,d,T)||x < K¢(r) + mak7(r) exp (—po /0 ao(a)da) +py P R(r),  (3.5)
|W(w,z, d)|| e 0,7m) < Ko(T)py min(l/ap).1/ps) (3.6)
Moreover, choose py such as to satisfy an inequality stricter than (A23);:
Ks(po,r) < %

Here we have denoted

1, Case 1,
Ty = (3.7)

0, Case 2,

while the function Ky is defined by

(Folr) + 1)1
Ugg]l/Ps

Ks(po, ) = ro exp(TYPir; + Mﬂ“s){ﬁ(pm T, Tv) + Tz(TV)Pal/pB

1
aé/Ps

+ ‘ aé/pg K1 (T)Tg

X [(1 + K1 (T)ry)

LP2(0,T;R) LP2(0,T;R)

X (Hq)HX*Tl/plT:% + M, + Kl(T)T2M2>} }

and Ky, K¢, K7, Kg are positive continuous functions in r.

Proof . Let us note from (1.19) that |71 (po,d,T)| < 71(po, r, T), where

l(T71)] exp (—(po — Ks(r)) /OTlao(a)do>, Case 1,

(Ky(r) + 1)/
]jé/P3

71(po, T, f) = .

1/ps3
Qg

—1/p3
0

]| Lo (0,T;R) , Case 2.

LP2(0,T;R)
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Taking then into account Lemma 3.1, the estimates (3.4)—(3.6) easily follow from (1.17),
(2.67) and (2.79). H
Now we are going to prove the estimates for the increments of Q ', Z, W in

(W, Z;),0 = 1,2.

Lemma 3.5 For any (w;,%;, d) € K(My, My, T) X D(r,’f‘),z’ = 1,2, the following esti-

mates hold:

||Q71(w27227 d7 T)_Q71<w17217 d7 j\:’)”L',(X) S [Klﬂ(r)pal/pg

T

+ 74K (r) exp (—Po/ ao(U)dUH (w2 = @1l oy o 7y + |72 — Z1]),  (3.8)
0
||Z(w27§27 d) f) - Z(mhzh d7 T)HX S |:K12(T>pal/p3
T
FrKa(r) eXP<—P0 / cm(a)da)]wwz Dl o + 22— 7). (39)
0

W (Wa,Za, d) — W (W1, Z1, d)|| o 0 75y < 05 PP ()
(0,T;X)

X (@ =@l s 0 7y + 72 = Z1); (3.10)

IW (@222, d) = W (@1, 21, )| o ey < (Krs()

T

+ 7 K16(r) exp <—p0 /0 ao(a)da) + pal/mKn(r))

X (HEQ - leLPl(O,T;R) + |22 - EID; (3.11)

where the positive functions K9 — Kyg are continuous.

Proof . Taking into account the definition of D(r, T), (2.95), (2.96) and Lemma
3.1 from (2.87), (2.88), (2.104), (2.118) we get the estimates (3.8)-(3.11). W

Lemma 3.6 For anyu € W0, T; X)NL>®(0,T; D(A)) the following estimate holds:

Ty

[Aul| o 7.5y < Kis(r) + o P K1o(1) + 74 Kao(T) exp (—po/ ag(a)da), (3.12)
0
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where K7, K1, K19 are continuous functions.

Proof . It follows from (1.23), taking into account the definition of D(r, T) and

Lemma 3.1. N

3.2 Proof of continuous dependence

The aim of this section is to prove Theorem 1.2.

Let us first recall that in the Subsection 2.1 the problem (P1) or (1.1)-(1.4) was
shown to be equivalent to the system (P9). We denote the related solutions to problem
(1.1)-(1.4) corresponding to different data d; € D(r, T),j = 1,2, with "tildas” and the

corresponding one to a system (P9) with ”overline bars”, e.g.
ujy =u(d;), z=2(d;), a;=al,dy), j=12

and

wj = m(d]‘), Zj = g(d])

Taking into account the notations introduced in the previous sections, i.e.

w(t) = Au(t) = W(®@[z], Plw],d,t) — f(t)z, (3.13)
z = Z(P[z], P[w], d), (3.14)
w=dw], z= |z, (3.15)

we write down the corresponding equations for the increments related to (3.13)—(3.15):

wy(t) — wa(t) = Auy(t) — Aug(t) = W(Z1, w1, dy, t) — W(Za, W, da, t)

+ £2(0) (22 — 21) + (fo(t) — f2(E))21, (3.16)



106

7 — 722 = Z(Z1,W1,d1) — Z(Z2, W2, ds), (3.17)
Wy — Wy = Plwy —ws], 7z —Z2 = P21 — 2. (3.18)
In order to prove the continuous dependence on data we need to consider
lao(-)ai (-, di) = ao(t)ar (-, da)|[ 1 7y = llao(-)arn — ao(D)arllpro7my:  (3-19)
Ju(-,d1) — u(,, d2)||w1,1(o,'T”;X) + [Ju(-, d1) = u(, d2)||Loo(o,T;D(A))
= |lux = vl o 7x) + 11 = U2l oo (o 7,04 (3.20)

I2(dy) = 2(d2)llx = [I71 = 22|l x- (3.21)

Proof of Theorem 1.2 In order to continue the estimates (3.19), (3.20), (3.21),
it is clear that we need firstly to assess [|ws — w1 || 1o, (o 7.x) and [|Z2 — Z1[|x.

We divide the proof of this Theorem 1.2 into seven steps.

Step 1 (Estimate of ||z — Z1||x)

The first step consists in evaluating (3.21) in terms of zZ; — z; and w; — ws. From

formula (3.17) we get:

12 = Zllx < [Z(2[z], @@1), di, T) - Z(®[Z], @[], d2, T)|x-

1Z(D[F), B[], do, T) — Z(®[Z)], ®[i], do, T)| x (3.22)

1Z1 — 22| x < HZ(wlaEl;dlaTv) — Z(@1,31>d27f)|\x

+ | Z(w,71,ds, T) — Z(Ws,Z2,ds, T)]| x. (3.23)

Now we state one lemma which will be proved in the next section.



107
Lemma 3.7 For any (w,z) € K(My, M3, T), dy, dy € D the following estimate holds:
1202, d.T) = (.7, di, Dllx < |Kan(r) + py " Kan(r)
T
+ 14 Ko3(7T) exp (—po/ ao(a)d(f)]dist(dl, dy). (3.24)
0
Here the positive functions Ky, Ko1, Koo are continuous and 4 is defined by (5.7).

As a result, using (3.24), (3.15) and (3.9), from (3.23) we get

121 — Z2||x < |2

T
v {Kll(r)f}al/m + 74 Ka(r) exp <—Po/ ao(U)dU)}
0
X (15 = B1ll o ) + 122 = 51 + | Kaolr) + pg /7 K (x)
T1
+ 74 K5 (r) exp(—po/ ao(a)da)}dist(dl,dg)
0

=: Koa(po, ) ([w2 — Wil o (o 7.x0) + 122 = Z1]x) + Kos(po, 7)dist(dy, da).
(3.25)

Step 2 (Estimate of |[w; — wi[ 0, o 7.x))
The second step consists in estimating (3.16):

|1 = Wall oy (o 7.y < W (R[], @lwn], di) — [[W(P[22], ®[wo], di) | o1 (0 7.x)
+ [ foll pos 0 7y | Z([Z], B[], do, T) — Z([Za], D[], do, T x
+ [|[W(@[2], @[w.], d1) — W(®[2], [ws], d2) || 11 (0. 7.x)
+ [ foll pos 0 72y | Z(P[Z], B[], da, T) — Z(R[Z1], D[], do, T x
11f2 = fill o 0.7 | Z (R [21), D), i, Tl (3.26)
Now we state one necessary lemma in order to continue the estimate (3.31), and

the first one will be proved in the next section.
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Lemma 3.8 For any (w,z) € K(My, My, T), dy, dy € D(r,’f‘) the following estimate
holds

HW@z@%Wszwhwm@éP%W+Kﬂmfm

Ty

+ 7 Kos(7) exp(—pg /0 ada)da)} dist(d,, dy). (3.27)

Here the functions Kas, Kog and Kor are positive and continuous and 74 1s defined by

(3.7).

Thus, applying the formulas (3.27), (2.129), (3.15), (3.6), (3.9), (3.10) and definition

of D(r,T) in (3.31), we get
~ ~ — min(1/(gp1),1/p: ~ ~ ~ -
@1 = @all s 0 7y < 20 I Ky (0)[[ @] (12 = @] o 0.7y + 12 — F])
Ty
+ 7y {Kll(r)pgl/m + 14 K12(r) exp (—po/ ao(a)da)]
0
X || @ x+ (|2 — w1l por (o 7,x) + 122 — Z1])
Ty
L TYm |:K25(I') + K%(r)pgl/p?’ + 74 Ko7 (r) exp (—po/ ao(a)da)}
0
X diSt(dl, d2) —+ 79 |:K20(I') -+ pal/pgKgl(I‘)
T
+T4K22(I‘) exp(—po/ (lo(O’)dO’)]diSt(dl,dg)
0
T
12 Alli o (ote) + riatr) exp (<o [ au(oio)
0
+ 95 P K (1)) =2 Koo, ) (102 = Wl o o 70) +1%2 — Filx)

+K30(p0,7’)dist(d1,d2). (328)

Exploiting the relations (3.16), (3.17), we deduce that in order to find the estimates
of |[wa — Wil or (o 7.x) and [[Z2 — Z1[[x, we must solve the system of two inequalities

consisting of (3.25) and (3.28).
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Step 3 (Solving of the system for ||z, — 21 ||x and ||ws — w1 ||}, (va;X))

We write the system (3.25) and (3.28) in a more compact form:

;

||52—51||X §K23(Poa T)(Hf@—leLm (O,T;X)‘i‘|52—51|X)+K24(P07 T)diSt(dh d2)7

(S @y = @1 ]| o 0.7y < Kas(po, 7) (@2 = Wi |l oy 0.7.x) + 122 — Z1lx)

—|—K29(,00, T)diSt(dl, dg)

\

For the sake of simplicity, for now, we omit the dependence of (pg,r) in functions Kj;

from the system above. Let us note that the system (S1) implies
(1 = Kas — Kos)([[w2 — W[ oy o 7.y + 22 — Z1|x) < (Koa + Ky)dist(dy, ds). (3.29)

Owing to the behavior of functions K3, Kog from (3.25), (3.28) for (large enough) po,

we have
1—Koy3— Ky >0 <= Ko3+ Kog<1.

This is true because the functions Ky3 and Kog in both our Cases 1 and 2 of measure

tend to 0 as pg — +00. As a result, from (3.29) we get the estimate
|| we — 1171|\Lp1(07f;x) + 125 — Z1|x <1 — Koz — Kag] ' (K4 + Kayg)dist(d,dy). (3.30)

Therefore from (S1) we determine the final estimates

|22 — Z1]|x < [Kzza[l — Koz — Kog) ' (Koy + Kag) + K24} dist(d;,dy),

|we — w1 (0,7:x) = |:K28[1 — Koz — Kog) 7' (Ko + Kag) + Kzg} dist(d;,d,).
Step 4 ( Estimate of |[w — W e (o 7.x))
Likewise to the Step 3 we estimate:

|1 = Wa| e 0. 7,x) < [IW(R[z1], [wn], di) — [W(P[2], Rlwa], di) || e 0.7:x)
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+ || foll poe (0.7 12 (R[Z2], @[], da, T) — Z (P[], @[Fa], s, T x
+ [[W(@[z], @lws], di) — W(®[z2], ®[ws], d2) || oo (o 7. x)

+ || foll poe 0.7 12 (R[22, @[], &1, T) — Z(®[Z1], @[], s, T)| x

+1f2 = fill oo 0,70 12 (@[], Rlwn ], di, T x
T

< {K14(r) + 74K 15(r) exp (—po /O ao(o)da) + po P Kg(x)

KT [pal/mKu(r) + 1Ko (1) exp <_,00 /OTlao(a)daN }

x || @]

x+ ([[@2 — W1l o (o 7.5y + |22 — Z1])

1 h
+ {KQ5(I') + K26(T)P(; /ps + 7'4K27(I‘) exXp (—po/ CL()(O')dO')

0

+ K1 (T)ry [K%(r) +py P Ko (x)

T
+T4K22(I’) exXp (—po/ ao(U)d0>] }dlst(dl,dz)

0

+ Kl(T)Hf2 - leWl’pl(O,T;R)

T
X [K5(r) + T Ks(r) exp (—po/ ao(a)da) + pgl/pSK}(r)]
0

(3.31)

Now, applying the formula (3.30) to (3.31), we obtain
T1
@ — @all yo o 7 x) < [Kgl(r) 74K (r) exp (—po /0 ao(a)da>
+ pal/ngg(r)] dist(d,, ds). (3.32)

Step 5 (Estimate of [lag(-)ai,1 — ao(-)arzll 11 7.p))

This step consists in the evaluating of (3.19) in terms of Z; — Zy and w; — w,. Taking

into account (3.19) and Lemma 3.1, we get:

||ao(')51,1 - ao(‘)al,QﬂLl(o:T;R)
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< ‘ ki) ky(t) ao(t)Pg2(t)]  ao(t)P[g1(?)]
Tl k(t) k() LY(0,T) ka(t) ki (t) LY(0,T)
t t t t t t
N TRy N 0GR YO
ka(t)  ka(t) L10F) a(t) k(1) L107)
ap(t ap(t t
+ O( ) (mg(t) . wl(t)) 0( )f2( )(22 . 21>
k() £1(0,7) ka(t) L1(0,7)
koK ~
= ‘ /f_l B k;_2 T || X*T8T1/p1|’91 - 92HLoo(o,T;X)
1 2 1l L1(0,T;R)
~ apg a
+ <H¢‘|X*Tl/p17"3 + M + 7’2M2> ==
ki Kol 07w
+ rsMa|| fo = fillyre (07R) T8 @2 — w1 1o OFR) T rors|za — 7. (3.33)
Then, recalling the notations (3.18), from (3.33) we obtain
lao(-)ar — ao(-)arll 1o 7y
S max(l, H@’ X*?”ng/pl, (H@’ X*fl/plrg + M1 + T2M2),T8M2)
k'll ké Qo Qo
\lm — + gy = gell ez + || —
< ‘ ki ke L1(0,T;R) 1010 kv kol (0,T3R)
F = Al o) + ramax(L )@l
X ([[we = Wil oy o 7.x) + 172 — 21l x)- (3.34)

Now, substituting (3.30) into (3.34), we get the final estimate in the form:

Hao(')al,l - GO(‘)51,2HL1(0,T;R)

S maX(l, ||<I>| X*Tgfl/pl, (H(I)||X*T1/P1r3 + M1 + TQMQ),TgMQ)
ki K, ag  ag
||+ -2 + 1191 — ol pwo 70y + || — 7
< ’ k1 ko LT |91 g2||L (0,T;X) ki kol OFR)

-+ Hf2 - leWLPI(O,ff;]R)) + rs nlaX(l, 7"2)”@’ X*

X [1 — Koz — Kgg]*l(KM + Ky9)dist(dy, d2)
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T
=: [K34(r) + pal/p3K35(r) + K36(r) exp (—po/ ag(a)da)}dist(dl, ds).
0
(3.35)
Step 6 ( Estimate of [[u; — 2NLQHLoo(o,T;D(A)) + [lun — a2”1/[/1»1(0,T;X))
This step consists in estimating of (3.20) in terms of Z; — 2y and w; — ws. First we

consider

||ﬂ1 - aQHLoo(o,f;D(A)) = Hal - ﬂQ”mo(of;x) + HAal - AaZHLoo(o,f;)Q

< (HA_I”C(X) + 1)[[Auy — Aa?”uw(oj;xy (3.36)
Using the equation (1.1), we get

Dy — Dy = ag(t)[Auy — Aty + (a1 — @12)u1 + a12(uy — Ua) + (f1(t) — fo(t)) 21

+ f2(1) (21 = 22) + 01(t) — g2(2)]- (3.37)

As a consequence, using (3.37), we derive

[ty = sl 0,753 = N1 = Wall oo ) + 11 Detin — Diia| 1 7:x)
< [Juy — ﬂQ”Ll(O,T;X) + [lao(Aur — Aa?)HLl(O,T;X) + llao(ars — a1,2)ﬂ1HL1(o,f;X)
+ llaoar 2 (i — o)l 11 o 7ix) + llao(fr = )l r o) 121l
+ HaOfQHLl(O,T;X)Hgl — 2a||x + l[ao(gr — 92)HL1(0,%;X)- (3.38)

Taking into account the definition of D(r, T), Lemma 3.1, (3.34) and (3.3), from (3.36)

and (3.38) we have

[t1 = ol oo o 7.p(ay) + U1 — U2l o 7x)
< (1AMl + D@ = @oll poe o 70y + TIAT 200 101 = Ball oo o 7,

+ llaoll g0, 7 101 = @2l o (0 7.y + @0 (1,0 = a1,2) | 1o 7y TIIA™ [ 20
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X ||Aa1||Loo(0j;X) + T”a0a1,2HL1(0,f;R)||A71H»C(X)H{El - {DQHLOO(O,T;X)
+ HaOHLpl (0,7:R) g1 — 92||LP1(0,1~“;X) + ||a0||L1(0,T;R)|’f1 - f2||Loo(o,f;R)||51”X

+ llaoll 11 o 7)1 f2ll Lo 0.7 121 — Z2llx
< (14 1A e + TUA o) + ol oy + TR @A™ e
T1
X ||lwy — @QHLoo(Oj;X) + [Kgs(l‘) + pgl/p3Kg4(r) + K35(r) exp (—,00/ ag(a)da)}
0
x diSt(dbd2>THA_1HE(X)HAﬂlHLoo(o,iF;X) + ”aOHLl(o,T;R)”fl - f2||Loo(o,T;R)Hz1HX
+llaoll o 7ix) 12l Lo 070 120 = Zallx + llaoll 11 o 7imy 191 = G2ll im0 7y (3:39)
We now apply the results of Step 3, (3.32), (3.12), (3.5) to (3.39):

[ur — a2HLc>o(o,'T“;1:)(A)) + flur — ﬁ2|‘wl,1(o,f;x)

< (1 1A eoo + TIA ey + Nlaoll oo zmy + TEs(r) 1A o))

T
X [K30(r) + 14 K31 (r) exp (—po/ ao(a)d0> + pal/psKgl(r)} dist(d;, ds)
0
-1/ n ~
[ 5" Kaste) 4 Kaste)exp( = [ aolo)do )| FA e
0
1 n
X [K17(I‘) + p(; /psKlg(I') + 7'4K19(I') exp <—p0/ CLQ(U)dU)}diSt(dl, dg)
0
x dist(dy, d2) + ”aOHLl(o T;R)Kl(T)Hfl - f2HW1»p1(o,7~“;R) <K5(I')
T
+ 14 K(r) eXp(—Po/ o(c )dU> + o ¢ 7(r )> + HaOHLl(O,T;X)Kl(T>T2
0
X [K23[1 — Kog — Kog] ' (Kos + Kag) + K24] dist(d,, dz)

+ ||a0||Lp/1 (0,T;R) Hgl - g2||Lp1 (0,T;X)" (340)

Step 7(Final estimates)
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As a result, from (3.35), (3.40), (3.31), we conclude that
lao(-)ary — ao(-)arall 1o 7z
< |:K33(I') +pal/P3K34( )+ Ks5(r exp( 00 /OTlao > dist(dy, ds),

T
||Zl — ZQHX [K37( ) + pal/pBK?,g( + K3g exp< pg/ )}dist(dl,dg),

||al - ﬂQHLOO(O,T;D(A)) + Wl - aQHWl’l(O,T;X)
T
S |:K40(r> + pal/pSK41 (I') —+ K42(I‘) exXp (—po/ ao(g)d0>]dist(d1, d2),
0

where K33 — K41 are positive continuous functions. Consequently, inequalities (EC')

are satisfied. W

3.3 Estimates of the increments of Q !, Z, W for dif-
ferent data

The aim of this section is to estimate the increments of Q~', Z, W for different data.

For this purpose, we need the following lemma.

Lemma 3.9 For any (w,z,d;) € K(My, My, T) x D(r, ’f‘),z = 1,2, the following in-

equality holds:

exp ( / t(Ez(a) _ ZZEZ; T(o) — %z) da)
~ exp ( / t(El(o—) _ Z?EZ; B(o) — %z) da)

< Ku(r) exp <K2(r) / t ag(a)da) dist(d,, dy), (3.41)

where Kyo is a positive continuous function and Ky is defined in (3.1).
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Proof . Using the relation (2.85) and proceeding similarly to (2.84), with

y—x
~ [E0) ~Fato) + o) (120 - 240 4 o)z (222 - 21 |
we obtain
o - -

(
w(o) — = <k >(J;1 () ?) da)

)
“enl [5G

X exp (T/<E1(J) — %W(U) — %E) da) dr,7€(0,1). (3.42)

/ Tilo) — ZOEZ)) W(o) — %z‘da < Ky(r) / wo(0) do

+ el

ks

. i=1,2. (3.43)

ki LP1(0,T;R)

L'(0,T;R

)
As a result, making use of (3.43), we get
ao(0

exp((l—T) / Fa(0) — ((Ii (o) — @0(; )<‘£2>(U)E‘da)

< exp((l — 7)Ks(r) /: ao(U)d0> eXp((l —7) (

and

k/

M
s + M

(0,T;R)

= )
LP1(0,T:R)

-0
ko
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k1

< exp(TKQ(r) /: ao(a)da) exp(r (‘ ot

Qo

L (0,T;R)) ) '

+ M,
L1(0,T;R)

Ky ka

Taking into account the last two inequalities, from (3.42) we achieve

sl < [ JFato) = Fa(o
oo (- %)”(““&ff”)— ) o

K )
LP1(0,T;R)

X eXp(K2 ) exp(‘ 2
ka
kl
X exp(‘

ks
Than, proceeding with Holder inequality in the second term, we conclude that

Qo
M. 1=
+ My oy

LY(0,T;R)
Qo

LP1(0,TR)

+ M,

L1(0,T;R) ks

Qo

(s, )llx < { [B1=kall o 7y + Mi
k1 ko

LWO,%;R))

t
x exp(2TPir; 4+ 2Myrg) exp <K2(r)/ ao(a)da).

Ph o 7.
LP1(0,T:R)

By means of Lemma 3.1, we finally deduce the following estimate

n_4 T g~ 0l o
Fa ; Xl = Pl

IL(s.)llx < ﬁwl
LP1(0,T;R)

+%Mm—ﬁwmwmﬁ@W%WI

x+ + M + T2M2>

Qo Qo

t
Pl ] exp(2TY/Piry + 2M,7g) exp (Kg(r)/ ao(a)da). |
2 1 s

LP1(0,T;R)
3.3.1 Estimates of Q '(z,w,dy) — Q' (z,w,d,;)
First we consider the relation

Q7 'z, w,dy, T) - Q '(z,w,dy, T) = Q' (z,w,d;,T)

x [Q(z,w,d,T) — Q(Z,w,dy, T)]Q ' (z,w,d,, T). (3.44)
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The definition (2.47) implies that

QG w,d1, T)—Q(z,@,ds, T)=A(ds) — A(d1)+ R(Z,@,d1, T)— R(Z,@,ds, T), (3.45)

where A and R are defined by (1.18), (2.44). Taking (2.5) into account, we obtain

4
R(zw,d,,T) - R(ZW,dy, T) = Y _ Ri(Z,W,dy,dy, T), (3.46)

i=1

where

Ri(ZW,dy,dy, T) := (f1(0) — f2(0))

X /O Tgp(t) exp ( /0 t(El(a) - ZTEZ; w(o) — %{3%) do)

X exp ( /O t ao(a)daA> du(t), (3.47)
Ra(eim.d do ) o= = [ ot0auto) [ 306) = o) + L) - LR
fo(s)®@lga(s)]  fi(s)Plgi(s)] | [ fols)  fi(s)\_
+“O(S>< T (s) n(s) (k;2 9 k(s )

(
(=R )| o ([ - 5w - 255
X exp ( / tao(a)daA) ds, (3.48)

Ry(zw,d;,ds, T) ::_/O o(t)d ()/ <f1( - f(;l)(’?)(s)

[fl(sllflb([ )1( s) N /J;E ; fi (s>_])

X {exp( / t(kg(g) a(o § (o) — ao(kz 5 0)E>da>

o (
— exp ( / t(El (0) — Z?EZ) (o) — L (/:1 >(J2) ")z) da)} exp ( / tao(a)daA) ds,

+ ag(s) w(s)

Ru(Z0,d1,do, T) = f2(0) /0 Tgp(t) {exp ( /0 t(El(a) - Z?Eg (o) — %z) d0>




118

~ exp ( /O t(E2<a) _ ZZEZ; B(o) — %z) da)} exp ( /0 t ao(a)daA) du(t).
(3.50)

Lemma 3.1 For any (w,z) € (M, My, T) and d;, dy € D(r, 'f‘) the following estimate
holds:

”Q_l(m727 dZa T) - Q_l(wa 57 dla T)HE(X)
T
S [K44(’r) + 7'4K45(7’) exp (-,00/ CL()(O')dO') + pal/p3K46(’f’) diSt(dl, dQ) (351)
0

Here Ky3, Ky, K45 are continuous positive functions.

Proof . The equalities (3.44), (3.45), (3.46) and (2.48) imply

||Q71(@, Z,da, T) - Qil(wv z,dy, ,f) Hﬁ(X) < HQil(w? z,dy, f)HC(X)

x |Q@, 2, di, T) — Q@, %, ds, T)l| )| Q" (@, 7, da, Tl )
4 (7 Lo -
< (/ fa(t) = FOlle(@)ldu(t) + Y 1Rz, dl,d2,T)||£(X)> - (3:52)
i \Jo i=1
Therefore, we proceed to estimating each éi, 1=1,2,3,4.
First we estimate the operator R;. Using (2.129), (2.34), (3.2) in the Case 1 and
(2.34), (2.51), (2.129), (3.2) in the Case 2, from (3.47) we get the common estimate for

both cases:

1Ry (2,7, 1, s, T ex) < Ki (D)1 fo = fillwis o 7y ™ (00,7, T)

x exp(TYPrry + Myrg). (3.53)

Now we consider R, defined in (3.48). Analogously to (2.54), we estimate separately

the integral
L(t) = /Ot fi(s)ki(s) B fa(s)k5(s) fa(s)P[ga(s)]

fals) = Hils) 105 Fa(s) MO(S)( Fa(s)
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BRI | (1) 56y ) (B0 20))

kao(s)  ki(s)
X exp( / Too(o) — 2009) ) — % ’da)
exp ( / ao(0)do A
1
1/p3

koo
1
< _1/173 (‘
=0 (1= Ka(r) fpo)] 7\ ]

NI
LP1(0,t;R)

ki ks
—l—‘ M1+‘

X ds

L(X)

Hﬁ—mmwm)

LP2(0,t;R)

s 100 |
BoR

ky Kk

f292 fign

ki

1/1’3
Qg

LP1(0,;X)

f2_ N Mz}) exp(Tl/pllm + Mrs).
LP1(0,R)

ka ki

L°°(0,t;R)

Applying Lemma 3.1, we get
-71(15) < pal/ps
g
< (llo|

1
%U—&WMMWJM_ﬁWWWM

1
1/p3

Qg

(1+ K\ (T)rs) + Ko (T)rg H al/?

LP2(0,t;R) LP2(0,t;R)

X*Tl/’”rg + Mng + 2T2M2T1/p1K1(T)> }

1 K, K
+ Ki(T)ry “ps k—l - k_z
Qy LP2(0,4;R) I V1 211 LP1(0,t;R)
1 1 /
+ ’ T — 7 Gl/p?’ Kl(T)TQ
k? kl Lo°(0,;R) LP2(0,t;R)

« (o

Therefore, the operator Ry can be assessed by using the formulas (2.57) and (3.2). We

x=TYPrs + M, + Mle/lel(T)W) exp(TYPiry + Myrg).  (3.54)

obtain
= ~ S 7(T)
[1R2(Z,0, dy, da, T || 2(x) < pg /pa[ 5(1 — Ka(r)/po)]/re {||f2 " lwinora
1 1/
||| —— 1+ K, (T)rs) + K. (T H b .
|: aé/m Lpz(of;[[g)( 1( ) 7) 1( ) %o Lr2(0,T;R)
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X (||Cb| X*Tl/pl’l“g + Mﬂ"g + 2T2M2T1/p1K1(T>):|
Ky kS ~ 1 1 1
+‘_1——2 Kl(T)’f'Q _1/p +‘___
kl k2 LPr1 (O,T;R) (e 8 Lpr2 (Oj;;]R) k2 kl Lo (O,T;]R)
<o K@l T+ My M T (T)@}
Lr2(0,T;R)
x exp(TYPir, + Myrg). (3.55)

In order to obtain the estimate of ég, firstly we treat the following integral

Lo(t) = /0 [figs) - G 1<]:1>f;)<3) + ao(s) [fl(s;li[ff(s)] i /J;E; w(s) + iE; d ‘
X [lexp (/S (Eg(a) - ZZEZ; w(o) — %E) da)
— exp (/S<E1(U) — Z?EZ; E(g) _ ao(]:l)(];l)(o)g> dU) .
X |lexp </8Ta0(a)daz4 o ds < Kyo(r)dist(d;, ds)
x /0 fits) - AL (;1)(’1/1)(8) + an(s) [fl(if}f;“” i iiii w(s) + 538 d
X exp (—(PO — Ky(r)) /stao(a)da) ds
—1/p3 ] 42(1') .
< pg "/ i = [g(r)/po)]l/m dist(d;, ds)
x [ % iy (U EATI) + (T (A -
X <|y<1>|yX*T1/p1r3 + M, + TV EK, (T)r2M2.>] . (3.56)

Then, similarly to (2.54), using (2.34), (3.41), (2.54) in the Case 1 and (3.41), (2.34),
(2.58), Lemma 3.1 in the Case 2, from (3.49) we get the common estimate for both

cases:

T2K42(F)TQ (T)

T — Ty ) o list(d, o)

Hﬁg(z,w, d;, ds, f) lex) < Pal/p?’
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1 ~ = 1/p4
X ||| — 14+ Ki(T)ry) + K1(T)rg ||ay N
[ aé/m Lpz(o,T;R)< (Dra) {(I)r o LP2(0,T5R)
X (||<1>| TPy £ M+ Tl/lel(f)r2M2>]. (3.57)

Exploiting (3.41), (2.34) in the Case 1 and (3.41), (2.34), (2.51) in the Case 2, from
(3.50) we deduce

||§4(7, @7 dl, dQ, T)HE(X) S Kl(f>T2K42(I')T1 (,00, r, f)dlst(dl, dg) (358)
As a result, using (3.53), (3.55), (3.57), (3.58) in (3.52), we conclude:
i ~ i ~ 4
||Q 1(w7 2 d27T) - Q 1(w7 <, dlv T)HC(X) < E<K1<T>||f2 - f1HW1vP1(0,T;R)

T
X / lp(O)|dp(t) + Ki(T)|[f2 = fillwre o 7m)T1(P0, T, T) exp(T"/Pir; + Mirs)
0

—1/p3 (T
+ — L (0
0 A= K)o | 12~ Silwimo g
1 ~ ~ 1/,
X W=7 1+ Ki(T)rs) + K(T)r ‘a 3 B
{ a(l)/p3 LT’Z(O,T;R)( : )7) {(@)ro o LP2(0,T;R)
X (||<I>| X*Tl/pl’l"g, + MlT‘g + 2T2Mgfl/p1K1(j:)):|
ki ks 1 11
ol o MRS o NS
1 2 {1 LP1(0,T;R) Qg LP2(0,T;R) 2 1| Loo(0,75R)
X Ha” s KT (@] x- T s + My + MyT? Ky (T)rs) }
LP2(0,T;R)

, _ Kus(r)m(T)
x exp(TYPir, + Myrg) + L/ps "2
p( 7 1 8) Po [pg(l _ KQ(T)/p())]l/pS

d

< (llo|

dlSt(dl s dg)

_ (1+K1(T>T7)+K1(T>T’g
LP2(0,T;R)

1 /
a /p3

1
ag/™ P2 (0,T5R)

X*Tl/pl’l“g + M1 + Tl/lel(T)’l"gMz)]

+ Kl(T)T2K4Q(I')Tl (p(), r, T)dist(dl, d2)> .
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We have thus proved an inequality of the form (3.51) as in the statement of the lemma

3.3.2 Estimates of Z(z,w,ds) — Z(Z,w, d;)
The goal of this subsection is to prove the Lemma 3.7.

Let us remind from (2.17) that

3
ZW,%,dy, T) — Z(w,2,d1,T) = Y (2;(0,2,dy, T) — Z;(w,%,dy, T))

j=1
Making use of the algebraic relation
ab—cd=a(b—d)+ (a—c)d (3.59)

and the definition of Z;, we get

Zl (w727 d27 T) - Zl (wu 37 d17 T) = Q*l(m7 27 dQ; T) (AhQ - Ahl)

+ (Q_l(m7z7 dQ’T) - Q—l(w’ 27 dlaT))Ahl (360)
Similarly, using (3.59), we obtain

Z2(w7za d27 T) - Zz(@, E? d17 T) = Q(wa E; d27 T)_l
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X /0 Tgp(t) exp ( /0 t(El(a) - Z?EZ; (o) — %z) da)

¢
X exp(/ oo )daA)AuO 1dp(t) ZZZ w,Z,dy,dy, T) (3.61)
0

and

Zg(@,z, d27 T) - Z3(w7 27 d17 T) = Q(wa Ea d27 T)_l

e </” eXp(/ t@?(") - 2222 o) - 7)o

_exp( /t(a() hg; w(o) (]?(g(a)z)daﬂ

(Q(@, Ea d?a T)_l - Q(wv E7 d17 T)_l)

X /0 Tgp(t) ( /0 tao(s) exp( / t(El(a)— Z?EZ? (o) — (kl)él)( 7) >da>

X Aexp (/ ao(a)daA) gl(s)ds> du(t) =: Z ZN3J-(E, Z,dy,ds, T). (3.62)

Proof of Lemma 3.7. From (3.60), using the estimates (2.48), (3.51), and the

definition of D(r, T), we get
. - p
12007, do, T) = 20, 7.1, T) |x < — [ Ahz = Al + 7 | Ks(r)
1
Ty
+ 74 Ky44(r) exp (—po / ao(a)da) + pgl/p3K45(r)] dist(d;, ds). (3.63)
0

We now estimate || Z5(w, %, dy, T) — Z,(w, z,dy, T) | x. From the representation (3.61),
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using (2.48), (2.51), (3.2), we get

~ ~ 2 ~ ,
| 221 (w,Z,d1,do, T) || x < o T1(po, 1, T) eXP(Tl/p1T7 + Mirs)||Aug s — Aug ol x-
1

(3.64)

Applying the formulae (2.48), (3.41) to Z,5, we obtain
Hgg,g (@,2, dl, dQ, f) ||X S K42(I')T1 (,00, r, f)dlSt(dl, dg)?”5. (365)

Using Lemma 2.2 and (3.51), we deduce
~ - Ty
|1 Z55(@Z, dv, do, T x < 75 [K43(r) 4 K (1) exp <—p0 / ag(a)do)
0

+ pgl/p3K45(r)] 71 (po, r, T)dist(dy, ds). (3.66)

In conclusion, from (3.64), (3.65), (3.66) we get the following estimate:
|122(w %, d2, T) — Zo(w, 7, du, T)l|x

2 ~ / ~
< r_ Tl(ﬂm T,T) eXP(Tl/p1T7 + M1T8)||AU0,1 - AU0,2||X + (K42(1°)7'1(00, I“7T)7"5
1

+ 7y [K43(r) + 74K 44 (1) exp (—,00 /OTlag(a)da) + pal/p3K45(r)}
% 71(po, T, T))dist(dl, dy). (3.67)

Let us assess the increments of Z5 in d. Using the estimates (2.48), (2.62), from

(3.62) we obtain

5 || H ' ~v)p2)/p2
5 “ips 2 L OTR
1251 (w7, di, do, T)||x < pg - 7(T)Cro(, T A= (L= )pa) 77
1/p1
a g2 —9 T 00 /
oo™ (92 = 90)lln 07000 <p(TYPry + Myrs). (3.68)

[(1 = K(r)/ po)ps] /¥

Taking the estimates (3.41) and (2.62) into account, we have

||(1 (1=v)p2)/p2
L1 OTR

1= (1= 7)p2)t/re

_ . . 2~ |a
| Z52(w,2,d1,d2, T)[| x < pg Hps - T2(T)010(%T)(
1
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7"4K42 (I‘)

[T Kol g A 42 -

Proceeding similarly, using (3.51) and (2.62), we get
(1=(1=7)p2)/p2

~ ~ — Nlaollzr o7z raCu(7,T)
Z T3 di do. T < —1/p3 T (0,T;R) 4“ 10\ />
0002 oDl = 20 D = =) 7 T = Bl o

Ty
X | Kys3(r) + 14 Ky4(r) exp (—po/ ao(O')do') + pal/p3K45(r)]
0

X eXp(Tl/pllT7 + Ml’l“g)dist(dl,dg). (370)
Subsequently, from (3.68), (3.69), (3.70) we come to the estimate

HZg(@,?, d27 T) - Z3(w7 zv d17 ,—Z’:)HX

1—(1—
HGO ||(Ll((()7i%))z)2)/132 {

(1— (1 = y)p2) VP2 [(1 = Ky(r)/po)ps] /P

2 /
A2 107 (02 = 90 ooy SO oz 4 M)

< pS””Sw(f)Cm(% T)

2 /
+ 7’4diSt<d1, d2> <7"_ K42(I') + exp(Tl/p1r7 + MlT’g)

1

T
X [K43(r) 4 K (r) exp <—p0 / ao(a)da) + pgl/p3K45(r)]) } (3.71)
0
Finally, summing up (3.63), (3.67), (3.71), we get

~ ~ 2
|22 o, T) = 2(w,%,di, Dllx < = || Ahy — Al x
1

2 ~ /
*7ﬁmmﬁwm@Ww+Mmmmm—mmm+{“FMm
1

Ty ~
+ 7aKaa(r) exp (—po/ ao(U)dU) + 061”’3&5(1?)} + <K42(r)ﬁ(po,r,T)r5
0

+r [K43(r) + 71K (1) exp (—po /O Tlao(a)da) +pp P K45(r)]

1—-(1—
. laolly oz -

e : —1/ps3
X 7'1<p0, r, T)) } dlst(dl, dg) -+ Po TQ(T)Clo(’}/, T) (1 — (1 — 7)p2)1/p2
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x ! 21 (g2 — 00 o7
(= Ea(r) Jpo)ps]/es | g 102 T IV OTiDAG o)

/ 2 /
X eXp(Tl/P17~7 + Myrg) + radist(dy, do) <7“_ Kypo(r) + exp(Tl/plr7 + Mirg)
1

X [K43(r) 4y K (r) exp (—po /O Tlao(a)da) + pol/P3K45<r)D }

which has exactly the form (3.24). W
At this point we have just proved the Lemma 3.7, which was used in the Section

3.2 to prove the dependence continuous of the solution.

3.3.3 Estimates of W(z,w,ds) — W (z,w,d;)
The goal of this subsection is to prove Lemma 3.8, i.e. to estimate

W (-, dy,w1,%1) — W (-, da, Wa, Za) || Loo(0,7:) -

Proof of Lemma 3.8. Let us recall (2.71), where IW; are defined by (2.21)-(2.24).
First we need an estimate for ||Wy(w,z, d2) — W1(@, Z, dy)|| L (0,r,x)- For this purpose

we notice that from formula (2.21) we easily derive the identity

W\ (@7, da, t) — Wi (, %, dy, 1)
— exp ( /0 t(EQ(a) - ZZEZ; (o) — %z) da) exp( Otao(a)daA)
x {Augs — Au0,1}+{ exp ( /0 t(EQ(a) _ 90(9) iy - Mz) do)
o [l 250

t
X exp (/ ao(a)daA) Aug ;.
0

Using (3.2) and (3.41), we get

W2 (@2, d2) = Wi(@, Z, )| oo 1) < eXP(TPAr7 + Mirg) || Aug,s — Auga|x
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-+ 7‘5K42(r)dist(d17 dQ)

In order to estimate the increments of W5 in d, we use (2.22). Thus we achieve
W2 (@,27 d27 t) - WZ(E7 Ea d17 t)
t —
= 0)— f1(0 k — w(o) — —22 27 ) do | —
(200 = 1) esp( [ (o) - 2 m(0) - )i )
¢
X exp ( / ao(a)daA> 2,7, dy, T)
0

50 (o [(Fato) - 1280 10) - 2025

X exp ( /0 tao(a)daA) (2(@,%,ds, T) — 2(w,%,dy, 1))

3
= Z WZZ’(E, Z dl, dg, t)
i=1
Analogously to the estimate (3.53) for Ry, using (3.5), we get the estimate
”Wll(w7§7 d17 d2)”L°°(0,f;X) < Kl (T)Hfl - f2HW1>P1 (O,f;R) eXp<T1/pl1T7 + erg)
T
X [Kg,(r) + 14 Kg(r) exp(—pg/ ao(a)d0> + pgl/pSK}(r) : (3.72)
0
Making use of (3.58) and (3.5), we deduce
[Waa(@.%, di, da)[| oo 7,y < T2Kaz(x)dist(dy, dy)
T
X [K5(r) + 14 K(r) exp <—p0/ ao(a)da> + pal/pSK}(r)]. (3.73)
0

Taking into account (3.2) and (3.9), we have

||W2,3 (w737 d17 d2) ‘|L00(07f;X) S T2 eXp(Tl/pll T7+M1r8)
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Ty
« [Kn(l‘)pal/pg + 74K 15(r) exp (—po/ ao(a)da>]dist(d1, dy). (3.74)
0
Therefore, summing up the estimates (3.72)—(3.74), we conclude

HW2 (@,E, d2) - W2 (w7 E, dl) ”LOO(O,T;X)

< KD fr = follwron o gy (T P77 + Myrs)
Ty
X |:K5(I') + 74 K(r) exp (—po/ ag(a)da) + p()_l/p3K7(I‘)}
0
T )
+ [ o K42(r) [K5(r) + 14 Kg(r) exp (—po/ ao(a)dg) + py /p3K7(r)}
0
+ ry exp(TYPir; + Myrs)

X [Ku(r) PP 4 Ko () exp (—po /0 Tl%(g)da)])dist(dl, ds).

From (2.23), the next equality holds true:

Ws3(w,z, da, t) — Ws(w,Z,dy, t)
B /Ot{ £(s) = fols) <E2(5) - Zzgz; w(s) — ao(}i)(f)@)?))
_ (f{(s) _ f1(3)<E1(s) — Z?Ez; w(s) — aO(;j)él)(S)z>ﬂ

X exp / t(Ez(a) . ZZEZ% (o) — %z) da) exp ( / tao(a)daA)

x Z(w,z,ds, T)ds

T / (f{<s> = 1u(s) (Rals) - 2 () aofﬁél)%))

" [eXpUst@“") - ZZEQ wlo) - GO(%)(J)E) d")
|

—exp ( / t(El (o) — 2009) oy — “O(];’l >(J2)(“)z) da>

e [ t%(o)daA)

x Z(W,%,dy, T)ds
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+ [ (516 = 06) (o) - 18 ) - 2L
X exp ( / t(El(a) . ZZ’EZ% (o) — %z) da) exp ( / tao(a)daA) ds

3
x (Z(w,z,d2,T) — Z(w,z,dy,T)) = ZW3,1(E7Z, d;, dy, t).
i—1

In order to estimate the increment of W5 we assess each /T/Ivfgyi in view of (3.5). The

estimate (3.54) of I; implies

= 1
W1 (0,2, dy, do) || o0 750 < 2577
|| 3,1( 1 Q)HL (0,7;X) Po [p3<1 _ KQ(T)/po)]l/p?’
1
X [Hf? - f1HW1vP1(0’T;R) (‘ 1/ps _ (1 + KI(T)T7>
ag' ™ |l Lr2(0,T;R)

1 /
a /p3

0 X*Tl/pl’f'i;—f-MlT'g—l—27”2M2T1/p1K1(T)>)

—|— Kl (T)Tg

_|_ ‘
1/ps
X Hao

_(lle
LP2(0,T;R)

1 1
Kl (T)T’Q

ky  ka

1

1/p3
Qg

ki Ky

ki ko

LP1(0,T;R) LP2(0,T;R) ‘ L>(0,T;R)

Ky(T)ro (| ®|| - TP rg + My + MyTYP K (T)rs)

LP2(0,T;R)

Th

X [Kg,(r) + 74 K(r) exp (—Po/ GO(U)dU) +P(;1/p3K7(I')}
0
x exp(TYPir; + Myrs). (3.75)

Proceeding analogously to (3.56), we obtain the estimate

el _ _ T2K42(I') .
W Ay, do) || i on < pr /P8 dist(d,.d
|| 3,2<w727 1 2)||L 0,7;X) = Po [pg(]_ — K2(/r)/p0)]1/p3 1S ( 1, 2)
1 1/pt
w ||| —— 1+ K\(T)r) + K Tr‘a s )
[ a(l)/p‘"’ LP2(077~“;R)( 1( ) 7) 1( ) 2o Lr2(0,T;R)

X*Tl/png + M1 + Tl/lel(T)TgMg)

x (llo|

T

X <K5(r) + 7 Ks(r) exp (—,00 /0 ao(a)da) +p51/P3K7(r)). (3.76)
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Reasoning as for the estimate of W&Q, taking into account (3.9), we get

W wz.d.,.d o < —1/ps )

|| 3,3(w727 1 2)||L (0,T:X) = po [pd(l — KQ(T')/pO)]l/p?,
T

X K (r)pg 7+ miKoa(r) exp(_ﬂo / ao(o)ﬂ”’)}
0

>< [

< (llo|

diSt(dl, dg)

1

1/ps
Qg

(L4 K (T)re) + Ka(T)ro [ag™

LP2(0,T;R) LP2(0,T5R)

xTYPlrg + M+ Tl/lel(T)TzMz)] . (3.77)

Summing up (3.75), (3.76), (3.77), we conclude that

S pfl/ps 1

W3(@ %, dy, do)| oo o 7
” 3( 1 2)HL (0,T;X 0 [pg(l_K2</r)/p0)]1/p3

)

1
CL(I)/ P3

Xhh—ﬁ%wmﬁmﬂ

(1 + Kl(T)m)

LP2(0,T;R)

+ K1 (T)’I"g Ha(l)/pé

) <||c1>||Xj1/Plr3 + Myrg + 2r2M2T1/p1K1(T)))

LP2(0,T;R)
K, K 1 1 1
+'—1——2 E\(T)ra|| 7 +‘———
kl k2 LPr1 (O,T;R) g 3 LPQ(O}T;R) kQ kl Lm(07T;R)
X Ha,(l)/pg _ Kl(T)T2(||(b|X*T1/p1T3+M1 +MQT1/p1K1(T)T2)
LP2(0,T;R)

T

< [Ka(e) + 7o (r) exp (—po /0 ao(a)da> + P K ()]

/ _ T K r
X exp(Tl/p1T7 + Mﬂ“s) + P Hps [p3(1 — QK;Ei()/)pO)]Upg

d

X <H(I)‘|X*f1/p17'3 + M1 + TVl/lel(T)TzM2>

diSt(dl, dg)

1

1/ps3
Qg

(1+ K (T)re) + Ky(T)ro [ag™

LP2(0,T;R) LP2(0,T5R)

T

X <K5(r) + 7Kg (r) exp <—p0 /0 ao(a)da> + pgl/mm(r))

—1/ps3 T2

TP A = Ka(r) o)

ns diSt(dl, dg)
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X [Kn(r)pgl/m + 1Ko (1) exp (—,00 /0 Tlao(a)dg)}

|

X (@]l r + My + Tl/lel(T)r2M2>] .

1

1/ps3
Qg

1/p4

(1+ Ki(T)r7) + Ki(T)rg ‘ ag

LP2(0,T;R)

LP2(0,T;R)

From (2.24) we easily get the difference

W4<waz7 d27 t) - W4(w7 Ea d17 t)

_ /O " o(s) exp < / t(Eg(a) _ ZZEZ; T(o) — %z) da)

« Aexp ( / tcm(a)daA) (02(5) — 1(5))ds

{26201

t 2
X Aexp (/ao(a)daA) g1(s)ds =: ZWM(@, Z,dy,da, t).

i=1
From (3.68) we deduce

H H 1—y)p2)/p2
o L1(0 T:R)

(1= (1= 7)p2)"/P

HW4 1(w,z d17d2>HL°°(OTX) < Po1 " Cho(y,

lag ™ (

92 = 91 )|l 1o1 (0,504 (7.00)) 1y
43 ) T /pl M . 3.78
(= KQ(T)/po)pg]l/p3 exp( r7 4+ Myrg) ( )

Analogously to (3.69) we have

Ha H 1—=y)p2)/p2
—1/ps Ll(OTR)
||W4 2(w z d1>d2>HL°°(OTX) < Po 010( (1 — (1 — ,y)pQ)l/pZ
K
x rifin(r) dist(d,, ds). (3.79)

[(1 = Ka(r)/po)ps] /P
As a result, from (3.78) and (3.79), we get the estimate

(1—(1—v)p2)/p2
|| ||L1 OT]R

(1 — (1 —7)pa)t/p2

||W4(wvz7d1ad2)||Loo OTX < Po ~1/pa 010(
) —
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1

1/p) 1/p B ~
T = Ka(r)/po)ps] /7o exp(T"/Prrr + Mars)llag™ (92 = 91l 1o (0,704 (1,000

(1=(1=7)p2)/p2
lao HLl(o,iR) 740 4(T)

(= (1= )p2) 772 [(L— K)o )] 7

+ Pal/m Cio(v,T) dist(d;,ds).

Summing estimates for all ﬁ/}, j =1,2,3,4, from (2.71) we get the desired form
(3.27). &
Thus, we have just proved Lemma 3.8, which was necessary to obtain the continuous

dependence result in the Section 3.2.
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