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Abstract

Let X be a fuzzy set—valued random variable (FRV), and ©x the fam-

ily of all fuzzy sets B for which the Hukuhara difference X &y B exists
P-almost surely. In this paper, we prove that X can be decomposed as
X(w) = C @ Y(w) where the equality holds for P-almost every w € €,
C is the unique deterministic fuzzy set that minimizes E[d2(X, B)?] as B
is varying in ©x, and Y is a centered FRV (i.e. its generalized Steiner
point is the origin). This decomposition allows us to characterize all FRV
translation (i.e. X(w) = M @ l¢(,) for some deterministic fuzzy convex
set M and some random element in R?). In particular, X is an FRV
translation if and only if the Aumann expectation EX is equal to C up
to a translation.
This result includes the well-known case of Gaussian fuzzy random vari-
able for which X = EX @ & with £ being a Gaussian element in R, and
the fuzzy Brownian motion B; that can be written as B; = I, where &
is a Brownian process in R%.
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Introduction

It is widely known (e.g. [5] Theorem 6.1.7]) that a Gaussian fuzzy random
variable decomposes according to

X =EX &L, (1)

where EX is the expectation of X in the Aumann sense, ¢ is a Gaussian
random element in R? with B¢ = 0 and 14 : R — {0,1} denotes the
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indicator function of any A C R?

Ta(z) = 1, ifzeA,
A= 0, otherwise,

(for the sake of simplicity, whenever A = {a} is a singleton we shall write
I instead of If,y). Plain speaking, a Gaussian FRV X is just a deter-
ministic fuzzy set (its expected value EX) up to a Gaussian translation
& which carries out all the randomness of X. In this view, Equation ()
entails a “loss in complexity”for the randomness of the Gaussian FRV X
according to which the underlying probability structure can be defined
just only on R? and no longer on Fy.. Clearly, such loss of complexity
occurs in the more general case of an FRV X that is a random trans-
lation of a deterministic fuzzy set M; i.e. X = M @ I with £ being a
random element on R?. In this paper we shall provide a characterization
for random translations by means of a suitable decomposition theorem
that holds for any FRV. In particular, given a centered FRV X, we shall
define the family © x of all deterministic B € Fy. for which the Hukuhara
difference X & B exists almost surely. We shall show that this set is not
empty, convex and closed in (Fyc, d2), where d2 corresponds the L? metric
in the space of support functions. Further,

C = argmin E(d2(X, U)?)
Ueox

is unique and there exists an FRV Y such that X (w) = C@®Y (w); in some
sense, C' and Y are the deterministic part (with respect to @) and the
random part of X respectively.

Noting that, the Aumann expectation EX is the (unique) Fréchet expec-
tation with respect to da, i.e.

EX = arg min E(d2(X, U)?),
U€eF.

we obtain immediately the characterization announced above: an FRV X
is a random translation of C' (i.e. Y (w) is almost surely a singleton) if and
only if EX is equal to C'. We want to point out how Fréchet expectation is
often presented as the property of the mean value for which EX minimizes
the variance of X.

The paper is organized as follow. Section [l introduces necessary nota-
tions and literature results. Section [2] studies properties of the Hukuhara
set © x whilst Section [3] presents the decomposition theorem for FRV and
a characterization of FRV translation.

1 Preliminaries

Here we refer mainly to [5]. Denote by Ky, the class of non—empty compact
convex subsets of R?, endowed with the Hausdorff metric

on(A,B) = max{:lelg Jnf lla —bl], sup inf [la — B[]},



and the operations
A4+B={a+b:a € A, be B}, AMA=XA={la:a€ A} with A > 0.

For a non-empty closed convex set A C R? the support function sa :
S971 & R is defined by

sa(z) = sup{{z,a) :a € A}, forz € ST,

where (-,-) is the scalar product in R? and S** = {z € R : ||z|| = 1} is
the unit sphere in R?. The Steiner point of A € Kg. is defined by

ste(A) = 1 /Sdil sa(z)xz dA(x)

Vd

where z € S9! varies over the unit vectors of R%, A is the Lebesgue
measure on S9!, and vg is the volume of the unit ball of R%.

A fuzzy set is a map v : R? — [0,1]. Let Fi. denote the family of all
fuzzy sets, which satisfy the following conditions.

1. Each v is an upper semicontinuous function, i.e. for each a € (0, 1],
the cut set vo = {x € R?: v(z) > a} is a closed subset of R%.

2. The cut set 11 = {x € R : v(x) = 1} # 0.

3. The support set vp = {x € R?: v(x) > 0} of v is compact; hence
every Vo is compact for a € (0, 1].

4. For any a € [0,1], v, is a convex subset of R%.

For any v € Fy. define the support function of v as follows:

_ sua(z) if >0,
Su(13706) - { Syo(x) if =0,

for (z,a) € S9! x [0,1] and where sk (z) = sup{(z,a) : a € K}, for
z € St Let us endow Fj. with the operations

(ylaauz)a:u;—b-ui, (A@ul)a:)\-u;, with A > 0
so that Fy. is a convex cone, and with the metrics

5?;0(1/1,u2) = sup{a € [0,1] : 6H(u;,u§)},

1
1 3
do(v', V%) = </ / |s,1 (1) — 8,2 (@, u)|? da du) .
0 Sd—1

It is known that (Fic, 07 ) is a complete metric space while (F., d2) is not
(cf. [3, Chapter 7]). The generalized Steiner point of A € Fy. is defined
by

Ste(A) = / ste(Aq) da,
[0,1]

where da is the Lebesgue measure on [0, 1]. In other words, Ste(A) may
be seen as a weighted average of steiner points of the level sets of A. The
following properties are satisfied (cf. [g]).

1. For any A € Fi., Ste(A) € Ao.



2. For any A, B € Fy., Ste(A ® B) = Ste(A) + Ste(B).
3. Ste: Fr. — R? is continuous.

Let (©,5,P) be a complete probability space. A fuzzy set-valued ran-
dom variable (FRV) is a function X : Q — Fi., such that X, : w — X (w)a
are random compact convex sets for every a € (0, 1] (ie. Xo is a Kge—
valued function measurable with respect to the dz—Borel o—algebra). As
a consequence of continuity of Ste(-), if X is an FRV, then Ste(X) is a
random element in R%.

An FRV X is integrably bounded and we shall write X € L[Q; Fy.], if
E(sup,c x, llz]) < +oo. The (Aumann) expected value of X € L[ F.],
denoted by E[X], is a fuzzy set such that, for every a € [0, 1],

(E[X])a = /QXQ dp={E(f): f e L' RY, f € Xo pn—ace.}.

It should be pointed out that, whenever E[(sup,cx, [[#]])?] < 400 (we
shall write X € L?[Q;Fy.]), the expected value in the Aumann’s sense is
a Fréchet expectation with respect to dz, i.e.

EX = arg min E(d2 (X, U)?),
U€EF.

see for example [7].

Embedding Theorems. It is known that the support function al-
lows us to embed the space of fuzzy sets onto suitable Banach spaces
preserving the metrics 077 and ds.

On the one hand, (Fic,d2) is trivially embeddable in the Hilbert space
of square integrable functions L2([0, 1] x S *~') by means of the mapping
s Fre — L2([0,1] x S91) where s(v) = s,.

On the other hand, let C(S ™) denote the Banach space of all continuous
functions v on S ! with respect to the norm ||[v||c = sup,cga—1 [v(z)|.
Let C([0,1],C(S%1)) be the set of all functions f : [0,1] — C(S™)
such that f is bounded, left continuous with respect to a € (0, 1], right
continuous at 0, and f has right limit for any a € (0,1). Then we
have that C([0,1],C(S%!)) is a Banach space with the norm ||f|lz =
SUP4eo,1] 1 f(@)llc, and the following embedding theorem holds.

Proposition 1 ([] and the references therein.) There exists a function
§:Fre = C([0,1],C(S 1)) such that:

1. vt +t?) = ri(wh) + tj(v?), v',v? € Fre and r,t > 0.

2. 7 s an isometric mapping, i.e.
o () = i) = j)le v v? € P,

8. j(Fr) is a closed subset in C(]0,1],C(S*™1)).

As a matter of fact, we can define an injection j : F. — C([0,1],C(S 1))
by j(v) = s., ie. j(¥)(z,a) = s.(z,a) for every (z,a) € S9! x [0,1],
and this mapping j satisfies above theorem. For simplification, let C :=

([0, 1],C(S 7).



From Proposition [lit follows that every FRV X can be regarded as a ran-
dom element of C by considering j(X) = sx : Q@ — C, where sx(-)(w) =
$x(w)(*). Moreover, if X € L'[QFy], for any (z,a) € R? x [0,1],
sx()(z,a) € L'[Q;R] and

E[sx (z,a)] = sex (z,a). (2)

It is known that the support function for fuzzy sets v € Fi. can be
defined equivalently on the closed unit ball B(0,1) = {z € R? : |jz|| <
1} € R? instead of the unit sphere S?~! by

sy B(0,1) — R
x —  sh(z) = max{(z,y) : y € RY v(y) > ||z||}.
In particular, the following relationship between support function defini-
tions hold

1 | si(ax), if o # 0;
V(z,a) €S x [0,1], sv(@, o) = { SUP, ¢, (y,2), if a=0.

e B0, s =] lels (Eplal), itz o
0, ifx =0.

In [1], the author prove that a function f : B(0,1) — R is a support
function of some fuzzy set v € Fy. if and only if the following six properties
are satisfied:

(Property.1) f is upper semicontinuous, i.e.,

f(z) = limsup f(y), Vz € B(0,1).

y—x
(Property.2) f is positively semihomogeneous, i.e.,
Af(z) < f(Ax), VA € (0,1],Va € B(0,1).

(Property.3) f is quasiadditive, i.e.,

Ai) (,\L> (A£>
7 (g ) <ot (3ag ) + s (3

for every A € (0,1], and z, 1,22 € R*\ {0}, with = 21 + 2.
(Property.4) f is normal, i.e.,

f(z)+ f(—=x) >0, Vz € B(0,1).
(Property.5) f(-)/| - || is bounded, i.e.,
sup {f(z)/|z[| : = € B(0,1) \ {0}} < oc.

(Property.6) f(0) =0.



2 Hukuhara set

In this section we shall define the Hukuhara set associated to an FRV X
namely ©x. We shall provide some properties of © x most of which will
turn out to be useful in the next section where a decomposition theorem
for fuzzy random variables will be set.

Let K be in Fj. such that Ste(K) = 0 and consider

0k = {B € Fi.: Ste(B) =0 and 3A € Fy. st. B@ A=K}

i.e. the family of those centered convex compact fuzzy sets B for which
the Hukuhara difference K ©x B does exist. Note that 0k is not empty,
since lo, K € 0x and {\ ® K}icpo,1] C Ox. Clearly, if B € 0x and A is
the Hukuhara difference between K and B, then A € 0.

Proposition 2 0k is a closed subset in (Frc, 0% ).

Proof. Let {Bn} C 0k be a convergent sequence with limit B € Fg,
with respect to dz, we have to prove that B € k. Equivalently, we
have to prove that there exists A € Fy. such that B® A = X. For each
n =1,2,... there exist A, € Fi. such that B, ® A, = K. Thus, the idea
is to prove that {A,}32; converges, w.r.t. g, to some A € Fy. such that
B ® A = X. To do this, let us consider the following chains of equalities

0f (Am, An) = (540 — s4,ll
= [(sam + 8Bn) — (54, +8B,) + 8B, — SBullc
= ||sk — sk + 8B, — sB, |5
= |lsB, — $Bmlled =08 (Bn,Bm) =0, for n,m — oo
where we use the isometry A — s4 (first and last equalities) and the
fact that By, B belong to 0k (third equality). Above limit implies that
{Ap}nen is a Cauchy sequence in (Fgc, 0% ) that is a complete metric

space (e.g. |5 Theorem 5.1.6]), and then there exists A in Fi. such that
A, — A. As a consequence, B, ® A, — B® A for n — oo combined with

0 =107 (Bn ® An, X),

guarantees that B @ A = X and hence B € fx; that is the thesis. [ ]
In what follows we shall need the next lemma according to which a
fuzzy set can be defined starting from its a-cuts.

Lemma 3 (See [3, Proposition 6.1.7, p.39]) If {Ca}acio,1] satisfies
(a) Cy is a non empty compact convex subset of R?, for every o € [0,1];
() Cs CCo for0<a< B <1

(¢) Ca =2y Ca; for all sequence {c}ier converging from above to «,
i.e. a; Tain [0,1];

then the function

= 07 fo ¢ 007
v(z) = { sup{a € [0,1] : z € Cuo}, if z € Co,



is an element of F. with va = Cq for any a € (0,1] and

Vg = U Ca g Co.
ae(0,1]

Let X be an FRV. For the sake of simplicity and without loss of gener-
ality, let us suppose that Ste(X) = 0; otherwise one can always considered
its associated centered FRV X = X — Iste(x)- Next theorem defines the
Hukuhara set ©x associated to X, and provides some topological and
vectorial properties of ©x.

Proposition 4 The subset E = {B € Ox} := {w € Q: B € Ox(.,} is
measurable in (Q,F). Moreover, if Ox = {B € Fi. : P(B € 0x) = 1},
then the following statements hold.

(i) ©x is non-empty.

(ii) B € Ox if and only if there exist an FRV A such that B® A = X,
P-a.s.. If X € L*[Q;Fr.], then A is in L*[Q;Fy.] too.

(iii) ©x is a convexr subset in (Fie,®). As a consequence, if B € Ox,
then {)‘B})\G[O,l] g @X

(iv) ©x is a closed subset of (Fie, 0% ).
(v) ©x is a closed subset of (Fie,d2).

Proof of Proposition[dl Using the definition of 0x (w) and the charac-
terization of element in Fy. via the support functions, we get the following
chains of equalities.

E={weQ:Ste(B)=0and 34, € Fy., BG A, = X(w)}
={weN:Ste(B) =0} N{w e Q:3A, € Fi, st. sp+5a, = Sx(u)}
=0QN{weQ: f, :=s%w) — sp is the support function of some A, € F.}
={w e Q: f, satisfies Properties 1-6}

—En...NEs,

where E; = {w € Q : f,, satisfies Property i} fori =1,...,6. If E1,..., Fs
are measurable events, then F is measurable too. To show this note that
each E; (i =1,...,6) can be written as F; = {w : gi(w) < 0} where

g1 = sup{ [l sup fu(y) — fu(@)] : 2 € B(O, 1)},
y—T
g2 = Sup{)‘fw(x) - fw()‘x) tAE (07 1]7:17 € B(07 1)}7
_ B BT T2
o2 = s el (3pg) = bl (3gg) - i (3
‘X € (0,1], @, x1, 20 € R\ {0}, with z =z +:cz}7
g4 = —sup{fw(z) + fu(—z) : z € B(0,1)},

|fw(ﬁ)l cx € B(0,1)\ {0}}7

[l

g5 = sup{

ge = |fu)(0)|



Clearly w — ¢i(w) are measurable maps and hence F is a measurable
event in the o—algebra §.

ITEM (). Surely Iy belongs to ©x, hence ©x is not empty.

ITEM (). The sufficiency is trivial, let us prove the necessity. Let
M = E° ={w e Q: B ¢ 0x(,}, by hypothesis P(M) = 0. For every
w € Q\ M, there exists A, € Fi. such that B® A, = X(w). Let us
consider the map

A: Q — ch
| AL, weQ\M,
©or A(w)*{ l, weM.

Since s4 = sx — Sp a.s., sS4 is measurable. Hence, the map A defined
above, is the FRV we are looking for. With the same arguments one shows
that A € L*[Q;Fy] if X is so.

ITEM (E'ﬂ[) Consider B1, B2 € Ox. From above part we know that
there exist two FRV A1, A2 with values in Fg. such that By & A1 = X
and By @ A2 = X. For any A € [0, 1], the following hold

AB1® A1) = AX,  (1—M\)(B2® A3) = (1 — N)X,

from which we get

AB1 69(1—)\)B269A=AX7
with A = AA; @ (1 — A)Az. Hence AB;1 @ (1 — \)B; € Ox.
To prove the last part consider B € Ox, then AB=AB® (1 - )y € Ox.
ITEM (iv)). Consider a sequence {B,}3>; C ©x converging to B € Fy.
in (Fge, 0%), i.e.

8% (B,Byn) — 0, as n — oo.
We have to prove that B € ©x. Using the same arguments in (i), for
any n € N and for every w € Q\ M,, = {w € Q: By, € fx ()}, there exist
Ay .n such that Bn, @ Aw.n = X(w) and

07 (Aw,m, Aw.n) = 65 (Bm, Bn) — 0, as n — oo.

Thus, the completeness of (Fx.,d% ) guarantees that, for every w € Q\
U,, Mn, {Aw,n}nen converges w.r.t. 0z to some A, € Fi.. Further, for
every w € Q\ M and n € N the following inequalities hold

0<6F(X(w),BP AL) <07 (X (w),Bn ® Awn) + 05 (Brn @ Awn, B® AL)
<0+ 07 (By, B) + 07 (Awn, Aw) = 0

where, for the first addend, we use the fact that X (w) = Bn ® Aw,n. Thus

we get the thesis.

ITEM (®). Let us consider a sequence {Br}nz; C Ox converging to
B € Fi. in (ch,dz), ie.

d2(B, Bn) — 0, as n — oo.

We have to prove that B € ©x. In this case, (Fgc,d2) is not complete
and, hence, we can not repeat all arguments in ([]). In particular, for any



n € N and for every w € Q\ M,, = {w € Q: B, & O0x(.)}, there exist Ay »
such that B, & A » = X(w) and, using the same arguments in (),

2

1
dz<Aw,m,Aw,n>:</ [ sa o = sa ()l dadu) — 2By Bu) = 0,
0 Sd—l

as n — oo and where da and du denote the Lebesgue measure on
[0,1] and the normalized Lebesgue measure on S 4=1 respectively. Thus
{S4u.n }nen is a Cauchy sequence in the Hilbert space L*(C) and it admits
limit in L*(C), namely f.,. Since

15400 = (8x(w) =582 = |(84u,n —Sx(w)) +5BlIL2 = sB—5B, L2 =0,

it holds
L2
SAun — Ju = Sx(w) — SB.

Note that, f. is not necessarily the support function of some element in
Fie. In other words, {Aw n }nen is a Cauchy sequence in the non—complete
space (Fgc,dz2), but under the embedding j (cf. Proposition [Il) we have
that the sequence {j(Aw n)}nen = {54, ., }nen is a Cauchy sequence that
admits limit in the Hilbert space L? (C). But, in general, this limit is not
the image under j of some element of Fr.. We claim, and we shall prove in
what follows, that there exists A, € Fy. such that sa, = f, = SX(w) =SB,
i.e. B® A, = X(w) that is the thesis.

In fact, let us consider the family {Ca}acio,1) of subsets of R? defined by

Co={yeR": (y,u) < fula,u),Yue S}, acl01].

In what follows, we shall prove that the family {Ca}acio,1) satisfies (a),
(b), (¢) from Lemmalf3] and it defines uniquely a fuzzy set v whose support
function is, clearly, f,,. Thus the fuzzy set v defined in Lemma [ is just
the A, in Fy. we are looking for.

(a). Let a € [0,1].

Cl is non—empty: since Ba C (X (w))a, then for every u € S *

fola,u) = sx)(o,u) — sp(a,u) > 0= (0,u), (3)

ie. 0 e C,.
C. is convex: let X € [0,1] and y1,y2 € Ca, for every u € S9!

A1+ (1= ANyz, u) < Mo(o,u) + (1 =N fole,uv) = fol,u)

ie. Ay + (1 — ANy2 € Ca.

Co is compact: we have to prove that it is a bounded closed subset of
R?. Note that {0} C Ba C (X(w))a, then sx()(a,u) > sp(a,u) > 0 for
each u € %" and sx () (@, u) > sx(w)(a,u) — sp(a,u) = fu(a,u). This
implies that (y,u) is bounded for every u € S 4=1 and hence that C,, C R?
is bounded. On the other hand, let {y,} C Ca be convergent to y € RY,
then, for every n € N and u € §971,

(Yn, u) < fole,u),

and passing to the limit we obtain the same inequality for y and for every
u e Sdil; i.e. y € Cy. This fact allows us to conclude that C, is closed



and hence compact.
(b). Let 0 < a < B < 1. Note that, for every n € N and v € S9°1,
54, .,(Bu) < sa, . (o,u). Let n — oo, then fu(B,u) < fu(a,u) for
every u € S971; ie., for every u € S47' and n € N, 54,. and f, are
non-increasing functions with respect to a. Now, let us consider y € Cg,
then for every u € S, (y,u) < f.(B,u) < fo(o,u); ie. y € Cy and
Cs C C,.
(c). Let {a;}ien C [0,1] such that o; 1 « as ¢ tends to infinity, that is
a; < a;+1 and ;s — a as @ — oo. Because of a; < a and (b), we have
Co CCq; and Co C ﬂiEN Cq,. It remains to show the opposite inclusion.
To do this let y € (,c Cay, 1. y € Ca, for all i € N or

(y,u) < folo,u), for every i e Nyu € S41. (4)

Note that, for every v € S9!, fu (-, u) is left—continuous with respect to
a because it is the difference of two left—continuous functions (cf. Equa-
tion (B))). Hence, for the arbitrariness of ¢ in (@), we can pass to the limit
as i tends to infinity obtaining (y,u) < fu (o, u); i.e. y € Cq. ]

3 Hukuhara decomposition
Let us recall again the wide-known decomposition for Gaussian FRV X
X=EXaI @

where EX is the Aumann expectation of X, and £ is a Gaussian random
element in R? with E¢ = 0. In some sense, Equation (@ reduces the
complexity of FRV X that is equal to its expected value EX (a determin-
istic fuzzy set) up to a random Gaussian translation £. In [2], the author
showed another case of “reduction of complexity”; a Brownian fuzzy set—
valued process is reduced to be a Brownian process in R?. In both cases,
the randomness defined on F can be simpler defined on R¢.

Now, our question becomes the following one. Under what conditions we
can establish that a “reduction of complexity”, like the former, occurs for
fuzzy set-valued random process. In other words: Can a fuzzy process,
whose randomness is given only by vectors, be characterized in some way?
In this section we propose a positive answer to the above question and,
to do this, we shall focus mainly on a decomposition theorem for FRV. In
particular, we shall prove that such a X can be decomposed as the sum
of a deterministic convex fuzzy set and a random FRV in a unique way.
This decomposition allows us to characterize, by means of the Aumann
expected value, the FRV that is a random translation of a deterministic
fuzzy set.

Definition 5 An FRV X is a translation if there exists M € Fy. with
Ste(M) = 0 such that

X(w) = M EBHSte(X)-

In other words, the randomness of a translation X depends only on the
specific location in space and does not depend on its shape. Note that,
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according to (), every Gaussian FRV X is an FRV translation with
M & Ig(ste(x)) = EX. Another sufficient condition for X to be an FRV
translation is given by Proposition [6] while a necessary and sufficient
condition will be given in Theorem The latest is based upon the de-
composition established in Theorem[{l Note that Theorem [{is interesting
by itself since allows us to decompose any FRV X as the sum of a deter-
ministic fuzzy set Hy and an FRV Y that represents the randomness part
of X.

Proposition 6 Let X be an FRV such that EX = . where ¢ € RY.
Then X = 1I¢ P-a.s. for some random element £ in Re. (Clearly X is an
FRYV translation.)

Proof. Thesis can be reached using similar arguments in [2, Theorem §],
or, whenever X € L%[Q;Fy.], as corollary of the next Theorem [ and
Theorem [ ]
Clearly, the vice versa of Proposition [6] does not hold, for example in the
case of Gaussian FRV. In order to characterize translation FRV, we need
the following decomposition theorem.

Theorem 7 Let X € L?[Q;Fy.] with Ste(X) = 0. Thus there exists
Hs € Fie with Ste(H;Jg) =0andY € L? [Q; Fre] such that X decomposes
according to

X(w)=Hx &Y (w), (5)
for P—almost all w € Q. In particular, Hx is the unique element in Fpe

that satisfies @) and minimizes E[(d2(X,C))?]; i.e., there exists a unique
H;Jg € Ox such that

Hx = argminE[(d2(X, B))?]. (6)
BeOx

Hence Y is the unique (except on a P-negligible set) FRV such that its
support function is given by sy = sx —sy1. Moreover, Hx is a mazimal
element in © x with respect to the level-wise set inclusion; that is, if C' €
Ox with (Hx)a C Ca for any o € [0,1], then Hx = C.
Proof. Since ©x collects all the element of Fi. for which (&) holds, we
have to prove that there exists a unique element in ©x that minimizes
the map B € Ox — E[(d2(X, B))?].
At first note that ©x can be seen as a subset of LZ[Q;IF‘kc]; in fact, for
each B € ©x the constant map w +— B is an element of L? [Q; Fr] since

E[(sup [1b]))*] = (sup [[b]))* < +oo.
b€ Bo b€ Bo
Moreover, © x is closed in LZ[Q; Fic|] as a consequence of
E((d2(4, B))*] = (d2(A, B))*,

for any couples A, B € Fi., and thanks to the fact that ©x is closed in
(Fie,d2), see Proposition @

Thus the minimization problem is equivalent to prove that there exists a
unique projection of X onto @ x that is a closed convex subset of L?[Q; Fy]
endowed with the metric Az(-,-) := E[(d2(,-))?]; hence, there exists a
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unique element Hyx € ©x that realizes the required minimum @l).
As a consequence of Hx € Ox and of (@) in Proposition @ the FRV Y is
defined through its support function sy = sx — s L
Finally, let C' be as in the thesis; thus inclusions (H)l()a C Co C X4
imply sx —sc < sx — SpL- Then, by definition of Hx and da, necessarily
C = Hx holds. [ |
The chosen notation wants to recall that, as the proof showed, Hx is
obtained through a projection theorem of the selected FRV X on its
Hukuhara set ©x. Further, we want to stress out that the suffix X
does not mean that Hsx is random. In fact, it does not depend on w
but rather it is a deterministic element of Fy. (that is a constant element
in L?[Q; Fx.]) that depends on the whole map w — X (w).

The following theorems provide necessary and sufficient condition for
an FRV to be a translation.

Theorem 8 Let X be an FRV translation, and X = X PBI_ste(x)- Then
X =H: ®lstox)y, P—as. (7)

Proof. By hypothesis X = M @lge(x) for some M € Fy. with Ste(M) =
0. Clearly, X = X ®I_¢ = M, M € ©; and E[(d2(M, X)?)] = 0; that is,
M=Hzg. u

Theorem 9 Let X € L*[Q;Fy.]. X is an FRV translation if and only if
1 .
Hz satisfies |
EX = Hz @ Ig(ste(x)) (8)

with EX being the Aumann expectation; i.e. H)% is EX up to a translation.

Proof. For the “only if”part it is sufficient to compute the expectation
in Equation (@) to get Equation (8.

Consider the “if”part. For the sake of simplicity, let us assume that
Ste(X) = 0, a straightforward argument extend the result in the more
general case of an FRV with non—void Ste(X). Then, in term of support
functions, Equation (Bl) becomes

SX = Sy + sy = Sgx + Sy,

where we use the fact that Hy = EX. Computing expectation of both
sides and using relation (), we get that sy = 0. Hence Y = ¢ a.s. for
some random element ¢ in R? (cf. [2]). [ ]

Remark 10 In view of Theorem [7] and Theorem [ if X € L? [ Frel,
then Proposition [ holds. In fact, suppose that EX = I.. for some ¢ € R?,
and compute expectation of both sides in Equation (B

I. =EX = Hx & EY.

Hence, for any o € [0,1], (Hx¥)a is a subset of {c} up to a translation,
that is (Hx)a is a singleton as well as (EY),. Then Hx = I/ for some
¢ € R, ie. H¥ is equal to EX up to a translation and, by Theorem [
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X is an FRV translation that implies Y = I for some random element in
R?. Finally, rewriting Equation (@) in this particular case, we obtain

X=Hx®Y =1, 0l =1,
that is the thesis of Proposition O

Moreover, the following results hold.

Corollary 11 Let X € L*[Q;Fy.] with Ste(X) = 0 and EX = Hy.
Thus X is almost surely deterministic and equal to Hx:.

Corollary 12 Let X € L*[Q;Fx.], D € Fie and X' = X @& D with
Ste(X) = Ste(D) = 0 (hence Ste(X') is the origin too). Then Hx, =
Hx ® D.

q

L2[Q x [0,1] x S971]

Figure 1: A qualitative graphical interpretation of some results of Section [2] and
Section In particular, ©x is represented as a closed convex subset of Fy.
containing the origin and such that, for any B € ©x and A € [0,1], AB € Ox.
Hence, Hx is the projection of X on Oy, as a subset of L2[Q); F.], with respect
to the metric E[da(-,-)?]. Moreover, here we stress out the uniqueness of this
projection because cone L?[Q;Fy.] is embeddable in the Hilbert space L2[Q) x
[0,1] x S91] through the map X ~ j(X) that preserves the metric. Finally,
the following inclusions/embeddings are qualitatively represented: O x C Fy. —
L2[Q; Fe] < L?[Q x [0,1] x S471].

Remark [[3] shows an example of an X in L*[Q; Fy.] with Ste(X) = 0 for
which E(X) # Hx and for which Hyx is not necessarily Io; i.e., in terms
of Theorem[d X is not a translation but its deterministic part Hx in the
decomposition (@) is not just reduced to the origin.
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Remark 13 Let R =R, (2 = [0, 1], Bio,1j, 1) where p is the Lebesgue
measure and X be the FRV defined by X := I, ), for any w € [0,1].
Clearly X € L*[;Fx.] and Ste(X) = 0. Moreover,

fmw) =minXj(w) = —w and fu(w):=maxX;(w)=w

are integrable selections of the 1-level RaCS Xi; any other integrable
selection f of X satisfies

fm(w) < f(w) < fu(w), for each w € [0, 1].

Then 1 1
—5 =Efm <Ef <Efm =3,

and, by the convexity of Aumann expectation and because X; = X, for

any a € [0,1], EX; = [—1,1] = EX,, that is EX = T3

We shall prove that EX ¢ ©x and hence, by Theorem [§, X is not an

FRV translation. In fact, note that

1
Hwt g wmgp w> 3
XOnBX =Twu Oty 1= b, W=
it does not exist, w < 3,

implies

P(EX € 0x) = P(there exists X og EX) =P <w > %) = %7
and hence EX ¢ ©x.
Actually we can show that ©x = {Ip} and hence Hx = Io. In fact, by
absurd let B € ©x with B # I, then there exists @ € [0, 1] such that
B, = [a,b] with a < b and there exists Xo ©n Ba, here Oy is considered
as the Hukuhara difference for subsets in R. On the other hand

[w—a,w—b, w-b>-w-a,
[_w7w] OH [a7 b] = {_HTa}v w = IFTav
it does not exist, w < bfT‘ﬂ

and, as consequence,
P([—w,w] & [a,b] does not exist) = p [(—oo7 b—Ta> N o, 1]] >0

where the last inequality is due to the fact that, by hypothesis, b —a > 0.
This is an absurd since B € Ox by hypothesis. Thus ©x = {Ip} ZEX =
]I[7 % , %] .

Finally, in order to produce a more general example, let us consider

X = I[[fw,w] EBI[[ %,%] = I[[fwfé,uﬁké]

so that, from Corollary [[2] we immediately obtain that

I =EX # Hyx = Ii_1,1 # o

14



4 Conclusion

In this paper, we have proven that any square integrable FRV can be
decomposed as X = Hx @Y, where Hx is a unique deterministic fuzzy
convex compact set (i.e. in Fr.) and Y is an element of L? [Q; ch]. This
decomposition leads us to characterize FRV translations for which Hx =
EX, where the expectation is in the Aumann sense.

This fact is important, for example, in view of Proposition [@] that allows
us to simplify the complexity of an FRV process {X¢};>0 for which the
following EX; = I holds at any time ¢. In fact, since X; is a translation
at each t, it can be interpreted simpler as a random element on R

In general, working with a centered X in L?[Q; Fy.] one may distinguish
different cases:

e the trivial one, for which EX = H3 and hence X is a translation.

e the case for which EX ¢ ©x but Hx = Ip; i.e. X is a “pure”or
“reduced” FRV.

e the case for which EX ¢ ©x and Hx # Io. In this case, one can take
advantages from decomposition Hx @ Y splitting the deterministic
case from the random one.

The procedure to construct Hy starting from a squared integrable

FRV X can be viewed as a particular case of a general situation described,
for example, in [6, p.174-175]. There the author plainly illustrates a
“linearisation approach”in order to define expectation for random sets.
The scheme can be easily extended to the FRV case. In particular, the
computation of the expectation of a random element X is associated to
a minimization problem (like in the case of Fréchet expectation). Some
strictly related troubles may arise from this kind minimization problem:
even though a solution to the minimization problem exists (some imposed
constraints may cause to minimize over an empty set) it may be not unique
or, there exists a solution in a larger space (than the one where X lies),
but this solution does not correspond to any element in the work—space.
Note that, in the present paper, we implicity or explicitly encountered
and solved the same problems (existence, uniqueness and “identity”). We
get, over all these hitches thanks to the closeness and convexity properties
of @x as a subset of L2[Q; Fy.] — L2[Q x [0,1] x S¢71].
In spite of the fact that Hx is defined, according to the above scheme, as
an expected value of the square integrable FRV X it is simple to show that
it does not satisfy different basic properties of a “reasonable” expectation,
cf. 6} p.190].

We would like to do another remark; decomposition theorem proposed
in Section [3] could not be compared with a regression problem as stated,
for example in [9]. In that paper, the authors look for the best linear
approximation function of a given square integrable FRV Y by another
square integrable FRV X, studying the minimization problem

inf  E[d2(Y,aX & B)?.
a€R,BeFy,
On the other hand, since the regression problem is a linearisation prob-
lem, one can think to approach the same problem using the “Hukuhara
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reduced”FRV Y ©y Hi and X ©n Hx instead of the original centered
(SteY = SteX = 0) square integrable FRV Y and X, or, equivalently to
suppose that Hx = Hy = Io.

Future works may consider the possibility to relax some hypothesis; for
example, replacing R? with an Hilbert or a Banach space (problems may
arise considering the embedding j and hence the closure of the Hukuhara
set ©x), or dropping convexity hypothesis and, hence, stating a decom-
position theorem for a random element of Fj, and not of Fy.. Finally, note
that we restricted our studies to the well-posedness of a such Hx and
it can be interesting to compute explicitly this fuzzy set, though even in
particular cases.
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