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Abstract

In this paper we establish a priori bounds for positive solution of the
equation
~Ayu=f(u), ue Hy()

where  is a bounded smooth domain in RY, and the nonlinearity f has at most
exponential growth. The techniques used in the proofs are a generalization
of the methods of Brezis-Merle to the N-Laplacian, in combination with the
Trudinger-Moser inequality, the Moving Planes method and a Comparison
Principle for the N-Laplacian.
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1 Introduction

This paper is concerned with a priori bounds for positive solutions of equations
involving the N-Laplacian and superlinear nonlinearities in bounded domains in
RY. More precisely, we consider

—Ayu = f(u) in
u > 0 in Q , (1.1)
0 on 0f)

u

where € is a strictly convex, bounded and smooth domain in RY, and Ayu =
div(|Vu|[N~2Vu) is the N-Laplacian operator. On the function f : Rt — Rt we
assume that it is a locally Lipschitz function satisfying the following hypotheses:
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(f1) f(s) =0, foralls>0,

and either

(f2) there exists a positive constant d such that

lim inf f(s)

—— >0
sion sN—1+d

and

(f3) there exist constants ¢, sop > 0 and 0 < o < 1 such that

f(s)<ce , forall s> s,

or

(f1) there exist constants c1, ca >0 and sop > 0 such that

cre® < f(s) <cge’®, forall s> sg.

The main result is the following

Theorem 1.1 (A priori bound). Under the assumptions (f1) and either (f2) and
(f3) (subcritical case) or (fy) (critical case) there exists a constant C' > 0 such that
every weak solution u € WOI’N(Q) N CYQ) of Equation (1.1) satisfies

[ull oo (o) < C. (1.2)

A priori bounds for superlinear elliptic equations have been a focus of research
in nonlinear analysis in recent years. On the one hand, such results give interesting
qualitative information on the positive solutions of such equations; on the other
hand they are also useful to obtain existence results via degree theory.

It seems that the first general result for a priori bounds for superlinear elliptic
equations is due to Brezis-Turner [5], 1977. They considered the equation

—Au =g(x,u) inQ,
u>0 in Q, (1.3)
u =20 on 0f2 ,

and proved an a priori bound under the (main) hypothesis

N+1

0<g(x,8)<csP, p< .
sgls)ses’, p< oy

Their method is based on the Hardy-Sobolev inequality.
In 1981, Gidas and Spruck [8] considered Equation (1.3) under the assumption

lim 9(z,5) =a(z) >0 inQ,

s—oo 8P
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and proved a priori estimates under the condition

N+2
N-2

1<p< 2" -1,

using blow-up techniques and Liouville theorems on R .

In 1982, De Figueiredo - P.L. Lions - Nussbaum [9] obtained a priori estimates
under the assumptions that  is convex, and g(s) is superlinear at infinity and
satisfies

g(s) <es?, 1<p< (and some technical conditions) .

N-2"
Their method relied on the moving planes technique, see [7], to obtain estimates
near the boundary, and on Pohozaev-type identities.

Due to the results by Gidas-Spruck and De Figueiredo-Lions-Nussbaum it was
generally believed that the result of Brezis-Turner was not optimal. But surprisingly,
Quittner-Souplet [14] showed in 2004 that under the general hypotheses of Brezis-
Turner their result is optimal; in fact, they give a counterexample with a g(z, s)
with strong x-dependence.

Concerning to the m—Laplace case, Azizieh-Clément [3] studied the problem

—Apu = g(z,u)  in Q,
u>0 in Q, (1.4)
u=0 on 0f) .

They obtain a priori estimates for the particular case 1 < m < 2, assuming
g(xz,u) = g(u), with ChuP < g(u) < CouP, where 1 < p < N(m — 1)/(N —m)
and 2 is bounded and convex.

The more general case 1 < m < 2 was considered by Ruiz [16]; he studied
problem (1.4) where g is as in Azizieh-Clement but depends on z; also, he does
not need €2 convex. In these two works, a blow-up argument together with a non
existence result of positive super solutions, due to Mitidieri-Pohozaev [13], are used.

Recently, Lorca-Ubilla [12] obtained a priori estimates for solutions of (1.4) for
more general nonlinearities g. They only require 0 < g(z,u) < CuP, 1 < p <
N(m —1)/(N —m), together with a superlinearity assumption at infinity. In this
case the blow-arguments used by Azizieh-Clément and by Ruiz are not sufficient
to obtain a contradiction. However using an adaptation of Ruiz’s argument, which
consists in a combination of Harnack inequalities and local L9 estimates, it is possible
to get the a priori estimate.

The above mentioned results are for N > 2; for N = 2 one has the embedding
HE(Q) C LP, for all p > 1, but easy examples show that H} () € L°°($2). Thus, one
may ask for the maximal growth function g(s) such that [, g(u) < oo for u € Hj(€2).
This maximal possible growth was determined independently by Yudovich, Pohozaev
and Trudinger, leading to what is now called the Trudinger inequality: it says that
for u € Hj(Q) one has [, e’ dx < 4o0.
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So, one can ask whether in dimension N = 2 one can prove a priori estimates
for nonlinearities with growth up to the Trudinger-Moser growth. This is not the
case, however some interesting result for equations with exponential growth have
been proved in recent years. First, we mention the result of Brezis-Merle [4] who
proved in 1991 that under the growth restriction

c1e’ < g(z,s) < e’

one has: if [, g(x,u)dz < ¢, for all u > 0 solution of Equation (1.1), then there
exists C' > 0 such that
[ulos < C

for all positive solutions.

This is not quite an a priori result yet; however, from the boundary estimates
of De Figueiredo - Lions - Nussbaum one obtains, assuming that (2 is convex (and
adding some technical assumptions) that the condition [, g(x,u) < ¢ of Brezis-
Merle is satisfied. Hence, on convex domains the Brezis-Merle result yields indeed
the desired a priori bounds. We note also that Brezis-Merle give examples of
nonlinearities g(x,s) = h(z)e*” with a > 1 for which there exists a sequence of
unbounded solutions.

Our Theorem 1.1 is motivated by the result of Brezis-Merle. We recall that in
dimension N the Trudinger inequality gives as maximal growth g(s) < elsIM/ V=D
while our result shows that for a priori bounds it is again the exponential growth
g(s) ~ e® which is the limiting growth to obtain a priori bounds.

The paper is organized as follows: in section 2 we obtain uniform bounds near
the boundary 952, using results of Damascelli-Sciunzi [6]. In section 3 we show that
the boundary estimates yield easily a uniform bound on fQ g(z,u). In section 4 we
discuss the ”subcritical case”, i.e. when assumptions (f2) and (f3) hold, while in
section 5 we prove the a priori bounds in the ”critical case”, i.e. under assumption

(fa)-
2 The boundary estimate

In this section we obtain a priori estimates on a portion of €2 including the boundary.

Proposition 2.1 Assume (f2) or the left inequality in (fy). Then there exist
positive constants r,C such that every weak solution u € Wol’N(Q) N CYQ) of
Equation (1.1) verifies

u(x) < C and |Vu(z)| < C,z € Q, ,
where Qp = {x € Q: d(x,00) <r}.
Proof. For x € 09, let n(x) denote the outward normal vector to 92 in z. By

Damascelli-Sciunzi [6], Theorem 1.5, there exists ¢y > 0 such that u(x — tn(x)) is
nondecreasing for t € [0,¢] and for z € 9. Note that ¢y depends only on the
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geometry of 2. Following the ideas of de Figueiredo, Lions and Nussbaum’s paper
[9] one now shows that there exists a > 0, depending only on €2, such that

u(z — to) is nondecreasing for all ¢ € [0, 1],
where |o| =1, o € RY verifies 0 -n(z) > o, 2z € 090,

and t; > 0 depends only on (.

Since u(z — to) is nondecreasing in t for z and o as above, for all z € Q. we find
a measure set I, and positive numbers v and € (depending only on ) such that

(i) x| =~
(i) I C{z € Q: d(z,00) > §}
(iii) u(y) > u(x), for all y € I,.

We now use Piccone’s identity (see [2]), which says that if v and u are C!
functions with v > 0 and » > 0 in €, then

UN
ulN-1

VoV > |Vu\N_2V( ) Vu .

We apply this inequality with v = e, the first (positive) eigenfunction of the N-

Laplacian on €, and u > 0 a (weak) solution of —Ayu = f(u). We assume that e;
N

is normalized, i.e. e} = 1. Then we have (observe that u,e\},l belongs to WOI’N(Q)

since u is positive in €2 and has nonzero outward derivative on the boundary because

of Hopf’s lemma, see [17])

_ [ fwef

" Jq uN1

62/ |V61\Nda:2/ |Vu|N2Vu v 16\7171
Q Q u

Thus condition (f3) (or condition (fy)) implies / ueN < C, and so
Q

N / wl < &
Q0

where e1(z) > 1> 0,2 € Q\ Q:. By (ii), given x € Q, we have

nN/ udgé.
Iy

Now since u?(z)|I,| < I u? by (i) and (44), we have u?(z) < LN, and so u(z) < C’,
¢ g

for all z € Q.. Finally by Lieberman [11] (see also Azizieh and Clément [3]) we have

u e Cl’a(Q%) with HUHCLO‘(Q%) <C. (21)
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3 Uniform bound on |, f(u)

In this section we show that the boundary estimates yield easily a bound on the
term [, f(u)dz, for all positive solutions of Equation (1.1).

Proposition 3.1 Suppose estimate (2.1) holds. Then there exists a positive
constant C such that for every weak solution of Equation (1.1) we have

/Qf(u) <C. (3.1)
Proof. Let ¢ € C§°(Q2) such that 1) =1 on 2\ Q. We have
[ w2 vuve = [ s (32)
Q Q
Using
i ICE | #twy

and the a priori estimates in Q%, see (2.1), we get
/ fu) < / |Vu|N2VuVey = / Vu|N2VuVy < C.
2\Q¢ Q Qe

Hence the estimate (3.1) is proved. ]

We also state here an adaptation of Theorems 2 and 6 in [15] to the N-Laplace
operator Ay which will be useful in the sequel.

Lemma 3.2 Letu € lecN(Q) be a solution of
—Anu = h(z) in Q
where h € LP(Q), p > 1. Let Bop C Q. Then

lull oo By < CR™ (Ilull v () + RE)

where C' = C(N,p) and K = (RN(pfl)/thHLp(Q))1/(N*1)_

4 Subcritical Case

In this section, we prove Theorem 1.1 under the assumptions (f1), (f2) and (f3), i.e.
in the subcritical case.

The proof will be based on Hélder’s inequality in Orlicz spaces (cf. [1]): Let ¢
and v be two complementary N-functions. Then

| [ ho | < 2mtl; (41)

where ||h[|, and HgHTZ denote the Luzemburg (or gauge) norms.

We first prove the following inequality:
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Lemma 4.1 Let v > 0; then
st < s(log(s+I)Y7 + t(e" —1), forall s,t>0
Proof. Consider for fixed t > 0

max{st — s(log(s + 1))/}
s>0
In the maximum point s; we have

t = (log(s + 1)/7 + ——(log(s; +1))7 " > (log(s: + 1))/

¢
(st + 1)
and hence e!” > s; + 1. Thus
max {st — slog(s +1))7) = sit = sy(log(s; + 1))"7
< st < t(et —1).

Note that for the N-function t(s) = s(log(s + 1)/, the complementary N-
function 1(t) is by definition given by

J(t) = rglgéc{st — s(log(s + 1))1/7} .

The above Lemma shows that o(t) := t (e’ — 1) > ¢(t), for all ¢ > 0, and hence
llgl] s llgll, and so the Holder inequality (4.1) is valid also for the gauge norm ¢

in place of :
RO EE N (42)
Let now u € Wol’N(Q) be a weak solution of (1.1), denote
V=5 5 @, and ﬁ:g7
Y
and consider

/Q|Vu]N:/Qf(u)u = /quig) u1+ﬂ§/gfiz)xu ut P e, (4.3)

where Y, is the characteristic function of the set {z € Q : u(x) > 1}. By (4.2) we
conclude that

/Q\vuyN < 2Hu1+ﬁH¢ “JZ(L;L)XU\\¢+C. (4.4)

We now estimate the two Orlicz-norms in (4.4):
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First note that there exists d, > 0 such that ¢(t) =t (¢! —1) < e®"” —1, and hence

ety = inf {k >0 fop() <1}

inf {k>0: /Q (6%(%)7 - 1) <1} (4.5)

IN

= inf {k>0:/<ed71ﬂ1¥71—1)§1},
Q

since (1 + 3)y = v+ a = N/(N —1). Now recall the Trudinger-Moser inequality
which says that

sup / ealul™ Vg o +o, if a<ay, (4.6)
Q

llull 1,8 <1
)

(N-1)

where ay = N wjl\{ , and wy is the measure of the unit sphere in RY. Thus, if

we take k7 = %HVUHZ{,((JSV))_I) in (4.5), we see that the last integral in (4.5) is finite,

and it becomes smaller than 1 if we choose k7 = ¢ HVqu]é%)_ Y for e >0 suitably
large, since ¢ is a convex function. Thus, we get
1 Ty
-1
Bl < e[Vl Foey -

Next, we show that £ = 3 and (3.1) imply

125, < [ arw<c.

Indeed, assumption (f3) implies

HJZ(LZ)X“Hw = inf{k>0:/ﬂmxu(log(1+i(igxlt)ySl}

IN

inf{k: >1 :/QJ;(JB)Xu(Iog (1+f(u))>; < 1}

IN

inf{k>1:/ﬂw><u(log(ce“a))igl}

IN

inf{k>1:/ﬂf€:)du:_6§1}

< /Qdf(u) <C.

Hence, joining these estimates, we conclude by (4.4) that

2=

_N_
IVullzy ) < ClIVullx

q te¢-

~
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1
Finally, note that o < 1 implies that — < N, and so
N-1~v
[Vullpy ) < COn s (4.7)

for any solution positive u € W1V (Q), with Oy depending only on N and €.

To obtain also a uniform L°°-bound, we proceed as follows: Let p > 1, then
given € > 0 there exists C'(g) such that

ps* < esv1 +C(e).

Thus we can estimate

/Qlf(U)l” < Ci(e) /Qeeluf“.

Now, choosing € > 0 such that 5011\\,[/(1\[_1) < ayp, the estimate (4.7) and the
Trudinger—Moser inequality imply

Lirwr < e [ o

And so, since / |f(u)[P < C, we have by Lemma 3.2 that [jul| k) < C = C(K)
Q

<C.

_N
U ’N—l

[Vl v o)

for every compact K C C 2. We are finished, since in Section 3 we have proved a
priori estimates near the boundary.

5 Critical Case

In this section, we will prove Theorem 1.1 under assumptions (f1) and (fy). It is
convenient to introduce the following number

dN — inf <‘X‘N72X — ‘Y‘N72Y7X B Y)

. 5.1
XAY | X —Y|N (5.1)

2\ /1\"
By Proposition 4.6 of [10] we know that dy > (N) <2> . Also, by taking
Y =0 we see that dy < 1.

We will use the following standard comparison result

Lemma 5.1 Suppose that u, v € WHN(Q) N C(Q) verify —Ayu < —An v weakly
i Q, that is

/<|VuN2Vu — Vo]V 2V, Vo) <0,
Q

for all ¢ € WOI’N such that ¢ >0 in Q. If u < v on 082, then u <wv in Q.

Proof.
By taking ¢ = (u — v)™ we get

dN/ IV (u—v)|Y g/ (VulN2Vu — |VolN 2V, V(u —v)) <0,
{u>v} {u>v}
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where dy is given by (5.1). This inequality implies u < v in €. ]

We also need the following results by Ren and Wei [15] (Lemmas 4.1 and 4.3),
which generalize the corresponding inequality for N = 2 of Brezis-Merle.

Lemma 5.2 Let u € WHN(Q) werifying —Anu = h in Q and u = 0 on 052, where
1
h € LY(2) N C%(Y) is nonnegative. Then, for every § with 0 < § < Nwxy

1
N-1
(Nw —9)
— L Ju

1
. 1
N—1 N-1
e M5, - Nwy ™9 ’
Q - )

where wy denotes the surface measure of the unit sphere in RY.

Lemma 5.3 Let u € WHYN(Q) werifying —Anu = h in Q and u = g on 082, where
he LY (Q)NC%N) and g € L=(Q). Let ¢ € WHN(Q) such that Ax¢ =0 in Q and

1

¢ =g on OQ. Then, for every d with 0 < < NwF

1 1

(No =T _5gN-1
N T N lu—g|

S\ S— 1
N—1 N-1
oI < Noy 1]
Q - 0

Proof of Theorem 1.1 (critical case)
Suppose by contradiction that there is no a priori estimate, then there would
exist a sequence {u,}, C WHN(Q) N CH¥(Q) of weak solutions of (1.1) such that
|[unllro (@) — oo. Observe that by Proposition 3.1 there exists a constant C' such
that [, f(un) < C.

We may assume that f(u,) converges in the sense of measures on ) to some
nonnegative bounded measure p, that is

/f(un)wﬁ/wd,u, for all simple functions 1.
Q Q

As in [4], let us introduce the concept of reqular point. We say that xg €  is a
regular point with respect to p if there exists an open neighborhood V C € of zg
such that

/de,u < NV=1uy.
Q

Next, we define the set A as follows: x € A if and only if there exists an open
neighborhood U C Q of z such that

/XUdu<NN_1deN ,
Q

where dy is the constant introduced in (5.1).
Because dy < 1, we have that the set A contains only regular points. Also, note
that there is only a finite number of points x € Q\ A; in fact, if z € Q\ A then

/ du > N¥"lwy dy, for all R > 0 such that Bg(x) C £,
Br(z)
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which implies p({z}) > NV~ lwy dy. Hence, since
> ule) <@ = [dnsc,
zeM\ A Q

the set of points in © \ A is finite.

Before finishing the proof we need two claims.

Claim 1. Let zg be a regular point, then there exist C' and R such that for all
neN

[unllLos (B (zo)) < C
Proof of Claim 1. We divide the proof into two cases.

Case 1: zpc A
By the definitions of the set A and the measure u, there exist R,§ and ng > 0 such
that for all n > ng we have

(/ f(un)> o < <Nw11\\,71_1 — 5) dj\\;l_l . (5.2)
Br(zo)

Let ¢, be satisfying
_AN¢n = 0 in BR
¢n = u, on JBg.

Then ¢, < uy, in Bg by Lemma 5.1. Since ¢ > [, f(un) > c1 [ € by (f1), we
have [, ul < C’ and thus [, ¢}’ < C’. Now, by using Lemma 3.2 we have

lonllzoe (5 p) < CR™ ([|¢nlln (g +¢) < C". (5.3)

By applying Lemma 5.3, we get
1
N—-1 1
P T el

/ RCLCRIR - Nwy'RYC

Br o'
for any &' € (O,ijl\{(N_l)). Taking ¢’ small enough we have by (5.2) that

N gy 1

q= Mdﬁ’l > 1, and hence we get

I )l 5

/ G(I‘Un*d)n‘ S/ e‘l|“n*¢>n| < K.
Br Br
2

By (5.3) we conclude that fBR edvn < K' and by (fs) we get fBR flup)? < K.
2 2

Again by Lemma 3.2 we infer ’

IN

HunHLoo(B )

wl

CRfl <HuTlHLN(B§) + RK)

< Ki,
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where Ky = K (B llunll () | f(un) 10t )

Case 2: zp ¢ A
Since ©Q \ A is finite we can choose R > 0 such that 0Bgr(zg) C A. Taking
x € 0Bg(x0), by case 1 there is r = r(z) such that for all n € N
[tnll Lo (B, () (2)) < (@)
This implies by compactness, for some k € N

k

i=1
Now, if y € 0BpR, then y € Br(xio)(x,;o), for some 1 < i < k. Hence

|tunllLoo(aBy) < '_HllanC(iL‘i) =: K for alln € N.

)

Let U,, be the solution of

~ANUn = f(un) in Br
U, = K on JBp,

which is equivalent to

—ANn(U, - K) = f(u,)in Bg
0 on 9BR.

=
|
=
|

Therefore
Uy >u,, on Bgr,

by Lemma 5.1. Thus by applying Lemma 5.2 we have

1

N N=T g
(“JN71)|U“,K|

_1
ellf(un)\\évli_1 < NwﬁilcRN (54)
B N o’
R

for any ¢’ € (0, Nw]lv/(N_l)).

Since xg is a regular point, there exist R < R and ng € N such that for every
n > ng we have for some § > 0

1

1 1
(/ f(un)> M NwlTT -6,
BRl(Z‘O)

Taking &' > 0 sufficiently small, we have

1 1
Nwi™t —¢§  Nwd ' =4
1<qg=" <X

1 S
Noy™ =6 [lf(un)llfy”

)
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and hence by (5.4)

/ edUn=Kl < ¢ and then / etUn < K’
Br, Brg,

this implies

/ elun < K"
Br,

and therefore by (/f4)

fun)? < K(q), and also ||U7LHLN(BR1) <C.
Bg,
Hence, by Lemma 4.1

lunllzoe(pry < CRY (lunllovsg,) + Clf (un)llLo(sg,))

2
< K///

This finishes the proof of Claim 1.

Next, we define
Y ={z € Q: z is not regular for pu}.

We note that ¥ C 2\ A where A is defined in the proof of Theorem 1.1. Hence, also
3} has finitely many elements.

The second claim is

Claim 2. =0 .

Proof of Claim 2. Arguing by contradiction, let us assume that there exists g € ¥
and R > 0 such that
BR(x()) Ny = {xo}

We recall that u,, verifies

{ —ANUn,

= flup) in Br(zo)
u, > 0

on aBR(.fCO) .

By the previous claim and because all the points are regular in Br(z)\{zo}, passing
to a subsequence we can assume that u, — u C!—uniformly on compact subsets
of Br(xo) \ {zo}. Consider the function w(x) = N log ﬁ, which satisfies

—~Ayw = NN"lond,, in Br(zo)
w = 0 on 0Bg(xg) .

For k > 0, and define the functions

0 if s<0,
Tk(S): S lf Ogsgk‘,
k if k<s.
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Consider now the functions given by z,(f) = T (w — uy); because the functions u,

are positive we have that AP e Wol’N (Br), and 2P (xog) =k, for all n € N. Also

S(k) (k) :{ Ti(w—u), if z# x

" k if = =x.
Note that z(¥) is a measurable function. We have

/ ( V|V 2 Vw — [V, |V 2 Vun) VzF = NN lynk — F(un) 2P . (5.5)
Br Br

Now set du, = f(u,)dz; then we may apply the following Proposition which is
a generalization of Fatou’s Lemma (see e.g. Royden, Real Analysis, Proposition
11.17):

Proposition: Suppose that u, is a sequence of (positive) measures which converges
to u setwise, and gy is a sequence of measurable, nonnegative functions that converge
pointwise to g. Then

n—oo

liminf [ g, dp, > /gd,u

Hence, we can write

flun) o = [ A,
Br

and conclude that

lim inf Flup)z® = liminf/z,(lk)d,un
n—oo BR n—oo

> / 2By,
{zo}

> NV-luyk,

where we have used that z(*) (xq) = k and p(zo) > NN ~lwy, because zg € X.
Thus we obtain from (5.5) that for all k € N

/ (\Vw\N_Q Vuw — [Vu|V 2 Vu)Vz(k) <0,
Br

that is

/ (\Vw\N_QVw— (VN2 Vu)V(w—u) <0, keN.
Brn{0<w—u<k}

By inequality (5.1) we obtain

dN/ V(w—u)|N <0, keN.
Brn{0<w—u<k}
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Finally, letting k¥ — oo, we conclude that
dN/ ‘V(w —u)ﬂN <0.
Bgr

Because we know that (w—u) < 0 on 0Bpg, the above inequality implies that w < u
in I/VO1 "N (Bg), and therefore we conclude that

lim inf flup) > liminf/ cre'n
Br Br

n—-4o0o n—-4o0o

> 01/ e
Br

> / ¢ = 400
= Jpy lv— x|V

This is a contradiction and the proof of Claim 2 is complete.

To finish the proof of Theorem 1.1, we observe that there exists a sequence x,,
of points in Q such that u,(v,) = |[unl|L=@) and we can assume that z, — 0.
Because we have an priori estimate near the boundary of €2, we have xy € Q. It is
easy to see that for all R > 0 we have

nEI-Eoo ||unHL00(BR) = +00.
By Claim 1, we conclude that x¢ is not a regular point, but this is impossible by
Claim 2. Hence there are no blow-up points. |
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