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ABSTRACT. We consider a conserved phase-field system on a tridimensional
bounded domain. The heat conduction is characterized by memory effects
depending on the past history of the (relative) temperature 9. These effects
are represented through a convolution integral whose relaxation kernel k is a
summable and decreasing function. Therefore the system consists of a linear
integrodifferential equation for ¥ which is coupled with a viscous Cahn-Hilliard
type equation governing the order parameter x. The latter equation contains
a nonmonotone nonlinearity ¢ and the viscosity effects are taken into account
by the term —aAxy, for some a > 0. Thus, we formulate a Cauchy-Neumann
problem depending on «. Assuming suitable conditions on k, we prove that
this problem generates a dissipative strongly continuous semigroup S%(t) on
an appropriate phase space accounting for the past histories of 1 as well as for
the conservation of the spatial means of the enthalpy ¥ 4+ x and of the order
parameter. We first show, for any a > 0, the existence of the global attractor
Aq. Also, in the viscous case (o > 0), we prove the finiteness of the fractal
dimension and the smoothness of Ag,.

1. Introduction. This paper is concerned with the study of the large time be-
havior of a phase-separation model with memory. The mathematical formulation
that we are going to describe is basically a modification of the well known phase
separation model proposed by G. Caginalp [5] (see also Brokate and Sprekels [4]).

Let Q C R? be a given bounded domain with regular boundary 0. Suppose
that Q is occupied by an isotropic, rigid and homogeneous heat conductor, free of
mechanical stresses. Let us denote by 6 the absolute temperature, and assume that
at a specific temperature value 6. the phase-transition occurs. Then, we define the
temperature variation field, by setting

The variable that accounts for the presence of two phases (e.g. the concentrations
of two chemical substances) is called order parameter x (or phase-field). Both the
state variables ¢ and x depend on z € Q and on ¢ € [0, 00).
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In absence of heat sources and mechanical stresses, the energy balance equation
reads

HE+V-q=0 in Qx][0,00),

& being the internal energy and q the heat fluz vector.

If we consider only small variations of the absolute temperature and its gradient,
the equation for the relative temperature can be formulated by introducing two
suitable constitutive assumptions. Concerning the internal energy, we consider the
linear relation

E(z,t) = Eeq + bV (x,t) + Ux(z,t) for (x,t) € Qx[0,00),

Eoq being the temperature at equilibrium, c, the specific heat and ¢ the latent heat
constant. Regarding the heat flux vector, different choices can be made. The most
simple and well known is the classical Fourier law

(F) q(z,t) = —KagVI(z,t) for (x,t) € Q x[0,00),

where K g is the (positive) instantaneous diffusivity coefficient. On the other hand,
if we consider a linearized version of the Coleman-Gurtin law [7], we have

(CG) q(z,t) = —KdiffVﬂ(x,t)—/Ooo k(s)VI(z,t—s)ds for (z,t) € Qx]0,00).

Here k is a nonnegative and summable memory kernel. When Kg;¢ = 0 we obtain
the law proposed by Gurtin and Pipkin [24],

(GP) q(z,t)=— /000 k(s)VO(x,t — s)ds for (z,t) € Qx[0,00).

The latter two choices have been widely discussed in the literature. In particular,
Herrera and Pavon in [26], analyze some relevant dissipative processes (e.g. the
telegraph equation and transport equation), claiming that a hyperbolic description
leads to a deeper understanding of the transient states. Also, Jackle in [27], following
the phenomenological theory of thermoviscoelasticity, discusses the heat conduction
processes in some materials (e.g., high viscosity liquids), pointing out how, in the
frequency domain, the conduction coefficient may depend on the frequency itself.
In this regard, we also refer the reader to the work of Jou and Casas-Vazquez [30]
and Joseph and Preziosi [28, 29], where the concept of heat wave propagation is
reviewed and interpreted in great detail. In this paper we consider the (GP) heat
conduction law.

Therefore, substituting the constitution laws for the internal energy and (GP)
into the energy balance equation, we obtain

(e?) O, [c,0.9(x,t) + Ex(x,t)]—/ooo k(s)Ad(z,t—s)ds =0 for (z,t) € Qx[0,00).

This is the first equation of our system. Note that it entails a finite speed of
propagation of ¢, provided that k is smooth enough.

We now define an evolution equation for the order parameter, following the
Landau-Ginzburg approach (see, for instance, [4, Section 4.4]). Let us consider
the free energy functional defined by

1
fﬁ{x}:/g [2|VX|2+@(X)—MX dqQ,
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where the nonlinear term ® is usually a double well potential which accounts for the
presence of two different phases (typically, ®(r) = (r> — 1)?, r € R). The main fea-
ture of this approach to nonequilibrium processes is based on the phenomenological
assumption that the equation for y has the form

T = —A (57'79{X}) ,
%

7 being a positive relaxation time. On account of the definition of the functional,
we thus derive the following Cahn-Hilliard type equation
(CH) ToOX — A(=Ax+¢(x) —€9) =0 in Qx][0,00),

having set ® = ¢. More precisely, we shall consider a generalized version of (CH ),
which describes the influence of viscosity effects, by means of a viscous term ad;x
inside the Laplace operator (see, [33] for the physical justification, cf. also [12| [I3]
14]). The modified equation then reads

(ex) 7O — A(—Ax 4+ adix +d(x) —€9) =0 in Qx][0,00),

where the constant a > 0 is the viscosity parameter. We point out that the assump-
tion a > 0 will play a basic role in some of our results. Without loss of generality,
in sequel we shall suppose « € [0, 1].

Collecting equations (ed)-(ex), we deduce the following nonlinear integro-partial
differential system

0y (oo + £x) —/ k(s)AD(E — s)ds = 0, (1.1)
0
70X — A(=Ax + adx + ¢(x) — &) =0, (1.2)
endowed with the adiabatic boundary conditions
3n79 = 8nX = 8n (7AX + aatX + (ZS(X) - &9) =0 (13)

on 0F), for t € R, where J,, represents the outward normal derivative to 92, and
initial conditions

9(0) =Yg in €, (1.4)
x(0)=x0 ing, (1.5)
P(—=s) = 1(s) inQ, se(0,00). (1.6)

Here Y, x0 : @ — R and ¥; : 2 x (0,00) — R are given functions, whose properties
will be discussed later on.

Systems like —, endowed with various boundary and initial conditions,
have been studied by many authors. In particular, the first existence result was
provided by Novick-Cohen in [32]. There, uniqueness was proven as well under
a smallness assumption on the latent heat ¢ and for a smooth kernel k. Then,
Colli, Gilardi, Laurengot and Novick-Cohen in [9] improved the uniqueness result
by removing the smallness of ¢, and showed the stabilization of solutions for large
times. Colli, Gilardi, Grasselli, Schimperna in [§] instead proven well-posedness and
regularity for a more general class of ¢.

The common feature of all the results quoted above is that the contributions to the
convolution integrals due to the past history of the temperature up to t = 0 are
always considered as given data, and therefore regarded as external sources. Thus,
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the only convolution integrals appearing in the equations are over (0,t). Notice that
such a formulation forces the system to become non autonomous, even if the original
system is not. Therefore, in this case, the given past history approach seems not
convenient to study the problem within the framework of dynamical systems (cf.,
for instance, [1], [25] and [40] for a general overview). This point shall be discussed
in details in the next subsection.

1.1. The past history formulation. From now on, for the sake of simplicity, we
let

cp=0.=0=71=1.

In order to prove that our problem generates a dynamical system, we follow an
approach based on an idea contained in [11], and then developed by several of
authors in the context of dynamical systems (see the review papers [19] 22]). This
idea consists in introducing an additional variable, usually called the summed past
history, which in our case is

n%s)——/OSA<e<t—y>—x<t—y>>dy in Q. (t,5) € [0, 00) x (0,00),
where
e=9v+x

is the enthalpy density.
It is immediate to check that n* formally satisfies the first order hyperbolic equa-
tion

On = —0sn— Ae—x) in Q, (¢ )€ (0,00) x (0,00). (1.7)
Concerning the boundary and initial conditions to associate with equation (1.7)), on

account of (|1.3) and (|1.6)), we deduce
n'0) = 0 onQ, te(0,00), (1.8)
n°(s) = no(s) inQ, se(0,00) (1.9)
with
no(s) = 7/ A9 (y)dy, s € (0,00).
0
Considering then equation (1.1), and making physically reasonable assumptions on

the past history and the memory kernel, we observe that a formal integration by
parts yields

- /C><J k(s)A(e(t —s) — x(t —s))ds = /00 wu(s)nt(s)ds in Q, s € (0,00),
0 0

where we have set
u(s) = —k'(s), Vse (0,00).

Then we can reformulate the original boundary and initial value problem as the
following integro-partial differential system in the variables (e, x, 7).

Problem P. Find a solution (e, x,n) to the system
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Ore + /000 u(s)n(s)ds =0,

Oix — A (=Ax + adx + ¢(x) —e+x) =0,

O = —0sn—Ae—x),
in 2 x (0,00), subjected to the boundary and initial conditions
One = Opx =0, on 99N x (0, 00),
On (—AXx +adix+o(x) —e+x) =0, on 9N x(0,00),
e(0) =ep =0+ x0, inQ,
x(0)=xo ing
n° = no, in Q x (0, 00).

Observe that, according to the original boundary conditions, a formal application
of the Green formula yields immediately the following identities

/ e(t)dQ) = / eod Q, / x(t)d Q = / Xo df2, / n'(s) dQ2 =0,
Q Q Q Q Q

for any ¢t € (0,00) and any s > 0. The conservation of such quantities is a struc-
tural feature of our system. Such a feature also explains the reason why the system
under consideration is usually called the conserved phase-field model (cf. [4, []).
This feature will be taken into special account when we shall face the problem of
constructing a suitable phase-space in order to study Problem P as a dissipative
dynamical system (see Section . To be more precise, the constraints introduced
above, though they play no role as far as well-posedness is concerned, will be essen-
tial in order to prove the existence of a bounded absorbing set (see Section .

The first formulation of Problem P can be found in [41], where existence and
dissipativity of the dynamical system were proven in the nonviscous case and with
mixed Dirichlet and Neumann boundary conditions for the temperature field and for
the order parameter, respectively. Subsequently, in [21I], the existence of the global
attractor was demonstrated in the same setting as [41]. Such a task was achieved
by means of sharp interpolation techniques. Nevertheless, regularity properties of
the attractor as well as the existence of an exponential attractor were left as open
problems. This paper is to deepen the results provided in [2I] and [41] in the case
of adiabatic boundary conditions.

It is also worth recalling that, in the simpler case of Coleman-Gurtin heat conduc-
tion law (C'G), well-posedness, dissipativity and the existence of a global attractor
were proven in [23]. Further regularity properties, such as the existence of an ex-
ponential attractors were shown in [I5]. Note that, in this case, the presence of an
instantaneous diffusive term improves the dissipative nature of the system.

More precisely, in the mentioned results, a more general constitutive law for the
internal energy was considered, namely, by assuming a thermal memory effects, i.e.,

En(z,t) = Eeq—kcv@cﬁ(x,t)—i—ﬁx(x,t)—k/ h(s)¥(z,t—s)ds for (x,t) € Qx][0,00),
0
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h being a positive smooth function such that A’ and h” are summable, and h(0) > 0.
This law can also be handled by means of the techniques we shall apply, but we
chose to neglect h for the sake of clarity. However, note that the presence of h would
also improve the dissipative nature of the system (compare with [I8] and [21]).

The goal of the present paper is to investigate the existence of the global attractor
both for the viscous case (a > 0) and the nonviscous one (o = 0). In the latter
case we shall also demonstrate that the global attractor is smooth and possesses
finite fractal dimension. We conclude by observing that it seems particularly hard
to establish analogous results in the nonviscous case.

2. Preliminary tools. This section is devoted to the construction of the functional
setting which will be used to treat the equations, and to recall many results that
will be useful in the sequel. Since most of the tools that we need are well known,
we shall omit the proofs, providing appropriate references when necessary.

2.1. Function spaces and operators. Let H be the Hilbert space L%(f) of the
measurable functions which are square summable on €2, endowed with the usual
scalar product (-,-) and the induced norm || - ||.

Given any w € H we define the spatial mean value of w on £ as the real number

My, w, 1).

'
We then introduce
Hy={we H:m,=0}.
Denoting, as usual, by A the spatial Laplacian, we now define the (unbounded)
operators
B:D(B) — Hy and By:D(By)— Hp
by setting

B=-A, D(B)={wec H*Q): 0pw=0ae. on 9Q},
By =—A, D(By)=D(B)N H.

Here the symbol 9,, denotes the outward normal derivative. Since By is a strictly
positive operator, we can define

Vg =D(By?), VreR,
as well as the shorthands
Vo=V, and Wp=VZ
For further use, we also introduce the Hilbert spaces
V=HY(Q) and W =D(B),
endowed with the norms
lolly: = lwll* + 1 Pwll, and [lwlfy = lwll§, + [1Pwlly,:

it is easy to realize that the norms defined above are equivalent, respectively, to the
usual norms in H*(Q) and H?(1Q).
By means of the Poincaré inequality (see, for instance, [40]), we deduce

lw] < cp|Vwl, V¥ we,
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cp > 0 being the Poincaré-Wirtinger constant, and V : V — H? the gradient
operator. Here and by, we replace || - ||xs with the shorter notation || - || x, for any
vector valued Banach space X3 = X x X x X, for the sake of convenience.

In the sequel, we shall need to work in nonzero mean function spaces (see, in
particular, Sections [5| and |§[) To this purpose, on account to the definitions and
notation introduced in the previous subsection for any ¢ > 0, we can consider the
Banach space V,, equipped with the norm

lwll?, = llwl® + [ PwllF, -
Notice immediately that there holds
[Pwllvy < llwllv,, Ywe H.

Throughout the rest of the paper, in order to derive suitable controls on the
physically relevant quantities discussed in the introduction, we shall often need to
estimate functions in the norms introduced above. Therefore, we need to recall
some consequences of the Sobolev embedding theorems (see, e.g., in [40]).

Making the identification H = H* (here and by, the superposed asterisk denotes
the topological dual of a Banach space), we have the compact and dense embeddings

We—V—oHoV"—>W" (2.1)
and
Wo — Vo — Ho — Vi — Wy (2.2)
Notice that, according to the notation introduced above, we have
Vo =Vy! and W§=V;2
Moreover, there holds
V— LP(Q), Vp€ [2,6], W —=C(Q), and Vo—V, Wy— W, (2.3)
and, for any o € (0,3/2)
VeV, o LY/6-2(Q), (2.4)

W/ () o V. (2.5)

Here we denote by W™P(Q) the usual Sobolev space of order n and exponent p €
[1, 00].

2.2. Assumptions on the ¢ and p. In order to state our results, we need to
make some structural assumptions on the nonlinearity and on the memory kernel.
Concerning the former one, the assumptions that we consider include (and slightly
generalize) the case of the derivative of a double-well potential. Concerning the
latter, the key property to ensure the dissipativity of our system (cf. Section [4)) is
the exponential decay of u.

Conditions on ¢. Let ¢ € CQ(R) and assume that there exist ¢y > 0 and ¢1,¢ > 0
such that

(H1) ré(r) > cor* —c1, VreR,
(H2) [¢"(r)| <c2(1+]r]), VreR.
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Remark 1. As outlined in [20], under assumptions (H1) and (H2), the function
¢ admits a decomposition of the form ¢ = ¢g + ¢1, with ¢g, ¢1 € C?(R) such that

(H1lg) r¢o(r) >0, VreR,
(H20) [¢"(r)] <cz(1+1r]), VreR,

and

(H1p) liminf 20 o L

|r|—o0 r cp

(H21) [¢1(r)| < ea(L+r]%), VreR,

for some constants cz,cqs > 0 and 6 € [0,3). Without loss of generality we can
suppose 6 € [2,3).

Conditions on p. Let p: (0,00) — (0,00) be a summable function such that
(K1) peCl((0,00))NLY0,00),
(K2) p(s) 20, p'(s) <0, Vse(0,00),

(K3) ko= / u(s)ds >0, Vse (0,00),
0

(K4) 4/(s)+ Auls) <0, Vs € (0,00),
for some A > 0.

Remark 2. Notice that p is decreasing and the Gronwall Lemma entails the ex-
ponential decay

p(s) < p(sg)e Mm% s > 55 > 0. (2.6)
Notice also that p is allowed to be unbounded in a right neighborhood of 0.

2.3. The past history function space. The presence of memory effects in our
phase-field system requires the introduction of suitable past history spaces.
Let r € R. On account of assumptions (K1)-(K2), we consider the family of
weighted Hilbert spaces

M, = LIQL(O, 00; Vor_l),
endowed with the inner product defined by

o, = [ p)m(s)m(s) yyads, o € M.
0

For the sake of clarity, from now on we will use the shorthand M in place of My,
and N in place of M. In these cases, the norms become, respectively,

il = / (o)) [Zeds and 3 = / (s In(s) 2ds.

Notice that the embeddings M,, C M,,, for r1 > ra, are clearly continuous but
not compact. To construct a functional space which is compactly embedded in M,
we proceed as follows (see [I5] and [16] for details). Let T" be the linear operator on
M with domain

D(T):{WGMiasTIEM, 77(0):0}7
defined by
TT] = —8577’
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where 0,7 is the distributional derivative of n with respect to the internal variable s.
We also define, for any n € M, the tail of 5 in M, that is the function

7,: [1,00) — [0,00)
given by
70 = | () n(5) 2 s
(0,1/z)U(z,00)
Thus, on account of an immediate generalization of [37, Lemma 5.5], we have

Lemma 2.1. Let C C M such that
sup [||77||M + ||T77||M71] < oo and lim [suan(x)] =0.
nec T30 | pec
for some r > 0. Then C is relatively compact in M.
The representation formula. On account of notation and notion introduced so far
in this section, we can now come back to equation (1.7)) and provide its rigorous

formulation within the theory of strongly continuous linear semigroups, which has
been detailed in [19]. Let us recall the following

Theorem 2.2. The operatorT : D(T) — M is the generator of the right-translation
(strongly continuous) linear semigroup of operators on the space M.

Moreover, we have

Corollary 1. Let T > 0 to be fized. Then, for f € L*(0,T;Vy) and no € M, the
Cauchy problem

{ atﬁt:TWt"‘f, tG(0,00),
TIO = To;

admits a unique solution n € C([0,00); M) which has the explicit representation
formula

| st mar. 0<s<t,
n'(s)=4 " (2.7)

770(3_t)+/0tf(t—7')d7', s> t.

Remark 3. By means of Theorem we learn also that the inclusion D(T') C M
is dense.

2.4. The phase-space. We are now in a position to define the functional setup
of our investigation, namely, the phase-space for our dynamical system. We then
define the product space

H=HXxV x M.
Proposition 1. H is a Hilbert space, if endowed with the inner product

<(€1aX1anl) ’ (627X27772)>H = <61?€2> + <X1aX2>V + <7717772>M7
for all (ex,x1,m), (€2, x2,m2) € H.
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From now on, we agree to denote by By (R, z) the ball of radius R and center z in
H. In the case z = 0, we shall use the shorthand By/(R).

We also recall that the Hausdorff semidistance between subsets A and B of a
metric space X endowed with a distance d is defined as

distx (A, B) = sup d (a, B) = sup inf d(a, b).
a€A acAbEB

Notice that the Hausdorff semidistance is not symmetric (so it is not a distance).
In particular, disty (A, B) = 0 if and only if A C B.

Finally, on account of the fact that the spatial means e and x are constant in
time, we also consider the function space

Hpy = {(e,x,n) eH: {me’ < (G and |mX| < 7}

for some fixed 3,7y > 0. Notice that Hg, is not linear spaces. Nevertheless, it has
a metric structure, as stated in the next

Proposition 2. Let 3,7 > 0 be fized. Then Hg. is a complete metric space with
respect to the topology induced by the Hilbert structure of H.

Remark 4. In the case 5 =y = 0 the space Ho,o turns out to be Hilbert.

Even in this case, we agree to denote by By, _(R,z) the ball of radius R and
center z in Hg . Moreover, if z = 0, we shall use the shorthand By, _ (R).

3. Well-posedness. On account of the previous section, we can now introduce the
rigorous operator formulation of our problem, namely,

Problem P,. Given (eg, xo0,Mm0) € H, find (e, x,n) € C (H;H) satisfying the equa-
tions

ot [ nlsn)is =0, (3.1)
Oix + By (BoPx + a0 + Po() - Plec—x) =0, (32)
o =Tn+ ByP(e — ), (3.3)
(e(0): X(0),7(0)) = (€0, 01 0): (3.0

where equation (3.3)) has to be interpreted in a distributional sense.

3.1. Semigroup generation. The next theorem ensures the existence of such a
solution, and the proofs can be obtained by approximating problem P, by means
of a suitable Faedo-Galerkin scheme. Details go exactly like in [41] (see also [23]).

Theorem 3.1. Let assumptions (H1)-(H2) and (K1)-(K3) hold true. Then, for
any T > 0, there exists a solution to problem P, such that

(e,x;m) € C ([0, T|; H).
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Moreover, the further reqularity properties hold
e e C0,TLVy),

x € L*0,T;W)nHY0,T;V*),
adyx € L*0,T;H,y),
w € L*0,T;V).

Remark 5. From now on, whenever necessary, we shall always assume to work
within a reqularization scheme provided by the constructive Faedo-Galerkin method,
devised in [41I]. Such a remark is crucial, in order to make rigorous the formal deriva-
tion of most of the estimates in the following.

The next theorem provides the continuous dependence estimate for the solutions
of problem P,.

Theorem 3.2. For any T > 0 and any R > 0, there exists a positive and increasing
continuous function Cy = Co(R) : [0,T] — [0,00), independent of o € [0,1], such
that, given zp1,z20,2 € H with ||20,|ln < R, the following continuous dependence
estimate holds

lex(®) = e2®I? + Ixa (t) = X213 + Ink = bl
+ / [ (7) = X2 () + 180 (7) = Bxa (1)1 + alldpa(r) = dxa(r)?) dr

< Co(t)||z0,1 — 20,213, Vte€[0,T],

where we call (e;, x:,m:) € C([0,T);H) the solution to Ps with initial datum z ;,
fori=1,2.

As an immediate consequence of Theorems and we have the generation
theorem

Theorem 3.3. Problem P,, generates a strongly continuous semigroup S°(t), both
on the phase-space H and on the phase-space Hg ., for any fized 3,y > 0.

Let us observe that, for any a € [0,1], S*(¢) is injective on H. This is an
immediate consequence of the backward uniqueness property (cf., e.g., [40, Chap.III,
Sec.6] and references therein).

Proposition 3. For any given 201,202 € H, if S(7)z01 = S%(7)z0,2 for some
T >0, then S*(t)z01 = S*(t)z0,2, for all t € [0,00).

Proof. Denoting by (€, Xo,70) the difference of two initial data in H, let (€, X, 77) be
the difference of the corresponding solutions, that coincide at time 7. Since ™ = 0,
we get directly from (2.7) (with f = ByP(e—x)) that 7o = 0 and so 7" = 0 in [0, 7].
Owing to equation (3.3), we deduce that € — ¥ = 0 in [0, 7]. Then, equation (3.1,
written for the differences, yields 9;x = 0 almost everywhere in  x [0, 7], so that
X =0 in [0, 7]. Equality for ¢t > 7 follows from uniqueness. O

3.2. Proof of Theorem In the course of this proof, let ¢ and ¢, be generic
positive constants depending on the structural data of the problem and on T only.
We also define, for all ¢ € [0, T], the function

O(t) = 1+ [xa ()l + lIx2(0) 13-
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On account of Theorem we have © € L1(0,T) and, besides,
@I + eI < e, vte[0,T). (3.5)
For 20,1, 20,2 € H, we set
Zo = (€0, X0, 70) = (€0,15X0,1,M0,1) — (€0,2, X0,2:70,2)-
Then the difference of trajectories, defined as
2(t) = (&(t), X(1).7") = (ex(t), xa(t), m(8)) — (e2(t), xa(t), m2(t))
fulfills the system

O+ /O " u($)ii(s)ds = 0, (3.6)

X + Bo(BoPX + adiX + P (¢(x1) — ¢(x2)) — PE—X)) =0, (3.7)
0y = T7 + ByP(¢ - X), (3.8)

Z(0) = zp. (3.9)
We consider the product of (3.8]) by 7 in M. This yields

S illa = / " ) (By ATii(s), By () ds + / TP @ = ) )

Since we work in a regularization scheme, on account of assumption (K2), it is
possible to prove that (see [21I, Theorem 3.1])

/ooo u(s)(By *Tii(s), By V/*7i(s))ds < 0.

Henceforth, we have

5 i1 < /Ooo u(s)(P (€ =) (s))ds. (3.10)

Consider the product of equation by P(€—X). Keeping into account,
we get
1d
2 |
We now perform the following products of equation by suitable test func-
tions.

1P (&= X) 1>+ 17ll34] + (Oex, P (€= X)) < 0. (3.11)

e By Bo_lati, to get

%%\ 2+ allgX|? — (0%, PE - X)) = —(6(x1) — $x2), DiX)-

Notice that, by the Young inequality, we have
~ 1.,
—{#0x1) = #(x2), 0% < lle(x1) = ) IV + 51917 (3.12)
On the other hand, there holds

[e(x1) — dOx)IIF < llo(x1) — dlx2)I” + 11 (&' (x1) — &' (x2)) Vxall* + ||¢’(X1)Z§1II;)~

IPXI%, + 19:X]
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In order to estimate terms on the right-hand side of (3.13]), we shall use assumption
(H2) and bound (3.5). Concerning the first summand, it is immediate to check
that

lo(xa) =0 I* < e(Ixally + lx2llv) IXIT < cllXIR- (3.14)

Concerning the second and third summands, we use the generalized Hoélder inequal-
ity with suitable exponents, to get

(@' (x1) = &' (x2)) Vil < e (Il + ellf) IVxalvIXIy - (3.15)

IN

cllxalliv X1 < e®lIXIY,

and

le0x) = o0y < e+ Ixally) VXY < edXliy- (3.16)
Substituting controls (3.14])-(3.16]) in (3.13)), the above differential inequality yields
1d
2dt

~ 1~ ~ - i~ o~ ~ ~
IPXIIT, + 5 196X11T; + ell9X* + (@i, (€= X)) < eOIIXIT + Xl (3.17)

e By v = Py, to get

1d ~ ~ - ~
S IR + llPRIE,] + IPKIR, = ~(P(60a) — 6(x2)) , BoPR)

+(P(€—X), BoPX)-
Recalling (3.14)), we deduce the inequalities

—(P (¢(x1) — ¢(x2)), BoPX) + (P(¢ = X), BoPX)

1, o .
< lletxa) = 0 I” + SIPXIy, + 1P = 21 + 1PXI*

IN

- - - 1,
c(lle=xI*+IxI%) + gHPXII%VO-
We thus infer

1d _ - 1. L B
Sq% [IPXI? + allPXIIT,] + §HPXH%/VO <c(lle=xI*+IxI%) - (3.18)
Adding together inequalities (3.11)) and (3.17)), we get
1d o _ B
S [P (€= X) 1P + I1PXIIY, + l171134] (3.19)

1 . - ~ ~
+510iX1%; + llox]l* < e®IXIT + e-lIX -
Let us now introduce the positive functional, defined for all ¢ € [0, o),
() = [IP(e(t) = X(1) | + 4e[PXO)N + (1 + dac)[|PX@)T, + 17 [34-
Using the control
[E=XIP Xl < 1P (€= X) 12+ 1PxIF, +e (m2_g +m) < e(lle—XI1° + IxI) -
we can find some positive ¢ > 1 such that there holds
1 ~ i~
gllz(t)lli < () <CZ(W)ll, Vit e [0,+00). (3.20)

Since
X% = 1PXIv, +m% < IPXI, + X
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then, adding together inequality (3.18)) multiplied by 4c¢, and (3.19), we infer

d

20 (1) + K (IXO + 0:x(t)]

Yo +allax(v)?) < c0wd (1), vee o,
(3.21)

for some positive K. Recalling now that © € L'(0,T), we can apply [3, Lemma
A.5], to get

D () < cl|Zo|3e o D vt € [0, (3.22)

On account of (3.20) the thesis is then proven by integrating both sides of (3.21)
on the time interval [0, T], and using (3.22), provided that we choose

Co(t) = ceJo Tyt ¢ [0, 7). (3.23)

4. Absorbing sets. We begin our asymptotic analysis by proving the existence of
a bounded absorbing set for S(t).

In the course of this section, ¢ > 0 will denote a generic constant depending on
the structural data of the problem. By ¢ > 0 we shall indicate a generic constant
which also depends on 3,7 and on ¢, such that, if 5 = v = 0 and ¢; = 0 in
assumption (H1), then ¢ = 0. We point out that ¢ and ¢ may vary even within the
same formula and are both independent of « € [0, 1]. Further dependencies will be
pointed out in the sequel, if needed. We shall also use the Holder and the Young
inequalities repeatedly, avoiding to stress it out each time.

The crucial assumption to prove the following dissipation result is (K4), that
will be always assumed from now on.

Theorem 4.1. There exists Ry > 0 such that the ball By = Bo(8,v) of Hg, of
radius 2Ry centered in zero is a bounded absorbing set for the restriction of S(t)
to Hg,, uniformly with respect to o € [0,1]. Namely, given any R > 0, there exists
a time to = to(R) > 0 such that

SCM(Z?)BHmW (R) C By, Vit > to.

Moreover, for every R > 0, there exists a constant Co = Co(R, 3,7) > 0 independent
of a € [0, 1], such that, for any zo € By,

sup |[[S()zolln < Co. (4.1)
te[0,00)

In addition, for any fized r > 0, the following bound holds

t+r
swp swp [ I+ 10l + o] dr < (42
20€Bo t€[0,00) Jt

uniformly with respect to o € [0, 1].

Remark 6. It is worth noting that, up to choosing Ry large enough in Theorem
the resulting absorbing set By is independent of a € [0, 1].
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4.1. Proof of inequality (4.1). We divide the proof into several steps.

As a first step, in order to handle the possible integrable singularity of u at
0, following [34], we introduce, for any fixed so € [0,00), the function ¢ = s, :
[0,00) — [0, 00), defined by

w(s) = /’L(SO)X(O,SO](S) + M(S)X[SO,OO)(S)a

where X1 denotes the indicator function of any interval I C [0,00). Notice that
conditions (K1)-(K4) imply

P(s) < u(s) and —'(s) < —p/(s) for ae. s € (0,00). (4.3)

Moreover, by choosing s large enough,

/ T u(s)ds =2, (4.4)

and, without loss of generality, we can also suppose

pi(s0) < 1.

Next, to overcome the lack of an instantaneous diffusion term in equation (3.1),
along the lines of [I7], we first introduce, for all z = (e, x,n) € Hg,y, the functional

= [ s n(s), B (e = ).
0
Notice first that, using (K 3), there holds

[Lo(2)] < e (I1P(e = )% + lInll3n) - (4.5)

Taking the time-derivative of Ly, by means of equation (3.3)), we get
1 2 —-1/2
Lo(e) + 1P (e =017 = [ w657 n(s). By 0

+ ¢() (5) ln(s)]15

0

b ds— [ B T0(s), B 2P (e~ s, (40

where the last equality is obtained by taking the product of equation (3.1)) with
By 'n(s) and integrating over (0,00) with respect to (s)ds
Using now assumptions (K2) — (K4), we see that

A

/w By ?n(s), By 200)ds < linlfa+ el (4.7)

/ b(s)(s) In(s)1

Observe now that, since we work in a regularization scheme, there holds

sds < p(so)llnlia < Il (4.8)

lim ¢ (s)(By /> P(e — x), By /*n(s)) = lim ¢(s)(By /> P(e — x), By /*n(s)) = 0.

s—0 $§—00
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Then, we have

- / () By 2 Tn(s), By VAP (e — x))ds

- /ooo 1 (5)(By *n(s), By /2P (e — x))ds

IN

DPe— - [ " W )nGs)l

Substituting (4.7)-(4.9) into (4.6]), we are thus led to

d ko
@Lo(Z)+ZHP(6—><)II2 < 2|lnll3 + el

2
vy ds.

— o [T HE)Ras
0

(4.9)

(4.10)

We now consider the product of equation (3.3) by 7 in M. As a consequence of

(K4) we get

1d A 1 [
g+ Sl =5 [ W@ ds

< / W) (P (e — x) . m(s))ds.

(4.11)

On the other hand, considering the product of equation (3.1) by P (e — x), and

taking (4.11)) into account, we obtain
1d 2 2 A2
53 WP (e =) 17+ Inllid] + 5l
2
Let us perform the following products of equation (3.2]).
e By Balatx , to get

1d
>d IPXIT, +2(200, D] + 10exl7; + alldex* = (Ple = x), 8ix) = 0,

where we define

—5 | O ds + 0. P e =) <o
0

o) = [ oy, VoekR.
0
Here we have used the fact that, since d;x has null average, there holds

e By BalPx, to get

1d
52 [IPXI3; + al PxIP] + 1P, + (Pé00), Px) = (P(e =), PX).
Notice first that, by the continuous embedding Vy — H, we have
1
(P(e=x), Px) < el P(e=x) |I* + 5 IPXIIT-
Concerning the nonlinear term, there holds

(Po(x), Px) = (9(X), x) + (2 + [Q))mg )My,

[IPx|

(4.12)

(4.13)

(4.14)



CONSERVED PHASE-FIELD SYSTEM WITH MEMORY 17

where we denote by || the Lebesgue measure of 2. It is then immediate to check

colIxllza () — € < (00, X);

¢o being the same constant appearing in (H1). Furthermore, by means of (H2)
and the bound on the mean value of x, we infer

~ ~ Co
2+ I2Dmapomy < (14 Ixlifa@ ) <&+ Fllia-

We are therefore led to

1d 1 ~
53 [IPXI; +allPxI] + SIPXI, < elPe— )P+ (415)
Adding together (4.12)) and (4.13]), we obtain
1d A
535 (1P e =) 12 + Inli3 + IPxI%, + 2000, 1] + Sl (4.16)
1

-5 / 1 () ()13 ds + 10 + o] < o.

Let v > 0 be a small constant, and add together inequalities v times (4.10]) and
(4.16)). By choosing
(A1
v < min {2, 20} 5

%% (1P (e — x) I* + [nllGe + 1PxI3, +2(8(x), 1) +vLo(2)]  (4.17)

we get

e [I1P (e =) I+ 3] + Ko [10xl13; + allo?] <o,

for some positive Ky independent of o € [0, 1].
We now introduce the functional, defined for all z = (e, x,n) € Hp, and for all
a€[0,1]

Oo(z) = [P(e—x)I”+E&IPxI; + EallPx?

HIPxIIT, + Il + 2(2(x), 1) + vLo(2),

where £ > 0 is a small constant to be chosen in the sequel. Since the structural
bounds on the averages imply

le =xI? +IIxIE =2 < 1P (e =) I* + €lPxIT; + EellPxl* + 1 Pxll,

< <lle—xI*+lIxIf +2
by means of (4.5) and assumptions (H1) and (H2), we infer that there exists a
constant wy € (0,1), independent of « € [0, 1], such that
woll2l3 — F < Do(2) < e (1+|12[14) (4.18)
Now we add ¢ times (4.15) to (4.17). By setting £ = ¢/2, we can find kg > 0,
independent of « € [0, 1], such that
d

20 (S°(1)20) + rol|S°(8)20 3 + Ko [l

% +allo?] <@ (419)
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We now proceed to prove inequality (4.1]). Since, by assumption, ||zo||ln < R, by

(4.18) we infer the bounds

sup g (S*(t)20) > —wR—¢ and g (z0) < (1 + RY), (4.20)
t€[0,00)

so that we are in a position to apply the Gronwall-type lemma [2] Lemma 2.7],
which implies the existence of tg = to(R) > 0 such that

Do (5°()20) < sup {@o(Q) s mollClf <7} Vo,
CEHB,y

Together with (4.18) we then have

sup [|z(t)[|n < ¢
t€to,00)

In order to prove the inequality we are left to prove the same control on [0, ).

To this purpose, integrate (4.19)) on [0,to) and use bounds (4.18) and (4.20]). This

yields

sup |z()||x < e
t€(0,to)

By choosing Cy = min{¢, ¢} we reach the desired conclusion.

Remark 7. If we work in a null average space for the order parameter (i.e., in the
space Hg,), condition (H1) can be replaced by the weaker

(H1") 1iminfM > —i,

|r|—oc0 T cp

where cp is the Poincaré-Wirtinger constant for null-average functions of V. This
is enough in order to deduce inequality (4.15]).

4.2. Proof of inequality (4.2). Taking the product of equation (3.2) with Py in
H, we deduce

1d
Sdq PP + allPxll, | + 1Pxly, < (BoP(e = x), Px) — (BoPé(x), Px).

Concerning the first summand term on the right-hand side of the above inequality,
it is easy to get

1
(BoP(e = x), Px) = (P(e = x), BoPx) < c|[P (e =) |I” + 7 1Pxliy,-

On the other hand, by assumption (H2), we have

1
(BoP(x), PX) = (Po(x), BoPx) < ¢+ cllx[| () + 7 I1PXlliv,

Thanks to the continuous embedding V — L5(Q) and ({.1]), we finally deduce

d
= UPXI* + all P, ] + 1P, < ¢ (4.21)

Adding together inequalities (4.19)) and (4.21), and invoking the bound on the mean
values of e and x, we infer

4 (g0
190 (8°(®)20) + Ko Il + ]

Inequality (4.2) is then proven by integrating both members of (4.22)) over (¢,¢+r)
and using (4.1) and (4.18) once again.

2o+ oz||8tx|\2} <e  (4.22)
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5. Global attractors. In this section we consider a further asymptotic property
for S*(t), namely the existence of the global attractor 4,. We recall that the global
attractor is the (unique) compact subset of Hg , which is fully invariant under the
action of S*(t) and attracts bounded sets with respect to the Hausdorff semidistance
(cf., e.g., [40]).

Therefore, the main result of this section is

Theorem 5.1. The strongly continuous semigroup S*(t) acting on the phase-space
Hp, possesses a connected global attractor A, = As(0,7), which is given by

Ao = {2%(0) : 2%(t) is a complete bounded trajectory of S“(t)}.

Furthermore, since A, is by definition fully invariant under the action of the
semigroup S%(t), as an immediate consequence of the backward uniqueness property
given by Proposition [3] we have

Proposition 4. The semigroup S*(t) on A, uniquely extends to a continuous group
of operators S*(t) on A,.

For any 2o = (eo, X0, M0) € Bo, consider the decomposition of

2(t) = (e(t), x(t),n") = 5(t)z0
into the sum
2(t) = za(t) + ze(t),
where
za(t) = (ea(t), xa(t),nz) and  ze(t) = (ec(t), xc(t), mc)
are the solutions at time ¢ € [0,00) to the following problems, respectively,

e+ [ nenals)is = (5.1)
diXa + Bo(Boxa + adixa + Poo(xa) — (ea — xa)) =0, (5.2)
dima = Tna + Bo(ed — Xd), (5.3)
za(0) = (Peo, Pxo,m0), (5.4)
and
et [ ulhns)ds = (55)

dixe + Bo(BoPxe + adixe + P (¢(x) — (xa) + ¢1(xa))
7P(ec - Xc)) =0, (56)
at77c =Tn. + B()P(ec - Xc)v (57)

ZC(O) = (m€o7mxo70)a (58)
where the nonlinearities ¢y and ¢; are defined as in Remark

The next Lemmas provide basic asymptotic properties for z; and z., respectively.
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Lemma 5.2. There exist kq > 0 and cq > 0, independent of o € [0, 1], such that
lza(®)llr < cae™™"|zoll2, Yt € [0,00), (5.9)

for all zg € By. In addition, for any fixed r > 0, the following bound holds

t+r
swp sup [ [l + 0o
20€B8o t€[0,00) J t

2+ alldpa@ 2 dr < e (5.10)

uniformly with respect to o € [0, 1].

Lemma 5.3. For allt € [0,00), there exists a compact set K(t) = K(t,3,7) C Hg,y
such that z.(t) € K(t), for all zg € By.

5.1. Proof of Lemma Arguing as in the proof of Theorem we can easily
deduce the inequality (analogous to (4.19))

d
£<I>d (t) + kallza()||7, <0, Vt€[0,00) (5.11)

for some positive xq, where we have defined, for all ¢ € [0, 00) and for all « € [0, 1],
the functional

C4(t) = 1P (ea(t) = xa(®) I” + €l Pxa(t)]

HIPxa®F, + a3+ 2(@o(xa(t), 1) + vLo(za(t)),

Ve +8alPxa(t)l?

with N
Bo@) = [ o)y, Vo eR
and ¢ small enough. Note that in this case the constant ¢ in inequality is
null, as a consequence of (H1g) and of , which also implies the lower bound
wallza(t) |7, < @alt), VYt € [0,00) (5.12)

for some wy > 0. Therefore, [3 Lemma A.5] applied to inequality yields the
exponential decay provided in .

On the other hand, the integral control follows immediately by integrating
over (t,t + 1) the inequality

d
- ®a(t) + Kallxa@®)lliy < ¢, Vte0,00),

with K4 > 0, which can be deduced arguing as to get (4.22)), and using (5.9) and
the bounds on d;x4 again.

5.2. Proof of Lemma For any o > 0 we define the product space
Hoe = Vo X Vite X My,

V5, Vi1, and M, having been introduced in section

In the course of the proof we shall make use the following continuous Sobolev
embeddings, which can be deduced by (2.4) and (2.5, under the limitation o €
(0,1/2):

Vo 7= Vi, — LYU(Q) (5.13)
‘/01+0<_>‘/1+o PN L6/(1—20)(Q) (514)

Who/B+29(Q) Vi, (5.15)
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Moreover (see [31])
V : Vigo — (V,)? is a continuous linear operator. (5.16)

In the rest of the proof o € (0,1/2) will be fixed. Moreover, the next set of
controls, which are straightforward consequence of Theorem and Lemma [5.2
will play a basic role.

sup [lle = xII* + llea = xall* + IXOIT + Ixa®I7] < e, (5.17)

te(0,00)
and
/t O.(r)dr < ct, Vte|0,00), (5.18)
where we define i
Oc(t) = 1+ X fy + 10ex®IT; + Ixa® 1y + 10exa@®IF - (5.19)
Observe also that, on account of the definition of V,, and bound , we have
Ixellv, < ¢+ [[Pxellvg, Vo >0. (5.20)

We stress out the fact that the above estimates hold uniformly with respect to
2o € By and a € [0, 1].

We now consider the product of (5.7) by 7. in M,. As a consequence of (K4)
we get

1 d o o o
sl < [ ueHB P B Puohds. )

Consider the product of equation (5.5) by BJP(e. — x.); keeping (5.21)) into
account, we get

1d a/2 o/2
5 g 1P = xo)lltg + Ineliia, ] < —(BY*0ixe, BY*Plec — xe))- (5:22)

Now we perform the following products of equation ([5.6]).
e By BO_HU@tXC, to get

1d

537 IPXelZae +2(P (6(X) = $(xa) + 61(xa))  BE PX)| (5:23)

+||atXcH%/0—1+o + 04”&5)@“%/0Cr - <Bg/26tXC7 Bg/2p(ec - Xc)> =11 +1y + I3,

having set
i = (¢ (B Pxe; Oexe)s (5.24)
I, = ((¢'(x) = ¢'(xa)) BS PXc: Orxa)s (5.25)
Iy = ($1(xa)BF PXe: Orxa)- (5.26)

e By Bj Pxc, to get
1d

5= [IPXelg + allPxelZaee ] + 1Pxel2so (5.27)

= <Bg/2P(ec - Xe), B(()2+g)/2XC> +24 +1s,
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having set
I, = —(BJPP(o(x) — d(xa), BT Px.), (5.28)

Ty = —(BJ”Péi(xa), BS 7 Px.); (5.29)

We need to estimate the nonlinear terms Z; (i = 1,..,5), defined by (5.24)-(5.26])

and (5.28))-(5.29). Details appear to be rather cumbersome and therefore will be
outlined in the appendix. More precisely, we will prove

2 110(5.30)

1
Li+T+Ts < Ot Oclxelin,, + ol Pxellyzes + 10ex

Iy +1s

IN

1 2
C@c + ZHPXC||V02+O7 (531)

for some (generic) constant ¢, > 0, ©. being defined in (5.19).

Adding together inequalities (5.22]) and (5.23)), and exploiting (5.30)), we have
that

d
= (1P (e =) I + 1Pl 00 + imell, + (P (800 = 6(xa)) BE PXC)|

N |

< O+ CGCHXCH%/HG + C*HPXCH%/HU- (5.32)
0
By (5.31) and owing to the immediate inequality

1
o/2 240)/2
(By*Plec = xe). B xe) < [Plec = xo)lltp + 7 1Pxel v

equation implies

1d

2dt

For all t € [0,00), for all @ € [0,1] and for all fixed o € (0,1/2), we define the
functional

1 1
B(0) = o lIPlenlt) = xe0) IRy + 1P + (o + ) 1P

1
[1PxelFy + allPXelZ00] + SIPXelZ 20 < Oc + cllec = xel345.33)

Hnel, + 217*<P (@(x(1)) = ¢(xa(t))) , Bg Pxe(t)) + ke,

where k. is some positive constant to be properly chosen. Indeed, since o € (0,1/2),
then the continuous embedding Vi < V7 holds. Therefore, by means of assump-

tion (H2) and bound (5.17)), we have

(P (¢(x) = d(xa)), BE Pxe(t)) < e (XI5 + Ixall¥) (xellv + lIxallv) < e,

so that it is possible to choose k. large enough to ensure that ®.(t) > 0, for all
t € [0,00). In addition, it is easy to realize that there exists a constant k. > 1,
independent of « € [0, 1], such that

1
L, < @) < mellzeOl, +e, Ve [0,00). (5.34)
Adding together 1/2¢, times (5.32) to (5.33)), by means of (5.34]), we obtain the

following differential inequality

%@c(t) < cO.(t) + O () D.(t), Vit e [0,00). (5.35)
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Recall that, by means of (5.8)), there holds
@.(0) = 0.
Then, applying a Gronwall-type lemma (see, e.g., [36]), and using (5.18)), we find

t
D.(t) < 2celo @(T)dT/ O(7)dr < ce, Vte[0,00),
0

which yields (cf. (5.34]))
2e(t)]13, < ce”, Vte0,00). (5.36)

Compactness of the past history variable. We now need to overcome the problem
rising from the lack of compactness of the embedding M, — M. Exploiting the
assumptions of Lemma [2.1] we prove that the set

ct)y=J ntcM,, (5.37)

z0€Bg

is relatively compact in M, for any fixed nonnegative time. Let also ¢, denote a
constant depending on the structural data of the problem and on ¢, but independent
of a € [0,1].
Concerning the first condition, note that, by the representation formula and
(-8)
Tne(s) = BoP(ec(t — s) — xc(t — 5)) + BoPlec(t) — xe(t))

so that, by means of (4.1))

A

1 Tnelfn_, < /OOO p(s) [1P(ec(t = 5) = xe(t = 8))II* + [1P(ec(t) — xe ()] ds

< c/ u(s)ds < ¢,
0

where the constant appearing on the right-hand side does not depend on 7.. Thus,
invoking also ([5.36)), we have

sup [Intlla, + 1T0kIm ] < oo,
ntec(t)

which is the first condition of Lemma 211
In order to control the tails, let us fix x > 1. We first observe that, by interpo-
lation, there holds

2(1-9 o
1713 < AR 11, VF € v+,
where ¢ = o/(1 + 20). The above inequality, with f = By '1.(s), yields
2(1—9
Ine(s) % < Imels) PO )2 (5.35)

By means of the representation formula (2.7)), and inequality (5.36[), we have

|m@mgwséﬂm%wmwww—ﬂnwmswﬁ Vs € [0,00),
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having set ¢(s) = ¢,(1 4+ s). Here we used also the null initial condition (5.8)), so
that, integrating (5.38) over (0,1/z) U (x,00) with respect to p(s)ds, we obtain

_ 2(1-9
T, (x) = / () e () 1220 () (311272 ds
(0,1/2)U(x,00) ° 0

9

S S 2,1+g v s 82 dS.
< /@,W)u(w,m) () ™ (lels))

A

The Holder inequality, with exponents 1/(1 — ) and 1/4, respectively, implies

9
T.(@) < |l ( / M(S)@(S)2d8> (5.39)
(0,1/z)U(z,00)

9
< o ( / u(8)¢(8)2d8> .
(0,1/z)U(z,00)

By (K3) and (2.6]), we infer the immediate inequalities

IN

1/x
[ nesras < oPlnlzsm < coko,
0

[ ntsretords < utsa)e [ e psras,
for all z > 1. Than we go back to (5.39) and we obtain
lim | sup Z(z)| =0
T=00 Intec(t)
is proven. Thus the thesis follows by Lemma [2.1

Conclusion of the proof of Lemma . Define B?{(t) as the ball of V, x Vi1, of
radius K(t) = ce, centered at zero, and set

K(t) = <Bg<(t) X C(t)) NHg., VEe[0,00),

where the closure is taken with respect to the H-norm. Since V,, x V4, is compactly
embedded into H x V, then, by , it turns out that IC(¢) is relatively compact
in H. Moreover, as a consequence of (5.36)), it is apparent that z.(t) € K(t). The
proof of Lemma is thus complete.

5.3. Proof of Theorem Collecting lemmas[5.2] and it is readily seen that
lim (SH [Sa(t)[)’()] = O,
t—oo

07¢ being the Kuratowski measure of noncompactness in H. The thesis of Theo-
rem [5.1] is thus proven by invoking standard arguments of the theory of dynamical
systems (cf., for instance, [25]).
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6. Fractal dimension in the viscous case. In this section we prove that in the
viscous case (i.e., more precisely, there holds a > 0), the fractal dimension of the
global attractor A, C H,, o € (0,0¢], is finite. Here we take o9 = (3 — 6)/2, 0
being defined in assumption (H21) (see the appendix for details). More precisely,
there holds

Theorem 6.1. For any fired o > 0, the fractal dimension of the global attractor
Aq is finite.

A well known condition to ensure the finite fractal dimension of the global at-
tractor of a dynamical system, namely, the a-contractivity, can be found in [6] (see
also [25] Theorem 2.8.1]), that is,

Theorem 6.2. Let X be a Banach space and let S(t) to be a strongly continuous
semigroup on X which possesses a bounded absorbing set B. Assume that there
exists n < 1 and a time t* > 0 such that

1Stz = S(t)z2ll < nllzs — 22/l + p(21,22), V21,22 €5,

where p(-,-) is a compact pseudometric on X. Then S(t) possesses a global attractor
A = w(B) of finite fractal dimension.

Recall that a pseudometric p on X is said to be compact if and only if, for any
bounded set B C X, there exists a sequence {z,, }neny C B such that p(x,, ;) — 0
as n,m — oo (cf. [25]).

Remark 8. We point out that Theorem also yields the existence of the global
attractor already proven in Section

If we set
2(t) = (e(t), x(t),n") = 8*(t)z0
with zg € H, then the following preliminary result can be established
Lemma 6.3. For any given T > 0, the function
P+ C([0,00);H) x C ([0, 00); H) — [0, 00)
defined by

pg(z1,22) = s[up] Ix1(t) — x2(Dllva_, + [Mes—er| s ¥ 21,22 € C([0, 00); H),
te[0,T

is a precompact pseudometric both on the space C([0,T);H), and on the space H.

Proof. Tt is apparent that pl defines a pseudometric on H. To prove the precom-
pactness, let us set

20 = (€0,m, XonsNon) € H st || (€0,ms X0,n, M0,n) [ < €,

for some ¢ > 0 independent of n € N, and define

2n(t) = S*(t)20.n = (en(t), xn(t),nh), Vn €N.
In this proof, ¢y shall denote a positive constant independent of n, but possibly
depending on T'. Consider now the product of equation (3.2)) by By L9ixn. We have
1d

§$”PXH”%/U+H875XRH%/O* +O‘H8tXnH2 = —(¢(Xn); Orxn) +(P(en—Xn), Orxn). (6.1)
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So that, by (H2) and the bound on the H-norm on 2 ,, we have

1 « 1 «
—(0(xn), Oexn) < Ellszﬁ(xn)ll2 + leatxnll2 = (1+cllxnl?) + leatxnll2

c «
< =4 =10 xnl?
< 4 S0l

1 @ c
Pn_nan < - n_n2 *8 n2<* *a n2~
(Plen = xn) Oxn) < —llen = Xall” + 7 10xall” < =+ Zll0xal

Therefore ([6.1]) yields
d 9 9 o 9 _ C
G IPxallv, + 100xallvy + 5 100xall” < = (6.2)

Applying [3) Lemma A.5] to (6.2)), we infer

C
IPXa®IF, < - VE€(0.T].

Therefore, since we have
my, < llxallv <¢,
we deduce
cr
IXnllLoe 0,7y < o
Then, integrating (6.2)) over [0, 7T

cr
10exn | 2 0.13v) < o

On account of a well-known compactness result (see [39, Corollary 4]), we conclude
that there exists a subsequence of x, which converges in C ([0,T];V1_,), for any
o < 0g. This proves the precompactness of the first summand, pL being constant
on the first and the third components. Concerning the second summand, the thesis
follows easily, since it belongs to a finite dimensional space. O

Remark 9. It is worth noting that, by slightly modifying the above proof, it is
possible to remove the assumption o > 0.

The following lemma is crucial to prove Theorem

Lemma 6.4. For any fized a > 0, there exist two nonnegative continuous functions
feL0,00)NC([0,00)) and go € L.(0,00),
such that
15 (t)20,1 = S*(t)z0,2/I3 < F()]I20,1 = 20,2Il3¢ + o ()5 (20,1, 20,2) (6.3)
for any t € [0,00) and any 2.1, 20,2 € Bo.
Proof. The proof of this lemma will be carried out by sharply refining the continuous

dependence estimates provided by Section [3.2] Once again, for 201,202 € Bo, we
set

Zo = (€0, X0,0) = (60,1,X0,17770,1) - (60,2,X0,2,T]0,2)7
z1(t) = (e1(t), xa(t),n1) = S*(t)20,1 and  2(t) = (ea(t), x2(t),m5) = S(t)z20,2.
Then the difference of trajectories, defined by
2(t) = (e(1), X(1),0") = 8%(t)z01 — S*(t) 20,2,
fulfills system ([3.6))-(3.9)).
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By linearity, inequality (4.10) can be extended to the difference of trajectories.

This yields
2 / () 7(s)|

We now consider the product of (3.8) by 77 in M. As a consequence of (K4) we
get

d k SO - ~
Lo(2)+ 1P (@ =3 |1* < 2kolll+ 10X Vds. (6.4)

1d T[>,
3+ 3 =5 [ W I s ds

< / TP @ - %) i(s))ds. (6.5)
0

Take the product of equation (3.6) by P(e — ¥). Keeping (6.5) into account, we
obtain

S0P @301+ 3] + Sl (6.6)
5 [ WO ds + @ P E -0 <0,

We now perform the following products of equation (3.7) by suitable test func-
tions.

e By B_lati, to get

2dtHPxIIvU + 10X [T + ll9eX)1? = (9, P(€ = X)) = —(d(x1) — d(x2), DeX)-
Since
—({o(x1) = d(x2),%X) < *II(b(Xl) o(x2)[I” + %II%YHQ,
then
Ld CNPRIZ, + 10X 3 + S92 + (9%, P(E— X)) < l||<z5( ) — d(x2)|I”. (6.7)
2 dt XV, th* B tX tX,1\€ X_a X1 X2)1"- .

e Byv= Bo_lPX, to get
1d
P
55 IR
= (P(e=X), PX) — (P (o(x1) — ¢(x2)) , PX)-
As a consequence of the immediate inequalities

(Pe=Xx), Px) < |P=XIlPXI < clle=XIlIxllvi.

s + allPXI2] + PRI,

A

—(P(¢(x1) — ¢(x2)) . PX) < cllolx1) —o0x)lI” + %IIPYII?/O,

we infer
1d
2dt
< elle = XXl + elletxa) — dlxa) 1.

The term to be controlled is

T = cll¢(xa) — d(x2)|1*

~ - 1, -
(1P -+l PRIZ] + 5 1PRI, (6.8)
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First note that, for all o € (0,1/2), the following embeddings hold
LG/(I*QG’) (Q) PN L12/(27U) (9)7

V170/2 — L6/<1+U)(Q)-
Now we use assumption (H2) and then apply the Holder inequality choosing the
exponents % and 1_%0, respectively

T < @ xal + Ixe)XI

< ¢ (1 + \|X1||i12/<24>(9) + ||X2Hi12/<2—a>(9)) ||>z||%6/<1+a>(sz)
< e (14 aliern-snq + Ixallioaan ) 1K1, .
< c(1+lhalb,, + el ) IR _,.

Moreover, since, by interpolation

1/2 1/2 1/2 1/2
1 vies < AR IFIRS < ellfIBPIFINS, WF e w,

and
lgllvi—.z < gl llglvs® . Vg€ V.
then we deduce
I <e(lxaliy + xalli) IXIvIXv -, - (6.9)
Combining with and taking into account, we obtain the inequality
1d

2ai |
1 [ -
~5 | s ds + o]

Let v > 0 be a small constant, and add together inequalities v times (6.6) to

(6.10). By choosing
v < min AL
Qk'o’ 2c ’

(1P & =X)1I* + 17134 + 1P, + vLo(2)] (6.11)

~ _ ~ A~
1P (&= X + 117130 + X1 ] + 5 1715 (6.10)

c

v < = (Ialify + Ielliv) IKIvIXIv -

we get

DN | =
Q.‘g‘

t

- - c i~
+el|PE=X) 17+ lI7lA] < o (Il + Ixallfe) IXIv X v -
Let us introduce the following functional, defined for all ¢ € [0, 00)

®o(t) = [P E1) - X))+ IPX@)IT; + alPXOI + PO,

+H 3 + vLo(Z(2)) + ko,
for a positive constant Eo to be properly chosen. Observe that
1€ =XIP + 11Xl < 1P € =X) I + [IPxIT, + ¢ (mE_g +m3), (6.12)
so that we can find ko large enough to have

Dol Z(0)IIF, < Bo(t) < clZO) 3 + e (mZ 5 +m3), Yt €0, +o0), (6.13)
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for some positive wy.

We now add to (6.11). By (6.12)) and (6.13]), there exists Ko > 0 such that

DG 0) +RolEDB < < (R + Ixa ) /B 01ROl
+c(m§,i+mf~<), Yt € 10, 00).

Since
my < c|[X[lvi_,,

then [3, Lemma A.5] yields
To(t) < 2e770'®g (%) + Calt)

sup [X(7)I[%; , +mZ|, Vte0,00),

T€[0,t]

having set (see (4.2)))

cw)"[/o (|X1<T>||%V+||><2<T>||€V)df} <

(%

C
(1 +¢3).
a(+)

Therefore, recalling (6.13)), Lemma is proven, provided that we choose

F(t) =ce ™ and ga(t)zg(l—kt?).

O

7. Smoothness of the attractor in the viscous case. In this section we aim
to investigate the regularity properties of A, in the viscous case. Under a further
assumption on the nonlinearity ¢ that reads, namely,

(H3) ¢'(r)>—L, VreR,
for some £ > 0, we shall prove the following

Theorem 7.1. For any fired o > 0, A, is a bounded subset of the higher order

phase space
Vay =Ha, NV xWxN).

Remark 10. We immediately stress out that the inclusion V =V x W x N C H
is clearly continuous but not compact. Nevertheless, we know already that A, is
compact by definition.

In order to prove Theorem [7.I] we shall exploit the decomposition technique
devised in [38]. As a consequence of the assumption (H3) and bound (4.1f), we can
choose 6 > [ large enough such that the inequality holds

%Ilzll%/ +(0 = 20)][2l1” = (&' (x(£)2,2) = 0 (7.1)
holds for every z € V and every ¢ € [0,00). Then we define
W(r)=¢(r)+0r, VreR.
To this purpose we consider the further decomposition
2(t) = 29(t) + 2°(t),

where
2(t) = (1), x (), n™") and  2°(t) = (e°(8), x“(£),n")
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are the solutions at time ¢ € [0,00) to the following problems, respectively,

Dpe? + /OOO w(s)nt(s)ds =0, (7.2)

dix* + Bo(Box* + adix? + P(d(x) —¥(x)) — (' =x%)) =0, (7.3)

o™ =Tn" + Bo(n®* — x%), (7.4)
Zd(o) = (PGOaPanO), (75)
and
@a+/ (s (s)ds =0, (7.6)
0

Oyx© + By (BOPXC + adix© + Py(x©) — P(e€ — Xc)) =60ByPx, (7.7)
on® =T+ BoP(n° — x°), (7.8)

ZC(O) = (meo?meO)' (79)

The next technical lemmas provide asymptotic properties of z¢ and z%.

Lemma 7.2. There holds

sup  sup ||z[ln < oo. (7.10)
zo€Bo t€]0,00)

Moreover, the following integral bound holds

t
sup sup / [H@XCH%/O* + a||8txc||2} dr <w(t—s)+ 5, (7.11)

z0E€EBoy tE[0,00)

forallt > s >0 and all w > 0.

Proof. The proof of inequality goes exactly like the one of (cf. Section
, noticing that By Px € L*(0,00; V). In order to prove , we consider the
product of equation byn¢ in M, equation with P(e¢ — x¢) and equation
by By 19y x°. Summing up the resulting equalities, and exploiting assumption
(K4) once again, we end up with

1 d c C C C
Iq% 1P (e = X 1P+ IPXENT, + 013+ 2(% (%), 1)] (7.12)
HOex“ T + alldxl? < 0(x, dex©),

where we have defined
Vo) = [ vy, VoeR
0

Since

) d
060X = 206X = (0o X9),
and, by means of ([7.10]), we have, for all w > 0,

Wy wne | C 5 w o oc 5
—0(0:x, x°) < §||X°||V0 + ;HatXHVO* < 7t ;”atXHVO"v
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then we get from (|7.12))
d C C
a‘bo(t) + [0ex°]

having set, for all ¢ € [0, o),

O5(t) = [P (e°(t) = x“O) I+ ™[R4+ P17, +2(P (x(2)), 1) +0{x(£), X“(t))-
Thanks to assumption (H2) and to bounds (4.1) and (7.10]), we infer ®§(¢) < ¢
for all t € [0,00). Therefore the thesis is reached by integrating (7.13) on the
time-interval (s,t), and by invoking integral bound (4.2)). O

. w c
Ve alldxe)® < 5t ;||3tX|

e (7.13)

Theorem is a consequence of the following
Lemma 7.3. There exist k > 0, independent of a € (0,1], and co > 0, such that
129l < cae™ |lz0ll3, ¥t € [0, 00), (7.14)
for all zy € By.
Lemma 7.4. There exists C,, > 0 such that

sup sup |2y < Ch. (7.15)
20€Bo t€[0,00)
In fact, Lemma and yield the existence of an exponentially attracting (closed

and bounded) set in V3. This entails the thesis of Theorem since A, is, by
definition, the minimal (closed) attracting set in Hg .

7.1. Proof of Lemmal7.3] First notice that, by linearity, the functional L defined
in Section 1] fulfills the estimates

ILo(z)] < e (fe? = X1 + [In130) (7.16)
and J L
0
Loz + e = X112 < e (In" 30 + 19011 ) - (7.17)
Now multiply equation (7.3) by By 'x?, to get
1d .
57 LI + @l 2] + IR, + W00 =) X = (e = x"x™.

Since assumption (H3) entails ¢'(r) > 0 for any r € R, then

000 =00 = [ W OFiR >0
where, for all ¢ € [0,00), we have set

min{x(t), x*(£)} < €(t) < max{x(t), x(t)}.
By the immediate inequality

1
(e = x%x%) < SN, + lle? = X2,
we get
d
= (I + 1) + I, < 2l = X711 (7.18)

Next, we multiply equation (7.4) by 7 in M, equation (7.2 by e? — x? and
equation (7.3) by By 19,x®. Analogously the the previous cases, adding together
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the resulting equalities, and exploiting assumption (K4) once again, we end up
with the following inequality

d
= Llle® = X1+ I, + ]

+ 2M 03+ 20 () — $(x). Aix?) < 0. (7.19)
Concerning the nonlinear term, observe that
d
2000 = v(x), 0" = = [20000 = () x) = @00, X))

F2([0 (00 — ¥ ()X 9x) = (" O, Dex ).
Moreover, by means of assumption (H?2), and (7.10]), we have
2([0"(0) = ¥' (X)X, ex®) — (" COIX?, Bex)
ell (X + XXX+ elllx I 0ex x|

eIl + IO X1,

IN A

IN

ellx 1%, + cCldaxI® + 1o 1) 1113,
being £ > 0 to be chosen small enough in the sequel. Therefore, from (7.19)), we
infer

d c
< le =P+ I, + 113+ 200 = 2 (), x )

=W 00, X < allx?I1%, + eClexl® + 1o P x5, - (7:20)
Adding together ~ times (7.17), § times (|7.18) and (7.20]), for some 7,0 > 0 to

be chosen in the sequel, there holds

D 4 (15005 otz (5 e
o0+ (22 -2 ) et -+ (- ) IRy (r21)

F @A) I3+ (1= 1901 < e (s + 1912) I
having set, for all ¢ € [0, ),

Uty = [e?(t) = X OIP + IO, + InP 134 + dIx @OIF, + dallx* @)

+2([1" (x) = ' (X% x) = (" 0O IX?, Dex®) + v Lo(24(1)).-
Since assumption (H3) and ([7.1)) entail
1
20 (0) = P (x) X" = (@' 00, ) = (0 = 20 [Ix*1* = (@' 00x" XD = =51
by choosing
v <min{2\/¢,1/e,1}, §<ko/8 and e < /2,

we deduce the inequality

SOl < 9) < el 1), (7.22)
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Therefore, for some x > 0

%(I)d(t) +2kd(t) < A1),

being
At) =c (Hatx(t)ll%/; 0@ + 10ex @I + ||3txc(t)|\2) :
Since, on account of (4.17)), we easily deduce

| (1o

keeping in mind ([7.11)), and choosing w small enough, we are led to

2o +allo(t)?) dr <c,

/tA(T)dT <k(t—s)+ é,

for all t > s > 0 and all w > 0. We are now in a position to apply [38, Lemma 5],
which yields

d(t) < ®¥(0)e/ e, Yt € [0, 00).
The thesis is then achieved by invoking (7.22) and setting ¢, = e/2®.

7.2. Proof of Lemma We first derive a further integral bound for x¢. Let
us multiply equation (7.7) by Px¢. Arguing as in Subsection we easily deduce

the inequality (analogous to (4.21))

d c c c 1/2 1/2 c
7 IPXIP 4 all IR+ IPXC Iy, < 8(By*Px, By *Px°) + e (7.23)

N

< Axlivixfllv +e<e,
where in the last inequality we have used bounds (4.1]) and (7.10). Integrating (7.23)
on the time-interval (¢,¢+ ) and using (7.10]) once again, we have

t+r
sup sup / ()13 -dr < c. (7.24)
20€Bo t€[0,00) Jt

Let us now introduce, for all z = (e, x,n) € Vg, the functional

Li(z) = — / T () (s), € — X°)ds,

where 9 is the truncated kernel defined in Subsection Using inequality (4.3))
and (4.4) and bound (7.10) we get at once

L1 ()] < | P(e° = x)IY, +c. (7.25)
Taking the time derivative of L(z¢) and using (7.8)) we obtain
d k *°
GG+ DIPE xR = [ vo0re.000ds (120)
0

+ /OOO p(s)p(s)|ln(s)]*ds + /OOO P(s)(P(e” = x°), Tn (s))ds,
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Using once more (4.3), (4.4) and (7.10), we deduce
[ v oncs < (o) 1o+ [T ool P
0 0 0

IN

clloex® + lnl3 (7.27)

/0 Y(s)u(s)In(s)IPds < pu(so)lnlx < [nli- (7.28)
Observe now that

lim 9 (s)(P(e” = x),1°(s)) = lim ¢(s){P(e” = x),n"(s)) = 0.

§— 00

Then, integrating by parts with respect to s the third summand in (|7.26)), we obtain

/ T ()P — x%), T (s))ds = — / T ()P — X, (5))ds
0 0

ko C C 1 C
< RulPE xR~ [ i ds
ko c e Ale ko c e
< P =x ), + kfolln 134 < 7 1P(e = x )T, + ¢ (7.29)
Substituting (7.27)-(7.29)) into (7.26]), we deduce
d C ko C C C C
L)+ 1P —x Wy < clldexCI? + 20n°lIR + ¢ (7.30)

Next, we multiply equation by n¢ in N, equation by BoP(e® — x°) and
equation by 0;x°. Analogously to the previous cases, summing up the resulting
equalities, and exploiting assumption (K4) once again, we end up with the following
inequality

1 d c c c C C
57 P =X, + I1PX v, + In°lI%] + Mweliz (7.31)

HI0XI* + alloix“IIY;, < —(BoPv(x%), 0x°) + 0(BoPx, 0ex°).
By means of assumption (H2) and bounds (4.1]) and (7.10]), we see that

c c c c c c c c
(BoPP(x), 0x“) + 0(BoPx, Ox) < —[[¥'(X)VX“I* + = IIxIIT + alldix“IT,

c
< S (L IXCI) VX + alloncliz,

IN

L+ IxI%) + aloxCIRs,

2l 9o

so that, in (7.31]),
d c (6] c C C c c
7 WP =X, + I1PXC [, + 13 ] + 2X 1%+ < = (1+ Ix[lw) - (7:32)

Now we add together equation (7.23)), § times equation ([7.30) and (7.32)), to get

d c k C (6] (6] C
7O+ 50||P(6 =XM%+ PNy, + 200 = o)llnell (7.33)

< = (T + IRy + alldxel?)

Slo
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having set, for all ¢ € [0, c0),
o(t) = [P (e(t) = x“ ) I, + 1% + IPX“@) [y, + allPxElT,
+0Lq1(2°(¢)) + k,

being k a positive constant. Indeed, due to ([7.25)), it is possible to choose k large
enough so as to ensure ®°(¢) > 0. Moreover, as a consequence of the bound on the
averages, we realize that

1 c (& c
1@ < @) < ell* O + . (7.34)
Therefore, for some k > 0,

d C c ¢ (6] (6]
S0%(1) + 2607(0) < = (14 Iy + all o)

Thanks to (7.11) and ([7.24)), it is possible to apply [3, Lemma A.5], which yields

t
C C — K C C C — K —T
OC(t) < ®°(0)e™ " + a/ (T4 X (D) + all@exc(m)]1?) e t="dr <
0

Qo

The thesis is then reached, by invoking (7.34]) and setting C,, = \/¢/c.

8. Appendix: control of the nonlinear terms (5.24)-(5.26) and (5.28)-(5.29).
In the sequel we shall indicate by ¢, > 0 a generic constant, independent of « € [0, 1],

while O, is defined by .
Control of Iy (cf. (5.24)). We have
i < ' (0)BEPxellvi, 10exelly-1+e- (8.1)
By means of embedding , we get
16" () BS Pxellva_, < elld'(X)BE PxellLossr20 ()

+C||¢I(X)VBgPXCHLG/(3+2U)(Q) + CH¢”(X)VXBSPXC||L6/<3+2o>(9)~

In order to estimate the terms appearing on the right-hand side of the above in-

equality, we use embeddings (5.14)-(5.16)), controls (5.17)-(5.20) and assumption

(H2). Applying the generalized Holder inequality with exponents % and ?igg,
respectively, we obtain

||¢I(X)BgPXc||L6/<3+2v>(Q) < c (1 + ”X”%S(Q)) ||BgPXc||L6/<1+2o>(Q)

< U+ IIXIR) 1B Pxellvi_. < clxellvis,

16" (X)VBG Pxcllpo/arano) < ¢ (1 + ”X”%G(Q)) VB Pxellposa+20) (0
< 1+ IxII) IVBS Pxellvi_, < c|VB§Pxcllvi_,
<

cll B Pxellva_o < ellxellvay, < e+ ellPxellyzee-
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3420
1420

By choosing the Holder exponents 3 4+ 20, 3 + 20 and respectively, we get

H¢>”(X)VXBSPXCIIL6/<3+20>(Q)

< e (14 Ixllze@)) VXN zo@) 1B Pxell orarae g
< @+ IxIv) IVxIvIIBg Pxellvi_,
< cixliwlixellvay, -

Back to (8.1)), a further application of the Young inequality yields
1
Iy < c+Olxeli,,., + C*||PXc||%/o2+a + §HatXc||‘2/Ofl+a~

Control of Iy (cf. (5.25)). We have
Iy < 1 (&' (x) = ¢'(xa)) BE Pxellv 10exallvg (8.2)
with
1(¢'(x) = ¢'(xa)) BS Pxellv
< ol (@'(X) = ¢'(xa)) BE Pxell + ¢l (¢'(x) — ¢ (xa)) VBF Pxcl|
+ell¢” () Vxe BE Pxell + ell (6" (x) = ¢" (xa)) VxaBE Pxel-
Invoking embeddings ([5.14))-(5.16]) and controls ((5.17)-(5.20), we use again the gen-

eralized Holder inequality. On account of assumption (H2), we now set the Holder

exponents equal to 3, % and H%’ respectively. We find

(¢ (x) — &' (xa)) B Pxell < el (1+ x| + [xal) xeB§ Pxell

c(1+ [Ixllzo) + lIxdlls ) [1XcllLo/a—20) () |1 Bg PXell Lo/a+20) ()

IN

N

< e+ lIxllv + Ixallv) Ixellvay, 1BS Pxellva-, < ellxell¥,., -

Then, we have

1(¢'(x) = ¢'(xa)) VBF Pxell < el (14 [x] + [xal) xe VB§ Px|

< e+ lIxllzo) + lIxallzs) lIxellzora-20 @) IV BS Pxell posa+20(a)
< e+ |Ixllv + lIxallv) Ixellvii, IVBG Pxellv_,

< CHXCHVNFUHB((JTPXCHsza < C||XC||V1+U||XC||V2+U

<

clixellviio + ellxellvig, 1Pxellyz+e

and

16" (X)VxeBE Pxell < cfl (14 [x]) VxeBf Pxcll

< (U lIxlize@) 1Vxellora-200 @)1 BS Pxell Lorasea o
< eI+ [IxIv) IVXellvay, 1B Pxellva .,

< Vxellvi 1B Pxellvi ., < ellxellvays Ixellviy,

<

clixellvaio + ellxellviyo 1Pxellyz+e-
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Moreover, there holds

1@ () = ¢ (xa)) VxaBG Pxell < el VxaxeBj Pl

< el VxallLszollxell ora-200 (o) | B PXell Lo/at20) (o)
< IVxallzs@ Ixellvig, 1B Pxellvi . < ellVxallvlIxellvi . 1B Pxellvi .,
< clxallwlixellvis, 1IB§ Pxellvi_, < clixallwlixell3s,. -

Summing up, we get
(¢ () = &' (x)) BE Pxellv < e (1 + lIxallw) lIxell¥, ., + ellxellvay, [1Pxellyz+a
Thus, from (8.2]) we infer

I, < C(“)c + C®C||XC||%/1+U + C*HPXCHE/OZJN.

Control of I (cf. (5.28)). We have
Iz < [610xa) BE Pxellv [19exallvg - (8.3)
Observe that

|61 (xa)B§ Pxcllvy < ¢ll9(xa) B Pxell + |9} (xa) VB Px.||
+cll 67 (xa) Vxa B Pxc|-

Applying assumption (H2p), and subsequently the generalized Holder inequality
with exponents, % and 3, respectively, we obtain

19 (xa) BS P
< el + Ixal™ D BEPxell < e (14 Ixalllson ) 183 Prellzee)
< c (1 + HXd”ig(lefn(Q)) ||BgPXC||L6(Q) < c(l + ||Xd||€/71)HBgPXcHV

< lllxellviia, < clixellvay, < e+ ellxellyzre

Similarly, by choosing the Holder exponents ﬁ and H%’ we deduce
19 (xa) V BF Pxcl|
< e (L4 |xal® ) VBF Pxc|
< o (1INl /000y ) 1B PXelloran oy
< c(1+Ixaliio) IVB Prelivi
< (L Ixallv ) IBE Pxellvas, < ellxellvass < et ellxellyzses
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Then, choosing the Holder exponents as —5—, 3 and —3—, we infer

1—20 1420
67 (xa)VxaB§ Px.||

< ell(X+ Ixal”"*) VxaBE Pxel

< c (1 + HXdHig(Zefz)/(lfza)(Q)) ”VXdHLG(Q)||BgPXC||L5/(1+20)(Q)
< o (1 lallfody ) I9xallv 15 Pxellvi

< ¢ (1 + 0-2 <

< Xally2) Ixallw Ixellvie < ellxallw Ixellv.

Notice that in the estimates of the last two terms we have used the embeddings
LG(Q) SN L3(9—1)/(1—o) (Q),
L6(Q) AN L6(072)/(1720) (9)7

which hold provided that o < o¢ = (3 —6)/2.
Therefore, on account of the above controls, (8.3]) yields

I3 < C@c + C@C||XC||%/1+0 + C*||PXC||%/O2+U’

and adding together the controls on Z; (i = 1,..,3), we eventually get inequality
(5-30).

Control of Zy (cf. (5.28)). To obtain the desired control note first that, by assump-
tion (H2), there holds

1B52PoCOI” + 1B Po(xa)ll” < e (1 + Xl + IIxalliv)
for all o € (0,1/2). Hence we find

1 2
Ty <O+ gHPXcHVOHG-

Control of Is (cf. (5.29)). Similarly to the control provided for Zy, by (H24), it is
readily seen that

o/2
I1Bg*Por(xa)? < e (1+ Ixall?y)
which entails

I4 < C@c + |PXCH%/O2+6~

.
8
Adding together the controls on Z, and Z5, we infer inequality (5.31)).

Note. The paper originated from a part of the author’s Ph.D. thesis ” Global and
exponential attractors for a conserved phase-field system with Gurtin-Pipkin heat
conduction law”, Politecnico di Milano, Milano, 2006.
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