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ABSTRACT. We present some qualitative properties for solutions of singular
quasilinear elliptic differential inequalities on complete Riemannian manifolds,
such as the validity of the weak maximum principle at infinity, and non—
existence results.

1. Introduction. In this paper we are interested in the qualitative study of solu-
tions of quasilinear elliptic differential inequalities on complete Riemannian man-
ifolds. In particular, we establish a weak maximum principle at “infinity” under
generally mild assumptions on the quasilinear operators and on the manifolds them-
selves. In this introduction, in order to clarify the presentation, the results are given
for the canonical divergence structure differential inequalities

div{A(|Vu|)Vu} — f(u) >0, (1.1)

on a connected, complete, non—compact Riemannian manifold, (M, (-, -)), of dimen-
sion m > 2. We fix an origin O and denote by r = r(z) the distance function from O
to x. Clearly r is of class Lip(M). Then Bg = {x € M : r(z) < R} indicates the
geodesic ball of radius R > 0 centered at O. Here Vu denotes the gradient of the
given function u = u(x), © € M. The main assumptions on A = A(p), ® := pA(p)
and f = f(u) are:

(A1)  AeCHRY);
(A2)  ®'(p) >0 for p>0 and ®(p) — 0 as p — 07;
(A3)  P(p) <cp” on[0,w) for some ¢, w, o > 0.

Condition (A2) is a requirement for ellipticity of (1.1) and allows singular and
degenerate behavior of the operator A at p = 0, that is, at critical points of u. We
emphasize that f is assumed only continuous in R, unless otherwise stated.
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By a semi—classical (classical) solution of (1.1) on M we mean a function u €
Lip;,.(M) (u € C1(M)) which satisfies (1.1) in the distribution sense, that is, for
all ¢ € C§*(M), ¢ >0,

J ATV ve) + Fglam <o

With the aid of (A2), we extend ® by continuity on Rj by setting ®(0) = 0 and
complete the definition of ® on the entire real line putting ®(p) = —P(—p) if p < 0.
Introduce

P
Hp) = p2(p) - [ @(s)is. pz0, (1.2)
0
The function H is easily seen to be strictly increasing in RS‘ .
For the Laplace operator, that is when (1.1) takes the classical form

Av — f(v) >0, v >0,

the results are A(p) = 1 and H(p) = $p*. Similarly, for the degenerate p-Laplace
operator, p > 1, we have A(p) = p?~2 and H(p) = (p — 1)p?/p, while for the mean
curvature operator, one has A(p) = 1/4/1+ p? and H(p) =1—1/4/1+ p2. In the
last example, note the anomalous behavior ®(co0) = H(oo) = 1, a possibility which
occasionally requires extra care in the statement and treatment of the results.

It is also worth observing that (1.1), when equality holds, is precisely the Euler—
Lagrange equation for the variational integral

1= [ 1909+ Fwyam, P = [ feas

where G and A are related by G'(p) = pA(p) = ®(p), p > 0. In this case H(p) =
pG'(p) — G(p), is the pre-Legendre transform of G. Further comments and other
examples of operators satisfying (A1)—(A3) are given in [16] and [18].

As a further remark we observe that, while globally the distance function on M
is in general only Lipschitz, we can always find at any point x € M a small geodesic
ball Br(x) such that the distance from x, that is, dist(z,-) is a smooth function
on Bg(z) \ {z}. We shall always call such a ball a regular ball without any further
mentioning.

We shall usually work by comparing the manifold (M, (-,-)) with a model man-
ifold in the sense of Greene and Wu [8]. This latter can be briefly described as
follows. A model N = N(g) is a smooth Riemannian manifold of dimension m > 2
such that:

i) NV has a pole O, that is the exponential map is a diffeomorphism of T (N)
onto N;

ii) every linear isometry v : To(N) — To(N) is realized as the differential of
an isometry I' : N — N, that is, T'(O) = O and I'.o = 7, where ', is the
differential of T at O.

Clearly, N is complete and it may be identified with To(N') via the exponential
map. In geodesic polar coordinates (r,) € RT x S~ «~ A"\ {O}, the Riemannian
metric can be expressed in the form

() = dr* + g(r)*dv?, (1.3)

where d¥? is the standard metric on S™~!, and g satisfies the following natural
analytic assumptions:
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(g1) g€ C®RY), ¢ (0)=0foral k=0,1,...
(g2) g(r) > 0 for r > 0,

, 9'(0) =1;

which in particular guarantee that the metric defined in (1.3) can be extended
smoothly on all of N'. Thus, for instance, the Euclidean space R™ and the hyperbolic
space H™ of constant sectional curvature —1 are realized by the choices respectively
g(r) =r and g(r) = sinhr.
The model r(z) = dist(x, O) is smooth outside O and satisfies
g'(r)
g(r)
The classical Laplacian and Hessian comparison theorems allow us to estimate from
above and below (in general only in the weak sense) the Laplacian and the Hessian
of the distance function on a generic manifold (M, (-,-)) via (1.4) of an appropriate
model N' = N (g) constructed through curvature conditions on the original manifold
M. By way of example observe that any complete manifold verifies condition
(M1) Riceipg,(.,.y)(Vr, Vr) > —(m—1)G(r) in M, for some positive non-decreasing
function G € CY(RY).

Hence by Lemma 2.1 of [16] the function g defined by

exp {D/OT \/Ws)ds} -1

Ar=(m-—1)

, Hess(r) =

[(-,+) — dr ®dr] in M\ {O}. (1.4)

g(r) = D/G(0) ) (1.5)
where D > 0 is sufficiently large, is such that
Ar(z) < (m— DZEE) MO O U ent(0)), (1.6)

g(r(z))
where cut(O) is the cut locus of the origin O, and (1.6) holds weakly on all of M.

When N is a model N' = N(g) the function defined by (1.5) does not coincide (in
general) with the original function g associated to the model itself. This is certainly
clear when we observe that the left hand side of the inequality in (M1) is simply
—(m —=1)g"/g, so that G must only bound ¢”/g from above. However, we adopt
this abuse of notation since in the main proofs the function ¢ in (1.5) will play the
role of the function g of a model manifold N' = N (g).

This comparison technique will be repeatedly used in the sequel. Furthermore,
on stating and commenting some of our results we shall often explicitly consider
the special case of models with a twofold purpose: namely, through them we easily
compare with the more familiar Euclidean setting and, when relevant, we may
underline the influence of geometry.

To grasp the global structure of the manifold, we resort to a type of maximum
principle, which has its roots in the work of Omori [13], on immersions of minimal
submanifolds into cones of R™ and which relies on the following simple observation:
ifu:R — R is a C*(R) function, with u* = supu < oo, then there exists a sequence
{zr}r CR such that

u(zg) > u* —1/k, |u'(z)] < 1/k and u"(zgx) <1/k for allk € N. (1.7)

Omori established a version of this principle on a complete Riemannian manifold,
with sectional curvature bounded from below, and he also provided examples for
which his global form of the maximum principle fails. This new idea was taken up
by Yau who refined the principle for the Laplace—Beltrami operator in a series of
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papers [21], some of which in collaboration with Cheng [1], and applied it to find,
in an elegant way, solutions to several geometrical problems. Some refinements and
extensions have been recently given in [16].

Theorem 1.1. (The Strong Maximum Principle at Infinity.) Suppose that
the Ricci radial curvature of (M, (-,-)) satisfies (M1), with

G(t) < z(t)* fort>>1, (1.8)

where z € CY(RY) is a positive non—decreasing function such that 1/z ¢ L'([1,0)).
Let u € C*(M) be such that u* = sup,,u < co. Let p > 0 and

E,={zeM : u(z)>u" —p, |Vul < p}.
Then for every € > 0 the function w is not a classical solution of the differential
inequality
div{A(|Vu|)Vu} > ¢ in E,. (1.9)

Clearly when u € C%(M) and the vector field A(|Vu|)Vu is of class C1 (M, TM),
the above conclusion can be restated in a form similar to (1.7), in other words, there
exists a sequence {xy}; with the properties

u(zy) > u* —1/k, |Vu(zp)| < 1/k, div{A(|Vu|)h(Vu, ) }(zr) < 1/k (1.10)

for all £ € N.
Theorem 1.1 continues to hold if u € Lip,,.(M) is a semi-classical solution of
(1.9) provided that the set E,, is replaced by the larger open set

E,={reM : ux)>u" —p}.

To illustrate the possible use of Theorem 1.1, we consider the following geomet-
rical example. An old result of Heinz [10] (originally stated for surfaces and then
generalized by Chern [2] and Flanders [7] to any dimension) implies that a constant
mean curvature graph on R™ is necessarily minimal. We recall that a graph on a
manifold M is the immersion I', : M — M x R defined by T',(z) = (z,u(z)) for
some u € C*°(M). As well known, a graph is of constant mean curvature when u

satisfies
\Y
v[—2]=¢ on M, (1.11)
V14 |Vul?
for some constant ¢, which can be assumed non-negative. Minimality is equivalent
to ¢ = 0. It is not hard to see that if hc(M), the Cheeger constant of M, i
null, as in the Euclidean case, then ¢ = 0. This extends Heinz’ result. However,
the conclusion is in general false if ho(M) > 0. For instance, on H™ with metric
< ) = dr? + sinh® rd9¥? outside the pole, ho(H™) = m — 1 > 0, and for any
€ (0,m — 1] the smooth function

t
/ dt, o(t) = c(sinht)l_m/ (sinh )™ ds,
1- |gp 0

satisfies (1.11). Hence u produces a graph of constant mean curvature ¢/m. Note
that in this case u* = co. Recalling that a graph I';, on M is said to be bounded
if Jul* < 0o, as a consequence of Theorem 1.1, we have that any bounded constant
mean curvature graph on M is minimal if

Rice a0y (Vr, V) > —(m — 1)C(1 +17), (1.12)
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for some C' > 0. See the more general Corollary 1.2 below.

Furthermore, we emphasize that the geometrical assumptions in Theorem 1.1 are
sharp. This can be indirectly seen with the following reasoning. Recall that sto-
chastic completeness is the property of a stochastic process to have infinite life time.
For the Brownian motion on a manifold this means that the total probability of the
particle to be found in the state space is constantly equal to 1 (for an introduction
to the subject see the excellent book by Emery [4]). In [16] it has been proved that
stochastic completeness of the Riemannian manifold M = (M, (-,-)) is equivalent
to the following analytical property: for each f € C(R) and for each u € C*(M),
with u* < oo, satisfying Au > f(u), we have f(u*) <0.

Then the conclusion of Theorem 1.1 for the Laplace-Beltrami operator implies
that the complete Riemannian manifold M is stochastically complete. To prove
that the geometrical assumption (M1) together with (1.8) are sharp is therefore
enough to show that if we relax them, then M is no longer stochastically complete
and hence the conclusion of Theorem 1.1 is false.

Towards this aim we consider an m-dimensional model M = M(g) such that

/00 g(r)t-m /Tg(t)m_ldtdr < 0. (1.13)
0

It is well known, see for instance [16] or Grigor’yan [9], that in this case M = M(g)
is not stochastically complete. Let us choose

atr) = oxn -

m—1
and some ¢ > 0. Clearly

(log r)1+5) for r > 2 (1.14)

" 1
1-m m—1
g(T) ‘/0 g(t) dt ~ W as r — o0,

so that (1.13) is satisfied. On the other hand,

g"(r) 412 (log r)2(1+2)
g(r) m—1

Rice(pm, (., (Vr, Vr) = —(m — 1)

as r — oQ.

Thus (1.8) with o = 1, that is for the Laplace-Beltrami operator, barely fails to be
met.

Let us now introduce the main assumption on the nonlinearity f we consider,
that is,

(F1)  fe€ C(RY), with f(0) =0 and f positive on RT.

As an immediate consequence of Theorem 1.1 and of the previous remark, we have

Corollary 1.2. Let f satisfy (F1). Under the assumption of Theorem 1.1 there are
no positive bounded above semi—classical entire solutions of the differential inequality

div{A(|Vu|)Vu} > f(u) on M. (1.15)

Note that in the assumptions of Corollary 1.2 positive unbounded semi—classical
or even classical solutions of (1.15) may exist. In fact, they do exist under the
additional assumptions f(0) = 0, (F2) given below, (A3) with w = oo, and

o ds
/ e~ (1.16)

See Proposition 4.2 in the Appendix.
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Confining ourselves to classical solutions, the conclusion of Corollary 1.2 con-
tinues to hold if we substitute the right hand side of (1.15) with a more general
nonlinearity B satisfying

(B) the function B : M x R{ x T M — R is continuous and verifies
B(z,u,§) 2 —cT(|§]) + f(u)  forz e M, u=0and|§| <1,
for some k > 0, where f satisfies (F1), and T is a continuous function on Rar,
with T(0) = 0,
see Corollary 2.5. In both Corollaries 1.2 and 2.5 the condition f(0) =0 in (F1) is
not needed.
An important prototype is the inequality
Apu~+ k| Vul? — f(u) >0, p>1, k>0, ¢g>0,

where T'(9) = ko?. There are a number of important papers concerning this example
of great interest in applications; the reader is referred to [18] and the references
thereby.

We also observe that under the additional assumption
(F2)  f is non—decreasing on some interval R{;
the apriori request in Corollary 1.2, that the entire solutions are bounded above,
can be removed. However the result is no more applicable to the mean curvature
operator.

Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied, with ®(c0) = oo.
Let f verify (F1), (F2) and

(w)

liminf —= >0 for some 7 > max{1, o}. (1.17)
u—oo U
Assume that (M1) is verified with
G(t)=O0(t*) ast— oo. (1.18)

Then (1.15) has no positive semi—classical entire solutions.

As noted for Corollary 1.2, Theorem 1.3 can also be extended to nonlinearity of
type B, see Theorem 3.3 below.

It is a simple matter to realize that assumption (1.17) cannot be relaxed too
much. Indeed, a result of Fisher—Colbrie and Schoen in [6] implies that on any M
we can find a positive solution of Au = u. Nevertheless, observe that (1.17) implies
a condition somewhat dual to (1.16), that is

> ds
—_— . 1.19
| i < )
When A =1 then (1.3) is also sufficient to get the conclusion of Theorem 1.3, see

[16, Theorem 1.31], that is when (1.15) reduces to the Laplace-Beltrami inequality
Au > f(u) on M.

/OO f:(s) < 00,

which is the well known Keller-Osserman condition when M = R™. Actually
Theorem 1.3 is the extension to the Riemannian setting of [12, Theorem 2| of Naito
and Usami. For further extensions in Euclidean space of the Naito and Usami

In this case (1.19) becomes
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results to the vectorial case as well as to divergence operators with diffusion terms
©(u), possibly singular or degenerate, we refer to the recent paper [5] of Filippucci.

The generalization of Theorem 1.3, when (1.17) is replaced by (1.19), for (1.15)
on a general manifold M is still an open problem.

For the classical space forms, as R™ and H™, condition (1.18) of Theorem 1.3
holds when G(t) = Const.> 0 for all o > 0. Clearly, for the p-Laplace-Beltrami
operators, p > 1, Theorem 1.3 applies for all exponents 7 > max{1, p—1} in (1.17).

In this paper we extend the above results to a larger class of elliptic differential
inequalities by replacing f = f(u) with a term of the type B = B(z,u, Vu), and the
differential operator div{A(|Vu|)Vu} by the more general div{A(|Vu|)h(Vu,-)*},
where h is a symmetric positive definite 2-covariant tensor field on M and * denotes
the musical isomorphism. In particular Theorems 1.1, 1.3 and Corollary 1.2 will be
consequences respectively of Theorems 2.3, 3.3 and Corollary 3.1.

2. Maximum principle at infinity. In this section we suppose the validity of
(A1), (A2), (A3), and in order to introduce the more general operator alluded to in
the introduction we consider condition

(H1) h is a positive definite, symmetric, 2—covariant tensor field on M for which
there exist functions o, A\, A € C(RY) such that for all € R*, z € 0B,,
X e M, |X|=1,

(i) 0<A(r) <h(X,X)<A(r), (#1) |(divh)(X)] < a(r).
We also require, without loss of generality, that

liminf A(r) > 0. (2.1)

T—00

The operator we shall be concerned with is then defined by
div{ A(|Vo))h(Vo, )}, (2.2)

where the vector field h(Vv,-)? is characterized by the property (h(Vv,-)!Y) =
h(Vv,Y) for each vector field Y € X(M). Note that the above definition makes
sense for every function v € Lipjoc(M). Observe that in the special case when h is
the metric (-, -) on M, the operator in (2.2) reduces to div{ A(|Vu|)Vu}, with (H1)
satisfied by the choices

Ar) =A(r) =1, a(r) = 0.

We shall be interested also in cases in which v(z) = u(r(z)) is a radial function,
with u € C*(R{). Then an easy calculation yields

div{A(|V])h(Vv, )8} = h(Vr, Vr){A(Ju' )’} + A(|u' )/ div h(Vr, -)F,
in the weak sense in M \ cut(O). Therefore, since
divh(X,-)f = (divh)(X) + (VX" h), (2.3)
with VX determined by (VX*)(Y, Z) = (Vy X, Z), see [17], we get
div{A(|Vv|)h(Vv, )*} = h(Vr, Vi) {A(|u'|)u'}
+ A(|Ju/|)u/[(div h)(Vr) + (Hessr, h)].
In matrix notation

(Hessr, h) = tr(Hessr - h) in M\ [{O} Ucut(O0)]. (2.5)
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Furthermore, recalling the definition of ® in R, we rewrite (2.4) as
div{A(|Vv|)h(Vo, )} = h(Vr,Vr){®(u')}
+ [(divh)(Vr) 4+ (Hess, h)] ®(u').
When A is the metric (-,-) on M, then (2.6) reduces to
div{A(|Vu|)Vu} = [®(u)]" + Ar &(u).

It is also worth to observe that if we are on a model manifold N' = N(g) and
h = a(r){--), with a € C1(R{), then (2.6) becomes

! I
div{a(r)A(|Vu|)Vu} = a(r) {[@(u’)]’ + [(m - 1)% + ”ﬂ fl)(u')} .

This operator often appears in geometrical problems. For instance, for ®(p) = o, it
is used in the study of equivariant harmonic maps associated to large group actions.
See, e.g., [11].

Next, let MK, denote the radial sectional curvatures of M, that is the sectional
curvatures evaluated over the 2-planes containing Vr. From now on we also assume
the validity of

(M2) there erists a positive non—decreasing function G € C*(RY) such that
MK, > —G(r);

(2.6)

(M3) there exist a neighborhood U of 0o, a function ¢ and a number n > 0, such
that

(eC'U), 1/¢¢L(x), (>0, (>0 inl,
<U>17A[o¢—|—A\/_] in U,

where o, A and A are the functions appearing in (H1).

Every complete manifold verifies (M2) and it results

!

gg((:)) [(,) —dr@dr]  on M\ [{O} Ucut(O)], (2.7)
where ¢ is defined as in (1.5) and D > 0 is sufficiently large. Condition (M2)
implies (M1) with the same G. Moreover, if M = M(g) is a model, see (1.3), then
(2.7) is valid with equality sign and with cut(O) = 0 by (1.4).

Fix 2 € M and a local orthonormal basis {e;}!"; which diagonalizes h at x. Let
Ai(x) > 0, k = 1,...,m, be the eigenvalues of nat z. Set Vr =Y " rie;, by
Gauss’ lemma

Hessr <

irf =1, (2.8)

i=1

and by (2.5), (2.7) and (2.8), for z € M\ [{O} U cut(O)], we have
'(r)

(Hessr, h) = Z(Hess r)(e;, ei)h(e;, e;) < Z gg(r) (1 —r2)\i(x)
i=1 i=1
(2.9)
g'(r) g'(r)
< e ( Zr )max)\k x)=(m-—1) o) ml?x)\k(:v),

where the first inequality is an equality when M = M(g) is a model.
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We denote by k the function defined by

k(r) =exp (ﬁ /RT 7;((;)) ds) , (2.10)

H(r) = a(r) + (m — 1)A(r)g'(r) /g(r). (2.11)
Fore >0, R >0, wr € R set

we(r) = wg + /R o1 (akl_m(s) /R kn/;_(l)(t) dt) ds.

Lemma 2.1. Fore > 0 sufficiently small, there exists w. non—decreasing in [R, o)
and satisfying

with H given by

We have

m—1 N m—1 .
AR @ (wl)) = ek in (R,00), (2.12)
we(R) = wg, w.(R) = 0.
Furthermore w. > 0 on (R, ) and
lim w.(r) = oo. (2.13)
Moreover the following hold
we(r) = wr ase — 07 uniformly on compact subsets of [R,0), (2.14)
wh(r) = 0 ase— 0T uniformly on [R,0). (2.15)
Proof. For r > R we set
TEml
S(r)y=k""(r dt. 2.16
0 =rme) [ (2.16)
Because of (H1) (i) and (2.1) we have
0< S(r) < Ck=™(r) / 1 (1)t (2.17)
R
for some C > 0. Set
alr)+ (m—1Ar) (¢ /g9)(r) H(r

A(r) A(r)
Since ¢'/g ~ D\VG as r — oo by (1.5) for D sufficiently large, it is easy to check

that
B(r) > Ny/G(r)

for an appropriate constant N > 0. Hence

lim inf 8(r) > 0.

T—00

Applying de 'Hopital’s rule to the right hand side of (2.17), we see that

S* = sup S(r) < cc.
[R,00)

We can now choose £ > 0 so that for each € € (0,£)

eS(r) € [0,w) = ®(RY) for all 7 > R.
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This shows that for such values of e the function w, is well defined on [R, c0). It
is now a simple checking to verify the validity of (2.12). To prove (2.13), according
to (2.16), it is enough to show that

C
O eSr)) > — forr>>1 2.19
50D 2 (2.19)
and for some constant C' > 0, where ( is as in (M3). This follows from
_S0) > ! for r >> 1. (2.20)

o(C/C(r)) ~ e

A0
st [ R
O/ B (T

We assume, without loss of generality, that ((r) — oo as r — o0, so that, using
(A3), we obtain for r >> 1

, [TE
s() ><(’”>/R ORI
HCHE) ~ e R ()

Since E(r) — oo as r — oo, then (2.19) is trivially satisfied if Y(r) = O(1) as
r — 00. Otherwise,

Now we have

(2.21)

(2.22)

= =/

g 20 )
> . .
hrrgggf T = hggg.}f ) (2.23)

Using (M3), we have
= (r) > C(r)gkarST), Y'(r) = (m—1)cCoE™2(r)k (r).

Therefore by (M3) again for r >> 1

)
=/(r) 1 C(r)? k(r) - n  Br) k) U
T() = m—1)eC7D A() F() = 07 m—1 K1) = cC7

(2.24)

Using (2.22)—(2.24), we can thus choose C' > 0 sufficiently small (and depending on
€) so that (2.20) is satisfied, and in turn also (2.19). Therefore (2.13) holds.
Now we prove (2.15). Since ®~! is monotone increasing, we have

wl(r) =& 1 (eS(r)) < d 1 (eSH).
Since ®~1(0") = 0, it follows that

max w.(r) < sup & 1(eS*) -0 ase—0".
[R,OO) [ROO)

Of course (2.14) now follows from (2.15). O

In what follows we shall need the following comparison result which is a special
case of Theorem 5.3 of [17]. Since in this case the proof is very simple, for the
sake of completeness, we repeat it here. For further applications via the comparison
principle see [19].

From now on we also assume
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(H2) for all x € M and for all € € T, M, € # 0, the bilinear form
A/
Bl 0 hie. )+ AdeDnc- )

s symmetric and positive definite.

With @ we shall indicate the symmetric tensor product. Thus if wy, wy are 1-forms
on M,
w1 @WQ = %(wl ®(,¢J2 —I—(.UQ ®w1).
The symmetry of the expression in (H2) is equivalent to the symmetry of h.
Note that if h = a(z)(-,-), a > 0, by assumption (A2)
0A'(0) > —A(e)  onR*
and therefore (H2) is satisfied if

a(x)A(IE]) (€17 n* - (€, mI*) =0 (2.25)

for all £, n € T, M\ {0}, which is of course valid thanks to the Schwarz inequality.
In particular, (H2) is automatic when A is the metric on M.

For a wide discussion on the validity of (H2) — that is for its positive definiteness
— when M reduces to R™ and the divergence part div{A(|Vv|)h(Vv,-)*} is of the
form 0;[A(|Vu|)ai;(x,u)d;ul, we refer to [3].

Lemma 2.2. Let Q be a relatively compact domain in M. Let u, v € Lipioc(Q)
satisfy

{div{A(WuI)h(V% )E} > div{ A(|Vo)h(Vv, !} in Q, (2.26)

u<v on 0.
Then v < wv in Q.

Proof. First, we observe that, because of (H2) and compactness of Q, there exists
A > 0 such that in Q

L(Vv, Vu) := (A(|Vv|)h(Vv,)* — A(|Vu)h(Vu, ), Vv — Vau) > N\ Vo — Vul.

This is easily seen, with the aid of (H2) once we realize that

L(Vv,Vu) = /Ol{h(Xt, Vo —Vu)(X,, Vv — VU>%

+ A(| X ])h(Vv — Vu, Vo — Vu)}dt,

where X, =tVu+ (1 —t)Vu #0, ¢t € [0,1].

Let w = v — u and assume for contradiction the existence of x¢ € ) such that
w(zg) < 0. Fix € > 0 so small that w(zg) + & < 0 and set w. = min{w + ,0}.
Clearly we. = 0 on 012 since u < v on 92. Thus —w. is a non—negative compactly
supported Lipschitz continuous function which we can use as a test function for
(2.26). Let Q, be the connected component of {z €  : w(z) + & < 0} containing
zo. Then

/ AN Vv — Vul? g/ L(Vv, Vu)
Qg Qayy

- / (A(Ve))h(Vo, ) — A(Vul)h(Vu, -F, Vo) <0,

0
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so that Vu = Vv a.e. in Q,,. Therefore, by a connectedness argument, £, = 2
and v = u + w(xg) in Q, with w(xg) < 0. This contradicts the fact that u < v
on ON). O

The next requirement relates h with the geometry of cut(O) and it will be as-
sumed throughout the rest of the paper.

(H3) Let either cut(O) = 0 or suppose the existence of a telescoping sequence of
smooth domains {2y, }n erhausting M\ cut(O) such that, denoting with vy,
the exterior unit normal to 98y, one has h(Vr,v,) > 0.

By Yau [20] property (H3) is automatically satisfied whenever h = a(z)(-,-) for
some positive function a.

With this preparation we are now able to establish the following

Theorem 2.3. (Maximum principle at infinity). Assume that u € C1(M) is
such that u* = sup,u < oo. Then for each p >0

inf div{A(|Vul)h(Vu, <o (2.27)

holds in the weak sense, where
E,={zeM : u(z)>u" —p, |Vulz)l <p} (2.28)

Proof. We argue by contradiction. Suppose that for some p > 0 there exists g > 0
such that for all ¢ € C§°(E,,), ¢ >0,

/E {A(Vu) (T, Vo) + 20} < 0. (2.29)

First note that u* cannot be achieved at any point xy € M, for otherwise z¢ € E,
and on the open set F, it holds weakly

div{A(|Vu|)h(Vu,-)*} > 0.

Thus u is constant in every connected component of E,, by Lemma 2.2 (see also
the comparison Theorem 5.3 of [17]), applied to v = u —w*. This contradicts (2.29)
because gy > 0.

Since u* is not attained in M, there is a divergent sequence {r;}; such that

sup u — u* as j — oo. (2.30)
OB,

Choose R > 0 in such a way that

up r=supu > u" — p.
Br

To simplify the reasoning we first assume that O is a pole so that r is smooth on
Next fix wr € (uf, u*) and choose € € (0, £¢) sufficiently small to apply Lemma 2.1.
Define

ve () = we(r(x)) on Mr = M\ Bg,
where w;, is given in Lemma 2.1. Then, according to (2.13), we have

ve(x) — 00 as r(z) — oc. (2.31)
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Now, since w, satisfies (2.12), from the definition of &k in (2.10), we see that w.
satisfies the following problem

{[@(wmf +B(M®(WL) —e/A(r) <0 in (R, 00),
we(R) =wgr >0, wl(R) =0, wl >0 in [R,00),

where f is the function given in (2.18). Thus, using (2.6), (2.9) and (H1), similarly

to what has been shown in the proof of Lemma 4.1 of [17], we have that v, is a
classical solution of

div{A(|Vv)h(Voe,)f} < e in Mg, (2.32)
ve >0 in Mg, v.(z) =wpr for xz € IBR. '

We claim that if € is sufficiently small, then u — v, attains a positive maximum M,
in Mpg. Indeed, by (2.30) we can choose N sufficiently large so that, having set
R1 = rn, we obtain

Ri >R and Sup u > Wg.
dBr,

Select ¢ > 0 so small that wg + ¢ < SUPy B, U- Finally, according to Lemma 2.1
and (2.14), we choose ¢ = €(R1, ) € (0,e0) so small that

wr < we(r) Swgp+H in [R, Ry].
For every such € we have

ve(x) = we(R) = wgr > supu > sup u > u(x) for all x € 0Bk,
Biﬁ,‘ OBRr

so that
u—v: <0 on 0Bp. (2.33)
Furthermore, if Z € 9Bp, is such that supyp, w=u(z), then

u(Z) — v (ZT) = sup u— w.(Ry) > sup u— w:(R) — g > 0.

BRI aBRl
Finally (2.31) and the assumption that u* < oo imply that
(u—wv)(z) <0 for r(z) >> 1. (2.34)

Thus, u—wv. achieves its absolute, positive maximum M, in Mg, proving the claim.
Moreover the set

I'.={zeMpr : (u—v)(z) =M}

is compact by (2.31) and (2.33).
Our next goal is to show that, up to choosing £ > 0 small enough,

. C E,. (2.35)

Towards this end, we first observe that for every 7 > 0 there exists ey = e1(7) > 0
such that whenever 0 < & < g

ve(x) < T+ wp for all x € T'..

Indeed, ve(x) = w:(r(z)) and r(I'c) C (R, o0) is compact. Therefore we can use
property (2.14) of Lemma 2.1. Next, from (2.15) and Gauss’ lemma for each 7 > 0
there exists e2 = e3(7) > 0 such that if 0 < & < &9

Vo (z)] = wl(r(z)) <7  forallzerl..
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We may therefore choose € > 0 so small that
u(z) >u* —p/2 and |Voe(r)] < p/2 inT..

Since |Vu(x)| = |Vue(x)| for each = € T'., by definition of T'., inclusion (2.35) is
valid.

In particular, since E, is open and I'; is compact, there is a small neighborhood
of 'z contained in F,,. Now, pick a point y € I';, fix 7 € (0, M) and call 2, the
connected component containing y of the set

{x e Mp : (u—v.)(z) > 7}

Clearly Q. , is bounded by (2.34), y € Q. and Q., C Mg, since u —v. < 0 on
0Bpg. Furthermore, u = v. + 7 on 99, , and
u(z) > ve(x) + 7> wr >supu >u* —p in Q.
Br

Therefore, by (2.35) we can choose 7 > 0 sufficiently near M, so that Q. , C E,,.
But, according to (2.32) and (2.29) in 2, ,, we have for all ¢ € C§°(Q,4), ¢ > 0,

A(|Vu|)h(Vu, V) < —50/

Qr y

v < —5/ v < A(|Vu)h(Vve, Vo).

Qry Qry Qry

This contradicts Proposition 6.1, Remark 6.1, of [16], and completes the proof in
the case in which O is a pole.

It remains to consider the case in which O is not a pole, but this can be dealt
exactly as in the proof of Theorem 6.4 of [16]. O

Remarks. Theorem 2.3 continues to hold if u € Lip,,.(M) provided that the set
E, is replaced by the larger open set

E,={reM : ux)>u" —p} (2.36)

This can be easily recognized by a careful inspection of the proof above.

Theorem 1.1 is a direct consequence of Theorem 2.3 in case h is the metric (-, -),
since conditions (H1) and (H2) are automatic. Indeed, in this case div h = 0, with
A=A =1and a = 0, while (H2) follows from (A2) and Schwarz’ inequality, see
(2.25).

Corollary 2.4. In the assumptions of Theorem 2.3 let u be a semi—classical solution
with u* < oo of

div{A(|Vu)h(Vu,)*} > f(u)  in E,, (2.37)
for some f € C(R). Then f(u*) <0.

Proof. By contradiction assume that f(u*) >2>0. Fix p >0 sufﬁcifzntly small
that on the open set E, in (2.36), we have f(u(z)) >¢e. Let ¢ € C°(E,), ¢ > 0,
then by definition of semi-classical solution of (2.37) we have

/A(|Vu|)h(Vu,V¢)§—5/ 5

E, E,

This contradicts (2.27) of Theorem 2.3 and the above remark. O
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Corollary 2.5. In the assumptions of Theorem 2.3 let u be a classical solution with
u* < oo of

div{A(|Vu|)h(Vu,-)*} > B(z,u,Vu)  in E,, (2.38)
where B satisfies (B) for some f assumed only continuous in R. Then f(u*) <0.
Proof. By contradiction assume that f(u*) > 2e > 0. Fix p > 0 sufficiently small

that on the open set E, in (2.28), we have f(u(x)) > e. Let ¢ € C°(E,), ¢ > 0,
then by definition of classical solution of (2.38) we have

| Avuphvuve) < - [ Bauvoe < [ 10vae-< [ &

B, B, B,
By the properties of T in (B), this easily contradicts (2.27) of Theorem 2.3. O

©

3. Non—existence theorems. The conclusions of Corollaries 2.4 and 2.5 can be
used to prove the following

Corollary 3.1. (Non—existence result.) In the assumptions of Theorem 2.3 let
f satisfy (F1). Then (2.37) has no positive bounded semi—classical entire solutions.
Furthermore, under assumption (B), inequality (2.38) admits no positive bounded
classical entire solutions.

Note that in both cases of Corollary 3.1 it is no longer necessary to require that
f(0)=0.

From now on we assume (A1), (A2), ®(c0) = oo, and (F1). We shall now remove
the assumption u* < oco. This will be achieved via a comparison principle given
in Theorem 5.3 of [17], with the careful construction of the comparison function
contained in the next

Lemma 3.2. Assume (1.17) and

(A3)’ O(p) <cp”  in Ry

for some ¢, 0 > 0. Let b € C(R) be positive, with
sup b(t) < oo; b(t) >dt™" fort>>1, (3.1)
teRY

for some d > 0 and for some p € [0,1+0). Let g € C®(R{) satisfy (g1), (g2) and

t—o0

t
lim inf ¢#~° 1 log/ 3" (s)ds < o0 (3.2)
0

for some n € N, with n > 2.
Let w = w(t) be a C* solution defined on its mazimal interval of definition [0,T)
of the problem

[g" @ (w)]" = g 1b(t) f(w),
{w(()) =wy > 0, w’(0) = 0. (8:3)
Then T < 0o, w' >0 in (0,T), and

tl—if:p* w(t) = oo. (3.4)
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Proof. We divide the argument into several steps following some lines in [16].

Step 1. Integrating (3.3) over [0,t], t € (0,7) and using the fact that g(0) =0, (A2)
and w’'(0) = 0, we obtain

o(w'(1)) —éln(t)/o " (s)b(s) f (w(s))ds.

Since b(t) > 0 for t > 0, f(u) > 0 for u > 0 and since ® is invertible from R{ onto
RS“ , we get

W =0 (570 [ 5 e s (35)

whence the positivity of w’ on (0,7T"). From the initial data in (3.3) it follows that
w(t) > 0 on [0,T) and there exists

tErjI}f w(t). (3.6)

Step 2. Now reason by contradiction and suppose T' = co. We shall show in this
case that

w* = sup w(t) < co.
teRy

Indeed, assume the contrary and let 79 > 0 be so large that by (1.17) there is a > 0
with

flw®) > aw®t)” forteQ, ={teRy : w(t) >~} #0

for each v > ~9. Note that for any fixed v > 7o in €, the function w solves the
differential inequality

" 1w > ag" tow™. (3.7)
We choose R > 0 sufficiently large so that
[ry, R) = [0, R) Ny # 0, w(ry) =1

Since 7 > max{1, o} it is possible to find ¢ > 1 such that

(i) 2+it1’(%-1)20, (i4) 2+itj(%—1)zo. (3.8)

Having fixed such a (, we let » > R and choose v : Rg — [0,1], a smooth cut—off
function, with the properties

(i) v=1 onl0,r], (i) ¥v=0 onl[2ro00), (i) |1//|§g1/;1/< (3.9)

for some constant C' = C(¢) > 0. We note that this is possible since ¢ > 1. Let
¢:R — R} be a C' non—decreasing function such that

o(u) =0 foru<~y and ¢(u)=1 foru>~y+1. (3.10)
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Fix a > 1 and multiply the right hand side of (3.7) by ¥+~ Dg(w)w>=t. We
integrate by parts on [0, 2r] and using (3.7), (A3)’ and the fact that ¢’ >0

2r
/ a1/)2(°‘+771)¢(w)w0‘+771bg"ildt
0
2r
= / 2(a+ 7 — DYt DG (w)w D (w) ¢ | di (3.11)
0

2r

-1

_/ al/g 1/)2(Q+T—1)gb(w)wa—2q)(w/)1+1/a§n—1dt'
0 &

Since o > 1, we set

o/(1+0)
1 -1
p=1+ =, p=1+o0, 6=(a—) > 0,
o

and use the inequality

valid for all £, n > 0, to obtain
2r
/ 2(0( - 1)w2(a+771)71¢(w)wa71(I)(w/)|w/|§nfldt
0

2r

-1

S/ aT¢2(a+T_l)¢(w)wa_2q)(w/)pgn_ldt
o ¢’?

_ 140 2r ’
T T e g o g

for some constant C' = C'(c,0) > 0. Hence, inserting into (3.11) and using the fact
that ¢ > 0, we get

+C

2r
¢2(a+7—1)¢(w)wa+r—lbgn—ldt
0
C'(O‘ ARt A 1/)2(a+771)+(71+1/C)p’ (3.12)
(@ —1)7 0

i (A U L K3
with C' = C(¢,0,a) > 0.
Let p and p' be conjugate exponents to be chosen later. Since b > 0 in Rar, by
(3.9) (iii) we obtain

2r
W = wQ(aJrTfl)Jr(flJrl/(j)p’¢(w)wa+ofl(wfl/qw/l)p’gnfldt
0

2r ~ 1/p
S { wQ(aJr‘r1)¢(w)w(a+a’1)pbgnldt} (313)
0
1/p C

2r
) { 1/}2(a+7-1)+ﬁ’p'(1+1/C)¢(w)b1ﬁ,§nldt} 7
0 "

for some constant C' = C({) > 0.
Next we need to consider two cases separately.
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Case o < 1. Since 7 > 1, we can choose

~ at+7-1 S, atT—1
p=pr=——>1, p=pP1=——>"
e T—1
Note that (o —1)/a < 0 and therefore
w(a+0—1)/a < ’7(0_1)/(1’11} on Q’Y'

Using this latter, (3.13), (3.8) (i), (3.1) and the fact that ¢ <1 yields

Crol 2r 1/p1 2r 1/p}
w < {/ ¢2(a+7—_1)¢(’ll})bwa+7—_1gn_1dt} . { ¢(w)b§"_1dt} ,
0 0

rp — 1

and inserting into (3.12) gives

2r
/ 1/)2(a+T_1)¢(w)wa+T_lbgn_ldt
0

- p/1 o
g{C(aJrT—l)pv 1} { ¢(w)b§n—1dt}a
0

(. — 1)orp —p

(3.14)

with C' = C(¢,0,a,() > 0. Therefore, since contributions to the integral are ob-
tained only for w > «, putting 7 = 7 — max{1, ¢} =7 — 1, we have

, (a+7-1)/7
" o Cla+T—1)P~7T7 r o
n—1 < n—1 . .
/0 P(w)bg" Hdt < { (@1 } /0 o(w)bg" ™ dt (3.15)

Case o > 1. This case is similar to the above and one proceeds from (3.13) with

the choices
_ a+1-1 » , a+T1-—1
p:p2:m>1, p:p2:ﬁ7
observing that
we/(eto=1) < 7(1—0)/(0¢+0—1)w on €2,

to get (3.15) also in this case, with 7 = 7 — max{1, o} = 7 — 0. Next we set

mw—A%mwmlw

so that (3.15) becomes

o (a47-1)/7
a(r) < { Clatr—1) } G(2r). (3.16)

N O T

We choose
_ _ V7 v
a=a(r) Yol ,
so that, up to have chosen R > 0 sufficiently large,
— 1)
(04—1—7'7) < 4a for each r > R.
(@—1)7

It follows that, for some appropriate constant ¢; > 0, independent of v, and r > R,
from (3.16) we deduce that

Gy <279 " 7G(2r),  r>R, (3.17)
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with G : [R, 00) — R{ non-decreasing and p’ — pu > 0. Applying Lemma 4.7 of [16],
we obtain the existence of a constant co = co(o, ) > 0 such that, for each r > 2R,

T R
P log / G(w)bg"dt > r* 7 log / G(w)bg" dt + c1ey” 7 log2.  (3.18)
0 0

Next, since supb < oo, ¢ =1 for t > v+ 1, we have

T R
rh=P log/ g tdt > P log/ A(w)bg™ 1 dt + c1co7™ 7 log 2,
0 0

for some C > 0. Then, observing that 4 —p’" = 4 — 1 — ¢ and choosing r and =
sufficiently large, we contradict (3.2). It follows that w* < oc.

Step 3. Having proved that w* < co, we now contradict T' = oo. Towards this end
we consider the model manifold N'=R{ x S$"~1, with metric

() = dr* + §*dv? on M\ {0}.
By (gl) and (g2) this metric can be smoothly extended to all of . Since w is a

positive C! solution of (3.3) on Ry and w’ > 0, the function v(z) = w(r(x)) is a
positive C* classical solution of

div{A(|Vv|)Vo} = b(r(x)) f(v) in NV,
with v* = sup, v < co. Moreover b(r) > Cr~#, r >>1, b(r(z)) > 0 on N and

T — 00 T— 00

lim inf r* 7 log vol(B,) = liminf i log/ gV ldt < 0o
0

because of (3.2), where vol denotes the Riemannian measure in N. It follows from
Theorem A of [15] that f(v*) < 0, so that v* = 0 by (F1) since § = oo, contradicting
the initial data in (3.3). Hence T < occ.

Step 4. We claim that (3.4) holds. By the previous steps T is finite. Arguing by
contradiction and using (3.6), we have

lim w(t) =wr € R.
t—T—
From (3.5)

li "(t) = wy € R.
Jim o' (t) = wr

We claim that the problem

{[an-lcb(w')]' = 3 b(t) f (@),

w(T) = wr >0, "(T) = wly (3.19)

admits a O solution on [T, T +¢), for some € > 0. Indeed, by the change of variable
z = ®(w’), the initial value problem can be written in the equivalent form

, {w/ =¥(t,x), == (b,2)€R? (3.20)

g ~
Z=—(n—1)=z+0b(t)f(w0),
( )g (t)f(w) 2(T) = (wr, wly),
w(T) =wr >0, 2(T)=wr
where W is a continuous function from [T, 00) x R%. By standard theory (3.20) has

at least a C! solution = (1, 2) defined in some interval [T,T + €), ¢ > 0, and
therefore w is a C! solution of (3.19) in [T, T + ¢), proving the claim.
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Now the C! function
t t T
oy (w0 e
w(t), te[T,T+e),

is a solution of (3.3), contradicting the maximality of T'. O

Actually problem (3.3) admits the required solution at least when § is non—
decreasing, see Proposition 4.1 in the Appendix. In the next result we recall that
under assumption (M2) we have ¢'/g ~ DVG as t — oo by (1.5). We are now
ready to prove

Theorem 3.3. Assume also (A3)', (H2), (H3), (F2) and (1.17), where o > 0 is
the number given in (A3)’, and (H1) with

A(r) =0O(rH) as r — oo, (3.21)
for some p € [0,0). Let B satisfy (B), with T = ® and suppose also that
B(r) = % =0(r’=") as r — oo. (3.22)
Then the differential inequality
div{ A(|Vu|)h(Vu,-)*} > B(z,u, Vu) (3.23)

admits no positive semi—classical entire solutions.

Proof. We first observe that without loss of generality we can assume
A(r)>1  onR{. (3.24)
Next, we argue by contradiction and assume the existence of a positive solution u
of (3.23) on M. Since f(u) > 0 for u > 0, the solution u cannot be constant, since
®(0) = 0. Hence Vu(O') # 0 for some O' € M. With no loss of generality, we can
suppose O’ = O. Using Proposition 4.1 of the Appendix there is a solution w of
(3.3) on [0,T), T < oo, with
0 < w(0) =wo < u(0), b(t) = 1/A(t), n>1+(m—1)/)0), (3.25)

and with g being the solution of the problem

1§ —~vt)g=0
(n=1)g :Y,( ) (3.26)
9(0)=0, §(0)=1
where v is a fixed function of class C>°(R™) such that
n—1
0<t 1
V()= t shes (3.27)
Cto—+, t>>1,
for some C > 0, and also such that
v(t) > B(t)  inR{, (3.28)

where explicitly
B(t) = a(t) + £+ (m—1DA[B)g'()/9(t)
A(t) ’
and g is given in (1.5) under assumption (M2). Inequality (3.28) is clearly possible
by (3.25) and (3.27) for some appropriate C' > 0. Note that the solution g of (3.26)
is of class C°°(R{) since 7 is smooth. Moreover §(t) > 0 for ¢t > 0 and g§(t) = ¢
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near 0. Thus §'(0) = 1 and §**)(0) = 0 for each k = 0,1,2,.... Furthermore § is
strictly increasing in R .

An easy calculation shows that (3.2) is satisfied. Furthermore, (3.21), (3.24) and
(3.25) yield (3.1), which will be needed to apply Proposition 4.1 below. Moreover
Lemma 3.2 can be applied so that 7' < oo, w’(t) > 0 for ¢ € (0,7") and (3.4) holds.
We also observe that by (3.26) and (3.28) the solution w of (3.3) and (3.25) satisfies
also

{[@(w’)]’ +B(r)@(w') < flw)/A i [0,T), (3.29)

w(0) >0, w'(0)=0, w >0 1in (0,T).

It follows, similarly to what has been shown in the proof of Lemma 4.1 of [17], that
v(xz) = w(r(z)) is a semi-classical solution of

{div{A(anh(w, B} < f(v) = k®(|V0]) i Br,

3.30
v(0) <u(0), v>0in By, wv(r)— oo asx — OBr. (8:30)

Put Q= {zr € M : u(x) >v(z)}. Then O € Q #  and Q C By since v(x) — 0o as
2 — OBp. Moreover, v = u on Jf2. By the comparison Theorem 5.3 of [17], applied
with B(z,z,€) = f(z) — k®(|€]), we deduce that v > w in Q. This contradicts the
fact that O € Q. O

Of course Theorem 1.3 is an immediate consequence of Theorem 3.3.

4. Appendix. The next existence result has been used in the proof of Theorem 3.3,
with a weaker version of the structural assumptions (A1), (A2), that is

(al) A e C(RY),

(a2) ®(p) is strictly increasing in RT and ®(p) — 0 as p — 0F.

Proposition 4.1. Assume (al), (a2) and (F1). Problem (3.3) admits a C* solution
win [0,T), T < oo, for all g that are continuous, monotone non—decreasing in Rar,
with §(0) = 0, and for all b € C(RY) satisfying (3.1)1, with b positive.

Proof. First, without loss of generality, we suppose that SUDg b < 1. Now any

possible local classical solution of (3.3), for small ¢ > 0, must be a fixed point of
the operator

T [w](t) = wo + /th)_l (/0 {%}n_l b(T)f(U(T))dT> ds. (4.1)

We denote by C[0,to], to > 0, the usual Banach space of continuous real functions
on [0, to], endowed with the uniform norm || - || -
Fix € > 0 so small that [wy — &, wo + €] C (0,9), and put

C ={weC0,ty] : |Jw—wolleo < e}

By (F1)
0< min  f(u) < max  f(u)=M <oo.

[wo—s,wo—i-a] [wo—s,wo-l-s]
If w € C then w([0,]) C [wo — &,wp + €], and in turn 0 < f(w(t)) < M. Now by
(3.1)1

o< | S [ggﬂn_lbv)f(v(ﬂ)wg / Cfw(r)dn, 0<s<to
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and the last integral approaches 0 as s — 0 by (F'1). Thus the operator 7 in (4.1)
is well defined.

We shall show that 7 : C' — C and is compact provided ty is so small that
Mty < ®(c0) and to® 1 (Mtg) < . Indeed, by (3.1); for w € C' we have

o -1 *Ta(r) " —1
17 [w] — wolleo < /0 i} </0 {%] b(T)f(u;(T))dT) ds < tg® " (Mty) <e

and in turn 7 [w] € C. Hence 7(C) C C. Let {wg }x be a sequence in C' and let s, ¢
be two points in [0,%g]. Then

| TTwe](t) — Tlwk](s)] < @7H(M) [t — 5.

By the Ascoli-Arzela theorem this means that 7 maps bounded sequences into
relatively compact sequences with limit points in C, since C' is closed.

Finally 7 is continuous, because if w € C' and {wy}r C C are such that the
sequence ||wy — w||~ tends to 0 as k — oo, then by Lebesgue’s dominated conver-
gence theorem, we can pass under the sign of integrals twice in (4.1), and so 7 [wy]
tends to 7 [w] pointwise in [0, #g] as k — oco. By the above argument, it is obvious
that || 7 [wk] — T[w]|leo — 0 as k — oo as claimed.

By the Schauder Fixed Point theorem, 7 possesses a fixed point w in C'. Clearly,
w € C[0,t] N C[0,t9) by the representation formula (4.1), that is

w(t) = wy — /Ot 31 </0 {%rl b(ﬂf@(ﬂ)&) ds, (4.2)

so that the fixed point w is a C! solution of (3.3). O

Once it is known that a solution of (3.3) exists in [0, T'), then it necessarily obeys
(4.2) in the entire [0, 7).

The next existence result provides the counterexample mentioned after Corol-
lary 1.2.

Proposition 4.2. Assume (al), (a2), (F1), (F2) and that ®(c0) = oo. Let g be
continuous, monotone non-decreasing in Rar, with g(0) = 0, and suppose f % 0.
Then initial value problem

{[Signw’(t)] Jg@mTre@ @) - Cg)" f(w(t) =0, t>0,
w(0) =wo >0, w'(0)=0,

admits a non—decreasing C* solution defined in the entire RS, whenever (1.16) holds
and C' > 0 is a suitable constant.
If furthermore also (A3)’, (F1) hold and g(co) = co, then w(t) — oo as t — oo.

Proof. The proof of the first part is essentially given in Lemma 3.1 of [14] with the
use of Lemma 3.1 (ii) of [18].

For the second part of the proof we can proceed as in the proof of Theorem A
of [14]. O



ENTIRE SOLUTIONS 137

REFERENCES

[1] S. Y. Cheng and S. T. Yau, Differential equations on Riemannian manifolds and their geo-
metric applications, Comm. Pure Appl. Math., 28 (1975), 333-354.
[2] S.—S. Chern, On the curvatures of a piece of hypersurface in euclidean space, Abh. Math.
Sem. Univ. Hamburg, 29 (1965), 77-91.
(3] C. Conley, P. Pucci and J. Serrin, Elliptic equations and products of positive definite matrices,
Math. Nachrichten, 278 (2005), 1490-1508.
[4] M. Emery, “Stochastic Calculus on Manifolds,” Springer—Verlag, Berlin, 1989.
[5] R. Filippucci, Nonezistence of radial entire solutions of elliptic systems, J. Differ. Equations,
188 (2003), 353-389.
[6] D. Fischer—Colbrie and R. Schoen, The structure of complete stable minimal surfaces in
3-manifolds of nonnegative scalar curvature, Comm. Pure Appl. Math., 33 (1980), 199-211.
[7] H. Flanders, Remark on mean curvature, J. London Math. Soc., 41 (1966), 364-366.
(8] R. Greene and H. H. Wu, Function theory on manifolds which possess a pole, Lecture Notes
in Math., 699, Springer—Verlag, Berlin, 1979.
9] A. Grigor’yan, Analytic and geometric background of recurrence and non—explosion of the
Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc., 36 (1999), 135-249.
[10] E. Heinz, Uber Fléchen mit etndeutiger Projektion auf eine Ebene, deren Kriimmungen durch
Ungleichungen eingeschrdnkt sind, Math. Ann., 129 (1955), 451-454.
[11] T. Nagasawa and A. Tachikawa, Blow up solutions for ordinary differential equations associ-
ated to harmonic maps and their applications, J. Math. Soc. Japan, 53 (2001), 485-500.
[12] Y. Naito and H. Usami, Entire solutions of the inequality div(A(|Du|)Du) > f(u), Math. Z.,
225 (1997), 167-175.
[13] H. Omori, Isometric immersions of Riemannian manifolds, J. Math. Soc. Japan, 19 (1967),
205-214.
[14] S. Pigola, M. Rigoli and A. G. Setti, Mazimum principles and singular elliptic inequalities,
J. Funct. Anal., 193 (2002), 224-260.
[15] S. Pigola, M. Rigoli and A. G. Setti, Volume growth, “a priori” estimates and geometric
applications, Geom. Funct. Anal., 13 (2003), 1302-1328.
[16] S. Pigola, M. Rigoli and A. G. Setti, “Maximum Principles on Riemannian Manifolds and
Applications,” Memoires Amer. Math. Soc., 822, 2005.
[17] P. Pucci, M. Rigoli and J. Serrin, Qualitative properties for solutions of singular elliptic
inequalities on complete manifolds, J. Differ. Equations, 234 (2007), 507-543.
[18] P. Pucci and J. Serrin, The strong mazimum principle revisited, J. Differ. Equations, 196
(2004), 1-66, Erratum, J. Differ. Equations, 207 (2004), 226—-227.
[19] P. Pucci and J. Serrin, Dead Cores and Bursts for Quasilinear Singular Elliptic Equations,
SIAM J. Math. Anal., 38 (2006), 259-278.
[20] S. T. Yau, Some function theoretic properties of complete Riemannian manifolds and their
applications to geometry, Indiana Math. J., 25 (1976), 659-670.
[21] S. T. Yau, “Surveys in Differential Geometry,” Surveys in Differential Geometry, Supplement
to the J. Differential Geometry, 7, 2002.

Received December 2006; revised May 2007.

E-mail address: pucci@dipmat.unipg.it
E-mail address: Rigoli@mat.unimi.it


http://www.ams.org/mathscinet-getitem?mr=0385749&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0188949&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2169695&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1030543&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1954286&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0562550&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0193600&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0521983&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1659871&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0071822&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1815144&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1451340&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0215259&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1929501&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2033840&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2116555&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2300666&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2100819&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2217317&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0417452&return=pdf
http://www.ams.org/mathscinet-getitem?mr=&return=pdf

	1. Introduction
	2. Maximum principle at infinity
	3. Non--existence theorems
	4. Appendix
	REFERENCES

