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Abstract. This paper is focused on the static analysis of
membrane structures, which are typical for their ability to
transfer only tensile forces. Membrane structures are
becoming more popular owing to their lower initial cost
and potential for use in structures with higher aesthetic
claims. However, the designs of membrane face some
challenges related to the specific properties of these
support systems. This paper aims to analyse the current
possibilities for using membrane structures and to
evaluate these structures in terms of materials and design
details and using numerical methods.
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1. Introduction

Membrane structures are often designed as roofing for
temporary buildings as well as permanent buildings. The
use of membranes allows a very low weight, high shape
variability, aesthetic airiness, and large spans. Another
advantage is their low production and assembly
requirements.

The design of such structures requires considerable
experience and knowledge, as many sub-tasks need to be
considered. Additionally, standards for membrane design
have not yet been established [12]. It is necessary to
design the initial shape, place the supporting ropes
appropriately, and design the supporting structure.The
design cannot be based on the Theory of small
deformation because the equilibrium equations are
applied to the undeformed structure. As the superposition
principle is not valid, the calculation must be based on the
Theory of large deformation.

Previously, membrane structures were dealt with
through the minimal surface principle [11]. From the view
of mechanics, the minimum surface is determined by an
isotropic stress field that can be simulated as an analogue
of soap bubbles. For given boundary conditions, a soap
bubble captures shape with the minimum area between all
the different surfaces.

When numerical methods for determining the initial
shape were developed, physical modeling gradually
declined. Today, there are special computational
programmes for modelling. Some of these are based on
single-step methods such as Grid method or Force density
method, while some methods require iterative
calculations, such as the Surface stress density method,
Updated reference strategy (URS), Dynamic relaxation
method. These methods allow for the design of more
complex constructions than can be developed using
physical modelling.

The aim of this study is to analyse the current
possibilities for the use of membrane structures and to
provide a summary of information concerning the
materials, design details, and calculation methods for
membrane structures. The development and history of
membrane structures are discussed in Chapter 2. Two
current, which have interesting sizes and shapes, are also
presented. Options for the materials used in these
structures are discussed Chapter 3. Chapter 4 describes
important structural details and joints. A static analysis of
membrane structures is given in Chapter 5, which also
discusses the principles of the numerical methods used for
design.

2. Development of membrane
structures

Textile membrane structures have been wused for
thousands of years. They have served as homes for
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nomadic populations and shelters for soldiers. Later,
membrane structures began to be used as roofs for
pressurised halls. However, Vladimir Grigorjevic
Schuchov (28. 8. 1853 —2. 2. 1939) can be considered the
first pioneer of membrane structures. He was a Russian
scientist, engineer, and architect. His scientific works in
the early 20th century were systematic studies of uneven
surfaces, rod structures, and membranes. At the All-
Russian Exhibition in Nizhny Novgorod (1896), he
presented eight pavilions with very large spans. Most
notable was the construction of the Shuchov rotunda (see
Fig. 1). The roofing of the Shuchov rotunda was

constructed of a dense rope structure covered with a thin
membrane. [2]

Fig. 1: Shuchov rotunda, Andrei Karelin 1896

Of current buildings, it is worth mentioning the dome
with the largest cupola in the world, the Millennium
Dome (see Fig. 2), which was opened on the occasion of
the beginning of the new millennium. The span of the
Millennium Dome is a symbolic 365 m (the same number
as the number of days in a year). The roof is suspended on
twelve supports which are 95 m high and the dome
reaches a height of 50 m. A teflon coated glass fibre fabric
was used for the membrane. [1]

Fig. 2: Millennium dome, London[1]

In the Czech Republic, there is an interesting
membrane construction at the Bruntal bus station, which
was completed in 2015 (see Fig. 3). This building is

interesting because its shape is in the form of 100-ton
wings, and it also has unusual dimensions. The height of
the roof structure is 4.75 m at the lowest point. At its
highest point, the roof reaches 7.35 m, and the clear
height of the platform is 3.37 m. During the design
process, three static assessments were performed to
demonstrate the safety of the roofing. The project was
entered into a competition called the "Czech Republic and
Slovakia Tekla BIM Awards 2014" and received a special
award for its steel construction. The author of the original
roofing is Ing. arch. Denisa Barvikova.

-
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Fig. 3:Bus station in Bruntal, 2018

3. Materials

3.1. Textiles

The monolayer membrane materials in use today are
typically made of polyester, PTFE, or glass or aramid
fibre materials. Polyesters (or other fibres) provide
stiffness and strength to the membrane. They are
complemented with a PVC, PTFE, or silicone coating to
protect against UV radiation and other atmospheric
influences.

The membrane fabric transmits the load through its
normal stiffness (its bending stiffness is negligible),
which is variable depending on the stress state. Biaxial
tests are used for evaluating, testing, and verifying the
properties of materials. During these tests, stresses are
measured in two directions using strain gauges and
stretching. For the measurements, track sensors with a
range corresponding to the expected transformation are
used. The result of these tests is a plot in which
differences in material behaviour can be observed in two
main directions (warp vs. weft). The modulus of elasticity
can also be derived using another calculations. Hovewer,
it is variable due to the stress state. For polyester-based
materials, values of the modulus of elasticity are about
1000 MPa

The thickness of the textile materials used can vary
from 0.5-1.5 mm, their weight can range from 0.5-2
kg/m?, and their tensile strength can vary from 300-1200
daN/5 cm (i.e. the tensile strength in dekanewtons of a
strip with a width of 5 cm) [1].
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3.2. Ropes

Wire ropes fabricated from single wires (1x19, 1x37, or
1x61) are commonly used for membrane structures. The
material strength of the wire is approximately 1500 MPa.
However, the material strength of the rope is smaller than
that of the wire, and the reduction in parameters also
affects the calculation of reliability. The modulus of
elasticity of the ropes can reach 160,000 MPa. [1]

Nowadays, synthetic ropes can also be used.
Compared to steel ropes, synthetic ropes have better
fatigue and damping properties, and have a high strength-
to-weight ratio. On the other hand, disadvantages of
synthetic ropes include a lower modulus of flexibility and
high sensitivity to rheological influences.

4. Construction details and joints

Generally, supports for membrane structures can be
divided into two basic types: line (see Fig. 4) and point
(see Fig. 5).

Fig. 5: Point-type supports [1]

Line anchorages are constructed using Keder rails that
slide into an auxiliary profile. They are then fixed to the
supporting structure with conventional fasteners (see
Fig. 6).

Fig. 6:Keder rails in an auxiliary profile for line anchoring [1]

In the case of point anchoring, Keder rails are also
used. They are clamped between two steel plates of the
corner joint of the fabric (see Fig. 7).

Fig. 7:Keder rails in an auxiliary profile for point anchoring [1]

For corner anchor assemblies, it is very important to
attach the membrane's corner sheet to the column joint or
subsequent structure, correctly. The so-called "checkers"
are used and they allow rotation around one axis. A
double check is used, if it is necessary to allow rotation
around the second axis in the storage. In this case, this
element forms an omni-directional joint (see Fig. 8).

Another possible corner anchorage uses a fork with a
die-cutter terminal. Attachment to the corner profile is
achieved through the pipe which is part of the terminal
(see Fig. 9).

Fig. 8: Connection between the corner plate of a membrane and the
joint plate [1]

Fig. 9: Corner anchoring using a fork with a die-cutter terminal [1]
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Point details for fastening peripheral ropes are also
part of the corner point anchorage. Ropes can be held in
place in pockets (see Fig. 10) for smaller forces in the
diaphragm or with a clamping system for cases in which
larger forces need to be transferred (see Fig. 11).

Fig. 11: Peripheral ropes held in placewith a clamping system [21]

The ropes are tightened with the threaded terminal and
nuts through the pipes of the corner profile. The optimal
pre-stress and shape of the fabric can be achieved without
unwanted wrinkling.

For the top part of the membrane, steel rings can be
used. These also need to satisfy the requirements for
waterproof construction.

In general, the bonding of the membrane material can
be divided into two types: permanent joints (welded,
combined, or glued) and temporary or reusable joints
(clamping plates and Keder rails).

The most common of these are welded joints. They
can be overlapped with different overhangs or employed
as contact joints with a cover strip. Welded joints are
usually made in a workshop, and their strength is
approximately 60-95% the strength of the fabric,
depending on the welding process and temperature. These
joints are waterproof and UV stable.

Reusable joints are used for the assembly joints of the

membrane fabric owing to its maximum production and
transport dimensions; they are also used for mounting the
membrane to the construction. In particular, these types of
joints are carried through steel bushings.

More detailed informations about materials and
construction elements can be found in [7].

5. Static analysis of membrane
structures

When analysing membrane structures, their geometric
non-linearity must be taken into account [4]. The resulting
deflections are many times greater than the thickness of
the materials, and the necessary calculations cannot be
performed based on The Theory of small deformation.
The principle of superposition does not apply, and it is
necessary to load the structure over the whole range and
not as individual load cases.

By 1969, physical models (using soap bubbles,
fabrics, or ropes) were being used for the design of
membrane structures. A major milestone in this era was
the roof of the stadium for the 1972 Summer Olympics in
Munich. German architect Otto Frei was one of the
designers. His publication [3], supplemented by a number
of physical contexts, was crucial foradvances in
numericalmodelling.

Facilitated by advances in computer technology,
numerical modelling has been performed using special
numerical software. These models can determine the
initial equilibrium state of the membrane based on
selected boundary conditions, materials, prestress levels,
and loads.

Currently available methods for determining the
equilibrium allow the design of structures with larger
dimensions and more interesting shapes.

5.1. Basic characteristics of membrane
structures

Membrane structures are able to transmit loads only after
a prestress has been applied and a suitable shape
achieved. These structures can be divided into the
following categories:

e single-skinned,
e two or more coats,

e directly prestressed (e.g. by inserting membrane
forces),

e indirectly prestressed (ie overpressure),

e freely prestressed,
construction,

stabilised by rigid
e freely prestressed, stabilised by ropes,

e prestressed and stabilised by air pressure,
underpressure or overpressure,
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e  prestressed with light gas and stabilised by a
rope system,

e hybrid.

The spatial effect of prestressing is determined by the
curvature, and is performed in two oppositely oriented
planes. Membrane structures can be divided into the
following basic shapes:

e < hyperbolic paraboloid (see Fig. 12),

e e cone (see Fig. 13),

° ¢ overpressure membranes.

* saddle (see Fig. 14),

Fig. 14: Saddle shape

Membrane structures can also be divided according to
the used material and the duration of the construction.

5.2. Prestressing

The stiffness and stability of membrane structures are
determined by the radius of curvature in two directions
and by the prestressing. Prestressing prevents inversion of
the curvature after the load is applied to the structure.
Thus, prestressing is the basic loading state, and it
activates the structure’s anchor structure, stiffness, and
ability to carry the load. The prestressing value is
typically in the range of 0.5-2 kN/m?. However, for larger
spans, the prestressing value can reach 5 kN/m?[1].

For the construction, the appropriate size is
determined through a process of searching for the optimal
shape, called Form-finding [16]. The minimum required
prestress of the membrane is based on the required
stiffness and strength of the material. The prestress value
should also consider long-term effects such as creep of
the membrane and settling of the foundation structure.

Prestressed ropes are used to determine additional
boundary conditions. The higher the forces in the ropes,
the smaller their curvature will be. On the other hand, the
surface of the membrane will increase (see Fig. 15).

The straighter the rope is, the greater the force
transferred to the supporting structure and anchoring will
be.

Fig. 15: Effect of the magnitude of the force in the ropes on the
resulting membrane surface [15]

Another parameter which affects the resulting stress
and curvature is the placement of the prestressed ropes
(see Fig. 16). The location of the ropes affects the
equilibrium of the construction.

Fig. 16: Possible placements of the prestressed ropes in a structure
[15]
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5.3. Numerical methods for membrane
structures

1) Grid method

This method is based on the assumption of a balance of
horizontal forces. The z-coordinates of the network nodes
are obtained by determining the balance of vertical forces.
Membrane structures are modelled using a quadrangle
rope network. The Grid method assumes that the
perpendicular projections of the ropes are orthogonal at
each node, and the node connectors are lines.

Figure 17 shows the realisation of the mesh projection
in the x-y plane during modeling of a membrane.

Fig. 17: Network layout using the Grid method

Then, for each node (see Fig. 18), the three nonlinear
equilibrium equations are determined (see Egs. 1, 2, and
3), in which x; y,and z; are the coordinates of node i
(corresponding variables refer to the other nodes: j, £, /,
and m), F is the vector of the external force acting on a
particular node in the given direction, L; is the length of
the connection between nodes / and j, and T} is the
magnitude of the stress vector of node acting on node i.
Because an assumption of zero horizontal forces is made,
F, and F,=0.

Fig. 18: Node diagram created using the Grid method

X; X X — X X — X; Xm — X
T L——+T, +T; +T; +
ij Lij ik Lik il Lil im Lim
+in = 0, (1)
Yi— Yi Yk — Vi Vi—Yi Ym — Vi
T;; + T + T; + T, +
YLy Ly, Ly " Lig,
+Fy =0, @)
zZi — z; Zy — Z; zZ; — 7; Zm — Z;
T L——+T, +T; +T; +
YLy Y Ly YLy ™ Lim
+F,; = 0. 3)

The equilibrium state of the horizontal orthogonal
forces can be derived from the three nonlinear equations
(see Eqgs. 4 and 5), where 4! is the pitch of the grid.

Al Al

T;; o Ty P 0, 4)
Al Al

Ty ——Tymn—=0. )
Lik Lim

Therefore, the magnitude of the horizontal
components in x- and y-directions is constant, owing to
the following:

T.. Ti
L_Z(Z] - ZZi + Zl) +L_i:(zk - ZZi + Zm) + in =0. (6)

This equation can be derived for each node. The result
is a set of linear equations for unknown coordinates in the
z-direction.

The calculated area of a membrane for a network with
unchanged boundary coordinates is shown in Fig. 19.

Fig. 19: Net result obtained using the Grid method with suitably
chosen input conditions

More detailed information about this method can be
found in [8].

2) Force density method

The Force density method can be considered a
generalised Grid method. Again, a network consisting of
nodes and connectors (ropes or rods) is established. If the
network is hung on a fixed frame or between fixed points,
it remains in the equilibrium position, and the sum of the
forces at each node is zero.

Unlike the Grid method, the orthogonal mesh does not
have to be perpendicular, and the calculation affects all
three nodal coordinates. Determination of the mesh can
also be performed topologically (see Fig. 20).
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Fig. 20: Examples of a topological network for using the Force
density method [17]

For finding the coordinates of node i, which is
connected by lines to nodes j, k, /, and m, it is necessary to
consider the dependence on the lengths L;, Ly, and L. A
new magnitude, called the force density, which indicates
the ratio between the force 7j; and length L, is introduced
into the calculation (see Eq. 7).

()

The equilibrium equations then have the following
form:

qi;(x; — %) + que (e — %) + g (g — x) +
+qim(xm - xi) +F,; =0, ()

Qij(J’j - Yi) + 4V —y) +au(yi —y) +
+qimYm — Y1) + Fyi =0, )

qij(z — z1) + qu(zx — ) + qu(z — z)) +

+qim(Zm — 2) + F,; = 0, (10)

where ¢, qi, qi, and gin represent the force densities.
Because ¢; is constant, the calculation leads to a set of
three linear equations for the x, y and z coordinates, which
are then obtained with the matrix number.

The disadvantage of the Force density method is that
it the lengths of the ropes, which are necessary for the
calculation, are not always known. This method is also
used by the surface stress density method discussed in the
following section.

More detailed information about the force density
method can be found in [9], [13], [14].

3) Surface stress density method

This method neglects the shear stresses and models the
membrane using triangular elements (see Fig. 21).

The difference between this method and the methods
above is that the Surface stress density method provides
information about the stress distribution in the membrane
and not just for the ropes of the mesh. The material of the
membrane is as assumed to be isotropic (i.e. having the
same properties in all directions). Because the shear stress
is neglected and the membranes are two-dimensional
problems, the stress tensor can be written as follows:

011 012 O13 011 012 O
0=|021 022 O023)|=|0y 0y, 0]=

031 O3z O33 0 0 0

g 0 0
0 0 O

(11)

Fig. 21: Triangular mesh used for the Surface stress density method

The following is a given:

T; = LiHoy, (12)

where H is the thickness of the membrane, 7; is the
magnitude of the forces at the corners of the triangular
mesh element perpendicular to the opposite side with
length Z; (see Fig. 22).

Fig. 22: Forces at the vertices of a triangular element

For each node, its stress vector can be expressed,
which is the effect of the triangular membranes on each of
their vertices.

For n triangular elements adjacent to node, it is
necessary to express the total internal force expressed in
the global system (see Fig.23). This force is the sum of
the forces from all of the triangular elements of the mesh
acting on this point (see Eq. 13). This force can be
decomposed with respect to the coordinate axes (i.e. into
Fe, Fe, and F..), and the partial expressions can be used
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to obtain the coordinates of point C (x., y., and z.).

Fe = Z?=1 Tei = 7ii=1 Qs; L% Ch,

O'Ol.
where Qg; = <
i

(13)
(14)

Fig. 23: Internal nodal forces acting on point C

To achieve static equilibrium, the condition F, = 0
must be satisfied. The calculation is an iterative process
which continues until this condition is met.

More detailed information about this method can be
found in [10].

4) Updated reference strategy (URS)

The equilibrium state of the membrane is defined by the
principle of virtual work. It is assumed that the sum of the
virtual work performed by the required prestress, o, and
the external load, p (e.g. overpressure, the weight of the
structure itself), must be zero.

In solving the problems of the principle of virtual
work, it has been shown that the matrix of the solved
unknown parameters is singular due to the inverse nature
of the problem.

The URS method solves the singularity problem by
introducing an expanding variable which takes into
account the formulation of the principle of virtual work.

In creation of the equilibrium state, it is necessary to
find the configuration in which the surface Cauchy
stress, o (i.e. the actual stress measured at a given moment
on the deformed body) is replaced by the second Piola-
Kirchhof stress, S, which is related to the undeformed
body. Because these two stresses are artificially connected
by a tangential mesh deformation, there is no singularity
when using S. If there is no deformation, o and S are
identical.

Consider a field of tension that acts in the plane
tangential to the surface in equilibrium (see Fig.24). The
stress field is thus the total stress resulting from the initial
prestress and the deformation of the textile membrane
without fixed boundaries.

X

Fig. 24: Stress in the tangential plane

At this point, it is not necessary to specify a particular
material because the stress field is considered a given.

It is necessary to determine the geometry of the
surface that allows this tension to be in equilibrium. When
using this method, the equilibrium state of the membrane
is defined by the principle of virtual work as follows:

a(s
Sw = tfaa:(a—;t)da =t [, 0:6uda =0, (15)

where a is the minimal surface, J is the Cauchy stress
tensor, which is applied to the surface in equilibrium; J,
is the derivative of the virtual displacement with respect
to the geometry of the current surface; and ¢ is the
thickness of the membrane, which is relatively thin and
assumed to be constant during deformation; the Poisson's
coefficient of the thickness is neglected. Equation 15
expresses that the virtual work of the given stress field is
zeroat equilibrium.

To express Ju, the deformation gradient, F, is
introduced into the calculation. The deformation gradient
includes the volume and shape changes of the deformed
body. It defines the actual shape of area a by the
deformed shape of a reference configuration of area 4. It
satisfies the following expression:

_ G _o0n ax

ou
x dx X  ox

= 5(3—’)‘().10—1 = 8F.F~1. (16)

After substituting the equation for the deformation
gradient into the equation for the expression of virtual
work with subsequent modifications, the following
expressions can be obtained:

Sw=t[ o:6u,da=t[ o:6u,detFdA =

= t] 0:(SF.F ) detFdA =0 (17)
9

Sw=t[ 0:(6F.F ') detFdA =

= t[,detF(0.FT):6FdA = 0 (18)
9

Sw=t[ detF(F.F'.o.FT):6FdA =

— ¢ [ (F.(detF.F~'.0.F~T): 6FdA =

= tf (F.$):6FdA =0, (19)

where S is the second Piola-Kirchhoff stress, which
replaced the surface Cauchy stress, . However, the S
elements are related to the original configuration and the
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o elements are related to the current configuration. If the
current and original configurations are the same, then S
and o will be identical [11], [17].

5) Dynamic Relaxation Method (DRM)

DRM is an iterative process that is used for the static
analysis of structures. This method is not used for the
dynamic analysis of structures; a dynamic solution is used
for a fictitious damped structure to achieve a static
solution.

The method relies on a discretized continuum. The
mass of the structure is assumed to be concentrated at
given points (nodes) of the structure in this a discretized
continuum. At these nodes, residual forces (the difference
between internal and external forces) are also calculated
and nodal displacements are calculated on the basis of
Newton’s second law of motion, in which residual forces
and fictitious variables are used.

The nodal displacement equation may be written for
each node separately, because the diagonal mass matrix
and the diagonal damping matrix attenuation are
considered. DRM does not require the assembly and
storage of the global stiffness matrix of the structure
which is the main advantage of this method.

More detailed information about this method can be
found in [5], [6].

5.4. Software

Nowadays, specialised programmes are used for the
design and analysis of membrane structures.

A commonly used softwareis the Easy software
created by Technet [19]. This software allows the design
of mechanically prestressed membranes and overpressure
membranes, including the supporting structures.

Fig. 25: The Easy softwarefor the design of membrane structures[20]

Another available programme is the RFEM software
created by the Czech company, Dlubal [20]. An additional
RF form-finding module was created to calculate
membrane structures. It allows determination of the initial
shapes of membrane and rope structures, which are given
by physical and geometric boundary conditions and
equilibrium prestress; eventually, the equilibrium system
can be determined with the prestress and load. In the
form-finding process, the URS method is applied.

Fig. 26: Software system with RF form-finding module [21]

Other software options include Meliar Mpanel,
Membrane NDN, and Forten 4000 [1].

6. Conclusion

The aim of this paper was to analyse the current
possibilities for using membrane structures because their
design is not simple and designers must overcome a
number of pitfalls resulting from the specific properties of
these supporting systems. This paper discusses the
analysis of suitable materials and selected structural
details. Possible calculation methods are also described,
along with their theoretical background and applications
in commercial programmes for membrane design.

Owing to the lack of a standard for the design of
membrane structures, the designer must rely on a
determination of the stress and strain by means of
numerical modelling with verification through physical
tests. Therefore, further research on membrane structures
should focus on investigation of the stress—strain states of
the most common types of membrane structures with the
goal of optimising their shape and analysing the
suitability of their use for building construction purposes.
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