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WELL-POSEDNESS FOR DEGENERATE THIRD ORDER EQUATIONS
WITH DELAY AND APPLICATIONS TO INVERSE PROBLEMS

J. ALBERTO CONEJERO, CARLOS LIZAMA, MARINA MURILLO-ARCILA,
AND JUAN B. SEOANE-SEPULVEDA

ABSTRACT. In this paper, we study well-posedness for the following third-order in time equation
with delay

(0.1) a(Mu)"(t) + (Nu')'(t) = BAu(t) + yBu'(t) + Guy + Fue + f(t), t € [0,27]

where «, 3, are real numbers, A and B are linear operators defined on a Banach space X with
domains D(A) and D(B) such that D(A) N D(B) C D(M) N D(N); u(t) is the state function
taking values in X and u; : (—00,0] — X defined as u.(0) = u(t + 0) for § < 0 belongs to an
appropriate phase space where F' and GG are bounded linear operators. Using operator-valued
Fourier multipliers techniques we provide optimal conditions for well-posedness of equation (0.1)
in periodic Lebesgue-Bochner spaces LP(T, X), periodic Besov spaces B, (T, X) and periodic
Triebel-Lizorkin spaces F, ,(T, X). A novel application to an inverse problem is given.

1. INTRODUCTION

Well-posedness for abstract degenerate (also called Sobolev type) evolution equations have
been studied in the literature since a long time ago. Anufrieva [5] studied well-posedness of the
second order degenerate equation

Mu"(t) = Au(t) + Bu'(t), t>0,

where A, B are closed linear operators defined on a Banach space X and M is bounded with
KerM ## 0. She used the technique of integrated semigroups and she obtained a criterion for the
well-posedness of the above problem in terms of the behavior of the operator M (\2M—AB—A)~L.
Barbu and Favini [9] studied the inhomogeneous equation

(1.2) (Mu)'(t) = Au(t) + f(t), te]0,27],

where M and A are closed linear operators on X with D(A) continuously embedded in D(M)
and A has a bounded inverse. They associate to (1.2) the periodicity condition Mwu(0) = Mu(27)
and consider the operational method by Grisvard [29] to treat the equation. One of the main
hypothesis considered by Barbu and Favini is that the operator M (AM — A)~! must satisfy the
estimate
IMOM = 471 < CO+ ), A€,

where ¥, := {2z € C : R(z) > —c(1 + |[Im(2)|)*}, ¢ is a positive constant and 0 < f < o < 1.
More recently, Favini and Marinoschi [25] studied a concrete degenerate PDE problem that
arises in fast diffusion. For a general treatment of degenerate differential equations in Banach
spaces we refer the reader to the classical textbook [23] by Favini and Yagi, where the method
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of multivalued operators is developed and several interesting examples are given, and the more
recent monograph [46] by Sviridyuk and Fedorov. It is important to observe that there is
a strong connection between well posedness and inverse problems [3] and consequently some
optimal control problems. To this regard, we quote references [2], [9], [22] and [26]. See also our
last section in this paper.

On the other hand, since the pioneer work by Amann [4], Arendt and Bu [6] and Weis [44]
methods based on operator-valued Fourier multipliers theorems have been considered by many
authors in the study of well-posedness of abstract evolution equations in Banach spaces. See
6, 7, 8, 19, 31, 32, 33, 34, 40, 41] and references therein.

In [37], the authors used operator-valued Fourier multiplier methods to provide conditions on
the symbol (AM — A)~! to characterize well-posedness in Lebesgue-Bochner, Besov and Triebel-
Lizorkin vector-valued spaces for the degenerate first order Cauchy problem (1.2). In [39] the
authors also investigated well-posedness of equation (1.2) adding a delay term. The case M = Id
was investigated by Arendt, Bu and Kim in [6, 7, 16].

In [12] S. Bu investigates, using the same method just described, the second-order degenerate
equation

(M) (t) = Au(t) + f(t), t€]0,2n]

with conditions u(0) = u(27) and M/ (t) = Mu/(27), where A and M are closed linear operators
defined on a UM D Banach space X that satisfy D(A) C D(M). See also the work by Bu and Cai
[17, 14] for second order degenerate differential equations with delay, and the paper by Chill and
Srivastava [18] where LP-well-posedness for second-order differential equations in case M = Id
is studied.

In [13], Cai and Bu studied the following third order equation:

(1.3) { a(Mu)"(t) + (Mu)"(t) = BAu(t) + yBu'(t) + f(t), t€[0,2n]

' Mu(0) = Mu(27), (Mu)'(0) = (Mu)' (27), (Mu)"(0)= (Mu)"(27).

This is an important model in acoustics for wave propagation in viscous thermally relaxing
fluids. See [28, 32, 40] and references therein for details. They obtain a characterization of the
well-posedness of (1.3) in vector valued Lebesgue-Bochner, Besov and Triebel-Lizorkin spaces
using operator-valued Fourier multiplier methods. This characterization involves Rademacher
boundedness conditions of the operator-valued symbol (aX3M + XM — BA — yAB)~! defined
on a UM D-space X. These results extend the ones provided in [43] where the case M = Id was
considered. In both cases, they use sophisticate representations of the above symbol in order to
prove Mikhlin type multiplier conditions [13, Proposition 2.2 and Proposition 3.1], [43, Lemma
4.3 and Lemma 5.3].

On the other hand, delay equations appear in computational and applied contexts that have
been the subject of research by many authors in the last decades, see for instance [11, 30, 20].
The study of well-posedness for delay differential equations has been also studied by many
authors. In [36], Lizama considered the following first order finite delay equation:

(1.4) u'(t) = Au(t) + Fug + f(t), te€[0,2n].

Here u; : (—00,0] — X defined as u;(0) = u(t + 0) for § < 0 belongs to an abstract phase
space S and F' is a bounded linear operator from S to X. He characterized the existence and
uniqueness of periodic solutions of the inhomogeneous abstract equation (1.4) and provided
sufficient and necessary conditions for LP-well-posedness for such a problem in terms of the
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symbol (A — A — F\)~! where
Fxe = Flexz), ex(t)=¢™, MeR, t<0, z€X.

On the other hand, Hélder well-posedness of (1.4) was considered in [38] and Besov and Triebel-
Lizorkin well-posedness of (1.4) was investigated by Bu and Fang in [15].

In [27] Fu and Li characterized the well-posedness in vector-valued Lebesgue spaces (resp.
Besov and Triebel-Lizorkin) using operator-valued Fourier multipliers for the second order dif-
ferential equation with delay given by

(1.5) u”(t) + Bu'(t) + Au(t) = Guy + Fu, + f(t),t € [0, 27],

where A and B are linear operators defined on a Banach space X. In the proof of their main
results, these authors assume that the pair (A, B) is coercive and a combination of conditions in
terms of uniform boundedness and R-boundedness of the symbol (A2 +AB — AGy — F\ + A4)~ L.
We also observe that an intricate representation of the above symbol is necessary in order to
prove certain Mikhlin type bounds [27, Lemma 4.2].

The aim of this paper is to study the following degenerate equation with delay

(1.6) a(Mu')'(t) + (Nu') (t) = BAu(t) + vBu'(t) + Guj + Fu, + f(t), t€[0,27],

where a, 3,7 are real numbers, A and B are linear operators defined on a Banach space X with
domains D(A) and D(B) such that D(A) N D(B) C D(M) N D(N); u(t) is the state function
taking values in X and u; : (—00,0] — X defined as u;(0) = u(t + 0) for 6 < 0 belongs to an
appropriate phase space, being F' and G bounded linear operators.

Compared with the non degenerate case which was studied in [43] and without delay, the
nature of equation (1.6) leads to a different treatment that requires new tools.

As remarked in [35], there are three important notions that are needed in the study of max-
imal regularity of abstract equations by operator-valued Fourier multiplier theorems, namely
n—regularity of scalar sequences, M-boundedness and M R—boundedness of order n for op-
erator sequences. The concept of n—regular sequences was introduced in [33] as a discrete
version of the notion of k—regularity used in [45]. Define the differences AFM,, by AM,, = M,,,
A'M,, = AM,, = My, .1 — M, and A*1 M, = A(AFM,,), for k > 1. If {M,,} is the operator fam-
ily under consideration, M — boundedness (resp. M R—boundedness) of order m (m € NU {0})
means that the sequences {n? A7 M, } are bounded (resp. R—bounded) for 0 < j < m.

One of the main problems when dealing with the above mentioned concepts, is the absence
of practical criteria for M R-boundedness (resp. M-boundedness) for the manipulation of struc-
turally complicated operator-valued symbols. The first original contribution of this paper is to
show a new computable condition for M-boundedness and M R-boundedness of order 1 and 2.
More precisely, we prove:

Theorem 1.1. Let T : D(T) C X — X be a closed linear operator defined in a Banach space
X. For each k € Z, let Hy, : X — D(T) be a sequence of bounded and linear operators such that
0 € p(Hy) for all k € Z. Suppose that (c)rez C C is a 1-reqular sequence and denote

(1.7) My, .= ¢, THy,
and
(1.8) Ly = (H,' — H !, Hy.
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If {My, : k € Z} and {kLy : k € Z} are R-bounded sets, then {My, : k € Z} is M R-bounded of
order 1. If, in addition, (ci)rez is 2-reqular and the set {k*ALy : k € Z} is R-bounded, then
{My, : k € Z} is M R-bounded of order 2.

For instance in the simplest case ¢, = 1,7 = M and Hy = (ikM — A)~! for the equation
(1.2), we easily obtain My = M(ikM — A)~! and Ly = —iM(ikM — A)~!. In particular, we
note that R-boundedness of the set {kLyj}rez characterizes LP-well-posedness of (1.2) in UM D
Banach spaces [37, Theorem 3.3].

Our second main contribution in this paper is a characterization of LP- well posedness for
degenerate third-order differential equations with infinite delay which has not been considered
in the literature yet.

More specifically, we succeed in proving the following:

Theorem 1.2. Let 1 < p < > and o, B,y € R. Assume A, B and M, N are closed linear
operators defined on a UMD space X such that D(A) N D(B) C D(M) N D(N). Assume that
{kGy : k € Z} is R-bounded. The following assertions are equivalent:

(i) For each f € LP(T, X), there exists a unique strong LP-solution of (1.6).
(ii) For each k € Z the operator

Ny = [iak® M + k>N + BA +~(ik) B + (ik)Gy + Fy] ™1,

exists as a bounded linear operator in X and the sets {iak®M Ny rez, {k*NNg}rez,
{vkBN}kez, {kNk}rez are R-bounded.

Compared with earlier results by Fu and Li [27, Theorem 3.4] in case « = 0 and N = I,
we note that they assumed that the set {kQNk}keZ must be R-bounded as well as uniform
boundedness of the set {kBNy}rez. However, they assumed a stronger hypothesis of coercivity
on the pair (A, B) that in our case is not necessary. Compared with a recent result by Bu and
Cai [14] we observe that our result generalizes their main theorem ([14, Theorem 2.2]) for B = I
and a = 0. In such a case our condition on R-boundedness of the set {kG}, }rez implies that the
set {k(Gg+1 — G} must be R-bounded, which is assumed by Bu and Cai.

In the case of Besov and Triebel-Lizorkin scales of periodic vector-valued spaces, R-boundedness
can be replaced by uniform boundedness and the spectral condition 0 € p(M). We remark that
this condition is only required when the delays are present in the equation. In such a case, our
new characterization is stated as follows:

Theorem 1.3. Let 1 < p,q < o0, s € R and a, 3,7 € R. Assume A, B and M, N are closed
linear operators defined on a Banach space X such that D(A) N D(B) C D(M) N D(N) and
0 € p(M). Assume that {kGy : k € Z} is uniformly bounded. The following assertions are
equivalent:
(i) The equation
a(Mu)'(t) + (Nu')'(t) = BAu(t) + yBu'(t) + Guj + Fu + f(t), te€[0,2n]
is B, ,~well posed;
(ii) Z C pm.n(A, B) and the sets {iak3 M Ni}ez, {k*NNi}ez, {vkBNi}iez are uniformly
bounded.

Observe that no additional restriction on the Banach space X is necessary. Other interesting
fact of our findings that contrasts with the case of Lebesgue-Bochner vector-valued spaces is
that we only need three conditions of boundedness instead of four. In this way, our result
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complements one of the main theorems by Cai and Bu [13, Theorem 3.3]. Note that in the case
M =N =1I,a=0and B = I condition (ii) reduces to inquire that the set {k?Nj}rez must be
uniformly bounded, which recovers exactly [27, Theorem 4.3]. In addition, Theorem 1.3 extends
the main result of [27, Section 4] to the case B # I. In this way, the obtained results furnish
extra information on optimal conditions. Finally, we consider the following inverse problem:

(1.9) a(Mu')"(t) + (Nu')' (t) = BAu(t) + yBu'(t) + f(t)z, te][0,2n],
with the additional information
(1.10) OIMU(B)] = g(t) INU(1)] = h(t),

where z € X, ® € X* and the unknown (u, f) is to be determined. The main novelty, and
third main contribution of this paper, is the treatment of the above problem combining our
new results on well posedness and an original method recently introduced by Al Horani and
Favini [3] which consists in reducing the inverse problem to a direct evolution equation, where
perturbations A + Ay and B + Bj substitutes the operators A and B, respectively. As observed
in [3], the described inverse problem can be also faced in the form of optimal control problems.

2. PRELIMINARIES

Let T = R\27Z. Given 1 < p < o0, let LP(T, X) be the space of all Bochner measurable vector-
valued, p-integrable functions on T. The k-th Fourier coefficient of a function f € LY(T, X) is
defined as

N 27T .
fh) = 5 [ e rar

for all k € Z. We denote by f € L'(T, X), a function that can be periodically extended to the
left onto the interval (—oo,0]. Then, the k-th Fourier coeficient in ¢ of fi(6) := f(t+6), ¢t € T,
0 <0is fi(k) = e*f (k).

In what follows, we will introduce the notation B(X,Y) for the space of bounded linear
operators from X into Y endowed with the uniform operator topology. We abbreviate B(X)
whenever X =Y.

Definition 2.1. Let X and Y be Banach spaces and 1 < p < oo. We say that (My)kez C
B(X,Y) is an LP-Fourier multiplier if, for each f € LP(T,X), there exists u € LP(T,Y") such
that u(k) = My f(k) for all k € Z.

Let X be a Banach space. We define the means

lermzln= o Y el

e{—11}m  j=1

i

for z1,...,z, € X.

Definition 2.2. Let X and Y be Banach spaces. A set T C B(X,Y) is called R-bounded if
there is a constant ¢ > 0 such that
(21) ||(T1$17 ,Tnl‘n)HR < CH(xla "'7xn)HRa

for all Ty, ... T, €T, x1,....,xyn € X, n € N. The least ¢ such that (2.1) is satisfied is called the
R-bound of T and is denoted R(T).
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Denote by r; the j-th Rademacher function, that is ri(t) := sign(sin(2*nt)). For x € X
we denote by r; ® x the vector-valued function t — rj(t)x. An equivalent definition using the
Rademacher functions replaces (2.1) by

2.9 T ’
(22) H;Tk@ Bk L2((0,1);X)

<
L2((0,1);Y) CH ; Tk ® mk‘

In the next proposition we summarize some importante properties concerning R-bounded
sets. For a proof and related information, we refer the reader to the monograph [19] by Denk,
Hieber and Priiss.

Proposition 2.3. The following properties hold:
e Given a R-bounded set T C B(X,Y), it follows that

sup{||T|| : T € T} < R(T).

o If X and Y are Hilbert spaces, R- boundedness is equivalent to uniform boundedness.
e Given X,Y Banach spaces, then if T,S C B(X,Y) are R-bounded, then

T+S={T+8:TeT,SeS8}

is also R-bounded and R(T +S) < R(T) + R(S).
e Given X,Y,Z Banach spaces, then if T C B(X,Y) and S C B(Y,Z) are R-bounded,
then
TS={TS:TeT,SeS}

is also R-bounded and R(TS) < R(T)R(S).
A set T € B(X) defined by T ={\l : A € Q} with Q a bounded set is R-bounded.

Let A, B, M, N be closed linear operators defined on a Banach space X. We now introduce the
notion of M-resolvent of A and B. Under the assumption that D(A) N D(B) C D(M)N D(N),
the M-resolvent of A and B is defined as

puN(A B) = {s € R: ais®M + s*N + BA + ~isB +isGs + Fy : [D(A)N D(B)] = X

(2.3) is invertible and [ais®M + s*N + BA+ visB +isGs + F5] 7' € B(X)}.
Here [D(A) N D(B)] denotes a Banach space under the norm ||z paynp(s) = Izl + [|Az|| +
| Bz]|.

Let {T;}rez C B(X,Y) be a sequence of operators. We set

ATy, =Ty, AT, =AY, =T — Ty
and for n € N with n > 2 we have
AT, = A(A™IT).
Definition 2.4. [33] We say that a sequence {T}rez C B(X,Y) is M-bounded of order n
(n e NU{0}), if

(2.4) sup sup ||E'AlTy|| < oco.
0<I<n k€Z
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To be more explicit when n = 0, M-boundedness of order n for {7} } simply means that {7} }
is bounded. For n = 1 this is equivalent to

(2.5) sup [|Tx|| < oo and sup ||k (Tkr1 — T)|| < 0.
kEZ kEZ

When n = 2 we require in addition to (2.5) that

(2.6) sup ||k% (Thyo — 2Ths1 + Ti)|| < 0.
kEZ

Remark 2.5. (i) Analogously, we define M - boundedness of order n in case of sequences {ay }rez
of real or complex numbers (this amounts to taking My = ail in B(X)).

(i) Note that if {My}rez and {Ng}rez are M-bounded of order n then {My + Ni}rez is
M -bounded of order n. In fact, the set of n—bounded sequences is a vector space. This is obvious
from the definition.

(i13) If {My}rez and {Ni}rez are sequences in B(Y,Z) and B(X,Y') that are M -bounded of
order n, then {My Ni}rez C B(X,Z) is also M-bounded of the same order.

Remark 2.6. A simple but very useful rule for the A operator acting on the product of two
sequences {ag trez and {Ty}rez is the following:

(2.7) A(aka) = A(ak)Tk + ak+1ATk, k € Z.
In particular, applying this rule to the identity iak =1 we get
1 A(ak)

28) A(CTk) B _akak+1'

The following definition was first considered in [33].

Definition 2.7. A sequence {ci}rez C C is called n-regular if the sequences {kpA::’“ brez are

bounded for allp=1,...,n.

We prove the following lemma that will be needed later.

Lemma 2.8. Let (cx)rez, C C be a 2-regular sequence. If we denote by dy = %, then the

Ck
sequence (k>Ady)rez is bounded.

Proof. A simple computation using (2.7) and (2.8) shows that

1 Aci A A2
Adk =A <> Ack + AZCk = — k Ch + Ck,
Ck Ck+1 Ck Ck+1  Ck+1
then k2Adj, = —kf:’“ leAff + k2§k26’“ is bounded from the 2-regularity of (cg)rez- d

We recall the following definition.

Definition 2.9. We say that a sequence {My}rez C B(X,Y) is M R-bounded of order n, if for
each 0 <11 <n the set

(2.9) {(K'A'M,, -k ez},
1s R-bounded.
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Remark 2.10. A sequence {My}rez C B(X,Y) is M R-bounded of order 1 if the sets
(2.10) (M k € Z) and {k (Mys1 — M) : k € Z}

are R-bounded.
If in addition we have that the set

(2.11) {/{72 (Mk—I—l —2M;, + Mk—l) 1k e Z}
is R-bounded then {My}rez is M R-bounded of order 2.

Remark 2.11. In Hilbert spaces M R-bounded and M -bounded are identical concepts. In gen-
eral, M R-bounded implies R-bounded which in turn implies boundedness. Moreover, note that
M R-boundedness implies M -boundedness.

3. WELL-POSEDNESS IN LP-SPACES

Let 1 < p < oo and X be a Banach space. In this section, we want to give optimal conditions
that can describe the well-posedness of the problem

(3.12)  a(Mu)"(t) + (Nu')'(t) = BAu(t) + vBu'(t) + Guj + Fuy + f(t), teT:=][0,2x],

in 2w-periodic vector valued LP-spaces. In other words, we want to obtain a complete charac-
terization on the existence, uniqueness and well posedness of the problem only in terms of the
data of the problem. Here A, B, N and M are closed linear operators such that D(A)N D(B) C
D(N)ND(M) and F,G € B(LP(—2m,0); X), X). We first recall some definitions and results that
will be needed to prove the main theorem of this section. We define the vector-valued function
spaces:

WoeP(T, X) := {u € LP(T, X) : there exists v € LP(T, X), 9(k) = (ik)"u(k) for all k € Z}.
We define the following space of maximal regularity.
Sp(A,B,M,N) :=
{u € WR(T, [D(A) N D(B)]) N LP(T, [D(A) N D(B))) :
u' € LP(T, [D(A) N D(B)]), Mu' € Wpl(T, X), Nu' € W, (T, X)}.

The space S,(A, B, M, N) is a Banach space with the norm
lull s, (8,08 =llullp + W ]lp + 1 Bu'llp + [ Aullp + [[(N')]],
+ (M)l + [N [ + [ M.

Denote ey (f) = ¢’ for all A € R and 6 < 0, and define (ey ® z)(t) :=ex(t)x, z € X, t € R.
Clearly ey ®@x € LP(—2m,0), X) for each z € X and A € R. We define the one-parameter families
of operators {F)\}aer and {Gx}rer by

(3.13) Fy(z) =F(ex®z) and Gyi(r)=Gex®z), A€ER, zelX.

Remark 3.12. From (3.13) we have that Fyx := F(ep ® x), Gyz := Glep @ ), x € X are
bounded and linear operators for each k € Z. Moreover, when u € LP(T, X) we have

(3.14) Fu.(k) = Fra(k), Gu.(k) = Gga(k)
This implies that {Fj; }rez and {Gy}rez are LP-Fourier multipliers (cf. Definition 2.1), and
[Fu| < [1F ([l llp = IE [ Tullp,
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and thus Fu., Gu. € LP(T, X). This justifies why we do not consider this property in the definition
of the space of maximal reqularity.

We include the following useful and stronger result that is contained in the proof of Lemma
3.2 in [27].

Lemma 3.13. The sets {F}, : k € Z} and {Gy, : k € Z} are R-bounded.

The following two theorems establish the equivalence between R-boundedness and the fact of
being an LP-multiplier. They can be found in [6].

Theorem 3.14. Let X,Y be UMD spaces. If a sequence {My}rez C B(X,Y) is M R-bounded
of order 1, then (My)rez defines an LP-Fourier multiplier whenever 1 < p < oo.

Theorem 3.15. Let X, Y be Banach spaces, 1 < p < oo and let (My)kez C B(X,Y) be an
LP-Fourier multiplier. Then the set {My, : k € Z} is R-bounded.

We next introduce the following definition.

Definition 3.16. Let 1 < p < oo and f € LP(T,X). We call u € Sy(A,B,M,N) a strong
LP-solution of equation (3.12) if it satisfies (3.12) for all t € T. We say that equation (3.12)
is LP-well-posed if for each f € LP(T,X), there exists a unique strong LP-solution of equation
(3.12).

As a consequence of the Closed Graph Theorem we get the following estimate:

Remark 3.17. If equation (3.12) is LP-well-posed, then there exists a constant C > 0 such that
for each f € LP(T, X), we have

ulls,a,B,0,8) < ClIf|Le-

The following is the first main result in this paper. It provides an important criterion for
M R-boundedness in the context of maximal regularity for abstract evolution equations.

Theorem 3.18. Let T': D(T) C X — X be a closed linear operator defined in a Banach space
X. For each k € Z let H, : X — D(T') be a sequence of bounded and linear operators such that
0 € p(Hy) for all k € Z. Suppose that (ck)rez C C is a 1-reqular sequence and denote

(315) Mk = CkTHk,
and
(3.16) Ly = (H;' — Hl)Hy.

If {My, : k € Z} and {kLy : k € Z} are R-bounded sets, then {My, : k € Z} is M R-bounded of
order 1. If, in addition, (ci)rez s 2-reqular and the set {k*ALy, : k € Z} is R-bounded, then
{My, : k € Z} is M R-bounded of order 2.

Proof. A computation shows that

Ac
AMyp = (Acg)THp + e TAH, = T;Mk + 1T (Hyyr — Hy)
Acy, .
= ?Mk + 1 THyqr (1 — Hk+1Hk)
A
(3.17) = 2Ny + My Ly,

Ck
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Then KAM;, = k?—;’“M;C + Mj1kLy. Since (cg)gez is 1-regular and kLy is R-bounded, it follows
that {kAMy, : k € Z} is R-bounded. It shows that {M}, : k € Z} is M R-bounded of order 1.

Let denote dj, = Aci’“, then from (3.17) we obtain

Ac
A*My, = (Ady) My, + ckktl (AMy) + (AMpgy1)(Lk) + Myi2(ALy).
+
Therefore, we have
kA
K2A” M, = (K Ady) My + — WL (KAMy) + (EAMi1)(kLy) + My o(k*ALy).
k1

Since (cp)rez is 2-regular, (k?Ady)rez is bounded from Lemma 2.8 and {k?ALy : k € Z} is
R-bounded by hypothesis. It follows by Proposition 2.3 that {k?A?M), : k € Z} is R-bounded.
Therefore, {My, : k € Z} is M R-bounded of order 2.

]

Let A,B and M, N be closed linear operators such that D(A) N D(B) C D(M) N D(N).
Assume Z C py,n(A, B). We denote

(3.18)  Np:= —[bpM 4 apN + fA+ikyB + ikGy + Fp| ™', ap =k*, by =iak®, ke,

where «, 8,7 € R are fixed constants.
The following proposition is the key technical tool for the proof of our second main result.

Proposition 3.19. Let A, B and M be closed linear operators defined on a UMD space X such
that D(A)N D(B) C D(M)ND(N) and a, 8,7 € R. If Z C pyn(A, B) and {ik>M Ny, : k € Z},
{k®NNy : k € Z}, {kBNy, : k € Z}, {kNy, : k € Z} and {kGy : k € Z} are R-bounded sets,
then the sets {k(N, " — N\ )Nitwez, {EARPMN) ez, {kAK*NNg)oez {kA(KBNy)} ez
and {kA(kNy)}kez are R-bounded sets.

Proof. Let M, = ik3MNy,. In order to show that M}, is an LP-multiplier it is sufficient to show
that {kAMj, : k € Z} is R-bounded. We apply Theorem 3.18 with ¢; = ik3, which is clearly a
1-regular sequence, Hy = N and T' = M. By hypothesis {Mj, : k € Z} is R-bounded, then it
only remains to show that {kLj : k € Z} is R-bounded. Indeed,

kLi = k(N ™" — N )Nk

= kZ[AbkM + AapN +ivB + Z(k‘ + 1)Gk+1 —ikGp + (Fk+1 — Fk)]Nk

= k[AbM + (2k + )N +iyB +i(k + 1)Gry1 — ikGy, + (Fiy — Fiet1)| Ny,
kAby, 2k +1

M

b T T

+ (Fp — Frir)(kNy).

Note that the set {F}xrez is bounded by Lemma 3.13. By hypothesis and Proposition 2.3
it follows that {kLy : k € Z} is R-bounded. The R-boundedness of {kA(kBNy) : k € Z},
{kA(kNy) : k € Z} and {kA(K*NNy) : k € Z} follows similarly applying Theorem 3.18 with
c, =k, T = B and Hp = Ny, in the first case, ¢y = k, T = I and H = N in the second case
and ¢, = k%, T = N and Hj = N}, in the third case. O

(K*NNy,) + iv(kBNy,) +i(k + 1)Gr1(kNy) — i(kGr) (kN

=«

Remark 3.20. From the proof, we observe that theorem 3.18 and proposition 3.19 also holds if
“R-bounded” is replaced by “uniformly bounded”.
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As a consequence, we obtain immediately the following corollary.

Corollary 3.21. Let A, B and M be closed linear operators defined on a UMD space X such
that D(A)ND(B) C D(M)ND(N) and o, 8,7 € R. If Z C pyn(A, B) and {ik3M Ny, - k € Z},
{kBNy : k € Z}, {k*NNy, : k € Z}, {kNy, : k € Z} and {kG}, : k € Z} are R-bounded sets, then
(ik3M Ni)pez, (K2NN)rez, (kBNy)rez and (kNy)rez are LP-Fourier multipliers.

We now show the second main result of this section that provides a computable criterion to
characterize the well-posedness of equation (3.12).

Theorem 3.22. Let 1 < p < o0 and o, 3,7 € R. Assume A, B and M, N are closed linear
operators defined on a UMD space X such that D(A) N D(B) C D(M) N D(N). Assume that
{kGy : k € Z} is R-bounded. The following assertions are equivalent:
(i) Equation (3.12) is LP-well posed;
(ii) Z C pm.N(A, B) and the sets {ik3aM Ny : k € Z}, {k*NNy, : k € Z}, {kyBNy, : k € Z}
{kNy : k € Z} are R-bounded.

Proof. We first prove (i) = (7). Assume that equation (3.12) is LP-well posed. Let k € Z and
y € X be given. Then we define f € LP(T,X) as f(t) = e**y. It is clear that f(k) = y and
f(n) =0 for n # k. By hypothesis, there exists a unique u € S,(A, B, M, N) that satisfies:

(3.19) a(Mu)"(t) + (Nu)"(t) = BAu(t) + yBu'(t) + Gu; + Fuy + f(t), te€|0,2n].
Observe that by the linearity of F' and G we get that
Gul (k) = G(e*0/ (k) = G(e™iki(k)) = ikGily,
and -
Fuy(k) = F(e™u(k)) = Fyay, ke Z.
Taking Fourier transform in both sides of (3.19) we get:

(3.20) “[beM + axN + BA + iky B + ikGy, + Fela(k) = y
and
(3.21) —[bnM + anN + BA+ y(in)B + (in)G, + Fplu(n) =0, n #k.

This shows that —[byM + apN + A + v(ik)B + (ik)G) + Fy] is surjective. In order to show
injectivity, let x € D(A) N D(B) be such that
—[bx M + apN + BA + v(ik) B + (ik)Gy, + Fy]z = 0.

Let u(t) = e*'z for t € T. It is clear that u € Sy(A, B, M, N) and u solves (3.12) for f = 0.
Then by uniqueness, x = 0 and injectivity follows directly. Therefore, —[byM + arN + BA +
v(ik)B + (ik)G + Fy] is bijective from D(A) N D(B) onto X. Moreover, —[bi M + apN + A+
v(ik)B + (ik)G), + F,]~" € B(X). Indeed, given y € X and k € Z let f(t) = e**'y and let u be
the corresponding solution of (3.12) for f. Then

i(n) = { 0, if n#k;
—[bkM + agN + BA+~(ik)B + (ik)Gy + Fy] "y, if n=k.

This implies u(t) = —e~*[bM + apN + BA + ~(ik)B + (ik)G}, + F] 'y by uniqueness. By
remark 3.17 there exists C' > 0 independent of y and k such that

ulls,(a,B,00,8) < ClIfl|Le-
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As a consequence,
|6k M + axN + BA +~(ik) B + (ik)Gy + Fi] || < C,

for all k € Z. This proves the claim. We have shown that Z C pyn (A, B). Let My, = ik3M Ny,
Sy = k2NNy, Hy, = kBN}, and Ry, = kN, with k € Z, where N}, is defined in (3.18). Let show
that (My)kez, (Sk)kez, (Hr)kez and (Rg)rez are LP-Fourier multipliers. Given f € LP(T, X),
there exists u € Sp(A, B, M, N) which is a solution of equation (3.19) by assumption. Taking
Fourier transforms on both sides of (3.19), we get that 4(k) € D(A) N D(B) and

—[bxM + apN + BA + v(ik) B + (ik)Gy, + Fila(k) = f(k), ke Z.

Since —[by M +a, N +BA+~(ik) B+ (ik)Gy+Fy) is invertible it follows that @(k) = — N, f(k), k €
Z. As u € Sp(A, B, M, N) we get that

(3.22) [(Mu)")(k) = —ik3 Ma(k) = ik MN,f (k) = My.f (k)
(3.23) [(Nw)")(k) = ~k2Na(k) = E2N N, f(k) = S/ (k)
(3.24) W(k) = iki(k) = ikNpf(k) = —iR,f(k) and
(3.25) Bu/(k) = ikBi(k) = ikBNy f(k) = —iHy,f (k).

Finally, since (Mu)"”, (Nu)”, v and Bu' € LP(T, X) we get that (My)kez, (Sk)kez, (Hk)rez and
(Rg)kez are LP-Fourier multipliers, proving the claim. Then, by Theorem 3.15, we conclude that
the sets {My, : k € Z}, {Sk : k € Z}, {Hy : k € Z} and {Ry : k € Z} are R-bounded, proving
(i4).

Let now show (i7) = (i). We assume that Z C pan (4, B) and the sets {ik3M Ny, : k € Z},
{k®’NNy : k € Z}, {kBN}, : k € Z} and {kNj : k € Z} are R-bounded. Let M, = ik3M Ny,
S, = k’NNy, H, = kBN, and R, = kNj, with k € Z. It follows from Corollary 3.21 that
(My)kez, (Sk)kez, (Hr)kez and (Ry)kez are LP-Fourier multipliers.

Note that:

(3.26) —Ix = aMy + Si + BAN, + ~viHy + ikGp N + Fi. Ng.

Next, observe that the R-boundedness of the set {k Ny }rez implies that the set {k(Ngy1—Ng)}
is also R-bounded. It follows from Theorem 3.14 that {Ny}xez is an LP-Fourier multiplier. In
particular, N € B(X,[D(A) N D(B)]).

From (3.26) we deduce that {ANg}rez is also an LP-Fourier multiplier since the sum and
product of LP-Fourier multipliers is still an LP-Fourier multiplier.

Then for all f € LP(T,X) there exist w,up € LP(T,[D(A) N D(B)]) and u; € LP(T, X)
satisfying
(3.27) w(k) = Nif(k), a1(k)=ANpf(k), d2(k)=ikNyf(k).

Consequently, @s(k) = ik (k) when k € Z. This implies that w € Wy (T; [D(A) N D(B)]) [6,
Lemma 2.1] and w'(t) = ua(t) a.e. [6, Lemma 3.1]. In particular, w’ € LP(T, [D(A) N D(B)]).

Since {ikBNy}rez is an LP-Fourier multiplier, we have that there exists v € LP(T, X)) such
that

(3.28) i(k) = B(ikNy,) f(k) = Bag(k) = Bw'(k), k€ Z.

It follows from [6, Lemma 3.1] that w'(t) € D(B) and Bw'(t) = v(t) a.e. In addition, Bw' €
(T, X).
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Since the set {k2NNy}rez is an LP-Fourier multiplier by hypothesis, we deduce that there
exists u € LP(T, X) such that

(3.29) a(k) = —k*NN f(k) = ikNig(k) = ikNw' (k) = ikNw' (k),
where we have used that N is closed. It implies that Nw' € Wy (T; X) and u(t) = (Nw') ()
a.e. In particular. (Nw') € LP(T, X).

Analogously, since the set {k3M N} }rez is an LP-Fourier multiplier, there exists r € LP(T, X)
such that
(3.30) P(k) = —ik3M Ny f (k) = —k?Mis(k) = (ik)*Mw' (k),
because M is closed. We deduce that Mw' € WeE(T, X) and (Mw')"(t) = r(t) a.e. Moreover,
(Mw')" € LP(T, X).

We note that the sets {Gy }rez and {Fy }rez are LP-Fourier multipliers by Remark 3.12. Thus

{ikG Nk} ez and { Fi N }rez are LP-Fourier multipliers as the product of LP-Fourier multipliers
is still an LP-Fourier multiplier. Therefore, exists s; € LP(T, X) such that

§1(k) = ikGp Ny f (k) = Gyia(k) = Gy (k) = Gu'(k), k€ Z.

We conclude that Guw’ € LP(T, X). Analogously, we have that there exists s; € LP(T, X) such
that

p—

89(k) = FyNpf(k) = Fpio(k) = Fw.(k
and hence Fw. € LP(T, X). We have shown that w € S,(A, B, M,
(3.26) we obtain

a(Mw)" (k) + (Nw') (k) = af (k) + a(k) = (—aik*M Ny — k2N Np) f(k) = —(aMj + ) f (k)
= (Ix + BANy + iy Hy + ikGp Ny, + FpNy,) f (k)
F(k) + BAw(k) + v Bw' (k) + Guw! (k) + Fu.(k).

)
N). Finally, from the identity

This implies that
a(Mw")"(t) + (Nw')'(t) = f(t) + BAw(t) + yBw' (t) + Gw; + Fuwy,

by the uniqueness theorem (see [6, Pag. 314]).
It only remains to prove uniqueness. Indeed, let w € S,(A, B, M, N) satisfying

(3.31) a(Mw")"(t) + (Nw')'(t) = BAw(t) + yBw'(t) + Gw; + Fwy,t € T.

Taking Fourier transform in (3.31), we get that —[by M +ai N +BA+~(ik) B+ (ik) G+ FiJw(k) =
0 for all k € Z. Hence w = 0 as Z C py,n(A, B) by hypothesis. Thus, (3.12) is LP-well-posed.

This completes the proof.
O

Remark 3.23. We point out the following

(i) Our result avoids the coercivity condition on the pair (A, B) assumed in [27, Section 3]
where the case M = 0, N = I is studied. In contrast, we have to assume extra conditions
on R-boundedness.

(ii) The hypothesis of R-boundedness of the set {kGy, : k € Z} is natural as it is required in
Theorem 4.7 of [27] when showing maximal reqularity in Triebel-Lizorkin spaces.

(iii) LP-well posedness does mot depend on the parameter p, that is, if equation (3.12) is
LP-well posed for some 1 < p < oo then it is LP-well posed for all 1 < p < 0.
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4. WELL-POSEDNESS IN BESOV AND TRIEBEL-LIZORKIN SPACES

In this section, we show the well-posedness of problem (3.12) in periodic Besov spaces B, (T, X)
and periodic Triebel-Lizorkin spaces F]iq(']l‘, X). We first introduce the notion of vector-valued
periodic Besov spaces (see [7]).

Let S(R) be the space of all rapidly decreasing smooth functions on R and D(T) the space of
infinitely differentiable functions defined on T endowed with the locally convex topology defined
by the seminorms

[ flln = sup|f(")(x)| for néeN.
zeT

Let D'(T, X) := B(D(T), X), we consider the dyadic-like sets of R:
Ly={teR:|t|<2}, Ly={tecR:2"1<|t| <2} keN

Let ¢(R) be the set of systems ¢ = (¢)reny C S(R) such that sup(¢x) C I for each k € N,

> ken @k(x) = 1 for x € R and for each a € N, sup,cp ren 2’““\@&0‘) ()] < 0o. Let ¢ = (¢ )ken C
?(R) be fixed, for all 1 < p,q < oo, s € R, the X-valued periodic Besov space is defined by

q\ V4

By (T.X) =S f€D(T,X):||fllg;, == | D 27" e

J20

> ex @ (k) f (k)

keZ

p

The space By ,(T, X) endowed with the norm ||.||ps  is a Banach space.

Remark 4.24. We note the following
(i) The space B, (T, X) is independent of the choice of ¢.
(ii) If s1 < s then Byl (T, X) C B2 (T, X) and the embedding is continuous.
(iii) If s > 0, then B;’q(T,:X) C LP(T,X), and f € B5tH(T,X) if and only if f is differen-
tiable a.e. on T and f € B, (T, X).
In particular, (iii) implies that ifu € By (T, X) is such that there existsv € B, (T, X)
satisfying 0(k) = ika(k) when k € Z, then uw € B33 (T, X) and v’ = v [6, Lemma 2.1].

In this section we consider the equation
(4.32)  a(Mu)"(t) + (Nu')'(t) = BAu(t) + yBu'(t) + Guj + Fuy + f(t), teT:=][0,2x],

in 27-periodic vector valued B, ,-spaces. Once again A, B, N and M are closed linear operators

i

such that D(A) N D(B) C D(N)N D(M) and F,G € B(B, ,(—2m,0); X), X).

Remark 4.25. As observed in [14, Section 3|, Fy, G, € B(X) and there exists a constant C > 0
such that
IFll < CIFN,  [IGell < CIGII, k€ Z.

Moreover, when u € B, (T, X) then
Fu.(k) = Fpa(k), Gu.(k) = Gya(k), ke Z.

However, in contrast with vector-valued Lebesgque spaces, the functions Fu. and Gu' are not
necessarily in B;q(T,X) for 1 <p,q < oo, s >0. This particularity, will require the use of new
tools in the proof of the main result in this section.
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Let 1 < p,q < 00, s > 0. We define the maximal regularity space that describe the B, -well
posedness of the equation (4.32) by

Spas(A, B,M,N) = {u € BSi (T, [D(A) N D(B))) 1 B, (T, [D(4) N D(B)) :
Mu' € Bt*(T, X),Nu' € BytH(T, X), Au, Bu', Fu.,Gu! € B; (T, X)}.
The vectorial space Sy 4 s(A, B, M, N) is a Banach space with the norm
lulls, oo a,8.00,8) =llullsg, + W]y, + [|Aulls; , + [INU|]5g,, + [[(Nu)]] 55, + [1(Mu')" |5,
+1BY ||, + IMu]| 5y, + [|[Fullsg,, + 1G]z -
We now provide the formal definition of B, - well posedness of equation (4.32).

Definition 4.26. Let 1 <p,q < o0, s >0 and f € By (T, X). We callu € Sp4s(A, B, M,N)
a strong By q-solution of (4.32) if it satisfies (4.32) for allt € T. We say that (4.32) is B, ,-
well-posed if for each f € B, (T, X), there exists a unique strong B, ,-solution of (4.32).

Remark 4.27. If (4.32) is B; ,-well-posed, by the Closed Graph Theorem, there exists a constant
C > 0 such that for each f € B, (T, X), we have

ulls, oo (a,80.8) < ClIflBs,-

We now introduce the notion of By - Fourier multiplier introduced in that will be needed for

our characterization of well-posedness of equation (4.32) in Besov spaces (see [6]).

Definition 4.28. Let X,Y be Banach spaces, 1 < p,q < 00, s € R and let (My)rez C B(X,Y),
we say that (My)rez, is a B, ,-Fourier multiplier if, for each f € By (T, X) there exists u €
B, (T,Y) such that

for all k € Z.

The following important result, which was proved in [7], provides a sufficient condition for an
operator valued symbol to be a B, - Fourier multiplier.

Theorem 4.29. Let X,Y be Banach spaces. If (My)rez C B(X,Y) is M-bounded of order 2,
then for 1 < p,q < oo, s € R the set (My)rez is a B, ,-Fourier multiplier.

Some important properties of By - Fourier multipliers can be found in [7]. Some of them are
the following:

Remark 4.30. We point out that:

(i) The sum and product of B, ,-Fourier multipliers is a B, ,- Fourier multiplier too.
(ii) If (Mk)kez is a B, ,-Fourier multiplier then it is uniformly bounded.

The following result shows necessary conditions for certain sets to be Bj -Fourier multipliers
and will be needed in the proof of the main theorem of this section.

Proposition 4.31. Let A, B and M be closed linear operators defined on a UMD space X
such that D(A) N D(B) C D(M)ND(N) and o, B,y € R. If Z C pyn(A,B), 0 € p(M) and
{ik3M Ny, : k € Z}, {k®NNy, : k € Z}, {kBNy : k € Z}, {kNy, : k € Z} and {kGy, : k € Z} are
uniformly bounded, then (ik®M Ny)rez, (K2 NNi)rez, (kBNp)rez and (kNy)rez are B, -Fourier
multipliers.
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Proof. Let M;, = iak® M N},. In order to show that M, is a B;’,q—Fourier multiplier and according
Theorem 4.29 we need to prove that supy,cy (|| M| |+||/kAMj||) < oo and supyey ||k2AZMy|| < oco.
The first assertion is a consequence of the hypothesis and Proposition 3.19 (cf. Remark 3.17). In
order to show the second one we apply Theorem 3.18 with ¢, = iak?, which is clearly a 2-regular
sequence, Hy = Nj, and T' = M. By hypothesis sup;cz || M| < oo. Moreover, by Proposition
3.19 it follows that supycy ||k Lk|| < oo, then it only remains to show that supjey ||k?ALg|| < oco.
Indeed, we have
Ly = (Nk_l — N];:l)Nk: = [-AbM — AapN —ivB + ikGy, —i(k + 1)Ggy1 + (Fx — Fgt1)]Nk.
Then,
E°AL, = k*[(bgs1 — brg2) M N1 — (b — bpg1) M N]

+ K*[(ars1 — ars2) NNiy1 — (ag — apy1) NN

— ivk®’BAN;,

+ [i(k 4 1)Grp1k® Npg1 — i(k + 2)Graok® Niyo — ikGpk® Ny + i(k + 1)Gpy1 k2N

+  [(Fes1 — Frg2)K* N1 — (Fr — Frg)K° NiJ,
where aj, = k? and by, = iak?. It remains to prove that each summand in the right hand side is
bounded. In fact, a calculation shows the identity

Ab
(bkt1 — br+2) N1 — (b — b)) Nig = —(A%bg) Ny + Tkk [(bx Nk — b1 Nis1) + Niy1 (Aby)].
Therefore
A2%b) b
K2 [(brt1 — bry2) MNpy1 — (b — b1 ) MN,] = —kQ( o k) ﬁ(bkﬂMNkH)
+
Ab
+ kb—k’“[k(bkMNk — by 1 M Ni11)
b [ k(Abp))?
+bk+1MNk+1k{ ( k)} ).
brt1 b

Since the sequence by is 2-regular, My = b M N, and kAMj, are bounded, the above identity
shows that

sup 152Dt — brs2) M Niy — (b — b)) MNE|| < oo
€

Analogously and following the same procedure since ay, is also 2-regular, S = aix NNy and kASy
are bounded, we obtain that

sup 1% [(aks1 — ary2) NNps1 — (ak — agp) NN || < oo.
S

Next, note that in Proposition 3.19 it was shown that supycy ||kA(KBNy)|| < oo. Since
EA(kEBNy) = k[BNy, + (k + 1)BANy],

and supy,ey ||kBNy|| < oo by hypothesis, we deduce that supycy [|[k? BANg|| < oo.
For the following two terms, observe that 0 € p(M) and the identity k*Nj, = +M 1M, for
k # 0, implies
sup ||k2 Ny || < oc.
keZ
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This fact together with the hypothesis on the boundedness of the sets {kGy}rez and {F}rez
proves the claim. Consequently, (ik3M Ny)rez is a B, ,-Fourier multiplier.

Let now Mj, = k>N Nj. It is clear by Proposition 3.19 that supycy(||M|| + ||[kAMy||) < oo.
To prove that supyey ||[k*A%2M|| < oo we apply the second part of Theorem 3.18 with ¢, =
k% Hj, = N and T = N. By hypothesis and Proposition 3.19 it follows that supcy || Mg|| < oo
and supyey [|kLg|| < oo, respectively. It remains to show that supyey |k2ALyg| < oo, where Ly
is exactly the same that in the above computation. Therefore, (k2N Ny)iez is a B, Fourier
multiplier.

Let now M}y = kBNj. It is clear by Proposition 3.19 that supycz(||Mg|| + |[KAM||) < oo.
To prove that supyey ||[k?A2M|| < oo we apply the second part of Theorem 3.18 with ¢, =
k,H, = N and T' = B. By hypothesis and Proposition 3.19 it follows that sup,cz || My| < oo
and supyey ||kLg| < oo, respectively. It remains to show that supyey [|kF?ALg|| < oo, where
Ly, is exactly the same that in the above computation. Therefore, (kBNg)iez is a B, ,Fourier
multiplier.

Finally, we set M}, = kN}j. Again Proposition 3.19 shows that supycy (|| M| + [|[EFAM|]) <
oo. We apply Theorem 3.18 with ¢, = k, Hy, = N and T = I. We have supcy [|[Mg] < oo
and supycy ||kLx|| < oo by hypothesis and Proposition 3.19, respectively. Then the fact that
supyez [|E* AL < co was just proved. Consequently, (kNj)rez is a Bj -Fourier multiplier.

]

We shall enunciate the main result of this section. The proof follows essentially the same
steps than the proof of Theorem 3.22. However, we include here the proof in order to make clear
to the reader the essential changes that have to be done in order to treat with the delay terms
and how to assume less hypothesis than in Theorem 3.22.

Theorem 4.32. Let 1 < p,q < 00,5 >0 and a, 3,7 € R. Assume A, B and M, N are closed
linear operators defined on a Banach space X such that D(A) N D(B) ¢ D(M)N D(N) and
0 € p(M). Assume that {kGy : k € Z} is uniformly bounded. The following assertions are
equivalent:

(i) The equation
a(Mu')"(t) + (Nu')'(t) = BAu(t) + yBu'(t) + Guy + Fug + f(t), te€[0,2n]

is By ,-well posed;
(ii) Z C pp(A, B) and the sets {iak?M Ny, : k € Z}, {k*N Ny, : k € Z} and {ykBNy : k € Z}

are uniformly bounded.

Proof. (i) = (ii) follows the same lines of Theorem 3.22 and therefore is omitted. We prove
(i) = (i). We assume that Z C pyrn(A, B) and the sets {ik3M Ny, : k € Z}, {k*NNy. : k € Z}
and {kBN}, : k € Z} are uniformly bounded.

Since 0 € p(M), the identities kN = k%M_l(k?’MNk) and kN, = t M~ (k*MNy) show
that the sets {kNy : k € Z} and {k®N : k € Z} are also uniformly bounded. Therefore
the sets {k(Npy1 — Ni)}rez and {k*(Niy2 — 2Npy1 + Ni)lrez are uniformly bounded and
hence by Theorem 4.29 the set {Nj}rez is a Bj -Fourier multiplier. Let Mj = ik3 M Ny,
S, = k2NN, H, = kBN;, and Ry, = kN, with k € Z. It follows from Proposition 4.31 that
(My.)kez, (Sk)kez, (Hi)kez and (Ry)kez are By -Fourier multipliers.
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Let f € B, (T, X) be given. Since {Ny}rez and {Ry}xez are By -Fourier multipliers, there
exists w, ug e B > ¢(T, [D(A) N D(B)]) such that

(4.33) (k) = Nef(k), (k) = ikNif (k).
Consequently, do(k) = ikiw(k) for k € Z and we obtain w € Bst!(T;[D(A) N D(B)]) and

w'(t) = ua(t) a.e. (cf. Remark 4.24).
Moreover, there exist r,u € B;7q(T, X) satisfying that

(4.34) (k) = =My f(k) = —ik3M N, f(k) = (ik)* Mo (k) = (ik)2Mw'(k),
and
(4.35) a(k) = —Spf(k) = —k* NN, f(k) = ikNig(k) = ikNw' (k) = ikNw' (k),

where we have used that M and N are closed linear operators. We deduce that (Mw')" =
r, Mw' € B5H(T, X) and (Nw') = u, Nu' € B3HH(T, X).

Now, we claim that (FjNg)gez and (szka)kGZ are By -Fourier multipliers. Indeed, we
first show that the sets {kA(Fka)}kGZ and {kA(kGyNy)}rez are uniformly bounded. In fact,
from the identity Ny = +(kNj) we deduce that {Nj}yez is uniformly bounded. It follows from
Remark 4.25 that {Fka k € Z} and {ikGyNy : k € Z} are uniformly bounded. On the other
hand, the identities

k

k(Fry1Ner1 — FpNy) = Fk-l—l(k |

Rpy1) — Fi(kNy)

and

2
show that the sets {kA(FpNg)}rez and {kA(kGyNg)}rez are uniformly bounded. This proves
the claim.

It only remains to show that the sets {k?A(FyNi)}rez and {k2A (kG Ny)}rez are uniformly
bounded. In fact, since 0 € p(M) and the identity k2N = %M‘le for k # 0, we obtain that
the set {k®N}}rez is uniformly bounded. Therefore, the identities

2

(k+1)2

. .k
(k + 1)Gk+1Rk+1 — Zk‘Gk(Rk) + ZmGk+1Rk+1,

k?(Fj 1Nt — FiNyg) = Fraa( (k+ 1) Ngy1) — Fr(k*Ny)

and
21 , k2
k [Z(k + 1)Gk+1Nk+1 - Z]CGka] = Zm
show that the sets {k2A(FyNy)}rez and {k?A(kGyNy)}rez are uniformly bounded since they
are sum and product of uniformly bounded sets. Then, by Theorem 4.29, our claim follows i.e.
(Fi.Nk)kez and (ikGyNg)gez are B, -Fourier multipliers. From this and (4.33) it follows that
there exist s1,s2 € By (T, X) such that

(k+1)Gry1(k +1)2Npy1 — ikGr(E*Ny),

(4.36) §1(k) = ikGpN,f (k) = Grag(k) = Grw' (k) = Gu! (k),
and
(4.37) s2(k) = FuNyf (k) = Frab(k) = Fuw. (k).

Therefore, Gw! = s1 € B, (T, X) and Fw. = s3 € B, (T, X).
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From (3.26) we deduce that (ANk)kGZ is also an B, -Fourier multiplier since it can be
expressed as the sum and product of B, -Fourier mult1phers Therefore, there exists u; €
B, (T, X), such that
(4.38) i1 (k) = ANy f (k) = Ad(k),

where we have used (4.33) in the last equality. By [6, Lemma 3.1] we obtain w(t) € D(A) and
Aw = uy € B, (T, X). Finally, since {Hy}rez is B, ,-Fourier multiplier, we obtain that there
exists v € By (T, X) such that
(4.39) o(k) = iHyf(k) = B(ikNy,) f(k) = Biig(k) = Bw' (k).

)

It follows from [6, Lemma 3.1] that w'(t) € D(B) and Bw' =v € B, (T, X). From (3.26) note

that:

(4.40) (k) = —aMyf(k) — Spf(k) — BANf(k) — viHy f (k) — ikGypNy.f (k) — FxNi.f (k).
Replacing (4.34) - (4.39) in (4.40) we obtain by the uniqueness of the Fourier coefficients that
a(Mw')"(t) + (Nw') (t) = BAw(t) + yBw'(t) + Guw, + Fw + f(t), teT.

This shows the existence. It only remains to prove uniqueness. Indeed, let w € S, 4 s(A, B, M, N)
satisfying

(4.41) a(Mw")"(t) + (Nw')'(t) = BAw(t) + yBw'(t) + Gw; + Fw;, te€T.

Taking Fourier transform in (4.41), we get that —[by M +ap N +BA+~(ik) B+ (ik) G+ FJw(k) =

0, for all k € Z. Hence w = 0 as Z C py N (A, B) by hypothesis. Thus, equation (4.32) is B, -
well-posed.

Since the second statement of Theorem 4.32 does not depend on the parameters p, ¢ and s,
the following result follows immediately.

Corollary 4.33. Let X be a Banach space and let A, B and M be closed linear operators defined
on a Banach space X such that D(A) N D(B) C D(M)ND(N) and o, 3,7 € R. Then equation
(4.32) is B; ,-well-posed for some 1 < p,q < oo, s >0 if and only if it 1s B, ,-well-posed for all
1<p,qg<oo,s>0.

To finish this section, we consider well-posedness in periodic Triebel-Lizorkin spaces F , with
1<p<oo,1<qg<o0,s€R. We omit the definition and properties of these spaces but we
refer the reader to [16] for the details.

We consider the problem:

(4.42)  a(Mu)"(t) + (Nu')'(t) = BAu(t) + yBu'(t) + Guj + Fuy + f(t), teT:=][0,2x],
in 27-periodic vector valued F} -spaces. Here A, B, N and M are closed linear operators such
that D(A) N D(B) C D(N)ND(M) and F,G € B(F; ,(—2m,0); X), X).
We define the solution space of the F - well-posedness of (4.42) by
Fygs(A, B, M, N) := {u € F; (T, [D(A) N D(B)]) N E; (T, [D(A) N D(B))) :
Mu' € F53(T, X), Nu' € FyH\(T, X), Au, Bu/, Fu.,Gu € Fj (T, X)}.

The definition of F}; - well posedness of equation (4.42) is as follows.
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Definition 4.34. Let 1 < p < 00,1 < ¢ <00, s > 0 and f € F;,(T,X). We call u €

F,q.s(A, B, M) a strong F, 4-solution of (4 32) if it satisfies (4.32) for all t € T. We say that
(4.32) is F; -well-posed if for each f € Fy (T, X), there exists a unique strong F;  -solution of
(4.32).

Using a similar argument as the one in the proof of Theorem 4.32, we obtain the following
characterization of the Fj - well posedness of equation (4.32). In order to prove this result we
use the operator-valued Fourier multiplier theorem proved in [16]. We omit the details.

Theorem 4.35. Let 1 <p<oo,1 <qg<o0,s>0anda,p,v€R. Assume A, B and M are
closed linear operators defined on a Banach space X such that D(A) N D(B) C D(M) N D(N)
and 0 € p(M). Assume that {kGy : k € Z} is uniformly bounded. The following assertions are
equivalent:

(i) The equation
a(Mu)'(t) + (Nu') (t) = BAu(t) + yBu'(t) + Guj + Fu + f(t), te€[0,2n]

is Fy j-well posed;
(ii) Z C py(A, B) and the sets {iak3M Ny, : k € Z}, {k*NNy : k € Z}, {vkBN}, : k € Z}

are uniformly bounded.
Similarly to Corollary 4.33 we obtain the following result.

Corollary 4.36. Let X be a Banach space and let A, B and M, N be closed linear operators
defined on a Banach space X such that D(A)ND(B) C D(M)N D(N) and o, 3,7 € R. Then
equation (4.32) is Fj ~well-posed for some 1 < p < 00,1 < g < 00, s > 0 if and only if it is
F; j-well-posed for all 1 <p < 00,1 < g < o0, s>0.

5. APPLICATIONS

We first consider the following inverse problem:

(5.43) a(Mu")'(t) + (Nu') (t) = BAu(t) + yBu'(t) + f(t)z, te[0,2n],
with the additional information
(5.44) OIMU(1)] = g(t) DING(®)] = h(t),

where z € X, ® € X* and the unknown (u, f) is to be determined.

This kind of inverse problems was recently studied by Al Horani and Favini [3] when A is
the generator of a semigroup in X in case B = I,M = N = 0 [3, Theorem 2.1] and under
the assumption that B is dissipative defined on a Hilbert space in case M = 0,N = I [3,
Theorem 4.1]. In this section, we consider existence and uniqueness of solutions for the general
case (5.43)-(5.44) under new hypotheses, as the ones given in our main results in the previous
sections. Observe that we can considerably relax the hypotheses on A, B, M and N thanks to
the remarkable fact that in our main theorems we do not require any assumptions on generation
of semigroups or even cosine operator functions.

Our identification result in case of vector-valued Lebesgue spaces read as follows.
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Theorem 5.37. Suppose that A, B, M and N are closed linear operators defined on a UMD
space X such that D(A) N D(B) C D(M) N D(N). Suppose that z € X, ® € X* ®[z] # 0,9 €
Wge’r(T, C),h € WZ}e’g(T, C). We define the following operators

Ay = —@qg‘;” z, we D(A) = D(A),
and (Bl
Biv=-— (I)[Z} zZ, vE D(Bl) = D(B),

and assume that for each k € Z the operator
Ny, = [iak® M + K*N + B(A + Ay) + iky(B + By)] ™

exists as a bounded linear operator in X and the sets {iak® M Ny, }rez,{k* M Ny }rez, {vVEBNi rez
and {kNy}rez are R-bounded. Then, (5.43)-(5.44) admits a unique strong solution

(u, f) € Wpl(T, [D(A) N D(B)]) N LE,,. (T, [D(A) N D(B)]) x LP(T, C).
Proof. Applying ® to (5.43) and taking into account (5.44), we obtain

(5.45) 1) = 15 [09(0) + 1(0) = B9LAu(e)] ~ 1915/ ()]

Therefore, the given inverse problem (5.43)-(5.44) translates into the following direct problem:
(M) + (Vi) (0) = BAult) 4280 (0) + fag (0 + 1 (0] - 67 o 2O
(5.46) = B(A+ ADu(t) + (B + B)u'(t) + [ag"(t) + h’(t)]ﬁ.

Since ag” +h' € LP(T), it follows from the hypothesis and Theorem 3.22 that the inverse problem
(5.43)-(5.44) admits a unique strong solution u € Sy, (A, B, M,N). Hence, the pair (u, f),
where f is given by (5.45), solves the identification problem with regularity u € Wy (T, [D(A)N
D(B)]) N LE, (T, [D(A) N D(B)]) with «' € LP(T,[D(A) N D(B)]) and f € LP(T,C). O

We remark that analogous results can be established using theorems 4.32 and 4.35. Finally,
we provide the following simple example to illustrate the treatment of equations with delay.

Ezample 5.38. We consider the following integro-differential equation with delay
(5.47)

3(q(z)u(t,z 2(q(z)u(t,z 2u
oza (at (,;t?)(t’ ) + 0 (q(a)tQ(t’ ) = ﬁ%(t,x) +u(t—7,x)+ f(t,x), t,xzeT:=]0,2n],

where a, f € R, 7 € (0,27), f is a given function on T x T and q is a measurable function such
that the multiplication operator

(Mf)(t) = q()f(t)
with domain D(M) := {f € L*(T)|q-m € L*(T)} has a bounded inverse. This last property
holds if and only if 0 ¢ qess(T), the essential range of q [21, Chapter I, Proposition 4.10]; In
such case, we know that ||[M Y| = ||¢7 |l = sup{|A| : X € ¢;.L(T)} [21, Proposition 4.10].
We define the operator (A, D(A)) on L*(T) as

Af=f". DA)={feL*(T)| f,f"eI*T), [f(0)=/f(2r)=0}
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It is known that o(A) = 0,(A) = {—n? : n € N}. We define the operator F : LP((—2m,0), L*(T)) —
L*(T) by F(p) = p(—7). It is clear that F is linear and |[F(o)|| < ||¢|lp. Then equation (5.47)
labels into the scheme of (3.12) with A=A = 88722 the one-dimensional Dirichlet Laplacian on
L?(T), M = N the multiplication operator by q on L*(T), v =0 and G = 0.
By [24] (see also the introduction) it is known that there exists a constant ¢ > 0 such that
1 C
(5.48) |M(zM—A)"| < T

for all z such that R(z) > —c(1 + |Im z|). We will show that for all o, 5 such that

1
(5.49) la| > - and B> c/|¢" oo
equation (5.47) is LP(T, L*(T))-well posed.

Indeed, let z;, = —%2 —io‘Tkg. From (5.49) it follows that R(zx) > —c(1+ |Im zg|) for all k € Z.
Then we get from estimate (5.48) that

IM((k +ick®)M + BA) Y| < ¢

B+ |k? +iak3|
On the other hand, since the multiplication operator M is invertible on L*(T) we have

I((K* + iak®)M + BA) T Fy || < [MTH[M((K? + iak®)M + BA) 7|

c

<
B+ |k + iak3| —
We also get using the Neumann’s series that

_ c, _
<[l gl Moo <1.

1
T— ST

We conclude that Ny = [(k* +iak®)M + BA] I + Fip((k* +iak®) M + BA) =1t is well defined,
Z C pyp(A) and

(I 4+ Fi((E* +iak®)M + BA) Y7 <

clk| 1
B+ |k? +iak3| 1 — %HM*H
It follows that supy, ||k Ny|| < co and analogously it can be checked that supy, ||k3M Ny|| < oc.
From part (ii) of Theorems 3.22 it follows that equation (5.47) is LP-well posed for all1 < p < oo.

Moreover, from theorems 4.52 and 4.35 it is also B, , and F; -well posed for all1 < p < 00,1 <
q < o0, s>0.

1kNel < (1M1
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