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Abstract

Community recovery is a major challenge in data science and computer science. The goal in
community recovery is to find the hidden clusters from given relational data, which is often
represented as a labeled hypergraph where nodes correspond to items needing to be labeled
and edges correspond to observed relations between the items.

We investigate the problem of exact recovery in the class of statistical models which can
be expressed in terms of graphical channels. In a graphical channel model, we observe noisy
measurements of the relations between k nodes while the true labeling is unknown to us,
and the goal is to recover the labels correctly. This generalizes both the stochastic block
models and spiked tensor models for principal component analysis, which has gained much
interest over the last decade. We focus on two aspects of exact recovery: statistical limits
and efficient algorithms achieving the statistic limit.

For the statistical limits, we show that the achievability of exact recovery is essentially
determined by whether we can recover the label of one node given other nodes labels with
fairly high probability. This phenomenon was observed by Abbe et al. for generic stochas-
tic block models, and called “local-to-global amplification”. We confirm that local-to-global
amplification indeed holds for generic graphical channel models, under some regularity as-
sumptions. As a corollary, the threshold for exact recovery is explicitly determined.

For algorithmic concerns, we consider two examples of graphical channel models, (i)
the spiked tensor model with additive Gaussian noise, and (ii) the generalization of the
stochastic block model for k-uniform hypergraphs. We propose a strategy which we call
“¢truncate-and-relax”, based on a standard semidefinite relaxation technique. We show that
in these two models, the algorithm based on this strategy achieves exact recovery up to a
threshold which orderwise matches the statistical threshold. We complement this by showing
the limitation of the algorithm.

Thesis Supervisor: Michel X. Goemans
Title: Professor of Applied Mathematics
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Chapter 1

Introduction

Identifying clusters from relational data is one of the fundamental problems in data
science. Such a task can be often formulated as a problem of recovering the true
labeling (or community assignment)v of the items from a given data set which is a
collection of noisy measurements of the similarity between two or more items. We are
particularly interested in the setting where those measurements are independent of
each other. Such models are referred to as graphical models, or conditional random
fields in some literature.

As a motivational example, let us consider a community detection problem on a
graph. The stochastic block model (SBM) is one of the simplest generative models
which can be used to formally address such a problem. Specifically, in the case of
the SBM with two symmetric communities, we observe a graph G on the vertex set
V', where two vertices are joined with an edge with a probability only depending on
whether they belong to the same community. We assume that true community labels
are already assigned to the vertices but are unknown to us. The goal of community
detection is to recover the correct labels from the observed graph G. We note that
one can only succeed with high probability, as there is still a positive (but low) chance
for G being adversarial for recovering all the labels.

In this thesis, we only focus on ezact recovery, i.e., we are only interested in the
solution which is correct everywhere. There are other notions of recovery require-

ments, such as almost exact recovery and partial recovery, which lead to their own
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theories of interest. However, we will not take a deeper look into them as it is out of
the scope of this thesis.

For exact recovery, it is well-known in the statistics community that the maxi-
mum likelihood estimation or Bayesian estimation achieves the minimum error. This
allows us to understand exact recovery by analyzing the performance of the optimal
estimator. In the SBM with two equal-sized communities, the optimal estimator re-
duces to the minimum! bisection problem: given a graph G with the vertex set V,
find A C V with half of the vertices such that the number of edges between A and
V '\ A is minimized. Hence, exact recovery is possible if and only if the minimum
bisection problem returns the correct communities with high probability, where the
probability is taken over all randomness of the model.

Such an optimal estimator is usually hard to compute as it requires optimization
over the solution space whose size is exponential. In the example above, to compute
the optimal estimator we need to solve the minimum bisection which is indeed an NP-
hard problem. Nevertheless, we expect that worst-case instances for those problems
are nothing similar to a “typical” instance we observe from the model.

Let us name a few advantages of considering the average-case complexity over a
statistical model. First of all, it surpasses the curse of worst-case instances which
might not be a good representative of data from real-world applications. Second,
~ such models can be used as a testbed for various algorithms, allowing us to compare
them with provable performance guarantees. Also, it is very interesting in complexity
theory perspective that many NP-hard problems becomes easy when we consider
average-case complexity over a model with a planted solution.

This thesis focuses on a particular class of statistical models which are called
the graphical channel models. Graphical channels are powerful enough for describing
important models such as SBMs and its variants, noise models with planted signal
which are used to model principal component analysis, random constraint satisfaction
problems with planted solutions, and more.

Let us formulate the recovery problem as a problem of inferring the values of

lor maximum, depending on the parameters of the model
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latent variables from an instance of observables which are mutually independent and
depend on only a few number of latent variables each. For example, in the SBM
described above, community assignment of a vertex corresponds to a latent variable
and the presence (or non-presence) of an edge corresponds to an observable which
only depend on the labels of its endpoints.

Precisely, we consider a model which factorizes along a hypergraph H = (V, E)
where v € V is associated with a latent variable x, and e € E is associated with an
observable y.. We further restrict our focus on the case that the hypergraph H is
k-uniform for some fixed k (i.e., |e| = k for all hyperedge e), hence the dependence
graph on x,’s and y.’s forms a bipartite graph which is k-regular on the y-side. This
is the graphical channel model.

One may notice that the graphical channel model can be expressed as a graph code
on a memory-less noise channel. In this context exact recovery corresponds to the
problem of decoding the message from a given corrupted codeword. The celebrated
Shannon’s noisy-channel coding theorem tells us that when we fix a memory-less
channel with capacity C, there then exists an encoding scheme with rate R which
allows decoding with high probability as long as R < C. The converse is also true: if

R > C, then no encoding scheme with rate R allows a stable decoding.

Inspired by Shannon’s theorem, we search for the correct notion of “channel ca-
pacity” for graphical channel models. Notice the difference between the two settings:
in the setting of graphical channel models, we have an encoding scheme which is given
to us and have specific structure, while in the setting of Shannon’s theorem, we have
freedom to choose an encoding scheme while the channel is fixed. We also remark
that the graphical channel model corresponds to a sparse code whose rate decays to
zero as the length of message |V/| grows. This implies that the channel capacity in a
traditional sense would be diverging as |V| grows, so we need an asymptotic notion
of the capacity in the limit of |V| — oc.

It was shown in [6] that the Chernoff-Hellinger divergence serves a role of capacity
in generic SBMs. As a consequence, one can find a sharp threshold such that exact

recovery can be done successfully with probability asymptotically approaching 1 if
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and only if the capacity is above the threshold. This can be proven by a local-to-
global amplification argument as appearing in [1], which means roughly that we can
recover all vertex labels as long as we can locally recover the label of a vertex given

the labels of all other vertices with low failure probability.

We extend this argument to discrete signal recovery in spiked tensor models in
Chapter 2, and to a generalized version of SBMs for k-uniform hypergraphs in Chapter
3. Moreover, in Chapter 4 we prove that local-to-global amplification happens in
generic graphical channel models as long as it satisfies some regularity conditions on
the channels. As a corollary, we determine the sharp threshold value in terms of a
certain type of divergence computed on the channel which matches previous works

on a specific model.

On the other hand, we ask whether exact recovery can be efficiently done. Recall
that in the case of the SBM with two symmetric communities, the optimal estimation
scheme corresponds to the minimum bisection problem which is NP-hard to solve
in the worst case. We may wonder whether there is a polynomial-time algorithm
which solves the minimum bisection problem on most typical instances. Indeed,
there are several polynomial-time algorithms known to achieve exact recovery up to
the statistical threshold in this case [4, 21, 56, 6.

In general, the optimal estimator in the graphical channel model can be expressed
as a polynomial optimization problem, which is the problem of finding the maximum
(or the minimum) value of a given polynomial over a set which can be described by
polynomial inequalities. Although this problem is in general NP-hard (even when the
polynomial is quadratic), the sum-of-squares relaxation scheme provides a systematic
way to find an approximate solution. Roughly speaking, this scheme first relaxes the
original problem to a convex optimization problem which we can solve efficiently, then
finds a feasible solution by rounding the solution of the relaxation. Interestingly, in
[21] and [56] it was independently pointed out that in the SBM with two symmetric
communities, one does not need the rounding step: The relaxed problem will give the

exact solution with high probability as long as it is statistically possible.

Inspired by those results, we propose a strategy which we call “truncate-and-relax™:
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We first truncate the polynomial to a quadratic polynomial, then solve the standard
semidefinite relaxation to find the optimum of the truncated polynomial. We show
that in planted bisection models and in generalized SBMs for k-uniform hypergraphs,
the truncate-and-relax strategy successfully recovers the community labels up to a
threshold which orderwise matches with the statistical threshold (See Section 2.4 and

Section 3.4, respectively).

1.1 Organization of the thesis

In the rest of this chapter, we motivate our work by reviewing previous works on
two particular models: the stochastic block model with two symmetric communities
and the spiked Wigner model. We also give a general formulation of the graphical
channel model and several important examples of it, formally describing the recovery
requirements that we consider, and discuss briefly various relaxation techniques from
the spectral to the Sum-of-Squares methods.

Chapter 2 is devoted to spiked models with additive Gaussian noise. We deter-
mine the statistical threshold where the sharp phase transition happens for a generic
spiked model. We discuss the guarantee of the truncate-and-relax algorithm on the
planted bisection model (which is a specific instance of spiked models) and make
a comparison with a naive sum-of-squares technique. In Chapter 3 we consider the
generalization of the stochastic block model to k-uniform hypergraphs. We first deter-
mine the statistical threshold where the sharp phase transition happens, and discuss
the performance guarantee of the truncate-and-relax algorithm on this type of model.
Finally, in Chapter 4 we discuss the statistical limit of generic graphical channel mod-
els. We describe the local-to-global amplification phenomenon and prove that such

amplification holds under a set of mild conditions on the channel.
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1.2 Problem description and examples

Consider a hypergraph 1 = (V, E) with |V| = n and |e| = k for all e € E (k-uniform).
We assign the vertex variable x, to each vertex v € V' and the edge variable y. to
each (hyper)edge e € E. Each vertex variable has a value in the input alphabet X
and each edge variable has a value in the output alphabet ). We assume that X is
finite to make the notion of exact recovery clear (but ) is arbitrary). Let @ be a
noisy channel which gets (z1,--- ,zx) € A* as an input and outputs a random value
in Y according to some distribution only depending on the value of the input.

A graphical channel model is defined as a probabilistic model for y given x, where
Y. is obtained by independently sending (X,,, - ,X,,) through the channel @, for
each e = {vy, -+ ,uc} € E. Let us write this as x % y, or simply x < y if H is clear
from the context. Furthermore, we assume that the input x is drawn from a prior

distribution P. Now we formulate exact recovery as the following:

Definition 1.1 (Exact recovery in graphical channel model). Suppose that we are
gwen the prior distribution P, the channel Q) and the base hypergraph H. FEzact
recovery in the graphical channel model defined by P, QQ and H is a task of recovering
x gwen an instance of y. For ¢ > 0, we say that a deterministic algorithm D which
maps 'y € V¥ to D(y) € XV achieves exact recovery with error probability € if

P (D(y)=x)>1—c¢.

x~P

y(gx

The statistical threshold can be characterized by minimizing the error probability
over all possible D. Note here that we did not require D to be an efficient algorithm,
t.e., running in polynomial time with respect to the size of input. If we restrict D
even further to be efficient, then we would get the computational threshold. We are
interested in characterizing those two types of thresholds and ask whether they match
(exactly or asymptotically) or not.

Now we describe two main questions of this thesis:
e Can we characterize the (sharp) threshold for exact recovery in terms of an
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appropriate notion of channel capacity? More specifically, is the global recovery
threshold only dependent on a local property such as information capacity of @

as in Shannon’s theorem?

e In many statistical models on graphs (e.g. the stochastic block model with
two communities), exact recovery can be directly achieved by a simple algo-
rithm based on a standard semidefinite relaxation technique. Would the same
technique work when we consider higher-order models such as when the base

hypergraph is k-uniform for some k£ > 37

The answer for the first question is yes. We call such phenomenon local-to-global
amplification and we discuss it in full generality in Chapter 4. For the second ques-
tion, we consider an algorithm based on the truncate-and-relax strategy and analyze
it on generalizations of the SBM and the spiked Wigner model for k-uniform hyper-
graphs. We prove that the algorithm successfully recovers the ground truth in an
orderwise optimal parameter regime, but it cannot achieve exact recovery all the way
down to the statistical threshold. Moreover, for a certain generalization of the spiked
Wigner model, we consider an alternative algorithm using the sum-of-squares relax-
ation techniques and prove that this algorithm is orderwise suboptimal in contrast to
the truncate-and-relax algorithm.

In the remainder of this section, we provide several examples of graphical channel

models which were investigated in the literature.

1.2.1 Stochastic block models

The stochastic block model (SBM) has been one of the most fruitful research topics in
community detection and clustering. The SBM can be thought of as a generalization
of the Erdés-Renyi (ER) model G(n, p), in which we observe a graph G on n vertices
where each pair of vertices (¢, j) is joined with an edge independently with probability
p. While the ER model is deeply understood and has a wide range of theories devel-
oped for it, often real-world network behaves very differently from a typical random

graph. It leads us to consider alternative models for random graphs.
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For exposition, let us start with a simple version of the SBM, where there are two
equal sized communities. Let n be an integer greater than 1 and let p and ¢ be real

numbers in [0, 1].

Definition 1.2. The model SBM(n, p, q) generates a random graph G = (V, E) on n

vertices in the following way:

(i) A label x, € {0, 1} is assigned for each vertexv € V. We choose a labeling with

equal number of the vertices labeled 0 and labeled 1, uniformly at random.

(12) Each pair of vertices (u,v) are joined with an edge independently with probability

p if X, = X, (i.e., in the same community) or probability g if X, # X,.

Sometimes the vertex labeling is chosen in a way such that each vertex receives
a label drawn independently and uniformly at random, while in our definition the
labels of vertices are not independent due to the fact that we restrict the size of two
communities to be equal. We remark that this does not create a big difference and
any result in this thesis applies to either definition with a slight modification.

We can easily get the stochastic block model with multiple communities by choos-
ing a label x, in the finite set X with |X| > 3.

The SBM is believed to provide good insights in the field of community detection.
We can take advantage of the fact that there is a “true” community structure when
a graph is sampled, and we can theorize community recovery problems in formal
way. Likewise for the ER model, it exhibits many sharp phase transition behaviors
[77, 6, 4], and it was studied for whether such statistical thresholds can be achieved
by an efficient algorithm [33, 8]. Also, the SBM was used as a testbed for various
algorithms. To name a few, spectral algorithms [72, 94], semidefinite programming
based algorithms [4, 56, 59|, belief-propagation (38, 7, 9], and approximate message-
passing algorithms [93, 30, 40, 67] were considered. We recommend [1] for a survey
of this topic.

In this thesis, we consider a generalization of the SBMs for hypergraphs. It was

first introduced in [49] and was studied in [51, 50, 46, 20, 52, 69, 34, 15|. Specifically,
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we consider a model for k-uniform hypergraphs, which we call the stochastic block
model for k-uniform hypergraphs (k-HSBM). Chapter 3 is devoted to characterizing
the sharp threshold for exact recovery in k-HSBM with two communities. We also

analyze the truncate-and-relax algorithm on k-HSBM.

1.2.2 Models for Principal component analysis

Principal component analysis (PCA) is a powerful method which is widely used in
signal processing and other applications. When we are given a data matrix Y, PCA
provides a way to extract a signal from Y, which often can be written as a low-rank
matrix.

Let us consider the simple situation where Y is an observation of the rank-one
signal xx” corrupted by additive Gaussian noise. Let n be an integer greater than 1

(dimension of the signal) and let o be a positive real number (scaling of the noise).

Definition 1.3. The spiked Wigner model (with Rademacher prior) is a generative

model which outputs an n X n random symmetric matriz Y where
Y = xxT + oW,

with a vector x € {£1}"™ which is chosen uniformly at random and an n x n random
symmetric matric W whose entries are independent and standard Gaussian variables.

W s also called Wigner matriz.

There are numerous works on the spiked Wigner model in the random matrix
point of view. For instance, the maximum eigenvalue of Y was analyzed in [45] and
it was shown that it starts to deviate from the maximum eigenvalue of W when %
becomes greater than 1. This implies a sharp phase transition for detection?, which
is the problem of testing whether Y has a spike in it. Such phase transitions for
different priors and noise were further studied in [85].

It is natural to investigate a higher-order generalization of the spiked Wigner

model. Montanari and Richard proposed a statistical model for tensor PCA [75]

2To be precise, this result considers the spiked Wigner model with unit ball prior.
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and analyzed the signal recovery problem under both statistical and computational
points of view. Later, an approximate message passing (AMP) algorithm for detection
was considered in [68], and an algorithm based on sum-of-squares (SoS) relaxation
for (almost) exact recovery was considered in [58, 26]. Both of the algorithms are

somewhat believed to be unimprovable.

We remark that those results consider a unit ball prior, i.e., x € R"® where ||x|| =
1, hence it requires an extra care for defining exact recovery. Instead, in Chapter 2
we consider the Rademacher prior, i.e., when x is chosen uniformly at random from

the n-dimensional hypercube {—1, +1}".

1.2.3 Other models

It is clear that the stochastic block model, the spiked Wigner model, and their gen-
eralization to higher-order relations fit in the category of graphical channel models.
We describe a few more examples of such models, which might be of independent

interest.

Censored Block Model and other variants

In the binary censored block model (CBM), we observe a random graph G which is
drawn from the Erdds-Renyf ensemble G(n,p) and labels y;; of edge ij € E(G). Each

edge-label y;; is a noisy measurement of 1{x; = x;}: precisely, we have

1ii=x;} with probability 1 — 6
Yij; =
1 — 1{x,=x;,3 Wwith probability 6.
In other words, y;; is the result of sending 1(x,-x,} through the binary symmetric
channel with error probability 6.
We note that the CBM can be formulated as a graphical channel model by encod-

ing all randomness into y. Precisely, we assign one of the labels in {0, 1, *} to each
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pair {7,j} C V independently with probability
P(y,; = %) =1—p, Ply;; = Li=x;3) =P(1 = 10), and P(y;; = 1 — Lx,=x;}) = PO

Phase transition for exact recovery was considered in [2, 3] and the sharp threshold
was shown in [57]. A generalization of the binary CBM for uniform hypergraphs was
considered in [14] and they characterize the threshold for exact recovery, and in a
subsequent publication they propose an efficient algorithm which provably achieves
exact recovery up to statistical threshold [15].

Remark the similarity between the CBM and the stochastic block model. Indeed,
there are many other variants of block models such as labeled SBMs and SBMs
with overlapping communities, and graphical channel models are powerful enough to

express those examples.

Random CSPs with a planted solution

Many problems in computer science have a form of constraint satisfaction: we are
given a collection of predicates each defined on a few number of boolean variables,
and the goal of the constraint satisfaction problem (CSP) is to decide whether there
is an assignment which satisfies all predicates. There are many important examples
of CSPs such as k-satisfiability (k-SAT), k-colorability of graphs, unique games and
many more.

Phase transition phenomena in various types of random CSPs such as k-SATs
were studied in the last decade [47, 10] and planted counterpart of random CSPs
were also considered in the literature [24, 43]. We remark that those random CSPs
with a planted solution can be modeled in a broader context of graphical channel

models (see [5] for more information).

Parity-check Codes

As we discussed previously, graphical channel models are a generic formulation of an

encoding scheme for memoryless channels. Shannon’s noisy-channel coding theorem
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tells us that that the rate of such encoding scheme is at most the capacity of the
channel which is given by the mutual information between an random input and the
output. Moreover, Shannon proves that the maximum rate can be achieved by a
random encoding. Subsequently, it was proved in [42] that a random linear encoding
achieves the maximum rate.

Low-density parity check (LDPC) and low-density generating matrix (LDGM)
codes are a type of sparse linear codes which provides an encoding with good rate
which is easy to compute. To understand the phase transition behavior of those codes,
the decoding scheme based on maximum a posteriori estimation was considered in
[74, 63]. Phase transition in the concentration of the mutual information between the
message and the noisy codeword was studied in [64, 19] when the code has constant
sparsity. In a high-level view, their argument can be also thought as a sort of local-to-
global amplification in detection, which is sometimes called the decoupling principle

[55].

1.3 Local-to-global amplification

Recall the example of the stochastic block model with two equal-sized communities,
denoted by SBM(n, p, q).

For exact recovery, right parameter regime to work on is where p and q scale with
19%—". To see this, we are going to argue that if p and ¢ decrease faster than k’% then
the probability that the graph has an isolated vertex converges to one as n grows.
Note that we cannot hope to recover the label of any isolated vertex with an error
probability less than one half.

Let us calculate the probability for the graph having an isolated vertex. Instead of
the SBM, let us first consider the Erdés-Renyi model G(n, p,) for exposition. Under
G(n,p,), a graph G is sampled in the way that each pair of vertices is connected with
probability p independently. It is clear that when p = g, the ER model coincides with
SBM(n,p,q). For v € V, let E, be the event that v is isolated, i.e., there is no edge

incident to it. Then, we get P(E,) = (1 — p,)"~! ~ e~ by a direct calculation.
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Note that only the dependence of F, and E, is caused by the presence of edge
joining v and v. We may expect that E,’s are very close to being independent, and

SO

P <U Ev> ~1- H(l ~P(E,))~1—em™ ™",

v

The right-hand side converges to 1 if ne ™ diverges and to 0 if ne™™ vanishes.
Indeed, this argument can be made rigorous and we get the following sharp threshold

for the property of having an isolated vertex.

Proposition 1.1. Suppose that p, = cli‘;l—" for some constant c. Then, the probability

for G having an isolated vertex converges to 1 if ¢ < 1 and it converges to 0 if ¢ > 1.

In 1969, Erdés and Reny{ showed a stronger result: ¢ = 1 is the sharp threshold
for the connectedness of G, i.e., G is disconnected with high probability if ¢ < 1, and
G is connected with high probability if ¢ > 1. Clearly, connectedness implies that G
has no isolated vertices. We would like‘ to emphasize that connectedness is a global
property and the property of having no isolated vertices is a local-like property, in
the sense that it can be decomposed into almost independent local events E,.

Returning to exact recovery in SBM(n, p, q), the sharp threshold lies at (y/a —
vb)? = 2 when p = 2%% and g = 2%" for some a,b > 0. This was proved in [78]
and independently in [4]. Moreover, in [4] it was shown that an algorithm which is
based on semidefinite programming with an additional refinement step achieves exact
recovery all the way down to the statistical threshold. Subsequently, it was proved
in [56] and independently in [21] that the extra refinement step is not needed, hence
simple semidefinite program readily achieves exact recovery.

For the SBM with multiple communities, the statistical threshold for exact recov-
ery was established in [6], along with an efficient algorithm which provably achieves
the same threshold. Including this result for generic SBMs, many works establish
that sharp threshold is determined by the error probability for local recovery. Such

phenomenon is stated explicitly in [1] and called local-to-global amplification.

Definition 1.4 (informal). For a vertex v, the local recovery at v is the problem

of recovering the label of v when we are given the labels of all vertices except v,
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in addition to the observation of edge-variables. Local-to-global amplification is a
phenomenon that (global) exact recovery is approzimately equivalent to the product of

local recoveries.

In the case of SBM(n,p, q), the local recovery at v can be done by counting the
number of edges from v to each communities. Suppose p > ¢ and suppose that the
community membership of all other vertices are told. If v is connected to larger
number of vertices in one community than another, then we would expect that v is
also in that community since p > ¢. Indeed, local recovery at v only succeeds when
it is connected to more vertices which have the same label as v. Thus the probability

for failing local recovery at v is equal to

IP’( Z 1{ww € E} — Z 1{'wu€E}<O>.

UKy =Xy WXy FE Xy

Note that each sum is a sum of independent, identically distributed Bernoulli vari-
ables, and specifically this probability can be rewritten as P(X —Y < 0) where X and
Y are independent binomial variables with distributions Bin(% — 1,p) and Bin(%, ¢)

respectively.

Lemma 1.2 ([4]). Assume that a > b > 0. Let X, and Y, be random variables with

binomial distribution Bin(%2, *%6) and Bin( % il—‘;lgﬂ) respectively. Then,

) 1
lim —
n—oo  logn

logP(X, - Y, < 0) = -;-(\/‘— V)2,

The lemma implies that

P(local recovery at v fails) ~v n~2(Va-vb?
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and by local-to-global amplification, we get

P(global recovery fails) =~ 1— exp (— Z P(local recovery at v fails))

veV

~ 1-—exp (——nl‘%(ﬁ“ﬁ')?)
)0 if(Va—vb)?>2
1 if (Va—vb)? <2,

hence the threshold is at (v/a — vb)? = 2.

In Section 3.3 and 2.3, We make similar argument for the stochastic block model
for k-uniform hypergraphs and spiked Tensor models (which includes the case of
spiked Wigner model) to characterize the exact recovery threshold. This is further
generalized in Chapter 4 to generic graphical channel models, under some regularity

assumptions.

1.4 Truncate-and-relax algorithm

The semidefinite relaxation technique allows us to consider a relaxed, convex problem
instead of the original highly non-convex optimization. It was extensively used to find
an approximate solution of NP-hard problems such as max-cut, sparsest-cut, min-
bisection, graph coloring, and many more [53, 60]. Usually, this type of approximation
algorithms consist of two steps, (i) first we find a solution from a relaxed problem,
and (ii) since this solution might not be feasible in the original problem, we round up
to get a feasible solution.

Standard semidefinite relaxation techniques were recently applied to statistical
problems. In many models, such semidefinite relaxation algorithms directly achieve
exact recovery down to the statistical threshold without a rounding step, ¢.e., the
solution which is statistically best is also the optimum solution for the relaxed prob-
lem. This includes many examples such as SBMs with two communities [56, 21],

SBMs with multiple communities [57, 83], SBMs with growing number of symmetric
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communities [11] and spiked Wigner model with Rademacher prior (sometimes called

Zg-synchronization with Gaussian noises) [21].

Let us conisder the spiked Wigner model for exposition. In the model we observe

a symmetric n X n matrix Y where
_ T
Y =xoxp + oW

such that xo € {£1}" is chosen uniformly at random, o > 0, and W is a symmetric

matrix with independent, standard Gaussian entries.

The maximum likelihood estimator corresponds to the optimal solution of the

following optimization problem

max X! YX.
xe{x1}"

Let L be the function which maps x to x’Y'x. We remark that L(x) is a quadratic
function on {£1}" and in general the problem of optimizing a polynomial on {+1}"
is NP-hard. A standard way to relax such a problem is by rewriting the problem in

terms of matrix optimization with rank constraints
maximize Z Xi;Yij
1,3
subject to X;; =1 for all 1,
X = XT is positive semidefinite,

rank(X) = 1,

and relaxing the rank constraint. As a result, we obtain the following semidefinite
program:
maximize ZXUY;J-
i’j

subject to X;; = 1 for all ¢,

X = X7 is positive semidefinite.
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Semidefinite programs are convex optimization problems in the form of

maximize tr(CX)
subject to tr(A;X)=0b,fori=1,--- ,m (1.1)

X = XT is positive semidefinite.

for some symmetric matrices Ay, -+ , A,, and C and real numbers by, - - , b,,. It has

nice properties that the dual, defined as

™m
minimize Z biy;
i=1
subject to 1, - ,ym € R : (1.2)

m
Z y;A; — C is positive semidefinite,
=1
is also a semidefinite program. Moreover, if the primal and the dual satisfy some mild
regularity assumption, then the strong duality holds: the optimum solution X* of the

primal and the optimum solution y* of the dual exists and their values are identical.

Proposition 1.3 (Complementary slackness). Suppose that the strong duality holds.
Let X* be an optimum solution of (1.1) and y* be an optimum solution of (1.2). Let
S* =" yfA; — C. Then, (S*)TX* = 0. The converse is also true: if X* and y*
are feasible and (S*)TX* =0, then X* and y* are optimum solutions.

Suppose that the strong duality holds. To show that X = zaT

is an optimum
solution of (1.1), we only need to show that there exists a dual feasible solution y*

such that

(iy;‘Ai——C') z=0

i=1
by complementary slackness. In the case of the spiked Wigner model, we have that
the relaxed problem solves exact recovery if there exists a diagonal matrix D such
that (D — YY)z = 0 and D — Y is positive semidefinite. By analyzing the spectrum
of random matrix D — Y, we get a threshold for this algorithm which turns out to

coincide with the statistical threshold in spiked Wigner model [21].
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We would like to generalize this algorithm to higher-order models (which corre-
sponds to the case that base hypergraph is k-uniform for £ > 3 in graphical channel
models). Let us consider a version of spiked Wigner model for 4-dimensional tensors:

we are given a symmetric tensor Y € (R™)®* such that
Y =x§*+ oW

where xo € {£1}" is chosen uniformly at random, ¢ > 0, and W € (R™")®* is a
random symmetric tensor with independent, standard Gaussian entries. Here, we
call a tensor Y symmetric if it is invariant under any permutation of the indices, for

instance in 4-dimensional case we have
Yiike = Yijor = Yikje = Yie; = -+ = Yarju.
The maximum-likelihood estimator of x in this model would be

argmax Z Yijk - XiX;XpXe.
xe{x1}n i, k€]

We cannot use a naive semidefinite relaxation technique since the objective func-
tion is no longer quadratic. Sum-of-squares (SoS) relaxation scheme provides a sys-
tematic way to obtain a sequence of relaxations for a generic polynomial optimization
problem which are successively refined at the cost of the size of the rélaxed problem.
In particular, when the domain of the original problem is {+1}", this converges to
the original problem at nth level of relaxation (however, this relaxation would be a
semidefinite program with exponential size).

In [75], the statistical threshold of the k-tensor PCA model was characterized.
They also provided an algorithm which uses a spectral method on a flattening of the
data matrix, but it achieves exact recovery only in a suboptimal regime. This was
strengthened in [58] and [26] to the SoS relaxation scheme: They proved that the
spectral method is as good as any constant level relaxation for the SoS approach.

We consider an alternative model in Chapter 2 where the signal x$* is replaced
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=

by a rank-two tensor x5 := (li"ﬁ)@4 + (I—Jl)@4. Note that

2

1 if (X0)i = (%0); = (X0)x = (X0)e
(X5 ijke =
0 otherwise,
which is motivated by a natural generalization of the SBM to 4-uniform hypergraphs:
a 4-HSBM model such that the probability for an edge to appear only depends on
whether all vertices have the same label or not.

Again, the maximum-likelihood estimator is a solution for an polynomial opti-
mization problem over {+1}". One difference from the previous tensor model is that
the objective function here is not homogeneous and it has a fairly large quadratic
part in it. We propose a strategy called “truncate-and-relax” which consists of the

following two steps:

e We first truncate the high degree part of the objective polynomial and get a

quadratic polynomial as an alternative objective function.

e We further relax this new quadratic optimization problem using a standard

semidefinite relaxation technique and solve the relaxed problem.

Surprisingly, this simple algorithm achieves exact recovery in a parameter regime
which is orderwise optimal. We prove this in Section 2.4 and prove an analogous
result for k.-HSBM in Section 3.4. On the other hand, in Section 2.5 we prove that
the SoS relaxation of degree 4 on this tensor model (for 4-tensor case) does not achieve
this orderwise optimal regime, as in the rank-one signal case. It suggests us that a
naive SoS relaxation might not be a “right” way to approach higher-order community

recovery problems.

1.5 Frequently used notation

We close this chapter by providing a list of commonly used notations through this

thesis.
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Notations for the asymptotics of a function

In this thesis, we always consider the sequence of statistical models each of which
depends on an integer parameter n. We often ask the behavior of those models in
the limit of n growing to infinity. For this reason, we are going to rely on Bachmann-

Landau notations to describe the asymptotic growth of functions in n.

Let f and g be positive real-valued functions in n. We write

f(n) = O0(g(n)) (or f(n) Sg(n) if gﬁ?§%<m,
fm=mw>Mﬂm<m»ﬁngg§%=a
Fn) = Qg() (or f(n) 2gm) i mint T2 >
= w(g(n or f(n n i im in f(—n—)zoo
fm) =wlg() (or fn) > g(m) if liminf 2D

If f(n) is both O(g(n)) and 2(g(n)), then we write f(n) = ©(g(n)) or f(n) < g(n).
Moreover, we write f(n) = g(n) if lim,— g—% = 1. Note that f(n) = g(n) implies
that f(n) < g(n) but the converse is not true.

We write f(n) = +o(g(n)) if |f(n)| = o(g(n)). Using this notation, f(n) = g(n)
is sometimes alternatively denoted f(n) = (1 £ o(1))g(n).

We often write equations and inequalities with asymptotic notations inside. For
instance, p = n!~°(!) means that p = n!~/™ for some positive function f such that

f(n) = o(1), or equivalently,

logp
— = o(1).
logn o()

All asymptotic notations without a subscript tacitly means that it is the asymp-
totics with respect to n — co. If necessary, we will specify the variable of our concern

as a subscript: For example,

. f(m, k)
f(m, k) = On(g(m, k & limsup —————= < oo for any fixed k.
(m ) = Onlo(m, k) & lmsup ZH y
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Notations for graphs and hypergraphs

Let V be a finite set. We denote the collection of subsets of V' of size k by (}), hence
(= (5.

For a positive integer n, we denote {1,2,--- ,n} by [n]. We denote the set of
n-tuples of a set S by S or simply S”. The entries of an n-tuple s € S™ are denoted
by s1,---,sn. Likewise, we denote the set of tuples of S indexed by the elements in

V by SV, that is,
SY = {(8y;, -+ ,50,) : Sy, € S for i € [n]}

where V = {vy, -+ ,v,}.

We denote the symmetric group of degree k by &g, which is the group of all
permutations on [k] = {1,--- , k}.

A graph is a pair G = (V(G), E(G)) which consists of a set V(G) of vertices
and a set E(G) of edges, which are elements of (‘2/) An k-uniform hypergraph is a
pair H = (V(H), E(H)) which consists of a set V(H) of vertices and a set E(H) of
hyperedges, which are elements of (}). We often use the term "edge” for both an edge
in a graph and a hyperedge in a hypergraph, if it is clear from the context.

The adjacency matrix A of a graph G is the symmetric |V (G)| x |V(G)| matrix

with entries

1 if {u,v} € E(G)
(AG)uv =
0 otherwise.

For a k-uniform hypergraph H, we define the incidence vector Ay of H to be the

indicator vector of E(H) C (V(,CH)), i.e., Ay is an element of {0, 1}(‘/('3‘)) with entries

1 ifee E(H
(Arg). = € E(H)

0 otherwise.

Remark that the definition of 2-uniform hypergraphs exactly coincides with the

definition of graphs. However, the adjacency matrix and the incidence vector of a
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graph are not the same object; here we abuse the notation by referring both objects

as Ag.

Vectors, matrices, and tensors

We assume readers’ familiarity with the basic linear algebra concepts such as vector
spaces, bases of a vector space, matrices, eigenvalues and eigenvectors, and so on.

In this thesis, all vector spaces under consideration are finite-dimensional and
over the field of real numbers R. In many cases, we consider vectors with real entries
indexed by elements in a finite set V. We denote the space of such vectors by RY
rather than RIY!, to emphasize the indexing. We denote vectors in RY by bold-faced
lower-case letters such as x,y,---.

The vector whose entries are all equal to zero is denoted 0 or 0,, when we need
to specify the dimension. Likewise, the vector whose entries are all equal to one is
denoted 1 or 1,,.

The restriction of x onto a set S C V of coordinates is
x[S] € R® with entries x[S], =x, forv € S.

We denote matrices by plain upper-case letters such as A, B, - - -. Often we regard
matrices as elements of RY**"2 whose rows are indexed by elements of V; and columns
are indexed by elements of V,. We call A € RV*Y a V x V matrix, or a square matrix
of size |V'|. The transpose of a square matrix A is denoted by AT, and a square matrix
A is said to be symmetric if A = AT,

A square matrix A is called a diagonal matrix if its entry A,, is zero whenever
u # v. The identity matrix of size n is denoted Id,, or Id if n is clear from the context.
The square matrix of size n whose entries are all equal to zero is denoted by 0,, or
simply 0. The trace of a square matrix A is denoted by tr(A).

The standard inner product of two vectors x,y € RY is

(X, Y> = Z XoYv)

veV
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which is equal to xTy or yTx.

The p-norm of a vector x € RY for p € [1,00] is denoted by ||x||,, and defined as
1/p
Il = (Z |xv|"> forp € [1,00) and oo = max f, .
ve

The 2-norm || - ||2 is also called the Euclidean norm or just the norm. Note that

%[l = VI {x,%).

The standard inner product of two matrices A, B € R"1*"2 is

(A,B):= Y AuwBu.

ueVr,veV;

We note that (A, B) = tr(ATB). The Frobenius norm of a matrix A, denoted || 4||r,
is defined as ||A||r = v/(A, B).

For a symmetric matrix A, we denote its eigenvalues by
AM(A) <o < A (A).

The smallest and the largest eigenvalue are denoted by Apin(A) and Apax(A) respec-

tively. The spectral norm of a matrix A € R"1X"2 is defined as

lA]] := v/ Amax(AAT).

If A is a square symmetric matrix of size n, then
IA]] = max [Amax(A)] -
1eEn

Let A be a symmetric matrix. A is called positive semidefinite if A\;n(A4) > 0,
or equivalently xTAx > 0 for any x. A is called positive definite if A\pin(A) > 0,
or equivalently xTAx > 0 for any nonzero x. We denote A > 0 if A is positive
semidefinite and A > 0 if A is positive definite. We denote A = B if A— B > 0 and
A>-Bif A-B > 0.
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The tensor product of vector spaces U, -+ ,Uy is denoted by

N

U® - Uy = QU
i=1

The tensor product of vectors u; € Uy, -+ ,uy € Uy is denoted

N

u1®--~®uN=®u,-.
1=1

We call a tensor pure if it is a tensor product of vectors.

The k-th tensor power of a vector space U is defined as the tensor product of k
copies of U, and we denoted it by U®*. An element T of U®* is called a k-tensor.
The k-th tensor power of a vector x is the tensor product of k copies of x and we

denote it by u®*.

Suppose that dim(/) = n. Given a basis B = {e',--- ,e"} of U, the basis of U®*
induced by B is

B®k = {evl ®---®e: ((Ula te 7’Uk) € [n]k}a
and each k-tensor T € U/®* has the unique expression

T= > Tyun(@ - @c™)

(1, 0k )€[n)*
with respect to B®*. Note that this gives an isomorphism between (/)®* and R™, as
T & (Tvl’.., ka)(")ls"' k)EMIF
We often work under the setting that &/ = R™ and B is the standard basis of R".

In this case, the corresponding isomorphism between (R™)®* and RI™" is trivial, and

we refer k-tensor to an element in either of the spaces interchangeably.

We remark that 2-tensors and matrices are equivalent. This equivalence can be

seen by associating each pure 2-tensor u®v with a rank-one matrix uv”. In literature,

uv” (or equivalently u ® v) is often called the outer product or the exterior product
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of © and v.

We remark the equivalence between 2-tensors in (RY)®2 and matrices in RY*V. In
particular, a pure 2-tensor x ® y corresponds to the rank-one matrix xy”. In general,

we call a k-tensor T rank-one if T = x; ® - - - ® X, for some vectors Xi,--- , Xz € RY.
Let m € &}, be a permutation on [k] and let T be a k-tensor in (RY)®*. We define
T™ as the k-tensor with entries

T, =T

Vi, ,Vk Ur(1)>" »Vm(k)

for (v, ,v) € VF.

We say T is symmetric if T = T™ for any 7 € &;. Note that his notion agrees with
the symmetry of a matrix. The symmetrization of a k-tensor T, denoted SymT, is

defined as the average of T™ over 7 € Gy, i.e.,

SymT = kl—' >y o

" reSy

Let X be a k;-tensor in U®** and Y be a ko-tensor in U®*2. The tensor product
of X and Y is denoted by X ® Y and defined as the (k; + k;)-tensor in U®*1+k2) with

entries

(X®Y)u,, kg V1 Uk D SN S kg

The symmetric tensor product of X and Y, denoted X ® Y, is defined as the sym-
metrization of X ® Y. This notation extends to products with multiple arguments,
in particular,

X1 0 OXp =Sym (X1 ® - - ® Xg).
The standard inner product of k-tensors X and Y in (RY)®* is defined as

(X,Y) = > Xy Yoo

(v1,+- v )EVE

The Frobenius norm of a k-tensor T, denoted | T||r, is defined as ||T||r = /(T,T).
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Probability theory

Let 1 be a probability measure on the domain X'. We always consider the case that
& is a measurable subset of a real finite-dimensional space; hence the corresponding
o-algebra is implicitly assumed. We write X ~ p if X is the random variable such

that P(X € A) = u(A) for any (measurable) A C 2. We write
Px., (or XIP for separate-line formulas)
~p

to emphasize that the probability is taken over a random draw of X from the distri-
bution . If the variable of consideration is clear from the context, we simply write
P,. We denote the corresponding expectation operator by Ex., or E,.

We denote the integral of a measurable function f: 2 — R with respect to pu by

[ = /Q F(%) du(x).

If 1 has the density function p(x) with respect to a reference measure A, then we

have
[ £an= [ £60pex) dr).

When the reference measure is clear from the context, we sometimes write X ~ p to
. . : d _
denote X ~ pu. The density function p of u is also denoted by ﬁ which is also known

as the Radon-Nikodym derivative of u with respect to \.
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Chapter 2

Spiked Tensor Models'

Principal component analysis (PCA) is a powerful method for recovering a signal from
a noisy observation when the signal has special properties such as being a low-rank
or a sparse matrix. We often achieve recovery by a simple spectral algorithm, which
executes a diagonalization (or more generally, a singular-value decomposition) and
estimates the original signal within the space spanned by the eigenvectors of a few
largest eigenvalues. One of the simplest models for PCA is the spiked Wigner model

in which we observe a random n x n data matrix Y where
Y = 8wl +W,

such that v is chosen uniformly at random from the unit sphere in R™, 8 > 0 (signal-
to-noise ratio), and W is a random symmetric matrix with independent, standard
Gaussian entries.

In many applications, we often observe the data with the elements indicating the
interactions between three or more items. Examples include the problems such as
image segmentation [54], community recovery in hypergraphs [95, 17], topic modeling
[18], hypergraph matching [41] and tensor learning in general [12]. This motivates us

to consider the generalization of PCA to higher-order tensors. However, decomposing

1The contents of this chapter overlaps in significant amount with [61], which is a collaborative
work mainly conducted by the author of this thesis.
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a given tensor into rank-one tensors or even finding the best rank-one approximation
of the given tensor is hard, in contrast to the case of matrices.

Montanari and Richard [75] propose a simple model for tensor PCA which gen-
eralizes the spiked Wigner model. In this model, we observe a random k-tensor
Y € (R™)®* where

Y = v+ W,

such that v is a random unit vector in R, 8 > 0, and W is a symmetric k-tensor with
independent, standard Gaussian entries. The authors prove that there exist constants

¢ and ¢, (which may depend on & but independent of n) such that

(i) if B8 > c1671y/n, then the maximum-likelihood estimator V. g achieves
IWmLe — vz <e

with high probability, and

(ii) if B8 < cgy/n, then for any estimator v, the distance from v to v (or to {£v}

when £ is even) is bounded away from zero in expectation.

Those thresholds are sharpened further for various recovery requirements and other
prior distributions in [84].

On the other hand, in [75] the authors also ask whether efficient recovery is pos-
sible. They consider a simple algorithm which performs spectral clustering on the
unfolding of the tensor. They prove that this algorithm returns V4, which is close to
v (or +v), as long as 8 = nl*/21/2_ 1t is proved in [58] that the sum-of-squares relax-
ation of degree 2[k/2] can find a good solution as long as 8 > n*/* which is better
than n/*¥/21/2 when k is odd. Subsequently, it is proved in [26] that sum-of-squares
technique with higher-degree would not gain much: Essentially, we need 8 > n*/* for
the sum-of-squares relaxation of any constant degree to find a good solution. This
is somewhat believed to be unimprovable, in analogy to the case of weak recovery

where such a gap is present with respect to approximate message passing algorithms

(see [68]).
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We remark that in those statistical models for PCA or tensor PCA, one can only
formulate the recovery requirement in terms of the distance between the ground truth
v and the estimator Vv, as v is chosen from a continuous prior.

In this chapter, we consider the variants where the spike is chosen from a discrete
set and investigate exact recovery problem in those models. For instance, the spiked

Wigner model with Rademacher prior is defined as follows.

Definition 2.1. The spiked Wigner model with Rademacher prior is a model in

which we observe a random symmetric data matriz Y of size n where
Y = xox2 + oW
for a randomly chosen vector xo € {£1}", the noise parameter o > 0, and a random

symmetric matriz W with independent, standard Gaussian entries.

We remark that this model is sometimes called Z,-synchronization model with
Gaussian noise [21, 59]. Let us consider the following generalization of the spiked

Wigner model to k-tensors.

Definition 2.2. The single-spiked k-tensor model with Rademacher prior (or simply
the single-spiked model) is the generative model such that a random k-tensor Y in

(R™)®* is generated in the way that
Y =x5* + oW,

where xo € {£1}" is chosen uniformly at random and W is the symmetrization of

the k-tensor G whose entries are independent, standard Gaussian variables.

Note that the spike x3* in this model has the entries of the form

(x(?k)vlw",vk = (XO)'UI e (XO)Uk‘

In other words, each entry of the spike represents the “parity” of the hyperedge

{v1, -+, v} (assuming that vy,--- vy are distinct) when we regard (xg), € {—1,1}
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as the community label of the vertex v.
On the other hand, let us consider an alternative way to label the hyperedge
{v1,- - , vk} by whether the vertices lie in the same community or not. Let xO@’c be

the k-tensor with entries

1 if (Xo)u == (XO)v
k 1 k
(X(,@ Joire v =

0 otherwise,

and let us define the corresponding spiked k-tensor model.

Definition 2.3. The bisection-spiked k-tensor model with Rademacher prior (or
simply the bisection-spiked model) is the generative model such that a random k-tensor

Y in (R")®* is generated in the way that
Y = x5 + oW,

where xo € {£1}" is chosen uniformly at random and W is the symmetrization (as
defined in Section 1.5) of the k-tensor G whose entries are independent, standard

Gaussian variables.

We investigate the exact recovery problem in a class of models that includes the
single-spiked model and the bisection-spiked model. Specifically, we consider the

models where the spike can be expressed as a k-tensor s(xg) with entries

S(XO)UL'“,'Uk = S((XO)'UI’ T (xo)vk)

for some symmetric function s : {£1}* — R.

The outline of this chapter is as follows. We briefly discuss the Fourier analysis
of the functions defined on a hypercube, provide the precise definition of the model,
and summarize the main results of this Chapter in Section 2.1. The main results of
this Chapter are summarized in Section 2.2. Section 2.3 is devoted to characterizing
the statistical threshold for exact recovery. We consider the truncate-and-relax al-

gorithm and analyze its performance in Section 2.4. On the other hand, in Section
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2.5 we consider an algorithm based on the sum-of-squares relaxation technique and
argue that it is suboptimal in comparison to the truncate-and-relax algorithm in the

bisection-spiked model.

2.1 Preliminaries

2.1.1 Notations

For simplicity, let us introduce a few notations which will be used throughout this
chapter. We will use «, 3,--- to denote tuples in [n]*. For legibility, we denote the
entries of the tuple a € [n]* by a(1),- -, a(k) instead of oy, -+ , . For I C [k], the

restriction of @ on I is denoted by «(7), i.e.,
a([) = (a(il), s ,Ct(’im)) where [ = {il <0 K i|1|}.

We often regard o as a function from [k] to [n]. In particular, we use the notation
a~1(S) to denote
a '(S) = {i € [k] : a(i) € S}

where S C [n]. When S = {v}, then we simply write a~*(v) instead of o~ !({v}).
For a vector x in {£1}", we use x, to denote Hie[k] Xq(i)- Moreover, we denote

Hiel Xa(i) by Xa(I) for I C [k]

2.1.2 Fourier analysis on the hypercube

In this subsection, we briefly introduce the Fourier analysis of the real-valued functions
on the hypercube {+1}™.

Let f be a real-valued function on the m-dimensional hypercube {£1}™. One
way to represent this function is that we specify all evaluations of f at each point in
{£1}™ i.e.,

.f: Z f(x)lan

ze{£1}m
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where 1, is a function which has value 1 at z and 0 elsewhere. This is because
{1z}ze{21}~ forms a basis of the space of real-valued functions on {+1}™, or equiva-

lently R{1}",

On the other hand, let us consider the family of functions {xs}scim) Where

xs@) =] w
icS
This family forms an orthonormal basis of the space of functions {f : {£1}™ — R}

with respect to the inner product

() (F9) e 3 F)g().

ze{£1}m™

Hence, any real-valued function f on {£1}™ can be uniquely written as

=3 F(S)xs

SCiml

where f(S’) = (f, xs).

~

The quantities f(S) are called the Fourier coefficients of f. The degree of f is
defined as the maximum size of S such that f(S’) # 0, and we denote it by deg(f).
For d < deg(f), we define the truncation of f to degree d as the function f<4 on

{£1}* with the Fourier expansion

~

faa= Y, flhxe

IClk:l|<d

For S C [k], we define the restriction of f on the index set S as the function f|s(z)

on {+1}° with the Fourier expansion

fls(z) =Y F)xu.

ICS

If f is symmetric, then f(S) = F(T) for any S and T with the same size. In such
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cases, we denote f(S) by F(|S]), hence we have

Let x, - ,xx € {£1}V and let f : {£1}* — R. We define f(x1,---,Xx) to be a

k-tensor in (RY)®* with entries

f(xla te 7Xk)v1,~~,vk = f((xl)vla Ty (Xk')vk)'

If x, = x for all 7 € [k], then we simply write f(x) instead of f(x,--- ,X).

Since f — f(x1,---,Xy) is linear, we can express f(x;,--- ,Xx) as
f(xlv Zf X1 Xla ,Xk)'
IC[K)
Note that

X](Xla“' ’xk)=V1®...®V’c

where v; = x; if 4 € I and v; = 1 otherwise. For brevity, we denote x; (x1,- - , Xx)

by (x1,- -+ ,xg)! and x;(x, -+ ,x) by x/.

If f is symmetric, then f(x) can be expressed as

k
fx) = x!
go IC[kL]‘__ra_r
k

— k ®r ®(k-r)
= 2 (r) ) (x& O x )

We recall that ® denotes the symmetric product (see Section 1.5).

Proposition 2.1. Let x,y € {£1}V such that (x,1) = (y,1) = 0. Let s and t be

real-valued functions on {£1}*. Then,

(s(x),t(y)) =n* > 5 (<X Iy))'” :

IC[K]
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Proof. By definition,

Since (x,1) and (y,1) are equal to zero, (x!,y’) is nonzero only if I = J and

(xI,y") = nk-11(x, y)I. Thus we get the desired result. 0

In particular, if s and t are symmetric we get

(5),Hy)) = ki (F)sein) (222,

2.1.3 Description of the model

Let us formally describe the spiked k-tensor model which we consider in this chapter.
Let n and k be integers such that n > k& > 2. Let s be a symmetric function on

{£1}* which is not identical to the zero function and let o = o(n) > 0.

Definition 2.4. The s-spiked k-tensor model is a generative random k-tensor model

such that Y € (R")®* is generative in the way that
Y = s(xp) + oW
where xq 1s randomly chosen from {£1}" and W is the symmetrization Sym G of a

random k-tensor G with independent, standard Gaussian entries.

Here G is not a symmetric tensor. We chose to define W as the symmetrization
of G for a simpler analysis. One may note that the entries of W do not have the

same variance. For instance, we have

1

Wiq=Groq~ N(O0,1) but Wy = > Weq) ey ~ N(0, 1/kY).
' mEB
We remark that 1 — o(1) fraction of a’s in [n]* has distinct entries (1), -, a(k).

Hence, “typical” entries of W is distributed as N(0,1/k!) and the effect of other
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entries is negligible.
We remark that the single-spiked model and the bisection-spiked model are equiv-

alent to the s;-spiked model and the s,-spiked model respectively, where

| k k
s1(2) =21+ 2z and  sy(2) = 2—1k (H(l + z) + H(l — z,)) )

i=1 i=1

2.2 Main results

Exact recovery in the s-spiked k-tensor model is the problem of recovering x, from

an observation of

Y = s(xq) + o W.

We note that if s(z) = s(—z), then s(x) = s(—x) for any x, so we can only hope to

recover the ground truth xq up to a global sign flip.

Definition 2.5. We say that exact recovery is achievable if there exists an estimator

X such that

if s(z) # s(—=z) for some z € {£1}*, or
P(i & {Xo, '-—X[)}) =1- 0(1)

if s(z) = s(—=z) for any z € {£1}*. We say that exact recovery is impossible if for
any estimator fails to recover x (or up to a global sign flip when s(z) = s(—z) for all

z) with probability 1 — o(1).

From now on, we restrict our focus to the s-spiked k-tensor model where the prior
Xo is chosen uniformly at random among the vectors x, € {+1}" satisfying
17x¢ = 0, as opposed to the uniform prior on {#1}". However, we remark that the
proof technique for the balanced prior easily translates to the case of uniform prior.
We also remark that such results can be explicitly obtained by applying the more

general result which appears in Chapter 4.
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Regarding the statistical threshold of exact recovery, we get the following result.

Theorem 2.2. Suppose deg(s) > 2. Let ¢s(t) be
L (k
— < 2t’l‘
o) = 3 ;s
and let o be the positive real number satisfying

,nk:—l

"2logn’

¢5(1)

(03)* =

Then, ezact recovery is achievable if o < (1—¢€)o’ for some € > 0, and exact recovery

is impossible if o > (1 +¢€)o;; for some € > 0.

We prove this theorem by analyzing the maximum-likelihood estimator XML,
which can be described as the optimal solution for the following maximization prob-
lem:

Y .
xe{i{I}l'?;}l(Tx=0 ( ’ S(X)>

We analyze the probability that x is not the unique optimum of the function x

(Y, s(x)), which is equal to

PML,fail ‘= P U {(Yv S(X)> 2> <Y’ S(XO)>}
x:5(x)#s(x0)

The proof can be found in Section 2.3.

On the other hand, we consider an algorithm which is based on the truncate-and-

relax strategy which we have discussed briefly in Section 1.4.

Let us consider the truncation s<4 of s to degree d. Let ﬁﬁ;‘i{m be the estimator

defined as

2(d)

trunc ‘T argmax <Y’ SSd(x)> ’

x€{£1}":1Tx=0

where ties are broken arbitrarily. We are particularly interested in ﬁﬁf?mc, which is
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the maximizer of the function

(Y,s<2(x)) = (s(x0) +0W,s<2(x))
= (s(X0), 5<2(X)) + 0 (W, 5<2(x)) .

Since the entries in s<y(x) are quadratic polynomials in x, we can write (Y, s<2(x))

as

(st =1 <] |

X

for some symmetric matrix Y of size (n+ 1), whose rows and columns are indexed by
0,1,---,n. Here we may think R" as the subspace of R{®" which consists of the

vectors whose entry at Oth index is zero.

We consider the standard semidefinite relaxation of the optimization problem

1
max [1 xT] Y ,

xe{£1}":1Tx=0 X

that is,
max (Y, X)
subject to X;; =1 for i € {0} U [n]
0 of
(X,J) =0 where J =
0, 1,17

X =0, X =XT e RUODx{0}In])

The truncate-and-relax algorithm solves the relaxation and outputs an optimum

solution X*. We say X™ recovers xq if



and we say X* recovers Xg up to a global sign flip if

X 1 *
- T

We require the algorithm to recover xy when s<» is not even, or to recover Xy up to

a global sign flip when s<; is even.

Theorem 2.3. Suppose that 5(2) # 0. Let ¢ irunc(t) be

beirnelt) = Gra) = 3 (F)swe

and let o* be

s,trunc

nk—l
0% trune = A s prunc(1) -
s,trunc s,trunc 9 log n .

The truncate-and-relaz algorithm achieves exact recovery if o > (1 + €)o7ty for
some € > 0. Moreover, this analysis is tight: If 0 < (1 — €)0} jryne for some € > 0,

then the truncate-and-relaz algorithm fails to recover xo with probability 1 — o(1).

The proof can be found in Section 2.4. We remark that our analysis is only about
the probability for the truncate-and-relax algorithm directly recovering xo. Hence,
there is a possibility for algorithms with an additional rounding step achieving the

statistical threshold, but it is out of scope of this thesis.

2.2.1 Single-spiked model vs Bisection-spiked model

Recall that the single-spiked model and the bisection-spiked model are instances of

s-spiked model, with s = s; and s = s respectively where

51(2) = 21+ -2 = 21
1 [ £ 1
i=1 i=1 IC[k]
|I] even
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The Fourier coefficients of s, are

1 ifr=k
51(r) =
0 otherwise,

and so ¢, (t) = t*.

Corollary 2.4 (Single-spiked model). The statistical threshold for exact recovery in

the single-spiked model is

k=1

n-z
P L
e vk V2logn

Remark that the truncate-and-relax algorithm cannot be used for the single-spiked
model since §;(2) = 0. Instead, we consider the sum-of-squares (SoS) algorithm (see

Section 2.5 for the definition).

Theorem 2.5. The SoS algorithm achieves exact recovery in the single-spiked 4-

tensor model if 0 S —-t——. On the other hand, the SoS algorithm fails to recover
~ polylog(n)

Xg in the single-spiked 4-tensor model if o 2 n - polylog(n).

The Fourier coefficients of sy are

5%-T if r is even

0 otherwise.

We have

b5, (t) = 22—,1_—1((1—t)’“+(1+t)’°), and

1 k
¢82,trunc(t) = 1+ im (2) tz-

Corollary 2.6 (Bisection-spiked model). The statistical threshold for exact recovery

in the bisection-spiked model is

. k nkz;l
0, =\ o ——-
52 2k \/2Togn
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Moreover, the threshold for the truncate-and-relax algorithm achieving exact recovery
18 e
. k(k—1) n=z
O sy trunc — 02k—2 ’ \/ﬁ(-)g—ﬁ

For comparison with the single-spiked model, we also consider the sum-of-squares

algorithm on the bisection-spiked model.

Theorem 2.7. The sum-of-squares algorithm fails to recover xy in the bisection-

spiked 4-tensor model if o 2 n - polylog(n).

Informally speaking, it suggests us that (at least in the bisection-spiked model) it
is better to “forget” higher moments of the data if we use semidefinite programming
techniques. We note that Lesieur et al. [68] observed a similar phenomenon for the

detection problem and the approximate message passing algorithm.

2.3 Statistical threshold: Proof of Theorem 2.2

Let xo be a vector in {#1}" such that 17x, = 0. For each subset S of [n], let x(5) be

the vector obtained by flipping the sign of (xo), for the indices v € S, i.e.,

(5 = (x0)y fvegS
—(Xg)v ifves.

Here x(9) is balanced if 3°, _«(xo), = 0. For simplicity, let us call such S also balanced
(with respect to xg).

Note that parr, eu is the probability that x(5) outperforms xo for some balanced

S, i.e.,

PML fail = P U Es

. S#0
'S balanced

where Eg is the event that (Y, s(x))) > (Y, s(x0)) holds.
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Let ts = (s(x0), 5(x0) — s(x¥)) and Gs = (W, s(x\¥)) — s(xq)). By definition,

t
EFs & —tsg+0Gs>0 < Gsz—j

By proposition 2.1, we have

(s(x0), s(x0)) = ", ("5"0) — nbg,(1)
(stra),s(x 7)) = v (S22 <, (22T,

and so tg = nk <¢s(1) — ¢ (1 - gl—f—')) :

On the other hand,

Gs = (W,s(x¥) - s(x0))
= (SymG,s(x®) — s(x0)) = (G, s(x'¥) — 5(x0)) .

This follows from the fact that for any symmetric k-tensor S and a k-tensor T we

have

(8,T) == S (ST = 3 (S,T7) = (S,SymT),

TEG meS,
and that s(x(®)) and s(x¢) are symmetric. Thus, G is a centered Gaussian variable

with variance

ls(x) = s(xo)llF = lIs(x0)IF + [s(x)E — 2 (s(x0), s(x))
- 2o, (1-12)
= 2,

Here the second equality follows again from Proposition 2.1.

As a result, we get




where ®(x) = Pyn(0,1)(9 > z) is the complementary cumulative distribution function

of a standard Gaussian variable.

We provide the complete proof of Theorem 2.2 in the following two subsections.

2.3.1 Proof of the achievability when o < (1 — €)o;

For achievability, our goal is to prove that
PMmL,fair = 0 as n — oo

if o < (1 —¢€)o? for some € > 0.

Suppose first that s is even, i.e., s(x) = s(—x) for any x € {£1}". In this case,

we have P(Eg) = P(Ep)\s) and

pmL fait = PXumr &€ {Xo, —%0})

= P U BEs|< Y PEs)=2 >  P(Es).

5. S€{0,[n]} 5. S&{0,[n]} s. 1<18I1€3
S balanced S balanced 'S balanced

Hence, we can easily adapt the proof for the case that s is not even to the case that
s is even. For this reason, in the rest of this subsection we assume that s is not

even, or equivalently, there is an odd r € {0, 1, -, k} such that 5(r) # 0.

We argued in the previous part of this section that

o9 =0 (y/5) v =0 (s-0. (1- 22)).

Since tg only depends on the size of S, let us write ¢, for tg if |S| = r. We get

n—1
tr
PML,fail < Z‘I’ < 202) - #(S : |S| = r, balanced).

r=1
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Moreover,

(n/2)2 T
2 if r is even
#(S :|S| =, balanced) =

0 otherwise,

since choosing a balanced set S of size 7 is equivalent to choosing a set S_ of size r/2

from the indices labeled with —1 and a set S, of size /2 from the indices labeled

with +1. Thus,
n—1 2
n/2 tr
ai < (I> .
PML.fail S ;21 ('r/2> < 202)

We have ®(x) < e~2°/2 by a Chernoff bound. Hence,

(V) = ()
- oo (-1 (a0-0.(1-Z)))

e (_mgn' (%) @(D(;(clﬁ)s'(&— -,%))’

since (02)? = ¢.(1) - zlogn When ¢ < (1 —€)o?, we have (07/0)? > (1 —¢)™ 2> 1+¢

P ( 21;’"2) < exp (——(1 +€e)rlogn - ?s(1) — s (1: 2’%)) : (2.1)

and so

¢ (1)
Claim. ¢ is increasing, strictly convezx function on (0,1).

Proof of Claim. Recall that

k
=3 ()0
r=
By direct calculation, we get ¢.(¢) > 0 and ¢/(¢) > 0 for any t € (0, 1) since 5(r) > 0
for some r > 2. It implies that ¢, is increasing and strictly convex on (0, 1). O
This claim implies that there exists a unique point ¢ty € (0, 1) satisfying

¢s(1) — ¢s(1 = to) = (1 — €/2)t0, (1),
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and we have

$s(1) — po(1 — £) > (1—¢/2)tg,(1)  fort € [0,o]
¢s(1) — ¢s(1 —to) for t € (to, 1].

Moreover, when ¢t € (1,2], we have

¢s(1) d)s 1 _t Z

> () -0-on)

Z() (r)(1+ (t— 1))

r:od

£ ()

which is strictly positive since we assumed that 5(r) # 0 for some odd r. Thus,

k

v
[=%

Vv

do(1) =9 (1-%)  J1-¢/2 if T <to
(1) 2 =
AOR c.z if & >¢

for some constant C' > 0 which is independent of n. Plugging it in (2.1), we get

<I> ( t, ) exp (—(1 +¢/2)rlogn) ifr < 4&n
<
202 |

exp (—Cnlogn) if r > 2n.

Thus,

s E ()2 (VE)

r.even

< Z(g_) (n—l~e/2)r+2ne—Cnlogn

r>2

< Z(2ne/2)—r+e—Cnlogn+O(n)
r>2

< n o)),

which converges to 0 as n grows.
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2.3.2 Proof of the impossibility when ¢ > (1 + ¢)o?

Recall that when |S| = r, we have

P(Es) = @ ( 2@)
= (-0, (1))

Since ¢, is convex on (0,1), we have

where

t, <nf@l(l) — = (¢7)% - 4rlogn
n S

as long as v < %. In particular, when S = {u, v}, we have t, < 8(c})?logn and

*

20 (2(Z) V).

By a standard tail estimation of standard normal, we have

e~/ (1 1
> o
o(x) > = (:c x3)

and it implies that when o} =< o,

*

2
P(E{y)) > exp (—2 (%—s) logn — O(loglog n)) = p2@3/e)*~o(1),

2 . .
There are %- many pairs of vertices u,v that we can choose. Hence, to have

an event E{,,) to happen with high probability, we must have P(E(,.}) = Q(n™2);

otherwise we will get

P (U Bwn) < & P(Eu) = o)

Indeed, this condition becomes sufficient if the events Ey, ) were independent, which
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is unfortunately not the case here. Nevertheless, we would like to argue that those

events are “nearly” independent so that P(Ej,,}) = Q(n~2%¢) for some ¢ > 0 implies

that PML,fail = 1-— 0(1)

Let V, and V_ be the partition of [n] where
Vio={ve[n:(x)py=1} and V_={ve[n]: (%), =—1}.

For each pair (u,v) € (Vi,V.), we will denote E(yy} by Eyw and x{=v) by x(),

Recall the definition of E,,: Ey, is the event that G, is at least ty/o, where

n

Guw = (G, s(x™) — s(x0)) and t, = nt <¢s(1) _ 4 (1 _ é)) .

Let U be a subset of [n] such that |[U NV, | = |UNV_|. We will write (u,v) € U if
wue UNV, and v e UNV_. Clearly we have

PML,fail Z P U Euv )
(u,v)elU

and our goal is to prove that the right-hand side converges to 1 if P(Ey,) 2 n~?** for

some ¢ > 0, under an appropriate choice of U.

Let us first investigate the set of variables which the event E,, depends on. Ex-

panding G,, we have

Z x()), — s(Xq)a) -

a€[n]*

Note that s(x(*)), = s(X¢)e if o !({u,v}) = 0, hence Gy, only depends on the
variables G, where a™!({u,v}) # 0.
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We partition the set {a : a™!({u,v}) # 0} into the A,, A, and A,, where

A= {a:|a ()] =1, a (U \ {u}) =0}
A, = {a:|at(v)| =1, a1 (U\ {v}) =0}
Aw = {a:|a™ (U)] > 2, o ({u,v}) # 0}.

Let G, G, and G, be the variables such that

Gu=" 3 Ga (s(x")a = 5(x0)a)

acAy

G, = Z Go (s(x")q — 8(x0)a)
acA,

G, = Z Ga (s(x™)q — s(x0)a) -
a€Ayy

Here x( is the vector with entries

—(%X0)y fw=u
X = N

(x0)w  otherwise.

Note that s(x®)), = s(x™), if a € A, since in that case we have a~(v) = 0.

Similarly, we have s(x()), = s(x™) if a € A,, 50 G = Gy + Gy, + G,

Informal argument. We would like to argue that the effect of G, in G, is negligible.
To see this, note that

Ay = | Ay] = k(n — U = knk=t — k(k — 1)|U k2

and

Awl < D Y #larald) =w,a(K\ {{})NU #0)

we{u,v} =1

= 2k (n* ' —(n— U]

Q

2k(k — 1)|Un*2.
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Hence |A,] = | A, > | Aw] when |U| = o(n) as

| = o(nF1) and |A,| = |4,] = Q@FY).

Thus, we expect

! —
g2y ot Go Cu ™ gy, Gt Go= %, Gt 205 O

and we can bound the last quantity as

P(max G, + max Gv<t—2>§ P(max Gu<—2%)+]13’(max Gv<t—2>

uelUnVy velUnv. o uelUnVy velUnV_ 20

= [ BGu<t/20)+ [[ P(Gy< taf20).

ueUnVy velUNV_

Together with the approximation EGZ ~ 1 EG2, = t, we get

*\2
P(Gy > t3/20) =~ ® Vi > o V8(o;)? logn > p(@3/0)2=o()),
20 - 20

It implies that

[I PGu<t/20)5 (1—n—<a;/a)2)"f'/2

uEUﬁV+

1 .
S exp <_§ . ‘Uln—(GS/a)z)

which is o(1) if |U| > n(?i/?)*, This can be achieved by letting |U]| = n!=°(") as
|U| > n¢ for any c < 1. O

Let us make this argument precise. Let |U| = ~tay» Where ~(n) will be chosen later

in the proof. Note that

to
max Gu+GU+G;U2; & U Eup.

(uv)eUu (wnyeU
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Since o > (1 + €)o?, we have

t
P U E. | > P(max Gu+Gv+G;w2-3)
(u,v)eU o
(u,v)eU
8(c*)21
> P max Gt G+, > SL0s) losn
(u,v)eU (1 —+ 6)0';‘
8c* log:
_ p(max Gu+a,,+a;,,zfs_9g_@)
(u,0) €U 14¢

Moreover,

max (G, + G, +G.,) > max (G, + G,) — max (=G.,)

(u,v)el (u,v)eU (u,v)elU
= max G,+ max G, - max (—-G,,).
ueUnNVy veUNV_ (u,v)el
Thus,
>P Gy + max G ax ( G,)>8o;logn (2.2)
; ma, x G, — max (-G! ) > —=——]. .
Pfail, ML = ueUﬂ)‘(/+ TR (w0)el U 1+ e

To estimate this probability, we need to understand the typical values of

max G,, max G,, and max (—G,).
ueUNVy velNnv_ (u,v)eU

The following is a folklore result on the tail bound of the maximum of Gaussian
variables (for instance, see Problem 3.5 in [92]). For completeness, we include the

proof of Lemma 2.8 later in this section.

Lemma 2.8. Let g1, -, gn be centered Gaussian variables, which are not necessarily
independent. Suppose that the variances E g? are bounded by some constant M > 0

(which may depend on N ). Then for any constant € > 0,

P (mgv)]cgi > /2(1 + €)M log N) < N7<
1€

Moreover, if g; are i.i.d. centered Gaussians with variance M, then for any constant
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e >0,

P (m{a}tﬁgi < 4/2(1 = €)M log N) < N—etoD),
ic

To apply Lemma 2.8 to our setting, let us compute the variances E G2, E G2 and

E(G",)%. First remark that G,’s and G,’s where u € UNV, and v € UNV_ areii.d.

Gaussians. Moreover, G, is independent of G,, and G,. Hence,
EG2, = 2(EG?) + E(G,,)*
We have already seen that
EC, = s(x9) — s(xo)l[3 = 26,

hence

E(G.,)? =2t, —2EG2.

It remains to compute the value of E G2 for some u € U.

Proposition 2.9. For any u € U,

EG? = 4¢/(1)(n— |U|)*' =8 (1 -

By Proposition 2.9, we get

E(G,)? = 2t = 8¢'(1)(n — [U])"

= 2ty —16(1 — y(n) ™) (o¥)?logn

< 16(0%)%logn (1 — (1 —~(n)~ ") 1)
16(k — 1) *\2
—’y(rr - (03) logn.

The second inequality follows from t; < 8(0?)?logn and the last inequality follows

from (1 — z)¥"' > 1 — (k — 1)z for any z € [0, 1].

60



—2n
Let n = §. By Lemma 2.8, with probability 1 — 2 (27’(‘,”)) we have

1/2
1\ k! . n
> — _— (o™ 1 . log ——
ugil/%>\{/+ Gu+ el Gy 22 (16(1 ) (1 fy(n)> ()" logn - log 27(71))

and
16(k — 1)

n O\ /2
(o* 2logn~210g————) .
TR )

max (—G,,) < (2(1 + 1) 2y(n

(u,v)elU

Letting y(n) = log® n, this reduces to

max G, + max G, — max (—=G.,) > 80} logn (\/1 —-n— o(l)) :

ueUNVy velUnNVv_ (u,v)elU

Note that

! < 1—%=\/1—7}

1+e¢

for sufficiently small ¢ > 0. Together with (2.2), we get

n —€
ai 2 1-2 =1-o0(1
Prail, ML <log3n> ( )

as desired.

Let us complete the section by presenting the proof of Lemma 2.8 and the proof

of Proposition 2.9 here.

Proof of Lemma 2.8. Since ®(x) < e=e’/2,

« N
P(g; > \/2cMlog N) < exp (‘_2(1 '*‘2“1)[;\942108 ) < N-(+9),

By union bound, we get

P (m[a]g]cgi > \/2(1 +¢)M log N) < N.N-1+9 = N~
1€

which converges to 0 as desired.
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On the other hand, if g; are i.i.d. N(0, M), then

P (g%gi <421 —e)MlogN) = f[l?( i </2(1 —e)MlogN)
@(\/2(1—6)logN)]N

- [1_

Since ®(x) > e **/2(z~! — z73),

[1 - (\/5(1 —¢)log N)]N <(- N—(l—e)+o(1))N < e_.N€+o(1)’

which is less than N~¢t°() a5 desired.

Proof of Proposition 2.9. Note that

EG: = Z (s(x™)q — s(x[))o,)2

ac€A,

= > > (ng ((x<“))a(,)-(x0)a(,)))

ielk] a:a(i)=u, IC[k]
a~ 1 (U)={3}

since G, are i.i.d. standard Gaussians.
Note that
(Xo)a(]) if ¢ Q I

-—(Xo)a(j) ifieI.

(X("))a(l) —

It implies that

EGL= >, (-22 I)(Xo)a )2

a:a(i)=u, IC[k]:I>%
o~ (U)={i}

= 4 Z Z )(%0) a(l) (XO)Q(J)

a:a(i)=u, I,J:INJ3i

o (U)={i}
= 4 ) S5 > (%)) (X0)a()
I,J:INnJ>1 a:o(i)=u,

o~ (U)={i}
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Note that

> (0)an(Xo)awy = (n—[U)FTITIVIZIA I1 (%0)a(s)
cffzg)—zf . FJE(N\NUWND) \a()en\U
1

(n—[UDE-Y ifT=J

0 otherwise,

since Y-, v (Xo)o = 0. Hence we get

EG? = 1U|“Z > 8

1=1 IC[k]:I>¢

= An— US|

IC[K]
L (k
= 4(n — k-1 )2 . — 44’ (1 _ k-1
=3 (73 = 4t -
k—1
which is equal to 8 (1 - ;(17—5) (%)% logn. O

2.4 Truncate-and-Relax algorithm

Let us recall a few definitions we need in this section. The truncation of s to degree
2 is
IC[k]:I]<2

and the estimator iﬁf?mc is an optimum solution to

max (Y, s<2(x)) . (2.3)

xe€{£1}*:1Tx=0

The truncate-and-relax algorithm simply solves the standard semidefinite relaz-

ation of the optimization problem (2.3), which we describe in Section 2.4.1.
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2.4.1 Binary quadratic optimization

We give a quick overview on the binary quadratic optimization problems and semidef-

inite relaxation techniques applied to this class of problems.

Binary Quadratic Programs (BQPs) are a class of combinatorial optimization
problems with binary variables, quadratic objective function and linear or quadratic
constraints. Note that (2.3) is an example of BQP since the variables x, take value
in {£1}, the objective function (Y, s<z(x)) is a quadratic function in x, and the
constraint 17x = 0 is linear. It implies that the techniques to solve BQP readily
apply for computing iﬁfzmc. However, in general BQP is NP-hard to solve even when

it is unconstrained, as it includes well-known hard problems such as the problem of

finding the maximum cut or the minimum bisection of a graph.

Alternatively, convex relaxation approaches can be used to find an approximate
solution for a given BQP. In particular, we consider Semidefinite Programs (SDPs)
which are a broad class of convex optimization problems where the variables forms a
symmetric positive semidefinite matrix, the objective function is given as the linear
function in the variables and constraints are given by linear matrix inequalities. We

remark that SDP can be solved up to precision € in poly(n,log(1/€)) time.

Let us consider the following unconstrained BQP:

T 20Tx. 2.4

x?ﬁﬁ‘}nx Qx+2¢0'x (2.4)
~ 1 x7 ~ 0 ¢

Let X = and @ = . By definition, the objective function
x xx?! ‘¢ Q

xTQx 4+ 2¢Tx can be written as <C~2, X > Moreover, the matrix X is positive semidef-
inite and has rank one, and its diagonal entries are equal to one as )?00 = 1 and

X = x? = 1. Conversely, if X satisfies those conditions then x is a vector in {£1}™.
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Hence, the original BQP (2.4) is equivalent to

maximize <C§, X >
subject to )?“-=l fori=0,---,n

X =0, rank(X) = 1.

By removing the rank constraint (rank(X) = 1), we get the following SDP relaxation:

maximize <C§, X >
subject to )?ii =1 fori=0,---,n (2.5)

X = 0.
The dual of (2.5) corresponds to the following semidefinite program:

minimize tr(D)
subject to D — é > 0, (2.6)

D is a diagonal matrix of size (n + 1).

It is easy to see the weak duality, that is, for any primal feasible X and dual

feasible D,

<D ~ 0, )?) >0
and so
<cfj,)?> < <D,5€> = tr(D)
since X;; = 1 for any i = 0, ,n. Hence, the optimum value of the primal (2.5) is

always bounded above by the optimum value of the dual (2.6). For the strong duality,

we may need some constraint qualification to hold, such as Slater’s condition.

Proposition 2.10 (Slater’s condition). If there is a strictly feasible X for the primal
(i.e., X =0 ), then the optimum values of the primal and dual are equal, and the
optimum s attained in the dual. Similarly, if there is a strictly feasible D for the

dual (i.e., D—Q > 0 ), then again the optimum values are equal and the optimum is
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attained in the primal.

We remark that in the primal-dual pair (2.5) and (2.6), the Slater’s condition is

satisfied since

X =ldpr; and D =2||Q|| - dns1

are strictly feasible. Once we have the strong duality, we can classify the primal-dual

solution pairs in terms of complementary slackness.

Proposition 2.11 (Complementary slackness). Suppose that Slater’s conditions are
satisfied. Then, X and D are primal and dual optimal solutions if and only if the
Karush-Kuhn-Tucker (KKT) conditions holds: (i) X is primal feasible, (i) D is dual
feasible, and (i) <5€ D-— c~2> =0

The proof of Proposition 2.10 and Proposition 2.11 is omitted here, as they can
be found in many textbooks on convex optimizations (we refer the interested readers

to a textbook by Boyd and Vandenberghe [28]).

2.4.2 Matrix expression

To formulate the truncate-and-relax algorithm, we would like to first express (Y, s<3(x))

1 xF

in the form of <l7, X > where X =

X XXT

Note that

(Y,5<2(x)) = (s(x0) + oW, s<2(x))
= (8(X0), 5<2(%)) + 0 (W, s<2(x)) .

By Proposition 2.1, we have

(s(xa) 3220) = nZ (k) Sszalr) (HJ



Recall the definition

arane§) = ) = > (F)stre

Thus, we have
Xy X

(5(%0), 52()) = 7 s rume (%) | 27)

Moreover, we can write

@s. trunc (%) = <§,X’> and  (s(xp), s<2(x)) = nk <§,)~(>,

where kS )2 .
2 s(1)° xq
3 5(0) 5 -
S= (2.8)
ks(1)® xo | (k\ ~ova XoXg
> | \2)f®

On the other hand, since s<(x) is symmetric we have (W, s<2(x)) = (G, s<2(x))

and

(G, 5<2(x =<G > s(I)x > > s(IN(G,x").
IC]

IC[k]:|T]<2 Clk]:|T1<2

As a quick reminder, x! is defined as the k-tensor x;(x) (See Section 2.1.2).

Let Proj;(-) be the linear operator which maps a k-tensor T to an |I|-tensor

Proj,;(T) with entries

[Proj,;(T)]s = Z T, for B ¢€ [n]¢,
agln]*:

a(l)=8
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for I = {iy < --- < ig} C [k]. By definition, we get (T,x!) = (Proj;(T),x®!) and

(G, s<2(x)) = Zs < Z Proj,; (G >

r= CIk):T]=r

_ X . -
~ : s(
S(O) PI’O_]@(G) Z roJ{ }
i=1 1 XT >
) s(1 i lx xxT|/
Z roji (G) | 5(2) Sym Proj; 4(G)
i=1 1<i<j<k j
Letting
k
go= Projy(G)=> Ga, g=) Proj3(G), and
* = (2.9)
G= Z (PFOJ{.LJ}(G) + PFOJ{“}(G) ) y
1<i<j<k
d
) 00 e
W= ) 2| (2.10)
5(2)G

we get (G, s<a(x)) = <v”v5’<>
In summary, by putting (2.7), (2.8), (2.9) and (2.10) together, we get

(Y, s<2(x)) = <nk§+ oW, )A(:> :

2.4.3 Standard semidefinite relaxation
Let
}7 = nkg 4 O'W

where S and W are defined as in (2.7), (2.8), (2.9) and (2.10). We recall that X2

trunc

is the optimum solution of the following BQP, which is equivalent to (2.3):

max <)7, )?> . (BQP)

xe{£1}:xT1=0
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Let us introduce a few notations for the ease of reading. Given a vector x € R",
we denote the extended vector [1 XT]T in R*"! by X. We use the convention that
the indices of the vectors in R"*! are labeled 0,1, -- ,n to emphasize that the zeroth
coordinate is augmented. Likewise, the rows and the columns of the matrices in

RM+Dx(+1) are labeled 0,1, - - , n.

Let M be a symmetric matrix in RC+D*("+1) We often decompose M into blocks

—~ a bl

b C

?

where a € R, b € R" and C € R™*". We call M block-diagonal if b = 0.

We consider the following SDP relaxation of (BQP) as we discussed in Section

2.4.1:
maximize <Y, X >

subject to )?ii =1fori=0,---,n, (SDP)
X = 0.

We remark that here we drop the balance constraint x71 = 0 in (SDP) for a simpler
analysis, although it is straightforward to obtain a relaxation including the balance

constraint, for example, by adding
0 of | -
, X )=0
0, 1,17

We denote the optimal solution of (SDP) by )?Sdp. The dual program of (SDP) is

to (SDP).

minimize tr(D)
subject to D —Y = 0, (SDP*)

D is a diagonal matrix in R(tD>x®+1),

By Slater’s condition (Proposition 2.10) and KKT conditions (Proposition 2.11),
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a primal-dual pair ()? , D) is optimal if X is primal feasible, D is dual feasible and
<D — 17,5(> —0, ie, <D,)~(> - <?)~(>

We would like say that (SDP) succeeds if XoXg" is the “unique” solution of (SDP)
with probability 1 — o(1).

Note that when s<s is even, then xg and —xq are indistinguishable in the SDP
(SDP). Hence, in this case we say that (SDP) achieves exact recovery if all the

optimum solutions are of the form

~ 1 xz 1 —x{
X=p +(1—-w) T
Xo XoXy —Xp XogXp

The following proposition tells us that if Y is block-diagonal (which is equivalent
to that s<, is even), then there must be an optimum solution which is also block-

diagonal.

Proposition 2.12. If 5(1) = 0, then there ezists an optimum solution X* of (SDP)

~ * 077;
which is block diagonal, i.e., X* =
0, =*
~ _ zo xT
Proof. Let X be a feasible solution of (SDP) which decomposes as X =
x X
T
~ Ty —X
Let X' = | °
-x X

We claim that X' is feasible. First of all, )?1’1 = 1 is satisfied for all 2 = 0,--- ,n

by definition. Moreover, note that

X'=D XD where D= diag([1 —17]7) =
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Thus, X' = 0 if and only if X > 0.

If Y is block diagonal, we get
(7.5) = (7.x) - (7 555).

Note that X%:YZ is also feasible by the convexity of SDPs, and

X+X fz OF
2 0 X

s0 it is block-diagonal. As a result, we obtain a block-diagonal optimal solution XX’ X

of (SDP) as desired. O

To be precise, we say the truncate-and-relax algorithm achieves exact recovery if

any optimum solution of (SDP) lies in

e the span of

X = XoXy = >
Xo XoXp
if 5(1) # 0 (i.e., s is not even), or
e the span of
~ 1 xt <, 1 —xJ
XO = and XO = 5
Xo XoXgp ~Xg XpXp

By KKT conditions, X, is optimal if and only if

<D — }7,)?0> =0 or equivalently (D — )7) Xg =0
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since Xo = XX} . For each v € [n], we have

((p-7) io)v =0 & D)= Y Youw (o),

weE(n|

=4 va = Z i?vw (io)v (io)w

we|[n|

(2.11)

as (%) = 1 for all v € [n].
Let Dy = diag(Xy) and I' = DoY Dy. Then, (2.11) can be rewritten as D =
diag(I'1,41) since

(F1n+l)v = Z Fvw

I
&S
€
i
(=]
S
i
<
g
I
>
g

We define the Laplacian of a symmetric matrix M as the symmetric matrix
Ly = diag(M1) - M

of the same size. In particular, the Laplacian Lr can be written as

Lr = diag(T'1,4,) - T'= D — DY Dy
= Do(D —Y)D,,

hence D — Y = DyLrD.

Proposition 2.13. The truncate-and-relax algorithm achieves exact recovery if Ly >

0 and
e \y(Lr) > 0 with probability 1 — o(1), if (1) # 0, or
e X\3(Lr) > 0 with probability 1 — o(1), if 5(1) = 0.

Proof. Note that the KKT conditions are satisfied as long as Lr > 0. We claim that
the extra condition on A; (or A; if s is even) implies the uniqueness of the solution.

We first note that Lr1l,41 = Op4; (immediate from the definition), and if 5(1) = 0
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then additionally we have

1
L[‘ = On+1.
—ln

The condition A\y(Lr) > 0 forces that the null-space of Lr is spanned by 1,41, and

A3(Lr) > 0 in the case of 5(1) = 0 forces that the null-space of Lr is spanned by 1,4
1

-1, '
This implies that if )?1 is an optimal solution of (SDP) then Do)? 1Dy must lie

and

in either the space spanned by 1,,11Z ,, or the space spanned by 1,4 17, and
1 -7

ol This implies the achievability of the truncate-and-relax algorithm. O
~1, 1,17 -

2.4.4 Proof of Theorem 2.3

Now we are ready to prove Theorem 2.3. Recall that
2\ [k
Gs trunc(t) = ¢552(t) = Z ( )’s\(r)Ztr, and

k-1
0 irume = 1| Birame(1) —
s,trunc T s,trunc 2 log n .

We first prove that the truncate-and-relax algorithm fails if o > (1 + €)o7 ;0.

using the result from Section 2.3.

Theorem 2.14. Ifc > (1 +¢€)o for some € > 0, then

*
s,trunc

o If5(1) # 0, then
P(igfzmc 7é XO) =1- 0(1)

e If5(1) =0, then
P(Ri2ne & {X0, —X0}) =1 o(1).

Moreover, the truncate-and-relax algorithm fails with probability 1 — o(1).
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Proof. Since (s(xp), s<2(X0)) = (s<2(X0), $<2(X0)), we have

ﬁg?i)mc = argmax (552(}(0) + UW’ 852()()) )

x€{£1}":1Tx=0
which is exactly the ML estimator in the s<;-spiked k-tensor model. Hence, the
statistical threshold is at

nk-1

* ’ d *
g = 1 —_—= T .
8«2 852( )2 log n s,trunc

In particular, if o > (1 + €)o7} 4y for some € > 0, then
) IP(?QELM # Xg) = 1 — 0o(1) when s<5 is not even, and

o P(igfzmc & {xo, —Xo}) = 1 — o(1) when s<, is even,

as desired.
Suppose that s<s is not even. Suppose that 2 = x for some x € {£1}" such

that 17x = 0 and x # Xo. Then, XX is also a feasible solution for (SDP) and
(7.557) > (V %5%" ).
Hence, )?sd,, #* XoXo". By the same argument,

~ 1 x) 1 —-xJ
Ko & span e i’
Xo XoXp —Xo XpXg

if s< is even.
This implies that if ?cﬁf,)mc fails to recover xo with probability 1 — o(1), then the

truncate-and-relax algorithm also fails with probability 1 — o(1), as desired. O

On the other hand, we prove the achievability of the truncate-and-relax algorithm
by arguing that dual solution given by the complementary slackness is with high

probability feasible.
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Theorem 2.15. If 0 < (1 — €)07 1y, for some € > 0, then the truncate-and-relax

algorithm achieves exact recovery.
Proof. By Proposition 2.13, it is sufficient to prove that
e L is positive semidefinite, and
e its second or third smallest eigenvalue (depending on the parity of s) is strictly
positive.

Without loss of generality, we may assume that 5(0) = 0 since it has no effect
on Lr (in fact, any change in the diagonal of " has no effect on Lr). Note that by

linearity of the Laplacian operator L, we have
k
LF =mn LD0§D0 + O-LD()WD()'

First of all, let us take a look at L DD, We get

r . ks(1)2 1T
0 Lo
_ 2 n
DySDy =
ks(1)?2 1, (k.. 1,17
2 ' n (2)5( A
and so
k3s(1)? _ks(1)? 17 7
2 2 n
“ousoo = 5(1)2 S0 [k d, [k 1,17
_k8(21) L (’“(21) +<2)§(2)2)._"- (2)§(2)2 nln
" o4 (212)
17 r ]
_n 0 0
B |t T s R\, n
2 1.17 +;L— 2 + 2 52) 1,17
h In 0, Id, - ==
n n2 ; n
On the other hand,
51
_ o Wingr
—-2——D0g 5(2) DoG Dy



and

g ig  —(Dog)" 0 of
Lpgrpy = )| 08 ~(D08) |50 . (2.13)
"DOg dlag(DOg) 0, DoG Dy
Let
1
~ 1 1 i % n
= an =
NE n+1 17
17 o
n
Then,
0 0f
Idn, 1 —uu? — vl = 1

0, Id, —-1,17.
n

Hence, any vector z in R™*! can be written as
z = al +bv + ,

where a = 07z, b = ¥'z, and for some w € R" satisfying 11w = 0.

0
Let z = a1 + bv + where w € R" with 17w = 0. Then,
w

ks(1)?2 /fn+1 1 [/ ks(1)? kY .
Lo = o () e L (B4 (F)ster) 1wl

n

Moreover,

. 1
& Lpgne = (S (P xf) ) + S0y e Dowip

21 ~
+wT (S—(——)diag(Dog) + 5(2)LDOGD0> w

2
nt+1 [5(1) R
> o (2 ) — i /"1l
s(1) . ~
~ i | X atag(Dog) + 5(2) Lonon -

Lemma 2.16. Lr is positive semidefinite with probability 1 — o(1) if the followings
holds:
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(i) There ezists a constant ¢ > 0 such that

ﬁk—l (@(21—)2 + (’2“) g(z)?) —0

with probability 1 — o(1),

5(1)

1) .. ~ _
leag(Dog) + S(Q)LDOGDO > cnk’ 1

(it) |x3g| < n*/o and || Dog|| < n*~2/c with probability 1 — o(1).

Indeed, the condition (i) and (ii) implies that Ao(L.,) > 0 when (1) # 0 and A3(Lr) >
0 when 5(1) = 0, with probability 1 — o(1).

0
Proof. We have argued that for z = a1 + bv + where w € R™ with 17w = 0,
w

2" Lrz > mb® + 212 [b] ||z + n3|wl|3
where
o n+1 ks(1)? B n+1 [5(1)], »
'71_"(n 2 7\ n 5 o8l
1{ . n+1
= —g= 1 D
m= o <ls( /= og||)

o (S (BYsap)

Note that if n2 — mmns < 0 and n3 > 0 then z”Lrz is always nonnegative. Thus,
Lr > 0.

301 R
%dlag(Dog) —+ S(Q)LDOGDO

If condition (i) holds, then 73 = n*~!. If condition (ii) holds, then 7, =< n* and
|n2| < n*~1/2, It implies that

77% < n?k—l S mmns,

for sufficiently large n and we have Lr > 0.
We remark that if n3 — ;73 is strictly negative, then Ay(Lr) > 0 and this holds if
5(1) # 0 and the condition (i) and (ii) hold. On the other hand, if 5(1) = 0 then we
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have n; = 7 = 0 s0 72 — mn3 = 0. In this case, the condition (ii) implies that 73 > 0
and we have A\s(Lr) > 0. O

It is straightforward to see that with probability 1 — o(1),
k
i€l = O(n%) and |[IDog| = [lg]l = O(n?)

since g is a sum of k Gaussian vectors with i.i.d. entries with variance n*~!. When
k=1
oxn"z [{logn, we get

nk=12 /g < nk/2\/logn

so the condition (ii) is satisfied.

It remains to show that if 0 < (1 — €)o? for some € > 0, then the condition

s,trunc

(i) holds, i.e., there exists ¢ > 0 such that

<-gn (B (Dser) e

1 ) ‘
fi—)diag(Dog) +5(2) L pycpy

712

with probability 1 — o(1).

We first note that

s(1) .. ~
—(éldlag(Dog) +5(2) Lpycpo

bl

3_(21_)(Dog),, + 3(2)(Loyep)uv

< 15(2)||| DoG Dyl|+max
ve(n)

by the triangle inequality. Recall the definition of G:

G= > SymProj;;(G).

1<i<j<k

Here, observe that Proj; 1(G) is a matrix with i.i.d. Gaussian entries with variance

n*~2. Hence, [|Proj;; ;4 (G)|l < vnk-2. \/n and

k—-1

IDeGDoll =[Gl < > || Sym Proj;; 4(G)|| Sn'F . (2.15)

1<i<j<k
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On the other hand, we bound

g ~
max _QZ(DOg)v + S(2)(LDOGD0)1)U‘

vE[n|

by using the Lemma 2.8 on the maximum of Gaussian variables. Expanding the v-th

term, we get

(1) (XO)vgv + ‘5 Z Guv(XO)u(XO)v

u€n]

— (o < U >GxO>,

) (Dog)o +3(2) (Lo o

@)
—
LSV

where eV is the vth standard unit vector of R™. Since

g = Z PI’OJ{ y(G) and G = Z Sym Proj{i,j}(G)’

1€[k] 1<i<j<[k]
‘we get
(', g) = k(G,1°¢"D @ ev)
and
<ev, GXO> — (];) <G’ 1®(k—2) oe’® X0> )
Thus,
5(1
D).+ 3 e = (G @ o)
k
+naseon)

and

E ((Dog)v + (Lpycng)v)’

ksg(l)(1®(k Doe vy 4 (g) §(2)(1®(k—2) © e’ © x)

/
(1
— s,trz:lnc( )nk_1+0(nk_2).

2

F
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Here the last equality follows from that

i) = 3 (B30 = 0 2§ )2

r=0

As a result, with probability 1 — o(1) we get

max E\—(ill(Dog)v + 5(2)(L pocpo ) v

vE€([n]

(1+n)
2

< V/Botrunc(1) - 2041 logn,  (2.16)

for any constant n > 0.

Putting (2.15) and (2.16) together, we have

a1 )
a|| f—(Q—)diag(Dog) +5(2)Lpyco |

<O (ank%) + %77_)\/02 s trunc(1) - 2n¥~1logn

(1+mn)

<o(nf 1) + 5

' (1 - 6)2¢;,tru1Lc(1) : nk—17

since 0 < (1 = €)05 jryne = (1 — 6)\/¢,s,trunc(1)'2n1,;_;;' Letting n = €, we get

~ , .
| X dsag( Do) + 52 Lo, | < (1— et LasmnclD
(12
o (2 (),
which confirms that the condition (i) holds. O

2.5 Sum-of-Squares relaxation

Let us first briefly discuss Sum-of-Squares based relaxation algorithms. Given a
polynomial p € R[x], consider the problem of finding the maximum of p(x) over
x € R" satisfying polynomial equalities ¢;(x) = 0, , gn(x) = 0. Most hard com-
binatorial optimization problems can be reduced into this form, including max-cut,
k-colorability, and general constraint satisfaction problems. The Sum-of-Squares hi-

erarchy (SoS) is a systematic way to relax a polynomial optimization problem to a
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sequence of increasingly strong convex programs, each leading to a larger semidefinite
program. See [23] for a good exposition of the topic.

There are many different ways to formulate the SoS hierarchy [89, 82, 79, 65]. Here
we choose to follow the description based on pseudo-ezpectation functionals [23].

Suppose that we are interested in maximizing an n-variate polynomial g(x) over
the n-dimensional hypercube {£1}*. For instance, consider g(x) = (Y,x®*) where
Y = x$* + oW is generated from the single-spiked 4-tensor model. Here maximizing
g(x) corresponds to the problem of computing the maximum-likelihood estimator
under this single-spiked model.

Observe that

- E , 2.17
Jhax g(x) = max E ¢(x) (2.17)

where u ranges over all probability distributions over all balanced vectors in {£1}".
We remark that the space of all probability distributions is convez, but possibly has

an exponentially large dimension. In particular, in this case we have
p € REL" Z p(x) =1, p(x) >0 for all x € {£1}" 3,
xe{x1}n

which is 2" — 1 dimensional.
A linear functional E on R(x] is called pseudo-ezpectation functional (p.e.f.) of

degree d = 2¢ if it satisfies
e E1= 1, and
e Eq(x)2>0for any q € R[x] of degree at most £.

Clearly, any “true” expectation functional is also a p.e.f. of any degree, but the

converse is not true. We relax (2.17) as

maximize E g(x)
subject to E is a p.e.f. of degree < 2¢.

Elg(x)(x2 — 1)] = 0 for any v € [v] and q of degree < 2¢ — d.
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The space of p.e.f.s of degree at most 2¢ can be described as an affine section of the
semidefinite cone of dimension O(n%*). As ¢ increases, the space gets smaller and it
coincides with the space of true expectations when ¢ = n for the polynomials on the

hypercube {£1}".

2.5.1 Pseudo-expectation Functionals and Moment matrices

We continue to use the Fourier-theoretic notations introduced in Section 2.1.2.

Let V be a finite set. We denote the collection of subsets of V' of size at most ¢
by (;/g), i.e., (;/e) = Ui_, (¥). Moreover, we denote the size of ([;]Z) by (Z,)- Thus we
have () = >io (3)-

We denote the space of multilinear polynomials of x by V, and the subspace of
V consisting of multilinear polynomials of degree at most d by V;. Recall that any

real-valued function f on the hypercube {£1}" has the unique Fourier expansion

f) =" J(S)xs,
5C[n]
which is a multilinear polynomial in x. To avoid confusion, here we choose to use
Xg = [ [;,cg Xi directly, instead of the character xs(:) : x = Xs.
Let M be a symmetric matrix of size (;‘Z) We use the convention that the rows
and the columns of M are indexed by the subsets of [n] of size at most ¢. To avoid
confusion, we use M;S, T] instead of Mg to denote the entries of M in the remainder

of this section.

Pseudo-expectation functionals

For our purpose, we consider pseudo-expectation functionals defined on the hypercube
{£1}". See [23] for general definition.

Let ¢ be a positive integer and d = 2¢. A pseudo-expectation functional (p.e.f.) of
degree d on {£1}" is a linear functional E on the space V, of multilinear polynomials

of degree at most d such that
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(i) E[1] =1, and
(ii) E[q?] > 0 for any q with deg(q) < ¢ =d/2.
We say E satisfies the system of equations {pi(x) =0}, if

Elpigi + - + Pmtm] = 0

for any q1, -+ ,gm € V such that deg(q;) < d — deg(p;) for all i € [m)].

We remark that the followings holds:
e IfEisa p.e.f. of degree d, then E is also a p.e.f. of degree d’ for any d' < d.

e fEisa p.e.f. of degree 2n, then E is a true expectation functional of a proba-

bility distribution which is supported on the variety

P :={xe {£1}": pi(x) =0 for all s € [m]}.

The second fact implies that

maxpo(x) <& _ max E[po]
x€P E:p.ef. of degree 2n
satisfying {p;(x) = O}ie[m]

Let d be an even integer such that d > max(deg(po),deg(p1),- - ,deg(pm)). We
define the Sum-of-Squares (SoS) relazation of degree d as the following optimization

problem:

maximize  E[po)
subject to E is a p.e.f. on {£1}" of degree d, (S0S4)
E satisfies {p;(x) = 0},.
We note that the value of (SoS,) decreases as d grows, and it reaches the optimum

value maxyep po(x) of the original problem at d = 2n.
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Moment matrices and SoS-symmetry

We are going to show that (SoSy) can be written as a semidefinite program of size
( 33/2). For this, we introduce a matrix interpretation of the SoS relaxation.

We say M is SoS-symmetric if M[S,T] = M[S’,T'] whenever S@&T = S @ T,
where S @ T denotes the symmetric difference (S \ T) U (T \ S). Note that when

x € {£1}" we always have

xsxr = (Hx,.) (m) T = xser

ieS JET 1€SeT

hence the matrix X with entries X [S,T] = xggr is SoS-symmetric.

Given f € Vy,, we say M represents f if

foy="% MISTIL
S,TE(L"}):
SeT=U
By definition, if M represents f, then (M, X) = f(x) where X is the SoS-symmetric

matrix with entries X[S,T] = xsgr. We denote the unique SoS-symmetric matrix

representing f by My, i.e.,

~

MiS,T)=f(SaT) - (#(S,T):SeT =SaT))"".

Let £ be a linear functional on V. By linearity, £ is determined by the values
(L[xs] : S C [n]) and we often write Ls to denote L[xs]. Let X, be the SoS-
symmetric matrix of size (<"l) with entries X[S,T] = L|xser). The matrix X, is

called the moment matriz of L of degree 2(. We remark that the matrix X with

entries X[S,T] = xggr corresponds to X5 where
ox(+) :p = p(x)

is the evaluation functional at x, or equivalently the expectation functional of the

one-point distribution on {x}.
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By definition, we have

Llf) = z Fw)L]

ve(L)

= Z f[S TXC[S T) = (XﬁaMf>

for any f with deg(f) < 2¢.

Let E be a p.e.f. of degree d = 2/ for some integer ¢ > 1, satisfying the system
{pi(x) = 0}2,. Let Xj be the moment matrix of E of degree 2¢ (hence Xj is a

SoS-symmetric matrix of size (,)).

We remark that Xz satisfies the followings:

(i) X[0,0] =1.

(ii) X is positive semidefinite and SoS-Symmetric.

(iif) (M, Xg) =0 for any f € {310, pig; : deg(q;) < d — deg(p;) Vi € [mn]}.

The converse is also true: If X satisfies (i), (ii) and (iii) then X = X5 for some p.e.f.
E of degree d satisfying {p;(x) = 0}iem)

Hence, (S0S4) can be written as the following SDP:

maximize (M,,, X)
subject to Xpg =1,
’ (SDPy)
(M,, X) =0 for all g € B,

X = 0, and X is SoS-symmetric,

where B = {xgp; : i € [m], |S| < d— deg(p:)}.
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2.6 Proof of Theorem 2.5

Let us recall the setting of the single-spiked 4-tensor model: We observe a 4-tensor
Yo =3 +0W

where x, is a vector in {£1}" satisfying 17xy = 0, ¢ > 0 is a noise-scaling factor,
and W = Sym G where G is a 4-tensor with i.i.d. N(0,1) entries.

Let fg(x) = (Y,x®*). The maximum-likelihood estimator Xy, is the optimum
solution of

xE{:l:Ilr}l’?:}fozzO f® (X) .

Let us consider the corresponding SoS relaxation of degree 4:

maximize E[fg)]

subject to E is a degree 4 p.e.f. on {£1}"

n
satisfying Z x; = 0.
i=1
Let Ey(+xo) be the expectation operator of the uniform distribution on {£x0}. Note

that EU(:{:xo) = %(5,(0 + 5—x0) SO

(x0)s if | S| is even
IEU(:i:xo)[xS] =
0 if |S| is odd.

If Ey(+x0) is the optimal solution of the relaxation, then we can recover xq up to
a global sign flip from its quadratic moments. First we give an upper bound on ¢ for

the SoS algorithm to achieve exact recovery, in the case of the single-spiked model.

Theorem 2.17 (Theorem 2.5, Achievablility). If ¢ < \/E'lg_n, then E = Ey({x}) 8

the optimum solution for (2.6) with probability 1 — o(1).

We can reduce Theorem 2.17 to the matrix version of the problem using a tensor

flattening, as in [75]. Given a 4-tensor Y, the canonical flattening of Y is defined as
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n? x n? matrix Y with entries Y(; ) ¢y = Yijre. Note that
Y = vec (x§?) vec (XSDQ)T + oW

where vec (x?z) is the vectorization of xg’z, and W is the flattening of W. Note that

this is an instance of Z,-synchronization model with Gaussian noises. It follows that

with high probability the exact recovery is possible when o < k':gn (see Proposition
2.3 in [21]).
We complement this result by proving that this bound on o is tight up to a

multiple of poly-logarithmic factor.

Theorem 2.18 (Theorem 2.5, Impossibility). Let ¢ > 0 be a small constant. If ¢ >
n(logn)/?*+¢, then there exists a pseudo-expectation E of degree 4 on the hypercube

{£1}" satisfying Y i, x; = 0 such that IE[f®] > fo(xXo) with probability 1 — o(1).

We ask the performance of the SoS relaxation of degree 4 on the bisection-spiked
4-tensor model. Let us recall the setting of the bisection-spiked model: We observe a
4-tensor Yg such that

Yo = xo@4 + oW

where X is a vector in {£1}" with 1Tx; = 0, ¢ > 0, and W = Sym G where G is a

random 4-tensor with i.i.d. N(0,1) entries. Let

folx) =(Ye.x%*),
and let us consider the corresponding SoS relaxation of degree 4:

maximize E[fg]

subject to E is a degree 4 p.e.f. on {£1}" (2.18)

satisfying in =0.

i=1
Theorem 2.19 (Theorem 2.7, rephrased). Let ¢ > 0 be a small constant. If o >
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n(logn)/?*¢, then there exists a pseudo-ezpectation E of degree 4 on the hypercube

{£1}" satisfying >_;_, x; = 0 such that IE[f@] > fe(xo) with probability 1 — o(1).

2.6.1 Proof of Theorem 2.18

Let us define gg and gg be
ga(x) = (G,x®)  and gg(x) = (G,x®%).
Then,
folx) = (x§*,x) +oge(x) and fg(x) = (x5, x5*) + ogg (x).
Let E be a p.e.f. of degree 4 on {+1}" satisfying > iy x; = 0. Note that

<x8§>4’ x®4> — nk(___)4

k T 2 T 4
(xg*,x) = 92(k—1) (1+6( n + n ’

hence E[f] > o E[g] in either cases. We would like to construct a p.e.f. E depending

and

on G so that UIE[g] exceeds f(xg) with high probability.
Lemma 2.20. There ezists a p.e.f. E of degree 4 on {£1}" satisfying > ., x; =0
which only depend on G such that

>__ "
Elg] 2 (log n)1/2+oD

for either g = go or g = gg.

Proof of Theorem 2.18. Note that in either cases g(x¢) is a Gaussian random variable
with variance O(n?). So, |g(xo)| < n2logn with probability 1 — o(1). Let E be the

pseudo-expectation satisfying the conditions in Lemma 2.20. Then, with probability

88



1 — o(1) we have

Elf] - f(xo) = —O(n") +0 (Elg] - lg(xo))

s

> —0m') +o (W — O(n?log n)) :
When o > n(logn)'/?*¢ for some constant ¢ > 0, we have
* (Tgmm) = o
hence E[f] — f(xg) > 0. O

In the remainder of the section, we prove Lemma 2.20.

Outline

We note that our method shares a similar idea which appears in [58] and [26].
Let us consider the case that g = gg, i.e., g(x) = (G, x®*) where G has indepen-
dent standard Gaussian entries. We would like to construct E = IEG which has large

correlation with G. If we simply let

1
E[xilxizxiaxml = ﬁ E : Giﬂ(l)viﬂ(Q):iw(3)7in(4)

TES,

for {i; < iy < i3 < i4} C [n] and E[x7] be zero if |T| < 3, then

2
~ 1
Elg] = 2 Z (Z Giw(l)»ir(zwiw(s»iwm))

1<i1<12<13<i4<n \7€By
so the expectation of E[g] over G would be equal to (7) ~ Z. However, in this case E
does not satisfies the equality > .. x; = 0 nor the conditions for pseudo-expectations.
To overcome this, we first project the E constructed above to the space of linear

functionals which satisfy the equality constraints (x? = 1 and 1¥x = 0). Then, we

take a convex combination of the projection and a pseudo-expectation to control the
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spectrum of the functional. More specifically, we take the following steps to construct

a pseudoexpectation functional E of degree 4.

1)

(5)

Removing degeneracy. We first establish the one-to-one correspondence be-
tween the collection of linear functionals on n-variate even multilinear polynomi-
als of degree at most 4 and the collection of linear functionals on (n — 1)-variate
multilinear polynomials of degree at most 4 by posing x, = 1. We observe that

this correspondence preserves positivity.

Description of the linear constraint 17x = 0. Let ¥ be a linear functional
on (n — 1)-variate multilinear polynomials of degree at most 4. We may think
1 as a vector in R(<), Then, we can write the condition that the functional

o satisfies 3.} x; +1 =0 as Ay = 0 for some matrix A.

Projection. Let w € R(<) be the coefficient vector of g(x). Let II be the

projection matrix to the space {x : Az = 0}. In other words,

I = Id(n0y — AT(AAT)'A

<4

where (-)' denotes the pseudo-inverse. Let e be the first column of II and

Y1 = 2. Then (¢1)g = 1 and Ay = 0 by definition.

Convex combination. Let vy = —#-. We note that 1y corresponds to the

expectation operator of uniform distribution on {z € {£1}" : 17z = 0}.

We will construct 4 by

Y = (1—€)tho + ethy

with an appropriate constant ¢. Equivalently,
¢ T
= — |- =] w.
v=thot eTw ( eTe) v

Spectrum analysis. We bound the spectrum of the functional (H — -e-ﬁi) w

e’ e

to decide the size of € for ¥ being positive semidefinite.
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We describe each step in detail in the remainder of this section.

Step 1: Removing degeneracy.

We remark that either g = Observe that g is even, i.e., g(x) = g(—z) for any x €
{£1}". To maximize such an even function, we claim that we may only consider the

pseudo-expectations such that whose odd moments are zero.

Proposition 2.21. Let E be a pseudo-expectation of degree 4 on hypercube satisfying
w1z = 0. Let p be a degree 4 multilinear polynomial which is even. Then, there
exists a pseudo-expectation E of degree 4 such that E[p] = ]E/[p] and IEI[Tq] =0 for

any S C [n] of odd size.

Proof. Let Ebea pseudo-expectation of degree 4 on hypercube satisfying > -, x; = 0.
Let us define a linear functional Eq on the space of multilinear polynomials of degree
at most 4 so that Eolxg] = (—1)!'E[xs] for any S € (I71). Then, for any multilinear

polynomial ¢ of degree at most 2, we have

Eolu(x)?] = Elg(-=)*] 2 0.
Also, E, satisfies Eo[1] = 1 and

<[] (]

for any q of degree 3. Thus, IEO is a valid pseudo-expectation of degree 4 satisfying

2 7 =0.

~ ~ ~
Let E = %(]E—I—]Eo). This is again a valid pseudo-expectation, since the space of

pseudo-expectations is convex. We have ]El[p(x)] = E[p(x)] = Eo[p(x)] since p is even,

and IEI[XS] = (14 (=1)!$) E[xs] = 0 for any S of odd size. O

Let £ be the space of all pseudo-expectations of degree 4 on n-dimensional hyper-

cube with zero odd moments. Let £ be the space of all pseudo-expectations of degree
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4 on (n — 1)-dimensional hypercube. We claim that there is a bijection between two

spaces.

Proposition 2.22. Let ¢ € £. Let us define a linear functional ¥’ on the space of
(n — 1)-variate multilinear polynomials of degree at most 4 so that for any T C [n—1]
with |T| < 4
¢[XTU{n}] if 1T| 18 odd
¥ [xr] =

Y[xr] otherwise.

Then, ¥ — ' is a bijective mapping from € to E'.

Proof. We say linear functional 1 on the space of polynomials of degree at most 2¢

is positive semidefinite if 1[q?] > 0 for any g of degree .

Note that the mapping ¢’ — v where ¥[xs] = ¢'[xs\(n}] for any S C [n] of
even size is the inverse of ¥ — 1)'. Hence, it is sufficient to prove that v is positive

semidefinite if and only if 9’ is positive semidefinite.

(=) Let ¢ be an n-variate polynomial of degree at most 2. Let g and ¢; be polynomials

in zy,:--,Ty_1 such that
q(xla tte »xn) = qO(xla' v 7Xn—1) +an1(xla e ,xn—l)'

We get 9'[¢%] = ¥'[(q0 + Xnq1)?] = ¥'[(¢ + ¢}) + 2Xngoq1]. For i = 1,2, let gio and gan
be the even part and the odd part of ¢;, respectively. Then we have

1/)'[(12] = wl[(qgo + qg1 + Qfo + Q%1) + 2517n(C]00(111 + QOlqlo)]
= ’t/)[(qéo + c131 + Qfo + q?l) + 2(g00q11 + 901910)]

= Y[(goo + ¢11)* + (q10 + g01)?] > 0.

The first equality follows from that ¢’[¢] = 0 for odd q. Hence, v’ is positive semidef-
inite.
(<) Let g be an (n — 1)-variate polynomial of degree at most 2. Let go and ¢; be the
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even part and the odd part of g, respectively. Then,
Y1a®] = ¥[(a + i) + 2q0a]-
Note that ¢2 + ¢? is even and qoq; is odd. So,
P[g®] = V(G + &) + 2%ngom] = ¥'[(0 + ¥nq1)?] 2 0.

Hence 1 is positive semidefinite. ad

In addition to the proposition, we note that v satisfies 3., x; = 0 if and only if ¢
satisfies 1 + >_1' x; = 0. Hence, maximizing E[g] over E € £ satisfying Yorxi=0

is equivalent to

n—1
max )’ [¢g'] subject to ' satisfies 1 x; =0,
wlegg@/)[g] ubjec 1) satisfies +; i
Where g/(X],"' 7xn—1) :g(xlv"' 7x'n—171)'

Step 2: A matrix description of the constraint Z;:ll x;,+1=0.

Let F be the set of linear functional on the space of (n — 1)-variate multilinear
polynomials of degree at most 4. We often regard a functional ¢ € F as a (" )
dimensional vector with entries s = ¥[xs] where S is a subset of [n — 1] of size at
most 4. The space &’ of pseudo-expectations of degree 4 (on (n—1)-variate multilinear

polynomials) is a convex subset of F.

Observe that 1 € F satisfies 1 + 31—, x; = 0 if and only if

n—1
(% [(1—%2&) XS] =0
i=1
for any S C [n — 1] with |S| < 3.

Let s, t and u be integers such that 0 < s,¢t < 4 and 0 < uw < min(s,t). Let M},
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be the matrix of size (" 41) such that

1 if|S|=s,[T|=tand |SNT|=u
(Mgy)sr =
0 otherwise

for S,T € (["_1]). Then, the condition that ¢ € F satisfying 1 + Z;:ll x; = 0 can be

<4

written as Ay = 0 where

3
A= Mg,o + Mg,l + Z(M:;ll + M;,s + M:,s+l)'
s=1
Before we move onto the projection step, let us take a brief look into the algebra

generated by the matrices M, for 0 <s,t <4and 0 <u < min(s, t).

Step 2.5: Algebra generated by M,

Let m be a positive integer greater than 8. For nonnegative integers s,t,u, let M,
be the (Z%) x () matrix with

1 if|S|=s,|T|=tand [SNT|=u
(Mg)sr =
0 otherwise,

for S,T C [m] with |S|,|T| < 4. Let A be the algebra of matrices

SAtL

U u
§ : E :xs,tMs,t

0<s,t<4 u=0

with complex numbers z};. This algebra A is a C*-algebra: it is a complex algebra
which is closed under taking complex conjugate. A is a subalgebra of the Terwilliger

algebra of the Hamming cube H(m,2) [90], [87].

Note that A has dimension 55 which is the number of triples (s,t,u) with 0 <

s,t<4and 0 <u<sAt.
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Define

SAL
Z _ -2r\/fm—-r—p\/m—r—p
i p"—'O( ) U p—r §—0p t—p

for0 < s,t <4 and 0 <r,u < sAt. The following theorem says that matrices in the

algebra A can be written in a block-diagonal form with small sized blocks.

Theorem 2.23 ([87]). There ezists an orthogonal (Z}) x (2%) matriz U such that for
M e A with

4 sAt
. _ u u
M = E E :csths’t,

s,t=0 u=0

the matriz UT MU is equal to the matriz

(c, 0 0 0 o)
0 C 0 0 0
0 0 C, 0 0
0 0 0 C; 0
\0 0 0 0 C

where each C, is a block diagonal matriz with (T) — ([,) repeated, identical blocks

of order 5 — r:

B, 0 0
0 B, 0
Cr == . 3
0 O B,

and

For brevity, let us denote this block-diagonalization of M by the tuple of matrices
(Bo, B1, Ba, B3, By) where B, € RG-7)x(5-1),
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Step 3: Projection.

Let cg be the coeflicient vector of gg where

géa(xly"' ,Xn—l) =9®(X1,“‘ axn—lal)-

Then, we get
1
C = — GZ ;o b
( ®)5 N|S| . E : 1 4

,iq)€n]%:
S={i1}&@{ix}

(C®)S = 7\[—13—| Z Gi1,~--,i4

(31, ,54)E[n)*:
Su{n}={i1}®-&{ix}

for S € ([";”)u([";”), where Ny = 3n2—2n, N; = N, = 12n—16, and N3 = N, = 24.

Note that cg has independent entries, since
{(i, i) en]' S ={u} @ @ {ia}}
for S| =0,2,4 and
{G, i) e[ : SUM] = {u} @ @ {ia}}

for |S| = 1,3 forms a partition on [n]* and the entries of G are independent. Hence,

the covariance matrix of cg is diagonal and invertible.

Let ¥ be the inverse of the covariance matrix E[cgch] of cg. We note that Xgg =
Njg since (cg)s is the average of Ng independent standard Gaussians, so its variance

is equal to ngll Let w = £/2¢g. Clearly,
Eww” = EXY2cgclnl/? = p/25-1512 = |d.

Hence, w has independent standard Gaussian entries.
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Let IT = Id — AT(AAT)' A where (AA™)" is the Moore-Penrose pseudoinverse of
AAT and Id is the identity matrix of size ("5_41). Then, II is the orthogonal projection
matrix onto the nullspace of A. Since A, AT and Id are all in the algebra A4, the
projection matrix II is also in A.

Let e be the first column of IT and

€
= — and = —
Yo T, (2 T

We have Ay = A = 0 by definition of IT, and (vg)g = (¥1)g = 1 since (ITlw)y = e w.

Let € be a real number with 0 < e < 1 and 9 = (1 — €)¥o + €t;. This functional
still satisfies Ay = 0 and ¢y = 1, regardless of the choice of . We would like to
choose ¢ such that ¢ is positive semidefinite with high probability.

Step 4: Analysis on the spectrum of 1.

Consider the functional ¢y = —-. It has entries

(
1 if =0

(Yo)s = { -1 if |S|=1or 2
\m 1f|S|=3OI‘4,

for S C [n — 1] of size at most 4. We note that this functional corresponds to the
degree 4 or less moments of the uniform distribution on the set of vectors x € {£1}"!

satisfying S0 x; +1 = 0.

Proposition 2.24. Let ¢ be a vector in R(<) such that Ay =0 and p be an (n—1)-

variate multilinear polynomial of degree at most 2. Suppose that 1o[p?] = 0. Then,

Y[p?] = 0.

Proof. Let U = {x € {£1}"!: Zf___‘ll x; + 1 = 0}. Note that 1, is the expectation
functional of the uniform distribution on U as we seen above. Hence, 9p[p?] = 0 if

and only if p(x)2 = 0 for any z € U.
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On the other hand, the functional v is a linear combination of functionals {p
p(x) : z € U} since Ay = 0. Hence, if 1g[p?] = 0 then ¢[p?] = 0 as p(x)? = 0 for any
z€e€U. O

Recall that ¢ = (1 — €)Y + €1 where ¥o = - and ¢ = %, Let ¢f =
e"w - (1 — to). Then,

and 9 = o + -r-1]. We note that Ay] = 0 since 9] is a linear combination of
and ’l,bl.
Let Xy, and Xy, be the moment matrix of 1o and ¥; respectively. Let X, be the

moment matrix of . Clearly,
£ X
Xy = Xy, + T v, -

Moreover, for any p € R(<) satistying Xy,p = 0, we have Xy:p = 0 by the proposi-

tion. Hence, X, > 0 if
Xl < Amin oK)
where Apyin, 20 denotes the minimum nonzero eigenvalue.
We note that e"w and ||Xy|| are independent random variables. It follows from
that w is a gaussian vector with i.i.d. standard entries, and that e and (H — %‘é) are
orthogonal. Hence, we can safely bound e”w and || Xy || separately.

To bound || Xy, || we need the following theorem.

Theorem 2.25 (Matrix Gaussian ([91])). Let {Ax} be a finite sequence of fized,
symmetric matrices with dimension d, and let {&;} be a finite sequence of independent
standard normal random variables. Then, for any t > 0,

|

D &A

k

> t} <d-e ¥ where o%:=

>4
k

98



For each U C [n — 1] with size at most 4, let Yy be the ("2,}) x (

<2
entries

1 #SeT=U
(Yu)sr =

0 otherwise.

We can write Xy, as

Xyp= > (@)Y
UC[n—1]
U<

. T
Since ¢] = (H — %%g) w, we have

eel
s 28 (1-i), e

UC[n~1] V<[n—1]
U< [VI<4

- T <Z (- ‘T—T)Uv Y”) |

U

By Theorem 2.25, || Xy || is roughly bounded by (

Sxi=y (Z (n— %>U,VYU)2'

\%4 U

n—1
<2

|Z x|/ logn)'/? where

) matrix with

Proposition 2.26. For each I,J € (["_1]), the (I,J) entry of Xx only depends on

<2

I, |J| and |[I N J]|, ie., Zx is in the algebra A.

Proof. Note that

eeT eeT
Ex o= 20 (M- M- Yol
V. ULUs €€/ uv € ¢/vu,
eel
= > ((H — E) Yu, Yo,
U1,U2 Uy,U2
T
- ¥ (H— f§—> Yo, Yo,
eTe
U1,Us U1,Uz2



Hence,

eeT
(Ex)1g = Z II- T ,
16K, JOK

which is invariant under any permutation 7 on [n — 1] as IT — 3%2 is. It implies that

Yx € A O

Since HH — el =1, we get |[Zx]| < (%5) = (3 +0(1)) n2.

Proposition 2.27. If ¢ < o, (n

—logn), then with probability 1 — o(1) the moment

matriz Xy is positive-semidefinite.

Proof. By theorem 2.25, we have

n—1\  -epsxi
Pyl z 0 < ("], ) et
Let t = 3ny/logn. Since ||Zx|| < (1/2 4 o(1))n?, we have || Xy || < 3ny/logn with
probability 1 — n~%1. On the other hand, note that

P (jeTw| < ¢) < ——.
2

It implies that |eTw| > g(n) with probability 1 — o(1) for any g(n) = 0,(1). Thus,

almost asymptotically surely. Together with the fact that Amin 20(Xy,) = 1 — 0(1),

we have X, > 0 whenever € < 7—19—(2\/1;;5 for some g(n) = o(1). O

Step oco: Putting it all together.

We have constructed a linear functional 9 on the space of (n — 1)-variate multilinear
polynomials of degree at most 4, which satisfies (i) ¥[1] = 1, (ii) ¥ satisfies 31—} x; +
1 =0, and (iii) ¢[p?] > 0 for any p of degree 2. It implies that ¢ is a valid pseudo-

expectation of degree 4.
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Now, let us compute ¥[gg] and 1[gg] where

gé(xl, ce ,Xn—1) = !]@(Xl, 5 Xp—1, 1)
and
g/@(xla et aXTL——l) = g@(xla s, X1, 1)

Recall that cg is the coeflicient vector of g. We also define cg to be the coefficient

vector of gg.

Hence,
T
ry_ 1T, _ . Tv12[ € € ee
— — » = e =
Ylosl = cav v (eTe + eTw ( eTe ) ¥
_ eTS1/ 2y N wh B2 (H - %) v
N eTe ¢ eTw '
Note that

T T
E [szl/z (H - 32—) w} - <>:1/2 (H . Z%) ,IE[wa]>
e’ e
€€T
= tr <21/2 (H - eT6>> )

which is at least (v6/12 — o(1))n®. Also, |e’w| = O(1) and [e"EV?w| = O(n) with

high probability. Hence, with probability 1 — o(1), we have
n? n?

> >
¢[9®] ~ O(") + n(log n)l/2+o(1) ~ (log n)l/2+0(1)'

We can compute 9[gg] in the same fashion, as cg can be expressed as Bw for

some matrix B € A. As a result, we get

3

n
>
blgel 2 (log n)172+o(

as well as ¥[gg].
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Chapter 3

Stochastic Block Model for k-uniform
Hypergraphs1

Identifying clusters from relational data is one of fundamental problems in computer
science. It has many applications such as analyzing social networks [80], detecting
protein-protein interactions |71, 32|, finding clusters in Hi-C genomic data [29], image
segmentation [88], recommendation systems [70, 86] and many others. The goal is to
find a community structure from relational measurements between data points.

Although many clustering problems are known to be NP-hard, typical data we
encounter in applications are very different from the worst-case instances. This mo-
tivates us to study probabilistic models and average-case complexity for them. The
stochastic block model (SBM) is one such model that has received much attention in
the past few decades. In the SBM, we observe a random graph on the finite set of
nodes where each pair of nodes is independently joined by an edge with probability
only depending on the community membership of the endpoints.

It is natural to consider the community detection problem for higher-order rela-
tions. A number of authors have already considered problems of learning from com-
plex relational data [13, 54, 12| and it has several applications such as folksonomy

[48, 96], computer vision [54], and network alignment problems for protein-protein

!The contents of this chapter overlaps in significant amount with [62], which is a collaborative
work mainly conducted by the author of this thesis.
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interactions [73].

We consider a version of SBM for higher-order relations, which we call the stochas-
tic block model for k-uniform hypergraph (k-HSBM): we observe a random k-uniform
hypergraph such that each set of nodes of size k appears independently as an (hyper-
Jedge with probability only depending on the community labels of nodes in it. k-
HSBM was first introduced in [49] and investigated for its statistical limit in terms
of detection [68], the minimax misclassification ratio [69, 34], and as a testbed for
algorithms including naive spectral method [50, 51, 52], spectral method along with
local refinements [1, 34, 15] and approximate-message passing algorithms [20, 68].

We focus on exact recovery, where our goal is to fully recover the community labels
of the nodes from a random k-uniform hypergraph drawn from the model. For exact
recovery, the maximum a posteriori (MAP) estimator always outperforms any other
estimators in the sense that it has the highest probability of correctly recovering
the solution. We prove that for the k-HSBM with two equal-sized and symmetric
communities, exact recovery shows a sharp phase transition behavior, and moreover,
the threshold can be characterized by the success of a certain type of local refinement.
This type of phenomenon was mentioned as “local-to-global amplification” in [1], and
was proved in [4] for the usual SBM with two symmetric communities (corresponds
to 2-HSBM) and more generally in [6] for SBMs with fixed number of communities.
Our result can be regarded as a direct generalization of [6] to k-uniform hypergraphs.

Furthermore, we analyze the truncate-and-relax algorithm on k-HSBM and prove
that it achieves exact recovery in a parameter regime which is orderwise optimal.

We remark that in [1] it was suggested that the local refinement methods together
with an efficient partial recovery algorithm would imply the efficient exact recovery
up to the information-theoretic threshold. An explicit algorithm exploiting this idea
appears in [34, 15] with a provable threshold for their algorithm to be successful. We
note that the threshold of the algorithm of [34] matches with the statistical threshold
we derive, hence there is no éap between statistical and computational thresholds.
On the other hand, we prove that the truncate-and-relax algorithm does not achieve

the exact statistical threshold when k > 4.
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3.1 Introduction

3.1.1 The Stochastic Block Model for graphs: An overview

Before we discuss the main topic of this chapter, let us summarize the previous works
regarding the stochastic block model for graphs.

The stochastic block model (SBM) has been one of the most fruitful research topics
in community detection and clustering. One benefit of it is that, being a generative
model we can formally study the probability of inferring the ground truth. While
data from the real-world can behave differently, the SBM is believed to provide good
insights in the field of community detection and has been studied for its sharp phase
transition behavior [77, 6, 4], computational vs. information-theoretic gaps [33, 8],
and as a test bed for various algorithms such as spectral methods [72, 94], semidefinite
programs [4, 56, 59|, belief-propagation methods [38, 7, 9], and approximate message-
passing algorithms [93, 30, 40, 67]. We recommend [1] for a survey of this topic.

For the sake of exposition, let us consider the symmetric SBM with two equal-sized
clusters, also known as the planted bisection model. Let n be a positive integer, and
let p and ¢ be real numbers in [0, 1]. The planted bisection model with parameter n, p
and g is a generative model which outputs a random graph G on n vertices such that
(i) the bipartition (A, B) of V defining two equal-sized clusters is chosen uniformly
at random, and (ii) each pair {u,v} in V is connected independently with probability
p if w and v are in the same cluster, or probability g otherwise. Note that this model
coincides with Erdds-Rényi random graph model G(n,p), when p and q are equal.

The goal is to find the ground truth (A, B) either approximately or exactly, given
a sampled graph G. We may ask the following questions regarding the quality of the

solution.

e (Exact recovery) When can we find (A, B) exactly (up to symmetry) with high
probability?

e (Almost exact recovery) Can we find a bipartition such that the vanishing por-

tion of the vertices are mislabeled?
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o (Detection) Can we find a bipartition such that the portion of mislabeled ver-

tices is less than % — ¢ for some positive constant €?

There are a number of works regarding these questions in the algorithmic point of
view or in the sense of statistical achievability. The following is a short list of the

states-of-the-art works regarding the model:

e Suppose that p = a—l%gﬂ and q = b—l"nﬂ where a and b are positive constants not
depending on n. Then, exact recovery is possible if and only if (v/a — vb)? > 2.
Moreover, there are efficient algorithms which achieves the information-theoretic

threshold [4, 56].

e Suppose that p = 2 and ¢ = ;bl- where a and b are positive constants not
depending on n. Then, the detection is possible if and only if é‘(’;ﬁ; > 1. More-

over, there are efficient algorithms achieving the information-theoretic threshold

[76, 77, 72].

We further note that those sharp phase transition behaviours and algorithms achiev-
ing the threshold are found for general stochastic block models [8, 1], [68, 67]. This

paper focuses on exact recovery.

3.1.2 The Stochastic Block Model for hypergraphs

The stochastic block model for hypergraphs (HSBM) is a natural generalization of
the SBM for graphs which was first introduced in [49]. Informally, the HSBM can be
thought as a generative model which returns a hypergraph with unknown clusters,
and each hyperedge appears in the hypergraph independently with the probability
depending on the community labels of the vertices involved in the hyperedge.

In [49], the authors consider the HSBM under the setting that the hypergraph
generated by the model is k-uniform and dense. They consider a spectral algorithm
on a version of hypergraph Laplacian, and prove that the algorithm exactly recovers

the partition for £ > 3 with probability 1 — o(1). Subsequently, the same authors
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extended their results to sparse, non-uniform (but bounded order) setting, studying
partial recovery [51, 50, 52].

We note that sparsity is an important factor to address in recovery problems of
different types: exact recovery, almost exact recovery, and detection. In the case of
the SBM for graphs, we recall that the average degree must be Q(logn) to assure
exact recovery, and the average degree must be (1) to assure detection. Conversely,
the point of the sharp phase transition lies exactly in those regimes. We may expect
similar behaviour for the k-uniform HSBM. For exact recovery, it was confirmed that
the phase transition occurs in the regime of logarithmic average degree, by analyzing
the optimal minimax risk of k-uniform HSBM [69, 34]. For detection, the phase
transition occurs in the regime of constant average degree [20]. The authors of [20]
proposed a conjecture specifying the exact threshold point, based on the performance
of belief-propagation algorithm. Also, such results for the weighted HSBM were
independently proved in [15] and a exact threshold of the censored block model for
uniform hypergraphs was classified in [14].

In this paper, we consider a specific k-uniform HSBM with two equal-sized clusters.
Let us remark that in the SBM case, we had two parameters p and ¢ where the
probability that an edge {i,j} appears in the graph is p or ¢ depending on whether
2 and j are in the same cluster or not. For an hyperedge of size greater than 2, there
are different ways to generalize this notion, but we will focus on a simple model that
the probability that a set e of size k appears as a hyperedge depends on whether e is
completely contained in a cluster or not.

Let n be a positive even number and let V' = [n] be the set of vertices of the
hypergraph H. Let £ > 2 be an integer. Let p and ¢ be numbers between 0 and 1,
possibly depending on n. We denote the collection of size k subsets of V' by (‘;) The
k-HSBM with parameters k, n, p and ¢, denoted HSBM(n, p, g; k), is a model which

samples a k-uniform hypergraph H on the vertex set V' according to following rules.

® X is a vector in {1}V chosen uniformly at random, among those with the

equal number of —1’s and 1’s. We may think —1 and 1 as community labels.
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e Each e = {ej, -+ ,ex} in (Z) appears independently as an hyperedge with
probability

Ple c E(H)) = 4" if (X0)ey = (Xo)er =+ -+ = (X0)es

g otherwise.

We say e is in-cluster with respect to xo for the first case, and cross-cluster

w.r.t. Xo for the other case.

Our goal is to find the clusters from a given hypergraph H generated from the

model. We specially focus on exact recovery, formally defined as follows.

Definition 3.1. We say ezact recovery in HSBM(n, p, q; k) is possible if there exists
an estimator Xg which only fails to recover xo up to a global sign flip with vanishing
probability, i.e.,

(%0 (H) & {x0, —%0}) = o(1).

(xO’H)NHSBM(n,p,q;k)

On the other hand, we say ezact recovery in HSBM(n,p, g; k) is impossible if any

estimator Xg fails to recover Xo up to a global sign flip with probability 1 — o(1), i.e

(X0(H) & {x0,—%0}) =1 — 0o(1) for any X.

(x0,H)~HSBM(n,p,q;k)

We remark that H must be connected for exact recovery to be successful. In Erdés-
Rényi (ER) model for random hypergraphs, it is known that a random hypergraph
from the ER model is connected with high probability only if the expected average
degree is at least ZEZUI8™ for some ¢ > 12, Together with the works in [15] and [34],

(i)

this motivates us to work on the parameter regime where

__alogn Blogn
n—1 1
k:-l) (Ic 1
2The proof for this result is a direct adaptation of the proof in [27] for k = 2, i.e., random graph

model. See [35, 25, 36] for phase transitions regarding giant components, which justifies the regime
for partial recovery and detection.

and ¢ =
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for some constant « and S.

3.1.3 Main results

We first establish a sharp phase transition behaviour for exact recovery in the stochas-
tic block model for k-uniform hypergraphs. We will assume that the parameter & is

a fixed positive integer not depending on n, and edge probabilities decay as

alogn Blogn
p=—Fg- and ¢=—F—5
' (k—1) (k—l)
where o and 3 are fixed positive constants. Asymptotics in this paper are based on

n growing to infinity, unless noted otherwise.

Theorem 3.1. Exact recovery in HSBM(n, p, q; k) is possible if I(a,3) > 1, and
impossible if I(a, B) < 1 where I(a, 8) = 52 (v/a — VB)?.

In case of exact recovery, the maximum a posteriori (MAP) estimator achieves
the minimum error probability. The MAP estimator corresponds to the maximum-
likelihood (ML) estimator in this model since the partition is chosen from a uniform
distribution. Hence, it is sufficent to analyze the performance of the ML estimator to
prove Theorem 3.1.

On the other hand, we ask whether there exists an efficient algorithm which recover
the hidden partition xy achieving the information-theoretic threshold. Note that the

ML estimator (which achieves the minimum error probability) is given by

Rare(H) = xé{aiﬂg}{/r?f‘;(xzo (XD,H)~HSHZM(VLM;’C)(H = Hixo =)
This is in general hard to compute. For example, when & = 2 and p > ¢, it reduces to
find a balanced bipartition with the minimum number of edges crossing given a graph
G, also known as MIN-BISECTION problem which is NP-hard. However, there is a
simple and efficient algorithm which works up to the threshold of the ML estimator
in case of k = 2. This algorithm is based on a standard semidefinite relaxation of

MIN-BISECTION |[53].
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For general k-HSBM, we consider the truncate-and-relax algorithm which we
briefly discussed in Section 1.4. Given a k-uniform hypergraph H on the vertex set
V, let us define a weighted graph (G, w) on the same vertex set where the weights
are given by

wi; = #(e € E(H) : {i,j} Ce)

for each {i,j} € (‘2{) Let Xirunc be an optimal solution of

maximize E Wi XX,
se(?)

subject to x € {£1}V, 1Tx =0,

which is equivalent to finding the min-bisection of the weighted graph (G g, w). Now,

consider the following semidefinite program:

maximize Z wi; Xij
ij€(3)

subject to Z Xi; =0,
ijeV

Xiiz 1forallie V,

(3.1)

X=XT>o0.

This program is a relaxation of the min-bisection problem above, since for any feasible
z in the original problem corresponds to a feasible solution X = zz” in the relaxed

problem.
The ML estimator attempts to maximize the function

fH(X) °8 (XOY’H)NHSBM(TL»P,(I?’C)(% IXO X)

over the vectors in the hypercube {+1}V with equal number of —1’s and 1’s. This
function fy(x) can be written as a multilinear polynomial in x (See Section 2.1.2).
Let f,(f) (x) be the quadratic part of fg(x). Then, maximizing f,(f) (x) is equivalent
to find the min-bisection of (G, w). We note that this algorithm is equivalent to the
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truncate-and-relax algorithm for the spiked tensor models as in Section 2.4.
Now, let S(H) be the solution of (3.1). We prove that this estimator correctly
recovers the hidden partition with high probability up to a threshold which is order-

wise optimal.
Theorem 3.2. Suppose o > 3. Then i(?—[) is equal to xox3 with probability 1 —o(1)
if Lsap(at, B) > 1 where

k-1 (o — B)?
Toap(e, B) = 9% (a+(1-2%)8)

It is natural to ask whether this analysis is tight. The proof proceeds by construct-
ing a dual solution which certifies that xox? is the unique optimum of (3.1) with high
probability. Following [21], the dual solution (if exists) is completely determined by
(Gu,w) which has the form of a “Laplacian” matrix. Precisely, the major part of the

proof is devoted to prove that the matrix L of size V x V with entries

—w(ij)(X0)i(X0); ifi#j

ey W(E) (X0)i(X0)s  if i = 7,

Lij =

is positive-semidefinite with high probability. We use the Matrix Bernstein inequality
to prove that the fluctuation ||L—E L|| is smaller compared to the minimum eigenvalue
of EL w.h.p., under the assumption I4,(c, 8) > 1. However, we believe that it can
be improved by a direct analysis of ||L —E L||. Numerical simulations and discussions
which supports our belief can be found in Section 3.5.

Finally, we complement Theorem 3.2 by providing a lower bound of the truncate-
and-relax algorithm. Recall that the algorithm tries to find a solution in the relaxed
problem (3.1). It implies that if the min-bisection of (Gy,w) is not the correct
partition xg, then the truncate-and-relax algorithm will also return a solution which

is not equal to xox]. Hence, we have

P(E(H) # XOXg) > P(Xorunc (") & {x0, —%0})-
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Figure 3-1: Visualization of I, I, I;4, when k = 6: (a) the solid line represents
I(a, 8) = 1, (b) the circled line represents I>(cr, 5) = 1, and (c) the x-marked line
represents Iyqp(c, ) = 1. The dashed black line is the graph of a = .

We find a sharp threshold for the estimator Xerunc(#) recovering xo or —Xg success-
fully.

Theorem 3.3. Suppose a > 3. Let I(a, B) be defined as following:

(e, B) = max le a1 - e~ (k=1 +Zﬁ< ) (1- -(kq-za}t)}

If I(o, B) < 1, then Xyunc(H) is not equal to neither Xo nor —xo with probability
1 —o(1). On the other hand, if Is(a, B) > 1, then Xeunc(H) is either of Xo or —Xo
with probability 1 — o(1).

We note that

I(0,8) = max sy (a1 — e®-7) 4 5(1 = e,

hence I(a, 8) < I(a, 8) for any a > B > 0. Figure 3-1 shows the relations between
I, I and I, for k = 6.

Theorem 3.3 and the discussion above implies that the truncate-and-relax algo-
rithm fails with probability 1 — o(1) if I3(e, 3) > 1. We conjecture that this is the

correct threshold of the performance of the algorithm. In future work, we will attempt
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to prove this conjecture by improving the matrix concentration bound as discussed

above.

Conjecture 3.1.1. If Iy(«a, 8) > 1, then f(?{) = XoX3 with probability 1 — o(1).

3.2 Maximum-likelihood estimator

Recall that Xpe(H) is a maximizer of the likelihood probability P(H = H|x, = x)
(ties are broken arbitrarily). Let fy(x) = logP(H = H|xo = x) for x € {£1}".
For brevity, let us first introduce a few notations. For a vector x € {£1}V, let

x€k be a vector in {0, 1}{¥) where

(X@k)e _ 1 if Tey = Teyg =+ = T,
0 otherwise,
for each e = {e;,---,ex} C V. Here we abuse the notation x©* which was

originally defined as a k-tensor in Chapter 2; one may think this new definition
as the restriction of the k-tensor version onto k-tuples with distinct indices.

Let H be a k-uniform hypergraph on the vertex set V' with the edge set E(H).
Let Ay be the vector in {0, 1}(":) such that

1 ifee E(H)
(AH)e =
0 otherwise

for each e € (:) Note that

(A, xFF) = 3 (An)e(x=")
eG(Z)
= Z 1{e is in-cluster with respect to z}.
ecE(H)
Hence, (Ay,x®*) is equal to the number of in-cluster edges in H with respect to the

partition x.
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The ML estimator tries to find the “best” partition x € {#1}" with equal number
of 1’s and —1’s. Intuitively, if p > gq, i.e., in-cluster edges appears more likely than
cross-cluster edges (assortative), then the best partition will correspond to x such
that the number of in-cluster edges w.r.t. x is maximized. On the other hand, if
p < q (disassortative) then the best partition will corresponds to the minimizer,
respectively. The following proposition confirms this intuition. We defer the proof to

Section 3.7.1.

Proposition 3.4. The ML estimator Xy g(H) is the mazimizer (minimizer, respec-
tively) of <AH,x@k> if p > q (if p < q, respectively) over all x € {£1}V such that

17x = 0.

3.3 Threshold for exact recovery in k-HSBM

We prove Theorem 3.1 throughout this section. The techniques we use can be seen

as a hypergraph extension of the techniques used in [4].

Informally, we are going to argue that the event for the ground truth x, being
the best guess (i.e. x¢ is the global optimum of the likelihood function) can be
approximately decomposed into the events E, for v € V, where E, is the vent that
the likelihood function does not increase if we flip the sign of (x¢),. In [1], Abbe
call this type of phenomenon local-to-global amplification. In Chapter 4, we argue
that local-to-global amplification is universal: It holds in a broader class of graphical

models including the spiked tensor model and the HSBM.

Let psou be the probability that the ML estimator fails to recover the hidden

partition, i.e.,

J— P X — .
pfml (x0,/H)~HSBM(np.q:k) (XMLE(H) g {Xo, XO})

As we have seen in the previous section, the ML estimator Xy, z(H) is a maximizer
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of (A, xS*¥) over the choices of x € {£1}" such that 17x = 0. Thus,

Prait = P <3x g {£x0} s.t. 17x = 0 and ( Ay, xS*) > <AH,x()@k>) .

3.3.1 Lower bound: Impossibility

We first prove the impossibility part of Theorem 3.1. For concreteness, we focus on the
assortative case, i.e., p > ¢ but the proof can be easily adapted for the disassortative

case.

Before we prove the lower bound, let us consider the usual stochastic block model
for graphs which corresponds to k = 2 in order to explain the intuition of the proof.

Given a sample G, partition xg and a vertex v € V, let us define the in-degree of v as
indegg (1) = #(vw € B(G) : (Xo)u = (xo)u),
and the out-degree of v as

outdegg x, (v) = #(vw € E(G) : (Xo)» # (X0)w)-

We will omit the subscript G, xq if the context is clear.

Suppose that there are vertices v and w from different clusters such that the
in-degree of each vertex is smaller than the out-degree of each vertex. In this case,
swapping the label of v and w will yield a new balanced partition with greater number

of in-cluster edges, hence the ML estimator will fail to recover xy. Now, suppose that
P(indeg(v) < outdeg(v)) = w(n™1)

for all v. If those events were independent, we would get

P (indeg(v) > outdeg(v) Yv : (Xg), = 1) = H P(indeg(v) > outdeg(v))

vi(x0)p=1

< (1 _ w(n—l))n/2 < efw(l),
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and similar for w. It would imply that there is a “bad” pair (v, w) with probability
1 —o(1) hence the ML estimator fails with probability 1 — o(1). We remark that this
argument is not mathematically because the in-degrees of vertex v and w (as well as
out-degrees of them) are not independent as they share a variable indicating whether
{v,w} is an edge or not. However, we can overcome it by conditioning on highly

probable event which makes those events independent, as in [4].

We extend the definitions of in-degree and out-degree for the k-HSBM as

indegy . (v) = #(e€ E(H):v€Ee, eisin-cluster w.r.t. xg),
outdegy .. (v) = #(e€ E(H):v€e, eiscross-cluster but

e\ {v} is in-cluster w.r.t. xo).

Observe that they coincide with the corresponding definition for the usual SBM (k =
2). We note that the sum of in-degree and out-degree is not equal to the degree of
v, the number of hyperedges in H containing v when k£ > 3. We extended those
definitions in this way because any edge e which is neither in-cluster nor cross-cluster
but e\ {v} is in-cluster does not contribute on (A, x®*) when we flip the sign of

the label of v.

Now, note that the in-degree and the out-degree of v are independent binomial

random variables with different parameters. To estimate the probability
PP (indeg(v) — outdeg(v) < 0),

we provide a tight estimate for the tail probability of a weighted sum of independent

binomial variables in Section 3.6. Precisely we prove that
P(indeg(v) — outdeg(v) < —dlogn) = n~1(@A+e(l)

as long as 6 = §(n) vanishes as n grows, where

2

I(e,8) = 5 (V& — V)
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As we discussed, if I(a,8) < 1 then the tail probability is of order w(n~!) and it
implies that the ML estimator fails with probability 1 — o(1).

Theorem 3.5. Let I(a, B) = 52 (Vo — /B)%. If I(a, B) < 1, then prai = 1 — 0o(1).

Proof. Let A ={veV:(x0), =41} and B=V \ A Fora € Aand b€ B, let
us define x(()ab) to be the vector obtained by flipping the signs of (xp), and (x¢)s. By
definition, xg“b) is balanced. We are going to prove that with high probability there
exist a € A and b € B such that <AH,x0®k> < <AH, (xéab))@’“>. For simplicity, let
2 = x9* and n = (x{*))Sk,

Note that

<A7‘l1 E) - <A'H’ Z:(a’b)> = (indeg’}{,xo ((1) - OUtdeg’H,xo (a‘))
+ (indegy, ,, (b) — outdegy, , (b)) -

For v € V, let E, be the event such that
indegy, ., (v) — outdegy . (v) <0

holds. Then, E, N E, implies that (A3, X) — <AH, Z(ab)> < 0. Hence

Pfait = IP’(EIa € A,be B (A'H,2> - <AH,E(ab)>) Z P (U Eaﬂ U Eb) .

acA beB

Informal overview. We recall that if F, for v € V were mutually independent, we can

but unfortunately it is not the case. To see this, let us fix a € A and a’ € A. Then,
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we have

indeg(a) — outdeg(a) = z (Az)e — Z (Ax)e, and
e3a:eCA eda:eNA={a}

indeg(a') — outdeg(a’) = > (Aw)e— Y. (Aw)e
eda’eCA eda’:eNA={a’}

They share variables (Ay). for e satisfying {a,a’} C e C A. The expected contribu-

tion of those variables is p(",‘:'_';) = 0(1), so we may expect

P(E,UEy)~1—P(—E,)P(— W)

In the similar spirit, we are going to prove that for an appropriate choice of U C V,

the events {E, }scvna and {E;}reuns are approximately independent, so

o= #((45) 7 (9,5)

(1— II IP’(-wEa)) (1— 11 IP’(—wEb)).

ae ANU be BNU

Q

Together with the tight estimate on P(E,), it would give us a good lower bound on

Pail- d

Let U C V be a set of size yn where |U N A| = |U N B|. We will choose v = v(n)
later to be poly-logarithmically decaying function in n. Let S be the set of e € (‘,;)
such that e contains at least two vertices in U. We would like to condition on the

values of {(Ax)e}ees, which captures all dependency occurring among E,’s for v € U.

Let &= d(n) be a positive number depending on n which we will choose later, and

let F be the event that the inequality

max (An)e < dlogn
velU
ecS:edv
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holds. For each a € ANU, let E, be the event that the inequality

Y (A= Y (Aw)e < —dlogn

eCA:enU={a} e:eNU={a}
e\{a}CB

is satisfied. We claim that E! N F C E,. It follows from the direct calculation, as if

we assume £ N F, then

indeg(v) — outdeg(v) = Z (An)e — Z (An)e

ed>a:eCA eda:eNA={a}
S Z (AH)e_ Z (AH)6+ Z (A’H)e
eCAienU={a} e:eNU={a} e€S:eda
e\{a}CB
< S Awe- > (Ap)e+dlogn
eCAenU={a} e:eNU={a}
e\{a}CB
< 0.

We get

pfauZ]P’< U E.N U Eb)ZlP’< U E. N U EéF)IP’(F).

a€ANU beBNU acANU be BNU

Note that E! only depends on the set of variables {(Ay). : e N U = {v}}, which are
mutually disjoint for v € U. Also, {(Ay)e : ¢ € S} is disjoint with any of those sets

of variables. Hence, events F' and {E) },cy are mutually independent, and we get

o) - e (7)1 5)

(1— II IP’(—ﬂE;)) <1- II ]P’(ﬂE,’,))

acANU be BNU

]P’(U E,n |J E

acANU be BNU

i

We claim that

Il PCE)=01), ][] P(-E)=o0(1) and P(=F)=o(1),

a€ ANU beBNU
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for appropriate choice of v and 4. This immediately implies that ps,i; = 1 — o(1) as

desired.

Let us first prove P(—F) = o(1). Let X, be the random variable defined as

Xv = Z (A’H)e,

ecS:edv

for v € U. We have

P(-F)=PEFveU: X, > dlogn) < Y P(X, > ilogn)

vel

by a union bound. Note that

EX, < max(p g)#(e:edv,lenU|>2)
= (G0)-(5)

< (1-(1=79)%")logn = O(ylogn).

Using a standard Chernoff bound, we get the following lemma.

Lemma 3.6. Let X be a sum of independent Bernoulli variables such that EX =
O(vlogn) where v = o,(log™' n). Let & be a positive number which decays to 0 as n

grows, with § = wyp(log™' n). Then,
P(X > §logn) < n 085+,

Proof. See Section 3.6.1. 0O

Letting v = log™ n and 6§ = (loglogn)~!, we get

0 3loglogn — ,
Slog 2 = og ogln llogloglogn — 3 o(1)
Y oglogn

and so P(—F) = n=3+(1) = o(1).
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Now, we would like to prove that

I[ P(-E,) =0(1) and ][] P(-Ep) =o(1)

ac ANU beBNU

by showing that

(vVa - VB

P(E!) > n~1@A+oM)  where I(a, B) =

2k 1

for any v € U. This implies that

H P(-E;) < (1——n—1(a,ﬂ)+o(1))'yn/2

a€ANU
< exp (_%nl—l(a,6)+o(l)) ’

and since we assumed that I(c, 8) < 1 and v = log ® n, we get

nl- I(a 8)
H P(-E)) Teg¥n = o(1),
ac€ ANU
and similarly [],c 5y P(—E}) = o(1) as desired.
To estimate the probability that E! happens, let Y, and Z, be random variables

defined as
Yo=Y (Aw)e and Zo= > (Ap)e

eCA:enU={a} e:eNU={a}
e\{a}CB

Recall that E! is the event that Y, — Z, < —dlogn holds.

Lemma 3.7. LetY be a binomial random variable from Bin(N, p) and Z be a binomial

random variable from Bin(N, q) where N = (5,71_7 +o(1)) (23)7 p = %nio_%’j’ and q¢ =
k-1

blost. Let I{a, B) = gir(va — /B)? and let § be a positive number vanishing as n

k 1
grows. Then,

P(Y — Z < —dlogn) = n~(@Bf)+ol),

In fact, we derive a generic tail bound for weighted sum of binomial random
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variables (Theorem 3.17) in Section 3.6 of the appendix. Lemma 3.7 is a direct

corollary of Theorem 3.17 and we defer the proof to Section 3.6.2. O

3.3.2 Upper bound: Achievability

We are going to use a union bound to prove the upper bound. Let z and xy be vectors
in {—1,+1}Y. The Hamming distance between x and xo (denoted d(x, o)) is defined
as the number of v € V' such that x, # (X¢),. Note that if x and x, are balanced,

then

d(x,%0) = #w €V 1 (xy,(X0)y) = (1, =1)) + #(v € V : (%Xy, (X0)v) = (—1,1))
= #WeEV X, =1)+#WEV :(X0)y=1)—2#(WEV : x, = (X0)» = 1)
= n—2#weV:x,=(X0)y =1),

hence d(x,x,) is even.

Let us fix xg and let H be a k-uniform random hypergraph generated by the
model under the ground truth xy. We note that the distribution of the random

variable <AH,X@k — x()@k> is invariant under the permutation of V' preserving xo,

hence it only depends on d(x,xg). Hence, there is a quantity p%)ﬂ which satisfies

p%)il = P(<Au’x@k - Xo@k> > 0)

for any z with d(x,x9) = d. Moreover, P%)u = p(f’;i‘ld) since our model is invariant
under a global sign flip.

Recall that the ML estimator fails to recover xq if and only if
Ay, xSy > <Auvxo@k>

for some balanced x € {£1}V which is neither xo nor —x,. We remark that we count
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the equality as a failure, which will only make py,; larger. By union bound, we have

Pt < > P((An, xS —xF*) 2 0)

xe{+1}V:1Tx=0,
1<d(x,x0)<n—1

< 2 Z p(fi)il #(z e {£1}V 1 1"x =0, d(x,%0) = d).
d:1<d< 3
d is even

We note that there is a one-to-one correspondence between a balanced = and a pair

of sets (U,,U_) where

Up = {vizy=-1,(%0)y =1} C {v: (x0)y = +1}

U-. = {viz,=1,(X0)y = -1} C{v: (X0)» = —1},

and we must have d(x,xo) = 2|U;| = 2|U_| since z is balanced. Hence, the number

of balanced z’s with d(x,xp) = d is equal to (g;;)z We have

n/2\* (@
Pfait < 2 Z (d/?) Pjair-
d:1<d<%
d is even

Now, let us formally state the main result of this section.
Theorem 3.8. Suppose that I(a, 5) > 1. Then,

I(e,8)—1
Ppag <n~— 2z +o)

and it implies that pseu = o(1).

Proof. Let d be even number in between 1 and Z. Choose any balanced x with

d(x9,x) = d, and let X, be

Xa = <AH,X@'C — x?k> = Z (Az)e (x@k - XO@k> ,
ee(¥)
Let A={v:(x0)y =1} and A’ = {v:x, =1}. Wesayecrosses AifeNAande\A
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are both non-empty (and respectively for A’). Then,

/

—1 if e doesn’t cross A’ but crosses A

(x@k - X? k)g = ﬁ 1 if e crosses A’ but doesn’t cross A

0 otherwise.
\

Hence X, = Yy — Zy where Yy and Z,; are binomial variables with Y; ~ Bin(NVy, p)
and Z4 ~ Bin(Ny, q) where

N, = #(ee (Z) . e doesn’t cross A’ but crosses A)

v
N, = #(ee€ (k) : e crosses A’ but doesn’t cross A).
A simple combinatorial argument shows that

N, = #(e:eC A and e crosses A) + #(e: e €V \ A" and e crosses A)
= (01 = (29 = () + () = () = (74)
= 2((9) - () - ("),

and Ny = N; by the symmetry. Hence,

@ _— P (Yy=2Z;>0
Pyait YdNBin(N,q)( 4= Z420)
Zd’\’Bin(va)

where N =2 (") = (1) = ("07%)), p = 1255 and g = {255.

k-1 k-1

We claim that

—d(I(a,B)— .
(n/2)2 @ Cl n (I{a,8)-1)/2 ifd < E{E

d/2 fail =

~Co e . n
n oglogn ifd > —2—.
— loglogn

for some positive constants C; and C, which does not depend on n or d. Assuming
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that the claim is true, we get

n/2 (d) —(I(o,B)~1)/2\d ~€/2
S (ifa) #a s 6 ey

n
1Sd< loglogn d>1

and

n/2\° () <O < —wn(l)
Z i /2 Pfau = 51 cgoEm S )

n
foglogn <d< 2

hence p%)“ = O(n~¢?) as desired.
To complete the proof, we are going to use the tail bound derived in Section 3.6.

Let us first focus on the case that d > We have

log log n'

2
Na 2 o3 ((n—2k+2)" —d" — (n - d)f)

nk 2k — 2\ * L 1 k
> L= - "\ ogogn
= g n (loglog n)* toglog

1 n nol
= 1 ' ' '
1+ o5 foglogn (k - 1)
We get

(@ nlogn
Prait = exp( Q(loglogn

which follows from Theorem 3.17. Since (252)2 < 2" we get

n/2\° (@ nlogn
< - =
(d/?) Prait = &P ( @ (loglogn +0(m) ),

nlogn

which is still e ioglogn)

Ifd < , then N; = (1+0(1 —kdfl—- "’1 . Using Theorem 3.17 with k(n) = d,
loglog
a=1c=~-1,0=a 0 =0 p = g7 and p, = 5=, we get

p;a)d <exp(—(1-o0(1))I(e,B)-dlogn).
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Since (%)2 < n%and I(a, 8) > 1, we have

(n/2>2 fai < (=1~ lv I{a,B)—1)-dl y< e —de/2
d/2 Pray = €XP ( o(1)){I (e, ogn) < Cin

for some constant C; > 0 which does not depend on n and it concludes the proof.

O

3.4 Truncate-and-relax algorithm

In this section, we propose an algorithm based on the standard semidefinite relax-
ation of maximization problem of quadratic function on the hypercube {+1}". We
also prove that this algorithm achieves the optimal threshold up to a constant mul-
tiplicative factor. We will only focus on the assortative case (i.e. p > g) but the
algorithm could be adapted for disassortative cases with a different threshold which
only depends on « and 8, which we will not derive in this paper.

Let H = (V(H), E(H)) be a k-uniform hypergraph, and recall that we defined
the weighted graph (Gy,w) on the vertex set V(H) where weights are given by

w(ij) = #(e € E(H) : {i,j} Ce).

We may think Gy be a multigraph realization of H, by replacing each hyperedge
e in H by the k-clique on e. For brevity, let us define the adjacency matrix W of
(Gy,w) as the symmetric n by n matrix such that its diagonal entries are zero, and

Wi; = w(iy) for each pair {i,5} C V. We defined the estimator Xiync 88

Xerunc ‘=  argmax E WiixiX;.
x€{£1}V:1Tx=0 1<i<i<n

On the other hand, recall that the ML estimator Xy .g is the maximizer of

(A, xS*) = >~ (An)e(x®*).

ec(¥)
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over balanced z’s. Note that

ICe:|I] even

as we have seen in Chapter 2.

If we collate the terms by its degrees, then we have

<AH,X@’<> = (An,1) + z (Af)e - Q_kl—T Z x;X; | + (higher order terms).

ok—1
e {ij}ce

Let gy (x) be the homogeneous multilinear polynomial of degree 2 defined as
gr(x) = (An)e Z XiX;,
e {i,j}Ce
which is a constant multiple of the degree 2 part of (A, x©*). Then,

gu(x) = Z Z (Ap)exix; = Z Wi; xiX;.

e {i,j}Ce 1<i<j<n

The truncate-and-relax algorithm tries to solve the standard SDP relaxation of max g (x),
as described in Section 2.4. We prove that the optimum of the relaxation is achieved
by xoxj with probability 1 — o(1) if @ and B satisfies I,gp(, 8) > 1 where I, is

defined as in Section 3.1.3.

3.4.1 Laplacian of the adjacency matrix

Before we delve into the semidefinite relaxation that our algorithm uses, let us take

a detour with a spectral algorithm which can also be thought as a relaxation of
max gp (X).

Recall that W is the adjacency matrix of a weighted graph. For z € {£1}" with
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the corresponding bisection (A, B) where A = {v: z, = 1} and B = [n] \ A, we have

j{: M@jXﬂq = j{: M@j__z j{: M&j

1<i<j<n 1<i<j<n i€A,jeEB

so maximizing gy (X) is equivalent to the minimum bisection problem (MIN-BISECTION):

MIN-BI : i f
SECTION(W) e n, > Wy
i€EA,jEB
The Laplacian of W is a matrix Ly defined as Ly = D — W where D is the

diagonal matrix with entries

=> W

u€n]

Equivalently,

= D Wilei—e)ei—e)T

1<i<j<n

where e; is the vector with the entry (e;); = 1 and zero elsewhere. It implies that

T Ly = Z Wij(zi — xj)2 =14 Z Wij,
ij=1 icA,jeB
hence MIN-BISECTION(W) is equivalent to minimizing 7 Lyyz over balanced z in
{1}
By relaxing the condition = € {£1}" to ||z||2 = n, we get

min T Lyx.
z:||z]|2=n,1Tx=0

Note that Ly, is positive semidefinite and the minimum eigenvalue of Ly is zero,
since it is diagonally dominant and 17 Ly, 1 = 0. Hence, the optimal solution of the
relaxed problem corresponds to an eigenvector of the second smallest eigenvalue of
Lyw, scaled to have norm +/n.

It motivates us to suggest a spectral algorithm with the following two stages:

e (Relaxation) We compute a unit eigenvector £ of the second smallest eigenvalue
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of LW

¢ (Rounding) We round /i - € to the closest point on {+1}", which corresponds
to  with z, = sgn(&,).

We remark that in [49, 51, 52|, the authors generalize this idea to the case when
we have three or more clusters. Their algorithm computes eigenvectors of k smallest
eigenvalues to associate each vertex with a vector in R*, and uses k-means clustering
on thein to find the community label of each vertex. Their algorithm has a few
advantages such as that it applies to weak recovery and detection as well as exact
recovery, that it generalizes to non-uniform models, and that it runs in nearly-linear
time in n. However, it only works in a order-wise suboptimal parameter regime,

requiring p and g be at least ) (1%%;—1’1) for exact recovery.

Subsequently, in [15] and independently in [34], spectral algorithms with an addi-
tional local refinement step were proposed, and it was proved that both algorithms
achieve exact recovery in the regime where p and q are ) (-ln%’%’%), which matches the
statistical limit in terms of order in n. Also, we note that it was mentioned in [1] that
the local refinement technique used for the SBM can be extended to the hypergraph
case, together with a partial recovery algorithm in [20]. Finally, we remark that it
was proved in [34] that their algorithm achieves the statistical limit shown in this
paper. In other words, there is an efficient algorithmm which recovers the ground truth

almost asymptotically surely whenever I(a, 8) > 1.

3.4.2 Semidefinite relaxation and its dual

Let X = zz”. Then, the condition that x € {#1}" and 17x = 0 is equivalent to that
X is a symmetric n by n positive semidefinite rank-one matrix such that X;; = 1 for

all € V and 17X1 = 0. If we relax the rank condition, then we get the following
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semidefinite program equivalent to (3.1) as argued in the introduction:

maximize (W, X)

subject to X;; =1 for all ¢ € [n]

(3.2)
(X,117) =0
X = 0.
The dual of (3.2) is
minimize tr(D)
subject to D is n x n diagonal matrix, A € R (3.3)

D+ A11T—-Ww = 0.

We recall that & was defined as the optimum solution of the primal program (3.2),
and we say 5 recovers the ground truth xg if S = xoX4 . In the case of k = 2 (the usual
SBM), it is known that the relaxed SDP achieves exact recovery up to the statistical
threshold even without the local refinement step [56]. We prove that for any £ > 2
our algorithm successfully recover the ground truth, as long as Isgp(a, 8) > 1 which
is slightly weaker than the statistical threshold /(«,3) > 1. On the other hand, we
show that for &£ > 4 our algorithm fails with probability 1 — o(1) for some (o, 8) even

when exact recovery is statistically posible (see the next section).

Let X be an optimum solution of the primal and let (D, A) be an optimum so-
lution for dual. Then by complementary slackness we get <X , D+ X117 — W) = 0.
Conversely, if X is a feasible solution for the primal and (D, \) is a feasible solution
for the dual, then X and (D, \) are optimal if (X, D + A117 — W) = 0. It implies

that X = xox] is optimal if there exists dual feasible solution (D, \) such that

(xoxg, D + A11T — W) =0,
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which is equivalent to

Dii = Z Wij(xo)i(XO)j

jeV
since D + A117 — W is positive semidefinite. Note that D is completely determined
by W and xg.
Let I' = diag(xo)Wdiag(xo) and Dr = diag(I'l). Note that Dr is equal to D
defined above. Let Lr = Dy —I". Then,

Lr = diag(xo)(Dr — W)diag(xo)
by definition.

Proposition 3.9. Let II be the projector matriz onto the orthogonal complement of
the span of {1,x0}, i.e.,
1 1

N=7—- =117 - —XOXOT.
n n

IfTILrII is positive semidefinite, then xoX3 is an optimal solution for (3.2). Moreover,

if the third smallest eigenvalue of IILrI1 is positive, then XoX3 is the unique optimum.

Proof. First note that (Dr, A) is a feasible solution for the dual if there exists A such
that Dpr — W + A117 is positive semidefinite. By multiplying diag(xo) on the both
side, it is equivalent to that Lp + Axex] is positive semidefinite for some A. This
condition is satisfied if and only if ITLrII > 0 and hence x¢x} is an optimal solution
for the primal.

Moreover, if A3(TILrII) > O then there exists A such that Lr + Axox? is positive
definite on the orthogonal complement of 1. It immediately implies that xox} is the

unique optimal solution for the primal. O

In the remainder of this section, we present and prove a sufficient condition for
As(ITLpIT) > 0. We also present and prove a necessary condition for X unc being xq

up to global sign flip with high probability.
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3.4.3 Performance of the algorithm

We first present the main result of this section.

Theorem 3.10. Suppose that a and (3 satisfies

e o (e (- )7)

Then, A\s(IILrIT) > 0 with probability 1 — o(1).

We remark that Theorem 3.10 implies Theorem 3.2. To prove 3.10, we are going
to use standard concentration result for the norm of the sum of random matrices. We

first note that

LI = ENLpII+ (IILpII — EIILAIT)
= H(]E LF)H + H(LF —-E LF)H

We would like to prove that if o and f satisfies the condition in 3.10, then with
probability 1 — o(1),

As (TI(E Lp)IT) > ||TI(Ly — E Lp)TI)].

Let 1. be the vector in RV where (1.); = 1 when i € e and (1.); = 0 otherwise.
Let (x0)e = diag(x)1le. We note that

Qu =) (An)e (117 — diag(L.)) ,

e

and so

I'= Z(A’H)e ((X0)¢(XO)Z - diag(]-e)) .

e
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It implies that

Lr = ) (An)eLixg). (xo) P ding(10)

e

= 3" (An)e (A7 (xo)e)ding((x0)e) — (xo)e(x0)T)

e

Proposition 3.11.

_p—q (n/2-2
TI(E Lr)Il = *— n(k_2) 11,

hence As(II(E Lp)IT) = £=%(a — B)logn + o(log n).

Proof. Note that E Lr is invariant under the permutation of V which preserves xq.
Hence, we can write E Lr as

UELF,H)H n <]EL1",11T>11T i <ELP)XOX€>X T

OXO .
—9 n2 n?

ELr =

We have (E Lr,117) = 17(E Lr)1 = 0 by definition of Lr. Also,

(E Ly, xoxg ) = ZIE Az)e - (17 (x0). - diag((xo)e) — (X0)e(%0)2 , XoxXg )

= LB 8
_ qZ oy )(n7{2> (knizr)’

=1

which is equal to —qn ( ) On the other hand,

tr(EL) = 5 E(As). - tr(17 (xo). - diag((%0)e) — (%o)e(x0)T)
iE(Au)e (1 (x0)e)? = k)
-0 (i) ea-o(f) ()
= 20w =n(") ~m(223)
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Hence,

ELeTl) = tr(ELr) — — (E L, xox)

= 2(p—q)(k*—k) (%2) —am (Z _ g) an (Z } ;)

_ P ‘2— q n(n — 2) (nli2’—22>'

We get

_A(ELp,II) . p-q (n/2-2
ME LIl = =T ) L

Now, let us bound the operator norm of II{Lr — E Lp)II. We need the following

version of Matrix Bernstein inequality [91].

Theorem 3.12 (Matrix Bernstein inequality). Let {Xy} be a finite sequence of in-
dependent, symmetric random matrices of dimension N. Suppose that E X, = 0 and

| Xkl < M almost surely for all k. Then for all t > 0,
2
]P’( _>_t> < N -exp (-———t/i—) where 0% =

o+ Mt/3
Recall that

>
k

> EX?
k

Ly =) (An)e (17 (x0)e)diag((x0)e) — (X0)e(x0)7 ) -

e

Hence,
M(Lr —E L) = ((An)e — E(An)e) - TT (17 (x0)c ) diag((x0)e) — (xo0)e(%0)7) 1.
We note that

I (17 (xo0). - diag((xo)e) — (%o)e(x0)T) TT]| < [17(xo)e] + [|(x0)ell? < 2%
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for any e € (}). By Matrix Bernstein inequality, we have

IP’(HH(LF~ELF)H||Zt)sn,exp<_#é]2€t/3>

where

2
0"2‘—“

D E((An)e = E(Awn).)® - (T ((17 (xo)e)diag((xo)e) — (xo)e(xo)? ) TI)
If o = wy(1), then we have

P (HH(LF —ELM)IO| > 1+ e)a\/leogn) < n-exp (—(1+¢€)*logn + o(logn))

< n-—26+0(1)’

by letting ¢t = (1 + €)o/2logn.

Proposition 3.13.

k k logn
o? <2(k—1) (-2—Ea+(l——2%)ﬁ)logn+0< - )

Proof. Let Y, be

Yo i= (17 (xo)e - diag((x0)e) — (Xo)e(x0)7) T (17 (xo)e - ding((%o)e) — (x0)e(x0)7) |

and let ¥ = )" E(Ay).Y.. We have

o= |D E((An)e — E(Ay).)® - IIY.II

IA

= [[TI=I0],

> E(Ay). - IIY.TI

since Y, is positive semidefinite and E ((Ay). — E(Az)e)* < E(Ay).. Moreover, we

obtain the exact expression of ¥ in the following lemma.
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Lemma 3.14. ¥ = ¢; - 2xox{ + ¢ - IT where

1
1= (k—1)flogn+0 ( °i”>

and

co =2(k—-1) (;—ka-i— (1 - 51%) B) logn + O (loin)

The proof of Lemma 3.14 is deferred to Section 3.7.2. As a result, we get IIXII =
oIl and 02 < ||TIZIL|| = ¢, as desired. O

We are now ready to prove Theorem 3.10.

Proof of Theorem 3.10. Let € be an arbitrary positive real number. By Matrix Bern-

stein Inequality and Proposition 3.13, with probability 1 — O(n=2%°()) we have
[II(Lyr — E Lp)II|| < (1 4+ €)y/2¢cplogn
where
e =(k—1) (k(1 = 27" a + (27%" = k +2)B) logn + o(log n).
It implies that A3(IILrIT) > 0 with probability 1 — O(n=2¢to() if
k-1
31;—1(04 — B)logn + o(logn) > (1 + €)y/2cz logn.
It holds as long as

%E_—ll(a—ﬂ)> \/4(k—1) (2—kka+ (1—%}) ﬂ),

as desired. d
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3.4.4 Limitation of the algorithm

In the previous section, we proved that the truncate-and-relax algorithm successfully

recovers Xy with high probability if & and 3 satisfies

I;_;Tl(a_ﬁ)>\/4(k—l) (;%a-l— (1——5;) ﬁ).

It is natural to ask whether this bound is improvable or not. Recall that X unc is the

optimum solution for max zTWz over balanced z’s in {£1}". Since our algorithm is

the relaxed version of it, we have
P (i #%0%5 ) 2 P (Rerune(H) & {X0, ~X0}) .

The following theorem gives a condition on « and S such that that the probability

that Xeunc(H) fails to recover xq is 1 — o(1).

Theorem 3.15. Let

k-1
1 (ke k-1 (h1or
[2((1,6) :rflgox_z—zj <a(1 —e (k l)t)+ﬁ E—I:( . )(1 —e (k-1-2 )t)) )

If (e, B) < 1, then P (Rirunc(H) € {—%0,%0}) = 1—0(1). In particular, the truncate-

and-relaz algorithm fails to recover xo with probability 1 — o(1).

Proof. The proof is a slight modification of the proof of Theorem 3.1. Essentially it

reduces to prove that

PlX,<-— 2logn > p12(eB)—o(1),
— loglogn,/) —

where

Xo= Y (A | 3 (xodixo); — ()i (x$);

e:eNU={a} {i,7}Ce
and U = U4 U Up and a € Uy are defined as in the proof of Theorem 3.1, and this
tail bound follows from the Theorem 3.17. Details are deferred to Section 3.6.3. O
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3.5 Discussion

Let us first recapitulate the main results of this paper. In the stochastic block model

for k-uniform hypergraphs where the (hyper)edge probabilities are given as

alogn Blogn
p="mr and g="hs
(:21) (1)
for some constants o and 8 such that o > 8 > 0, we observed the following phase

transition behaviours on exact recovery problem:

(i) If I{(e, B) < 1, then exact recovery is not possible. Conversely, if I(a, ) < 1
then the ML estimator recovers the correct partition (up to a global sign flip)

with probability 1 — o(1).

(i) If Isgp(cr, B) > 1, then the truncate-and-relax algorithm recovers the partition

(up to a global sign flip) with probability 1 — o(1).

(iii) If Iy(a,B) < 1, then the truncate-and-relax algorithm fails with probability
1—o0(1).

Here I, I and I,4, are functions depending on « and £ (and implicitly depending on

k, which we assumed to be a constant) defined as

Ie.8) = 5= (Va-VA)

- t —t\ k-1
[2(%5) = r?z%x C;k_lﬁ(l _ e—(k—l)t)_‘__ﬁ (1 . (e 4—23 > )

E—1 (o — B)?
7 (has (- 25

ISdP(av ﬁ)

We first note that sharp phase transition occurs at I(a, 8) = 1 for exact recovery.
Indeed, it can be efficiently achieved, by spectral algorithms with a local refinement
step as suggested in [34]. Specifically authors of [34] prove that their algorithm
achieves exact recovery whenever I(c, 8) > 1 and conjectured that I(c, 8) = 1 is the

sharp threshold. We confirmed their conjecture in this work. On the other hand, there
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is a gap between the guaranteed performance of the truncate-and-relax algorithm and
the impossibility region of the algorithm as shown in Figure 3-1 and Figure 3-2. We
are yet to show how the algorithm works in between, which is when « and 3 satisfies
Isap(cr, B) < 1 but Ir(a, B) > 1. We propose that the line I,(cr, 3) = 1 is the correct

threshold for the performance guarantee of the algorithm.

Conjecture 3.5.1. If I;(a, 8) > 1, then the truncate-and-relax algorithm successfully

recovers XoXg with probability 1 — o(1).

There are a few reasons to believe this conjecture. First, if we look deeper into
the proof of Theorem 3.2 then the main obstacle to prove the conjecture arises from
when we use the matrix Bernstein inequality to bound ||II(Lr — E Lp)II||. The matrix

Bernstein inequality gives us that
E|II(Lr — E Lp)II|| S oy/logn

where

0® = |[E(TI(Lr — E L))

In the case of £ = 2, the random matrix I" has independent entries and one can
obtain a tighter bound for ||Lr — E Lr||, via combinatorial method [44], stochastic
comparison argument [56], or trace method [22]. Also, in [21] the following bound for

Laplacian random matrices was proved.

Theorem 3.16. Let L be a n xn symmetric random Laplacian matriz (i.e. satisfying
L1 = 0) with centered independent off-diagonal entries such that D e n]\{z}]EL?j 18

equal for all i, and

Z EL; 2 maxHLUH2 log n.
j€\{i}

Then, with high probability,

1
LIS |1+
2 (1+ o



40 50 60 70 80 90 100 110 120
beta

Figure 3-2: Result of simulation of the truncate-and-relax algorithm for & = 6 and
n = 500. Each gray-scale block corresponds to a pair (, 3), and its color denotes
the success rate over 30 trials (black corresponds to 0 success, and brighter color
correspond to higher success rate). The solid line represents /(c, 3) = 1, the circled
line represents I5(c, ) = 1, and the x-marked line represents Isg,(c, 8) = 1.

This bound cannot be used for & > 2 as entries of I are not independent to each
other. We ask whether the bound could be extended to our setting: Can we obtain

a similar bound when L can be expressed as

L= ), &L®,

SCIn],|S|=k

where L) is n x n symmetric Laplacian matrix such that ngs) is non-zero only if

i,j €57

We ran a simulation to support our conjecture. For each o and 3, we generated 30
random hypergraphs according to the model, and constructed the dual certificate for
each hypergraph as in the proof of Theorem 3.2. When the constructed dual solution
is positive-semidefinite, it was counted as a success. Figure 3-2 shows the result of
the simulation and it suggests that the true phase transition occurs at (e, 8) = 1

as we proposed.
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3.6 Tail probability of weighted sum of binomial vari-

ables

In this section, we investigate the precise asymptotics of the tail probability of
weighted sum of independent binomial variables. Using Theorem 3.17, we derive
the formulas which were used to prove information-theoretic limits in section 3.3 and

3.4.

Theorem 3.17. Let r and s be positive integers. Let ci,cq, -+ , ¢ be non-zero real
numbers. Let h(n) be a non-decreasing function which is (1) and o(n*/%/logn). For
each i € [r], let Y; be the random variable distributed as the binomial distribution

Bin(N;, p;) where

logn
(5

for some positive constant (not depending on n) p; and ;. Let X = > ._, &Y.

M= (o) o) (7) and pi= (14 ot

Suppose that (i) not all ¢; are positive, and (i) Y.._, c;asp; > 0. Then, for any
§ € (=00, i ciayp;), we have

P(X < (1+0(1)) - h(n)logn) = exp (—(1 + o(1))I* - h(n)logn),
where

— — N1 — ot
I _r{?g{( t5+Za1pz(1 e ))

=1

Remark. The condition h(n) = o(n*?/logn) is not required for the upper bound.

Proof. Let us first prove the upper bound on the tail probability. Let z = (1+40(1))d-
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h(n)logn. Then, by Chebyshev-type inequality, for any ¢ > 0 we have

—tX
P(X <a) < Ej_m
_ etz H E e—tciYi
i=1
= ¢ H (1 —pi(1— e—Cit))Ni
i=1
< exp (tiﬂ - Z Nipi(1— e_cit))
i=1
= exp (—(1 + o(1))h(n)logn - (—té + Z a;ipi(1 — e"“ﬂ)) .
i=1

Here the fourth inequality follows from 1 — x < e™*. By optimizing over ¢ > 0, we

get the desired bound.

To prove the lower bound, note that
T r N
]P(X < 1‘) > HP(Y’ = yi) = H ( .l)p?i/i(l — pi)Ni"yi
i=1 i=1 v
for any positive integers yi, - - - , y, satisfying > _._, c;y; < .

Let ¢(t) = =0t + ., a;pi(1 — e™%*) and let t* be the maximizer of ¢(¢). Note

that ¢(t) is strictly convex, as
,
¢”(t) = ZC?O{ipie_Cit >0
i=1

for any t > 0. Moreover, ¢'(0) = > _;_, cio;p; — 6 > 0 and lim, o ¢'(t) = —oo. Hence,

there exists unique t* satisfying ¢'(¢t*) = 0, which is the maximizer of ¢(t).

Let 7; = ayp;e™%"" for ¢ € [r] and let yy, - - - , y, be integers such that 3;_, ¢y <

and y; = (1 — o(1))7i - h(n) logn. Such y;’s exist because

T T
T L N
E ey = E caipe Y =4
i=1

i=1
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We are going to use the following bound for the binomial coefficient for ¢ < VN

N > N¢
) = 4.6
By Stirling’s approximation, we have ¢! < ev/? - (-ﬁ-)e )
N N
log (€> > llog (%) — log(4eV0).

Note that y; < /N since h(n) = o(n*/?/ logn). Hence,

Ni ‘ i—Yi eN;p;
o ()10 =07 ) 2 o (G225 ) + los(t = ) ogtaey')
1

— Pi)Yi
Moreover,
eN;p; eQ; 5
y; lo (———) = (1 —o0(1))h(n)logn - 7;lo ( )
e\ T (1 —o(1))h(n)logn - 7;log -
Nilog(1—p;)) = —(1+0(1))p;- h(n)logn
log(4ev/y;) = o(h(n)logn).
We get,

P(X < 7) > exp (—(1 + o(1)h(n) log - Z (aipi ~ 7 log ("i”))) |

=1

Plugging in 7; = a;pe™ %

Z (O‘ipi — 7;log (ea;pi>) = Z (cip; — cipi(1 + cit*)e ")

i=1 ¢ i=1

, we get

T r
i=1 i=1

= —0t"+ z aip,-(l - e“:"t*)

=1

= I
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where the third equality follows from that Y ;_, c;a;pe” " = 4. Hence,
P(X <z)>exp(—(1+0(1))I" - h(n)logn)

as desired. a

3.6.1 Proof of Lemma 3.6

Let us restate the lemma for readers.

Lemma 3.18 (Lemma 3.6, restated). Let X be a sum of independent Bernoulli vari-
ables such that EX = O(ylogn) where v = o,(log™' n). Let § be a positive number

which decays to 0 as n grows, with § = wy,(log™ n). Then,

P(X > 6logn) < n ®85+o®),

Proof. A standard Chernoff’s bound implies that

t—1

P(X > tEX) < (3——>Ex

I
for any t > 0. Let t = %’—f(—". Then,

P(X >dlogn) < exp((t—1-tlogt)EX)

5
= exp ((1 —log éo;g(n) (5logn—EX>

= exp ((1 — log% + O(l)) dlogn — o(l))

g
n——&log ;+o(1)

as desired. O
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3.6.2 Proof of Lemma 3.7

Let a € U,. Recall that

Xo= D colAn)e,

e:eNU={a}

where ¢, = &, — 2 for any b € Ug. Concretely, the value of ¢, for e satisfying

eNU = {a} is determined by the size of intersection of ¢\ {a} and A\ U, as follows:

(

+1 ife\{a} CA\U,
ce=19 -1 if (e\{a})N(A\U,) =0

0 otherwise.
\

Hence, X, = Y; — Y2 where Y] and Y, are independent random variables such that

Y, ~ Bin(NVy, p) and Y, ~ Bin(Ny, q) with

n/2 — |Udl n/2 — |Us|
[, = [0 =
N, ( b1 ) and N, ( ko1 .

Using Theorem 3.17 with

Cl_—"]., C2=’—1> o) = «, a2=/87
1
p1=p2=§—_—1—, h(n) =1, and 6 =0,
we get
logn
PlX,<———) = —(1 NI -1 ,
( _loglogn) exp (—(1 + o(1)) ogn)
where
2
* h. _ ,—cit
I'= max a;pi(l — e %)

i=1
= r{?OXQ—:_—I— (a(l—e™) +B(1— ")) .

The maximum is attained at t* = %log (%) > 0 and

I =

(\/_—-\/E>2=1—6.
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Hence,

P Xa S logn Z n-—l+€-—o(l)
log logn

as desired.

3.6.3 Proof of the tail bound in Theorem 3.15

We recall that X, is defined as

Xo= D (Awa (Z(xO)xxo)j - <xé“’>i<xé‘”>j) .

e:eNU={a} 1jCe

By definition of (%)@, we have

<Z(x0)i(><0)j—(X(()a))i(xr()a))j> = 2(x0)a ) (%o}
ijCe ice\{a}

= 2(k—1-2/enBl).

Hence, X, = Zf;(l) ¢ Yy where ¢, = 2(k — 1 — 2r) and Y, ~ Bin(V,, p,) with

e (L5 () < rongh () )

and p, = p if r = 0 and p, = ¢ otherwise.

Using Theorem 3.17 with

_ a ifr=0
e =2(k—1-2r), p,.=-2k—1_—1~(k 1), oy =
[ otherwise,

and h(n) =1 and § = 0, we have

2logn
< — = — .
P (Xa = Tlog logn) exp (—(1 + o(1))1 - logn)
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where

k-1
— __ p—Cit
I, = max a;pi(1 — e %)
r=0
1 — (k-1
= S — e~ (k=1)t - _ - (k—1-2r)t
MAX 7y (a(l e )+ﬂzl( - >(1 e )),

as desired.

3.7 Miscellaneous proofs

3.7.1 Proof of Proposition 3.4

Recall that the maximum-likelihood estimator Xy, g(H) is defined as

Xumpe(H) = argmax  fu(x),
x€{£1}V:1Tx=0

where fy(x) = log P(x,u)(H = H|xo = x). Note that

fu(x) = logP(H = H|xo=1)

= log H P(e € E(H)|xo = x)“2e Ple & E(H)|xp = x)'~(A#)e
ee(%)
= Y (Am)elogp+ (1 - (An).)log(l - p)
eG(X)

e: in-cl. w.r.t. =
+ Y (An)logg+ (1 - (An).)log(l — )
ee(¥) :

e: cr-cl. wr.t. =

= Orlog (2-) (4 x®) 1og (12 ) (A1 =99,
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with

C = log(l—p)-#(e: in-cl. wr.t. z) +log(l —q) - #(e: cr-cl. wrt. z)

_ 2(”22) log(1 — p) + ((’Z) - 2<"£Q)> os(1 - 0)-

We note that C is a constant not depending on z. Also, (Ag, 1) is independent of z.
We get

~ p(l— Q)) Sk
X H)= argmax lo (—-—— Ag,x .
wLe(H) xE{ilg}Vlex=0 & q(1 ~p) < “ >

It implies that

argmax <AH,x@k> ifp>gq
)?MLE(H) _ x€{£1}V:1Tx=0

argmin <AH,x@k> ifp<yq
x€{£1}V:1Tx=0

since log (p—(ll"—)) is positive if p > ¢ and it is negative if p < gq.

q(1-p)

3.7.2 Proof of Lemma 3.14
We recall that
Ye = (17 (x0)e - diag((x0)e) — (x0)e(x0)7 ) IT (17 (xo0)e - diag((xo)e) — (X0)e(%0)s ) ,

where IT = I — 1xox¥ — 1117, Also, recall that

EZXC:]E(A’H)e'Ye=p( > Ye>+Q< > Ye>-

e:e is in-cl. e:e is cross-cl.

Lemma 3.19 (Lemma 3.14, restated). © = ¢; - xox{ + co - IT where

cg=(k—=1)Blogn+0 (loin)
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and

c2=2(k—-1) (%Ek-a-l- (1 — é%) ﬁ) logn + O (lo§n> :

We note that

(5 = (2.
e:e is in-cl. e:e is cross-cl.

are invariant under any permutation on V preserving xq. It implies that the both

matrices and ¥ are in span({II, xox3, 117}) . Moreover,
(12 (x0)e - diag((x0)e) — (X0)e(x0)7 ) 1 = (17 (%X0)e)(X0)e — (17 (x0)e) (X0)e = 0

so (Y,,117) = 0. Hence,

It implies that
1 1
= <E, —xoxg> = —x¥x
n

n

and
(8, 1) 1 - 1
M)~ o2 tr(X) ~Xp Ixg ).

Now, let us first compute x3 ¥:xo. For simplicity, let 7 = -é—(k ~1%(x).). Then,

Cy =

((k — 2r)diag((xo)e) — (xo)e(xo)eT) xg = (k — 2r)1, — k(xo)e

and
xFYoxg = ((k — 2r)1, — k(xo)e) T ((k — 2r)1, — k(x0)e)
= 110k = 201 = kxo)lld — - (((k = 2r)1. ~ K(x0)e) o)’
= (K3 — k(k — 2r)?) — % ((k = 2r)? — k?)*
16

= 4kr(k —r) — ?rz(k — )%
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In particular, x3Y, Xo = 0 if e is in-cluster with respect to xo. Hence,

xOTE X9 =¢q Z XgYe Xo

- o$° (w1 Bt ) () ()

We note that for any s,t € {1,2}, we have

SO = (D6

r=

e

and o
S (1)) o
Hence, _

1 1
c = E)(:3121»(0 = (k—-1)Blogn+ O < Oin) .
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On the other hand,

tr(¥e) = tr (((k — 2r)ding((xo)e (xO>e<xO>Z)2H)
= tr (((k - 2r)diag((x0).) ~ (x0)e(x0)7)°)
——H(k 2r)diag((xo)e) — (Xo)e(%0)7) %ol[;
= (k= 2)(k—2r) + &) = ~l|(k — 20)1 = K(xo)el

= (k= 2)(k —2r)? + ) = (K — k(b —2r)")

= (R k) 4k~ 2+ Dyr(k - 7),

so we have

(i) +20=0 (7)) = (e-2e0) 5023

_ {(;g k) (5 +2] ) (k- 1)k - 2)4 nlogn + O(log ).

tr(%) = (k3—k2)<

Q
|
™

and hence

Cy =
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Chapter 4

Statistical Limits of Graphical
Channel Models

We have considered the spiked tensor model generalizing the spiked Wigner model
to k-tensors in Chapter 2, and the stochastic block model for k-uniform hypergraphs
generalizing the stochastic block model for graphs in Chapter 3. In this chapter,
we consider a class of statistical models which are called graphical channel models
which was briefly introduced in Chapter 1. We remark that this class of models
encompasses both the spiked tensor model and the stochastic block model for k-

uniform hypergraphs.

4.1 Exact recovery in Graphical Channel Model

4.1.1 Description of the model

Let us first formally define the graphical channel model. Let n and k be integers
satisfying n > k > 2.
o Let H = (V, E) be a k-uniform hypergraph on the vertex set V of size n, i.e.,

the (hyper)edge set F is a collection of size k subsets of V.

e Let X be a finite set and ) be a measure space equipped with a reference

measure A. We call X and ) input and output alphabets, respectively.
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e Let p be a probability distribution on X', called prior distribution. We often

regard p as a nonnegative vector whose entries sum to 1, since X is finite.

e Let Q be a probability kernel with source X* and target (), \), i.e., for each
z € X* the function Q(-|2) : y — Q(y|z) is a probability density function with
respect to A. In other words, Q is a stochastic function which gets z € X* as

an input and outputs a random value y sampled from Q(-|2)!.

e Letx € XV andy € YE. Here x and y are called vectors of vertex-variables and
edge-variables respectively. Let us define Ppq,0) to be a probability measure

on XV x YF such that

Prpo(x) = [[p(x) and Pupe(vix) = [] Qyelx(e),

veV eckE

where x[e| is a shorthand notation for (x.,, -+ ,Xe,) whene = {e; < ey <--- <

€k}.

We call the generative model obeying Pq,0) & graphical channel model (of graph
H) with prior p and kernel @Q, denoted M(p, Q). We omitted H since it would be
clear throughout the chapter. We will often write (x,y) ~ M(p, Q) to mean that
(x,y) is a random vector having the model-defining distribution Payp,0).

Throughout the chapter, we will further restrict our focus on the models satisfying

the following.

e We assume that H is the complete k-uniform hypergraph, i.e., the edge set
E(H) is equal to (}), the collection of all size k-subsets of V.

e We assume that |X| = 2. In block models, it corresponds to the case that there

are only two communities. Without loss of generality, we let X = {0, 1}.

e We assume that the kernel @) is symmetric, i.e., Q(:|2) is invariant under per-

mutations of the indices of z.

!We often abuse the notation by denoting both the distribution and the density function by
Q).
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For brevity, let us denote the vertex set and the edge set of the complete k-uniform
hypergraph on n vertices by V,, and E,,, respectively. We will often drop the subscripts
when the context is clear.

We remark that indeed both the SBM with two symmetric communities and the
spiked Wigner model are instances of graphical channel models. We discuss further
relations in Section 4.5.

Let us introduce a few more notations for the sake of simplicity. Let z € {0,1}™.

The length of z (denoted ¢(z)) is defined as #(z) = m. We denote the number of ones

m
i=1

in z by |z], i.e., |z| = > %, z; and call |z| the weight of z.

Note that |z| is invariant under any permutation of the indices of z. Conversely,
if a tuple 2’ has the same length and the same weight as z, then z’ can be obtained
by permuting the indices of 2. Since @ is symmetric, we have Q(-|z) = Q(-|7') if
|z| = |2'|]. We denote Q(y|z) by gq,(y) for the sake of simplicity (note that this

notation is well-defined).

4.1.2 Recovery requirements and exact recovery

Let (x%,y°) be a sample from M(p, Q). We will often call x° prior and y° posterior
to emphasize that y° is a posterior value which we observe and x° is a prior latent
parameters which we would like to recover from y°. Since the model is probabilistic,
we ask whether a recovery can be done with high probability with respect to the
randomness of the sample.

There are three representative notions of recovery regarding the quality of the

solution: exact recovery, almost exact recovery and partial recovery. Informally,
e FEzact recovery: We aim to recover the ground truth x°.

o Almost ezxact recovery: We aim to find a vertex labeling x’ which agrees with

the ground truth x° except in a vanishing fraction of the vertices.

e Partial recovery: We aim to find a labeling x’ which is better than a random

guess.
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In some literatures, they are called strong consistency, weak consistency and detection,
respectively. We focus on exact recovery, and recommend [1]| for readers who are

interested in other types of recovery.

Let X be an estimator of x° given y°. We may not expect the estimator to
be perfect because of the intrinsic randomness of probabilistic models. Instead, we
measure the performance of X on exact recovery by the probability that X successfully
recover the ground truth x°, i.e.,

(X(y°) =x°).

P
(x0,y%)~M(p,Q)

We are interested in a regime that k is fixed, but n grows to infinity. Specifically, we
consider a sequence of models { M (p, Q,)}n>r Where M(p, @,) is the graphical chan-
nel model with prior distribution p (which does not depend on n) and the symmetric
kernel @,,, such that whose graph is the complete k-uniform hypergraph on n vertices.
For brevity, we will often write M(p, @) to denote the sequence {M(p, Qn)} of the
models. Under this regime, we formally define the requirements for exact recovery as

follows.

Definition 4.1. For eachn > k, let D,, : YE» — XV» be an estimator of X° given y°.
Let D be the sequence of estimators { Dp}n>k. We say that D achieves exact recovery

for M(p, Q) if

D, (v®) =x% =1 - o(1).
(xo,yo)NM(P,Qn)( n(y’) ) (1)

We say that exact recovery for M(p,Q) is achievable if there exists D achieving
exact recovery, and otherwise exact recovery is impossible. Moreover, if some D
achieves exact recovery and D, is computable in polynomial time, then we say that

exact recovery is efficiently achievable.

For example, let us recall the SBM with two symmetric communities, i.e., the
model in which a prior x° is sampled from {0, 1}" uniformly at random, and a posterior

y° € {0, 1}(121) is sampled in the way that for each {¢,j} € ([’2‘]), entry y?i’j} is sampled
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independently and
Ber(p) ifx; =x;

0 ~y
Y{ij}
Ber(q) otherwise.
Now, let us consider a parameter regime that p = &ng‘" and q = b—l—"% for some a,b >

0. In the language of graphical channel models, this corresponds to M(U({0,1}),@Q)
where U({0,1}) is the uniform distribution on X = {0,1} and

Ber (m&ﬂ) if £, = 2o
Qn(.'xlny) = "

Ber (@5—"—) otherwise.

n

We remark that exact recovery shows a sharp phase transition behavior around the

threshold (v/a — vb)? = 2, i.e.,

e if (\/a — v/b)? < 2 then exact recovery is achievable (up to a global switch of

two community labels), and
e if (v/a — v/b)? > 2 then exact recovery is not achievable.

This is proved in [4]. Moreover, we can efficiently achieve exact recovery up to the
information-theoretic threshold, via semidefinite relaxation technique [56] or via al-
most exact recovery algorithm with additional local refinement steps [4].

We would like to note that exact recovery for the SBM with two symmetric com-
munities is achievable only “up to a global switch of two community labels” which
means that we cannot distinguish x and x’ obtained by exchanging labels of two
communities, i.e., X, = 1 — x, for all v € V. It implies that exact recovery is intrin-
sically not achievable if we regard x’ as an incorrect solution. However, it is natural
to regard x’ as a correct solution since two communities are not distinguishable. For
this reason, we relax the requirement by allowing a global switch of the community

labels in such cases.

Definition 4.2. Let D be defined as in Definition 4.1. We say D achieves exact
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recovery up to a global switch of the community labels if

P D,(y°) € {x%1—-x%) =1—0(1).
(xo,y°)~M(p,Qn>( n(y7) €4 ) (L)

Definitions for achievability and non-achievability are extended as well.

4.1.3 Maximum a posteriori estimator

The mazimum a posteriori (MAP) estimator for x° given y° is defined as the maxi-

mizer of posterior probability over all possible priors, i.e.,

Xma =argmax P (x =x
p(¥") rgme M(W)( ")

Ply|x) P(x)

where ties are broken arbitrarily. Since P(x|y) = oy We have

o 0 010 0
X = argmax lo P x =x) P (x'=x
") = axgana Iog (M(p’@of R=x) P ))

= argmax Z log p(x,) + Z log Q(ySIX[e]).

A\
xeX vev ecE

For the sake of simplicity, let us define

U(x) = logp(x,) and £(y[x) =) logQ(ye|x[e]),

veV ecE

the log-likelihood of x and the log-likelihood of y conditioned on x. With this nota-

tion,

Rmap(y®) = argmax £(x) + £(y°|x).

xexVv

Proposition 4.1 (folklore). The MAP estimator outperforms all other estimators in
the sense that the probability of returning an incorrect solution is minimized by the

MAP estimator. In other words,

P (S\Cmap(yo) # XO) <P (ﬁ(yo) # XO)
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for any estimator X.

It implies that exact recovery is achievable if only if the MAP estimator achieves
exact recovery. Let

Pfail,global = P (ﬁmup(yo) 7é XO) )

the probability that the MAP estimator fails to recover x°.

Proposition 4.2. Ezact recovery is achievable if and only if psaigiobar = 0(1).

4.2 Local recovery: Binary hypothesis testing

4.2.1 Genie-aided local recovery

We note that our argument in this section closely follows and generalizes the genie-
aided approach in [1] to the setting of graphical channel models.

Imagine that in addition to the observation of y°, a magical genie reveals us the
true labels of all vertices except a vertex v. In other words, we are given an extra
observation of

x?, ={x2:ueV\{v}}

-V

Let us call the problem of recovering x¢ given y° and x°,, a (genie-aided) local
recovery at v.

Let X, map be the MAP estimator for x% given y° and x°, i.e.,

ﬁ,u,,,mp(yo,x0 ) = argmax P(xg = :v|y0,x(lv)

-
ze{0,1}

= argmax p(x)P(y°|x? = z,x°,).

z€{0,1}

We note that
pfail,global 2 P (31} € V : iv,map(}"o’x(zu) 7é Xg) P

since failing at one of the local recoveries implies that we must fail to recover the

whole x°.
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Let E, the event that X, mqp fails to recover x%. Let x” be a vector in {0, 1}V

where x? = x for u € V' \ {v} and x? = 1 — xJ. Then,
E, happens & p(xp) P(y°1x") < p(x}) P(y’[x")
by definition of the MAP estimator. Taking log on both sides, we get
log p(x3) + £(y°[x%) < logp(xy) + £(y°|x"),
which is equivalent to
£(x%) + £(y°Ix°) < £(x") + £(y°[x").

Let
Pfaillocal = P (U Ev) and Pfaily = P(Ev)

veV

We get the following relations between pyqir, giobals Pfailiocal @304 Pfait,v-

Proposition 4.3. P fail global 2 D fail,local and Prail local S Zvev DPfailv-

Remark. We can interpret pfqit,globals Pfailiocal 80d Pfairy in terms of the type of x0 of

the stochastic function x — £(x) + £(y°|x) as follows:
® Dfailglobar 1S the probability that x? is not the unique global maximum.
® Diaillocal 1S the probability that x? is not strictly locally maximal.

® Dfaily is the probability that x? is not the unique maximum in the direction of

0

Xy

4.2.2 Local-to-global amplification

Roughly speaking, local-to-global amplification is a phenomenon that the success of

global recovery can be approximated by independent successes of all local recoveries.
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In other words, when local-to-global amplification holds we expect

Pfail,global = Pfaillocal = 1 — H(l — Dfail,w)
veV

in terms of Psai giobals Praitiocal @0 Prasty. In such cases, achievability of exact recovery

can be reduced to whether py, , is over or below some threshold.

Lemma 4.4 (Informal). If local-to-global amplification holds, then

1=o(1) if 3,y Praitw = wn(l)

o(1) if D vev Praitw = 0(1).

Pfail,global =

In particular, ezact recovery can be achieved when pgay, = op(n~t) for allv € V and

is not achievable when pgaip, = wp(n™t) for all v € v.

Informal proof. Since 1 — z < e~ for all z, we have

Pfail,global =~ 1—- H(l - pfail,v) 2 1- €xXp (_ prail,'u> .

veV veV

On the other hand,

DPfail,global ~ Prail,local S § Prail,v-
veV

Hence, pyair,giovar can be approximated as
1- €xp <_ prail,v) S Pfail,global S prail,va
vevV veV

and we get the desired result. O

4.2.3 Binary hypothesis testing

Suppose that local-to-global amplification holds. To characterize the threshold for
exact recovery, we now need to analyze py,i, and understand when this probability

happens to be large. Note that local recovery at v can be treated as a binary hypoth-

161



esis testing between two hypotheses Hy and H; given y° and x°,, where Hy and H;
corresponds to x% = 0 and x? = 1, respectively. In the next two sections, we analyze
the optimal error probability in generic binary hypothesis tests, and explain how it

applies to local recovery problems.

In the simplest form, binary hypothesis testing can be thought as the problem of
deciding between two hypotheses

Hy:Y ~py and H;:Y ~ py,

given a sample Y which is sampled from either uy or py. Suppose that we already

know P(Hp) = 1 — p and P(H;) = p for some positive p > 0.

Let H be a decision rule between Hy and H; given Y, and let

A={y: f[(y) = Ho}.
Then, the probability for H making a mistake is

P(error) = P(Ho)P(H(Y) = Hi|Ho) + P(H,) P(H(Y) = Ho|H;)
= (1= p)uo(A°) + pu1(A)
= (1-p)+ (pp1(A) — (1 = p)ro(4)).

Hence,

min P(error) = (1 — p) + min [pp1 (A) = (1 = p)uo(A)].
H

The total variation (TV) distance between two (not necessarily probability) mea-

sures v; and 14 is defined as

drv (v, ) 1= lsgp 1 (A) — va(A)] + |1 (A°) — a(A%)].

2
.. d .
If v; and v, have densities EI:\—I and % with respect to a reference measure A, then
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d %1 d 1293

dry is equal to half the L'-norm of the difference - i.e.,

dl/] dl/g

ax  d\ ax

dry (v, ve) = 3 /

Proposition 4.5. The minimum probability for a decision rule making a mistake is

equal to
1 1 du dup
5 - dTV((l - p)/‘l’()ip/’l’l = 5 - / ' = dAl d>\
and the minimum is attained by Hmap defined as
dpig dpy
N Hy if1—-p)—(Y)>p—(Y)
Hmap(y) = ' ( ) dA dA
H, otherwise.
We call Hpp the MAP decision rule.
Proof. Folklore. O

In the context of local recovery, P(E, |x°,) is the probability that X, , making

a mistake (when x?, is fixed), so we have
0 1
P(Ey[x2,) = 5 = drv((1 = p)po, pin)

where p(0) =1 — p, p(1) = p and

duo(y) = [ Qs [e\{v}],0) - dA(y.), and

ecFEedv

dﬂl()’)z H Q(Yelx {U}] 1) d/\(Ye)'

ecFE:edv

Moreover, pyqi,, is the expected value of P(E, |x%,) over the randomness of x°,. It
implies that estimating dpv ((1 — p)uo, pp1) for “typical” x° is a crucial step to get a

tight estimate of prqy ..
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4.2.4 Chernoff a-divergences

Recall that

1
P(MAP rule makes a mistake) = 3 drv((1 — p)po, pt4)

1 duo dp
e

Since po and p; are probability distributions, it is equal to

1 duo dpn dpso dp
2/((1 2 d/\—lpd/\ Poan

d
=/min ((1 - p)—zl-l;—o,p%) dA

)ar

We get

du du duo\® [dpu '
. . 0 1 < . _ a l—a/ ) d\
/mm ((1 P > dA < min (1= p)% X X ’

since min(a, b) < a®b*~* for any a,b > 0 and « € [0, 1].
Definition 4.3. Let py and pq be probability distributions on the measure space U

i

equipped with a reference measure A. Suppose that p; has a density %LT with respect

to X fori € {0,1} and po and p; are absolutely continuous to each other. For a € R,

dpo\* [\ °
Do (po : pa) = —108;/ (E)T) (3;) dA.

Do (o : 1) ts called the Chernoff a-divergence.

let

In summary, P(MAP rule makes a mistake) is at most

exp (— max alog(l—p)~' + (1 —a)logp™" + Daluo : m)) :

We remark that D, is defined for all o € R not restricted on [0,1]. Indeed, as
long as po and p, are absolutely continuous to each other D, is well-defined for all
a, possibly equal to —oo. Chernoff a-divergence has many nice properties such as

concavity, smoothness and additivity.
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Proposition 4.6. Let jg and py be probability distributions which are absolutely

continuous to each other. Then, Dy = Dy(o : n1) has the following properties:

(i) D, is concave.

(ii) Dq is smooth on the interior of the set {a: Da(po : pt1) > —00}.

(#i) Dy = D; = 0. Hence, D, < co everywhere and the mazimum of D, is attained

at some a* € [0, 1].

(v) Dy is strictly concave, unless pg and pu, are almost surely identical.

(v) Suppose that U = Uy @ Uy and o and py factorizes as py = vy ® vy and

p1 = vy ® vy where v, v, are probability measures on U; for i € {1,2}. Then,
Do(h @ va V] @ vy) = Dy(v1 : 1)) + Do(va 1 V)

for any a.

We omit the proof of Proposition 4.6, as it can be obtained in a general context
of Csiszar f-divergences. We recommend the book by Amari and Nagaoka [16] to

readers who are interested in the notions of a-divergence and its variants.

In summary, we have P(MAP rule makes a mistake) < e~ /(?) where

I(p) = max alog(1—p)™" + (1 —a)logp™ + Dalpo : ).

Since D, is strictly concave (if g # 1), the maximum is attained at the unique

a* € (0,1) satisfying

if such an o* exists.
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Binary hypothesis testing given many observations

One may wonder how tight the inequality

P(MAP rule makes a mistake) < e~/()
is. This seems somewhat crude as it only exploits the inequality min(a,b) < a®b!~2.
However, this estimate becomes tighter when p; is a product of N i.i.d. distributions,
i.e.,

— ,,®N _ QN
po=vy" and =y

for some vy and v; not depending on N.
In other words, this corresponds to a binary hypothesis testing problem with

hypotheses Hy with prior probability 1 — p and H; with prior probability p where
Hy:Yi~wpyVie[N] and H;:Y;~u VielN],

given i.i.d. samples Y3, -+, Yy.

Theorem 4.7 (Chernoff). Let us consider the binary hypothesis testing problem de-
fined as above. Let py be the probability for the MAP decision rule making a mistake.
Then,

) 1
Iéﬂo—jv—logpzv =1(0) = 01161[%351 Dy (v : 1n).

In other words, py = e~ 1) N+on(N),

We refer readers to Chapter 12 in [37] for the proof and further explanations.
Note the similarity between this binary hypothesis testing with N samples and local
recovery problem. In the latter case, we are given a vector {y?}.cr with independent

entries, and the goal is to decide between two hypotheses Hq and H; such that

H() B yg ~ qlx?_v[e\v]l Vee Est. e> v,

Hy: yS ~ q)x0  [e\v]]+1 Vee€ Est. edw

and prior is chosen with probability P(Hy) = 1 — p and P(H;) = p. Here we recall
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that ¢, is the short-hand notation for Q(-| 21, -+ , zx) where Ele z; =t (See Section
4.1).

As in Theorem 4.7, we might expect that
P(imap,v 7& X2|ng) ~ exp (- max Da(/J'O : Ml))
«€[0,1]

for sufficiently large n. However, there are two main obstacles to generalize Theorem

.

4.7 to our case:
e y? are independent but not identically distributed.

e More importantly, () depends on n as opposed to that vy and v; are independent

of N in the binary hypothesis testing problem with N samples.

For this reason, we need a large-deviation type estimate on the triangular array
of random variables to prove an analogous statement. We impose this condition as

an assumption in Section 4.3.

As a final note, we unconditionally have
P(Xmapw 7 X5x2,) <

exp (— rg[%f]alog p~t+ (1= a)log(l = p)™" + Dalko : ul)) '

By additivity of D,, we get

Da(/J/O . Ml) = Z Da (QIva[e\v]l : qlxo—v[e\v]H—l) :

e€cE:edv

Hence,

x

-1

Do(po = ) = Da(qe : qe1) - #(e 3 v : [x2,[e\ {v}]] = 1)

- xgv n—1- x(lv
= (l ) )( k_1_|_f )Da(Qt :qt+1)-

t=

X o~
Il
— O

o
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Observe that E |x°, | = p(n — 1) for typical x°,,. So,

Dqo(po : p1) kXi( )( _112)Da(qt:qt+1)

t=0

n \ <A (k-1
~ (k — 1) > ( ¢ >Pt(1 ~ )77 Da(ge ¢ esn).
t=0

Putting all together, if there exists a constant I such that

I =~ max |:(k—1> i (k R 1>Pt(l — )" Dol : qur)

acl0,1] | logn t

for sufficiently large n, then pfay, < n= /W,

4.3 Local-to-global amplification
In this section, we present our main result in terms of local-to-global amplification.

Definition 4.4. Local-to-global amplification holds for M(p, Q) if

Pait,global = (1 £ 0(1))Pait,local

and

-1
1- 0(1) - (Z pfail,v) < Pfail,local < prail,v-

veV veV

Recall that in Section 4.2.4 we (informally) proved that piai, < n~+°1) where

I > 0 is a constant not depending on n such that

~ max (kil)kii k-1 t(l )k——l—t Dao(q: : )
- acl0,1] | logn t P P a\gt * qt+1

t=0

when n is sufficiently large. This motivates us to consider a parameter regime where

logn
Da s - qt) = ) -1y
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for any fixed @ and s,t € {0,1,--- , k}.

4.3.1 Weak amplification

Recall that ¢, is defined as ¢;(y) = Q(y|z) for any y € Y and 2 € {0, 1}* with |2] = ¢.
If necessary, we will write qt(") instead of ¢; to emphasize the dependence of g; on n.
Formally, we make the following assumption on graphical channel models under

consideration.

Assumption (A;). For any fized o € R and s,t € {0,--- , k}, there exists the limit

n—1
ds;t(Oé) = lim '(L_l—)

D n) . (n) ,
ey 60 log n a(qs q; )

and ds. () is finite. We further assume that for any A > 0 and n,

(i1)
sup 5 (1D( : )| + 1D(al™ : gf)]) < oo,
a€[-A,4] 10871

where D!, and D are the first and second derivative of D, with respect to o. Finally,
we assume that dg; is not identically zero for some s,t € {0,--- ,k} to avoid the

trivial case.

Since ds..() is a scaled limit of D,(gs : q:), we expect that dg.(c) inherits many

properties of D, such as concavity.
Proposition 4.8. Let r,s,t € {0,1,--- ,k}. Then,
(i) dsi(@) is cbncave, de.t(0) = dgt (1) = 0, and dgy(a) = dp.s(1 — ).

(ii) If dy.s and d,.; are identically zero, then dg. is identically zero as well. Hence,

dsy = 0 defines a equivalence relation.
(iit) If dg. is identically zero, then d,.; = d,.;.

Proof. dg; is concave since it is a pointwise limit of concave functions. We have
ds.1(0) = ds(1) = 0 because Dy = D; = 0, and we have dg.(a) = d. (1 — «) since
Do(p1 ¢ pi2) = Dy_alpa : 1)
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Before we prove (ii) and (iii), we claim that

1

1
Da(,u’l : ﬂZ) 2 Z—)'Dpa()u'l : ,“3) + EDq(l—a)(HQ : “’3)

for any p, ¢ € (1, 00) satistying ; + 1 = 1. This follows from

- : dpn \ @ (dpp '
Do (p1:p2) — L T /
: [ () (G) o
dﬂl)pa )1/1? / (duz)q(l_a)
—_ d — d
(/ (dus i dps He

1 1
= exp <—5Dpa(ﬂl D p3) — 5Dq(1—a)(/1'2 : /¢3)> .

1/q

IA

Here the second inequality follows from Holder’s inequality.

Suppose that d,.; and d,.; are identically zero. For any «, we have

n 1 n n 1 n n
Do(gf™ : ¢) > §D2a(Q§ Vg™ + §Dz(1—a)(Q§ ) gfm)
and we get
1
dsi(a) > 5
1 1
= §dr:s(1 — 20() + idm(Za - 1) = 0.

dor(20) + %d”(2(1 ~a))

It implies that d. is identically zero, since ds. is concave and d.(0) = ds4(1) = 0.

Finally, let us prove (iii). Suppose ds, is identically zero. Note that

dr:s(a) = ds:r(l - Oé) 2 1dst(p(]- - a)) + %dr:t(qa) = édr:t(qa)

3

and

1 1 1
dr:t(a) = dt:r(l - Of) 2 ;)‘dts(p(l - Of)) + Edr:s(qa) = adr:s(qa)

for any a € R and p, ¢ € (1, c0) satisfying % + % =1. We get

p—

1
dr:s(a) 2 "dr:t(qa) Z '(']'Edr:s(QQO‘)

L
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for any q € (1, 00). Taking ¢ — 1, we have d,.; = d,.; since d,..; and d,.; are continuous.

O
Assuming (A1), we define I(«) as
el
I{a) = ; ( ; )pkwl—t(l N (e) (4.1)

and | = max, [(a). Note that the maximum is attained at some o* € (0, 1), since [
is concave and I(0) = I(1) = 0.

Let us justify that (A;) is a natural assumption to make, from two examples we
discussed in the introduction: the SBM with two symmetric communities and the
spiked Wigner model with Rademacher prior. We remark that (A;) holds in both

examples.

Example 4.1. The SBM with two symmetric communities. Let a and b be
positive constants. The SBM with two symmetric communities (in a parameter regime
that degrees grow logarithmically) is a graphical channel model M(p, Q) with uniform
prior p = U({0,1}), and kernel Q,, where

. Ber(ab”) ift=0o0rt=2
4™ = Q(0*1") = "
Ber (H82)  ift = 1.

n

We have )
aa+ (1 —a)b—a*'™® ifs#1andt=1
dsi(o) = (1 —a)a+ab—a'"2b* ifs=1andt+#1
K0 otherwise,
and

I{a) = -;—(doa(a)-#dl:z(a))

= —;— (a +b—a®t — al_o‘b"‘) )

171



Hence, we get prainn < n~1+°0) where
1
I= I(e) = =(va — Vb~ O
Jax I(a) 5(Va—Vb)
Example 4.2. Spiked Wigner model with Rademacher prior. Let 3 be a
positive constant, and let o, = mggn. The spiked Wigner model with Rademacher

prior is a graphical channel model M(p, Q) with uniform prior p = U({0,1}), and
the kernel QQ,, where

N(1,02) ift=0ort=2
g = Q(0"1") =
N(=1,02) ift=1.

We have

2a(1 —a)B  ifls—t| =1
doy(a) = (1-a)B if|s—t

0 otherwise,

and I(a) = 3(do.1 (@) + dra(a)) = 201 — ) B. Hence, we get praity < n~1+o) yhere

I = max I(a) = O

a€e(0,1]

m.l =

We prove that the upper bound pyqiy < n=T+o(1) can be amplified to an upper

bound pfaitglobar S M - n~!, which we call weak amplification.

Theorem 4.9 (Weak amplification). Suppose (A1) holds. Then, pran < p~T+o®)

and Diaitgiobar < n~E"VTM  In particular, ezact recovery is achievable whenever

I>1.

4.3.2 Strong amplification

We note that the inequality prai, < n~/t°1) is tight in both examples. See [4]
for the SBM with two symmetric communities, and see [21] and [61] for the spiked
Wigner model. We remark that we implicitly used a Chernoff-type bound to get

Pfaily < n_”"(l), and the papers we mentioned above argue that this Chernoff-type
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bound is essentially tight. However, their approaches rely heavily on the explicit
description of the channel.
Instead, we would like to impose a similar condition on generic graphical channel

models, namely the “tightness of Chernoff-type bounds”.

Chernoff-type bounds

Let us derive again psui, < n~/+t°W using a Chernoff-type method (which is essen-

tially equivalent to our original derivation, just in different language).
Given a sequence of independent random variables X, - -+ , Xy, the tail probabil-

ity of the sum S_N | X; can be estimated as

N N
P (Z X; > t) < 1}1;61 e~ HE@’\Xi
i=1 = i=1
N
_ AX;
= exp <——I§13())({/\t——210g1[*:6 }) ,

=1

which is often called a Chernoff-type bound. When X,---, Xy are identically dis-
tributed and t = Nz, we get

N
—logP (ZX" > Nx) > N- max ()\x — log]Ee’\Xl) .

i=1

Here kx, (A\) := log Ee* is called cumulant-generating function of X;, and
Kx, (X) 1= max Az — Kx, (A)

is called the convez conjugate or Fenchel-Legendre transform of kx,. When z > E X7,

we have

i=1

N
P (Z X; > Nm) < e NRx, ),

Cramér’s Theorem tells us that this inequality is essentially tight.

Theorem 4.10 (Cramér’s Theorem). Suppose that kx,(\) is finite everywhere. Let
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us fir x > EX;. Then,
1\}1_1)1100——10g111’ (ZX >Nz) = K, (X).

We recommend a book by Dembo and Zeitouni [39] to readers for further infor-

mation on Cramér’s theorem and its variants.

Now, let us return to our case of prai,. Let x° € {0,1}V with |x°| = pn and

x% = 0. Then, we have

Praitp & P (0(x°) +£(y°x°) < £(x") + £(y°x"))
B o Q(YSI "le]) o p(xq)
- (Zl 5 Q0D = 8T p(x0>>

ecE

For e € E, let
Q(yelx"[e])

Qyehaepy  here Ye ~ QUbxleD):

L, := log
Let T = {v € V :x% = 1}. Then, |x°[¢]| = |enT| and

leNnT| ifezwv
[x"[e]| = ~
leNT|+1 ifesw.

We have L, =0 if e & v, and

where y ~ ¢,

ifveeand |eNnT| =t.

Let & be the cumulant-generating function of L, where |eNT| = ¢. By Chernofi-

type bound, we get

1—
—logP (Z L. > log ; p) > If\lggc)dog — Z Klent] (A

ecE edv
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Moreover,

= Seon (1) 1547)

edv t=0

G5 (S oo

Qt+1(y)
AN = log E Al
Ke(A) ogywaexp( og ) )

A
= log E (Qt+l(y)> = —Dx(q111 : @)
y~aqe qt(y)

We note that

Thus we have

—log pfaie > (1 —0o(1)) logn - n;ggcl()\)

Since I is concave and I(0) = I(1) = 0, we recover pjai, < n~ 1) where I =
maXaeo,1) I ().
Tightness of Chernoff-type bounds and strong amplification

In the previous section, we obtained

1 ail,v
I < liminf _ 08 Djaily
n—00 logn

via a Chernoff-type bound. As in Cramer’s Theorem, it would be nice to have

1 il
I > limsup _O&Djailo
n—00 logn

which means that the Chernoff-type bound we exploited in the previous section is

essentially tight. Formally, we make the following assumption.

Y
Assumption (Ay). Fort € {0,---  k— 1}, let nt(:ﬁ)” be the distribution of log q’(’;)l((y))
where Y ~ q("). Let Ny, -+, Nx_1 be nonnegative integers such that Ny = ¢, (2_;) +
o(n*=1) for some constants cg,--- ,cr—1, and let X-(t) fort =0,--- Jk—1and? =

L,---, Ny be independent random variables where Xi( )~ 7h+1 4 Let L = z ZN‘ X(t)
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and let ol
I(a) = Z cdipy(a) and T°(6) = max ad + I(a).
t=0 -

We assume that for any constant 6 > —g—z(O) the following large deviation estimate
holds:
P(L > élogn) > exp (—T*((S) -logn — o(logn)) :

We further require

lim P(L > (0+¢€,)logn)

nooc  P(L >dlogn) =1

for any sequence €, satisfying lim,_, €, logn = 0.
Now we are ready to present the main result of this chapter.

Theorem 4.11 (Strong amplification). Local-to-global amplification holds for M(p, Q)
assuming (A1) and (Ag).

Hence, exact recovery in M(p, Q) exhibits a sharp phase transition around I = 1.

Corollary 4.12. Assume (A1) and (A3). If I > 1, then exact recovery is achievable.

On the other hand, ezxact recovery is impossible if I < 1.

As a final remark, we ask whether (A;) is a necessary assumption to have a strong
amplification. In particular, if (Az) can be deduced unconditionally (or with milder
set of conditions) from (A;), then it would imply that local-to-global amplification
holds for any model in the parameter regime under consideration. For instance,
Gartner-Ellis theorem and its strengthening [31] implies that tight large-deviation
type estimate is possible as long as the scaled cumulant generating function con-
verges nicely (See [39] for more information on large-deviation theory). This may be
applicable to the context of graphical channel model since a-divergence is essentially
the cumulant generating function, but we leave this part for future work.

Nevertheless, we note that the assumption (A;) and (Az) are both a condition
on the local recovery, hence the exact recovery in graphical channel model can be
characterized solely by the “capacity” of the channel which corresponds to I in the

context of this chapter.
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We note that for detection problem a similar result was obtained under the name

of channel universality [66].

4.3.3 Exact recovery up to a global switch of labels

Recall that exact recovery up to a global switch of labels is an alternative recovery
requirement in which we want to recover either x° or 1 — x° from given y°. In
particular, exact recovery is only possible up to a global switch of labels when the

model satisfy g, = q_; for any ¢.

Definition 4.5. M(p,Q) is said to be asymptotically symmetric up to a global
switch of labels, or simply symmetric, if p is uniform and dy.,_; = 0 for allt. We say
M(p, Q) asymmetric if it is not symmetric. Moreover, we say M(p, Q) is strongly

asymmetric if dyx—y Z 0 for some t.

Note that this definition of symmetry allows that M(p, @,) being almost sym-
metric but not symmetric. For example, let us consider a SBM with uniform prior

x% € {0,1}V and posterior

(

alogn ifx9=x%=0
n 4 J
yo = { blogn if x0 £ x0
v n ? J
(aten)logn jp 0 — 30 — ]
\ n J

When €, = o(1), this model is not exactly symmetric since P(y?x°) # P(y°|1 — x°),
but we cannot distinguish x° and 1 — x° for any instances of a and b. Hence, it makes
sense to call this model symmetric as our definition suggests.

When the model is symmetric, we may want to modify our definition of p i giobat

accordingly:
Ptail,global = P (imap(yo) ¢ {X07 1 - XO})

= P UES

S¢{o,v}

We have the corresponding amplification results for symmetric models.
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Theorem 4.13. Suppose that (A;) holds and the model is symmetric. Then, (i) weak
amplification holds and (ii) strong amplification holds if (Ag) holds. We remark that

amplifications are based on the modified definition of ptqi giovar fOT SYymmetric models.

4.3.4 Proof overview

We close this section by outlining the proof of Theorem 4.11 and 4.9.

Weak amplification: Achievability

To prove the weak amplification, we need to analyze p a1 giobas Which is the probability
for the (global) MAP estimator failing to return the correct prior. For x° € {0, 1}V
and S C V, let us define x° € {0,1}" with entries

X, ifveg S

<t

1-x, ifves.

Let Es be the event defined as
Es = {€(x") + £(y°|x°) < £(x") + £(y°[x*)}-

Then, we can write psqirgiobar @S the probability that Eg happens for some S # 0 (or
S & {0,V} in symmetric case). Hence,

Prail,global = P U ES < Z]P (ES \ U ES’\U)

S#£P S0 veS
= Y PE)+ Y P (ES\ U Es\v) .
vev S:|8|>2 vES

Note that the first sum in the right-hand side is equal to ZUGV Pfailw- 1f we could
prove that

P (ES\ U ES\v) S, prail,va

veS veS
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then it would imply one side of the strong amplification: p i giobar S ZUEV Pfail,v-

Instead, we prove a weaker bound
(5 ) oo
veS
which implies that

> P <E5\ U Es\v> < 3 (D i

S:|5]>2 ves d>2

~ Zn"du_l) = o(n~I7D).

d>2

Hence,

Pfail,global S prail,u + O(Tl_(l_l)) 5 n—(l"l).
v

See Section 4.4.1 for the details.

Strong amplification: Impossibility

We note that our argument is a close generalization of a second-moment method used

n [1] Recall that Dfail,global _>. Pfail local where
Dyaillocal = P (U Ev) .
veV
We would like to argue that F,’s have low pairwise correlations, and want that

1 — praitiocas = P <ﬂ (E'v)(") ~ H P((E,)°).

veEV veEV

Let Z = ) ., 1g, where 1g, is the indicator random variable for the event E,.

By Chebyshev’s inequality, we have

E(Z -EZ)? E Z*
1 Pfail,local HD(Z = O) = (E Z)z (E Z)Z

1.
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Hence,
>2 EZ°
Praillocal Z (]E Z)2 .

Note that EZ =}~ .y Pfais,» and

EZ= Y Elglp =Y Prain+ »_P(E.NE,).

u,veEV veV uFv
Suppose that for any u # v, we have

P(E, N E,)

BB (B = O

In other words, events F, and F, are almost independent. Then, we get

-1
Pfail,global > Pfail,iocal > 1 —0(1) — (Z pfail,v) .

veV

~v

Moreover, (Az) implies that ps., > n~!. Together with the weak amplification, we

get

veV

1—-o0(1) - (nl_l)_l < 1-0(1)— (praiz,v>

1-1
S Dfail local S Diail,global 5 n S prail,v
veV

as desired. See Section 4.4.2 for the details.

4.4 Proofs

In this section, we prove Theorem 4.9 and 4.11. We only focus on strongly asymmetric
models, i.e., diy—t # O for some ¢t € {0, ---,k}. We remark that the proofs for non-
strongly asymmetric cases or symmetric cases is a simple adaptation of the proof for
the strongly asymmetric cases.

Let us introduce and recall a few notations which are heavily used throughout the
section. First of all, we will omit n in subscripts or superscripts if the context is clear.

In particular, we let V = [n] and E = (}), and all asymptotics are based on n — cc.
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We consider M(p, Q) where p = Ber(p) for some p € (0,1/2] and Q(:|z) = ¢ (-)
for 2 € {0, 1}*. Here Q and g, depend on n, implicitly.

For S C V and x° € {0,1}V, a vector x5 € {0,1}V is defined as

x9 ifugsS

1-x% ifues,
and Fg is defined as the event that
£(x) + €(y°]x") < €(x%) + £(y°)x%)

happens. We denote Ey,y by E, for brevity.

The global and local failure probability pfqirgiobar and Pfairiocar can be expressed

as

Pfail,global = P U Es and Ptaillocal = P (U Ev>

S#D veV
where probabilities are taken over (x°,y®) ~ M(p, Q). The probability for failing
local recovery at v is equal to prau., = P(E,).

We assume (A;) throughout the section: For any a € R and s,t € {0, -- , k}, the

n—l)
el0) = 1. Sogn

limit
Do(gs = q1)

exists and finite. The goal of this section is to prove the following amplification

results:
e Weak amplification. psai, < n 7MW and piai giobar < n~E Do),

e Strong amplifcation. If (A;) holds, then pyqi giobar = (1 + 0(1))Pfaitiocar and

-1
Prail,local 2 11— (prail,v> - 0(1)

veV
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4.4.1 Weak amplification: Proof of Theorem 4.9

We would like to focus our attention to the event that |x°| is very close to E |x°|. We
call such x° typical. A standard Chernoff’s bound gives us the following concentration

result.

Theorem 4.14. Let X;,--- , Xn be i.i.d. distribution with X, ~ Ber(p). Let 0 be a

real number such that 0 < § < 1. Then,

'

Let Typ = {pn — /nlogn < [x°| < pn + \/nlogn}. Letting & = 2EZ, we get
P(Typ) > 1 — e~®0°e*n) by Theorem 4.14. Thus,

1N
‘Nzxi_p
i=1

2
> 50) < 2"

0
P(Es| < P(Typ) max P U Bs| x° | +P(=Typ)
S0 S0

IN

max [P U Eg| x° | + n~®logn),
x0¢Typ 520

This implies that it is sufficient to prove that

P UES x0 Sn—(1-1)+o(1)
S#0

for any typical x°, to prove paigiopat < n~ 7D+,

Let

Es = Es\ <U ES\{v}) :

veS

By a union bound, we have
P|JEs x°| <> PEGX).
S#0 S0
We are going to argue that when |S| < en (where € = o(1) will be chosen later), we
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have

P(EL[x®) < n~U=eIs]

and so

> rEk s 3 (7w

S§:1<|S|<en m=1

< Z(n——(l—l)-i-o(l))m < O(n—(1—1)+0(1)).

m>1

Lemma 4.15. Let € = (loglogn)™'. If |S| < en, then
P(Eg|x°) < exp (—|S| - I'logn + o(|S|logn)).
In particular,
P(E,|x%) = P(E!|x°) < n=IFo),
hence p o, < nite),

Moreover, we show that if | S| > en then
P(Eg|x°%) < P(Es|x°) < g~ e*nlogn)

hence

Z P(EE!XO) < 2n6—Q(Eknlogn).
S5:|S|>en

The right-hand side is e™™ as long as € > (logn)~/*, thus we get

Dfail,global < OESARON

as (™ and e~?0°8*") decays much faster than n—(-D,

Lemma 4.16. If en < |S| < %, then P(Eg|x®) < e~ nlogn) - [f |S| > 2 and the

model is strongly asymmetric, then P(Eg|x%) < e~ UeFnlogn)

As we argued above, Lemma 4.15 and Lemma 4.16 together implies the weak

amplification for strongly asymmetric models. We note that similar argument can be
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applied for models which are not strongly asymmetric. For example, in symmetric

models we can estimate P(E%|x°) as
P(E|x°) = P(Ey\s/x°)
when |S| > 2, hence we get

Pfail,global S 2 Z ]P)(E.,S"xo)

51<I8|<3

and weak amplification as well.

Proof of Lemma 4.15
Note that EY is the event that

max £(xc™\) + £(y x5\ < 66 + £y 1x7) < €% + Uy x®)
holds. Let Fg, be the event that

) + £y xS\ ) < 0(x) + £y °)x®)

Let us take a look at Fs, by expanding £. We have Fg, if and only if

happens. Since EY implies (),cg Fs,, we have

P(Eg|x’) <P (ﬂ Fsp

vES

p(x9)

Qy?|x’[e])
2 18 Gl 2

since |x%[e]| # |x5\{*}[e]| only if e contains v. Let Fs, and F be subsets of E where

Fsop={e€ E:enS={v}} and Fg={ec E:lenS|>2}.
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Note that if e € Fg,, then we have x%[¢] = x¥[e] and x5\{*}[e] = x°[e]. Hence, if

Fs, happens then Ls, + L, > c where

P . p(Xu)
e — < —_—
C: 10g min 10g ( 0),

and

i) (Y2) , Q(y?|x%[e])
Lg, = log—————== and Lg, = log .
sw= D log qixo(e)) (¥2) 5 2 Q(y2|x5\¥}e])

e€Fsy eE]:'Szeav

Claim. {Ls, : v € S} is a family of jointly independent random wvariables, when

conditioned on x°. Two families {Ls, : v € S} and {L%, : v € S} are independent

of each other when conditioned on x°.

Proof of Claim. It follows from that Fg, are mutually disjoint and that Fg, does

not intersect Fg for any v € S. : 0

This implies that

)

= E [P (ﬂ{LS,,, > —Ls, +c}

0
{Ye}ee}-g, vES

P <ﬂ Fs,

veSsS

x0> < P (ﬂ{LS,U + Ly, > c}

VES

XO? {yg}eef-'_’g) :|

-
= E |[[P(Lse=-Ls, +c]| X {yS}eEfs,y)]

{yg}ee‘ré LveS
< E exp (—~ max ofc — L'y ) —logE e"‘LSv”) .
{yB}eef's g a€l0,1] ( S’v)

Now, note that

—log E e®bsw = Z D, (Q|xv[e]| : QIxo[e]!) .

e€Fsy
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When x? = 0, we have

ClogEess = 3" Daltrnr @) #le e\ (o) NS =0, [xfe\ {o}]] =1

oy (X ISH (n = X0 = 1S
- Da(get1 : %)( ¢ k—1—t

k-1
= wro)ogn Y (7)1 = ) direlo)

IA

= logn-(I(a)+ o(1))

since |S| < en = o(n) and |x°| = (p + o(1))n. Similarly, if x{ = 1, then
—log Ee*!sv = logn - (I(1 — ) + o(1)).

Let a* € (0,1) be where the maximum of /() is attained. Then, we have

a* if x0 =0
max ofc — L) —logEe*:s» > (I +0(1)) logn +
a(0.1] ’ l—or ifx{=1
Hence, P (N,cs Fs,0 | x°) is at most

n—(I+o()IS] E exp | o* Z (C . fS',v) + (1 . (1*) Z (C . Lfs‘,v)

0
{ye}ee}_./s vES: vES:
x9=0 x0=1

It remains to show that the expected value on the right-hand side is small. We

will use the independence of y9’s to break it into the form of

C- H Eygfe(yg)a

eE€Fyg

and prove that

logC' = o(|S|logn) and logE f.(y?) =0 (logn) .

k-1
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To see this, first note that C is equal to e<(moe™+m(1-a") where m; = |x°[S]| and
mo = |S| — my. Hence, log C' < ¢|S| = o(]S|logn) as desired. On the other hand, we

claim the following;:

Claim. Fiz e € Fi. Letrg = [en S| — [x°[eN S]| and r1 = [x°[e N S]|, and let

s = |x%e]| and t = |x5[e]|. Then,

foly) = (qgé?)n)““‘ (q;;zi?)”“‘““.

Moreover, there is a constant M > 0 not depending on n such that

for sufficiently large n.

As a result, we get

S
C- I] Eyefelye) < exp (ISIIOgn- <0(1) +0 (|__|>)> — pelish,
e€Fg n
since | Fs| = O(|S|*n*~?) and I%l < e =0(1). It concludes the proof of Lemma 4.15,

as we get

P(Es|x%) <P (ﬂ Fgs,

vES

x0> < {+IS] | po(iS)

—  p-Uto)Is|

for any typical x° and S with |S] < en.

Proof of Claim. By collecting the terms depending on y? in

exp (_ Zee]:é. <Oé* 2”0653 L:S',v + (1 - (1*) Z'U(’es’ L/S,v)) )

Xp= X, =1
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we get

v€eNS
*(1_ 40 1—a* 9)
-1 (‘ltﬂ(yg))a a x”)<qt—1(}’3)>( x
veers \ 4 (¥2) 0(y?)

()

Let By = roa* and S = (1 — a*). Then,

Ef(y)) = _E g1(Y)Pq(Y)Pq(Y) PP

Y ~qs

= J&(ﬁjwom(ﬁjwﬂm(%?WQ”I

q 351 q 382
< <J§<tﬂaq> E <F%Y0 B (
~Qs qs Y~qs qs Y ~gs

by Hoélder’s inequality. Hence,

—1ogE f.(y?) > %—

Since $; and S, lies in [0, k], we have

£o(30) = exp (— > ("1 =x)+ (1= a")x))log Qgﬁ?\{iﬂib)

—B2

gt+1
gs

on)gmﬂ&)ui

(DBIB] (Ge41 ¢ qs) + Dsg, (g1-1:qs) + D—-3(,31+/32)(Qt : qs)) .

~1ogE fo(y?) > inf inf  Da(gs: q)-

s,t€{0, ,k} a€[-3k,3k]

Hence, by choosing M satisfying
—M < min min  dg.(a),
s,t€{0,- ,k} a€[—3k,3k]

we get —logE f.(y%) > —M zl%ﬁ—% for sufficiently large n.
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Proof of Lemma 4.16

By Chernoff-type bound, we have

X0 Aesien\Ye) [en o
P(Es| < > log > log Tt )

e:eNS#Q (]|x0 e]| vES
< exp | — max |a-|S]|log P4 Z Do (qixs(e)) © QIx0ell)
a€(0,1] 1- p e:eNS#0Q
< exp | O(|S]) — max Da(gixsie) : QIX"[ell))
a€0,1]
e:eNS#0D

Let T = {v € V : x% = 1}. Since xY is typical, we must have |T| = (p % o(1))n.
Observe that |x%[e]| = |eNT| and |x°[e]| = |e N (S @ T)|. Hence,

Z Da(q|x5[e” : Q|x0[e]|) = Z Ns,tDa(Qs : Qt),

e:eNS#D s,t€{0,

where

Ngi = e:lenT| =t len(SeT)| =s)

(T

We are going to show that there are s and ¢ such that d,; is not identically zero

M- %

I
=}

T

and N,; 2 €*n* as long as |S| > en. This implies Lemma 4.16 as we get

it A~

P(Es|x”) < exp< (1S~ max 3 NutDa(as qt>)
s,t

< exp (O(IS\) - Q (eknk . %)) — o~ SUefnlogn)
k-1

Case 1: When en < |S| < 2.

N = (Ibt’T fl) (Ififl) <|T> SI) (LV—\S(fL;z)D'
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By definition, Ns; > Ns(;) for any r. In particular we get

Nou> N = ('5”T|> (|V \ (SUT)I)

i

N> NO = ([S\T(> (IV\ (SUT)| )
)

Moo > N,Efk‘f§=<‘S\Tl (lT\SI)

(1),

_ sSNnT
Nioge > N0 = (' |

Note that we must have

max(|SNT),|S\T|) > —2’1 andmax(|T\ S|, |V \ (SUT)|) >

%13

when en < |S| < Z. Without loss of generality, let us assume that [SNT| > & and
IV\(SUT)| > %. Forany t € {0,---,k},

Ny > (67’;/2) (kn/4t> > elnk > efnk,

We claim that dy.; is not identically zero for some t. Suppose this is not true, i.e.,
do.; = 0 for all £. Then, by Proposition 4.8, we must have d,.;, = 0 for all s and ¢t which
contradicts the assumption that the model is not oblivious. This closes the case that

en < |S| < %

Case 2: When |S| > % and the model is strongly asymmetric.

We first note that if |S| < (1—e¢)n, then similar argument as in Case 1 shows that there
exists ¢ where do is not identically zero and Ny, > €¥n*. Suppose that |S| > (1—¢€)n.
Then, since |T'| = (p £ 0o(1))n and € = o(1), we must have

IS\T|=(1-pxo(l))n and [SNT|= (p=£o(1))n.
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For any t € {0,--- , k}, we have

Nope > N, = (lSﬂTI) (IS\TI) > nk — Q(eknk),

t k—t

since p € (0, %) Furthermore, d;.;,_; is not identically zero for some ¢ as desired, since

the model is strongly asymmetric.

4.4.2 Strong amplification: Proof of Theorem 4.11

As we discussed in Section 4.3.4, we are going to exploit a second moment method to

prove strong amplification. Recall that pyii giobal = Pfaitlocat @nd note that

Pfaillocal = P (U Ev) 2 Typ (U E Typ)

veV veV
) —Q(log2 n)

> max]P’(UE
x°>>1——01) (ZPEIx)_ (4.2)

x9eTyp
Our goal is to prove that
VeV

IP’(UEv

veV

for any typical x°. If I > 1, then the inequality trivially holds as P(E, | x°) = o(n™1).
For this reason, we are going to assume that I < 1. Here we exclude the borderline

case I = 1 which is out of scope of this thesis.

Together with the bound P(E, | x°) > n~=°() for typical x°, this implies that
-1
pfail,loca,l Z 1 - 0(1) - (Z pfail,'u)
veV

since psair, = n~17oM) — ¢=%og*n)  Op the other hand, by weak amplification we get

1-I+o0(1
Pfail,global <n ( )
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Hence, praitgiobal S Y pey Prailw SO local-to-global amplification holds.

Lemma 4.17. For any typical X° and v € V, the inequality P(E, | x°) > n={-o0)

holds if we assume (Ag).
Proof. Direct from the assumption (A,). O

It remains to show that the inequality (4.2) holds. Note that we have

)

-1 25 P(E,NE, | x°)
>+1~ wa) (%)

P E, 2
(U (Coev P(Ey [ x°))

veV

x0> >1- (Z P(E, | x°)

vev

by the same argument as in Section 4.3.4. Let

P(E,NE, | x°)
M = max .
{uv}e(y) P(E, | x°) P(E, | x°)

Then,
2 Y PENE|X)< 2M Y P(E|x)P(E, | X))
{u,v}e(g) {u,v}e(‘;)
< M(ZP(E,,IX")) :

hence we get

x0> >1- (ZIP’(Ev | XO))_ — (M —1).

veV

]P’(UEv

veV

If M <1+ 0(1), then we have

x0> >1—0(1) — (ZP(E, | xO))

veV

IP’(U E,

veV
as desired.

Lemma 4.18. Let u and v be distinct vertices in V, and let x° be typical. Then,

P(E, N E, | x°)
P(E, | X°) B(E, | x)

<1+o0(1).
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Hence, M <1+ o(1).

Informally speaking, it means that event E, and E, are very close to being in-
dependent. We conclude the proof of Theorem 4.11 by showing Lemma 4.18 in the

following section.

Proof of Lemma 4.18: Almost independence of F, and E,

Recall that E, is the event that
Qyelx“[e]) p(x3)
2198 Gty 2 8 (T 50

holds, and similar for E,. Let us define X,, X,, Y, and Y, be random variables

depending on y° where

_ QW) o _ Q2bele)
P DIt e NP DR berew o)k
Qyelx“[e]) Q(yelx"[e])

X, = log ZWePCle) ©y 5 .
2 gy Y T 2 R GG

Let ¢, = log £ (p’ziz)) and ¢, = log i%(;—%i)ﬁj. Then, by definition

E, X, +Y,>c, and E, < X,+Y,>c,.

Let Fu = {e:en{u,v} = {u}}, F, = {e: en{u,v} = {v}} and F,, = {e: e 2 {u}}.
Clearly F,, F, and F,, are mutually disjoint and so X, X, and {Y,,Y,} are mutually
independent (but Y, and Y, are not independent).

Since E, and E, are independent when conditioned on the value of y°[F,,], we
have

P(ENE|X)= E [P(Xut+Ye2cu|y'Funl)
Yy uv

P (X, +Yy > e | YO Fw])]

Let n = (———5 and let Good be the event that |Y,| < n and |Y,| < n. Note that if
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|Y.] < n, then
P(Xy>co—1) < P(Xy+Yy>cu| Y[ Fun) < P(Xu > ey +1),

and vice versa for v. Hence,

P(E,NE,|Good,x°) < P(X,>cyu—n)P(X,>c, —1n),
P(E, | x% > P(Good)P(X, > c, + 1),
P(E, | x°) > P(Good)P(X, > ¢, + 7).

By the assumption (A;), we have

P(Xy > ¢y +n) > n 170

and
]P(Xu Z Cy — 77)
P(Xy > ¢y + 1)

=14o(1)
since n = o((logn)~!). Hence,

P(E,NE, | x°) o 1+o(1) P(E,NE,N~Good | x°)

P(E, | x°)P(E, | x°) = P(Good)  P(Good)2n-2I-o(1)

It remains to show that P(Good | x°) = 1 — o(1) and

P(E, N E, N —=Good | x°)
n—2I+o(1)

= o(1).
Let o € (0,1) be a maximizer of I(«). By definition, I(«) is equal to I. We have

11:D()(u + Yu 2 Cu | (Ye)ee]-'uu) S exp (—a(cu - Yu) + logEeaxu)
= e exp (—ac, — I(a)logn + o(logn))
= an“ B n_l+0(1)_
Thus we get
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P(E, N E, N=Good | x’) < n~2*® E  [1{~Good}e ("]

(yg)EEfuv

1/2
< n~21+o(l) ]P(—IGOOd)l/Z ( E e201(Yu+Y1,)) ,

(yg)eefuv

where the second inequality follows from Cauchy-Schwarz inequality.

Claim. E(yg)ee}.uv 62a(y"+y") =1+ O(].)

20(Yu+Yy

Proof. Expanding e ), we get

2a 2a
Ee?a(Yu+Yv) — H E (Q|xu[e”> (Qva[eH) _

cer,  \AIxOL| qixOel]

Note that Cauchy-Schwarz inequality implies that for any r, s and ¢

£ ()" (") (e )

— e 3Daal9r:a:)— 5 Daalgs:qr)

lo,

holds. Moreover, the right-hand side is bounded by e k

n
-1
-1

for some constant ¢ > 0.

Thus we get

1 |
E e22(Va+¥) < oxp (c———z%ln : |]-"m,|) = exp (O ( ogn))
(:21) n

which is 1+ o(1). 0
Claim. P(—Good) = n~1+o(1),

Proof. Note that
P(=Good) < P(|Yy| > n) + P(]Y,] > n)

< 7 PEYZ 4+ PEY2,
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by Markov’s inequality. The second moment of Y;, can be expressed as

2
EY? = L log E e*¥

do? a0
d2
= :1_(—1—5 Z Da(q|xu[e]| : Q|x°[e]|) ,
e€Fuy a=0

which is bounded by

k-2 logn _ logn

<n
nk-1 n

~

d2
(@Da(% : Qt)

| Fuw| - max
s,t

-

5
P(~Good) < 105” _log'n _rvo
nn n

Hence,

as desired.

In summary, we have

P(E, N B, N =~Good | x°) _

n-1+o(D)
n—21-o(1) ~ ’

so together with P(Good) = 1 — o(1) we get

P(E, N E, | x°)
P(E, | x°) P(E, | x°)

<1+0(1).

4.5 Applications

In this section, we apply the strong amplification result (Theorem 4.11) to concrete

examples. As a result, we obtain exact statistical thresholds of exact recovery in

spiked tensor models and k-HSBMs, which includes the results we have presented in

Chapter 2 and Chapter 3. We also apply Theorem 4.11 to the hypergraph version of

binary censored block model and reproduce the result of [14].
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4.5.1 Spiked tensor models

For illustration, we will focus on the single-spiked k-tensor model and the bisection-
spiked k-tensor model in this section (See Section 2.2 for the definition of two models).

In the language of graphical channel, we consider the model with parameters

1
p=3 and  Q(-|z1,- -, zk) ~ N (s, 02 /kY),

where o = 0, is the noise scaling factor and (u; : t = 0,--- , k) is defined as follows

in each model:
e (Single-spiked model) p, = (—1)*

o (Bisection-spiked model) u, = 1if t € {0, k}, and p; = 0 otherwise.

k=1

We claim that we must have o = @(%) for the assumption (A;)to hold. To see

this, we need the following proposition.

Proposition 4.19. Let vy = N(po,0?) and vy = N(u1,0%). Then, the Chernoff

a-divergence D, from vy to vy is equal to

(o — M1)2
D, (v : =a(l — a) ———r——.
(1 : ) = a1 — ) - L0
Proof. Direct computation. O
Thus,
k! 9
Da(qs : qt) = (1((1 - a)'é;__g'(ﬂs - ,Ut) )
and when o = 7 2"12;71, we get
(et
det(o) = 1i = Do(qs - qr)

2 (1) Kllogn
= a1l = a)(us — ) nh—{& logn r2pk-l

(N’s - ﬂ't)2
T2 '

= ka(l — «)
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Hence, (A;)holds assuming that o =7 /2711’;;; .

Recall that
k-1

I(a) = Z (k ; 1) A1 = p) duar (@)

t=0

Hence, we get

4 k
Isingle(a) = k&(l - a);a' and Isingle = 7__2
for the single-spiked model, and
k 1 k
[bisec(a) = 5}":‘_‘505(1 - a);‘_‘é’ and [bisec = é_kﬁ

for the bisection-spiked model. Assuming that (Az)holds as well, we get the following

corollary, which is a restatement of Corollary 2.4 and Corollary 2.6.

Corollary 4.20. The threshold for exact recovery in the single-spiked model is at

nk-1

=k ,
7 2logn

and the threshold for exact recovery in the bisection-spiked model is at

b opk-l
TN 2logn’

For completeness, let us argue that the assumption (As)holds in those two models

(and in general, graphical channel models with Gaussian kernel).

Informal argument. We note that

2s(Y)
a(Y)

Ns:t ~ log ( ) where Y ~ ¢

is also a Gaussian with the same variance o2 /k!, as the collection {N(u,c?/k!) : p €
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R} forms an exponential family?. It implies that

-
—
3

—1e(301)
L= XY

t

Il
<)

=1

where Xi(t) ~ Nip1.¢ Will be again a Gaussian distribution with mean ©(logn) and

variance ©(logn). We can directly estimate the tail probability P(L > t) by

B t-EL

“¢<MML—EmJ’

which can be tightly estimated as n~¢ with the certain value ¢ > 0 determined by the

L-EL t—EL )
>

P(L>t)=P (\/E(L—]EL)2 - \/]E(L—EL)Z

parameters. The assumption (Ay) follows from the direct calculation, which we omit

the details here. O

4.5.2 k-HSBMs with two communities

Note that the stochastic block model for k-uniform hypergraph with two communities

can be described as a graphical channel model with the kernel () where

Q- |21, -+, z) ~ Ber(p)

with parameters pg, -+ ,px € [0,1]. For illustration, let us restrict our focus to the

model HSBM(n, p, ¢; k) which appears in Chapter 3. In this case, we have

1 p ifte{0,k}
p= 2 and p, =
q otherwise.

Let us compute the a-divergence between Ber(p) and Ber(g). When p and g are

2For a nice overview on exponential family distributions, see [81].
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o(1), we have

D, (Ber(p) : Ber(q)) = —log ( T+ (1= p)*(1 — q)l_a)
= —log(l —ap — (1—a)q—+-]0"ql a+o(p+q))

~ ap+ (1 —a)g—p*g™@
In particular, when p = %—195—’51 and g = Z}lﬁ% then we get
k-1 k-1

logn

(o)

Dqy(Ber(p) : Ber(q)) =~

(ca+ (1 —a)b—a®b'"?).

Hence,

,

aa+ (1 —a)b—a®*b'=* (s,t) =(0,1) or (s,t) = (k,k— 1),
ds:t(@) = § (1 — @)a+ab—al=@b* (s,t) = (1,0) or (s,t) = (k — 1, k),

0 otherwise.
\

and the assumption (A;) holds.

We get )
I(a) = T (di:o(@) + drk-1(a))
= g (b o)
and 1
I= grmax (o4 - a0 = al=0%)
1
— Qk ——(a+b—2vab)
= 2k 1 (‘/—_ \/—)

Assuming that (A;) holds, we recover the theorem 3.1.

Corollary 4.21. The threshold for exact recovery in the HSBM(n, p, q; k) where p =
Z—ﬁ-jalo_ln and q = ‘E}f’ﬂ" is at
k=1 k-1

2k L (‘/_ B \/_)
Let us justify why the assumption (A,) holds in graphical channel models with
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Bernoulli kernels. We first remark that when ¢, ~ Ber(p) and ¢. ~ Ber(g), the

distribution
Y
Ns:t ~ log (f]s_(__)) where Y ~ ¢

can be written as

1-p p(1 —q)
Ns:t = 1o (—-)-f—o ( Ber(q
Hence, in the sum
k-1 <(i1)
L= x

n-—1
each inner sum Z:t:(l'“‘l) Xi(t) is an affine transformation of the sum of i.i.d. Bernoulli

variables.

Theorem 4.22 (Le Cam’s Theorem). Let By, By, - , By be independent Bernoulli
variables. Let Sy = Zf\él B;, and let X be a Poisson random variable with mean

ESy. Then,
N

IP(Sy =k) =P (X =k)| <> (EB;)*

k=0 1=1

M2

alogn

In particular, when X i(t) ~ Ber(p) with p = (L total variation distance between
k—1

the sum
«(i51) alogn
> X ~Bin(e (1), )

i=1 Z (k—l)

and the Poisson distribution Poisson(c, - alogn) is at most n=*~1. Then, assump-

tion (Az) follows from direct computation on the tail probability of Poisson random

- variables.

4.5.3 Censored block model for k-uniform hypergraphs

Let us consider the binary censored block model for k-uniform hypergraphs (HCBM)
which we briefly discussed in Section 1.2.3. We specifically consider the model sug-

gested in [14].
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An HCBM can be described as a graphical channel model with parameters

,
0 with probability 1 — p

p= and Q(|21,"--,2)=1qp(|z])  with probability p(1 — )

1
2

- n(|z]) with probability p#,

where p € [0, 1] stands for the edge probability, 8 € (0,1/2] stands for the probabil-
ity that a single measurement is corrupted, and p : {0,--- ,k} — {£1} stands for
the binary measurement for the hyperedges. In particular, we are interested in the

following two types of the measurements:
e Homogeneity measurement. u(t) = 1ift € {0, k} and u(t) = —1 otherwise.
e Parity measurement. u(t) = (—1)*.

The terms homogeneity and parity are borrowed from [14].

Suppose that p = %i—‘iﬂL’)‘ for some ¢ > 0. Then, we get the following.
k—1

Proposition 4.23. If u(s) = u(t), then Dy(gs : q:) = 0. Otherwise,

logn — a —apo
Dalgs : q) = (,El) ce(1—00(1 - 0)* — (1 - 6)7°¢°) .
k-1
Proof. Direct calculation. O

For brevity, let f(«) be
fl@)=c(1-0"2(1-0)*—(1-6)"°6°).

Then, we get
fle) if p(s) # u(t)

0 otherwise.

dS:t(a) =

Clearly, (A;)holds in this parameter regime.
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Now, note that

1 1
[hom(a) = k-1 : 2f(a) and [hom = 2—k:§ mO?Xf(CY)

in the case of homogeneity measurement, and
Lo () = fla) and e = max fla)
in the case of parity measurement. Since f(«) is maximized at o = 1/2, we get
mgxf(a) =c(l—2y/0(1-6))=c (\/5— \/1_—§)2

By assuming that (Az) holds as well, we get the following corollary.

Corollary 4.24. The threshold for exact recovery in the homogeniety measurement
HCBM model is at
2
¢(Vi-vI=§) =22

The threshold for exact recovery in the parity measurement HCBM model is at

c(Vi-vI=9) =1
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