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We study the phenomenological consequences of recent results from atmospheric and accelerator neutrino experiments, favoring
normal neutrino mass ordering m, < m, < m,, a near maximal lepton Dirac CP phase §; ~ 270° along with 8,, > 45°, for possible
realization of natural structure in the lepton mass matrices characterized by (M;;) ~ O(/m;m;) for i, j = 1,2,3. It is observed that
deviations from parallel texture structures for M, and M, are essential for realizing such structures. In particular, such hierarchical
neutrino mass matrices are not supportive for a vanishing neutrino mass m, — 0 characterized by DetM, # 0 and predict
m, = (0.1-8.0) meV, m, = (8.0-13.0) meV, m, = (47.0-52.0) meV, X = (56.0-71.0) meV, and (m,,) = (0.01-10.0) meV,
respectively, indicating that the task of observing a 0v33 decay may be rather challenging for near future experiments.

1. Introduction

One of the intriguing phenomena in particle physics is the
origin of fermion masses which appear to span several orders
of magnitudes starting with neutrinos to the top quark. The
masses and flavor mixing schemes of quarks and leptons are
significantly different with the quark sector exhibiting strong
mass hierarchy, small mixing angles, and relatively heavier
mass spectrum whereas the neutrinos are extremely light
while two of their mixing angles are still large. In the current
scenario, there is also a lack of consensus on the nature of
neutrinos, that is, Dirac or Majorana along with doubts on the
possible ordering of neutrino masses, namely, normal, that is,
my < my < my (NO), or inverted, thatis, m; < m; < m, (10).
This nevertheless makes the task of constructing the fermion
mass matrices nontrivial especially in the context of quark-
lepton complementarity.

The confirmation of Higgs Boson by the ATLAS and
CMS collaborations [1] completes the Standard Model (SM)
of particle physics. Within this model, the quark mass terms
in the Lagrangian are expressible as

ks — _
—Line = 9 Muqur + 94 Maqar +hec., @)

where g, (ryand q; (g, are the left (right) handed quark fields
and M, are the quark mass matrices with u, d for the “up”
type and “down” type quarks. The resulting weak charged
current quark interactions are given by

d
- ?cmrks = i(” ¢ ) VVam| s | W, +he, (2
V2 )
L

where Ve = UfTUf is the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [2, 3] or the quark mixing matrix measuring
the nontrivial mismatch between the flavor and mass eigen-
states of quarks; for example,
T T :
U} M,M Uy = Diag (m2, m?, m?), o

U MyMIUS = Diag (m3, m2, mi),

where U are unitary matrices.

Interestingly, the quark masses as well as the elements of
CKM matrix observe a hierarchical pattern: namely, m, <«
m, < m; and (Vub"/td) < (Vcb’ ‘/ts) < (Vus’Vcd) <
(Voa» Vs Vi) Tt is natural to expect this hierarchy to be



embedded within the corresponding quark mass matrices:
namely, (for g = u,d)

My <My S Mysz < My, < My < My, (4)

with M,, <« Ms;. Recent investigations [4] in this regard
indicate that the current quark mixing data indeed permit the
quark mass matrices to have such a natural and hierarchical
structure provided (Ml-j) ~ O(\/W) fori,j=1,2,3,i# j
and (M;;) ~ O(m;). Such hierarchical mass matrices have
been referred to as natural mass matrices [5]. In particular,
naturalness provides a rationale framework to correlate the
observed fermion mass ratios, the corresponding mass matri-
ces, and observed mixing angles. Specifically, for (M,;) =
(Mj3,) # 0, the observed strong hierarchy among the quark
masses and CKM elements gets naturally translated onto the
structure of the corresponding mass matrices.

A concomitant of such naturalness in mass matrices is
the absence of parallel texture structure for the “up” and
“down” type quark mass matrices [4]. A parallel texture
structure corresponds, for example, to the mass matrices M,
and M, with texture zeros at identical positions in both the
mass matrices. Hierarchical structures have fetched greater
importance in the literature as these predict certain very
simple yet compelling relations among the CKM elements
and the quark mass ratios [4, 6-14].

However, the mass spectrum for leptons is quite distin-
guished from the quark sector, wherein the charged leptons
masses are strongly hierarchical, that is, m, <« m, < m,,
while at least two of the neutrinos are allowed to have the
same order of mass. It should be interesting to investigate if
naturalness can provide a unique explanation for the fermion
mass matrices, corresponding observed mass spectra, and the
mixing angles both for the quark and the lepton sectors.

Since the neutrinos are massless within the SM, one has
to explore beyond the realms of SM to comprehend the
origin of neutrino masses and observe neutrino oscillations
phenomenon. A simplistic way to achieve this is to extend
the SM theory by assuming neutrinos as Dirac-like particles.
In this case, the neutrinos acquire mass through the Higgs
mechanism in the similar way as quarks and charged leptons
do within the SM, through a Dirac mass term: for example,

1

_L mass

= ZLMllR + h.C.,
Dirac _ — (S)
2L oo = VM, vp +hec,

where M, and M,  represent the charged-lepton and Dirac
neutrino mass matrix, respectively. Indeed, the current exper-
iments have not ruled out such a possibility. In this context,
it is also observed that highly suppressed Yukawa couplings
for Dirac neutrinos can naturally be achieved using models
with extra spatial dimensions [15, 16] or through radiative
mechanisms [17-22]. However, such a possibility is perceived
to be highly unlikely due to several orders of magnitude
difference among m, (« = e, y, 7) and m, (i = 1,2,3).

A rather convincing and natural explanation of neutrino
masses can be obtained if neutrinos are assumed to be
Majorana particles. This usually involves adding the lepton
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number (and flavor) violating Majorana mass terms for
neutrinos in the Lagrangian; for example,

Majorana _ — c , =C
_2Lmass - vLMvaR + VLMVRVR’ (6)

where M, and M, correspond, respectively, to the left and
right-handed Majorana neutrino mass matrices and the latter
usually has an extremely high mass scale. This facilitates
generating the light neutrino masses through Type I or Type
II seesaw mechanisms: namely,

T -1
M, =-M; M,'M, ,
. )
M, =M, - M, M,'M, ,

where M, is usually a complex symmetric matrix: for exam-
ple,

e’l/ aﬁ/ fV

a, d, b, |. (8)
f‘V bV CV

This allows writing the corresponding charged weak
current term for leptons as

M:

v

e
1 g 3
_ CecptonS = @(Ve Yu yr)L)’ﬂV u WI:— +h.c., 9)
)
where V. = Vpyyg = UITLU,,L is the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) mixing matrix [23] or the neu-
trino mixing matrix and emerges through the diagonalization
of the matrices M; and M,: for example,

+ + . 2 2 2
UMM, Ujp = Diag (me, m,, mr),
(10)
+ T . 2 2 2
Ul M,M}U, =Diag(m, m,, m; ).

This mixing matrix relates the neutrino flavor states to the
neutrino mass eigenstates through

VaL = Z VaiVir- 1)

i=1,2,3

In the standard parametrization [24], the PMNS matrix is
expressed as V. = U - P,, where P, = Diag{e”,€'?, 1} with
p, 0 being two Majorana CP violating phases and U can be
parametrized in terms of three mixing angles 6,,, 0,5, and ,,
and one Dirac CP violating phase d;: namely,

U
—i5,
C12613 S12613 S13€
) ) (12)
1 1
—S1203 ~ C12513523€ | 1263 — S12513523€ 1 Sy30y3
i5, id,
$12823 ~ C1263S13€ " —C1aSy3 ~ S1281303€ 1 633
with s;; = sinf;; and ¢; = cos0;; for ij = 12,13,23. The

neutrino oscillation experiments provide constraints on the



Advances in High Energy Physics

three mixing angles 0,,, 0,5, and 0,; along with the two mass
square differences: namely, Sm* = m} — m? and Am* =
n[mg - (mf + mg)/Z] with # = +1 for NO and # = -1 for
IO cases.

In the current scenario, the global picture of neutrino

oscillation parameters for NO at 30 suggests [25]
Odm’* = (6.99-8.18) x 107° eV?,
Am® = (2.23-2.61) x 107 eV?,

s7, = 0.259-0.359,

(13)
57, = 0.0176-0.0295,
55, = 0.374-0.626,
8 (10) = 201°-239".
Moreover, the above data does not seem to forbid m, = 0
for NO or m, = 0 for IO cases, the signatures for which

are obtained tflrough Det M, = 0. The Planck collaboration
measurements of the cosmic microwave background [26]
provide further insight into the sum of absolute neutrino
masses: for example,

L=m, +m, +m, <0.23eV. (14)

More recent results from long-baseline accelerator neutrino
experiments T2K [27] and NOvA [28] are indicative of a near
maximal Dirac CP phase: that is,

61 ~ 2700,
(15)
0,5 > 45°

along with preference for the normal ordering (NO) of
neutrino masses. These results are also supported by the pre-
liminary results from the atmospheric neutrino experiment at
Super-Kamiokande [28]. In addition, a statistical analysis of
the cosmological data [29] also indicates preference for NO
providing maximum likelihood for Majorana effective mass:
that is,

(m,,) < 16 meV (16)

in neutrinoless double beta decay at 1o where
<mee> = 'eip 'Uezl' mV1 + eia 'U822| sz + |U223| m73| : (17)

As the mixing angles are related to the corresponding
mass matrices, it therefore becomes desirable to study the
implications of a combination of NO, dcp ~ 270" along
with 0,; > 45° for lepton mass matrices assuming quarks
and lepton mass matrices have similar origins and investigate
the conditions affecting the possibility of obtaining natural
lepton mass matrices, synchronous with the quark sector.
Nevertheless, from a top-down prospective, it should be more
economical to have a common framework explaining the
fermion masses and mixing for the quark and lepton sectors.

2. Lepton Mass Matrices

Phenomenologically, the problem of constructing the
fermion mass matrices has always been a difficult task within
the framework of Standard Model (SM) and its possible
extensions, wherein the flavor structure of these matrices
is usually not constrained by the gauge symmetry. As a
result, the matrices M; and M, remain arbitrary 3 x 3
complex matrices, thereby involving several free parameters
as compared to the number of physical observables, namely,
six lepton masses, three mixing angles, and one Dirac-like
CP phase 6, along with two Majorana phases p and o.

In this regard, the “texture zero” ansatz initiated by
Weinberg [30] and Fritzsch [31, 32] has been quite successful
in explaining the fermion masses and mixing patterns [33-
52]. However, one requires handling all possible texture
structures on a case to case basis. In this context, a common
framework allowing for the study of such possibilities is more
desirable. This is addressed in the following section.

3. Constructing the PMNS Matrix

In order to reconstruct the PMNS matrix, one requires
obtaining the diagonalizing transformations for the corre-
sponding mass matrices. To start with, for ¢ = v, we
consider the following two possibilities of texture one-zero
mass matrices, as

eeVi ae% 0

q q
_ iog iwg iﬁq
Mq ae dqe bqe
iﬁq iyq
0 bqe e )
0 aleiaq fleiAq
q q
! ! i I iw, ! i
= q q q
Mq age dqe bqe ,

1 iA 1 iB 1 i,
a q q
fqe bqe e

referred to as Type I and Type II structures, respectively, in
the following text.

One may also consider these matrices to be Hermitian for
Dirac neutrinos. Using standard procedures, it is not possible
to obtain the exact diagonalizing transformations for the
latter case. In order to avoid a large number of free parameters
in these matrices, we assume that the phases are factorizable
in these, requiring

Yy = 20,
w,=0
q bl
(19)
Aq =a,+ ‘Bq,
Yq =28y



for symmetric M, and MZ; and

quo,
w, =0
q bl
(20)
qu(xq+[3q,
yq:O

for Hermitian M q and M(;.
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The diagonalization of M, above is realized using
Di Tor .
M,"® = 0, M0, = Diag (m,, —m,,m;), (21)

with 1,2,3 = e,y,Tforg =land 1,2,3 = v, 7,,v5 for g = v.
Here

P, = Diag (e, 1,¢ "),

e 0

Q

B q % (22)
M, =PMQ,=| a5 dg by |,
0 bq <

and Q = P (symmetric case) and Q = P' (Hermitian case).
Considering e, and d, as free parameters, one can write [45]

(eq + m2) (m3 - eq) (Cq - ml)

(ml - eq) (m3 - eq) (Cq + m2)

(ml B eq) (eq + m2) (m3 - Cq)

(cq_eq) (my —m,) (my +my) (Cq_eq) (my +m,) (my +my) (Cq_eq) (my +m,) (my —my)
O - (1 — eg) (¢ = m1) (eq +ma2) (¢ +ms) (3 — ey) (3 - ;) (23)
! (ms —my) (my +my) (ms +my) (my +my) (ms +my) (my —my)
(11 =) (ms =) (e +ma) [ (egtma) (cu=mi) (ms—cp) | (ms—ep) (¢ =) (g + my)
(Cq_eq) (ms —my) (my +my) (Cq_eq) (my +m,) (my +my) (Cq_eq) (my +m,) (my —my)
such that for Hermitian case, where R is a complex rotation matrix in

my > e, > —my,
(m3—m2—eq) >d, > (m1 —mz—eq).
The above constraints on the parameters e, and d, neverthe-

less allow hierarchical mass matrices: that is, g < ay < dq <
bq < ¢, Texture rotation from (13) and (31) positions in M,

to (11) position in Mé is realized by rotating (11) element
in M, to (13) and (31) positions in M(; through a unitary
transformation R, on M, using

1 _ T
M, — Mg =R MR, (25)
for symmetric mass matrices and

I _ pf
M, — M, = RIM,R,, (26)

the 1-3-generation plane: for example,

cos 3, 0 —e @by sin;
R, = 0 1 0 , (27)
e'CaPa) sin M, 0 cos s,
where ¥ = +1 for symmetric matrices and k = -1 for

Hermitian matrices.
The condition of a texture zero rotation from (13,31)
positions in M, to (11) position in M:; requires

0= eqcosanq + cqsin21113q, (28)

which can be translated to

e

tan21113q =1
q
S (29)
€q
tanl']13q = Tq _C_,
q

where 7, = +1ande, is always negative. Note that the rotation
angle M, is not a free parameter and is completely fixed
through e, and ¢, due to repositioning of texture zeros as
a result ofq the rotation R;. One can now relate the matrix
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elements in M; with the corresponding elements in M,: for
example,

! .
a, = |aq cos s, + 7,b, sin rlwa ,

b= |b COS1y3 — T4, SinY; l,
q q 1749 q

q
" 2. 4o sin? 30
Cq = CgCOS 113 + €g8in" 15 (30)
!
dq =d,,

!
fo= ’ \ "%

The texture rotation in 1-3-generation plane allows d; =

d,. Note that f{; o +/=e,, while the other off-diagonal
elements essentially get rescaled due to texture rotation.
Furthermore, for e, ~ —m;,, one expects fé ~ O(\fmm;)
allowing hierarchical structures in Type II possibility: namely,
a < fl <d <b < aongwitha ~ f ~d < <
cl since O(\/mvl m,) ~ O(\/mvl m,) ~ O(m,,z) are allowed
by oscillation data. Henceforth, it is trivial to obtain the
orthogonal transformation O; for ME; (symmetric case) as

I Tt 5T
Oq = PqRqPqu = Rqu (31)

and (Hermitian case) as

I _ pipt _ 5T
Oq = PqRqPqu = Rqu (32)
with
IDiag _ ~'T737 ~! _ aDiag
Mq —Oq Mqu—Mq . (33)

—1
with M g = PqM'Qq. Note that in the absence of texture
rotation, R, = I (unit matrix) for M, while

cos s, 0 —sinr]Bq
R = 0 1 0 (34)

sinys, 0 cos M,

I . cfos . .
for M, signifying the corresponding effect of such rotation on
real diagonalizing transformation O;. The resulting mixing

matrix for M, and/or M; may be constructed as
V =OlRBP'RO, (35)

Also P,P: = Diag(e_""ﬁ1 ,1,e%), ¢=oq—a,and ¢, = ,-f5
(symmetrics case) or ¢, = f3; — 3, (Hermitian case). Note
that a change in sign for a’ and f! can always be accom-
modated in the redefinition of phases a; and 3, which
only appear implicitly in the PMNS matrix through ¢, and
¢,. Considering the six lepton masses, ¢y, ¢,, d,, and e,
as free parameters, one can reconstruct the unitary mixing
matrix V' using the above procedure and confront it with

the current oscillation data. In lieu of this, we restrict
our investigation to only texture four-zero mass matrices
involving ten free parameters. Furthermore, the condition of
naturalness forbids a texture zero at (33) matrix elements.

Recent works [53-56] in this regard suggest that there
exist several viable texture structures of lepton mass matrices.
Most of these investigations work in the flavor basis with diag-
onal charged-lepton mass matrix or enforce parallel texture
structures for lepton mass matrices M; and M,,. In this letter,
we investigate all possible structures for four-zero lepton
mass matrices, both symmetric and/or Hermitian, assuming
factorizable phases (for simplicity) in these. The resulting
structures are summarized in Tables 1 and 2 wherein we enlist
all texture five and four zeros in agreement with current data
at 30. X; and X, in the tables represent the position of texture
zeros in the corresponding mass matrices. It is observed that
the constraints of naturalness, near maximal &, s, > 0.50,
and normal ordering for neutrino masses, taken together,
greatly reduce the number of possible viable structures and
only a few possibilities seem to survive the test. The possibility
of a vanishing neutrino mass is also studied for these texture
structures.

4, Fritzsch-Like Four Zeros

It has been observed [36, 47] that, in the absence of §; ~ 270°
constraint, the Fritzsch-like texture four-zero mass matrices
are physically equivalent to the generic lepton mass matrices.
Interestingly, these matrices can be obtained from the above
structures using the assumption of e, = 0 and fq' = 0. In

particular, Rq = ﬁq = ], where I is a unit matrix, for this case.
The predictions from these matrices and their experimental
tests can be found in previous works. To start with, using (13),
(35) and allowing free variations to the parameters m, , d;, d,,

¢,,and ¢,, we first reconstruct the viable structures for M; (in

units of GeV) and M, (in units of eV) for d, ~ m, using the
available oscillation data and obtain the following best-fits:

0 0.007 -0.010 0
7\711 =1 0.007-0.010 0-0.822 0.423-0.924 | GeV,
0 0.423-0.924 0.822-1.644
M, (36)
0 0.0066-0.0104 0
= 0.0066-0.0104 0.0076-0.0115 0.0223-0.0260 | eV,
0 0.0223-0.0260 0.0302-0.0383

along with ¢, = 0°-50°,267°-360° and ¢, = 180°-285". The
corresponding predictions for the absolute neutrino masses =
and (m,,) read m, = (2.96-6.70) meV, m, = (9.05-11.50)
meV,m, = (47.7-51.9) meV, X = 60.2-69.6 meV, and (m,,)
= 0.008-9.00 meV, respectively. In the context of agreement
with §; ~ 270° along with 6,; > 45°, it is observed that
naturalness is allowed in M, independent of s,; octant. This
is depicted in Figure 1 where one observes that d, < m, is

still consistent with s7, > 0.5. However, one finds that the
near maximal constraint of §; = 270° requires large deviation
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TABLE 1: Viable texture five zeros in relation to 553 > 0.5, §, ~ 270°, naturalness, and m, =0.

Sr. X, X, (a) 553 >0.5 (b) &, ~ 270° (¢) natural (a+¢) (b+c¢) DetM, =0
1 11,22,13,31 11,13,31 v N N

2 11,13,31 11,22,13,31 v X X X X X
3 11,13,31,23,32 11,13,31 v X X X X X
4 12,21,22,13,31 11,13,31 v X X X X X
5 11,13,31,23,32 11,12,21 v X X X X X
6 11,22,13,31 11,12,21 i X N N X X
7 12,21,22,13,31 11,12,21 v X N N X X
8 11,12,21, 23,32 11,13,31 v X X X X X

TABLE 2: Viable texture four zeros in relation to 553 > 0.5, §; ~ 270°, naturalness, and Det M, = 0.

Sr. X, X, (a) 553 > 0.5 (b) 8, ~ 270° (c) natural (a+c¢) (b+¢) DetM, =0
1 11,13,31 11,13,31 N N N v X x
2 13,31,23,32 11,13,31 N N X X X X
3 11,22 11,13,31 N N N N v x
4 11,13,31 11,22 N N N x x v
5 13,31 11,22,13,31 N v N X v X
6 11,22,13,31 13,31 N x N v x N
7 13,31 11,13,31,23,32 N v X X X X
8 11,13,31,23,32 13,31 v X X X X v/
9 11 11,22,13,31 N; v N x v x
10 11,22,13,31 11 V x Ni N x N
1 11 11,13,31,23,32 v N X X X X
12 11,13,31,23,32 11 N X X X X X
13 22,13,31 11,13,31 N N N N v x
14 11,12,21 11,13,31 N N N N v x
15 11,13,31 11,12,21 N; v N v x x
16 13,31,23,32 11,12,21 N v X X X X
17 22,13,31 11,12,21 N v N N x x
18 11,12,21 11,22 v v X X X v
19 11,22 11,12,21 v V N N v x
20 12,21,13,31 11,13,31 v/ N X X X X
21 12,21,13,31 11,22 N v X X X X
22 22,12,21,13,31 13,31 N X X X X v
23 12,21,22,13,31 11 N X N N X X
24 11,23,32 11,13,31 N X X X X X
25 11,12,21,23,32 11 N X X X X X
26 11,12,21,23,32 13,31 N x N v x x
27 13,31 11,12,21,23,32 v N X X X X
28 11 11,12,21,23,32 v N X X X X

of M; from a possible natural structure. In particular, we
identify three vital sources for CP violation in these matrices:
namely, the two nontrivial phases ¢,, ¢, along with the
free parameter d; as elaborated in Figure 2, indicating d; >
0.6GeV ~ m./3 > m, is required to obtain §; = 270".
This also implies that Fritzsch-like texture five-zero matrices
(d; = 0) should be ruled out by §; = 270°. Our study
reveals this conclusion to hold true for all possible texture
five-zero structures, all of which seem to be ruled out by a
near maximal §;; see Table 1. This calls upon investigating

alternate texture structures, which on the one hand account
for near maximal §; and at the same time allow possible
natural structures for M; and M, (i.e., M ~ O(m;my)).

5. Natural Lepton Mass Matrices

In this context, e, # 0 and/or fq' # 0 in the correspond-
ing mass matrices provide greater possibility of realizing
naturalness in corresponding mass matrices as compared
to the Fritzsch-like structures wherein interactions between
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0.65

0.60 1
0.55
a8 050 A
0.45

0.40

0.35 T T T T
0.007 0.008 0.009 0.010 0.011 0.012

d, (eV)

FIGURE L: 52, versus d, for Fritzsch-like four zeros.

360

340 A
320
300 -
280 -

5 ()

260 -
240 -
220 A

200 -

180

0.0 0.2 0.4 0.6 0.8 1.0
d, (GeV)

FIGURE 2: §; versus d, for Fritzsch-like four zeros.

the first and third generations of leptons are suppressed due to
texture zeros invoked at (11) and (13, 31) matrix elements. At
least, for the quark sector, nonvanishing (13, 31) elements are
observed to be crucial in effectuating the natural structures
of corresponding mass matrices. A careful analysis of all
possible texture four-zero structures reveals that only four
possibilities for natural structures are allowed by recent data;
see Table 2. We categorize these as Type I and Type II, based
on the texture structure of M.,

5.1 Type I M,(11) = M,(13,31) = 0

Case A (M;(22) = M;(13,31) = 0). The viable best-fit
structures of the lepton mass matrices are summarized below:

-0.003-0 0.007-0.019 0
0.007-0.019 0 0.416-0.426 | GeV,
0 0.416-0.426 1.644-1.647

M, =

7
0.38
0.36 A
0.34
0.32
0.30 A
0.28
0.26
0.24 T T T T T T
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
m,, (eV)
FIGURE 3: 5, versus m, for Case A.
0.032
0.030
0.028 -
0.026 -
~= 0.024 4
0.022 -
0.020 A
0.018 A
0.016 T T T T T T
0.005 0.006 0.007 0.008 0.009 0.010 0.011 0.012
d, (V)
FIGURE 4: 5%, versus d,, for Case A.
M,
0 0.0053-0.0106 0
= 0.0053-0.0106 0.0057-0.0123 0.0221-0.0272 | eV,
0 0.0221-0.0272 0.0285-0.0394
(37)
with ¢, = 0°-340°, ¢, = 98°-265" and m, = (1.99-7.01)
meV, m, = (8.65-11.3) meV, m, (477 '51. 9)meV, X =

(58.7- 70 0) meV, and (m,,) = (0. 01 9.23) meV, respectively.
Like the Fritzsch-like texture four zeros, sfz o m, [36, 38,
47,57] as depicted in Figure 3. However, the other two mixing
angles are fixed by the free parameter d, illustrated in Figures
4 and 5. The latter also indicates that natural structure for

M, is allowed independent of s,; octant, with d, < m

V2
also accounting for s§3 > 0.5. Finally, the parameter e; < m,,
accounts for near maximal §; as shown in Figure 6. In par-
ticular, a small deviation of §; — 270" + 30° provides greater
agreement of ¢, ~ 5MeV with the notion of naturalness in

the corresponding mass matrix.
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FIGURE 5: 52, versus d, for Case A.
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Case B (M;(11) = M;(22) = 0). We obtain the following viable
best-fit structures for these lepton mass matrices: namely,

—1

1

0 0.001-0.007 0.0003-0.089
=| 0.001-0.007 0 0.413-0.423 | GeV,
0.0003-0.089 0.413-0.423 1.644
_ (38)
M'V
0 0.0056-0.0111 0
= 0.0056-0.0111 0.0065-0.0116 0.0223-0.0266 | eV,
0 0.0223-0.0266 0.0294-0.0390
wherein ¢; = 0°-11°,251"-360°, ¢, = 89°-268" and

m, = (2.26-7.53) meV, m, = (8.73-11.6) meV,
m, = (47.7-520)meV, £ = (59.0-71.0) meV, and
(mg,) = (0.01-10.0) meV, respectively. m, dependence for
s}, remains the same as before while the other two mixing
angles are fixed by the parameter d,. Furthermore, apart from

phases ¢, and ¢,, §; is now fixed by the parameter f; = \/~¢;G
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as shown in Figure 7. Naturalness in M, and M, seems to be
in good agreement with §, ~ 270" and s3, > 0.5 compatible
with f] ~ 0.075GeV ~ O(\fmm,) < m, and d, < m,,
respectively. A greater agreement with naturalness in M; is
achieved for §; — 270° + 30" up to f; ~ 0.05 GeV.

Case C (M;(11) = M;(12,21) = 0). The viable best-fit
structures so obtained for these lepton mass matrices are
shown below:

0 0 0.029-0.167
M; = 0 0.003-0.103 0.395-0.580 | GeV,
0.029-0.167 0.395-0.580 1.54-1.64
M, (39)
0 0.0022-0.0113 0
= 0.0022-0.0113 0.0027-0.0117 0.0223-0.0277 | eV,
0 0.0223-0.0277 0.0283-0.0399
wherein ¢; = 0°-36°,175°-360°, ¢, = 97°-265° and
m, = (0.4-7.8) meV, m, = (84-11.7)meV, m, =

(47.6-52.0)meV, £ = (56.9-71.2)meV, and (m,) =
(0.02-9.6) meV, respectively. It is noteworthy that the con-
dition of texture zero at Ml'(12, 21), that is, al' = 0, fixes the
parameter e; and hence

-fl’ = \/—elCl (40)
through (30) with

m,m,m,

u

e =
: dig

(41)
This results in only one free parameter d; = d, in M. This
is depicted in Figure 8. This parameter also determines the
Dirac-like CP phase as shown in Figure 9. Other observations
pertaining to the dependence of mixing angles remain the
same as in previous cases. It is clear that naturalness in M
and M, is in good agreement with §, ~ 270" and s3, > 0.5
compatible with f| ~ 0.064 GeV ~ Oo(mm,) < m, and
d, < m, , respectively.
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5.2. Type Il M,(11) = M,(12,21) = 0

Case D (M;(11) = M,(22) = 0). The best-fit values obtained
for this possibility are summarized below:

—

1

0 0.007-0.094 0.0004-0.220
=1 0.007-0.095 0 0.348-0.423 GeV,
0.0004-0.220 0.348-0.423 1.644
N (42)
M‘V
0 0 0.006-0.019
= 0 0.0041-0.0120 0.0178-0.0269 | eV,
0.006-0.019 0.0178-0.0269 0.0282-0.0393
wherein ¢, = 0°-23°,256°-360°, ¢, = 98°-261° and
m, = (1.1-7.9) meV, m, = (8.4-12.5) meV, m, =

(47.6-51.9)meV, £ = (57.5-70.8)meV, and (m,) =
(0.01-9.56) meV, respectively. It is observed that naturalness
is in good agreement with §; ~ 270" and 53, > 0.5 compatible
with | f/| ~ 0.088GeV ~ O(, fmem,) < m,; see Figure 10
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340 A
320 A
300 A
~ 280 A
<260 A
240 A
220 A

200 A

180

0.00 0.05 0.10 0.15 0.20 0.25
1] (GeV)

FIGURE 10: §, versus f] for Case D.

and d, < m, , respectively. Again a greater agreement with

naturalness in M, can be achieved for §; — 270° + 30° up to
If]] ~ 0.05GeV.

6. Conclusions

Assuming factorizable phases in lepton mass matrices, we
show that natural mass matrices characterized by (Mij) ~
O(fm;m;) fori, j = 1,2,3,i # j,and (M;;) ~ O(m;) provide a
reasonable explanation for the observed fermion masses and
flavor mixing patterns in the quark as well as the lepton sec-
tors. It is also observed that deviations from parallel texture
structures for M; ; and M, , are essential for establishing such
natural structures. Such phenomenological textures have also
been observed to be stable under the renormalization group
running from the lightest right-handed neutrino mass scale
to the electroweak scale [39, 40, 53, 58, 59].

Interestingly, naturalness in the lepton sector implies
sy, o< O( m,, /mvz) and 553 oc d,/c, or s,3 oc O( mv2/mv3)
such that the observed large values of these mixing angles are
perhaps indicative of the possible realization of the neutrino
mass ratios as obtained above: that is, m, = (0.1-8.0) meV,
m, = (8.0-13.0) meV, m, = (47.0-52.0) meV, ¥ =
(56.0-71.0) meV, and (m,,) = (0.01-10.0) meV, respectively.
In particular, the possibility of a vanishing neutrino mass,
that is, m, = 0, is not supported by natural lepton matrices.
From the point of view of 0v3f decays, these results seem
to indicate that multiton scale detectors may be required to
possibly observe signals for such processes.
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