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Abstract

Let G be a finite group and 7.(G) be the set of element orders of G.
Let k € 7.(G) and my be the number of elements of order k in G. Set
nse(G) := {my, | k € m(G)}. In this paper, we prove the following results:

1. If G is a group such that nse(G) = nse(S,), where r is prime number
and |G| = |Sy|, then G = S,.

2. If G is a group such that nse(G) = nse(S,.), where 7 < 5 x 10% and r — 2
are prime numbers and r is a prime divisor of |G|, then G = S,.
Keywords: Element order, set of the numbers of elements of the same order,

Symmetric group

MSC: 20D06, 20D20, 20D60

1. Introduction
If n is an integer, then we denote by 7(n) the set of all prime divisors of n. Let

G be a finite group. Denote by 7(G) the set of primes p such that G contains an
element of order p. Also the set of element orders of G is denoted by 7.(G). A
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finite group G is called a simple K,,-group, if G is a simple group with |7(G)| = n.
Set m; = m;(G) := |{g € G| the order of g is i}| and nse(GQ) := {m;|i € 7.(G)}.
In fact, m; is the number of elements of order ¢ in G and nse(G) is the set of
sizes of elements with the same order in G. Throughout this paper, we denote
by ¢ the Euler’s totient function. If G is a finite group, then we denote by F,
a Sylow ¢-subgroup of G and by n,(G) the number of Sylow g-subgroup of G,
that is, ny(G) = |Syl,(G)|. Also we say p* || m if p* | m and p**1 { m. For a
real number z, let p(z) denote the number of primes which are not greater than
x, and [z] the greatest integer not exceeding x. For positive integers n and k,
let ¢, (k) = Hf=1(Hn/(i+1)<p§n/i p)?, where p is a prime. Denote by ged(a,b) the
greatest common divisor of positive integers a and b, and by exp,, (a) the exponent
of @ modulo m for the relatively prime integers a and m with m > 1. If m is a
positive integer and p is a prime, let |m|, denote the p-part of m; in the other
words, |m|, = p¥ if p* | m but p**! { m. For a finite group H, |H|, denotes the
p-part of |[H|. All further unexplained notations are standard and refer to [1], for
example. In [2] and [3], it is proved that all simple K4-groups and Mathieu groups
can be uniquely determined by nse(G) and the order of G. In [4], it is proved
that the groups A4, As and Ag are uniquely determined only by nse(G). In [5],
the authors show that the simple group PSL(2,q) is characterizable by nse(G) for
each prime power 4 < ¢ < 13. In this work it is proved that the Symmetric group
Sy, where r is a prime number is characterizable by nse(G) and the order of G. In
fact the main theorems of our paper are as follow:

Theorem 1. Let G be a group such that nse(G)=nse(S,), where r is a prime
number and |G| = |S,|. Then G = S,.

Theorem 2. Let G be a group such that nse(G)=nse(S,.), where r <5 x 108 and
r — 2 are prime numbers and r € ©(G). Then G = S,.

In this paper, we use from [6] for proof some Lemmas, but since some part of
the proof is different, we were forced to prove details get’em. We note that there
are finite groups which are not characterizable by nse(G) and |G|. For example see
the Remark in [2].

2. Preliminary Results

We first quote some lemmas that are used in deducing the main theorems of this
paper.

Let a € S), be a permutation and let a have ¢; cycles of length i, ¢ = 1,2,...,1,
in its cycle decomposition. The cycle structure of o is denote by 1%12fz . [
where 1t1 + 2t5 - - - + lt; = n. One can easily show that two permutations in S, are
conjugate if and only if they have the same cycle structure.

Lemma 2.1 ([6]).
(i) o(2) — (2/2) > 7 for x> 59.
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(i1) o(z) — p(x/4) > 12 for x > 61.
(iii) o(x) — p(62/7) > 1 for x > 37.

Lemma 2.2 ([6]). If n > 402, then (2/n)t,(6) > e'201". [f n > 83, then
(2/n)t,(6) > 775,

Lemma 2.3 ([6]). Let p be a prime and k a positive integer.
(i) If [nll, = p*, then (n—1)/(p— 1) > k > n/(p — 1) — 1 — [log, n].
(i) If [n!/ml], = p* and 0 < m < n, then k < (n—m —1)/(p — 1) + [log, n].

Lemma 2.4 ([7]). Let a € S, and assume that the cycle decomposition of «
contains t1 cycles of length 1, to cycles of length 2, ... t; cycles of length . Then
the order of conjugacy class of o in S, is n!/1112t2 Ut lt! . t)).

Lemma 2.5 ([8]). Let G be a finite group and m be a positive integer dividing |G|.
If L,(G) ={g € G|g™ = 1}, then m | |Ln(G)].

Lemma 2.6 ([9]). Let G be a finite group and p € w(G) be odd. Suppose that P
is a Sylow p-subgroup of G and n = p*m, where (p,m) = 1. If P is not cyclic and
s > 1, then the number of elements of order n in G is always a multiple of p®.

Lemma 2.7 ([4]). Let G be a group containing more than two elements. Let
k € me(G) and my be the number of elements of order k in G. If s = sup{my|k €
7e(G)} is finite, then G is finite and |G| < s(s? — 1).

Let m,, be the number of elements of order n. We note that m,, = k¢(n), where
k is the number of cyclic subgroups of order n in G. Also we note that if n > 2
then ¢(n) is even. If n € m.(G), then by Lemma 2.2 and the above notation we

have
{¢<n> [ o)

n ‘ Zd|n md

In the proof of the main theorem, we often apply (2.1) and the above comments.

3. Proof of the Main Theorem 1

We now prove the theorem 1 stated in the introduction. Let G be a group such
that nse(G) = nse(S,), where r is a prime number and |G| = |S,|. The following
Lemmas reduce the problem to a study of groups with the same order with S..

Lemma 3.1. m,.(G) = m,(S,) = (r —1)! and if S € Syl.(G), R € Syl,.(S,), then
[Na(5)| = [Ns, (R)|.

Proof. Since m,(G) € nse(G) and nse(G) = nse(S,.), then by (2.1) there exists
k € m.(Sy) such that p | 1 + mg(S,). We know that my(S,) = >_ |cls, (2;)| such
that |x;| = k. Since r | 1 + mg(S;), then (r,my(S,)) = 1. If the cyclic structure
of z; for any i is 1%12%2 .. .| such that tq,%s,...,%; and 1,2,...,1 are not equal
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to r, then r | r1/1012%2 ... [tig1to) o 4!, that is r | |cls, (z;)| for any i. Therefore
(r, mk( +)) # 1, which is a contradlctlon Thus there exist ¢ € N such that t; = r
or one of the numbers 1,2,... or [l is equal to r. If there exist i € N such that
t; = r, then the cyclic structure of z; is 1". Hence |z;| = 1, which is a contradiction.
If one of the numbers 1,2,... or [ is equal to 7, then the cyclic structure of x; is
r!. Hence |z;| = r and k = r. Therefore m,.(G) = m,(S,), since |G| = |S,|, then
n(G) = n.(Sy) = m.(G)/(r — 1) = (r — 2)!. Hence if S € Syl.(G), R € Syl.(S;),
then |Ng(S)| = |Ns,.(R)| = r(r —1). O

Lemma 3.2. G has a normal series 1 < N < H < G such that v | |H/N| and
H/N is a minimal normal subgroup of G/N.

Proof. Suppose 1 = Ny < N3 < --- < N, = G is a chief series of G. Then there
exists ¢ such that p | |[N;/N;_1|. Let H= N;and N =N;_;. Then 1 < N< H <G
is a normal series of G, H/N is a minimal normal subgroup of G/N, and r | |H/N|.
Clearly, H/N is a simple group. O

Lemma 3.3. Letr > 5 and let 1 < N < H < G be a normal series of G, where
H/N is a simple group and r | |H/N|. Let R € Syl,(G) and Q € Syl.(G/N).

(1) INa/n(Q) = |Nu/n (Q)I|G/H| and NN (R)[|Na/n(Q)] = [N (R)| = r(r — 1).
(ii) If P € Syl,(N) with |P| = p*, where p is a prime and k > 1, then either
[H/NITTZe (0F = p°) or p¥[Neyw Q)] r(r = 1).

Proof. (i) By Frattini’s argument, G/N = N¢g,n(Q)(H/N). Thus

G/H = Ng/n(Q)/Nu/n(Q)-

So the first equality holds. Since we have

Ng/n(Q) = Ng(R)N/N = Ng(R)/Nn (R),

the second equality is also true.

(ii) By Frattini’s argument again, H = Ng(P)N. Thus, we have H/N =
Ny (P)/Ny(P). Since H/N is a simple group, Cy(P)Ny(P) = Ny (P) or Ny (P).
If Cy(P)Nn(P) = Ny (P), then r | |Cu(P)|. Without loss of generality, we may
assume R < Cy(P). It means that Ny(R) > P. Then p*|Ng/n(Q)| | r(r — 1) by
(i). If Cy(P)NN(P) = Nn(P), then Cy(P) < Ny(P). Thus |Ngy(P)/Nn(P)| |
|[Ng(P)/Cg(P)|. Since |H/N| = |[Ng(P)/Nn(P)| and Ny (P)/Cu(P) is isomor-
phic to a subgroup of Aut(P), |H/N| | |Aut(P)|. Since |Aut(P)| | ]_[Z 0 (p — ),
[H/N| | T (0 = p'). m
Lemma 3.4. Letr > 5 and let 1 < N < H < G be a normal series of G with
H/N simple and r | |H/N|. If|N|,|G/H|, = p* with k > 1 and |H/N| not dividing
2y (0F — "), then p* | (r —1).
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Proof. Assume |N|, = p*. If t = 0, then p* | |G/H|. By Lemma 3.3 (i), p* |
r(r —1). If t > 1, since |H/N| does not divide TI¥=; (p* — p’) and Hi:kl_t(pk -
p') = pt=t) H;;é(pt — p?), we have that |H/N| does not divide H;;é(pt —p9).
By Lemma 3.3 (i), p*|Ng/n(Q)| | r(r — 1), where Q € Syl.(G/N). By Lemma
3.3 (i), |Ng/n(Q)| = |Nu/n(Q)||G/H|, so we have p'|G/H| | r(r — 1). Since
IN|,|G/H|, = p* and |N|, = p*, we obtain |G/H|, = p*~t. Thus p* | r(r — 1).
Since 7 | |H/N|, it is easy to know p # r. Therefore, p* | (r — 1). O

Lemma 3.5. Let v > 5 and let 1 < N < H < G be a normal series of G with
H/N simple. If r | |H/N|, then t.(1) | |H/N| and H/N is a non-ablian simple
group and G 1is not solvable group.

Proof. We first prove that ¢,.(1) | |H/N|. If t,(1) { |H/N]|, then there exists a prime
p satisfying /2 < p < r such that p | |[N||G/H|. Since r | |H/N|, |H/N|t (p — 1).
Hence p | (r — 1) by Lemma 3.4. But (r — 1)/2 < r/2, contrary to r/2 < p. Since
the number of prime factors of ¢,(1) is greater that 1, then H/N is a non-ablian
simple group. Clearly G is not solvable group. O

Lemma 3.6. Ifr > 59 and let 1 < N < H < G be a normal series of G with H/N
simple and r | |[H/N|,

(i) If ged(t.(6),r — 1) = 1, then t,.(6) | |H/N].

(i) If ged(t.(6),r — 1) is a prime p, then (t-(6)/p) | |H/N]|.

Proof. By Lemma 3.5, t.(1) | |H/N|. Suppose t.(6) t |H/N|. There exists a
prime ¢ with 7/7 < ¢ < r/2 such that ¢ | |[N||G/H|. Let |N|,|G/H|, = ¢*. If
|H/N]| | Hi:ol(qk —¢%) with 1 < k <6, then ¢,.(1) | Hle(qi —1). By Lemma 2.1,
the number of prime factors of ¢,.(1) is greater than 6. But the number of primes
p with p | H?Zl(qi — 1) and /2 < p is less than or equal to 6, a contradiction.
By Lemma 3.4, ¢® | (r —1). If ged(t,(6),7 — 1) = 1, then k = 0, contrary to
q | |IN||G/H|. Hence, (i) is true. If ged(¢-(6),7 — 1) = p, then k =1 and ¢ = p. It
follows that (¢.(6)/p) | |H/N|. This proves (ii). O

Lemma 3.7. Letr > 5. If1 < N < H < G is a normal series of G, t.(1) | |[H/N/|,
and H/N is a non-abelian simple group, then H/N = A,..

Proof. We consider the following cases:

Case 1. v = 5. In this case, we have |H/N| = 23 -5 with a < 3. It is clear
that H/N = As.

Case 2. v = 7. In this case, we have |H/N| = 2935 .7 with a < 4 and b < 2.
It is clear that H/N = A7.

Case 8. 11 < r < 19. Note that |G| < 10%® for 11 < r < 19. If H/N is not
isomorphic to any alternating group, since t.(1) | |H/N|, by [1, pp. 239-241], H/N
is isomorphic to one of the following groups:
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Mog (for r =11
Suz (for r =13
HS (for r =11),  Us(q) of order > 10'2,

2(q) of order > 105, Go(q) of order > 102,

(9)

(9)

MecL (for r = 11), L4(q) of order > 10%°,
(9)

(9)

), L
), L

Figy (for 7 = 13),  Uy(q) of order > 10%°,
Us(2) (for 7 =11), Si(q) of order > 106,

If H/N is isomorphic to one of the six groups on the left side, by |H/N| | |G|,
we have H/N = Mss and r = 11. So |N|3|G/H|3 = 3 by |Sr|s/|Maz|s = 3.
Since |Mas| 1 (32 — 3)(3%2 — 1), we have 3 | 10 by Lemma 3.4, a contradiction.
Suppose H/N is isomorphic to a simple group of Lie type in characteristic p. Let
|H/N|, = p'. If H/N is isomorphic to L4(q), Us(q), Si(q), or Ga(q) of order
> 10'°, then p' > 10° by Lemma 4 in [10]. When p > 3, by Lemma 2.3, 105 <
pt < plr=D/=1) < 3(=1)/2 < 311 5 contradiction. When p = 2, since 2'% 1 |G/,
we have 106 < p! < 28 a contradiction. If H/N = Us(q) (q = p*), then p # 11 by
p3* | |Us(q)| and 11% { |G|. Thus 11 | p?* — 1 or 11 | p* 4 1. Since 11 { p? — 1, we
have exp;;(p) = 5 or 10. Therefore, 5 | k. Thus p** + 1 has a prime factor > 31
(see Lemma 2 in [11]), contrary to r < 19. Similarly, we derive a contradiction if
H/N = Ly(q) or Ls(q).

Case 4. 23 < r < 43. Since t,.(1) | |H/N], it is easy to prove that H/N is not
isomorphic to any sporadic simple group. If H/N is isomorphic to a simple group of
Lie type in characteristic 23, we have H/N = L5(23) or Ly(232). If H/N = Ly(23),
we have r = 23, since 29 1 |L2(23)]. But 19 1 |L2(23)|, contrary to t.(1) | |[H/N].
If H/N = L5(23%), then r = 43. But 43 { |L2(23%)], again contrary to r | |[H/N]|.
If H/N =3 Dy(p*) with p # 23, then 23 | p®F + p** + 1 or 23 | p°* — 1. Moreover,
23 | p'?¥ — 1. We have expyz(p) = 11 or 22 since 23 { p?> — 1. Thus, 11 | k. Then
32 | 2D4(p*)|, contrary to p'3% 4 |G|. If H/N is isomorphic to a simple group
of Lie type in characteristic p except ®Dy(p*) with p # 23, let |H/N|, = p*. By
examining the orders of simple groups of Lie type, we know that there exists a
positive integer ¢ < s such that 23 | p* + 1 and (p' + 1) | |H/N]|, or 23 | p* — 1 and
(pt — 1) | [H/N|. As above, we can prove 11 | t. Thus, s >t > 11. Since p'! 1 |G]
for r <43 and p > 5, we have p = 2 or 3. Since 2 and 3 are not primitive roots, we
have (2 — 1) | |H/N| or (3'* — 1) | |H/N|. But 2!* — 1 and 3!! — 1 have a prime
factor > 43, contrary to r < 43.

Case 5. 47 < r < 79. In this case, 47 | |[H/N|. It can be proved that H/N is
isomorphic to an alternating group as above.

Case 6. r > 83. Clearly, H/N is not isomorphic to any sporadic simple group
for r > 83. If H/N is isomorphic to a simple group of Lie type in characteristic
p and |H/N|, = p', then |H/N| < p* by Lemma 4 in [10]. In particular, if H/N
is not isomorphic to Ly(pt), then |H/N| < p/3. We first prove p < r/7. If
r/2 < p <, then we have H/N = Ly(p). Since |La(p)| = p(p? — 1)/2, the number
of prime factors of ¢,.(1) is not greater than 2, contrary to Lemma 2.1. If r/(s+1) <
p < r/s with s = 2 or 3, then ¢,.(1) < |H/N|/p' < p?* < p?* < pb < (r/2)°. But
t-(1) > (r/2)7 by Lemma 2.1, a contradiction. If r/(s+1) < p < r/s with4 < s <6,
by Lemma 3.6, we have (2/r)t.(3) < |[H/N|/pt < p* < p* < p'? < (r/4)'2. By
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Lemma 2.1, we have (2/7)t.(3) > (2/r)(r/4)*t}/2)(1) > (r/4)'?, a contradiction.
Now we prove that p < r/7 is impossible.

(i) If r > 409 and p > 3, by Lemmas 2.2, 2.3, and 3.6, we have e!201" <
(2/r)t,(6) < |H/N|/pt < p?* < p?(r=D/=1) < (p?/(P=D)" < 37 But ''2! > 3, a
contradiction.

(ii) For the case where r > 409 and p = 2, if H/N is not isomorphic to L (2%),
we have €201 < (2/r)t,.(6) < |H/N|/2t < 25%/3 < 257/3_ But 201 > 25/3 4
contradiction.

Suppose H/N = Ly(2%). Since (22 —1) | |L2(2%)| and 2% — 1 has a prime factor
q satisfying exp,(2) = 2t (see Lemma 2 in [11]), we have 2t + 1 < ¢ < 7. Hence,
el 2017 < (r/2)t,.(6) < 22! —1 < 27, a contradiction.

(iii) If 83 < r < 401 and p > 7, we can deduce %77 < 77/3 as above, a
contradiction.

(iv) If 83 < r <401 and p < 5, we have 83 | |H/N| by Lemma 3.6. Similar to
the argument used in the case where 23 < r < 43, we can deduce p*' — 1 | |H/N]|
or p' + 1| |H/N|. But p*! — 1 and p*!' + 1 have a prime factor > 401 for p < 5,
contrary to r < 401.

We have proved that H/N = A,. Now set H := H/N = A, and G := G/N.
On the other hand, we have:

A, =H = HC5(H)/Cg(H) < G/Cq(H) = Ng(H)/C5(H) < Aut(H).

Let K = {z € G| 2N € C5(H)}, then G/K = G/Cz(H). Hence A, < G/K <
Aut(A,), and hence G/K =2 A, or G/K = S,.. If G/K = A,, then |K| =2. We
have N < K, and N is a maximal solvable normal subgroup of G, then N = K.
Hence H/N = A, = G/N, then |[N| = 2. So G has a normal subgroup N of order
2, generated by a central involution z. Therefore G has an element of order 2r.
Now we prove that G does not any element of order 2r, a contradiction. At first
we show that r || ma(S,) = ma(G). We have ma(S,) = Y |cls,. (xr)| such that
|zk| = 2. Since 2 # 1,7, the cyclic structure of x;, for any k is 1112t .. [ where
ti,t2,...,1;,1,2,...,1 are not equal to r. On the other hand, we have |clg, (zx)| =
rl/102t2 [t gl !, Hence mo(S,) = rlh, where h is a real number. Since
ma(Sy) £ 7!, then 0 < h < 1. Therefore r || m2(S,). We know that if P and @
are Sylow r-subgroups of G, then they are conjugate, which implies that Cg(P)
and Cq(Q) are conjugate. Since 2r € 7. (G), we have mq,(G) = ¢(2r)n, (G)k =
(r — 1)k, where k is the number of cyclic subgroups of order 2 in C(P,). Hence
m.(G) | mar(G). On the other hand, 2r | (1+ma(G) +m,(G) +ma.(G)), by (2.1).
Since r | (14+m,(G)) and r | ma(G), then r | ma,(G). Therefore by (r—1)! | ma,(G)
and 7 | ma,(G), we can conclude that r! | me,.(G), a contradiction. Hence G/K is
not isomorphic to A,, and hence G/K = S, then |K| =1 and G = S,. Thus the
proof is completed. O

Corollary 3.8. Let G be a finite group. If |G| = |S;|, where r is a prime number
and |Ng(R)| = |Ns,.(S)|, where R € Syl,.(G) and S € Syl (S,), then G = S,.

Proof. Tt follows at once from Theorem 1. O



20 A. K. Asboei, S. S. S. Amiri, A. Iranmanesh, A. Tehranian

Corollary 3.9. Let G be a finite group. If |[Ng(P1)| = |Ns,.(Ps)| for every prime
p, where P1 € Syl,(G), P € Syl,(S;) and r is a prime number, then G = S,.

Proof. Since |Ng(Py)| = |Ns,(P2)] for every prime p, where P; € Syl,(G), P, €
Syl,(Sy), we have |Pi| = |P2|. Thus, |G|, = |S;|, for every prime p. Hence,
|G| = |Sy|. Tt follows that G = S,. O

4. Proof of the Main Theorem 2

We now prove the theorem 2 stated in the Introduction. Let G be a group such that
nse(G) = nse(S,), where r < 5 x 10® and 7 — 2 are prime numbers and r € 7(G).
By Lemma 2.7, we can assume that G is finite. The following lemmas reduce the
problem to a study of groups with the same order with 5.

Lemma 4.1. Ifi € m.(S;), t # 1 and i # v, then r || m;(S,).

Proof. We have m;(S,) = >_ |clg, (x))| such that |zg| = 4. Since ¢ # 1,7, the cyclic
structure of xy, for any k is 1112%2 .. [%, where t1,to,...,%,1,2,...,1 are not equal
to r. On the other hand, we have |clg, (x))| = r!/1%12%2 . 1tylt,! .. ;). Hence
m;(S,) = rlh, where h is a real number. Since m;(S,) § 7!, then 0 < h < 1.
Therefore r || m;(S;). O

Lemma 4.2. |P.| =r.

Proof. At first we prove that if r = 5, then |P5;] = 5. We know that, nse(G) =
nse(Ss) = {1,20,24,25,30}. We show that 7(G) C {2,3,5}. Since 25 € nse(G),
it follows from (2.1) that 2 € 7(G) and ma = 25. Let 2 # p € n(G). By (2.1),
we have p € {3,5,31}. If p = 31, then by (2.1), m3; = 30. On the other hand,
if 62 € m.(G), then by (2.1), we conclude that mgz = 30 and 62|86, which is a
contradiction. Therefore 62 ¢ m.(G). So Ps; acts fixed point freely on the set of
elements of order 2, and | Ps1| | m2, which is a contradiction. Thus 7(G) C {2, 3, 5}.
It is easy to show that, ms = 24, by (2.1). Also if 3 € 7.(G), then m3 = 20. By
(2.1), we conclude that G does not contain any element of order 15, 20 and 25. Also,
we get my = 30 and mg = 24 and G does not contain any element of order 16. Since
2,5 € 7(G), hence we have n(G) = {2,5} or {2,3,5}. Suppose that 7(G) = {2,5}.
Then 7.(G) C {1,2,4,5,8,10}. Therefore |G| = 100+20k; +24ks+30k3 = 2™ x 5",
where 0 < k; + ko + k3 < 1. Hence 5 | ko, which implies that k2 = 0, and so
50 + 10k1 + 15k3 = 2™~ 1 x 5. Hence 2 | k3, which implies that k3 = 0. It is easy
to check that the only solution of the equation is (k1, k2, ks, m,n) = (0,0,0,2,2).
Thus |G| = 2% x 52. It is clear that 7.(G) = {1,2,4,5,10}, hence exp(P) = 4,
and P, is cyclic. Therefore no = my/é(4) = 30/2 = 15, since every Sylow 2-
subgroup has one element of order 2, then mos < 15, which is a contradiction.
Hence 7(G) = {2,3,5}. Since G has no element of order 15, the group Ps acts
fixed point freely on the set of elements of order 3. Therefore |Ps| is a divisor of
mg = 20, which implies that |Ps;| = 5. Now suppose that r # 5, by Lemma 4.1, we
have 72 { m;(G), for any i € m.(G). On the other hand, if 73 € 7.(G), then by (2.1)
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we have ¢(r®) | m,s(G). Thus 72 | m,s(G), which is a contradiction. Therefore
r® & 7e(G). Hence exp(P.) = r or exp(P,) = r?. We claim that exp(P.) = r.
Suppose that exp(P,) = 2. Hence there exists an element of order 72 in G such
that ¢(r?) | m,2(G). Thus r(r—1) | m,2(G). And som,2(G) = r(r—1)t, wherer { t.
If |P.| = 72, then P, will be a cyclic group and we have n,.(G) = m,2(G)/¢(r?) =
r(r—=1)t/r(r—1) =t. Since m,(G) = (r—1)!, then (r—1)! = (r—1)n,(G) = (r—1)t.
Therefore t = (r—2)! and m,2(G) = r(r —1)(r —2)! = r!, which is a contradiction.

If |P,| = r%, where s > 3, then by Lemma 2.6, we have m,2(G) = 72l for some
natural number [, which is a contradiction by Lemma 4.1. Thus exp(P,) = r. By
Lemma 2.5, |Py| | (1 +m,(G)) =1+ (r — 1)I. By [12], |P,| = . O

Lemma 4.3. 7(G) = n(S,).

Proof. By Lemma 4.2, we have |P.| = r. Hence (r — 2)! = m,.(G)/¢(r) = n.(G) |
|G|. Thus 7((r — 2)!) C 7(G). Now we show that 7(S,) = n(G). Let p be a
prime number such that p > r. Suppose that pr € 7.(G). We have m,,.(G) =
¢(pr)n-(G)k, where k is the number of cyclic subgroups of order p in Cg(P;).
Hence (p — 1)(r — 1)! | my,. On the other hand, since p is prime and p > r, then
p—1>r. Thus (p—1)(r—1)! > r!, then m,, > r!, which is a contradiction. Thus
pr & m.(G). Then P, acts fixed point freely on the set of elements of order r, and
so |P,| | (r —1)!, which is a contradiction. Therefore p € 7(G). By the assumption
r € m(Q), hence 7(G) = 7(S,). O

Lemma 4.4. G has not any element of order 2r.

Proof. Suppose that G has an element of order 2r. We have
e (G) = B2 Gk = (r — D,

where k is the number of cyclic subgroups of order 2 in Cg(P,). Hence m,(G) |
ma,(G). On the other hand, 2r | (1 + ma(G) + m,-(G) + ma-(G)), by (2.1). Since
r| (1 +m,(G)) and r | ma(G) by Lemma 4.1, r | mg,(G). Therefore by (r — 1)! |
ma,(G) and 7 | ma,(G), we can conclude that r! | ms,.(G), a contradiction. O

Lemma 4.5. G has not any element of order 3r,5r,7r,..., pr, where p is the prime
number such that p < r.

Proof. The proof of this lemma is completely similar to Lemma 4.4. O
Lemma 4.6. If p=r — 2, then |Py| =p and n,(G) =7!/2p(p — 1).

Proof. Since pr ¢ m.(G), then the group P, acts fixed point freely on the set of
elements of order r, and so |P,| | m,(G) = (r — 1)!. Thus |P,| = p. Since Sylow
p-subgroups are cyclic, then n,(G) = m,(G)/é(p) = r!/2p(p — 1). O

Lemma 4.7. |G| = |S,|.
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Proof. We can suppose that |S,.| = 2F23%35ks ... [kipr where ko, k3, ks, . .., k; are
non-negative integers. By Lemma 4.4, the group P, acts fixed point freely on the
set of elements of order r, and so |P,| | m,(G) = (r —1)!. Thus |P| | 2*2. Similarly
by Lemma 4.5, we have |Ps| | 3%,...,|P]| | [¥. Therefore |G| | |S.|. On the other
hand, we know that (r — 2)! = m,(G)/é(r) = n,(G) and n,(G) | |G| and n,(G) =
r1/2p(p—1) | |G|, then the least common multiple of (r—2)! and r!/2p(p—1) divide
the order of G. Therefore r!/2 | |G| and so |G| = |4,] or |G| = |S,|. If |G| = |A,|,
by m,(Sy) = m.(A,) = (r — 1)}, then |[Ng(R)| = |Na,.(S)|, where R € Syl,.(GQ)
and S € Syl,.(A,), similarly to main Theorem 1, G = A,. But we can prove that
nse(G) # nse(A,). Suppose that nse(G) = nse(A,), since nse(G) = nse(S,), then
ma(Sy) = ma(A4,). On the other hand ma(S,) = > |cls, (z;)] such that |z;| = 2,
since cyclic structure 17722 no exists in A, then it is clear that ms(S,.) > ma(A,),
a contradiction. Hence |G| = |S,|. O

Now by the main Theorem 1, G = S,., and the proof is completed.
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