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Introduction

The study of the behavior in function spaces of Rademacher series

0
E ATk,
k=1

where the Rademacher functions are
r.(t) = signsin(2"7t), t €10,1],

is a classical problem that has attracted much attention.
In the case of the Lebesgue spaces LP([0, 1]), Khintchine proved in 1923 that given
any 0 < p < oo, there exist constants A,, B, > 0 such that

1/2 1/2
A,,(Zai) < H Zam‘ oo = Bp<2ai> > (1)

E>1 E>1 E>1

for (a;)3° € 2, [19]. Note, for p = oo, that

HZakr HL°° ([0,1]) Z’akl'

k>

Khintchine inequality has been extended to other function spaces. Rodin and
Semenov proved in 1975 that, given a rearrangement invariant space X on [0, 1], the

inequality
9\ 1/2 5\ 1/2
A(at) < o], < ox(3oai)

k>1 E>1 k>1

holds for some constants Ay, By > 0 for all (a;)5° € ¢? if and only if
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where G is the closure of L™ in the Orlicz space L2 generated by the Young function
My(t) := exp(t?) — 1, [26]. This result highlights the role of G as the minimal of all
rearrangement invariant spaces where Khintchine inequality holds.

A result proved in 1979 independently by Rodin and Semenov and by Linden-
strauss and Tzafriri shows that the closed subspace generated by the Rademacher
functions in a rearrangement invariant space X is complemented in X if and only
if the embeddings G C X and G C X’ hold, where X’ is the associate space of
X, [22, Theorem 2.b.4] and [27].

Rodin and Semenov’s 1975 result mentioned above shows, for rearrangement in-
variant spaces between G and L', that the subspace generated by the Rademacher
functions is isomorphic to 2. For function spaces X which are “close” to L*™ (in
the sense that they are interpolation spaces between L> and (), the subspace gen-
erated by the Rademacher functions has been characterized by Astashkin in 2001
by means of the K—method of interpolation: there is a one-to—one correspondence
between the interpolation spaces between ¢! and ¢? and the subspaces generated by
the Rademacher functions in the interpolation spaces between L and G, [2].

The local versions of Khintchine inequality are one of the main subjects in this
dissertation. By local version we refer to inequalities of Khintchine’s type, but where
the functions are restricted to a measurable set E C [0, 1] of positive measure. For
example, let £ := (0,1/2"). From the fact that ry,,(x) = r(2"z) for x € E, and
that (rx) is an orthonormal system, we have

</E‘k§1akrk(gj)’2%>1/2:(/o ‘;akJrnrk(x)’ :r)l/2 < Z ak> :

k>n+1

for (ag)° € (2.

Can this be extended to the case when F is an arbitrary set of positive measure?
Zygmund proved in 1930 the first local version of Khintchine inequality: there exist
constants A, By > 0 such that, given a set £ C [0,1] of positive measure, there
exists N = N(FE) such that

A5 3 ot )= (), | 2w T))l/QSBQ(;ﬁ)m’

for (a);° € 2. This result was extended to the spaces LP by Sagher and Zhou in
1990, who proved that for any 0 < p < co, the inequality

A;(IQZN@%)I/Q < </E’I;Vakrk(t) p%y/p < B;(Zai>1/2 @)

k>N
vi




holds for (ax)?° € £*, with constants A, B, > 0 depending on p.

Sagher and Zhou also proved in 1996 a local version of Khintchine inequality for
the Orlicz space LM generated by M, (t) := exp(t) — 1 (this space is also known
as the space Ley, of functions of exponential integrability), which states that there
exist constants A}, , By, > 0 such that, given a set E C [0, 1] of positive measure,
there exists N = N(FE) such that

> 1/2
(5 0)" <] S
k>N

° 1/2
< B (Y at)
LM1(E,dt/m(E)) — M Zak

for (a;)$° € 2. The norm in the space LM (E, dt/m(E)) is

dt
::'f{)\ : t )\—1—<1}.
Il @ty = {3 > 0+ [ (expllf @)}/ = )5 <
In view of the embeddings
L*®cGc LM c M,

and motivated by Rodin and Semenov’s theorem, we have studied the extension
of Sagher and Zhou’s local result for LM! to the space LM2. This is presented in
Chapter 1, where we prove the extension and consequently deduce the result above
for all spaces LMr with 1 < p < 2 (Theorem . In particular, we obtain the result
of Sagher and Zhou with a simpler proof; originally it required the dyadic BMO
norm of a function of the form exp(d_ axry).

The last section of Chapter 1 is devoted to extending a result by Sagher and Zhou
related to the Walsh system. This is a complete, orthonormal system consisting of
all finite products of Rademacher functions. Sagher and Zhou proved in 1990 that
Khintchine inequality also holds in L? for the lacunary Walsh series, that is, given
0 < p < oo and a lacunary Walsh subsequence (w,, ) with ng1/n; > ¢ > 1 for all
k > 1, there exist constants A(p, q), B(p,q) > 0 such that

1/2

A(p,Q)(iai>l/2 < (/01 ( iakwnk(t) pdt>1/p < B(zw)(iaﬁ) :

for (a;)° € £, [29]. Sagher and Zhou also proved in 1990 a local version of the
previous result for L7,

A'(p,q) ( i_o: ai)

1/2

p%f” < B'(p, Q)(i@ :

k=1

< ([E‘gakwnk(t)
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for ny > N and (a;)° € (2. We show that the local version of Khintchine inequality
for lacunary Walsh series also holds for the space L2 (Theorem . We also
show that Rodin and Semenov’s and Lindenstrauss and Tzafriri’s theorems on the
subspace generated by the Rademacher functions and its complementability in a
rearrangement invariant space hold for lacunary Walsh series (Theorems and
1.20)).

Given a rearrangement invariant space X on [0,1] with G C X, the question
arises of studying the validity or not of a local version of Khintchine inequality
for X. Related to this problem is that of giving a local version of the norm in a
rearrangement invariant space X where an explicit expression of the norm is not
available. These problems have been considered by Astashkin and Curbera, who
proved in 2015 the following result, [5]. Let ¢x denote the fundamental function of
X (that is, ox(t) == ||xj04/lx, 0 <t < 1), and for f a measurable function on a set
E C [0,1] of positive measure, denote

1
1 fllx ) = m”fmﬂx-

Then, the inequality

Ay ( i ai) v < H Z agTy
k>N

k=N

© 1/2
< B! < 2)
xm ~ X Z Uk

k=N

holds, for some N = N(E), constants A’y, By > 0 and all (a;)® € ¢2, if and only if
the lower dilation index vx of X satisfies

vx > 0.

Since the lower dilation indexes of the spaces LMt and L™2 are ypu, = vy, = 0,
the above result does not allow local versions of Khintchine inequality of this type
for the spaces LM and LMz, In Chapter 2 we give and study a different definition
of local rearrangement invariant space, which we denote by X|FE. The norm of the
space X|E coincides with the norms in the local versions of Khintchine inequality
by Zygmund and Sagher and Zhou for X = L?, L™ and LM2. With this definition,
the inequality

(Y a) <% B (S a)”
@) =S|, = B (X )
X k e kT k+N X|E X P k

holds, for some constants A, By > 0 and all (a;)® € ¢?, for any rearrangement
invariant space X with G C X (Proposition [2.10)).
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In the case when G C X, the local version of Khintchine inequality for X|E
above and Rodin and Semenov’s theorem imply, for some N = N(F) and constants
C1,Cy > 0 depending on X, that

4 E apri|| < H E aka+NH < (Cy
X X|E
k>1 >1

(3)

E arTy
X
k>1

for (ay)$° € (2.

In Chapter 3 we address the problem of extending inequality to the case when
G ¢ X. The definition of the space X|E turns out to be compatible with the notion
of systems equivalent in distribution. This allows the following approach: we prove,
for aset £ C [0, 1] of positive measure satisfying a certain condition, that there exists
N = N(E) such that the system of all Rademacher functions (r;) on ([0, 1],m) is
equivalent in distribution to (ryyn) on (E,m/m(F)). This result implies (3)) for any
rearrangement invariant space X (Theorem , and allows to give a local version
of Astashkin’s theorem for interpolation spaces between L* and G.

A different approach to extending Khintchine inequality to the local setting
would be via the independence of the Rademacher functions on the measure space
(E,m/m(E)). We give a partial result in this regard (Theorem [3.11]).

We study when the local spaces X|E and X (F) coincide: precisely when the
fundamental function ¢t — @x(t) and the norm of the dilation operator t — hx (%)
are equivalent functions (Proposition [2.12)).

The Rademacher functions have been considered in 2010 in the Cesaro spaces by
Astashkin and Maligranda, [8]. For 1 < p < oo, the Cesaro space Ces(p) consists of
all functions f on [0, 1] such that

| fllcesr) = (/01 (i /Ow If(t)] dt)pdx>1/p < 0.

The previous results do not apply in this case, since these spaces are not rearrange-
ment invariant. The case of the weighted Cesaro spaces Ces(w,p) has also been
considered in [§]. For w(z) a positive weight, the space Ces(w,p) consists of all
functions f on [0, 1] such that

1 llcestws) = (/01 (ﬁ /0 |f(t)]dt)pdm>1/p ..

Astashkin and Maligranda proved in 2010, for 1 < p < oo, that the closed
subspace generated by the Rademacher functions in Ces(p) is isomorphic to ¢ [8,
Theorem 1]. They also identified the norm of a Rademacher series in Ces(w,p) in

1X



the case when p = 0o and w is a quasiconcave weight [8, Theorem 2], and proved
the non complementability of the subspace generated by the Rademacher functions
in Ces(p) and in Ces(w, 00), |8, Theorems 5 and 6].

In Chapter 4 we extend these results to the spaces Ces(w,p) with 1 < p < o0
and w an arbitrary weight. We set different conditions on the weight w and study
their relation with the subspace generated by the Rademacher functions in Ces(w, p)
(Proposition . For a weight w satisfying certain natural conditions, we prove, for
1 <p< oo, that

00
|3
k=1

n+1

> + l@al))

k=1

1/2" N
Wpp 1= / (—) dx, n > 0.
1/2n+1 \w()

(Theorem . We study the case when the Rademacher functions generate in
Ces(w,p) a closed subspace isomorphic to ¢? (Theorem , and show that this
subspace is not complemented in Ces(w, p) for 1 < p < co and a very general weight
w (Theorem [4.10).

Some of the results contained in this memoir are included in the following papers:

00
(S
p’n

Ces(w,p) (n:O

where

e J. Carrillo-Alanis, On local Khintchine inequalities for spaces of exponential
integrability. Proc. Amer. Math. Soc., 139(8):2753-2757, 2011, [13].

e J. Carrillo-Alanis, Rademacher functions in weighted Cesaro spaces. Studia
Math., 217(1):19-40, 2013, [14].

e J. Carrillo-Alanis, Local rearrangement invariant spaces and distribution of
Rademacher series. Positivity, to appear, [15].

e J. Carrillo-Alanis, Lacunary Walsh series in rearrangement invariant function
spaces. In preparation.



Preliminaries

Rearrangement invariant spaces

Let (R,Y, 1) be a measure space. We denote by L°(u) := L°(R, %, 1) the set of all
p—measurable functions f : R — [—00, +00]. We will assume that p(R) is finite and
(R, X, 1) non—atomic.

Following the presentation by Zaanen, [32, Ch. 15|, a Banach function space
over (R, Y, ) is a linear subspace X of (classes of) measurable functions in L%(yu),
endowed with a complete norm || - ||x, such that ¢ € X and |f]| < |g| a.e. implies
f e X and ||f|lx < |lgl]lx- Note that other authors use more restrictive definitions
of Banach function space. For example, Lindenstrauss and Tzafriri, [22], require X’
being isomorphic to X*, and Bennett and Sharpley, [10], require X having the Fatou
property.

The associate space X’ of a Banach function space X consists of all measurable
functions g € L%(u) for which the associate functional

ol = sup{] [ soau] 11l <1}

is finite.

A Banach function space X is saturated if for every set E with p(E) > 0 there
exists F' C E such that u(F) > 0 and yr € X. This property is equivalent to the
associate functional || - | x» being a norm in X’; see [32, Ch. 15, §68, Theorem 4].

For X Banach function space, the inclusion X’ C X* always holds between
the associate space X’ and the dual Banach space X*. A Banach function space
has absolutely continuous norm when order bounded increasing sequences are norm
convergent. For X a Banach function space, X’ is isomorphic to X* if and only if X
has absolutely continuous norm.

We will denote the distribution function of f € L°(u) by

prA) = p{e e R:[f(2)] > A}),  A>0

X1



A Banach function space X over (R, X, i) is rearrangement invariant (r.i.) if py =
iy and f € X implies ¢ € X and |g||x = | f|lx. The associate space X' of a
rearrangement invariant space X is also a rearrangement invariant space.

The spaces LP := LP(R, 3, ) are the classical example of r.i. space. These spaces
consist of all measurable functions f € L°(u) such that the norm || ]|, is finite, where

1= ([ 1rran)”

1 flloc == esssup [f(z)]
TER

for 1 < p < oo, and

for p = co. For 1 < p < oo, the associate space of LP is (LP)" = L%, where p and ¢
are conjugate exponents, that is,

Sio=1
P q
For 1 < p < o0, since LP has absolutely continuous norm, the associate space (L)
coincides with the Banach dual space (LP)*.
The decreasing rearrangement of f € L%(u) is the function defined by
fi(t) :==1inf{A > 0: pugp(t) > A}, t € [0, u(R)].

I

In the case when R = [0,1] and p = m is the Lebesgue measure, we will denote by
f* the decreasing rearrangement of f.
The following version of Hélder’s inequality holds for r.i. spaces:

n(R)
/Ifg\duﬁ/ fa)gn (@) dt < || fllxlgllx- (4)
R 0

for f € X and g € X.

Let X and Y be Banach function spaces over (R, Y, ut). The space X is continu-
ously embedded into Y, which we denote by X C Y, if there exists a constant C' > 0
such that

Iy <Clfllx,  feX

If X CVY, then Y C X', with the same embedding constant.

The second associate space of X is X” := (X’)". The embedding X C X" holds
for any Banach function space X. The case when X” = X is related to the Fatou
property. A Banach function space X satisfies the Fatou property if f, € X with

xil



| fullx < M foralln > 1 and 0 < f, < for1 7 f ae. implies that f € X and
| fllx = sup,, || fullx- A Banach function space X satisfies the Fatou property if and
only if X" coincides with X.

For X an r.i. space on a finite measure space (R, X, i), the continuous embeddings

L*(R,pu) C X C L'(R, )

hold. The closure of L in X will be denoted by Xy. The property (X”)y = Xo
holds.

The fundamental function and the dilation operators

Let X be an r.i. space over (R, X, u). Since we assume that (R, ) is non—atomic,
for every t € [0, u(R)] there exists E C R such that u(F) = t. The fundamental
function of X is

px(t) = lIxpllx,  0<t<u(R).
Since X is rearrangement invariant, ¢y is well-defined. The fundamental functions
of X and of the associate space X' are related by means of the equality

ex()ex/(t)=t,  0<t < p(R).
The lower fundamental index of X is
log Meax (t)

= lim ——————=
= A logt ~’

where

px(st)
M, (t):== sup .
X 0<s,st<u(R) PX (S)

Let X be an r.i. space over ([0,al, m), where 0 < a < oo and m is the Lebesgue
measure. For each ¢t > 0 and f € L°%(m), define the dilation operator

f(ts), 0<s<al/t,
0, s> aft.

(o) (s) = { 5)

Then, the operator o; : X — X is bounded. The dilation function hy is defined by
hx(t) :== ||owel| x—x, t>0.
The dilation function satisfies
hx(t) < max{1,t}, t>0,
and the relationship between hx and hy: is given by the equality
hx(t) =t-hx/(1/t), 0<t<o0.

xiil



Orlicz spaces

A Young function is a function of the form

O(s) = /05 o(u) du, s> 0,

where ¢ : [0,4+00) — [0,400] is increasing, left—continuous and ¢(0) = 0. The
function @ is increasing, convex, with ®(0) = 0 and lim_,, ®(s) = oc.

The Orlicz space L*(R, Y, u) generated by a Young function ® consists of all
measurable functions f € L%(u) for which the norm

e = inf (3> 02 [ @(171/3) du < 1}

is finite.
For ® a Young function, the Orlicz space L?® is rearrangement invariant. The
fundamental function of L?® is given by

1

pre(t) = TI(11) 0<t<p(R). (6)

Orlicz spaces include a number of different function spaces. For ®(t) = 7, p >
1, the norm ||f]/ze coincides with the norm ||f||, of the Lebesgue space LP. The
Young function M,(t) = exp(t’) — 1, p > 1, generates the space LM» of functions
of exponential integrability, which consists of all functions f on (R, i) such that the
norm

11l o = inf{)\ >0: /R (exp(|fI/A)P — 1) dp < 1}

is finite. The spaces of exponential integrability are of particular interest in the
context of the Rademacher functions.
For details on the theory of rearrangement invariant spaces, see [10], [21] and [22].

The K—method of interpolation

Let X, and X; be Banach spaces. The couple (X, X;) is a Banach couple if there
exists a Hausdorff topological vector space X such that X; — X, for ¢« = 0,1. In this
case, the spaces Xo+ X1 :={fo+ f1: fo € Xo, f1 € X1} and XoN X7, endowed with
the norms

| fll X0+, == nf{|| follxo + [[fillx, : f = fo+ f1, fo € Xo, f1 € X1},
||f||X0ﬁX1 = maX{HfHXm ||f||X1}’

X1v



are Banach spaces. A Banach space X for which the continuous embeddings Xy N
X, C X C Xp+ X; hold is called an intermediate space. An intermediate space
between X, and X; is called an interpolation space if, for every linear operator
T: X9+ X1 — Xo+ Xy such that T': Xg — Xy and T : X; — X; are continuous,
then T': X — X is continuous.

One of the main results in the theory of interpolation establishes that inter-
polation spaces between L'(]0,1]) and L>([0,1]) are (after renorming if necessary)
rearrangement invariant, and that rearrangement invariant spaces satisfying the Fa-
tou property or separable are interpolation spaces between L!([0,1]) and L>([0,1])
(for precise details, see |21, Chp. II, §4]). In this memoir we will mainly be con-
cerned with rearrangement invariant spaces which are interpolation spaces between
LY([0,1]) and L>=([0,1]).

The K—method of interpolation provides a technique to construct interpolation
spaces. The K—functional for a Banach couple (X, X;) is defined as

K(f,t; Xo, X1) := inf {|| follx, + tll fillx, - = fo+ fr, fo € Xo, 1 € X1},

for f € Xg+ X; and t > 0. The K—functional is a nonnegative, concave, increasing
function of ¢.

A parameter of the K—method of interpolation is a Banach space F' of sequences
of real numbers, indexed by Z, such that (> N ¢>*(27%) C F, where (*(27%) is the
space of all sequences (ay)rez such that (ax27%)pez € £2°. For F a parameter of the
K-method of interpolation, the space (X, Xl)fé’ consists of all x € Xy + X; such
that

(K(z,2%; X0, X1))kez € F.

The space (Xg, X1)%, endowed with the norm
] = (K (2, 2% Xo, X1))rezl .

is an interpolation space between X, and X;.
Further details on the theory of interpolation of operators can be found in [10], [12]
and [21].

Notation

The symbol < will be used to denote an equivalence with multiplicative constants.
For example,

1f1lx =< llglly

XV



stands for the fact that there exist constants A, B > 0 such that

Allfllx < llglly < Bllfllx-

The dependence of the constants will be specified when necessary.

Xvi



Chapter 1

Local norm inequalities for
Rademacher series

In this chapter we consider the Rademacher functions,
i (t) == signsin(2¥nt), t € 10,1], k>1.

Some classical results on the behavior of the Rademacher system (r4) in function
spaces are presented. Khintchine inequality states that, given any 0 < p < oo,
the closed linear subspace Rad(L?) generated by the Rademacher functions in L” is
isomorphic to £ (Theorem . Let L2 be the Orlicz space generated by Ms(t) 1=
exp(t?) — 1, and let G := (L*2), be the closure of L> in L™2. A theorem of Rodin
and Semenov shows that, for X an r.i. space on [0,1], the condition G C X is
equivalent to Rad(X) being isomorphic to ¢* (Theorem [1.3). Rodin and Semenov,
and Lindenstrauss and Tzafriri, proved that for X an r.i. space on [0, 1], Rad(X) is
complemented in X if and only if G C X and G C X’ (Theorem [1.4).

Local versions of Khintchine inequality have been considered. By a local ver-
sion we mean an inequality of the form of Khintchine inequality, but where the
Rademacher functions are restricted to a set E C [0, 1] of positive measure. A result
by Zygmund from 1930 shows that a local version of Khintchine inequality holds
for the space L? (Theorem . Sagher and Zhou extended this result to L” with
0 < p < oo (Theorem and to the space LM (also known as Ley,) of functions of
exponential integrability (Theorem . We prove the corresponding local version
for the space L2 (Theorem [1.9)).

Next, we focus on the Walsh system (wy,), which consists of all finite products of
Rademacher functions. The Walsh system is complete and not independent, contrary
to the Rademacher system. However, the previous results for Rademacher functions

1



still hold for lacunary subsequences of the Walsh system. Sagher and Zhou proved
that Khintchine inequality and its local version hold in I, 0 < p < oo, for lacunary
Walsh series (Theorem and Theorem[1.13). We extend these local results to the
space L2 (Theorem Which allows to prove a version of Rodin and Semenov’s
theorem for lacunary Walsh series (Theorem . Finally, we give a version for
lacunary Walsh systems of the complementability result by Rodin and Semenov and
by Lindenstrauss and Tzafriri (Theorem [1.20)).

1.1 Rademacher series in rearrangement invariant
spaces

The Rademacher system (7) is an orthonormal, independent, identically distributed
system on [0, 1]. Denote the dyadic intervals of order k by

k. (J—1 7 ok
Ij._<2k,§>, 1<j<2  k>1

The Rademacher function 7 is constant on the dyadic intervals of order k, and takes
values 1 and —1. The graphic below shows the Rademacher functions r; and rs.

N
|
N
| @

The Rademacher system is not complete; for example, (r1ry, ;) = 0 for all & > 1.
The sequences (a);® for which the Rademacher series ), ., axry converges were
characterized by Rademacher |25] and Kolmogorov and Khintchine [20)].

Theorem 1.1 (Kolmogorov and Khintchine; Rademacher). A Rademacher series

§ agTk

converges a.e. on [0,1] if and only if (a;,)5° € 2.

2



Denote by R the set of all Rademacher series that converge a.e. on [0, 1], that is,
R = {Zakrk s (ag)T° € €2}.
k>1

For X a Banach function space on [0, 1], let Rad(X) be the closed linear subspace
generated in X by the Rademacher functions. Describing the space Rad(X) is a
classical problem. Since, for any r.i. space X on [0, 1], the Rademacher functions
(rr) are a basic sequence in X, we have Rad(X) = RN X (see [3, Corollary 1.7],
or |22, Proposition 2.c.1]).

From the fact that (1) is an orthonormal system on [0, 1], it follows that

2\ 172
agr = g a
HZ k kHLQ ( k) ’
k>1 k>1

and so Rad(L?) is isometrically isomorphic to £2. On the other hand, for X = L*°,
|Sond,. - Sl
k>1 k>1

that is, Rad(L>) is isometrically isomorphic to ¢!. Khintchine inequality states, for
0 < p < oo, that the space Rad(LP) is isomorphic to ¢2, [19].

Theorem 1.2 (Khintchine inequality). For each 0 < p < oo there exist constants
Ay, B, > 0 such that

Ap<2a2>

k>1

1/2

1/2
2
< | Xan, <8(Xd)"
k>1 k>1

for (ax)$° € 2.

An important result in the study of the Rademacher system is a theorem by Rodin
and Semenov that characterizes those r.i. spaces X on [0, 1] extending Khintchine
inequality, that is, for which the space Rad(X) is isomorphic to ¢2, [26]. Let L2 be
the Orlicz space generated by the Young function

My (t) = exp(t?) — 1, t>0.
Let G := (LM2), denote the closure of L> in LMz,

Theorem 1.3 (Rodin and Semenov). Let X be an r.i. space on [0,1]. The following
conditions are equivalent.



(i) There exist constants Ax, Bx > 0 such that

ax(at)" < [ Son, < me(Tet) "
E>1

k>1 k>1

for (ag)° € 2.

(i) The continuous embedding G C X holds, that is, there exists a constant C' > 0
such that
Ifllx < Clfll g

for all f € L.

The space G is also relevant in order to characterize the complementability of the
subspace Rad(X). A closed subspace Y of a Banach function space X is comple-
mented in X if there exists a bounded linear operator P : X — Y with P? = P. The
following result was proved independently by Lindenstrauss and Tzafriri, |22, Theo-
rem 2.b.4], and Rodin and Semenov, [27].

Theorem 1.4 (Lindenstrauss and Tzafriri; Rodin and Semenov). Let X be an r.i.
space on [0,1]. The following conditions are equivalent.

(i) The space Rad(X) is complemented in X.

(ii) The continuous embeddings G C X and G C X' hold, that is, there exist
constants C,C" > 0 such that

Ifllx < Cllfllprz, 1 llx < CNSll e,
for all f € L.

1.2 Local versions of Khintchine inequality 1

This section is devoted to different results characterizing the “local norm” of a
Rademacher series. The first result in this regard was given by Zygmund for L?([0, 1])
in 1930 (see |33, Lemma V.8.3]).

Theorem 1.5 (Zygmund). Let E C [0,1] be a set of positive measure. For any
A > 1, there exists N = N(E,\) such that

A im(E) Z ap < / ’ Z agri(t) 2dt < Im(E) Z a (1.1)

E>N E >N E>N

for (ag)° € 2.



Inequality (1.1] m can be written as

A(k 1/2 / ‘ Z akrk 2mdt )1/2 < B(l;va@lﬂ, (1.2)

for (ax);° € £* and some constants A, B > 0. Motivated by the above expression,
one can denote the local norm in L on a set E by

1oty / £(0) | (1.3)

for f a measurable function on E. With this setting, Theorem [1.5]is a local version
of Khintchine inequality for p = 2. The following result by Sagher and Zhou extends
(1.2)) to the case 0 < p < oo, |28, Theorem 1].

Theorem 1.6 (Sagher and Zhou). For any 0 < p < oo, there exist constants

AL, B, > 0 so that for any measurable set E C [0,1] of positive measure, there
exists an N = N(E) such that

o (:o 1/2 / ’ Z aur(t

for (ag)° € 2.

The above result we refer to as the local version of Khintchine inequality in L”.
Sagher and Zhou also proved the local version of Khintchine inequality for the Orlicz
space generated by M;(t) = expt — 1, |30, Theorem 2]|. This space is also known as
the space Ley, of functions of exponential integrability (see |10, Section IV.6]). The
norm in LM is given by

7l 2= inf {3 >0 /0 (exp(7()]/3) ~1)di <1},

Theorem 1.7 (Sagher and Zhou). Let E C [0,1] be a set of positive measure.
Consider the local norm of LM in E,

1AWl (.t ym(y) = mf{A >0: [E (exp(|f(t)/A]) = 1) C(i;) < 1}.

There exist constants A’y , By, > 0 not depending on E and N = N(E) such that

oo 1/2 i 1/2
/ 2 / 2
A ( Z ak) = H Z akrk‘ LM1(E.dt/m(E)) < Ba, ( Z ak) (1.5)

k=N k>N k=N

p%y/pSB;(i’:ai)l/z7 (1.4)

for (ag)° € 2.



This result by Sagher and Zhou provides a definition of local space of exponential
integrability for p = 1, which can be generalized as follows.

Let LM (E, dt/m(E)) be the Orlicz space on (E, dt/m(E)) generated by the func-
tion M, := exp(t?) — 1, for 1 < p < oo, that is, the space of all measurable functions
f on E such that

d
£ 1l 2300 .ty = i {/\ >0 /EMp(f(t)/)\)WjE) < 1} < . (1.6)

Note that the inclusions
Gc LM c ™ cIPcI? 2 < p< oo,

show that Khintchine inequality for an r.i. space X is stronger as X gets closer to
G. In view of the local versions of Khintchine inequality for L2, LP and L', Rodin
and Semenov’s theorem suggests considering the corresponding local result for the
space LMz,

We will need the inequality

Bgn S \/ﬁ, n Z 1,
for the upper constant B, in Khintchine inequality (see [33, Theorem V.8.4]). We
give an estimate for the constant B) in (1.4, which is not explicitly computed in
Sagher and Zhou’s proof of Theorem [L.0]

Lemma 1.8. Forn > 1,
By, <221+ V2)v/n.
Proof. We follow the approach from [28|. For any set E C [0, 1] of positive measure,

there exists a set F' which is a pairwise disjoint family of dyadic intervals such that
Xe < xr a.e. and m(F) <2m(FE). Set F' = F} U Fy, where

= Ly
j=1

is a union of finitely many intervals from F, satisfying F; N Fy = () and m(Fy) <
m(F)% Set N =max{n;:j=1,...,s} + 1.
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Then,

/‘Zakrkt

2n dt )1/2n
()

2n dt 1/2n
—m E) 1/2” /’Zakrkt
M 2n (¢ 1/2n
<2( [ o =)
P IZ]:V m(Fl)

QT t
i 21/2n</ < o dt )1/%'
Ry m(Fy)

Z QT (t)

We find separately upper bounds for the integrals on F; and F5.
Since S°0 \ a7y is periodic with period 1/2V-1,

2n 1/2n m(F1)
(), Zamf am) =

The set F; can be decomposed into a finite union of dyadic intervals of order N — 1,
and so m(Fy) = p/2V~! for some p > 1. By means of the change of variable

= m(F})x, since

akrk(t)
k=N

2n ¢ >1/2n
m(F)

re(zm(Fy)) = sign(sin(2*7ap/2V 1)) = sign(sin(2" VM rx)) = ri_yi1(2),

it follows, from Khintchine inequality, that

m(F) | M 2n 1/2n 2n 1/2n
(/ Z QT (t) / ‘ Z QpT— N+l dl’)
0 k=N
"y (1.7)

1/2
S BQn( Z ai) .

k=N

In order to bound the integral on Fj, from Cauchy—Schwarz inequality we have

M m it

arTr t —_—
/FQ Z ( ) m(Fg)
1 M
XE, (1) \2,\1/2 / ‘ n 1/2
< = arr
([ (Y ([ St

dn N 1/2
dt) ,




which, together with Khintchine inequality, yields

</FQ évakrk(t)

4in 1/4n
dt)

" —%)”” <(/ )l >y

M

- B4n(z ai>1/2-

k=N

(1.8)

From and , we have
B), < 2Y2"(By, + Byy).
From the inequality Ba, < /n , it follows that
B, < 2Y*"(14+2)/n,
which concludes the proof. O

Theorem 1.9. There exist constants Ay, , By, > 0 such that, for any set E C [0, 1]
of positive measure, there exists N = N(E) such that

° 1/2 ° 1/2
/ 2 / 2
A, ( Z ak) = H ];V akrk‘ LM2(E,dt/m(E)) < Bu, ( Z ak) ’ (1.9)

for any (ay)3 € (2.

Proof. Let E C [0,1] be a set of positive measure, and let N = N(FE) be given by
Theorem [[.6] The left-hand side inequality follows from Theorem [L.6] for p = 1

and from the continuous embedding L*? C L', which show that, for some constant
C > 0,

C’lA’1< i ai) v < C’IH Z akrk‘
k>N

k=N

< H akm‘ ;
LY(E,dm/m(E)) ];V LM2(E,dm/m(E))

for (a)3° € £2.
In order to prove the right—hand side inequality, denote

Rya = Z agTy, (ap)$° € 2.

k>N



From the power series expansion of M(t) = expt? — 1 and Lemma we have

[ (exp Ra(0/F = 1)—T Zn,w / \Z;V Q"W
1/2n n

Applying the asymptotic equivalence n! ~ (27n)/2n"e™", given by Stirling’s formula,
there exists an absolute constant Cs > 0 such that

/E (exp Ru (/A — 1)L < 0, 5 WEV2n e

(E) —~ nl/2pne—n)\2n

<oy (2 )"

22
n>1

The geometric series above converges for

A> (L+V2)Ve | (an)iznlle,

and so it follows that Rya € LM2(E, dt/m(E)). Furthermore, the inequality

Cy Z (%”(%)mzﬂ\%)n <1

n>1

holds if and only if

A= V14 Co(1+ V2)Vell(ar)rsnlle.
Thus,

| 32 e
k>N

:inf{/\>0:/E(exp|RN( J/AIZ = 1) C(le) g1}

LM2(E,dt/m(E))

<inf{A>0:0)" (Mn(awwng)" <1}

)2
n>1

=414+ Cy(1+ \/5)\/E | (ar)k>n |2,

which completes the proof. O



Corollary 1.10. Let 1 < p < 2. There exist constants Ay, , By, > 0 such that, for
any set £ C [0,1] of positive measure, there exists N = N(FE) such that

> 1/2
Ay, (Yo at) " < ||
k>N

[e.o]

1/2
< B ( 2) ,
LMp (Edt/m(E)) — My ;vak

for (ax)° € 2.

Remark 1.11. Corollary provides an alternative proof of Theorem by
Sagher and Zhou, which originally required the dyadic BMO norm of a function
of the form exp(>_ apry).

1.3 Lacunary Walsh series in exponential spaces

The Rademacher functions do not form a complete system in L*([0,1]); it can be
completed by adding all finite products of Rademacher functions. The system thus
obtained is known as the Walsh system. We describe the Walsh functions (w,,)
following the notation used by Lindenstrauss and Tzafriri [22, p. 104], that is,

wy ‘= 1, Wo :(=T1, W3 =T, Wy =TTy, W5:=T3, Wg:=T1T3...
In general, given k € N, there exist n > 1 and ay, ..., a, € {0,1} such that
kE=a2°+ a2t + ... +a,2" L.

Then,
. 01
Wiy1 (=T o7

In particular,
Tn+1 = Wan41, n = 0.

The Walsh system (w,,) is complete and not independent, which establishes a major
difference with the Rademacher system (ry).

Sagher and Zhou proved a version of Khintchine inequality for lacunary Walsh
systems, [29]. It is to be noted that Sagher and Zhou give for the Walsh functions a
different numbering, namely, wy = 1, wy = rq, we = 79, w3 = 1179, Wy = 1r3... This
numbering was also considered by Paley [24] and Kashin and Saakyan [18].

Recall that, given ¢ > 1, we say that a subsequence (w,, ) of Walsh functions is

g—lacunary if
R ES]
inf
k>1 Nk

>q

The Rademacher system is a lacunary subsystem of the Walsh system.
The result by Sagher and Zhou on lacunary Walsh systems is the following.
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Theorem 1.12 (Sagher and Zhou). Given 0 < p < oo and q > 1, there exist
constants A(p,q), B(p,q) > 0 such that, for any q-lacunary sequence (wy, ) of Walsh
functions, we have

for (ax)$° € £2.
Sagher and Zhou also proved a local version of Theorem [1.12] [29].

Theorem 1.13 (Sagher and Zhou). Given 0 < p < oo and q > 1, there ezist con-
stants A'(p,q), B'(p,q) > 0 such that for any set E C [0, 1] of positive measure, there
exists N = N(E,q) so that for any q-lacunary sequence (w,,) of Walsh functions
with ng > N for all k > 1, we have

A'(p.q) ( > ai) Ve H > apwy,
k=1

<B p,q< a2> ,
LP(E,dm/m(E)) (p.9) ; K

for (ax)$° € £2.

These results show a similarity between the behavior of the lacunary Walsh series
and the Rademacher series. In this section we give some results in this regard for
the space LMz,

The first one is a version of Theorem [1.9] for lacunary Walsh series. For this result
we shall need the following estimates for the constants B(p, q) in Theorem and
B'(p,q) in Theorem [1.13]

Forn > 1,

B(2n,q) < (1+m)Y2 12,

B'(2n,q) < (14 v2)(2 + 2m)Y/*n'/?,

where m is the least integer such that ¢™ > 2 when 1 < ¢ < 2, and m = 0 when

q > 2. These inequalities are not explicitly stated in [29], but follow from the proofs
of Theorem [[.12] and Theorem [I.13]

Theorem 1.14. Let ¢ > 1 and E C [0,1] be a set of positive measure. Consider
the space LM? of functions of square exponential integrability. There exist constants
A'(Ms,q), B'(M3,q) > 0 and N = N(E) such that, for any q-lacunary sequence
(wy, ) of Walsh functions with ni, > N for all k > 1, we have

ang)(Ya)" < | o, < BOng) ()"
E>1

— LM2(E,dm/m(E)) Pt

11



for (ag) € 2.

Proof. Let N = N(FE) be as in Theorem [1.13| The left-hand side inequality follows
from the embedding L»2 C L' and from Theorem |1.13| for p = 1, which show that,
for some constant Cy > 0,

o 1/2
C’IA’(l,q)<Zaz) <O Zakwnk
k=1 k>1
S H Z AWy,
k>1

for any ¢-lacunary sequence (wy,, ) with n;, > N and (az)3° € €%
In order to prove the right—hand side inequality, let

f= Z Wy, -

We proceed as in the proof of Theorem replacing Lemma by the inequality
B'(2n,q) < (1+ V2)(2 + 2m) 2012,

LY(E,dm/m(E))

I

LM2(E,dm/m(E))

From the power series expansion of exp(t?) — 1 and Theorem for p = 2n, we
have

2n dt
N \ Lot
/E(exp|f( )/ vaw/ Zw B
B'(2n,q)? 9
< o n.
n§>1 ni\zn (ax)7°ll2

It follows, applying Stirling’s formula, that for some absolute constant Cy > 0,
dt

exp |[f(t)/A* —1
[ (elsoe -1

((1+v2)(2 4 2m)Y/?rn!/? .
S o o

= “m)Z%H(am@“
< a2+ 2m) Y (L2 )"
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From this inequality it follows, as in the proof of Theorem [I.9 that there exists a
constant B'(Ms, q) > 0 such that

> 1/2
< B0 3 ai)
H Z @k Wny, LM2(E,dm/m(E)) - B (M27 Q) Z @i ’
k>1 k=1
and so the proof is complete. O

Remark 1.15. Note that m establishes the dependence between B'(Ms, q) and ¢ in
Theorem In particular, since ¢ > 2 implies m = 0, the constant B’'(M,, q) is
the same for all ¢ > 2.

In Theorem below we give a version of Rodin and Semenov’s theorem (The-
orem for lacunary Walsh series. For proving it we need a result by Astashkin on

the selection of subsequences equivalent in distribution to the Rademacher system,
see [3, Theorem 9.4].

Definition 1.16. Let (¢;) and (¢;) be systems (sequences of measurable functions)
on probability spaces (R, i) and (S, v), respectively. The system (yy) is majorized
in distribution by the system (1)) if there exists a constant C' > 0 such that

u({x cR: ‘Zm:akgok(:c)‘ > )\}> < CV({t €S ‘Xm:akwk(t)‘ > C’fl)\}>

for every m > 1, ay,...,a,, € R and A > 0. We denote this by (¢x) < (¢). We
specify the constant by writing <, and denote ((¢x), R) < ((¢%), S) whenever it is
necessary to remark the measure spaces involved.

The systems () and (¢) are equivalent in distribution if both () < (¢x) and

(¥r) < (x) hold.

Theorem 1.17 (Astashkin). Let (R, p) be a probability space. Given any orthonor-
mal sequence (fi) of random wvariables on (R, u) such that |fi(x)] < D for almost
every x € R and for all k > 1, there exists a subsequence (¢r) C (fx) equivalent in
distribution to the Rademacher system, with equivalence constants depending only on
the uniform bound D.

The version of Rodin and Semenov’s theorem for lacunary Walsh series is the
following.

Theorem 1.18. Let X be an r.i. space on [0,1]. The following conditions are equiv-
alent.

13



(i) The continuous embedding G C X holds, that is, there exists a constant C' > 0
such that

1f1lx < Clf o
for all f € L.

(ii) For any q > 1, there exist constants A(X,q), B(X,q) > 0 such that

ax (S a)” < [ S| <ot ()"
k>1

for (az)° € €%, and any q-lacunary system (w,, ) of Walsh functions.

(111) There exist a sequence (nyg) and constants A(X), B(X) > 0 such that

A ()" < | S| < 00( )"

for (ag)3° € 2.

Proof. (i) = (ii) Assume that G C X. Since, for any r.i. space X, the continuous
embedding X C L' holds, then (4) follows from Theorem for p = 1 and from
Theorem with E = [0, 1].

(i1) = (ii1) It follows by considering the Rademacher system (r3) C (w,,).

(#ii) = (1) To show (i) it suffices to assume that the right-hand side inequality
in (77) holds, that is, for some constant B(X) > 0,

o 1/2
| Zw =B (D)

k=1
for any (a;)y® € (2. Applying Theorem to the sequence (wy, ), there exists
a subsequence (my) C (ng) such that (w,,,) is equivalent in distribution to the
Rademacher system. Let

1 « 1 &
Sp 1= % kgl W, Up = % kgl Tk.

From (iii), we have ||s,||x < B(X), and from the fact that, for alln > 1, the functions
v, and s, have equivalent distribution functions, it follows, from Proposition [2.9
below, that they are equivalent in norm. Hence, for some constant C' > 0,

[onllx < Cllsnllx < € B(X),
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and so v, € X and v, are uniformly bounded in norm. Following the steps of the
proof of Theorem by Rodin and Semenov (see |26, Theorem 6]), v, € X with
|lvnllx < C B(X) implies, via the Central Limit Theorem, that G C X. O

It follows from Theorem that any lacunary Walsh sequence is basic on any
r.i. space X with G C X. This result holds in arbitrary interpolation spaces between

L'([0,1]) and L*°(]0, 1]). We include a proof of this result, which is probably known,
but for which we have not found any reference.

Proposition 1.19. Let X be an r.i. space on [0, 1] which is an interpolation space
between L'([0,1]) and L>([0,1]). Then, the Walsh system (wy,) is a basic sequence
mn X.

In addition, if X is an exact interpolation space, then (wy) is a monotone basic
sequence in X.

Proof. For n > 1, consider the operator

on

1
Anf = g <m(z;> : fdm)xi,  f e LY(0,1)).

We have that [|Anfllec < [|flle for f € L*([0,1]) and [Anf[ls < [[fllx for f €
L*([0,1]). Since X is an interpolation space between L' and L*°, the operators
A, : X — X are uniformly bounded, that is, ||A,| < C for some constant C' > 0
and n > 1.

For 1 < k,j < 2™ we have that wy, is constant on Xir- Thus,

o0
Ap(wy) = Z (m(ljn) /In Wy, dm)XI]?‘ = Wy
=1 j

J

On the other hand, noting that for £ > 2" +1 and 1 < j < 2",

/ wg dm = 0,
IJ'

it follows that A, (wy) =0, for k > 2" + 1. Thus, for any m > n we have

m m n
ol ] >[4 (v | = [ ],
X X X

k=1 k=1 k=1

which concludes the proof. O
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Let X be an r.i. space on [0, 1] which is an interpolation space between L'(]0, 1])
and L>([0,1]). Recall, from Theorem that the closed linear space R N X gen-
erated by the Rademacher functions is complemented in X if an only if G C X and
G C X'. Next, we give a version of this result for lacunary Walsh series. Denote
by [wy,]x the closed linear subspace generated in X by the Walsh functions (w,, ).
From Proposition m, (wy, ) is a basic sequence in X, and so [w,,|x consists of all

Walsh series
E AW,

k>1

which belong to X. Denote by P the projection
f e P(f) = (wny, [wn,, (1.10)

k>1

where

(Wny, f) = /0 W, (1) f(t) dt.

Theorem 1.20. Let X be an r.i. space on [0,1] which is an interpolation space
between L'([0,1]) and L*°([0,1]). The following conditions are equivalent.

(i) The continuous embeddings G C X and G C X' hold, that is, there exist
constants C,C" > 0 such that

Ifllx < Cllfllprz, 1 fllx < CN e,
for all f € L.

(i1) For any q > 1 and any q-lacunary sequence (wy, ) of Walsh functions, the space
[Wn,]x is complemented in X.

(111) There exists ¢ > 1 and a q-lacunary sequence (wy,,) of Walsh functions such
that [wy, |x is complemented in X.

The proof follows the ideas of [22, Theorem 2.b.4] and [27].

Lemma 1.21. Let X be an r.i. space on [0,1] and (w,,) a g-lacunary sequence of
Walsh functions. The following conditions are equivalent.

(i) The operator T : X — (? given by
Tf = ((wus f)) o1 (1.11)

18 continuous.
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(ii) The continuous embedding G C X' holds.

Proof. (i) = (i) Assume that T : X — ? is continuous. Then, the adjoint operator
T' : /> — X' is continuous. Denote by (e;) the canonical basis of 2. Let f € X.
Then,

<T/€k7f> = <€k>Tf> = <wnk7f>>

and so T"e; = wy, . Hence, for b = (by)° € €2, we have

,b = T/ ( Z bkek> = Z bk T’(ek) = Z bkwnk
k=1 k=1 k=1
Together with the continuity of 77, it follows that

Ixswl,

for all (b) € 2. This condition, as in the proof of Theorem , implies G C X'.

(ii) = (i) If (w,,) is a g-lacunary subsequence of Walsh functions and G C X',
we have from Theorem applied to X’ that there exists a constant B(X’ q) > 0
such that, for N > 1, we have

N
| > (wars Few,
k=1

Let f € X. Fix N > 1. Then, from Hoélder’s inequality for X and X',

= 17" (Be) lLx < NT N (Br) 2

e (S r7) "

k=1

(w0 = [ O b ) 0

k=1 k=1

N
< ||f||XHZ<wnk,f>wnk .

<B Hfo(i 0
k=1

WE

It follows that

. 2 1/2 /
(Y (wno 1?) " <BX)lflx,  feX,
k=1
that is, [|Tf]l2 < B(X',q)||f|lx, and so (i) is established. O
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For n > 1 and any 1 < j,k < 2", since wy, is constant on the dyadic intervals of
order n, we have that wy(I7') is well-defined and takes values 1 or —1. The following
property appears in [22, Theorem 2.b.4]:

wi(17') = w;(I), 1<g,k<27,
but no detail of its proof is given. Next, we give a proof of this fact.

Lemma 1.22. Forn >1 and 1 < j,k < 2", we have
wi(1}') = w;(I}}).

Proof. The case when either k = 1 or j = 1 follows from the fact that wy(I7) =1
and wy(I}!) =1for 1 <k < 2"
Fixn>1land 1< 5,k <2" —1. We will show that

W41 (Ijn+1) = Wj+1 (II?Jrl)'
Let

k=a2"+ a2 + ... +a,2" 1, a,...,a, €{0,1},
§ =020+ 02" + . 5,20 bi,...,b, €{0,1}.

Fix x € I?, |, and denote by {x} the fractional part of z. From
ri(z) = signsin(2'7x) = r1 ({2 '}),

we have

Wrr1(z) = (r1(x))" - (ro(2))* ... (ro(2))™
= (ri(z)™ - (r({22})* ... (r ({27 2}))o.

Now we use the fact that € I}, if and only if

(1.12)

b"+b”‘1+ +b1 te
9 T2 on TS

with 0 < e < 1/2". Then, for any 0 <i<n—1,

{2ix}={2i<b—”+b”‘1 +...+b—1+a>}

2 22 2n
bn—i bn—i—l bl i
— o e
{ 7 + 5% +...+ i + 2'¢
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It follows that ‘)
i 1 it b, ; =0,
ri{2e}) = { —1 if by = 1.

n({2eh) = (=D, 0<i<n-1,
which together with (1.12]) implies that

Hence,

Wy (x) = (=1)70 - (1)t (=)

The symmetry in a; and b; of the expression above implies that wy1(I},) =
ij([ l?-s—l)' [
We can now proceed to the proof of the main result.

Proof of Theorem[1.20. (i) = (ui) It follows from Theorem considering the
Rademacher system.

(i1) = (i) Follows as above.

(i) = (ii) Let (w,,) be a ¢-lacunary subsequence of Walsh functions. From the

assumption that G C X', Lemma implies that the operator 7' : X — (2 in (1.11])
is continuous, that is,

/
<Z<w"k’f>2>1 C<ITf I, feX.

k>1

On the other hand, from G C X and Theorem we have, for P : X — [w,,|x
the projection in ((1.10)),

1PFlx = | 3w Hwn | < BOG (Yt ?)

E>1 E>1

1/2

It follows that
1P fllx < BX, T fllx, feX,

that is, the subspace [wy, |x is complemented in X.

(#ii) = (i) We follow the ideas in the proof of the complementability result for
Rademacher functions (Theorem by Lindenstrauss and Tzafriri [22, Theorem
2.b.4]. Assume that (w,,) is a lacunary sequence with ¢ > 1 such that [w,, |x is
complemented in X. Then, there exists a bounded linear operator @ : X — [wy, |x
with @% = Q. Since (w,, ) is a basic sequence, there exists (g, ) C X* such that

Qf =Y qu(fwn, fEX

k>1
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Let n > 1 and X,, be the linear space generated in X by the characteristic
functions of the dyadic intervals of order n. From the linear independence of the
Walsh functions and from the fact that wy is constant on the dyadic intervals of
order n for 1 < k < 2", we have that X,, coincides with the linear space generated
by {wy : k=1,...,2"}, that is,

Xo={xp:k=1...2"}) = {we : k=1,...,2"}).

Let Wy, ..., Wm, be the Walsh functions of the sequence (w,, ) with order less
or equal than n. Note that N and mg,...my depend on n. Denote by @, the
restriction of () to X,,, Q,, : X,, — X,,, that is,

N

Qul(f) = tm,(wm,  [eX, (1.13)

k=1

For 1 < j,k < 2", denote

Let T; : X,, — X,, be the operator defined by
T](wk) = Qj,kwk.

Since X is r.i. and the distribution function of f and T}(f) coincide for f € X,,, we
have ||T;|| =1 for 1 < j <2

Denote by P, : X,, — X, the restriction of the projection in (1.10|) to X,,, that
is,

N
Pu(f) = (W, Flwm,, € Xa.
k=1
We will prove that
27’7/
1
P, = Q—HZTJQ,LTJ (1.14)
7j=1
From (|1.10)),
N
P, (w;) = Z(wmk,wi>wmk.
k=1
Since (Wy, , Wi) = O, 4, it follows that P, (w;) = w; for i € {my,...,my}. Otherwise,
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On the other hand,

2" 2" N
1 1
j=1 j=1 k=1

Since @, is a projection, we have from (1.13)) that ¢, (w;) = dy,;- Thus, (1.14)

follows from
1 —
> > 0;i05m, = im,-
j=1
Given integers k, n and m, we write k = n@®m whenever the following relation holds:
Wy = Wy Wy,
Then, from Lemma [1.22]
0i03.m, = w3 (105 () = wi(T )0 (1) = Wi, (17),
and so it follows that
1 — 1 —
o > 0;ib5m, = on > wiem, (I})
J=1 J=1

2TL
1 1 /
=5 - Wiwm,, dm
2 = m(I}) I

1
= / Wipm,, dm = 6i,mk7
0

which proves (|1.14)).
Let us see that the operators P, : X,, — X,, have uniformly bounded norm (in
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n). From (1.14)), since ||T;|| = 1, we have for any f € X,, that

IPufllx, =

Xn

2’)7.
1
o 2 TiQuT;f
j=1
1 —
< 50 2T Tif|x,
j=1

271
1
D AP
j=1

< lQIIMIf1Ix..

that is, || P, f]| < [|@Q] for n > 1.
Now we show that G C X' follows from the fact that P, : X,, — X,, has uniformly
bounded norm. Denote by T}, : X,, — ¢* the operator given by
Tnf = (<w’mk7f>)£:v=17 f € XTL

From X C L', there exists a constant C; > 0 such that Cy||f||pr < ||f]|x for all
f € X. Together with Theorem for p =1,

N 1/2 N
CLAL Q) (Y twne 7)< 1| Y (s v,
k=1

k=1

Lt

N
< || 3 e e,
k=1

= [[Pufllx.
< [lQII[If1lx-

X

It follows, for some constant Cy > 0, that

HTTLfHQ < C2Hf”Xn7 f € Xm

for n > 1. Thus, the adjoint operator
T :1? = X!

is bounded with [|T"|| < Cy, n > 1. Since, for any (b;) € 3,
N
k=1
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we have, as in the proof of Lemma [1.21], that

N , N N\ 1/2 N N\ 172
| > b, < IT(o8) < a(Do8)
k=1 k=1 k=1

Since this inequality holds for all n > 1, we have

/
S o], <e:(£)"
k>1 k>1

This inequality, together with the embedding X’ C L' and Theorem , shows that
the subspace [w,, |xs is isomorphic to £2. From Theorem , this is equivalent to
GcX'.

Now we show that G C X. Let n > 1. For f € X, and g € X/,

/ f)gdm = / (Wi, >wmk>gdm
0

=1

_Z wmka wmk7g>

[ 1o

/ I Pg)dm| = / PP gdm| < IPlxlale < 1Q11 gl

It follows that

Thus,

IN

Pl =su | [ Puta)dm] 151, <1}
< 1Qllg

The argument above, together with X in place of X,,, shows that G C X" follows
from the fact that P, : X! — X/ is uniformly bounded. Thus, for the separable parts
we have that Gy C (X”)o. Since Gy = G and (X")y = Xy, we have

/.
Xn

G=GyC (X”)():X()CX,

which concludes the proof. O]
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Chapter 2

Local rearrangement invariant
spaces

In the previous chapter we have shown local results for Rademacher series and lacu-
nary Walsh series. We consider the local norm for £ C [0, 1] a set of positive measure
in the spaces LP,

d 1/p
lascemsmeen = ([ 0P =7)"

and in the Orlicz spaces LMr for 1 < p < 2,

d
Il gamey = nf {7 >0+ [ 200 <1,

Let X be an r.i. space on [0,1], and E C [0, 1] a set of positive measure. In this
chapter we address the question of giving a definition of the “local norm”of X on
E. This was done by Astashkin and Curbera in [5], by means of the fundamental
function ¢ x of the space X. The disadvantage of that definition is that only allows
a local version of Khintchine inequality in the case when the lower dilation index ~vx
is strictly positive (Theorem [2.11). We give a different definition of local r.i. space,
which we denote by X|E. The situation has the difficulty that an explicit expression
of the norm of X may not be available.

The space X |E we define is isomorphic to X and compatible with the rearrange-
ment of functions (Proposition and with the notion of systems equivalent in
distribution (Proposition . We give explicit expressions of the norm of the local
space X|E for the Lebesgue spaces LP, the Orlicz spaces L?, the spaces LP9, the
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Lorentz space A(X), the Marcinkiewicz space M (X) and for the spaces generated
by the K—method of interpolation.

The space X |E generalizes the local norms of LP and L*». This allows us to show,
for X an r.i. space on [0,1] with G C X, that the closed linear subspace generated
by the Rademacher functions (rg4n) in X|E is isomorphic to ¢? (Proposition [2.10)).
The problem of giving a local version of Rodin and Semenov’s theorem (Theorem
for X|E will be addressed in Chapter 3.

2.1 Local rearrangement invariant spaces

Let M be the o—algebra of all Lebesgue measurable sets of [0,1], and £ C [0,1] a
set of positive measure. Denote by Mg the o—algebra

Mg :={ANE: Aisameasurable set, A C [0, 1]},
and by mg the measure
mp(A) :=m(ANE)/m(E), Ae M.

Note that the measure mpg is defined on M. The restriction of mg to Mg yields a
probability space (E, Mg, mg), which will be referred to as (E, mg).
Let pg : E — [0,1] be the map defined by

pe(x) :=mgr(ENI0,z]), r e L.

Proposition 2.1. Let £ C [0,1] be a set of positive measure. For B C E with
B e Mg and A C [0,1] with A € M, we have

(i) me(py pe(B)) = mg(B).
(ii) mg(pg'(A)) = m(A).
(i1i) mp(B) = m(pg(B)).

(iv) There exist sets Ay C E with A; € Mg and Ay C [0,1] with Ay € M with
mg(A1) = m(Ay) =0 for which the map

PE : E\Al — [0,1]\A2
1s bijective.

26



(v) For B € Mg and f a measurable function on E,

/B fdmy = /pE(B)UopEl)dm.

Proof. Consider p: [0,1] — [0, 1], the extension of the mapping pg to [0, 1],

- m(EnN|0,z])

p:x€l0,1] = p(x) :=mg([0,z]) = I z € [0,1].

It is continuous and (since p(0) = 0 and p(1) = 1) surjective. A constancy set of p is
aset D, := p~1(2) C [0, 1] consisting of more than one element, with 2 € [0, 1]. Since
p is increasing, the constancy sets are closed intervals. There are at most countably
many constancy sets, D, = [x,,y,] = p~(z,) C [0,1], with z, € [0,1], n > 1. Set

D:=|JD.,. (2.1)

n>1

(i) Let B C [0,1]. For z € p~'(p(B)) \ B, we have p(z) € p(B) and x ¢ B, so
there exists y € B, y # z, with p(y) = p(x). Hence x,y € D, for some n. It follows
that

p'pB\BC | D..
BND.,, #0

and so, for B € Mg,

piloeB\BC |J D.nE.
BND.,, #0

Hence, (i) follows from the fact that
mp(Ds,) = mp([tn, yn]) = me((0,ya]) = mp((0, 20)) = pp(ys) — pe(e.) = 0.

(i) Consider a set of the form A = (a,b]. The sets p~'(a) and p~'(b) are either
closed intervals or single points. Let 2z, and 2, be the right endpoints of p~'(a) and
p~L(b), respectively. Then p~((a,b]) = (24, 25). Thus,

pp ((a,0]) = p~ (0, b)) NE = (24, 2] N E = ([0, 2] N E) \ ([0, 25] N E).
Since z, < z,

me(pp"(a,8]) = mi((0, 2] N E) = mu((0, 2] N E) = p(z) — plza) = b — a.
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Hence, the measures A +— m(A) and A — mg(pz'(A)) coincide on the semi-ring
consisting of finite unions of half open—closed intervals. From the Hahn’s extension
theorem, both measures agree the Borel sets. Consider now a Lebesgue measurable
set A C [0,1]. Then A = BU N, where B is a Borel set and m(N) = 0, and so

mp(pp (BUN)) =mp(pg (B) U pg' (N)) = mp(pg (B)) + mp(pg (N)).

Let € > 0, and choose an open set G with N C G and m(G) < . Then, we have
(o5 (G)) = m(G) < &, and

(P (V) < mp(p5}(G)) < =
It follows that mg(pg'(N)) = 0. Thus,
mi(ps'(BUN)) = mp(p5'(B)) = m(B) = m(BUN).

(#i) 1t follows from (i) and (ii). Given B € Mg, set A = pg(B). Then,

m(pp(B)) = m(4) = mp(p5 (A)) = mp(gpu(B)) = mp(B).

(iv) Let Ay := DN E and Ay := [0,1] \ pe(E \ A;) for the set D in (2.1). If
pe(x) = pp(y), then z,y € D, and so the restriction of pg to E '\ A; is injective.
Surjectivity follows from [0, 1]\ A2 = pr(E\ A;). We also have mg(A4;) < mg(D) =0
and, from (4ii),

m(Az) =m([0,1]) — m(pp(E\ A1) =1 —mg(E\ A;) = 0.

(v) If follows from the Lebesgue measure m on [0, 1] being the image measure of

mpg on E via the map pg. O

Let f: E — R be a measurable function and X an r.i. space on [0,1]. From

Proposition 2.1},
fopzr':[0,1] =R

is well-defined as a class of functions. This allows us to define the space X|E as
follows.

Definition 2.2. Let X be a Banach function space on [0, 1], and FE C [0,1] a set of
positive measure. The space X |E consists of all functions f € L°(E, mg) such that
fopy € X, that is,

X|E:={feL'E,mg): fops € X}.
The norm in the space X |E is
Ifllxie = Iforslx, feX|E.
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Consider the set £ = (0,1/3) U (1/2,3/4). The graphic below shows a function
f on E and the corresponding function f o p;' on [0, 1].

e

Note that the intervals of definition of f are proportional to the intervals of definition
of fo pgl, which relates the space X|E with the dilation operator.

Definition 2.3. Let E C [0,1] be a set of positive measure. For f a measurable
function on E, denote by (mpg); its distribution function on (E, mg), that is,

(mp)r(A) =mp({x € E:|f(x)] > A}), A>0.
The decreasing rearrangement of f on (F,mpg) is

o (@) :==m{{A>0:(mg)r(\) >z}), xel0,1].

mg

Let £ C [0,1] be a set of positive measure and f a measurable function on FE.
We will denote by f* the decreasing rearrangement in ([0, 1], m) of the function fxg
that coincides with f in E and vanishes in [0, 1] \ E.

Recall the dilation operator o, in (9)),

(Utf)(s) :f(tS), OSS,StS 17
for f a measurable function on [0, 1].

Proposition 2.4. Let X be an r.i. space on [0,1] and E C [0,1] a set of positive
measure. The following assertions hold.

(i) For f a measurable function on E,
(fopE)" = fap = Omim) (),
where o,y is the dilation operator by m(E). Consequently,

[ fllx12 = [ fopllx = llom) (f)] x-
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(1) The spaces X|E and X are isometrically isomorphic via the mapping

fEX|Ew fopy' € X.

(i1i)) X|E is rearrangement invariant.
(iv) The fundamental functions of X|E and X coincide.
(v) The associate space of X|E is X'|E, with equality of norms.

Proof. (1) It suffices to prove (i) for characteristic functions. The general case follows
considering step functions and a limiting argument. Let B € Mg. From Proposition

2.1

(X80 PE)" = (Xop(B))" = Xom(pu(B)] = X0ms(B)-
On the other hand,

0, 1< A,

(M) (A) =me({z € B: xp(2) > A}) = {mE(B), 0<A< L

Hence,
(XB)mp = X0ms(B)>

whereas, for z € [0, 1],

*

ome)(X5)(®) = X5(M(E)T) = X0mB) (M(E)T) = X(0mpB)(T).

(ii) It follows from the definition of X|FE, part (i) and Proposition (iv).
(i11) Consider equimeasurable functions f, g on E. From (i), since X is r.i.,

1l = 1 fpllx = lgmpllx = llgllxz-

(i) For 0 <t < 1, let = € (0,1) such that mp([0,z)) = ¢. From Proposition [2.1]
we have m(pg([0,2))) = mg([0,z)) =t, and so

ox1pt) = IXp0llx1E = X042 © 25 |x = IXpn0.0n|lx = @x(t).
(v) We show that (X|FE) = X'|E. For f € X,
1fopellxie=|fopsopslx=Iflx-
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Hence, using Proposition (v),

|d_x
m(E)

—sup { / B () 9o ®)dE o p5tlx <1},

lollsiey = sup { [ ne)gla)|-0 + Iblle < 1}

From the fact that X and X|E are isometric, the last supremum coincides with the
supremum on all functions f € X with || f||x < 1. Thus,

1
lollosiey = sun{ [ 1Ot O) e 171 <1} = g o' = lgllere.

which completes the proof. O]

Now we give, for some classical r.i. spaces X, the explicit expression of the cor-
responding local norm of X |E.

Example 2.5. In this example we consider the Lebesgue spaces LP and the Orlicz

spaces L® generated by a Young function ®. We show that LP|E coincides with the

local space considered by Zygmund (see Theorem and by Sagher and Zhou (see

Theorem . We also show that L®|FE coincides with the local spaces considered

by Sagher and Zhou (see Theorem and by Carrillo-Alanis (see Theorem [1.9)).
Let E C [0,1] be a set of positive measure. From Proposition ,

d:v 1/p
1 oo = / f o oz 0lFdr)| / fla ,

for 1 <p < 0.
In the case of an Orlicz space L®, we have

1fllzez = inf{A >0: /Olé(lfOpél(t)l/A) dt < 1}
:inf{A>0:/E<I>(|f(a:)|/)\)mcgj) 31}.

Example 2.6. In the case of the space LP?,

e = ([ @orenty o) = ([ 0,0 5)"
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Example 2.7. Let us see that the Lorentz space A(X)|E and the Marcinkiewicz
space M (X)|E coincide, respectively, with the spaces A(X|FE) and M (X|E). Since
Px = CX|E,

I fllacoe =11f o pg'lacx)
1
= [ Gomy ki a

1
— [ fapsste) d
0
= | fllacxim-
We also have, from Proposition [2.4]

£ laecoye = 11f 0 gl
1 t
= swp ox(t)7 [ (Fops!)(s)ds
0

0<t<1 t
1 t
= sup pxis(t); [ £, (5)ds
0<t<1 0
= [|fllmcxim)-
Example 2.8. In this example we show that, in the sense specified below, the con-

struction of the local space X |E is compatible with the K—method of interpolation.
Let (Xo, X1) be a Banach couple on [0, 1], and

X = (Xo, X))E

an interpolation space between X, and X;, generated by a discrete parameter F' of
the K—method of interpolation.
Since f + f o pg' is an isometric isomorphism from X|E onto X, we have that

K(f,t; Xo|E, X1 |E)
= inf {|| follxoie + tll fillxye o f = fo+ fr € Xo|E + X4|E}
= inf {[| follxo +tl fillx s fops' = fo+ fi € Xo+ X1}
= K(fopg',t; Xo, X1).
Hence,
1l xo12.x0 )8 = HfopélH(xo,xl){g = lfopg'lx = Ifllxe,

that is, the space X|E coincides with (Xo|E, X;|E)K.

32



Recall, from Definition that a system of random variables (¢x) on a prob-
ability space (R, ) is majorized in distribution by a system (1);) on a probability
space (S, v) if there exists a constant C' > 0 such that

p({x € R: ‘gakcpk(x)‘ > A}) < Cl/({t €S ‘kz:;akwk ‘ > C’_l)\})

This situation is denoted by (¢x) < (¢x). The systems (¢) and (¢x) are equivalent
in distribution if (@) < (¢) and (V%) < (¢%)-

Next we show that the construction of the local space X|E is compatible with
the notion of systems equivalent in distribution.

Proposition 2.9. Let X be an r.i. space on [0,1], E C [0,1] a set of positive measure.
Let (r) and (¢y) be systems on ([0,1],m) and (E,mg), respectively. If (¢r) and
(Yr) are equivalent in distribution with constants (V) <c, (@) and (or) <o, (Vk),
then

C’2 kwkHXE = H Z%@k”

foralln > 1 andal,...,aneR.

HXE

Proof. Assume that

n

m({t € [0,1] : ‘ akgok(t)‘ > )\})

k=1
<Cmp(foe B | awno)] > cA})
k=1

for A\>0,n>1andaq,...,a, € R. Denote

[ = Zak% g= Z agPr,
=1 =1

(2.2)

so that (2.2)) is

mf(A) < C(mE)cg<)\), A > 0.

Hence,

m{A > 0:mp(A) >t}) <mHA>0:C(mg)cy(A) > t})
=m({A>0: (mg)cy(N) >t/C}).
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It follows, for 0 < ¢ < 1, and the dilation operator oy /¢, that

S () < (Cg), (t/C) = C - 01/0(gp,,) ().
From Proposition 2.4] (i) we have, for hx(t) = |lo¢||x-x,
1fllx < Cllorse(gm,)llx

< Clloyellx—xgm, I x
= Chx(O)|gllx|z-

Since hx(t) < max(1,t), it follows that

[ wn], < o],
k=1 k=1

The opposite inequality follows analogously. O

2.2 Local versions of Khintchine inequality II

Next we focus on the local versions of Khintchine inequality. The definition of X |E
allows us to give the following result, which generalizes the local results for LP and
LM» in the previous chapter. It also applies to other r.i. spaces X than the ones
considered in Example and Example 2.7, provided that G C X.

The following change of notation will prove to be meaningful in the next chapter.
We will write the tail of a Rademacher series

g AgTk

k>N

E QETk4+N-

in the following way,

Proposition 2.10. Let X be an r.i. space on [0, 1] with G C X . There exist constants
A, By > 0 such that, for every set E C [0, 1] with positive measure, there erists
N = N(E) for which

()

k>1

1/2 1/2
< H aRT NH < B, ( GQ) ;
; ||y S Bx > a;

k>1

for (ag)° € 2.
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Proof. From the fact that any r.i. space X on [0,1] is embedded into L', we have

Cill flliene < 1fllx e, feX|E,

for some constant C; > 0. From Theorem for p = 1, there exists N such that

ClA’1<Zai> v < Zakrk_i_]\[‘
k>1

k>1

< H Z akT’k+NH
LY|E X|E
k>1

for all (a;)$° € 2.
In order to prove the right—hand side inequality, since G C X, we have that, for
some constant Cy > 0,

Iflxie < Collfllpy,  f € L7|E.

In particular, for all M, it follows from the local version of Khintchine inequality for
LM (Theorem that, for some N depending on F,

M , N\ 172
;akrk+N‘ LM2|E = C2BM2(Z%> '

k=1
which completes the proof. O

M
H E akrk—i-NH <y
=t X|E

According to Astashkin and Curbera, an r.i. space X with fundamental func-
tion px satisfies the local version of Khintchine inequality if there exist constants
A%, BY > 0 such that for any measurable set E' C [0, 1] with positive measure, there
exists N = N(FE) such that

A% SOX(m(E))(Zaz> 1/2 < HXEZGMHNHX

k>1 E>1

< B oxm(E)(Yat) "

k>1

(2.3)

The spaces X for which the local version of Khintchine inequality holds have been
characterized in [5, Theorem 4.2].

Theorem 2.11 (Astashkin and Curbera). Let X be an r.i. space on [0,1] with
X # L. The following conditions are equivalent:

(i) Inequality (2.3]) holds.
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(i1) The fundamental index of X satisfies v,, > 0.

The fact that the constants in the local versions of Khintchine inequality in the
previous chapter are independent of the set E suggests considering the space X (F)
of all measurable functions f on E for which the norm

1
| fllx(m) = meXEHX

is finite. Inequality (2.3) is then equivalent to
1/2 1/2
() | Sl (T e
k>1 k>1 (E) k>1

For X = L?, with 1 < p < oo, since @»(t) = t'/?, we have

Il = ([ 10 =)
1 1

o ([ etolsor)”
= [Ifllx-

Thus, for X = LP, the spaces X(FE) and X|F coincide, and so Theorem is
equivalent to Theorem [1.6] and Proposition for X = L?. On the other hand,

since the fundamental index of the space L2 is v;m, = 0, the norm

g ETk4+N H
H LM2(E)

k>1

is not equivalent to ||(ax)7°||2 for any N. Since Theorem [1.9shows that

1/2 1/2
/ 2 ! 2
AMz(Zak> < H ZakrkJrN‘ LM2|E < BM2<Zak)
k>1

k>1 k>1

for some constants A, ,Bj, > 0 and N = N(E), it follows in general that the
spaces X|E and X (FE) are not isomorphic.

Next, we prove that the equivalence between the norm of the dilation operator
hx and the fundamental function px is related to X (E) being isomorphic to X |E.
This is natural, since the space X|FE is related to the norm of dilation operators and
the norm of X (F) depends directly on the fundamental function of X.
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Recall the definition of the lower fundamental index vy of an r.i. space X over

(R, ),

log M
t—0t  logt
where .
My (t) = sup px(st)

0<s,st<u(R) QOX(S) '

Proposition 2.12. Let X be an r.i. space on [0, 1] with the Fatou property, and X'
be its associate space. The following assertions hold.

(i) For every set of positive measure E C [0, 1] the continuous embedding X|E C
X(E) holds, that is,

[ fllxE < Cllfllxie,  f€X[E,
for some C' > 0 if and only if

hx(t) < Cox(t), 0<t<1.

(ii) For every set of positive measure E C [0, 1] the continuous embedding X (E) C
X|E holds, that is,

1fllxie < ClflxE), feX(E),
for some C' > 0 if and only if

]’LX/(t) SOQOX/(t), OStS 1.

(111) Let E C [0,1] be a set of positive measure. The spaces X|E and X(FE) are
isomorphic if and only if there exists a constant C' > 0 such that

Clox(t) < hx(t) < Cox(t), Clox(t) < hx(t) < Coxi(2),
for0<t<1.

Proof. (i) Suppose that hx < Cpx. Set t = m(E) and let f € X|E. From Proposi-
tion , we have (f o pp')* = o:(fxg)*. Then,

[fxellx = I(fxe)llx = lloywo(fxe)llx
< hx(t) loe(fxe)llx =hx @) [(fopg)lx
< Cox(t) Ifllxz-
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Conversely, let 0 < ¢ < 1 and choose F = [0,t]. The inequality

[ 1lx o) < Cllflxi0.
is equivalent, for f € X|[0,¢], to

1
- < )
ox (D 1fllx < Cllfllx0.

From Proposition [2.4]it follows, for f € X|[0,¢], that

1fllx < Cox(®lloe(f)llx-
Let g € X. Then, oy,,g € X|[[0,1], and

o (9)llx < Cox(t)llowii(g)llx = Cox(t)l|gllx-

Taking supremum over all g € X with ||g||x < 1 we arrive at

(#i) Applying part (i) with X’ in place of X we have that hx/(t) < Cox/(t) if
and only if || f||x/z < || fllx/(z)- From Proposition 2.4 we have (X|E) = X'|E. It is
straightforward to verify that (X (£))" = X'(E). Hence, hx:(t) < Cyx/(t) holds if
and only if || f||xgy < Cllf|l(x(g)y- The equivalence to || f||xe) < C||f] x| follows
from the assumption of X satisfying the Fatou property, which implies that X" = X,
and from the fact that, for any r.i. spaces X and Y with the Fatou property, X C Y
is equivalent to Y’ C X".

(#i) 1t is a consequence of (i), (ii) and the inequality

ex(t) = Ixonllx = lloyxonllx < ex(1)hx().
The corresponding inequality for X’ is symmetric. 0

In the case when X = L* we have ¢r~(t) =1 for 0 < t < 1. Thus, given any
f € LYE,mg),

1f||Loei5 = esssup(f o pg')(t) = esssup f(x) = || ]| L=,
te(0,1] el

that is, the spaces L®|FE and L*°(FE) coincide with equality of norms.
In the next result we show that, given any r.i. space on [0, 1], the condition vy > 0
is necessary for X|E and X (FE) to be isomorphic.
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Corollary 2.13. Let X be an r.i. space on [0,1], X # L*, and E C [0,1] a set of
positive measure. If the spaces X|E and X (E) are isomorphic, then the fundamental
functions px and px: are both equivalent to multiplicative functions. In particular,
vx > 0 and vx > 0.

Proof. Assume that X|FE and X (FE) are isomorphic. Let 0 < s,t < 1. From Propo-
sition (i),
px(ts) = Ixp.sgllx = lloxosllx < hx(H)ex(s) < Cox(t)ex(s).

For the opposite inequality, set u = st. Recall that ¢ x(s)@x/(s) = s (see [10, The-
orem I1.5.2]) and hx(s) = shx/(1/s) (see |10, Proposition II1.5.11]). This, together
with hx/(s) < Cpx/(s) yields

h(1/s)px(s) < C.
Then,

ex()ex(s) = wx(u/s)ox(s) = [[xpu/sllxex(s)
= llosxp.ullxex(s) < hx(1/s)ox(u)ex(s)
S C(,Ox(St).
Hence, px is equivalent to a multiplicative function.
The relation ¢ x(s)@x/(s) = s, together with ¢ x being equivalent to a multiplica-
tive function, implies that ¢y is also equivalent to a multiplicative function.

We complete the proof showing that if ¢y is equivalent to a multiplicative func-
tion, then 7,, > 0. From ¢x(st) > Cpx(t)px(s) it follows that

MsDX (t) 2 C@X(t)
Choose tg € (0, 1) such that Cpx(ty) < 1 (which exists if X # L*). Since

px(ty) > C" lox(to)",  n>1,

we have
log Mx (t 1 t
vy = lim 98 x(t) > lim 0g Copx (t)
t—0+  logt t—ot  logt
log Cox (t0 log(C™px (to)™
— i 08 px (15) > lim 0g(C"px (to)")
log C
_ log Cox(to) >0,
log to
which completes the proof. n
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Chapter 3

Local distribution of Rademacher
series

Consider an r.i. space X on [0, 1] with G C X. Proposition shows that, for any
measurable set E of positive measure, there exists N = N(FE) such that

1/2 1/2
Ak(Zai) < H ZakTHNH < B&(Zai) , (3.1)
k>1 k>N XIE k>1

for some constants A’y, By and for (a;)$® € ¢2. On the other hand, we have from
Theorem [L3] that

1/2 1/2
Ax(Xet) < [ E ] < Be(Xa)
E>1 k>N E>1

for some constants Ax, Bx and for (a;)° € (2. Tt follows that, for any r.i. space X
with G C X, there exist constants C x,Cy x such that

C1,XHZ&H%H < HZ%THNH < Cz,XHZCLkaH , (3.2)
k>1 X k>1 XE k>1 X
for (a;)® € (2. The question arises whether (3.2)) still holds for r.i. spaces X for
which G ¢ X.

Our strategy to address this problem focuses on using the distribution function
of the Rademacher series rather than on the norm of the spaces. Suppose that E
is a finite union of dyadic intervals of order N. From the dilation properties of the
Rademacher functions, we have

me({e € 52| S woratel] > 4}) =m(fre 0.0+ | Y awnin] > 1)), 69
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for all A > 0, that is, (rpyn) on (E,mpg) is equivalent in distribution to (rx) on
([0, 1], m). Together with Proposition [2.9| we have that, for any r.i. space X,

= . 3.4
S e, =[S, o

In particular, it follows that (3.4) holds whenever E is a finite union of dyadic
intervals and X is any r.i. space (regardless of the embedding G C X). The same
argument shows that Proposition (and the other local results in Chapter 2) can
be deduced from for F a finite union of dyadic intervals.

In this chapter we prove that the Rademacher system () on ([0, 1],m) is equiv-
alent in distribution to (ryin) on (E,mg) for sets E satisfying a certain property
(condition below), which includes the open sets and the Peano—Jordan measur-
able sets (Proposition and Proposition . The general case of an arbitrary set
of positive measure remains an open problem.

The equivalence in distribution between (r) on ([0, 1], m) and (rg4n) on (E,mg)
allows us to extend (with inequalities) to any r.i. space X, provided that E
satisfies condition below in Proposition . We also give a result on the in-
dependence of (144 n) on (E,mg), which involves a version of the independence of
random variables where multiplicative constants are allowed (Theorem [3.11]).

We will use the K—functional in order to study the distribution of Rademacher
series. The K—method of interpolation provides a description of the space generated
by the Rademacher functions on the interpolation spaces X between G and L*°. Let

a = (ax)s° € £* and
Ra = Z apTs.

k>1

From Theorem [I.3] there exist constants Ag, Bg > 0 such that
Acllallz < [|Ralle < Bellallz-

Together with the fact that
[Ral| = [la],
it implies that
K(Ra,t; L®,G) = inf {|| |z~ + t|lgllc : Ra= f +g € L™ + G}
< inf {||Rb||z~ + t||Rec|lg : Ra = Rb+ Rc € L™ + G}
< inf {||bl|a + tBgllclle :a =b+ce (' + %}
< BgK(a,t; (', (%),
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In [2] Astashkin establishes a one-to—one correspondence between the r.i. func-
tion spaces which are “close”to L* (in the sense that they are interpolation spaces
between L> and () and the sequence spaces generated by the Rademacher functions
in these spaces (which correspond to interpolation spaces with respect to ¢! and ¢2).
The situation is thoroughly described in [3, Chapter 4].

The following result by Astashkin, [2, Theorem 1.2], establishes the equivalence
between K(Ra,t; L=, G) and K (a,t; (', (?); that is, it shows that when calculating
the infimum appearing in K (Ra,t; L, G), it suffices to consider decompositions of
the form

Ra = Rb+ Re, bel', ce

Denote
Ka(t) == K(a,t; 01, (%), t>0. (3.5)

Theorem 3.1 (Astashkin). There exist constants Cy,Cy > 0 such that
Cika(t) < K(Ra,t; L, G) < Carg(t), t>0,
for a = (a;,)$° € (2.

The properties of Rademacher functions in r.i. spaces imply that, given an r.i.
space X, the sequence space F'x defined by

(@) Flle = HzamH ,

is an r.i. space which is an interpolation space between ¢! and ¢2.
From Theorem [3.1], using the K-method of interpolation with a parameter space,
the following result is deduced; |2, Theorem 1.4].

Theorem 3.2 (Astashkin). Let S = ((*,(?)K be an interpolation space between (*
and 0 given by a discrete parameter F wvia the K-method of interpolation. Then,
there exist constants A%, BE > 0, such that

AEN@)zls < | awre]| < BE @),

k>1

where X = (L=, G)% is the interpolation space between L™ and G given by the
parameter F.
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Since all interpolation function spaces between L* and G, and all interpolation
sequence spaces between ¢! and ¢2 can be obtained via the K-method of interpola-
tion for some parameter space (as they are K—monotone couples), the result above
establishes a correspondence between all interpolation spaces between L>° and GG and
all interpolation spaces between ¢ and ¢2.

The functional k, in allows to describe a number of properties of the
Rademacher series. Montgomery—Smith proved, for some C' > 0, that

m({t €0.1: > aprlt) > ﬁa(x)}) < exp(—A%/2),

k>1

1 (3.6)
. > _ 2
m({te 0,1] : ;akrk(t) > na(A)/C}> > = exp(—CN?),
for a = (ax)$° € €2 and X > 0, [23]. Hitczenko proved the equivalence
Cika(y/p) < H ZakrkHLp([O ) < Cakia(v/P), (3.7)
k>1 ’

for some constants C1,Cy > 0 and p > 1, [16]. These estimates are more accurate
than Khintchine inequality. Astashkin proved that (3.7 characterizes those systems
equivalent in distribution to (r%) on [0, 1], |1, Theorem 1].

Theorem 3.3 (Astashkin). Let () be a system of random variables on a probability
space (R, ). The system (@) is equivalent in distribution to (1) if and only if there
exists C' > 0 such that

) < | Y o

< Ckq :
oy < CralyP)

Lp(

for1<p<oo, m>1, anda=(ay,...,a,) € R™.
It is to be remarked that the left-hand side inequality in Theorem [3.3]

) < [ Y o

Lr(Ryp)’

is equivalent to (rx) < (¢x), that is, (1) being majorized in distribution by (py),
and the right—hand side inequality,

m
|- aan
k=1

is equivalent to (@) being majorized in distribution by (7).

< Cka(VD),

Lr(R,p)
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3.1 Distribution of Rademacher series on an open
set

We start showing, given any set £ C [0,1] of positive measure, that, for some
N = N(E), the system (ryyn) on (E,mg) is majorized in distribution by (r;) on
([0, 1], m).

Proposition 3.4. Let E C [0,1] be a set of positive measure. There exists N such
that

(Tk-&-N?E) = (Tk’v [07 1])

Proof. Let a = (a;)° € 2 and t > 0, and denote, for N > 1,

RNCL = E AETk+N-

k>1

From the definition of the K—functional k, it follows, for € > 0, that there exist
b= (bp)® €', c = (cx)}° € % such that a = b+ ¢ and

Ka(VE) +€ > [|bll + Vel

From Theorem for LP|E with p = ¢ and Lemma [1.8] there exist an absolute
constant C' > 0 and N = N(F) such that

IRnelpim < CVElell, ¢ €,
Hence,

|Bnallie < [|Bxbl e + | Ryell e
< [I6]ls + CVE el
< Cra(V1) + Ce.

Thus, there exists a constant C' > 0 such that, for a € £2 and ¢ > 0,

[, < cnat

k>1

According to Theorem [3.3] the inequality above is equivalent to ((ryin), E) <
((Tk)v [0> 1]) [
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It remains to show the reverse majorization, namely
(’I“k, [0’ 1]) = (Tk—f—N, E)

In this regard, it is interesting to record a recent result by Astashkin, [4], showing
that if a set £ C [0,1] has the property that m(E N (a,b)) > 0 for any interval
(a,b) C [0,1], then, for some constant v = y(F) > 0 and all sequences (a)5° € (2,

/’iakrk@)\dtm(iai)%.
FoR )

=1

We address the problem of majorization for a particular family of sets E in the
next result.

Proposition 3.5. Let E C [0,1] be a set of positive measure. Assume that there
exists a constant C' > 0 such that, for almost every point x € E, there exists an
interval J, such that x € J, and, for every interval I C J,,

_m;f(gf ) (3.8)

Then, there exists N such that
(TkW [07 1]) < (rk+N7 E)> (39)
where the magjorization constant is C'/2.

Proof. In order to establish (3.9), we have to prove, for some N € N and some

constant 4 > 0, that
ENA)

m(
A) = > A 1
me(d) = T = om(4), (3.10)
where the set A is given, for A > 0, M > 1 and aq,...,ay € R, by
M
A= {x c0,1]: )Zakrkw(gg)) > A}. (3.11)
k=1

From the inner regularity of the Lebesgue measure, there exists a compact set K
with K C E and m(E) < 2m(K). Then,

~ m(EnNA)
e = B

m(KNA) 1
= 2

m(K) 5 (),
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and so, in order to prove (3.10)), we can assume that E' is compact.
Consider a finite covering of E,

EcJ,U...Ud,,,
where z1,..., 2, € E and the sets J,, are dyadic intervals satisfying condition ({3.8])
for every interval I C J,, and 1 < ¢ < s. Let N be the maximum among the orders of
the dyadic intervals J,,, ..., J,,. Then, each dyadic interval / ,iv M of order N + M

satisfies either I,ﬁV’LM C Jy, for some i, 1 < i < s, or I,?”“M N J, = 0 for all ¢,
1< <s.
Since the Rademacher functions r; with 1 < &k < N + M are constant on the

dyadic intervals of order N 4+ M, the set A in (3.11)) consists of a finite union of
dyadic intervals of order N + M. Let us denote

t
A:UIéj*M, 1<k <ky<.. <k <2NtM

j=1

Then,

m(E N A) = (EmUJNWmUJxJ Z ST m(ENI).

7=1 1= 111\;+MCJ11

From condition (3.8) on the set F, we have
m(ENIEH) > Cm(17HY)

for all dyadic intervals I ,i\j M guch that I ,ﬁj M J,. for some i. Thus,

m(E N A) >CZ Z m(Iy )

1= IIN.+MCJZ
]

t s
= Cm(jL:Jlfg+M ﬂi:LJla]xi>
- Cm(Aﬂi:Ulei).
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From the Choice of N, the set Uj_, J,, is a finite union of dyadic intervals of order

N, and so, from with UJ_,J,, in place of E, we have
s M
m({x c U JIZ : ‘ZCLM‘]H_N(]?)‘ > )\})
i=1
M s
=m({te.] ‘Zam ‘ AM)m(U)-

k=1 i=1

Thus,
m(A N Q ij) - m(A)m< Q ij) > m(A)m(E),

and so it follows that

m(ENA) > Cm(E)m(A).

Hence, in the general case,

m(E N A) >

Cm(Bym(4)

which completes the proof. O

Remark 3.6. We discuss condition on the set E.

(i) Inequality holds with C' = 1 for sets E which are an union of intervals
(open, closed or arbitrary). In particular, this is the case of open sets.

(i) Inequality also holds for sets of the foom £ = GUZ or E = G\ Z,
where G is an open set and m(Z) = 0. In particular, Proposition applies to
Peano—Jordan measurable sets.

(iii) We give an example of a set E satisfying the conclusion of Proposition
but not condition . Let E = K; U K5, where K; is a “fat” Cantor set contained
in [0,1/2], and

Ky={x+1/2:2€[0,1/2] \ K1}.

Observe that, for every x € K; and for every interval J with x € J there exists an

interval I C J such that I N K; = (). Thus, condition (3.8]) is not satisfied. On the
other hand, from the fact that »_ agrgi; is periodic with period 1/2, it follows that

({xEOl ’Zakrk ‘ })sz<{aj€E:‘kZZlakrk+1(x)‘>)\}>,

for (ax)$° € £ and A > 0.
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The important feature in this example is that the set F modulo 1/2 is in fact the
interval [0,1/2]. The same construction can be applied to sets £ such that, for some
n > 1, the set £ modulo 1/2" is, but for measure zero, an open set.

Now we discuss some consequences of the equivalence in distribution between
(rk+n) on (E,mg) and (rg) on ([0, 1],m). We will consider the case when E' is an
open set. Nevertheless, the following results hold for any set E satisfying condition
in Proposition (recall that Proposition holds for arbitrary measurable
sets).

We start showing that the equivalence in can be extended to any r.i. space
X under the assumption of E being an open set. It is to be remarked that, whereas
Proposition provides inequality with constants depending on X, the next
result gives the same inequality with absolute constants.

Theorem 3.7. Let X be an r.i. space on [0,1] and E C [0, 1] be a non—empty open
set. There exists N = N(E) such that if Y-, axry € X, then

oo o
E gl E Ry X
k=1

where C,Cy > 0 are absolute constants.

Ch

)

o
<H agr H < C
o e

Proof. Proposition [3.4] gives
<T/€+Na E) < (Tky [07 1])

with an absolute constant for all sets E. On the other hand, open sets satisfy
condition (3.8]) with C' =1, and so Proposition gives

(Tk" [07 1]) =< (Tk-&-N)E)

with the same constant, C'/2 = 1/2, for all open sets. The result follows from
Proposition [2.9 O

Next, we prove the reciprocal of Proposition [2.10] which gives a local version of
Rodin and Semenov’s theorem (Theorem [1.3)).

Proposition 3.8. Let X be an r.i. space on [0,1] and G the closure of L> in LMz,
The following conditions are equivalent.
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(i) The continuous embedding G C X holds, that is, there exists a constant C' > 0
such that

1fllx < Cllfllae
for all f € L.

(ii) There exist constants A'y, By > 0 such that, for every non-empty open set E,
there exists N = N(FE) such that

1/2 1/2
A/X< ai) < HZCLMHNH < BS((Z%) ;
[5S

k>1
for (ag)3° € .

i1i) There exist constants A'y, By > 0 and a non—empty open set E such that, for
x> Dx
some N,

1/2 1/2
Alx( @i> <HZ%W+NH <B§(<Za2> ;

k>1 k>1
for (ax)$° € £2.
Proof. From Proposition [2.10, we have that (i) implies (i), and it is clear that (ii)
implies (i)
Assume now that (i7) holds for an open set E and for some N. From Theorem
[3.7] there exist constants C; and Cy such that

o o
akTN—&-kH < H E aprr|| < C2H E akTN-HcH ,
— X|E pt X pt X|E

for any (ay);° € 2. From (iii),

(le’X< ak> < H ZakrkH < OyBY <§:a )1/27

k=1 k=1
which implies, together with Theorem [1.3] that G C X. O

Example 3.9. We consider two examples of r.i. spaces not covered by Proposition
2.10[ where Theorem applies.

(i) Let LM» be the Orlicz space generated by M,(t) = exp(?)—1, with 1 < p < oco.
For 1 < p < 2, the Rademacher functions generate in L*» a subspace isomorphic to
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(2. For p > 2, the situation is described by Rodin and Semenov in [26]. Let ¢, be
the space of all sequences (ax)3° such that the norm

n
1(a1)3° gy = supn/*" > " aj
n>1 1

is finite, where ¢ is the conjugate exponent to p and (a});° denotes the decreasing
rearrangement of (|ax|)?°. Then, there exist constants Ay, By, > 0 such that

A @)l < || o] < Bu @)l o (3.12)
k>1

with 1/p+1/q = 1.
From Theorem |3.7, we have, in the case p > 2, that there exist constants
Chp,Cap > 0 such that, for any non-empty open set E, there exists N = N(E)

such that
Cro| S|, < | S awrion] < ool Soari
k>1 k>1 k21
and so
1Hf{A>0/<exp‘lZakrk N(x)p_]_> dx <1}Vsupn1/q lia*
ISP m(B) = g’

k>1

with constants depending only on p.

(i) Let S = (¢, ¢*)X be an interpolation space between ¢! and ¢? given by
a discrete parameter F, and X = (L*,G)¥ be the corresponding interpolation
space between L and G. From Theorem by Astashkin, there exist constants
AKX BE > 0 such that

AF @) lls < || D ai

k>1

. S Br [(ar)5° |5

From Theorem we have, for F a non—empty open set, that there exist constants
AK BiE > (0 such that

AENaFls < | X an < BE @S
k>1

for some N depending on E.
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3.2 Local independence of Rademacher functions

One of the key properties of the Rademacher system (r) on [0, 1] is that of indepen-
dence: forn > 1, 41,...,4, > 1 and 6y,...,d € {1, —1}, we have

m( ﬁ[m = 5k]> = ﬁm([% = 0x)),

k=1

where

[ = 0] = {2z €[0,1] : rx(z) = Ik}

A large number of results (and their proofs) rely on the independence of the
Rademacher system. For example, the proofs of by Montgomery—Smith, [23],
and by Hitczenko, [30], (see also [3, Theorem 2.1 and Theorem 2.2]).

Given a set E C [0, 1] of positive measure, the question arises of the independence
of the Rademacher system on (E, mg). Considering the set E = [0, 1/3] we see that
this is not the case (since 1/3 is not dyadic). A further possibility to consider would
be that, for some N > 1, the system (7, ) is independent on (E,mg). Neither this
is the case.

Note that, if we denote (as in the proof of Proposition ,

M
A= {x €1[0,1]: ’ZaerN(x)) > )\},
k=1
then the equivalence in distribution between (rx) on ([0, 1],m) and (rx4n) on (E, mg)
holds if and only if there exists a constant C' > 1 such that

Sm(E)ym(A) < m(EN A) < Cm(E)m(4) (3.13)
for all M > 1, A > 0 and (a)$° € £2, that is, the set E is independent (up to
a multiplicative constant) to all dyadic intervals of order greater or equal than N,
for some N. Inequality is a weaker version of independence of sets where a
multiplicative constant is allowed. This motivates the definition of C-independence
below.

For a probability space (€2, 3, P), a measurable function X : Q@ — R and a Borel
set B C R, denote

[XeB]:=XYB)={weQ: X(w) € B}.
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Definition 3.10. We say that a system (X} )xes of random variables on a probability
space (€0, %, P) is C—independent, with C' > 1, if the inequalities

Lp(A, € 5)) < [TP(x, € B < cB( (%, € 5)

j=1 j=1 j=1
hold for any m > 1, ky,...,k,, € J and By,..., B,, Borel sets on R.

For C' = 1, the 1-independence coincides with the classical independence of
random variables.

The interest of C—independence is that, if given a set E C [0,1] of positive
measure there exists N = N(E) such that the system (ry,y) is C—independent over
(E, mg), that is,

—mE<6nj: ) li[ <C'mE<é7°z]:j]),

for k> 1, N <143 <...< i and dy,...,0, = £1, then the local versions on F of

inequalities ,
mp ({2 € B: Y amin(@) > k() }) < Cexp(—12/2),

k>1

and ,

C Ka(v/p) < Hzakrka e = Cs Ko (/D)

k>1

would be available. Note, from Theorem , that this local version of (3.7) would
imply Proposition for any set F of positive measure.

Next we present a partial result on C—independence showing, under some condi-
tions on the set F, that given any A > 1, the Rademacher system (r;, ) on (F,mg)
is A-independent, for some N > 1 depending on E and .

Given an open set G C [0, 1], we will denote

— U {-t.rtcG1<j<2vy,

that is, G,, is the union of all dyadic intervals of order less than n contained in G.
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Theorem 3.11. Let E C [0,1] be a Peano—Jordan measurable set of positive mea-
)

= int(FE), that
(3.14)

Y m(E\G,) < o0

n>1

sure. Assume, for G :

Then, for any A > 1, there exists N = N(E,\) such that the system of random

fuarz’a})les (reen) on (E,mg) is A—independent, that is
1 k k k
b 1) < LT, 60 2 (s, -5

Jj=1 Jj=1 J=1

fork>1, N<iy <...<i, anddy,...,0, = %1
Proof. The case when F is a finite union of dyadic intervals follows from (3.3) with

A = 1. We assume that F is not a finite union of dyadic intervals
= int(E) U (£ N JE), with

Since FE is Peano—Jordan measurable, we have F
(OF) = 0, and so we can assume that E is open and m(E) = m(FE)
Step 1. We will show that, given any A > 1, there exists N = N(FE, \) such that

11 i 1
o <me( i, = 61) <A, (3.15)
j=1
for k>1, N <i; <...<i,and dq,...,0, = £1.
Let us denote, for n > 1,
={I]: ] CE1<j<2"}
< ) < 2 }

Z,:
={:GNE#0,IFNE #0,1<

and let M, := card(Z,), P, := card(7,)
Since E is open, it is equal to the union of all dyadic intervals that it contains

except for a set of dyadic points. Then,
.M,
m(E) =l m( 1) =t S
I€T,
In a similar way,
_ M, + P,
E) = lim m( I) = lim =t
VSYAUNS
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Together with the assumption that E is a Peano—Jordan measurable set, we have

M, + P, E
lim i = m(E)

= 1.
n—-+00 Mn m(E)

Hence, given any A > 1, there exist N = N(F,\) such that
M, + P,

1
i LEERLA g | 3.16
AT M, — 7 ( )
for all n > N.
Let k> 1and N < iy < ... <1, We have that
M;, 4
ol = 3l < (),
1612‘171
and M, 1+ P
i1—1 i1—1
mE)< > m)+ Y m(J) =10 T
IEI’Llfl J€\7¢171
Thus,
M;, M 1+ P

On the other hand, a direct computation (or the independence of the Rademacher
functions on [0, 1]) shows that

m( 6[7“1-]. = 5j]) = 2—1k

The characteristic function x4 of the set A := ﬂ?:l[rij = 0| is periodic, with period
1/21=1. Thus, for any dyadic interval I of order i; — 1,

k
1/2" 1
m([ﬂﬂ[r% = 53]) = i1—1 - Qk+ip—1°

It follows, as in (3.17)), that

k
Mil—l Mil—l + Pil—l
j=1
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Recall that

k k
1
mE< m[ﬁj = 6j]> = WWL(EQ m[ﬁ'j = 5J]>
=1 j=1
Then, from (3.17) and (3.18]),
M;, <ﬁ fr;, — > M;, +Pz‘171i
M1+ P 12k - i1 v My 28

Taking into account ([3.16) it follows that, given any A > 1, there exists N = N(E, \)
such that

1 k

o < mE(ﬂ[T’z’j = 5j]> < >\2—1,€7

j=1

>| =

fork>1and N <iy <...< 1.
Step 2. Now we show that given any A > 1, there exists N = N(FE,\) such that

1 1

>/I>—‘

fOI‘k’Zl, N <1 <. < andél,...,5k:il.
Let n > 1 and § = £1. Consider the set [r, = J], and let ¢, € [—1,1] be such
that
m(EN[r,=46]) 1+e,
m(E) 2

Since G, is an union of dyadic intervals with order less or equal than n — 1, we have

o mGanra=0) 1
mGn([rn - 5]) - m(Gn) — 57

which allows to obtain explicitly the value of ¢,,. Let
F,:=FE\G,.
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Then, we have

1

mg([r, =9]) = W(m(Gn N[r,=46]) +m(F,N[r, = 5]))
_ m<Gn)m o= m(F,) -
- m(E) Gn([ n 5]) + m(E) Fn([ n 5])
-~ m(Gn) 1 m(F,) _
= nE) 2 T ) " = 9)

1 m(F,) m(F},)
2 <1 T mE) (B (I = 5D>
= S(1+ew)
for
m(F,)

n = 2 n=0|) —1).
€ m(E) ( an([’I" ]) )
The product in (3.19) can be written as

k

k
[Lmsir, =5 = 5 [T+,

J=1

and so, in order to prove (3.19)), we will show that given any A > 1, there exists
N = N(E, ) such that, forall k > 1 and N < iy < ... <y,

<[[+e) <A (3.20)

j=1

>/I>—‘

Let A > 1, and consider ¢ € (0,1) such that
exp(0(1+9)) < A
From the fact that, for all n > 1,

m(F,) e (b = 81y — _
B e, (= 8 —1] < Tl = s

and the assumption in (3.14)), it follows that

> len] < 0.

n>1

|5n| =

o7



Then, given ¢ > 0, there exists N = N(FE, \) such that

oo
Z len| <9,
n=N

and, for all n > N with ¢, # 0,

log(1 n
g losltlenl) s
|en]
Hence, given &k > 1 and iy, ..., with N <1y < ... < 1, we have

IR Z 1) < exp (fjloga +les )
< exp ((1 +0) i |€ij|> <exp(6(1+9)) <A,

and so follows ((3.20)).
The result follows from ([3.15) and ([3.19) using A'/? instead of . O

Remark 3.12. Condition (3.14]) is satisfied in the case when F is an interval. Assume
that £ = (a,b), and denote, for n > 1, G,, = (ay,b,). Then, from the definition of
Gy, we have a,, —a < 1/2" ' and b — b, < 1/2"7! and so

1

> m(ENG,) =) ((b—a)+ by —an)) < o

n>1 n>1 n>1

The same argument shows that any finite union of dyadic intervals satisfies con-
dition (3.14).

58



Chapter 4

Rademacher functions in weighted
Cesaro spaces

The Cesaro function spaces Ces(p) are defined as the set of all measurable functions
f € L°(]0,1]) such that

11 ¥ p 1/p
W%W”:<A —/|ﬂMﬁ dr) " <oo,  1<p<oo,

|mmww:wpi/u Jldt < 00, p=oo.

0<z<1 T

These spaces have been thoroughly studied in [6] and [7]. They are the continuous
counterpart to the classical Cesaro sequence spaces, which have been studied in
detail; see, for example, [11], and the references in |17]. Functional and geometrical
properties of Ces(p) have been studied: duality and reflexivity; isomorphic copies of
classical sequence and function spaces; type and cotype; fixed point, Dunford-Pettis,
Banach-Saks, and Radon-Nikodym properties; see [6], |7], [9], [17].

More recently, weighted Cesaro function spaces have been considered. In [17]
their dual space has been identified. For w(x) a weight, i.e., a measurable function
with 0 < w(x) < 0o a.e., and 1 < p < oo, the weighted Cesaro spaces Ces(w, p) are
defined as the set of all measurable functions f € L%([0, 1]) such that

1/p
||f||Ces(w,p) = / / |f |dt dl‘ < 00, 1 <p<oo,
es(w,00) +— SUP ——~ t)|dt < oo, = 0.
Il = s =[50 p



Recall that

R = {Zakrk (an)T € 62}.

k>1

Then, R N Ces(w, p) is the linear subspace generated by the Rademacher system in
Ces(w, p). For the “unweighted” case w(z) = = and for 1 < p < oo, Astashkin and
Maligranda showed that R N Ces(w, p) is isomorphic to £2, that is,

= ° 4.1
| ;amu%@ (@)l (4.1)

with constants depending only on p, [8, Theorem 1].
For the case when p = oo and w(z) a quasiconcave weight, (that is, w(0) = 0, w(z)
is non-decreasing, and w(z)/x is non-increasing) it was also shown in [8, Theorem 2]

that .
| 32 e
k=1

The above expression is equivalent to ||(ax)7°||2 if and only if

n

Sl

k=1

(@)l + 2’
= a max
Ces(w,00) iz 1<n<m (.AJ(Z*")

w(z) szlogé/Q(Q/x), 0<z<1,

for some constant C' > 0 [8, Theorem 3].

In this chapter we study, by means of conditions on w(x) and p, the behavior of
the Rademacher functions (ry) in the spaces Ces(w,p). We compute, under certain
condition on the weight w(x), the norm in Ces(w, p) of a Rademacher series showing,
for 1 < p < oo, that

0o 0o n+1
»\ 1/p
| X< (e (| Do ]+ l@izall) )
k=1 es(wp) n=0 k=1
and, for p = oo, that
') n+1
| e = s (] D a] + l@)al).
o1 Ces(w,00) n>0 o1

where, for J, = (1/2""1,1/2"), n > 0, we have

IRESK x
Wpp 1= —— ) dv, W, = sup —.
P Jn w(z) ved, W(T)
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These equivalences allow to describe R N Ces(w, p), studying when (r4) is a basic
sequence, studying the complementability of R N Ces(w, p) in Ces(w, p), and study-
ing the extremal cases when the individual Rademacher functions do not belong to
Ces(w, p) and R N Ces(w, p) consists only on certain Rademacher polynomials.

We also consider the case when R N Ces(w, p) is isomorphic to 2. By means of
determining the norm in Ces(w, p) of the decreasing rearrangement of a Rademacher
series, we prove that
x
S oe @/x) e 10,1
is a sufficient condition for R N Ces(w, p) being isomorphic to £2, for all 1 < p < oo,
which is necessary in the case p = oo, and “almost” necessary for 1 < p < oo.

4.1 Conditions on the weight

We start discussing several conditions on the weight w(x) related to the behavior of
the Rademacher series in Ces(w, p).

Let 1 < p < oo and w(x) be a weight on [0, 1]. We will write the norm in Ces(w, p)
in the following way:

flesin = ( [ (G5)' ([ wona)'ar) ™, 1<p<o

1 [*
HfHCes(w,oo) = Ssup (ﬁ);/{) |f(t)| dt, p = oQ.

0<z<1

We say that the weight w(z) satisfies condition (P1]) for p, with 1 < p < o0, if for
alln >0,

p
wpn::/ (i)d:z;<oo, 1<p<oo,
’ 7, \w()

X
Woo’n = sup ——~ < o0, p = OQ,
z€Jn w(x)

(P1)

where J, := (1/2"*1 1/2"), for n > 0. Note that, since w(z) is finite a.e. we have
that wy,, > 0, for n > 0.

Recall from the Preliminaries that a Banach function space X is saturated if for
every set E with m(E) > 0 there exists F' C E such that m(F) > 0 and xyp € X
(see |32, p. 454]). This property is equivalent to the associate functional || - || x+ being
a norm in the associate space X'; see [32, Ch. 15, §68, Theorem 4].
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Proposition 4.1. Let 1 < p < oo and w(z) be a weight on [0, 1]. If condition (P1)) is
satisfied, then the space Ces(w,p) has a saturated norm. In particular, the associate
functional || - || ges(wpy 18 @ norm in Ces(w, p)’.

Proof. Since the average of x, on [0, z] vanishes for 0 < x < 1/2"*! and it is less or
equal than 1 for 1/2""! < x <1, for 1 < p < oo we have

1 n
P < (Lyd - |
”XJn HCes(w,P) - /1/2n+1 W(w) ) kg—; o

Analogously, for p = oo,

||XJn||Ces(w,oo) S SUp Woo, k-
0<k<n
It follows that x, € Ces(w,p) for alln >0 and 1 < p < 0.
Let E C [0, 1] be a set of positive measure. There exists J,, such that m(ENJ,) >
0. Noting that

||XEﬁJn||Ces(w,p) S ||XJ7L Ces(w,p)»

we deduce that Ces(w, p) is saturated. O

We say that the weight w(x) satisfies condition for p, with 1 < p < oo, if
x/w(x) € LP(]0,1]), that is,

1
/ <L>pdx < 00, 1<p< oo,
o \w(z)

sup 2 < 00, p = 00.
0<az<1 W(7)

Note that condition (P2]) is equivalent to r, € Ces(w,p) for all £ > 1. Condition
(P2) can be written via the coefficients w,,. Namely, it is equivalent to

(P2)

[e.o]

pr,n<oo, 1 <p<oo,
n=0

SUP Woo,n < 00, p = 0.
n>0

We say that the weight w(z) satisfies condition (P3)) for p, with 1 < p < oo, if

Low NP
/ (—) logh’*(2/z) dx < oo, 1 <p< oo,

o \w(z) (P3)
logé/z(Z/x) < 00, p = 0.

su
0<xI§)1 w(x)
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Since, for = € J,,
(n+1)"/% < logy/*(2/x) < (n+2)'/2,

condition (P3)) is equivalent to

> wpaln+ 1P <00, 1<p<os,
n=0

SUP Woo (1 + 1)1/2

n>0

< 00, p = Q.

In the case when w(z) is a non—decreasing function, condition (P3]) can be stated
in terms of the Lorentz-Zygmund spaces LP(log L)%, see |10, §4.6]. Namely, it is

equivalent to

1
e [P/ PTD2 (160 [)1/2.
w(z) (log L)

In particular, condition (P3]) holds for

1 r,s
(@) e L"*([0,1))

in the case when p/(p+1) <randl1<s<ooorr=p/(p+1)and1<s<p.
We say that the weight w(z) satisfies condition for p, with 1 < p < oo, if
there exists C' > 0 such that
sup L+l <C. (P4%*)
n>0 Wpn
Condition is a particular case of a more general condition.
We say that w(z) satisfies condition for p, with 1 < p < oo, if there exists
C > 0 and M > 1 such that for every n > 1 there exists n’ > 1 with

0<n-—n'"<M and Supwp’nSC. (P4)
n>1 Wp n/

Remark 4.2. Condition holds in the following situations.

(i) If w(z) is a quasiconcave function, then it satisfies (P4¥). Since 1/w(z) is
non-increasing it follows that wy, is finite; since z/w(z) is non-decreasing, we have
Wpnt1/Wpn < 1 for n > 0.

(11) If w(z) is non-increasing, we have wy,+1 < w,,/2. Hence, holds
provided that w,, is finite.
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(#i) If x/w(x) is non-increasing, then condition (P4*) depends on the slope of
the function z/w(x). In particular, it holds for 1 < p < oo when w(x) satisfies, for

some C' > 0,
w(1/2")
— <.
n w(1/2741) =

(iv) A weight w(z) has the doubling property if there exists a positive constant
C' such that w(l) < Cw(21) for every interval I, where 2/ denotes the interval with
the same center as I and twice its radius, and

If (z/w(x))? has the doubling property, then condition (P4%) is satisfied. Namely,
since J,11 C 2J,, we have

[ Gayes [, G)ese [ ()

Hence, wyni1 < Cw,p. In particular, (z/w(z))? has the doubling property if it
belongs to the Muckenhoupt weight class A, for some 1 < r < oco.

We say that the weight w(x) satisfies condition (P5)) for p, with 1 < p < oo, if
there exists a constant C' > 0 such that for every m > 0,

x
Z Wpn < Cwpm, 1 <p<oo,
n=m (P5)
SUP Woon < CWoo m,s p = 00.
n>m

Condition (P5)) is satisfied whenever w(z) is quasiconcave. In this case, z/w(z)
is non—decreasing, and so

00 1/2m
;wpm = /0 (ﬁ)pd;ﬂ

1 /2m+1 1/2m o
= / d:c + — dq:
0 /2m+1 CL)(QU
1/2m 1/2m
< / = dm + L dx
1/2m+1 (JJ ZB 1/2m+1 W(:C
= 2Wp.m.
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Remark 4.3. Note that, since for all n > 0,

[ G)es [ ) e s [ (o) o

condition (P3)) implies condition (P2)), and condition implies condition (P1])).
We also have that implies (P4%) and (P2)). This follows from the fact that,
if condition is satisfied, we have

oo
Wpm+1 S § Wp.n S prJTL?

n=m

for all m > 1, and
pr,n S CWp,O?

n=0

Finally, note that condition (P4%*) implies condition (P4]), with M = 1.

4.2 Rademacher functions in Ces(w, p)

In this section we study the space R N Ces(w,p). The following sequence space
R(w,p) is useful to describe the norm of a Rademacher series in Ces(w, p).

Definition 4.4. Let 1 < p < oo and w(z) be a weight on [0,1]. Assume that
condition holds. Let R(w,p) be the space of all sequences (a)° € 2 such that,
for 1 < p < o0,

oo n+1
p\1/p
) lren == (3 wnn (]| 3 @] + la)alls) ) ™ < oo,
n=0 k=1
and, for p = oo,
n+1
(@) o) 1= 5D woon (| D ar| + ll(@r)all2) < oo
n>0 1
The space R(w,p) with the norm || - [|g(p) is a Banach space.

Proposition [2.10] gives the equivalence

All@Fl < | 3 aur
k>N

< B/ o0
e < Bill@)
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for X an r.i. space with G C X, with N depending on E. Next we give a similar
result for £ a dyadic interval and a Rademacher series of the form 2@1 a7, Recall
that the dyadic intervals of order n are

j—1 7 .
be::( ,—), 1<j<2m
J 2n 2n J

Denote the sign of a Rademacher function ry on I}' by
€y = Sign(rk(lf)),
for1<j<2"and 1 <k <n.

Lemma 4.5. Let X be an r.i. space on [0,1] with G C X. Given a dyadic interval
I, withn>1and 1 <35 <2" we have

¥ )
n
| S, = (|2 ctsm] + N@zale).
k>1 J k=1

for (ax)$° € 2, with constants depending on X .
In particular, for X = L' and I = (0,1/2"), we have

1 = 1S p
— ag| + ||(ax)n: < — ‘ axr t‘ t
(] lezate) < o [ [ ot

k=1

<[ Y] + @zl
k=1

Proof. Recall that for any r.i. space X on [0,1], we have L>*® C X C L'. Thus,
there exist constants C1,Cy > 0 such that ||f||x < Cy||f||z~ for all f € L*>, and
[fllzr < Cof fllx for all f e X.

From (3.4) and from Theorem since G C X,

oo n (o)
X|Im X|I7 X|In
k=1 J k=1 J k=n-+1 J
n o0
ZGkaH +Hzak+n7“kH
Loo| I X
k=1 J k=1

n
> et jar] + Bxll (@)l
k=1

<Cy

<C
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The upper inequality follows for a constant B := max{C', Bx}.
Concerning the lower bound, we will combine two inequalities. The first one relies
on the fact that, for & > n + 1, the integral of r; on I7' vanishes. Thus,

k>1 J k>1
1 / =
2 - QT t dt‘ .
m(I7) I;; (t) (42)

n
n
- E Ek.Jak‘.
k=1

On the other hand, from the inverse triangle inequality and Khintchine inequality
for L'([0,1]) with the optimal constant 1/v/2 (see [31]) it follows that

|y = [ s
X|Ip =

1
LYyIp

Zakrk t )dt
k=1

k>1

(4.3)
/ (|3 wno] ~[Saco])
> fu @)%l - \Zemak\
From and it follows that
302H ;akrk“qu > ’;Ek,jak‘ + %H(ak)fﬁﬂlz,
which completes the proof. n
For (a;);° € %, we denote
Ao = [[(ax) 7|2
A= Y| @zl w21 o
k=1
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Theorem 4.6. Let 1 < p < 0o and w(x) be a weight on [0,1]. Assume that condition
holds. Then, the space R N Ces(w, p) is isomorphic to R(w,p) with equivalent
norms. Consequently, R N Ces(w,p) is a Banach space.

In particular, for (a;)® € R(w,p) and 1 < p < oo, we have

Sy = (S| ]+ ra)')

and for p = oo,

|3

with constants depending on p and w(x).

n+1

X SUDP Weo () Zak’ + H(ak)ﬁzyb)’
k=1

Ces(w,00) n>0

Proof. Let 1 <p < oo, n >0 and z € J, = (1/2"*,1/2"). From Lemma [£.5] we
have

1 1 1/2n+1
g A S | a
A< m [ [ Sano

E>1
1 X
§ —/ Zakrk(t)‘ dt
L Jo E>1
1 1/2n
~ aka(t)‘ dt
1/2”+1/0 =
<24,
Thus, for n > 0,
L4 <1/IZ (t)‘dt<2A e (4.5)
T =4n > — agr = ny X ne .

By splitting the interval [0, 1] into the intervals J,, using (4.5)) we have

oo o0
p X
[Sanll =3 |
w\r
P Ces(w,p) =0/ In
1

1) ‘dt)pdx

(4.6)
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and

p

o
| > aun
k=1

Condition (P4)) allows to show that the lower bound in (4.6)) and the upper bound
in (4.7) are equivalent. Assume that there exist C' > 0 and M > 1, such that for
every n > 1 there exists n’ > 1 with 0 <n —n’ < M and

Ces(w,p)

<2 w AL (4.7)
n=0

Wp,n
sup 2% < C.
n>1 Wp n/

From (4.7) and the inequality w,, < Cw, s provided by (P4,

|3

o0
p
<N ", AP
Ces(w,p) ; prem

- (4.8)
< Py AL+ 2°C Y " wy AP
n=1
From Cauchy-Schwarz inequality and the fact that n —n’ < M, we have
A= |3 ] + la)5ll
k=1
n'+1 n
<Y al+] X a|+ @zl
k=1 k=n/+2
n'+1 (4.9)
<[ S a]+ (=0 = 02 @) ol + (@)
k=1
n'+1
< | D ar] + (M = DY[(ar)5allz + 1 (ak)35 a2
k=1
<2M — 1) A,
Noting that Ay < A, inequalities (4.8) and (4.9)) yield
oo P [e.e]
arTy < w0 AL+ 4PC(M — 1)P2Y  wpm AR, 4.10
H; oty S Z 0 M+ VO =173y 4 (4.10)
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Assume that n) = n), for some ny,ny € N with ny; > ny. Then, since 0 <n—n' < M
for all n > 1,
0<mng—mng<ng—ny=n;—n) <M,

and so, for each m > 0, there are at most M indexes n > 1 such that n’ = m. Hence,

D wpw AL <MD wy Al (4.11)
n=1 n=1
From (I10) and (ITT),
agr < 2Pw, 0 AV 4+ 4PC DPPMYS w, AP
HZ KTk Ces(w,p) p.0 ( ; P +1

P p
S Bw,p E :wpynAn—i-l?

where BY = max{2"w, o, 4'C(M — 1)/ M}
Hence, for A, , = 1/6\/5,

1/p > s 1/p
P
w,p ( Z Wp,n n+1> < H Z akrk‘ By ( Z Wp,nAn+1>
k=1 n=0

Completeness of R N Ces(w, p) follows since it is isomorphic to R(w, p).
The proof in the case p = oo is completely analogous. O

Ces(w,p)

Motivated by Theorem [4.6| we consider when (74) is a basic sequence in Ces(w, p).

Corollary 4.7. Let 1 < p < 0o and w(zx) be a weight on [0,1]. If condition is
satisfied, then (ry) is a basic sequence in Ces(w,p).

Proof. Suppose that 1 < p < oco. Let m; < may. Since condition (P5)) implies
condition (P4)), Theorem is available. Thus, for some constant B, , > 0,

|3 o

P E
<B,p wp” n+1

Ces(w,p)
mi1—2 n+1 0
=Bzz,p( > wpn (| D0 an| + ar)itall2)” +]Zak > w)
n=0 k=1 n=mi—1
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and, for A, , = 1/6v/2,

ma
P
|3
k=1

> Ap w
Ces( Z pn n+1

mi1—2 n+1
p
- A::,p( 3 (| S|+ @z

n=0 k=1

00 n+1

p

DI () SR AENAT
n=mi—1 k=1

mi—2 n+1
Z Ag,p( Z Wp,n( ak‘ + || ak)n—i—QH ) +Wp,m1 1‘ Zak ),
n=0 k=1

From condition (P5]), there exists a constant C' > 0 such that, for every m > 0,

(o]
E :wp,n < Cwpm.

n=m
It follows that
H Z QT
Ces(w,p)
my—2 n+1 » mi » 1/p
< B 3 | ]+ 1a028a0e) + | S ]
n=0 k=1 k=1
B —
S C’l/p ﬂ Zakrk‘ ,
wp ' Ces(w,p)

which proves that (r) is a basic sequence.
The proof in the case p = oco is analogous. O

For w(z) a quasiconcave function, conditions and are satisfied, and so
Theorem and Corollary describe the behavior of the Rademacher series in
Ces(w, p). Next, we isolate conditions and , studying the situation when
either of them fails, which allows to identify their role in the case when w(x) is not
quasiconcave (recall that implies (P1])). Condition (P3)) will be considered in
Section where we show that it is related to RN Ces(w, p) being isomorphic to ¢2.
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Let P be the space of all Rademacher polynomials, and set P? := U,,>PY
where, for m > 1,

PV = {Zakm ca, € R, with Zak = 0}.
k=1 k=1
Proposition 4.8. Let 1 < p < oo and w(x) be a weight on [0, 1].

(i) Condition holds, that is,

1 ipd:v<oo, 1<p<oo,
o \w(z)

X
sup —— < 00, p = 00,
0<z<1 W(7)

if and only if P C RN Ces(w, p).

(ii) Assume that condition (P1) holds, that is, w,, < oo for all n. If condition
(P2) is not satisfied, then

P N Ces(w, p) = P°.
In this case, 1, ¢ Ces(w,p) for all k > 1.

(111) Assume that condition (P1|) fails. If wy,, = oo and wy,, is finite for 0 < n <
m — 1, then
P2 C RN Ces(w,p) C Poy.

Moreover, R N Ces(w, p) = P, if and only if

-1 2m+1
/ (L>pdm<oo, 1 <p<oo,
J,

w(x)

xr — 1/2m+1

sup ———— < 00, p = 0.
x€Jm W(I)

Otherwise, R N Ces(w,p) = PY..

(1v) If w,o = oo, then R N Ces(w,p) = {0}.
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Proof. We suppose that 1 < p < oo. Recall the definition of A, in (4.4). For a
Rademacher polynomial Y ;" | a;ry, we have that

= ‘ Z ak|, n>m.
k=1
From ({4.7), we have
HZakm <2<Zw nAp—i—‘iakp w n>1/p (4.12)
Ces(w,p) — P - P ’

whereas the version of (4.6)) for Rademacher polynomials is

Hzakrk Ces(w,p 6\/_<pr" n+1+‘zak

(i) Noting that, for all k,

I [ ()
rk‘Ces(w,p)_ o (W(l’) Z,

we have that condition (P2)) holds if 7, € R N Ces(w, p) for all & > 1. Conversely,
since (P2) is equivalent to

> wpn < 0,

n=0

from (4.12)) it follows that P C R N Ces(w, p).
(ii) Since Y, agry € P° implies that

m
E ayp = 0,
k=1

1/
S w,,,n) " (4.13)

3
|

from (4.12) we have that
P° C PN Ces(w,p).

On the other hand, if fails, then

o9
g Wpn = 00
n=0
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From (4.13)), the space Ces(w, p) only contains Rademacher polynomials of the form
Yo agry, with
Z ap — 0.

k=1
(111) Assume that w,,,, = co. The inclusion

P C RN Ces(w,p)
follows from (4.12)) and the fact that Y ;" | axry € P2, implies

i ap = 0.
k=1

From (4.6)), we have

' >t AP
Wpm AL 1.
Ces(w,p) (6\/§)p P +1

x
H Zak’f’k
k=1

Since wy, , = 00, if we have that

Z apry, € Ces(w, p),

k=1

then it necessarily follows that

m+1
Apsa = | 2 ] + ll(@)zall = 0.
k=1
that is, R N Ces(w,p) C P, ;.
Set
m+1
0 0
Z gy € 7Dm—l—l \ va
k=1
where a; = 1, for 1 < k <m, and a,,1 = —m. Noting that the inclusions

P2 c RN Ces(w,p) C Py,

involve finite dimensional vector spaces, we have that R N Ces(w, p) = P?

a1 if and
only if

m+1

Z apry, € Ces(w, p);

k=1
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otherwise, R N Ces(w, p) = P.
Since r(z) =1 for 1 <k <m+1and z € (0,1/2™1), we have

1 z  m+l
x /
0 " k=1

m~+1
Z akrk(t)‘dt = ‘ Z ak‘ =0.
k=1

On the other hand, for = € J,, = (1/2™"1,1/2™), we have rx(x) =1 for 1 < k < m,
and 7,,11(x) = —1. Thus,

z  m+l
/ Z apry(t ‘dt =2m(z — 1/2™h).

It follows that

+
Hzakm
k=1

Z/ ) G [ 1oy
/ - UQmH) dx (4.14)

m—1 -

T \P ,

' / Ce) (‘/ 1) at)"da.

; JIn (.U(l') x 0
Since a; = ... = a,, = 1 and a,,41 = —m, we have for 0 <n < m that
n+1
An = ‘ Za’f‘ + [[(ar)mpalle = n 4 (m —n + m2)1/2,

k=1

Thus, there exist constants C', Cy > 0, depending only on m, such that for 0 < n <
m—1,
Cl é An+1 S 2An S C(2'

Together with (4.5)), this inequality yields, for z € J, with 0 <n <m — 1,

C 1 :
1
< — ‘E arT, 15‘dt<C.
6\/5_560 klkk() >~ L2

From ({4.14)), we have that

m+1

H ; agTk ;S(MP) = (2m)? /Jm (%) dx + ; /n (ﬁ)pdw.
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Since wy, , is finite for 0 < n <m — 1, it follows that

m—+1

Z agri € Ces(w, p)

k=1

-1 2m+1
/ (L)pdx < 0.
Jm w(z)
(iv) Tt follows from (74i) and from the fact that P = {0}.
The proof in the case p = oo is analogous. O

is equivalent to

4.3 Complementability

Next, we consider the problem of the complementability of RNCes(w, p) in Ces(w, p).
In |8, Theorem 4 and Theorem 6] it was proved, for 1 < p < oo and w(z) = z,
that R N Ces(x,p) is not complemented in Ces(z,p), and, for w(x) a quasiconcave
function, that R N Ces(w, c0) is not complemented in Ces(w, 00). We extend these
results to spaces Ces(w,p) with 1 < p < oo under the sole assumption that (r) is a
basic sequence in Ces(w, p). In particular, this result applies for w(x) a quasiconcave
weight, and for the power weights w(z) = 2 with A < 1+ 1/p (see Example m
below).

We need the following lemma, which is related to the study of when RN Ces(w, p)
is isomorphic to ¢? (see Section [.4). Recall, for w(z) a weight with

1
Wp,o = /1/2 <ﬁ>pdx = 00,

that from Proposition [4.8 we have R N Ces(w, p) = {0}.

Lemma 4.9. Let 1 < p < oo and w(z) be a weight on [0,1]. Assume that w,¢ is
finite. There exists a constant A, > 0 such that,

Ces(w,p)7

o0
Aupll@)Flle < || awre
k=1

provided that Y ;- | ayry, € Ces(w,p).
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Proof. Let 1 < p < oo, and recall that Jy = (1/2,1). From Lemma [4.5

S unl, = (L GEYG LIS
> </Jo <$)pdx>l/p/ol/z ‘ gakrk(t)‘ dt

1 oo
> = (o] + @i )

1/p

\/_

The case p = oo is analogous. O]

= (@)l

The proof of the next result follows, with suitable and necessary adaptations, the
steps of the case when p = oo and w(x) is quasiconcave proved in [8, Theorem 4].

Theorem 4.10. Let 1 < p < oo and w(zx) be a weight on [0,1]. Assume that (ry) is
a basic sequence in Ces(w,p). Then, the space R N Ces(w, p) is not complemented in
Ces(w, p).

Proof. Let 1 < p < oo. Since (ry) is a basic sequence in Ces(w, p), we have, for all
k > 1, that r, € Ces(w,p). Thus, condition (P2) is satisfied. From Proposition ,
Ces(w, p) has a saturated norm, and so Ces(w, p)’ is a normed space. It also follows
from condition that L>=(]0,1]) C Ces(w,p). Hence, Ces(w, p)" C L*([0,1]).
Suppose that there exists a projection P from Ces(w, p) onto RNCes(w, p). Then,

Pf = Z ¢n<f)rn> (4.15)

n>1

for some ¢, € Ces(w,p)”. Since Ces(w,p) has absolutely continuous norm for 1 <
p < 0o, we have Ces(w, p)* = Ces(w, p)’, and so

Pf = Z (/ )dt)rn, f € Ces(w, p), (4.16)
for some g,, € Ces(w,p)’ € L'([0,1]). Since P is a projection,

(giTj) = /0 gi(t)r;(t) dt = 0y
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Since L>([0,1]) C Ces(w, p) we have, from (4.16]),

i (/Olgn@)f(t) dt)2 <oo,  feL>0,1]).

n=1

This implies that (g,) converges weakly to zero in L'([0,1]) and, by the Dunford—
Pettis criterion for weak compactness in L'([0,1]), the sequence (g,) is uniformly
integrable. Thus, there exists h € (0, 1) and ng such that, for n > ny,

‘ /h 1 Gn()rn(t) dt’ > % (4.17)

To see this, assume that (4.17) is not true. Then, there exists (g,,) C (g,) such that

‘ /1/1 Gn, (8)7m, (t) dt‘ < %

Since (g;, ;) = 9, j, we have

1/i 1/ 1
/ |Gn, ()] dt > ’/ G, ()7 (1) dt‘ > =
0 0 2

for ¢ > 1, which contradicts the fact that (g,) is uniformly integrable.
Let us see that there exists a constant C' > 0, depending on w(x) and h, such
that the inequality

1 xmllces@wp) < CIFllLrnu) (4.18)
holds for f € L'([0,1]). To see this,

HfX[thceswp = /1 (L/ ’X[m dt)pdgj)l/p
/1 (L/ )X n,1 () dt>pdx>1/p
1
<([ 25) "1l

The finiteness of the integral above follows from condition (P2]).
Define

Bu(f) = P(fxin)-
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Then, the operator
Py: L'([h,1]) — LY([0,1])

is bounded. To see this, from Khintchine inequality in L'([0, 1]), we have
1Pl qoany = 1P xma)lerqoany < (U Xy 9n))oy || 2
From Lemma [£.9]
Aw,pH((fX[h,u,gn))ZO:lH@ < |[P(fxira)) || cestw,p)-

From the fact that P is a bounded operator and (4.18)), it follows that

I PCfxma)llceswp) < 1P X R ces@p) < CHPI Iz gna-

So, we have

C
P
AWH LAl 2

that is, P,: L'([h,1]) — L'([0,1]) is bounded.

Since P, factors through a reflexive space, it is weakly compact. Thus, from the
fact that L*([h, 1]) has the Dunford-Pettis property and r,, X 1) tends weakly to zero
in L([0,1]), it follows that

| Prfll ooy <

| P (rnXna)l 22 o,1)) — 0
as n — oco. On the other hand, from (4.17)) and Khintchine inequality, it follows, for
n > ng, that

o0

1
[[Pn (X, 1) [ 1 0,17y = Al(Z </h 9(t)n(?) dt>2>l/2

k=1

> A,

1
A
| sty > 3
h 2

which gives a contradiction.

For the case p = oo, since Ces(w, 00) is not separable, the situation is different.
However, we will see that for f in the separable part of Ces(w,o0), denoted by
Ces(w, 00),, we still have the projection P represented as in (4.16]), that is,

Pf= i </Olgn(t)f(t) dt)rn, f € Ces(w, 00),,
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with g, € Ces(w,00)’ C L*([0,1]) and (g, 7;) = &;j. To see this, recall that we have
the decomposition
Ces(w, 00)" = Ces(w, 00)' @ (Ces(w, 00)")?,

see [32, Ch. 15, §70, Theorem 2], where (Ces(w,o0))? is the space of all singular
bounded linear functionals on Ces(w, 00). It follows, for ¢,, € Ces(w,o0)” in (4.15)),
that

¢n:¢n+0n7 n =1,

where 1, € Ces(w, 00)" and 6,, € (Ces(w,o0))?. In particular,
0,(f) =0, [ e Ces(w,0),,
and, for some g,, € Ces(w, 00)’ € LY([0,1]),

balf) = / F(Dga(t)dt, € Ces(w, 00).

Note that, since we do not necessarily have r, € Ces(w,0),, it does not follow
immediately that (g;,7;) = 6;;. Since condition is satisfied, and r, — x[0,1) = 0
on [0,1/2%, it follows that ry — xo,1] € Ces(w,00),. Fix n > 1. Then, we have
0n (% — Xjo,17) = 0, that is,

On(r) = On(Xx0,01), k=>1.
Since P is a projection,

Gn(1n) = PYn(rn) + On(rn) =1,
On(rr) = Un(re) + 0n(rx) =0, k#n.

Hence, for k > n, we have 0,,(x0,1)) = —¢n(r%). Moreover, since g, € L'([0,1]),

(4.19)

1
lim ¢, (1) = lm [ g, (t)re(t)dt = 0.
k—o00 k—o00 0
Thus, 0,(rx) = On(X01) = 0 for all & > 1, which together with (4.19) implies that
(girr5) = 0ij-
The proof then follows the same steps as in the case 1 < p < 0o, noting that the
inequality
1 Xk 1Ml cesqoe) < CllF[Lrqn
follows from

1
es(w,o00 S su V2R
11 X111l Ces(w,00) hgl;w(x)llf||u([h,1])

together with condition (P2)). O
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From Theorem and Corollary [4.7] we have the following.
Corollary 4.11. Let 1 < p < o0 and w(z) be a weight on [0, 1].
(i) If condition holds, then R N Ces(w, p) is not complemented in Ces(w, p).

(ii) In particular, if w(x) is quasiconcave, then R N Ces(w, p) is not complemented
in Ces(w, p).

We end this section considering the Cesaro spaces Ces(2?,p) corresponding to
power weights w(x) = 2, for A € R.

Example 4.12. Let 1 < p < oo and consider Ces(z?,p) for A € R, that is,

1 Fllceser gy = (/01 (% /0 0] dt)pd:z;>l/p.

Set 6 :=p(1 — X) + 1. We have, for 6 # 0 and n > 0,

1/2m
n = ——) dx = (1=Mp g :_<__ ):_<1__>_
o /Jn (w(x)) ’ /1/2n+1 ! T 5\ gns T s 5 938 ) ona’

and for § = 0, that is, p(1 — \) = —1,

p 1/2m 1 1
Wpn = / <i> dr = / .’L'il dr = (hl— —In m) =1In2.
Jn CL)(.T) 1/2n+1 n 2(n

In both cases,
w
pntl 5§
Zpntl 9=

Wp,n

and so (P4%) holds for arbitrary A € R and 1 < p < co. From Theorem it follows

that
00 00 1 n+1
apTr = — a
| arf o, = (X aw(| X
k=1 n=0 k=1

Suppose 0 > 0, that is, A < 1+ 1/p. Then, since

1 1y 1
o =51 35) gom
we have

1 1 1 1 1 1INt 1 1\
Senn=5(1-5) Uga=5(-5) (- 5) gw=(-5) @

n>m n>m

Flzale)) " (a2




and so condition (P5]) is satisfied. From Corollary [4.7, we have that (ry) is a basic
sequence in Ces(w, p), and R N Ces(2?, p) is not complemented in Ces(z*,p). From
Cauchy-Schwarz inequality, we have

n
>a
k=1

Hence, from (4.20) we have, for a constant C' > 0 depending on A and p,

+ [[(ar)5allz < 2072 (ar)3 2.

00 o] np/2 1p
(2 5%) Mo
H ;akm‘ Ces(z*p) ; oné [ (ar)7° |2

The previous series converges, as § > 0. Together with Lemma [£.9] we have, for
some constants A, ,, By, > 0,

A/\,p

< B |
Ces(z*p) /\713”(@1@)1 I|2

o
(@)l < || - aur
k=1

Thus, R N Ces(2?, p) is isomorphic to 2 for 1 < p < co and A < 1+ 1/p. This was
proved in [§] in the case 1 < p < oo and A = 1.
Suppose now that § < 0, that is, A > 1+ 1/p. In this case, condition (P2) fails,

since the integral
/ Loz e / Vodx
()=
o \w(x) o LR

is not finite for (A — 1)p > 1. It follows that Ces(z*,p) does not contain the sin-
gle Rademacher functions, and from Proposition [4.8] it only contains among the
Rademacher polynomials those of the form

m m
E arT, with E ap — 0.
k=1 k=1

But there are also infinite Rademacher series in Ces(z*,p). To see this, let, for
example, 6 = 0, that is, A = 1 + 1/p. In this case, (4.20]) becomes

00 00 n+1
p\1/p
[y = (X ([ ] anal) )

Set
asy == 1/k?, Ukl i= Qsppn i= —1/2K% k> 0.
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Then, for n > 1 and some constant C' > 0,

~ 1 <. < C
Sal<m o< s

Thus, Y o, axry € Ces(z' TP p).
In the case p = oo, we have, for A < 1,

x _ _
Woon 1= SUP —— = sup z' A = gr(A—1),

x€Jp w(@ 2€Jn

and for \ > 1,

Weom = SUP 1A — 9t )(A-1)
IE-]n

In both cases, since
Woo,n+1 A—1
— =9 )

Woo,n

condition (P4*) holds. Then, we have the equivalence

00
|
k=1

For A < 1 it follows, as in the case 1 < p < oo, that Ces(z*, 00) is isomorphic to
7%, and R N Ces(x?, 00) is not complemented in Ces(z?*, o0).
For A =1 we have

oo
|2
k=1

which shows that Ces(z, o) is not isomorphic to £2.
For A > 1, condition (P2]) is not satisfied, since

Ces(z},00)  n>0

n+1
= sup 2" (|32 ] + @)l
k=1

Ces(z,00) n>0

n+1
=< sup (|32 ar] + l(@)3zalz)
k=1

T 1
sup —— = Sup ——
0<z<1 W(CC) O<z<1 T

:Oo’

and so 7, ¢ Ces(z?*, 00) for all k > 1.

Remark 4.13. The previous example shows, for power weights w(z) = 2, that
condition (P2)) is equivalent to RNCes(x?, p) being isomorphic to £2. This equivalence
is not true in general, as can be seen by considering

w(r) = 2? logg/z@/x).
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For p =1 and n > 0, since

1
/ —dr =1n2
Jn T

1 1 1
< < ,
(n+2)%2 7 10gd?(2/2) ~ (n+1)%2

and

T € J,,

we have

/ dx 1
Win = = .
5 xlogd?(2/z)  (n+1)32

Thus, condition (P2) is satisfied.
To see that R N Ces(w, 1) is not isomorphic to ¢2, let a, = 1/vk, for 1 < k < N.

Then, we have
1 12
CLk1H2—<Z%> 10g/ N.
k—

—_

On the other hand, since

from Theorem it follows that, for some constant A, ; > 0,

N
| > an
k=1

Hence, R N Ces(w, 1) is not isomorphic to ¢2.

N-1 n+1

> A, —‘ log, N,
Ces(w,1) 1 (n +1)3/2 Zak 082

3
Il
=)

4.4 RN Ces(w,p) isomorphic to />

In this section we study the situation when R N Ces(w, p) is isomorphic to ¢2. In
Example it was shown, for power weights w(z) = 2, that R N Ces(z?, p) is
isomorphic to ¢? precisely when A < 1+ 1/p and 1 < p < oo, generalizing Theorem
1 of [8], where it is shown that that R N Ces(w, p) is isomorphic to £2 when w(z) = z
and 1 < p < oo.

For p = oo it was shown in Theorem 3 of [§], for w(z) a quasiconcave function,
that R N Ces(w, o0) is isomorphic to ¢? if and only if w(x) > cz 10g1/2(2/a7). Note
that this last condition is precisely condition for p = oo.
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We prove, for every 1 < p < oo, that condition suffices for R N Ces(w, p)
being isomorphic to 2, thus removing the need of quasiconcavity. However, while
condition is necessary when p = o0, it is not necessary when 1 < p < 0o, even
though it is very close to being so, as it will be shown, by considering decreasing
rearrangements of Rademacher series.

Theorem 4.14. Let 1 < p < oo and w(x) be a weight on [0,1]. Condition (P3)
holds if and only if there exist constants Ay, p, B, > 0 such that

Acall@Tl < (o) |, < Berll@)Fll (421)
for (ay)3° € 2.
Proof. Assume that condition holds, that is,
' T\ oe??
/0 (w(:v)) 0gy “(2/x) dx < oo, 1<p< o0,
8, oy et @) <oy

From Lemma and the general inequality

/0 ) d < / ", (4.22)

o < | ()

To prove the right-hand side inequality of ( -, let L2 be the Orlicz space
generated by Ma(t) := exp(t?) — 1. Recall from (6] that the fundamental function of
its associate space (LM2)" is given by

we have

Ayp

(@)lz < | Zam\

Ces(w )

Py (T) =2 10g§/2(2/:c).

Thus, for 0 < x <1 and (ag) € 2, since L2 is rearrangement invariant,

/ <Zakm> dt < _HXOIE ” LMQ)/ ‘(Zaka>
k=1
1/2 00
< Blogy " (2/)||(ak)1"[|2,
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where B = B;um,. Hence, for 1 < p < oo,

H (gakm>* < B(/O1 (L)pbgg/?(z/x) dx)l/p||(ak)§°||2;

Ces(w,p) W(ﬁ)
whereas for p = oo,

[

Condition (P3]) is precisely the finiteness of the integral or the supremum above.
For the converse, the cases 1 < p < oo and p = oo are different.
Let 1 < p < 0o, and assume that inequality (4.21]) holds. Let

< B su lo 2/z)||(a .
Ces(w,00) 0<a;21<7(x) o' (2/)[(ar) T[]

1 n
Up = ——= E Tk
n \/ﬁ k
k=1
By our assumption we have, for n > 1

||U;;||CeS(w,p) < Bw,p”(l/\/ﬁ)?HQ = By p-

Via the Central Limit Theorem (as can be seen in the proof of |26, Theorem 6], see
also [22, Theorem 2.b.4]) we have, for some C' > 0, that

log;/2(2/:v) < C lim v} (x), 0<z<1.

n—oo

Hence, noting that the average of f* on [0, z] is greater than f*(z) for any measurable
function f and 0 <z < 1,

/0 1 (ﬁ)plogé’”@/x) da < CP /0 1 (ﬁ)p( Tim v () d
=C? nh_)rglo i ﬁ)pv,’;(x)pdx

<ot [ () ([ woa)a

— (P 1j * < (P .
CP lim o] [[cesw.p) < C"Bup
Thus, condition (P3)) is satisfied.
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Now we consider the case p = co. Assume that the equivalence

[

holds with constants depending on the weight w(x). In particular, this implies that
1 € Ces(w,00), k > 1, and so all the coefficients wy , are finite. Thus, if (P3]) does
not hold, we have

= [[(ar)7l2

Ces(w,00)

SUP Woo (N + 1)1/2 = 00,
n>0

and so there exists a subsequence (n;)52; such that

M wee , (1 + 1)1? = o0,

Jj—o0
Set
aj, = (n; +1)71/2 1<k<n;+1,
al, =0, k>n;+2

We have that ||(a])?2, |l = 1 for j > 1. From the corresponding version of (&.6) for
p = oo we have, for a constant A, ., > 0,

(i) oy 2 1
nj—s—l

j

ZAw,oowoo,nj’ E ak)
k=1
nj+1

Z (nj + 1>_1/2

k=1
= Aw,oo woo,nj (nj + 1)1/2,

Ces(w,00) Ces(w,00)

- Aw,oo woo,n]-

which letting j — oo yields a contradiction. O

The inequality

E3
(Sl <l(Son)
i1 Ces(w,p) 1

Ces(w,p)
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holds, but the norms in Ces(w, p) of a Rademacher series ) ", | axry and its decreasing
rearrangement (>~ axr)* need not be equivalent. To see this, consider w(z) =
"t/ From Proposition we have that r; — ry € Ces(w, p). On the other hand,
(11 —12)* ¢ Ces(w, p), since (ry —r2)* = 2x[0,1/2- This example, together with the
following theorem, suggests that condition ,

L, >p )
—~ Y 1og??(2/x) dx < o0, 1<p< oo,

| (G5) o e

su logt/%(2/x < 00, = 00,

0<$21 w(x) g2 ( / ) p

is stronger than R N Ces(w, p) being isomorphic to £2.
Theorem 4.15. Let w(x) be a weight on [0, 1].
(1) Let 1 < p < 0.

a) If condition holds, then R N Ces(w, p) is isomorphic to (2.
b) If RN Ces(w,p) is isomorphic to €%, then for every € with 0 < & < p/2 we

have )
T \P .
/0 <m> logh/ > (2/z)dz < cc.

(ii) For p = oo, the space RN Ces(w, 00) is isomorphic to €* if and only if condition

holds.
Proof. (i) If condition holds, from Theorem and Lemma [4.9| we have

Ces(w,p)

<|(Seen)

o
Auplll@n)lle < || D anre
k=1

Ces(w,p)
< Bupll(ax)7|l2,

which proves a).
To prove b), let R N Ces(w,p) be isomorphic to £2. In particular, w,,, is finite for
n > 0. Suppose, for some 0 < € < p/2, that

/0l (ﬁ)ploggﬂs(z/@ dr = oo.
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Since, for x € J, = (1/2"*11/2"), we have
n+1<log,(2/z) <n+ 2,

it follows that

Lo x _
— ) 1ogt* ™ (2/2) da = / NV og?> = (2/2) d
/0 <w(a:)> 082 (2/z)dv = ; w(x ogg (2/) dx
,\Z/ L (n+ 1)P/*=¢ da.
w(:v
n>0
Thus,
pr,n(n + 1)P27 = 0.
n=0
Set

ap = k~1/2elp, k>1.
We have (a)$° € 2. On the other hand, from (4.6)) it follows the inequality

> P
HE agTk 2 E Wp,n E
Ces(w,p)
k=1

which together with the fact that

n+1

‘ Z kl/2+z—:/p

implies that > 7~ apry ¢ Ces(w,p). This gives a contradiction.
(i) If (P3]) is satisfied, the equivalence

o
H Z Rl
k=1

follows as in the case 1 < p < oc.
Conversely, assume that (4.23) holds. In particular, this implies that ws,, is
finite, for all n > 0. Suppose that

n+ 1) p/2—¢

= b 4.23
oy = @) (4.23)

sup —— logl/*(2/x) =

0<z<1 w(:c)
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that is,

’ 10g§/2(2/x) = 0.

sup sup
n>0 z€J, w(ﬁ)

From the fact that, for x € J,, = (1/2"1,1/2"), we have
n+1<logy(2/x) <n+2,

it follows that

1/2

SUP Woo (N + 1)7/% = 00.

n>0

Thus, there exists a sequence n; such that

leI{.lo Woom; (1 + 1)1% = oc.

Set
al = (n; +1)7Y2, 1<k<n;+1,
ai:(), k>n;+2.

We have that ||(a])?2,|la = 1 for 5 > 1. From Theorem [4.6, we have, for some
constant A, > 0,

oo j+1
Hzairk ZAwoowoon- Zai :Awoowoon-(nj+1>1/2a
Ces(w,00) ’ T ' I
k=1 k=1
which letting 7 — oo yields a contradiction. O

Corollary 4.16. Let 1 < p < oo and w(x) be a weight on [0,1]. Suppose that w(x)
satisfies condition . Then,

(i) The sequence (ry) is basic in Ces(w,p).
(1) The space R N Ces(w,p) is not complemented in Ces(w,p).
(iii) For (ag)y° € €2, the series Y o, axry, converges unconditionally.

We end this section giving an equivalent expression for the norm of (3,7, agry)*
in Ces(w,p). For this, we need the following result, which follows from the proof
of [3, Corollary 8.1], with suitable modifications.

For (ax)$° € ¢2, recall that (a})$° is the decreasing rearrangement of the sequence

(lax )7
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Lemma 4.17. For (a;)° € (2 and 0 < x < 1, the equivalence

[logz(2/)]

1 [* & % . s e
5/0 (Za;ﬂ%) (t)dt < Z a; + logy/ (2/2)|[(ar) fogy 2/ay+1 12
=1

k=1
holds with absolute constants.
Since [logy(2/x)] = n+ 1 when x € J,, it follows from the previous lemma that

n+1

1o, &
E/O (Za’frk) Zak +(n+ DV (@)l @ € T

k=1

This allows us to obtain an analogous result to Theorem for the decreasing
rearrangement of a Rademacher series. Note, since the upper and lower bounds in
the equivalence above are the same, that condition (P4)) is not necessary.

Theorem 4.18. Let w(x) be a weight on [0, 1].
For 1 <p < 00, we have

()

For p = o0,

(o)

+

o= (S (Lt (e 07 abza0e) )

n+1

= s (3 ch + (04 DY)l

Ces(w,00) n>0
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